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Abstract

We propose a measure of technological progress based on the information embedded
in standard input-output tables. A connection is established between the quantities
necessary as inputs, the associated output and auxiliary prices. It is argued that the
wage-profit frontiers and the associated production prices together provide a robust ba-
sis for measuring technological progress and productivities. The computation of the
wage-profit frontiers is a non-trivial exercise because of high combinatorial complexity.
An algorithm that renders this computation feasible is presented. We analyze techno-
logical progress and productivities among 30 countries between 1995-2011 using the
latest multi-regional input-output data.

Keywords: Technological Change, Input–Output analysis, Wage Profit Frontier,
Productivity

1. Introduction

In this paper we propose a measure of technological progress of a region or nation
based on the information embedded in its standard input–output tables by computing
the wage-profit curves, and the wage-profit frontier. Our aim is to measure the technical
efficiency of the economic system, but we depart from the conventional practice of
estimating a surrogate physical aggregate production function1. Instead, we resort to
computing the wage-profit frontier 2.

We do not aggregate quantities that have conceptually different physical units.
We do not follow methods that require the computation of an aggregate production
function as proposed by Farrell (1957). He proposed a way to measure productive

Email address: stefano.zambelli@unitn.it (Stefano Zambelli)
1For an investigation on the aggregate production function and its neoclassical properties see the

companion paper Zambelli (2017).
2Throughout this paper, we have used the term wage-profit frontier consistently for reasons of clarity,

even though one find other terms by which it is referred to in the literature, such as: factor price frontier,
as in Samuelson (1962, p.195), Hicks (1965, p.140), Diamond (1965, p.1134), or optimal transformation
frontier (Bruno, 1969, p.39). Though different terms have been used, they are all concerned with the
choice of efficient techniques (Robinson, 1953; Pasinetti, 1966; Garegnani, 1966; Bruno, 1969; Sato, 1974;
Pasinetti, 1977).
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efficiency by assuming the existence of a universally optimal (or efficient) production
function, whose isoquants are consistent with neoclassical postulates (as defined, for
example, in Shephard (1970, p.14) or Sato (1974). As noted by Afriat (2003, pp.119-20),
Farrell’s approach and the more recent Data Envelopment Analysis (Charnes et al.,
1978)) are substantially the same. While the Data Envelopment Analysis does not
rely on a specific functional form, it assumes that the underlying production func-
tion is neoclassical, by imposing convexity (Petersen, 1990; Bogetoft, 1996; Bogetoft
et al., 2000). Recent studies trying to assess technological progress and/or productiv-
ity growth rely on versions of Data Envelopment Analysis, which use simple aggre-
gate, neoclassical production function of the type Y = F(K, L, A), for example, Kumar
and Russell (2002), O’Mahony and Timmer (2009) and Fried et al. (2008)3. Instead, we
generate theoretically robust measures based on industry specific production prices.
By comparing the production prices associated with country specific input–output ta-
bles, we are able to identify an efficient set of discrete methods of production. This
efficient set of methods is used for the construction of indexes to assess systemic and
sectoral technical efficiency and technological progress4.

In Section 2, we review the notion of a wage-profit curve and derive the production
prices associated to national input-output tables. In Section 3 we define the wage-profit
frontier as the outer envelope computed from all the possible wage-profit curves. While
mathematical notion of an envelope is conceptually straightforward, the brute force al-
gorithm associated with the computation of such an envelope that takes in to account
every single point is computationally infeasible. This is explained in Appendix A.1.
We construct an efficient algorithm (FVZ-algorithm)5, which exploits a result by Bruno
et al. (1966) and Bharadwaj (1970), enabling us to compute a global and empirically
based wage-profit frontier. This is done for the first time in this paper to the best of
our knowledge. This algorithm is described in Appendix A.2. FVZ-algorithm allows
the computation of properly tailored wage-profit frontiers and the associated industry
level production prices. We apply this algorithm to the input-output data for different
countries that has been recently made available and the description of this database is
given in Section 4. The wage-profit curves and frontiers thus constructed and the associ-
ated production prices are used to compute several indexes of economic performance
(Section 5).

Subsequently, three new indexes of technological progress are presented. The first
of the three, the wage-profit curve ratio (WPCratio), measures the difference between the
global intertemporal wage-profit frontier with respect to national wage-profit frontiers

3For an excellent, critical discussion on the use of aggregate production functions in measuring
technical change, see Felipe and McCombie (2013). Zambelli (2017) provides empirical support for
the results of Felipe and McCombie (2013), demonstrating that the aggregate production function does
NOT exhibit neoclassical properties. Zambelli (2017) uses the algorithm presented here in the Appendix
A.2 and the same data set used here.

4This set of methods is equivalent to the Production Possibility Frontier. The Production Possibility
Frontier is often estimated with production function which are highly aggregated, but not for the cases
in which we have, as it is in our case, a large number of sectors or industries.

5FVZ stands for Fredholm-Velupillai-Zambelli.
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(Section 6). The second index is a measure of sectoral technological progress based on
the relative contributions at each sectoral level to the set of methods that define the
wage-profit frontier (Section 7). The third, the technological progress index or T P-index, is
based on the advanced methods of production that belong to the global intertemporal
wage–profit frontier, see below (Section 8). It measures aggregate national technological
progress based on the relative contributions at each sectoral level to the set of methods
that define the best technology frontier. In Section 9 the results of the computations
are discussed. Section 10 presents some concluding remarks.

2. Production Methods, Wage–Profit Curves and Production Prices

We base our analysis on the information embedded in input-output tables, from which
we derive the methods of production. We start with a multiple-input framework
where different production methods (activities) are available for producing a single
output. A method is a combination of (multiple) inputs that go into producing dif-
ferent outputs6. From the input-output tables, we empirically observe that bi units of
commodity i can be produced with si different alternative methods7

φ(zi, :, i) : azi
i1, azi

i2, . . . , azi
in, `zi

i 7→ bzi
i (2.1)

where: i = 1, . . . , n; j = 1, . . . , n; zi = 1, ..., si. azi
ij is the input of commodity j in

producing a good i using a method zi. si is the number of available methods for
producing the good i and n is the number of goods.

The set of methods for producing good i can be represented in matrix notation as:

Φ(1 : si, 1 : (n + 2), i) =


a1

i1 . . . a1
in `1

i b1
i

a2
i1 . . . a2

in `2
i b2

i
...

...
...

...
...

asi
i1 . . . asi

in `si
i bsi

i

 (2.2)

6In this article we use the term “method” to identify the observations embedded in the Input-Output
tables, where observed inputs are linked with observed outputs. Nothing is implied regarding the
functional form of the underlining production function. For instance, the assumption of constant returns
to scales is not implied, but it is not excluded as well. What it is assumes, however, is the divisibility of
inputs and of outputs. Input-Output tables do not contain information on the actual functional form
of the production function, whether it is with constant, increasing or decreasing returns to scale. This
classification is potentially misleading (Sraffa, 1925, 1926). The results presented in this paper represent
a benchmark. For reasons of space, we do not present a detailed account of the distinction that needs
to be made between divisibility and constant returns to scale assumptions.

7The notation is here slightly different from standard mathematical notation. This is a notation
familiar to the users of Matlab for multiple dimension arrays. The numbers inside parenthesis identify
the dimension, i.e. rows, columns, 3rd-dimension, 4th-dimension and so on. The symbol : stands for
all the numbers in that dimension, and 1 : s means from 1 to s and so on. φ(zi, :, i) identifies an entry
for the multiple dimension array φ, where zi identifies the row, : means for all columns and i the third
dimension.
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The cardinality of the above set of methods can be very large and subsets of the above
methods can exhibit, in principle, a great variety of mathematical properties. For ex-
ample, some subsets of methods can be such that they satisfy the standard neoclassical
properties and some may not.

The set of all the available methods is given by the following set of activities
Φ = {Φ(:, :, 1) ∪ Φ(:, :, 2) . . . , Φ(:, :, n)}8. Hence, a n-commodity output vector can
be generated by using one combination of the methods, which belongs to set Φ.
There are a total s = ∏n

i=1 si of these combinations. Given one of these combina-
tions, z = [z1, z2, . . . , zn]′, we have one production possibility. The set representing the
means of production (other than labour) is given by the following matrix:

Az =


Φ(z1, 1 : n, 1)
Φ(z2, 1 : n, 2)

...
Φ(zn, 1 : n, n)

 =


az1

11 az1
12 . . . az1

1n
az2

21 az2
22 . . . az2

2n
...

...
...

...
azn

n1 azn
n2 . . . azn

nn

 ; (2.3)

The labour requirement is given by the following vector:

Lz =


Φ(z1, n + 1, 1)
Φ(z2, n + 1, 2)

...
Φ(zn, n + 1, n)

 =


`z1

1
`z2

2
...
`zn

n

 ; (2.4)

The quantity produced by employing means of production Az and labor Lz may be
represented with the following diagonal matrix where the diagonal entries are the
quantity produced per each sector:

Bz = diag




Φ(z1, n + 2, 1)
Φ(z2, n + 2, 2)

...
Φ(zn, n + 2, n)


 = diag




bz1
1

bz2
2
...

bzn
n


 ; (2.5)

The notation can be simplified: z may be taken to represent any production system
composed of the triple (diag(x)Az, diag(x)Lz, diag(x)Bz) where (x) is the intensity of
utilization of the methods (activity levels) and diag(x) is the diagonal matrix of vector
x. The system is defined as being ‘productive for all cases in which x is such that
x′(Bz −Az) ≥ 0. It should be noted that the activity level x that would allow for the
system to be productive need not always exist. In that case the particular combination
z is not viable (Chiodi, 1998).

Given a system of methods, z, and an the endowment of the primary factors of

8Alternatively, one can view Φ as a multi–dimensional array, whose maximum number of rows is
given by max{s1, s2, . . . , si, . . . , sn}, the number of columns is n + 2 (the n inputs, labour and output)
and the number of matrices are equal to the number of goods. Each matrix Φ(:, :, i) contains information
about all the possible discrete methods.
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production, which here is labour e′Lz (where e is the summation vector), we define
the n–dimensional production possibility frontier as:

Ωz =
{

x̄z : x′Lz = e′Lz ∧ x′(Bz −Az) ≥ 0
}

with x≥0 (2.6)

Once a combination of methods z has been chosen, we have the problem of evalu-
ating and comparing it with respect to another combination. Any intricate productive
system can be examined from the point of view of (a) the quantities that are used as
factors of production or (b) the values or prices that are necessary for that productive
system to reproduce itself. In this paper we evaluate the quality of a set of methods
by studying the properties of the values or prices as in (b).

Note that the prices used for the derivation of indexes are not market prices. In-
stead, these are computed analytical prices that are based on the actual observed quan-
tities. These prices can be interpreted in many different ways. For instance, they
can be seen as Adam Smith’s natural prices or Ricardo–Marx–Sraffa’s production prices,
Seton’s eigenprices, long term competitive equilibrium prices; Walrasian market clearing
prices, shadow prices and so on. Here we will chose to evaluate the collection of meth-
ods in terms of production prices (as defined, for example, in Sraffa (1960) or Leontief
(1985))9.

Given a chosen system, z, and a uniform rate of profits r10 and the activity level
x, the production prices that would assure the system to remain productive for future
periods are precisely those which allow the following accounting relation to hold:

diag(x)Azp(1 + r) + diag(x)Lzw = diag(x)Bzp (2.7)

For a given rate of profits r and a uniform wage rate w, there exists a price vector p
that would allow the system to remain productive for the subsequent periods as well:

pz(r, w, x) = [diag(x)Bz − diag(x)Az(1 + r)]−1diag(x)Lzw (2.8)

An important result in this context is that for a given combination of methods z
(i.e., any triple diag(x)Bz, diag(x)Az, diag(x)Lz) the re-proportion matrix diag(x) does
not influence the determination of the price vector p. This is known in the literature
as the Non-Substitution Theorem11. This implies that the prices are determined as a
function of the set of methods and they do not depend on the intensity. Therefore the

9The relation between Sraffian Schemes and Leontief’s Input-Output Tables is investigated in several
contributions in the literature. In particular see Pasinetti (1977, Chs. 1-5) for theoretical foundations and
Kurz and Salvadori (2006) for a textual comparison between the writings of Leontief and Sraffa. On the
choice of techniques see also Pasinetti (1977, Ch. 6) and Kurz and Salvadori (1995, Ch. 4).

10Here for simplicity we consider the case of the uniform rate of profit. We follow (Sraffa, 1960).
Nevertheless it is important to stress that the system may reproduce itself also for the cases in which
there are differences in the rates of profits.

11On the origins of the non-substitution-theorem, see Arrow (1951), Koopmans (1951), Samuelson
(1951). A more recent treatment is presented in Mas-Colell et al. (1995), pp.159-60. See also Zambelli
(2004, footnote 2, p. 105), Pasinetti (1977, Ch. 6)
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properties of the prices, as we will see below, may have a high degree of generality
because they would depend on the observed methods (and distribution), but not on
the actually produced or demanded quantities.

Equation 2.8 may be simplified into:

pz(r, w) = [Bz −Az(1 + r)]−1Lzw (2.9)

We then choose a numéraire, a vector composed of different proportion of the n
produced goods forming the input-output tables,

η′pz(r, w) = 1 (2.10)

we are now in a position to define the wage-profit curve. By substituting 2.9 into 2.10
we obtain the wage-profit curve associated with the set of methods z:

wz(r, η) = [η′[Bz −Az(1 + r)]−1Lz]−1 (2.11)

where r ∈ [0,Rz] and Rz is the maximum rate of profit of system z. This is the wage-
profit curve associated with system z, for the case where the profit rates are uniform
for all industries.

Substituting 2.11 into 2.9 we obtain the price vector

pz(r, η) = [Bz −Az(1 + r)]−1Lz[η′[Bz −Az(1 + r)]−1Lz]−1 (2.12)

The price vector pz(r, η) is a function of the particular set of methods z and of the
rate of profits r. These are auxiliary prices that would allow for the accounting balance
between buyers and sellers of the factors of productions such that the same production
activity could take place during next cycle.

3. The Wage Profit Frontier and Technological Progress

We attempt to measure technological progress by comparing the prices associated
with the employment of old and new methods. The system is said to exhibit a tech-
nological improvement when the auxiliary price is lower than the previous price or,
when, for given profit rates r, the associated wage rate, wz, is higher than earlier.

Although the wage-profit curve, eq. 2.11, is a well known relation, in the past its em-
pirical importance may have been underestimated. For each combination of methods
z, there is a corresponding wage-profit curve. The outer envelope of all possible wage-
profit curves is the wage-profit frontier. For a given subset of combination of methods
E =

{
z1, z2, . . . , zm

}
of Φ, it is defined as

wWPF
E (r, η) = max

{
wz1(r, η), wz2(r, η), ..., wzm(r, η)

}
(3.1)

The domain of wWPF
E (r, η) is composed of v intervals. The junction between the

different intervals are called switch points - points where the dominance of one wage-
profit curve is replaced by another one.
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r ∈
[[

0, r̂1
[
∪
[
r̂1, r̂2

[
, . . . ,

[
r̂v−2, r̂v−1

]
∪
[
r̂v−1,RWPF

E

]]
(3.2)

where r̂k (k = 1, 2, . . . , v− 1) are the switch points and RWPF
E is the maximum rate of

profit of wWPF
E (r, η). These intervals are relatively few with respect to the very large

number of possible combination of methods belonging to E.
Each interval, k, is the domain of a wage-profit curve that was generated by the set of

methods z{k}. The whole set of methods that contribute to wWPF
E (r, η) may be arranged

in matrix notation as:

ZWPF
E =

[
z{1}, z{2}, . . . , z{k}, . . . , z{v}

]
=


z{1}11 z{2}12 . . . z{v}1v
z{1}21 z{2}22 . . . z{v}2v

...
...

...
...

z{1}n1 z{2}n2 . . . z{v}nv

 (3.3)

The derivation - i.e. computation - of the set of methods at the frontier derived from
a large number of empirical set of methods is the major and innovative contribution
of this paper.

Several characteristics of the wage-profit curves and the wage-profit frontier are use-
ful for analyzing the performance of economic regions and to construct relevant in-
dexes.12

1. “At a switch point the adjacent production system differs in the method of production
for only one of the commodities common to them (Bharadwaj (1970) (p.423), emphasis
added)”;

2. At switch points the production prices of each commodity are the same inde-
pendently from whether they are computed with one or the other of the two set
of methods that coexist at the switch point (Pasinetti, 1977, p.158).

3. The wage-profit curves are strictly decreasing as the rate of profit decreases (Pasinetti,
1977, p.159).

4. The wage-profit curves and frontiers are scale independent. This result follows
from the non-substitution theorem. Hence, two different productive systems, say,
those associated with a small and a big country, can be compared using this
framework.

5. The methods determining the wage-profit frontier are independent of the numéraire.

6. The wage-profit curves, eq. 2.11 are associated with the quantities that could ac-
tually be produced using a given combinations of methods, z and by employing
total labour e′Lz. This produced vector of goods is a point in the production
possibility frontier (eq. 2.6). Clearly, for a given set of profit rates, if wz̄ > wz,

12See also Pasinetti (1977), Ch.6, Section 4.3, Analytical properties of the technological frontier.

7



it means that the wz̄ has a higher purchasing power with respect to wz for the
associated auxiliary prices. Hence we can claim that the production associated
with the highest wage profit curve is desirable or more efficient13. This is impor-
tant because it allows the comparison and choice of different bundles of produced
goods. This is particularly relevant when we consider that the values of different
wage profit curves and production prices are all computed in terms of a common
“physical” numéraire. Hence, comparing the n-dimensional production possibility
frontiers, Ωz̄ and Ωz becomes straightforward: the most efficient system, ceteris
paribus, would be the one that has the highest wage-profit frontier.

7. Consider two wage-profit curves, wza(r, η) and wzb(r, η) where the set of meth-
ods differ only for the production of the kth product so that za = [z1, z2, . . . ,-
za, . . . , zn]′, and zb = [z1, z2, . . . , zb, . . . , zn]′. For a given profit rate r any linear
combination of the kth methods za and zb is associated with a wage-profit curve, let
us call it wza ...zb , which will never dominate the two original wage-profit curves.
It is never the case that wza ...zb > max{wza , wzb}. This is important in order to
compare two or more wage-profit curves and for deriving the wage-profit frontier
because it excludes all possible linear combinations as they will not be efficient
(Mas-Colell et al., 1995, pp.159-60).

8. Comparison between two wage-profit curves is independent of the cardinality of
their productive systems. Two systems having different cardinality, say n and
m, can still be compared as long as they have the same numéraire. The only
requirement is that the numéraire is a transformation based on the subset of com-
modities, which are common to both systems.

9. Clearly, not all wage-profit curves associated with E contribute to the formation
of the wage-profit frontier, wWPF

E . The subset of methods of E that enter the frontier
represent the most productive system of methods. For the measurement of pro-
ductivity and technological progress we will make use of the information about
wWPF
E , associated production prices and the methods that contribute to the fron-

tier. An example of an actual wage-profit frontier is illustrated below in Figure
5.1.

10. Whether the wage-profit frontier, wWPF
E , is consistent with the neoclassical frame-

work will depend on the particular structure associated with the set of methods.
Hence, this approach is more general and therefore we abstain from discussing
whether or not the production structure is neoclassical in this paper.

4. Data and the Choice of Numéraire

We use data from the World Input-Output Database (Timmer, 2012) which is publicly
available and it provides detailed input-output data at the industrial level for 35 in-

13Given alternative sets or combinations of methods, the combination that produces , ceteris paribus,
the highest vector of social surplus is what is referred to as ‘efficient’.
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Table 4.1: List of Countries

Code Country Name Code Country Name Code Country Name

AUS Australia FIN Finland KOR Korea
AUT Austria FRA France MEX Mexico
BEL Belgium GBR Great Britain NLD Netherlands
BRA Brazil GRC Greece POL Poland
CAN Canada HUN Hungary PRT Portugal
CHN China IDN Indonesia RUS Russia
CZE Czech Republic IND India SWE Sweden
DEU Germany IRL Ireland TUR Turkey
DNK Denmark ITA Italy TWN Taiwan
ESP Spain JPN Japan USA United States

dustries from 1995-2011. The data set is composed of national input-output tables of
40 countries that includes 27 EU countries and 13 other major industrial countries.
These tables provide information on the inter-industry supply and use and the share
of output from industries that go into production in a particular industry, along with
primary factors. It also has data on final consumption expenditure of households,
government and gross fixed capital formation at the industry level. This constitutes a
comprehensive data set in which all inter-industry flows are properly accounted. For
more details regarding the construction of Input-Output tables in WIOD database,
see Dietzenbacher(2013). The unique aspect of the Social and Economic Accounts
(SEA) is that it offers data at the industry level. We use this data to compute yearly
and inter-temporal wage-profit frontiers. For a detailed description of the data set, see
Timmer (2012).

In this exercise, we have confined ourselves to a subset of 30 countries. In our
analysis, we have reduced the total sectors or industries to 31 (the list of the sectors is
reported below in the Table 7.1). The reason for doing so is the following: Since this
is production oriented approach, we are considering only those industries that belong
to the core of the ‘production’ system. Although the contribution of the 4 excluded
sectors in terms of services to the whole system and their impact on the well being
of the individuals may be high, their direct impact on the core of the production is
negligible. In other words, their direct contribution to the production of other sec-
tors14 is negligible. Out of the total of 40 countries, we restrict our analysis to 30 of
them there by excluding countries which are relatively small in terms of their output
as well as their diversity in production (see Table 4.1). The National Input-Output ta-
bles (NIOT) have been adjusted so as to include the imports of means of production.
Hence, the methods associated with each sector would be the inputs of internally pro-
duced goods plus the inputs of the imported goods. All the current period values
have been appropriately adjusted using price indexes. For this, we have used the data
on price series that are available in the Social and Economic Accounts (SEA) section

14These sectors are: Public Administration and Defence, Compulsory Social Security; Education;
Health and Social Work; Private Households with Employed Persons.
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of the WIOD database (Timmer, 2012).
Once the above adjustments have been made, we organize the means of produc-

tion, labour inputs and the gross output as in the multi-dimensional matrix Φ. This
enables us to enumerate all the possible combinations of methods of production with
the vectors z and associate them to production systems formed by the triple: Az (eq.
2.3), Lz (eq. 2.4), Bz(eq.2.5). An important feature of the approach in this paper is
that all the different values - wages and production prices, are measured with respect
to the same physical numéraire, η. The choice of such common standard is an impor-
tant question and it needs to be studied with care. But for reasons of space we leave
this investigation to a future exercise. In this paper we have chosen the agricultural
sector as the common numéraire, which we feel is a relevant measure, given the histor-
ical debates on this topic and given the aims of our exercise. Therefore, we represent
η′ = [1, 0, . . . , 0]. Once the data is appropriately arranged, we do the following:

1. We compute the country-specific wage-profit curves, wz(r, η) as in eq. 2.11 and the
associated production prices, pz(r, η) as in eq. 2.12 for each year.

2. We apply the FVZ-algorithm to find the efficient set of methods ZWPF
Et

(see eq. 3.3).

3. The yearly wage-profit frontiers (wWPF
E1995

, wWPF
E1996

, . . . wWPF
E2008

wWPF
E2009

), the inter-temporal
wage-profit frontier, wWPF

Φ (r, η), and the production prices are computed.

4. We define and compute relevant indexes of performance for each country j.

5. We then compare the different indexes and provide the rankings according to
country performance.

5. Empirical results: the wage-profit curves, yearly and intertemporal
wage-profit frontiers

Figure 5.115 reports the wage-profit frontier relative to the year 2011, wWPF
E2011

. We see
that the frontier is made of contributions due to many wage-profit curves, which are

15 Most published empirical work focus on the computation of wage-profit curves, as opposed to the
computation of the empirical wage-profit frontier. Major reasons for this are the lack of appropriate
data and the lack of an algorithm that would allow the computation of the wage-profit frontier for a
large set of available methods, Φ. The existing empirical literature on this is confined to the cases in
which only two or three alternative methods were considered. Hence, the total number of wage profit
curves to compute was very limited. Leontief (1985) computes the wage-profit curve associated with
the USA Input-Output Table relative to 1979. Technological change is subsequently studied by making
hypothetical changes in some individual methods. In fact, the analysis was conducted on the wage-profit
curve and not on the wage-profit frontier.
A more complete data-set on input-output tables was assembled by the OECD, which started the project
in the early 1990’s and made the data available (for a limited set of countries) at the beginning of the
2000’s. Han and Schefold (2006) used this data set to compute the wage-profit curves and analyse through
a pair-wise comparison of wage-profit curves between countries. Again, they did not compute either the
global (i.e., for more than two countries) wage-profit frontier (eq.3.1) or the set of the methods at the
frontier, ZWPF

E , as in eq.3.3 above. The same is true for Ozol (1984) and Cekota (1988) who compute the
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relative to 63 different combinations of methods of production that stem from the set
of methods observed for 2011, EWPF

2011 which are a total of 3130(≈ 5.5× 1044).

Figure 5.1: Wage-profit frontier 2011, wWPF
E2011

(r, η)16

Figure 5.2: Wage-profit frontier, wWPF
E2011

(r, η), country wage-profit curves rela-
tive to 2011 and the inter-temporal wage-profit frontier, wWPF

Φ (r, η)

The wage-profit frontier, wWPF
E2011

is the most efficient level of the production possible,
given the observed sectoral methods of production, E2011. It is interesting to see the

wage-profit curves for Canada. Krelle (1977), Ochoa (1989), Shaikh (1988), Mariolis and Tsoulfidis (2011),
Shaikh (2012) and Schefold (2013) also compute a few yearly wage-profit curves for USA, but not the
wage-profit frontier. Two recent books also compute (randomized) yearly wage-profit curves, Mariolis and
Tsoulfidis (2016) and Shaikh (2016).
Clearly, the authors of these contributions did not find the computation of the wage-profit frontier to be
an essential ingredient for their investigations. As far as we know this paper is the first that computes
the wage-profit frontiers involving a large number of countries and alternative methods.

16wWPF
E2011

is formed with “pieces” of 63 wage-profit curves, each relative to a combination of methods
that belong to 2011 input-output tables of 30 countries. The wage-profit-curves forming the WPF are
determined by the set of methods captured in the matrix ZWPF

EΦ
.
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distance between the individual yearly wage-profit curves from the frontier. Figure 5.2
shows the country wage-profit curves, the yearly wage-profit frontier for 2011 and the
global inter-temporal wage-profit frontier. The distance between the country wage-profit
curves and the wage-profit frontier and among the wage-profit curves themselves could
give us valuable information regarding the potential technological growth for these
countries. The wage-profit frontier, as discussed earlier, is to be taken as a benchmark
since for a given set of methods, it represents the most efficient combination. Hence,
it also represents the most efficient level of production possible once the uniform rate
of profit, r̄, is given. We now define relevant indices to capture the performance of
different countries.

Figure 5.3: Yearly wage-profit frontiers, wWPF
E1995

, wWPF
E1996

, . . . , wWPF
E2011

, and the inter-
temporal wage-profit frontier, wWPF

Φ . The green area includes the
wage-profit curves from 1995 to 2002. The cyan area includes the
wage-profit curves relative to the years 2003, 2010 and 2011.

Figure 5.3 reports the yearly wage-profit frontiers. We assume that the deflated
Input-Output Data may be considered indexes of physical quantities. Therefore, the in-
tertemporal wage-profit frontier is the dominating frontier by definition - it is the most
efficient combination of countries’ methods because it assembles the methods of the
whole period. It is interesting to note the fall associated with the 2010 and 2011 yearly
frontiers. The fall is relative to the intertemporal frontier, but also to the preceding
years 2008 and 2009. This would indicate that the adoption of best methods or prac-
tices has not taken place in these two years. The economic crises which is associated
with these years starting from 2008 does not have to be followed by a fall in the wage-
profit frontiers. Instead, it should be associated with a fall in activity levels and an
increase in unemployment, and not with the adoption of older methods or new but
inefficient methods. This problem needs to be investigated further.

6. TheWPCratio index

The measurement of the ratio between the individual wage-profit curves and the wage-
profit frontier can give quantitative information on the state of technological progress

12



Table 6.1: WPCratio index capturing distance to the inter-temporal wage-profit
frontier (1995-2011)

Rank 1995 1996 1997 1998 1999 2000 2001 2002 2003 2004 2005 2006 2007 2008 2009 2010 2011

1 DNK SWE SWE DNK USA USA USA USA USA SWE SWE SWE SWE SWE SWE SWE SWE
(0.264) (0.270) (0.258) (0.254) (0.253) (0.272) (0.272) (0.289) (0.312) (0.370) (0.370) (0.398) (0.442) (0.434) (0.369) (0.277) (0.273)

2 SWE DNK DNK SWE SWE SWE DNK SWE SWE USA USA USA GBR FRA FRA USA AUS
(0.245) (0.264) (0.243) (0.248) (0.251) (0.222) (0.217) (0.235) (0.305) (0.327) (0.336) (0.336) (0.338) (0.342) (0.362) (0.244) (0.250)

3 FRA FRA USA USA DNK DNK SWE DNK DNK DNK GBR GBR USA USA USA AUS USA
(0.225) (0.233) (0.222) (0.241) (0.249) (0.218) (0.207) (0.223) (0.277) (0.315) (0.308) (0.318) (0.325) (0.320) (0.348) (0.238) (0.221)

4 NLD DEU FRA FRA FRA GBR GBR GBR GBR FRA DNK DNK FRA NLD DNK DNK FRA
(0.216) (0.214) (0.210) (0.214) (0.215) (0.201) (0.188) (0.215) (0.237) (0.276) (0.299) (0.289) (0.298) (0.302) (0.314) (0.211) (0.188)

5 DEU USA DEU GBR GBR FRA FRA FRA FRA GBR FRA FRA DNK CAN AUS FRA DNK
(0.204) (0.209) (0.192) (0.191) (0.201) (0.181) (0.167) (0.194) (0.210) (0.258) (0.267) (0.283) (0.290) (0.288) (0.305) (0.203) (0.183)

6 BEL NLD NLD DEU DEU CAN CAN DEU NLD NLD NLD NLD NLD GBR NLD NLD CAN
(0.193) (0.203) (0.183) (0.183) (0.189) (0.165) (0.161) (0.165) (0.209) (0.246) (0.254) (0.260) (0.284) (0.287) (0.298) (0.180) (0.165)

7 USA BEL GBR NLD NLD NLD DEU NLD AUS AUS CAN CAN CAN AUS FIN CAN NLD
(0.190) (0.189) (0.171) (0.180) (0.183) (0.163) (0.158) (0.164) (0.196) (0.232) (0.249) (0.242) (0.271) (0.274) (0.268) (0.177) (0.154)

8 FIN AUS BEL BEL BEL DEU NLD BEL IRL DEU AUS AUS AUS DNK CAN BEL IRL
(0.168) (0.169) (0.170) (0.162) (0.161) (0.155) (0.154) (0.161) (0.193) (0.230) (0.247) (0.229) (0.265) (0.274) (0.264) (0.163) (0.153)

9 GBR FIN AUS AUS CAN BEL BEL IRL BEL BEL DEU BEL FIN BEL BEL GBR FIN
(0.162) (0.160) (0.154) (0.150) (0.160) (0.151) (0.137) (0.153) (0.190) (0.226) (0.217) (0.223) (0.247) (0.263) (0.258) (0.154) (0.146)

10 AUS ITA FIN ITA AUS AUS AUS CAN DEU IRL BEL DEU BEL FIN IRL FIN BEL
(0.151) (0.157) (0.153) (0.148) (0.160) (0.150) (0.137) (0.151) (0.187) (0.213) (0.214) (0.214) (0.242) (0.259) (0.251) (0.152) (0.145)

11 CAN GBR IRL FIN ITA FIN IRL FIN CAN CAN FIN FIN DEU DEU GBR DEU GBR
(0.145) (0.156) (0.152) (0.148) (0.150) (0.133) (0.136) (0.150) (0.177) (0.209) (0.198) (0.205) (0.231) (0.254) (0.236) (0.139) (0.136)

12 ITA ESP ITA CAN FIN IRL FIN AUS FIN FIN ITA ITA ITA ITA DEU IRL DEU
(0.141) (0.151) (0.146) (0.144) (0.143) (0.132) (0.136) (0.138) (0.176) (0.195) (0.176) (0.176) (0.191) (0.205) (0.233) (0.132) (0.134)

13 ESP IRL CAN IRL IRL JPN ITA ITA ITA ITA IRL IRL ESP ESP ESP ESP ESP
(0.137) (0.151) (0.140) (0.143) (0.141) (0.129) (0.119) (0.124) (0.148) (0.177) (0.165) (0.162) (0.178) (0.194) (0.199) (0.117) (0.108)

14 IRL CAN ESP ESP JPN ITA JPN JPN ESP ESP ESP ESP IRL IRL ITA ITA ITA
(0.136) (0.145) (0.136) (0.133) (0.131) (0.129) (0.113) (0.122) (0.138) (0.149) (0.138) (0.155) (0.174) (0.184) (0.186) (0.114) (0.107)

15 AUT AUT AUT AUT ESP ESP ESP ESP JPN AUT AUT AUT AUT AUT AUT AUT AUT
(0.132) (0.120) (0.102) (0.105) (0.126) (0.111) (0.106) (0.115) (0.118) (0.116) (0.117) (0.114) (0.130) (0.127) (0.128) (0.082) (0.069)

16 JPN JPN JPN JPN AUT AUT AUT AUT AUT GRC GRC GRC GRC GRC GRC GRC TWN
(0.128) (0.115) (0.096) (0.101) (0.103) (0.086) (0.078) (0.082) (0.098) (0.097) (0.094) (0.098) (0.101) (0.111) (0.109) (0.062) (0.056)

17 GRC GRC TWN GRC TWN TWN TWN TWN GRC JPN TWN TWN TWN TWN TWN TWN GRC
(0.072) (0.072) (0.070) (0.065) (0.067) (0.070) (0.070) (0.074) (0.073) (0.082) (0.068) (0.075) (0.076) (0.080) (0.079) (0.055) (0.056)

18 TWN TWN GRC TWN GRC GRC GRC GRC TWN TWN KOR KOR KOR PRT PRT KOR KOR
(0.060) (0.065) (0.066) (0.062) (0.066) (0.055) (0.055) (0.060) (0.069) (0.064) (0.063) (0.071) (0.075) (0.067) (0.062) (0.042) (0.042)

19 KOR KOR KOR PRT PRT KOR KOR KOR KOR KOR CZE PRT PRT KOR CZE PRT CZE
(0.059) (0.062) (0.058) (0.043) (0.046) (0.048) (0.044) (0.046) (0.049) (0.056) (0.051) (0.055) (0.060) (0.064) (0.062) (0.038) (0.035)

20 PRT PRT PRT KOR KOR PRT PRT PRT PRT PRT PRT CZE CZE HUN HUN CZE PRT
(0.052) (0.053) (0.044) (0.035) (0.044) (0.034) (0.032) (0.037) (0.044) (0.052) (0.050) (0.049) (0.051) (0.061) (0.058) (0.033) (0.033)

21 CZE CZE CZE CZE CZE CZE CZE CZE CZE HUN HUN HUN HUN CZE KOR HUN HUN
(0.028) (0.028) (0.021) (0.022) (0.024) (0.023) (0.022) (0.028) (0.034) (0.043) (0.045) (0.040) (0.038) (0.060) (0.057) (0.029) (0.030)

22 TUR HUN HUN HUN HUN HUN HUN HUN HUN CZE POL POL POL POL POL POL POL
(0.027) (0.021) (0.019) (0.017) (0.016) (0.014) (0.017) (0.019) (0.024) (0.042) (0.024) (0.025) (0.026) (0.032) (0.029) (0.020) (0.019)

23 HUN TUR MEX BRA MEX MEX POL POL POL POL MEX MEX MEX BRA BRA BRA BRA
(0.025) (0.016) (0.015) (0.015) (0.013) (0.013) (0.015) (0.017) (0.019) (0.020) (0.011) (0.012) (0.013) (0.014) (0.012) (0.011) (0.011)

24 MEX BRA BRA POL POL BRA MEX MEX MEX MEX BRA BRA BRA MEX MEX MEX MEX
(0.017) (0.015) (0.014) (0.012) (0.012) (0.010) (0.014) (0.013) (0.012) (0.010) (0.008) (0.010) (0.012) (0.010) (0.007) (0.007) (0.006)

25 POL POL POL MEX BRA POL BRA BRA BRA BRA CHN CHN CHN CHN CHN CHN CHN
(0.016) (0.014) (0.012) (0.012) (0.009) (0.010) (0.009) (0.007) (0.007) (0.007) (0.003) (0.003) (0.003) (0.004) (0.004) (0.003) (0.004)

26 BRA MEX TUR TUR TUR CHN CHN CHN CHN CHN IND IDN IND IND IND IDN IDN
(0.016) (0.014) (0.008) (0.005) (0.003) (0.002) (0.002) (0.002) (0.002) (0.003) (0.002) (0.002) (0.002) (0.002) (0.002) (0.002) (0.002)

27 RUS RUS RUS RUS CHN IDN IND IND IDN IDN IDN IND IDN IDN IDN IND IND
(0.009) (0.006) (0.006) (0.003) (0.002) (0.002) (0.002) (0.002) (0.002) (0.002) (0.002) (0.002) (0.002) (0.002) (0.002) (0.002) (0.002)

28 IDN IDN IDN CHN IND TUR IDN IDN IND IND TUR TUR TUR TUR TUR TUR TUR
(0.006) (0.006) (0.005) (0.002) (0.002) (0.002) (0.002) (0.002) (0.002) (0.002) (0.001) (0.001) (0.001) (0.001) (0.001) (0.001) (0.001)

29 IND IND IND IND IDN IND TUR TUR TUR TUR RUS RUS RUS RUS RUS RUS RUS
(0.002) (0.002) (0.002) (0.002) (0.002) (0.002) (0.001) (0.001) (0.001) (0.001) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000)

30 CHN CHN CHN IDN RUS RUS RUS RUS RUS RUS JPN JPN JPN JPN JPN JPN JPN
(0.002) (0.002) (0.002) (0.001) (0.001) (0.001) (0.001) (0.001) (0.001) (0.001) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000) (0.000)

The table reports the values (in parenthesis) of the ratio between yearly wage-profit curves of the countries and the global intertemporal wage-profit frontier: Distance − index =
1

[0,...,Rmax ] ∑Rmax
r=0 wyear

Country(r, η)/wWPF
Φ (r, η). The maximum attainable value is 1, which occurs when the country wage-profit curve and the wage-profit intertemporal frontier coincide.

The values are reported in parenthesis and countries are arranged according to their rankings.
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and productive capacity of a national system of innovation as a whole. When the
systems are viewed as being autarkic, it is possible that some may be very advanced
in certain sectors, but they may not be in a position to generate high values on the
whole. On the other hand, a high wage-profit curve (or low distance to the wage-profit
frontier) has to be unambiguously associated with an efficient system with a potential
to generate high values, i.e., high purchasing power.

We propose a simple index of country performance in terms of distance to the fron-
tier. Given a set of systems E, (derived from combinations of the available methods,
Φ), the WPCratio index provides a measure of the distance of the individual wage
profit curves (or frontiers) with respect to the frontier which we use as benchmark.
For the jth country, at time t, theWPCratio index is computed as:

WPCratio
j,t =

1
m

m

∑
i=1

wj,t(ri, η)

wWPF
Et

(ri, η)
(6.1)

where:

- j = 1, 2, ..., N(number of countries), t = 1, 2, ..., T(number of years),

- m is the number of points that belong to the domain of the reference wage-profit
frontier wWPF

Et
(ri, η)17.

- ri = {0 ≤ ri ≤ rm = RWPF
Et
}, i = 1, . . . , m;

- RWPF
Et

is the maximum rate of profit of wWPF
Et

(ri, η).

The value of the index lies between 0 and 1. The wage-profit frontier is the most ef-
ficient with respect to all possible combinations of methods that belong to Et. Clearly,
for any ri, the relation wWPF

Et
(ri, η) ≥ wj,t(ri, η) always holds. For case in which the

value of the index equals to 1, the respective country is dominant with respect to all
the other countries. It is dominant in all the sectors, for the whole domain of the wage-
profit frontier and for any profit rate. In this case, the country wage-profit curve and the
wage-profit frontier would overlap, i.e. wWPF

Et
(ri, η) = wj,t(ri, η). However, a low ratio

does not necessarily mean that a country is not efficient as a productive system. This
is because the indexWPCratio

j,Et
captures the vicinity of country j wage-profit curve with

respect to the wage-profit frontier (here the inter-temporal wage-profit frontier, wWPF
Φ ).

The distance of a wage-profit curve to the wage-profit frontier indicates the poten-
tial capacity of that system to generate a higher purchasing power. High values of
WPCratio

j,Et
indicate a harmonious combination of the methods of production. On the

other hand, a low values may indicate an incongruous combination of the methods of
production or, alternatively, inefficient methods on the whole. The term ‘harmonious’
here refers to a balanced distribution of production. High values of WPCratio

j,Et
index

would indicate high performance for all the industries. But as we pointed out earlier, a

17The domain of the wage-profit curves and of the wage-profit frontier is composed of points separated
by a step size h (see the Appendix).
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low level of theWPCratio
j,Et

may be associated with either low performance in all sectors
or low performance in only a few sectors. The totally non-harmonious case is the one
relative to a non viable system.

Japan provides an interesting case that merits discussion at this point. For the
period going from 1995–2004, Japan has relative low levels of theWPCratio

j,Et
index, see

table 6.1 and for the period 2005–2011, Japan has value zero because the combination
of methods is not viable. This phenomena can be explained by the fact that Japan, for
the methods used during 2005–2011, is bound to be dependent on imports18. But we
will see shortly that Japan generally has a very high value of the total Net National
Productivity (measured with yearly production prices) because some of the sectors in
Japan happen to be very advanced.

The index is useful when we attempt compare different wage-profit frontiers com-
puted using a subset of the methods that go in to the construction of the global inter-
temporal wage-profit frontier, i.e. the benchmark, wWPF

Φ (r, η). This is relevant when we
calculate the value of theWPCratio index using the yearly wage-profit frontiers, wWPF

E1995
,

wWPF
E1996

, . . . , wWPF
E2011

, and the benchmark inter-temporal wage-profit frontier, wWPF
Φ (r, η).As

we have pointed out from Figure 5.3 we can see that the yearly wage-profit frontiers
move towards the North-East corner, which indicates technological growth for the
period going from 2002 to 2007-2008. By computing the value of the WPCratio, we
can provide a numerical measure to this pattern. Figure 6.1 shows the value of the
WPCratio.

Figure 6.1: The values of WPCratio considering yearly wage-profit frontiers,
wWPF
E1995

, wWPF
E1996

, . . . , wWPF
E2011

, and inter-temporal wage-profit frontier,
wWPF

Φ .
.

18To be more precise, several countries in our dataset would have some sectors that produce less than
what is actually necessary for the whole system to carry on production. Consequently, the produced
social surplus for these sectors is negative.
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Figure 6.2: Net National Product per employed. The figure shows the average values
grouped according to the positions in 2011. The values are in terms of
the average production prices of the yearly wage-profit frontiers, all
measured with the same numéraire, η

7. The Sectoral Technological Progress Index (ST P-index)

We noted earlier that each wage-profit frontier wWPF
E (r, η) is piecemeal function formed

by a total of v wage-profit curves, where there is a specific set of methods associated
with each interval. We know from Bharadwaj (1970)) that the intervals forming the
wage-profit frontier and hence the switch points (eq.3.2) are invariant with respect to
the chosen numéraire. This also implies that the combinations at the frontier, given by
ZWPF
E (eq.3.3), are invariant with respect to the numéraire. Thus the information embed-

ded in the entries of ZWPF
E identify the most efficient production methods, i.e., those

that contribute to the formation of the wage-profit frontier. A country that “adopts”
these methods would be highly efficient and advanced in terms of its production. Its
wage-profit curves would be contributing to the formation of the wage-profit frontier (for
example one of the curves as in fig. 5.1). But looking at Figure 5.2 or the low values
reported in Table 6.1 (WPCratio) indicates that the individual countries are far from
adopting the set of methods associated with the wage-profit frontier.

We construct a numéraire-free index of performance which does not depend on
prices, but exclusively on the contributions to the wage-profit frontier. We believe that
this would be a robust measure of technological progress. We call this index Sectoral
Technological Progress, ST P − index, when we consider the technological progress at
the industry level and at the index at the national level is called Technological Progress,
T P − index.

The methods of production contributing to the formation of the wage-profit frontier
are first weighted according to their contribution. A method that would contribute
to the formation of the wage-profit frontier for the entire domain (i.e., all intervals),
r ∈ [0,RWPF

Et
] it is given a value 1. But if it contributes only for some intervals and

not for others, it would be weighted according to the length of the intervals for which
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Table 7.1: ST P-index. Country Ranks for Technical Progress at the Sectoral Level

Sectors 1995 1996 1997 1998 1999 2000 2001 2002 2003 2004 2005 2006 2007 2008 2009 2010 2011

Agriculture, Hunting, Forestry and Fishing SWE SWE SWE SWE SWE USA USA USA SWE SWE SWE SWE SWE SWE SWE SWE AUS
Mining and Quarrying NLD NLD NLD DNK DNK NLD NLD NLD NLD NLD NLD NLD NLD NLD TWN TWN NLD
Food, Beverages and Tobacco JPN JPN JPN JPN JPN JPN JPN JPN FIN FIN FIN IRL IRL IRL FIN IRL IRL
Textiles and Textile Products NLD BEL DNK DNK DNK GBR GBR GBR GBR GBR FRA GBR FRA FRA FRA FRA FRA
Leather, Leather and Footwear SWE GBR DNK DNK DNK DNK GBR GBR GBR GBR GBR IRL IRL IRL IRL IRL IRL
Wood and Products of Wood and Cork DNK AUS AUS DNK DNK CAN CAN CAN FRA FRA FRA FRA CAN CAN BEL SWE SWE
Pulp, Paper, Paper , Printing and Publishing FIN SWE FIN FIN IRL IRL IRL FIN IRL IRL IRL IRL IRL IRL IRL IRL IRL
Coke, Refined Petroleum and Nuclear Fuel JPN TWN TWN TWN TWN TWN TWN TWN TWN TWN TWN TWN TWN TWN TWN TWN TWN
Chemicals and Chemical Products IRL IRL IRL IRL IRL IRL IRL IRL IRL IRL SWE IRL IRL IRL IRL IRL IRL
Rubber and Plastics BEL BEL DNK AUT DNK USA USA BEL FRA FRA FRA FRA FRA FRA FRA FRA FRA

Other Non-Metallic Mineral IRL AUT AUT DEU JPN JPN JPN JPN JPN AUS AUS AUS AUS AUS AUS AUS AUS
Basic Metals and Fabricated Metal AUS AUS AUS AUS CAN CAN CAN USA USA GBR GBR CAN CAN CAN AUS AUS AUS
Machinery, Nec DNK JPN JPN JPN JPN JPN JPN JPN JPN JPN JPN JPN JPN FRA JPN JPN JPN
Electrical and Optical Equipment AUT SWE SWE SWE USA USA USA USA FIN SWE USA USA USA USA USA USA USA
Transport Equipment DEU PRT PRT PRT PRT SWE NLD JPN DNK SWE SWE IRL IRL IRL BEL AUS AUS
Manufacturing, Nec; Recycling IRL IRL IRL GBR JPN JPN JPN JPN JPN IRL IRL IRL IRL IRL IRL IRL IRL
Electricity, Gas and Water Supply USA CAN CAN CAN TWN CAN TWN TWN TWN TWN TWN TWN TWN TWN CAN TWN TWN
Construction AUT AUT SWE AUT JPN JPN JPN JPN AUT AUT AUT DEU DEU DEU DEU DEU DEU
Sale, Maintenance and Repair of Motor Vehicles and Motorcycles; Retail Sale of Fuel JPN SWE SWE USA USA USA USA USA USA USA USA USA USA USA USA USA USA
Wholesale Trade and Commission Trade, Except of Motor Vehicles and Motorcycles JPN USA USA USA USA USA USA USA USA USA USA USA USA USA USA USA USA
Retail Trade, Except of Motor Vehicles and Motorcycles; Repair of Household Goods JPN SWE SWE SWE SWE USA USA USA SWE SWE SWE SWE SWE SWE SWE SWE SWE

Hotels and Restaurants AUT AUT ITA FRA FRA ITA FRA FRA FRA FRA AUT AUT AUT FRA ITA AUT AUT
Inland Transport FIN FIN FIN FIN FIN USA USA ITA ITA ITA ITA ITA ITA ITA ITA ITA ITA
Water Transport JPN DEU DEU DEU TWN TWN TWN TWN DEU DEU GRC GRC GRC GRC GRC GRC GRC
Air Transport JPN JPN JPN JPN JPN JPN JPN JPN JPN GRC GRC FIN GRC CZE HUN USA USA
Other Supporting and Auxiliary Transport Activities; Activities of Travel Agencies JPN JPN AUS FIN FIN JPN JPN JPN JPN JPN JPN USA USA USA JPN JPN JPN
Post and Telecommunications JPN JPN JPN JPN TWN TWN TWN TWN TWN TWN TWN GRC GRC GRC GRC GRC GRC
Financial Intermediation JPN SWE SWE SWE FIN JPN JPN PRT PRT PRT PRT PRT PRT PRT AUT DNK DNK
Real Estate Activities ITA ITA ITA ITA ITA ITA ITA ITA GRC GRC GRC GRC GRC GRC ITA ITA ITA
Renting of M DEU DEU DEU DEU GBR GBR USA USA GBR GBR GBR GBR GBR GBR JPN JPN JPN
Other Community, Social and Personal Services DNK DNK DNK DNK DNK JPN JPN JPN JPN JPN JPN JPN FIN FIN JPN JPN JPN

The above table reports the rankings by industry (sector). The yearly wage-profit frontier is a piecewise-nonlinear function. The rankings reported above are based on the contributions of different countries to the wage-profit
frontier measured at the industry level, ST P j

Et
(eq. 7.2).
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it contributes. This is done for all the methods associated with production in each
industry. As an example let us take the wage-profit frontier for 2011, wWPF

E2011
(r, η), as re-

ported in Fig. 5.1. The frontier for 2011 is formed by 63 intervals. Each interval will
be associated with a specific combination of methods, z, i.e. a triple (Az, Lz, Bz). The
length of the domain of the wage-profit frontier, r ∈ [0,RWPF

E2011
] (see eq. 3.2), is normal-

ized to one. The weight of the contribution to the methods will be proportional to the
length of the interval for which these methods belong to the efficient combination, i.e.
the triple (Az, Lz, Bz). In short, if a given method zi belongs to all the set of methods
contributing to the formation of wWPF

E2011
(r, η), it will be associated with value 1. Else

it will be given a value proportional to the intervals in which it contributes. All the
other methods in Φ that never contribute to wWPF

E2011
(r, η) are given value 0.

If the methods belonging to the frontier are implemented by some country, it will
be considered as being economically efficient in its production and also indicates tech-
nological progress. However, this leadership may not be exclusive for a good i and
a country might be a leader only for some intervals and not for others. Hence, the
leadership position may have to be shared with other countries which also contribute
to other intervals of the frontier. Furthermore, there may be methods that not enter
the frontier which might be almost as good as the winning methods.

In order to account for those methods that are not the “most efficient”, but are
“almost as efficient”, we use a scheme in which the methods used for the production
of good i can be ordered as being first, second, third, ... and last (Nth). For a given
interval and a given good i, a method is ranked as first if it belongs to the frontier
combination of methods. We remove this winning method from the original set of
methods and recompute the new wage-profit frontier. The method that would substi-
tute the winning method and emerge on the top would be ranked second. We remove
the second method and repeat the process to determine the third by computing a new
(sub-efficient) wage-profit frontier. And so on.

For each country j, we can summarize this information in terms of a matrix Vj
Et

:

Vj
Et

= {vj
iq} =


vj

11 vj
12 . . . vj

1N
vj

21 vj
22 . . . vj

2N
...

... vj
iq

...

vj
n1 vj

n2 . . . vj
nN

 ; (7.1)

where: j = 1, 2, . . . , N are the countries; i = 1, 2, . . . , n are the sectors or industry and
q = 1, 2, . . . , N is the relative position19.

The value vj
iq is the weighted contribution that country j’s method i to the forma-

tion of the wage-profit frontier, once the superior methods q− 1 of all the countries have
been removed form the total set of methods in Et. When the method of country j to
produce good i does not enter in the qth position, vj

iq would be 0. This could mean

19The number of positions (first , second, . . . , last) is the same as the number of countries.
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either that the method of production for good i of country j has already been removed
because it was superior or it is yet to be competitive. In the former case, there are some
values vj

i1, vj
i2, . . . , vj

i(q−1) going from 1 to (q− 1) that are greater than 0. In the latter
case, it indicates that positive values are going to be associated with lower positions,
hence some of the values vj

i(q+1), vj
i(q+2), . . . , vj

iN should be greater than 0. If vj
iq = 1, it

indicates that for the qth position, the production method of good i of country j is en-
tering in all the intervals forming the wage-profit frontier to be associated with position
q.

The Country Sectoral Contribution of Innovation, matrix Vj
Et

, is important because
it provides a robust assessment of technological progress of a country with respect to
a particular sector or industry i. But it also provides information regarding the state
of technological progress of national system as a whole. An advanced country would
have positive values for most of the first columns, while the others would be popu-
lated by 0 values. The converse would apply for a least developed country. Further-
more an “unbalanced” country would have values scattered across sectors.

In this case, it is clear that a weighted sum by columns of the values of Vj
Et

could
provide an additional information. The first values (first columns) ought to have the
highest weight and decreases as the membership goes down. There are many possible
weighting functions that one can make use of. We have chosen a weighting function
with decreasing linear weights ω = [1, 1− 1/N, 1− 2/N, . . . , 1− (N − 1)/N]′.

The resulting value provides a measurement of sectoral technological progress,
ST PEt for country j:

ST P j
Et

= Vj
Et
ω =



tpj
1

tpj
2

...

...
tpj

n


=



vj
11 vj

12 . . . vj
1N

vj
21 vj

22 . . . vj
2N

...
... vj

iq
...

...
...

... vj
(n−1)N

vj
n1 vj

n2 . . . vj
nN




1

1− 1
N

1− 2
N

...
1− N−1

N

 (7.2)

Value 1 means that country j has undisputed or unambiguous technological progress,
for the production of commodity i, i.e. Methods of country j contribute to the whole
domain of the wage-profit frontier. Lower values indicate relative backwardness, - i.e.
that the method of country j would be relevant only in the absence of those methods
with higher values. Value 1/N is the lowest because it means total backwardness20,
i.e. it is a method that is always inferior relative to the other (N − 1) methods. Table
7.1 reports the sectoral leadership, i.e., countries obtaining first positions (winners)
for different sectors. This information helps us to assess technological dominance and
temporal changes. For reasons of space, we are not presenting the data on the values
and the countries occupying the 2nd, 3rd, . . . , Nth positions.

20This is of course relative to the set of countries that are considered.
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8. The Regional or National Technological Progress Index (T P-index)

Table 8.1: T P-index - Country ranks by technological progress

Rank 1995 1996 1997 1998 1999 2000 2001 2002 2003 2004 2005 2006 2007 2008 2009 2010 2011

1 JPN DNK DNK DNK JPN JPN JPN JPN JPN JPN SWE USA SWE SWE JPN USA JPN
(0.876) (0.824) (0.832) (0.835) (0.863) (0.888) (0.867) (0.862) (0.832) (0.795) (0.791) (0.783) (0.781) (0.780) (0.785) (0.795) (0.782)

2 DNK SWE SWE SWE DNK USA USA USA USA SWE USA SWE USA BEL DNK JPN USA
(0.833) (0.822) (0.815) (0.802) (0.820) (0.860) (0.860) (0.856) (0.808) (0.792) (0.787) (0.777) (0.767) (0.763) (0.766) (0.782) (0.780)

3 BEL JPN USA USA USA SWE FRA DNK DNK USA DNK FRA FRA FRA NLD SWE SWE
(0.786) (0.812) (0.802) (0.801) (0.811) (0.790) (0.763) (0.769) (0.786) (0.791) (0.758) (0.755) (0.758) (0.761) (0.762) (0.762) (0.772)

4 DEU AUT AUT AUT SWE DNK DNK FRA SWE DNK FRA DNK NLD NLD USA DNK AUS
(0.786) (0.785) (0.775) (0.786) (0.798) (0.769) (0.760) (0.769) (0.774) (0.785) (0.753) (0.753) (0.752) (0.751) (0.761) (0.760) (0.748)

5 AUT BEL JPN JPN AUT FRA GBR SWE FRA FRA JPN BEL DNK USA BEL BEL DNK
(0.778) (0.767) (0.766) (0.775) (0.767) (0.741) (0.748) (0.756) (0.767) (0.762) (0.752) (0.746) (0.740) (0.749) (0.760) (0.742) (0.746)

6 NLD DEU DEU FRA FRA AUT SWE BEL AUT AUT NLD NLD GBR FIN FRA FRA BEL
(0.769) (0.760) (0.745) (0.752) (0.753) (0.738) (0.746) (0.745) (0.747) (0.753) (0.747) (0.740) (0.739) (0.744) (0.738) (0.735) (0.744)

7 SWE NLD BEL NLD NLD GBR AUT GBR BEL NLD AUT GBR BEL AUT AUT NLD FRA
(0.762) (0.753) (0.741) (0.745) (0.728) (0.734) (0.740) (0.744) (0.744) (0.746) (0.743) (0.734) (0.735) (0.739) (0.728) (0.731) (0.742)

8 FIN USA FRA DEU DEU BEL BEL NLD NLD BEL GBR JPN FIN DNK CAN AUS NLD
(0.748) (0.746) (0.727) (0.744) (0.716) (0.728) (0.740) (0.729) (0.742) (0.743) (0.740) (0.734) (0.734) (0.731) (0.727) (0.725) (0.734)

9 FRA FIN NLD BEL GBR CAN CAN AUT GBR GBR FIN AUT AUT DEU FIN CAN FIN
(0.733) (0.741) (0.720) (0.735) (0.712) (0.722) (0.735) (0.726) (0.726) (0.735) (0.734) (0.732) (0.732) (0.710) (0.716) (0.713) (0.724)

10 USA FRA FIN FIN FIN NLD NLD FIN FIN FIN BEL CAN CAN GBR SWE AUT AUT
(0.722) (0.727) (0.711) (0.729) (0.711) (0.717) (0.729) (0.702) (0.719) (0.733) (0.733) (0.730) (0.724) (0.702) (0.709) (0.708) (0.709)

11 AUS AUS AUS GBR BEL DEU FIN CAN DEU DEU DEU FIN IRL IRL IRL FIN CAN
(0.639) (0.677) (0.696) (0.697) (0.708) (0.688) (0.702) (0.698) (0.698) (0.712) (0.713) (0.723) (0.723) (0.700) (0.705) (0.708) (0.709)

12 ITA ITA GBR CAN CAN FIN DEU DEU CAN CAN CAN DEU JPN CAN DEU DEU DEU
(0.624) (0.668) (0.655) (0.670) (0.691) (0.682) (0.689) (0.695) (0.680) (0.672) (0.709) (0.696) (0.700) (0.699) (0.683) (0.680) (0.678)

13 CAN CAN CAN ITA ITA AUS ITA ITA AUS IRL IRL IRL DEU JPN GBR IRL IRL
(0.609) (0.619) (0.652) (0.659) (0.644) (0.639) (0.632) (0.628) (0.645) (0.656) (0.671) (0.681) (0.682) (0.683) (0.642) (0.656) (0.661)

14 GBR GBR ITA AUS AUS ITA AUS AUS IRL AUS AUS AUS AUS AUS GRC GBR GBR
(0.601) (0.606) (0.649) (0.635) (0.629) (0.627) (0.616) (0.624) (0.625) (0.644) (0.652) (0.634) (0.644) (0.642) (0.634) (0.627) (0.612)

15 IRL IRL IRL IRL TWN TWN TWN TWN ITA ITA ITA ITA ITA ITA AUS GRC GRC
(0.601) (0.602) (0.611) (0.578) (0.595) (0.590) (0.594) (0.598) (0.615) (0.619) (0.608) (0.602) (0.599) (0.608) (0.632) (0.609) (0.591)

16 ESP ESP TWN TWN IRL IRL IRL IRL GRC GRC GRC GRC GRC GRC ITA ITA TWN
(0.542) (0.544) (0.556) (0.569) (0.559) (0.568) (0.574) (0.563) (0.573) (0.568) (0.584) (0.597) (0.592) (0.601) (0.598) (0.586) (0.576)

17 TWN TWN ESP ESP GRC GRC GRC GRC TWN TWN TWN TWN TWN TWN TWN TWN ITA
(0.530) (0.543) (0.531) (0.533) (0.543) (0.535) (0.541) (0.554) (0.560) (0.546) (0.551) (0.551) (0.542) (0.552) (0.561) (0.576) (0.568)

18 GRC GRC GRC GRC ESP ESP ESP ESP ESP ESP ESP ESP ESP ESP ESP ESP ESP
(0.524) (0.527) (0.520) (0.529) (0.528) (0.522) (0.529) (0.522) (0.529) (0.528) (0.530) (0.511) (0.510) (0.520) (0.534) (0.528) (0.537)

19 PRT PRT PRT PRT PRT PRT PRT KOR PRT PRT PRT KOR PRT PRT PRT PRT PRT
(0.435) (0.460) (0.463) (0.456) (0.470) (0.460) (0.454) (0.462) (0.474) (0.478) (0.469) (0.472) (0.470) (0.481) (0.496) (0.480) (0.474)

20 KOR KOR KOR KOR KOR KOR KOR PRT KOR KOR KOR PRT KOR KOR KOR KOR KOR
(0.425) (0.430) (0.440) (0.392) (0.431) (0.459) (0.444) (0.459) (0.443) (0.431) (0.461) (0.470) (0.466) (0.424) (0.414) (0.437) (0.442)

21 TUR BRA BRA BRA MEX MEX MEX MEX CZE CZE CZE CZE CZE CZE CZE CZE CZE
(0.408) (0.320) (0.343) (0.370) (0.320) (0.339) (0.345) (0.342) (0.335) (0.349) (0.326) (0.352) (0.376) (0.401) (0.367) (0.349) (0.352)

22 MEX TUR MEX MEX BRA BRA POL CZE MEX POL POL POL POL POL POL POL POL
(0.316) (0.313) (0.325) (0.318) (0.299) (0.306) (0.296) (0.319) (0.304) (0.303) (0.305) (0.299) (0.305) (0.318) (0.303) (0.291) (0.290)

23 BRA MEX CZE CZE CZE CZE CZE POL POL MEX MEX MEX MEX CHN CHN CHN CHN
(0.314) (0.283) (0.231) (0.268) (0.292) (0.286) (0.290) (0.297) (0.303) (0.278) (0.283) (0.281) (0.268) (0.254) (0.282) (0.273) (0.274)

24 IDN CZE POL POL POL POL BRA BRA HUN HUN HUN CHN HUN HUN HUN MEX BRA
(0.232) (0.238) (0.229) (0.259) (0.284) (0.285) (0.281) (0.243) (0.233) (0.238) (0.235) (0.239) (0.246) (0.252) (0.273) (0.258) (0.260)

25 HUN IDN IDN HUN HUN HUN HUN HUN BRA BRA BRA HUN CHN MEX MEX BRA MEX
(0.227) (0.233) (0.225) (0.229) (0.219) (0.206) (0.216) (0.226) (0.218) (0.215) (0.223) (0.238) (0.240) (0.246) (0.246) (0.249) (0.255)

26 CZE HUN HUN TUR CHN CHN CHN CHN CHN CHN CHN BRA BRA BRA BRA HUN HUN
(0.209) (0.205) (0.220) (0.169) (0.153) (0.173) (0.185) (0.199) (0.208) (0.206) (0.216) (0.231) (0.230) (0.228) (0.226) (0.248) (0.241)

27 POL POL TUR RUS IND IND IND IND IND IND IND IND IND IND IND IND IND
(0.199) (0.205) (0.215) (0.141) (0.134) (0.141) (0.146) (0.148) (0.144) (0.146) (0.155) (0.155) (0.161) (0.153) (0.161) (0.171) (0.167)

28 RUS RUS RUS IND IDN IDN IDN IDN IDN IDN IDN IDN RUS RUS RUS RUS RUS
(0.126) (0.143) (0.143) (0.113) (0.124) (0.125) (0.117) (0.115) (0.118) (0.113) (0.108) (0.109) (0.109) (0.128) (0.109) (0.128) (0.141)

29 IND IND IND CHN TUR TUR RUS RUS RUS RUS RUS RUS IDN IDN IDN IDN IDN
(0.089) (0.086) (0.090) (0.111) (0.119) (0.102) (0.094) (0.095) (0.091) (0.099) (0.094) (0.108) (0.104) (0.097) (0.099) (0.117) (0.118)

30 CHN CHN CHN IDN RUS RUS TUR TUR TUR TUR TUR TUR TUR TUR TUR TUR TUR
(0.057) (0.060) (0.071) (0.098) (0.078) (0.080) (0.066) (0.056) (0.057) (0.060) (0.071) (0.070) (0.072) (0.085) (0.083) (0.076) (0.073)

The table is organized according to the rankings. The values in brackets are the values of the index T PE1995 , T PE1996 , . . . , T PE2010 , T PE2011 (see eq. 8.1) that captures the
technical progress,.

In our view this is the most synthetic measure of national technological progress.
Given the framework that we have adopted in this paper, we consider an economic
system to be advanced when its methods of production - i.e. the methods actually real-
ized and observed in the real economies - contribute to the formation of the wage-profit
frontier. We aggregate the sectoral performance values computed in the previous sec-
tion, the values T PEt for country j, to generate a comprehensive measure of national
performance.

T P j
Et

=
1
n

n

∑
i=1

tpj
i =

e′ST P j
Et

n
(8.1)

It is easy to see that if all the methods employed in a region or country are superior
with respect to alternative methods, the highest attainable value would be equal to the
number of commodities, i.e. n. But this would a rare case in reality. It is most likely
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that a country is superior or a leader in some sectors and not in others. The T P j
Et

is a measure the technological progress of a system considered as a whole. Table 8.1
reports T P j

Et
values organized by rankings (i.e. from highest values to lowest values).

Figure 8.1: The curves report the 6 countries leaders in 2011, with respect to the
technological progress, T PE2009 (see Table 8.1). The highest level is
1, which is relative to the case in which one country would the highest
technological progress for all the sectors

9. Interpreting the results

We have a vast amount of information that was generated due to availability of the
FVZ-algorithm. Given the limited space and scope of this article, we will focus only on
a few important results. An observation that readily noticeable is the distance between
the individual countries wage-profit curves and the wage-profit frontiers. The values of
theWPCratio reported in Table 6.1 are all very far from 1, i.e. values which indicates
high distance to the wage-profit frontier. This is interesting because it may indicates
that there is an ample room for improving production either thorough specialization
or by adopting different production methods. The gap between individual country
wage-profit curves and the wage-profit frontier is also evident from Figure 5.2. This in-
dicates the potential that is available for growth. From figures 5.3 and 6.1 we can see
that during the period 1995– 2002, our indexes indicate that there has been no signifi-
cant technological progress: the yearly wage-profit frontiers overlap. During the period
going from 2003 to 2008 we have had a substantial increase in technological progress:
the wage-profit frontiers have moved upwards. There has been a drop since then.

Labour productivity growth reported in Figure 6.2 confirms the pattern of evolu-
tion captured by the movement of the wage-profit frontiers. The overall development
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is highly correlated, but the contribution of the different countries vary. For example,
the countries with the highest labour productivities in 2011 are somewhat different
form those which are ranked first in technological progress, or those with the highest
wage-profit curves. From the above observations we can infer that during 2002-2008
there has been an increase in productivity and in technological innovation on the av-
erage. During this period, we also observe a convergence in the values determining
the relative degrees of innovation. From Figure 8.1, we see that the leadership values
converge over time, which indicates that as of 2011, several countries play important
roles in determining technological progress. The situation seems to remarkably differ-
ent compared to the turn of the century, around 2000, where Japan and USA exhibited
a high and practically undisputed level of technological progress. This unilateral ten-
dency seems to have decreased over time.

When comparing the rankings given by the two major indexes ( WPCratio-index,
and the T P − index), we observe some interesting differences. At first glance, this
diversity in performance may be surprising because a country which is considered to
be technologically advanced according to one indicator should also turn out to be ad-
vanced when other indicators are considered. This is roughly true for most countries,
though not for all. Each index captures different features of the national technological
progress and hence it is to be expected that rankings and positions will vary. There
are five countries (Denmark, France and Sweden, Netherlands and United States of
America) that are always among the top 10 performers across both indexes for the en-
tire time period. The noticeable exclusion from this group are Germany and Japan. in
particular Japan has very low values of the wage-profit curve ratio index. It is important
to stress that values are all in terms of the purchasing power of a common numéraire,
η. Therefore, a higher wage-profit curve means a higher possible remuneration for the
workers of that country. The wage-profit curve associated to a country does assess the
“autarkic” capacity of that specific country in production and generating surplus i.e.
the potential capacity of being self-sustained.

Our indexes indicate (see Table 6.1 on WPCratio) that Japan has very low scores,
going from being around position 16 (1995 to 2005) to be last, position 30, from 2005
to 2011 and with value zero21. When we look at the technological progress index
(T P − index), see Table 8.1, we observe that Japan emerges as a leading performer.
This is due to the fact that some sectors are very advanced and more than compensate
the relative backwardness of other sectors.

21This means that Japan from 2005–2011 could not considered as being viable (Chiodi, 1998) for the
set of methods that are actually in use. This indicate the fact that the set of methods of production
used by Japan dependence to foreign markets for the means of production. This means that relevant
production prices that would allow formation of positive profits for all the sectors do not exist. And
this explain the values 0s of the wage-profit frontier ratio
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10. Concluding Remarks

The main contribution of this paper to the literature on technological progress is the
discovery and construction of the FVZ-algorithm, see Section A. This computationally
efficient algorithm allows us to construct the efficient wage-profit frontier wWPF

E (r, η) (eq.
3.1) and to determine the production possibility frontier, Ωz (eq. 2.6)22. We argue that
the global wage-profit frontier is the robust benchmark against which we can measure
the performance of the individual countries.

Identifying the set of methods associated with the frontier, ZWPF
E , (3.3), is important

because it allows for an empirical assessment of the actual historical performances
of the different countries. Further, we have been able to measure the technological
progress at the sectoral level, ST P − index (Table 7.1 ), and subsequently, based on
this information, we measure technological progress at the country level, T P − index
(Table 8.1). We provide a measurement of the historical state of a country through an
index that captures the distance between the country wage-profit curve and the global
wage-profit frontier,WPCratio, (Table 6.1).

This study can be extended in various directions. It is worth comparing these
results to the more conventional, alternative measures of technical efficiency across
countries using Data Envelopment Method or other parametric methods. Another
important direction would be to compare the productivities of different sectors by
extracting information about the auxiliary prices associated with it. An important fea-
ture of our method is that the prices are all measured in terms of a common numéraire,
viz., agricultural sector. This means that it is possible to compare the production prices
of one local system with another. This information could provide a solid founda-
tion for international comparison of values and for the determination of real exchange
rates. Research along this direction may shed a new light on productivities and effi-
ciency comparisons 23.

A related issue that deserves more attention concerns the differences that exist be-
tween actual market prices and the virtual or auxiliary prices. As we have pointed
out in Section 2, the assumption of a uniform rate of profit, although very standard,
is only a convenient assumption that allows us to work with a simple two dimen-
sional space - instead of a n-dimensional space. This could be generalized to include
a cloud of profit rates. Furthermore, the knowledge of the set of methods, the matrix,
ZWPF
E (coloreq.3.3), simplifies the task of computing the world Production Possibility

Frontier, Ωz (eq. 2.6). An interesting further line of research would be to compute the
potential gains from trade as outlined by Samuelson (2001, 2004) using the results of
this paper.

22To the best of our knowledge, this is the first time the world wage-profit frontier is precisely computed
in this framework.

23A similar attempt has been made, almost 40 years ago, by Wassily Leontief (1985).
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A. Computing the wage-profit frontier

The computation of the wage-profit frontier is a non-trivial exercise24. There is a brute
force algorithm which allows us to precisely compute the wWPF

E (r, η). But the imple-
mentation of this algorithm (see below) becomes computationally intractable as the
cardinality of the set of methods increases. However, we have been able to devise a
tractable algorithm that allows for a drastic reduction in the computational effort. For
instance, given the cardinality of the data set that we use in this paper, the computa-
tion of wWPF

Φ using a desktop computer that employs the brute force algorithm would
take several decades. In comparison, our algorithm enables us to perform the compu-
tation in a few hours.

Precisely identifying the collection of methods contributing to the frontier is the
crucial aspect that differentiates our approach in determining the benchmark com-
modity or the reference technology. The new algorithm allows us to provide a robust
measure of productivity and it enables us to develop three new indexes of perfor-
mance, which will be described in the subsequent sections.

A.1. The brute-force algorithm

The wage-profit frontier for a given set of methods can be derived by computing the
wage-profit curves relative to each combinations of methods.

1. input data, i.e. individual input–output tables and organize them into a multiple
dimension array, Φ (see equation 2.2)

2. enumerate all possible combinations of methods EΦ =
{

zj

}
with j = 1, ..., s with

s = ∏n
i=1 si.

3. compute the wage-profit curve, wzj , eq. 2.11 sequentially for j = 1 to s and re-
tain the value for wages w that dominate the previously computed wage-profit
curves. If E{j} is the set of combinations z enumerated from 1 to j, the following
recursive computation is made until j = s.

wWPF
E{j}

(r, η) = max
{

wWPF
E{j−1}

(r, η), wzj(r, η)
}

However, we can observe that the combinatorial and computational complexity asso-
ciated with the implementation of this algorithm is very high. In the database that
we use, there are 31 sectors and 30 countries. This means that in order to determine
the yearly wage-profit frontier we need to compute 3130 ≈ 5.5 ∗ 1044 wage-profit curves.
There are 15 years of observations, hence the computation of the intertemporal wage-
profit frontier would be in the order of (3130)15 ≈ (1.29 ∗ 1041)15 ≥ 10671.

24Properties of the wage-profit frontier are listed above in Section 3.
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This shows that such computation is practically impossible in the sense that a
brute-forced algorithm would not compute the wage-profit frontier and won’t halt within
any reasonable time frame.

A.2. The FVZ-algorithm

The computational complexity, however, can be drastically reduced if we employ the
new algorithm that we have constructed. We call this algorithm the FVZ-algorithm 25.

Bharadwaj (1970) has shown that:

i) “At a switch point the adjacent production system differs in the method of production for
only one of the commodities common to them (Bharadwaj (1970) (p.423), emphasis
added)”;

ii) “The choice of the value unit [the numéraire] does not affect the maximum number
of switching possibilities [and their correspondence to the profit rate](Bharadwaj
(1970) (p.424))”

Using any point on any frontier, the following procedure climbs the individual
wage-profit frontiers using the switch points as if they were steps on a ladder. This is
what facilitates the drastic reduction in the computational time.

The brute-force algorithm requires the computation of an astronomical number of
wage-profit curves. In contrast, the computation using the FVZ-algorithm would require
a computation which is a multiple of the cardinality of the set of methods. Let us
take the case in which all the methods are considered, i.e., the methods relative to
17 years for 30 countries and 31 industries. In this case, the worst case computation
associated with our new algorithm would only require computing a small multiple of
15810(= 17× 30× 31) wage-profit curves. This is the total number of rows in the set of
available methods Φ.

As we will see below, for each profit rate, the algorithm requires at most 15810
(minus 31) alternative set of methods z to be tried out before moving on to the values
associated with the profit rates to the left or to the right. This algorithm requires
spanning the domain from left to right and from right to left until no new dominating
combinations are found. In the worst case scenario, the domain has to be spanned
15810 times. This is an upper bound requiring circa 2.5× 108(≈ (17× 30× 31)2 =
158102) computations of wage-profit curves before the wage-profit frontier is computed
with absolute precision. In our experience, wage-profit frontier is found by spanning
of the domain a maximum of 5 times. In this case, the number of wage-profit curves
to be computed is (still for the worst case scenario) 5× 15810(≈ 7.9× 104). This is a
relatively very small (and computationally manageable) number of wage-profit curves
that we have to compute.

25Velupillai and Zambelli (1993) took the first step in this direction. Zambelli and Fredholm (2010)
first saw the opportunity to exploit the theoretical properties of the wage-profit frontier presented in
Bharadwaj (1970). We take the liberty to call the algorithm - FVZ-algorithm (Fredholm-Velupillai-
Zambelli).
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Algorithm 1 VFZ Algorithm

Inputs

1: individual input–output tables organized into a multi-dimensional array having
the structure Φ (see equation 2.2) or of a subset of it, EΦ.

Initialization

2: n← {no. of industries or commodities}
3: s← {no. of alternative methods per commodity}

. sn×1 = [s1, s2, . . . , si, . . . , sn]′, where si is the maximum number of
alternative methods observed for the production of commodity i = 1, . . . , n.

4: z← {initial combination of methods}
. zn×1 = [z1, z2, . . . , zi . . . , zn]′, where each zi indicates the method chosen

for the production of commodity i, zi ∈ [1, si]. Pick any one zi among the possible
combinations of methods

5: Az, Lz and Bz

. Matrices are generated and organized as in equations 2.3, 2.4, 2.5,
respectively.

6: ηn×1 ← {Choice of a numeraire}
. The specific choice of the numéraire here is unimportant.

The numéraire is useful for computing the wage-profit curves and prices, but not for
determining the methods at the frontier.

7: h← {Step-Size of the domain of the wage-profit-frontier}
8: wz(r, η)← {Computed as in equation 2.11} where r = [0, h, 2h, 3h, . . . ,Rz].

. It is likely thatRz may not be a multiple of h. For the simplicity of the
exposition, we assume that it is.

9: Rmax ← Rz.
10: F← {Matrix with n rows and (R

max

h + 1)columns, where each column is the vector z}
. Matrix F would have as many columns as the number of points in the

domain of the wage-profit frontier (i.e. r = [0, h, 2h, 3h, . . . ,Rz]). The columns of F
change one by one as candidate methods for the frontier, i.e. new z, are found.

11: r∗ ← Rz.
12: Replacement← 1 . Control variable

Computing WPF

13: procedure COMPUTATION OF WPF
14: [Start Spanning]
15: if Replacement = 0 then
16: GO TO 86 (Routine 3)
17: else if Replacement = 1 then
18: Replacement← 0
19: end if

Routine 1: Span Right-to-Left
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Subroutine 1A: New Profit Rate

20: r∗− ← r∗ − h
21: if r∗− < 0 then
22: r∗ ← r∗− and GO TO 52 [Subroutine 2A: New Profit Rate]
23: end if
24: zold ← {Column of F associated with r∗−}

. The methods associated with r∗−
25: Compute and organize Azold

, Lzold
and Bzold

as in equations 2.3, 2.4 and 2.5,
respectively

26: w̄zold
(r∗−, η)← {Computed as in equation 2.11}

. Wage value associated with profit rate r∗−
27: znew ← zold; Anew ← Aold; Lnew ← Lold; Bnew ← Bold

Subroutine 1B: Repeat

28: i← 0
29: w̄znew

(r∗−, η)← w̄zold
(r∗−, η)

30: while w̄znew
(r∗−, η) ≤ w̄zold

(r∗−, η) and i ≤ n do
31: i← i + 1

. Identifies the industry producing commodity i
32: j← 0

. Identifies the jth method for the production of commodity i.
33: while j ≤ si do
34: j← j + 1
35: znew

i ← j
36: Anew(i, :)← EΦ(j, 1 : n, i)

. Replaces row i, with method j for the production of commodity i
37: Lnew(i, 1)← EΦ(j, n + 1, i)
38: Bnew(i, 1)← EΦ(j, n + 2, i)
39: w̄znew

(r∗−, η)← {Computed as in equation 2.11}
40: Anew ← Aold; Lnew ← Lold; Bnew ← Bold;
41: end while
42: end while
43: if w̄znew

(r∗−, η) > w̄zold
(r∗−, η) then

44: zold ← znew; Aold ← Anew; Lold ← Lnew; Bold ← Bnew; w̄zold
(r∗−, η) ←

w̄znew
(r∗−, η)

45: Replacement← 1;
46: F(column associated with r∗−)← znew

47: Rmax ← max(Rmax,Rznew
) and change the domain of r and the number of

columns of F accordingly.
48: GO TO 28 [Subroutine 1B: Repeat]
49: else
50: GO TO 20 [Subroutine 1A: New Profit Rate]
51: end if
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Routine 2: Span Left-to-Right

Subroutine 2A: New Profit Rate

52: r∗+ ← r∗ + h
53: if r∗− > Rmax and Replacement=1 then
54: r∗ ← r∗+ and GO TO 20 [Subroutine 1. New Profit Rate]
55: else GO TO 86 [Subroutine 3]
56: end if
57: zold ← {Column of F associated with r∗+}

. Methods associated with r∗+
58: Compute and organize Azold

, Lzold
and Bzold

as in equations 2.3, 2.4 and 2.5,
respectively.

59: w̄zold
(r∗+, η)← {Computed as in equation 2.11}

. Wage value associated with profit rate r∗+.
60: znew ← zold; Anew ← Aold; Lnew ← Lold; Bnew ← Bold

Subroutine 2B: Repeat

61: i← 0
62: w̄znew

(r∗+, η)← w̄zold
(r∗+, η)

63: while w̄znew
(r∗+, η) ≤ w̄zold

(r∗+, η) and i ≤ n do
64: i← i + 1

. Identifies the industry producing commodity i
65: j← 0

. Identifies the jth method for the production of i.
66: while j ≤ si do
67: j← j + 1
68: znew

i ← j;
69: Anew(i, :)← EΦ(j, 1 : n, i)

. Replaces row i, with method j for the production of commodity i.
70: Lnew(i, 1)← EΦ(j, n + 1, i)
71: Bnew(i, 1)← EΦ(j, n + 2, i)
72: w̄znew

(r∗−, η)← {Computed as in equation 2.11}
73: Anew ← Aold; Lnew ← Lold; Bnew ← Bold

74: end while
75: end while
76: if w̄znew

(r∗+, η) > w̄zold
(r∗+, η) then

77: zold ← znew; Aold ← Anew; Lold ← Lnew; Bold ← Bnew; w̄zold
(r∗+, η) ←

w̄znew
(r∗+, η)

78: Replacement← 1;
79: F(column associated with r∗+)← znew

80: Rmax ← max(Rmax,Rznew
) and change the domain of r and the number of

columns of F accordingly.
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81: GO TO 61 [Subroutine 2B. Repeat]
82: else
83: GO TO 52 [Subroutine 2A. New Profit Rate]
84: end if
85: GO TO 14 [Start Spanning]

Routine 3: Extracting Frontier Methods

86: Indices of the set of frontier methods are found in the matrix F. Each col-
umn of F is associated, one to one, with the elements of the profit rates r ∈
[0, h, 2h, 3h, . . . ,Rmax] . Compute the switch points and the intervals composing
the wage-profit frontier, wWPF

EΦ
(r, η) (eq. 3.1), directly from the information embed-

ded in F and r ∈ [0, h, 2h, 3h, . . . ,Rmax], simply by eliminating adjacent columns
which are equal in F. The resulting matrix is ZWPF

EΦ
(eq. 3.3). Two adjacent columns,

say j and j + 1 of ZWPF
EΦ

identify the methods coexisting at the switch point j. The
jth column of ZWPF

EΦ
identifies the combination of methods defining the wage-profit

curve to the left of the switch point and (j + 1)th identifies those combination of
methods to the right of the switch point.

87: end procedure
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