View metadata, citation and similar papers at core.ac.uk brought to you by fCORE

provided by Open Research Online

iversity

The Open

Un

Open Research Online

The Open University's repository of research publications
and other research outputs

A family of entire functions with Baker domains

Journal ltem

How to cite:

Fleischmann, Dominique S. (2009). A family of entire functions with Baker domains. Ergodic Theory and
Dynamical Systems, 29(2) pp. 495-514.

For guidance on citations see FAQs!

(© 2008 Cambridge University Press
Version: Version of Record

Link(s) to article on publisher’s website:
http: //dx.doi.org /doi:10.1017/50143385708080383

Copyright and Moral Rights for the articles on this site are retained by the individual authors and/or other copyright
owners. For more information on Open Research Online’s data |policy on reuse of materials please consult the policies

page.

oro.open.ac.uk


https://core.ac.uk/display/82909496?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1
http://oro.open.ac.uk/help/helpfaq.html
http://dx.doi.org/doi:10.1017/S0143385708080383
http://oro.open.ac.uk/policies.html

Ergod. Th. & Dynam. Sys. (2009), 29, 495-514 © 2008 Cambridge University Press
doi:10.1017/S0143385708080383 Printed in the United Kingdom

A family of entire functions with Baker domains

DOMINIQUE S. FLEISCHMANN

Department of Mathematics and Statistics, The Open University, Walton Hall,
Milton Keynes MK7 6AA, UK
(e-mail: splasher2001 @ hotmail.com)

(Received 3 October 2007 and accepted in revised form 6 May 2008)

Abstract. In his paper [The iteration of polynomials and transcendental entire functions.
J. Aust. Math. Soc. (Series A) 30 (1981), 483—495], Baker proved that the function f
defined by
sin
sinvz

V7
has a Baker domain for c¢ sufficiently large. In this paper we use a novel method to prove
that f has a Baker domain for all ¢ > 0. We also prove that there exists an open unbounded
set contained in the Baker domain on which the orbits of points under f are asymptotically
horizontal.

f@=z+

1. Introduction

Let f be a meromorphic function which is not rational of degree one and denote by
f", n eN, the nth iterate of f. The Fatou set, F(f), is defined to be the set of points,
z € C, such that the sequence (f"),cy is well defined, meromorphic and forms a normal
family in some neighbourhood of z. The complement, J(f), of F(f) is called the Julia
set of f. An introduction to the properties of these sets can be found in, for example, [2]
for rational functions and [3] and [6] for transcendental meromorphic functions.

The set F(f) is completely invariant so for any component U of F(f) there exists,
for each n € N, a component U, of F(f) such that f*(U) C U,. If U, =U for some
minimal p € N, then we say that U is a periodic component of period p. There are five
possible types of periodic components (see [3, Theorem 6]). In particular, U is called a
Baker domain if there exists zg € U such that f"*P(z) — zg as n — 0o, for z € U, where
fP(zo) is not defined (see [7] for a survey article on Baker domains). In this case, there is
at least one component Uy, 1 <k < p, with the property that "7 (z) — oo as n — oo for
z € Ug. If U is a Baker domain of a transcendental entire function f, then f"(z) — oo as
n — oo for z € U and, moreover, U is simply connected (see [1, Theorem 5]).
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In [1] Baker considered the transcendental entire function f defined by

sin 4/z
vz
He showed that, for sufficiently large positive constant ¢, f has a Baker domain. In [4]
we show that this function has sparsely distributed singular values. Here we show that the
function f defined in (1.1) has a Baker domain for all ¢ > 0, thus extending the original

result of Baker. We prove the following.

f@=z+ +c. (1.1)

THEOREM 1.1. For all ¢ > 0, the function f defined in (1.1) has an invariant Baker
domain U, symmetrical about the real axis and containing (x., 0o) for some x, > 0.

In [1] Baker constructed a domain D symmetric about the real axis with a (truncated)
parabolic boundary. He proved that f(D) C D by showing that the distance between
z+c¢=x+c+iye D and any point zg € 3D is greater than |sin(/z)/+/z| whenever

%c(x + 1+ %c)_l/2 > e|z|_1/2 forz=x+iyeD.

This inequality is true whenever c is greater than approximately 6 and so f has a Baker
domain with the properties in Theorem 1.1 for such c.

A proof of this type (finding a set D that is invariant under f) can be given for certain
smaller values of ¢ (for example, ¢ > 1). However, when 0 < ¢ < 1, a serious problem
arises in the application of Baker’s method since no invariant parabolic domain exists.
This fact will be explained in more detail in the proof of Lemma 3.4 and the remarks that
follow it.

Therefore, in order to establish the result for all ¢ > 0 we use a more general approach;
namely, we find a domain G which is not invariant under f but which instead has the
property that C \ |J,cry /" (G) contains an open set. Furthermore, G contains an invariant
curve I" such that f"(z) — oo as n — oo for all z in I'. We are grateful to the referee for
pointing out that this approach was also used by Morosawa in [5].

In this paper we also prove the following.

THEOREM 1.2. Let the function f be as defined in (1.1) and let U be the invariant Baker
domain of f shown to exist in Theorem 1.1. There exists an open unbounded set V
contained in U such that, for any given z € V, there exists a constant n; € R such that:

1)  N(f"(z)) > oo asn — oo, and

i) (f*(z)) > n; asn — oo.

n: >0, if3(z) >0,
Moreover, if z € V then n, =0, if3(z) =0,
n, <0, if3(z) <O0.
Remark. Theorems 1.1 and 1.2 concern the function f as defined in (1.1). It should be

noted that, by making only minor changes to the proofs, these theorems can easily be
generalized to the broader family of functions

f(z)=z+aw+c,

7

where a, b, ¢ > 0.
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FIGURE 1. Julia set of f forc =6.

Remark. The geometry of the Baker domain of f is dependent on the value of c. The effect
of varying c can be illustrated by considering the fixed point equation on the positive real
axis, R, given by

sin 4/x
=
When ¢ > 1, we have (sin \/x)/+/x > —c forall x € R* and so there are no fixed points on
the positive real axis. In this case the Baker domain contains the whole positive real axis.
Now we consider the point xo= (37/2)% as ¢ decreases towards zero. When
¢ < co~0.2 we have (sin /xp)//X0 < —c so there exists a bounded interval (0, x.) of
the real line that contains a finite number of fixed points of f.
As the value of ¢ decreases continuously from cg towards O, x(f. increases. There exists
a sequence {c, }, N of values of ¢ tending to zero from above as » tends to infinity with the
following properties: for each n € N, as ¢ decreases continuously through ¢, a parabolic
fixed point of f appears on the real line to the right of the other real fixed points, and this
new real fixed point instantaneously bifurcates into a pair of fixed points that remain on the
real axis. The left-hand fixed point in the pair is attracting and the right-hand fixed point
in the pair is repelling. Each attracting fixed point is associated with an attracting domain
and each repelling fixed point is in J(f). Hence the Baker domain (symmetric about the

—cC.

real axis) appears to move to the right as ¢ decreases, with more and more attracting Fatou
components appearing to the left of the Baker domain.

This behaviour is supported by computer experiments. Figures 1 and 2 present the
results of computer experiments to estimate the shape of the Julia set (black) for a large
value of ¢ and a small value of ¢ respectively.
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FIGURE 2. Julia set of f for ¢ = 0.05.

In Figure 1, we have ¢ = 6 and the invariant parabolic domain used by Baker has been
shaded on the diagram. In Figure 2, we have ¢ = 0.05 and there are three attracting domains
corresponding to attracting fixed points on the real line. These attracting domains, together
with their pre-images, are shaded in grey.

2. Strategy for proving Theorem 1.1
To prove Theorem 1.1, we consider the function g defined by

gw) =/ f(w?) = w2 + Si’;w +e. @.1)

Throughout this paper ¢ > 0 is fixed and _ /— denotes the principal square root.
Now, for K > 0 and L > 0 define the open half-strip R(K, L) by

R(K,L)={w|R(w) > K, |J(w)| < L}. (2.2)
We show that for any given L > 0 there exist K > 0 and L’ > 0 such that
g"(R(K,L)) C R(K,L) forallneN. (2.3)

It should be noted that we do not insist that R(K, L) be contained in R(K, L"). With
h(w) = w?, we deduce that

U (h(R(K, L") =h(g"(R(K, L") Ch(R(K, L)) forallneN. (2.4

Thus, by Montel’s theorem, V =h(R(K, L')) C F(f). Since V is unbounded and
connected, we deduce that there exists a single unbounded component U of F(f) such
that V. C U.
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Finally, there exists Ko > 0 such that
Fx) > x+ g for all x > Ko, 2.5)

and ' = (Ko, 00) C V C U. Then T is invariant under f and f”(x) — oo as n — o<.
It follows that f"(z) — oo as n — oo for all z € U, so U is a Baker domain of f. The
symmetry of U in the real axis follows from the fact that f(z) = f(z) for z € C.

3. Preliminary results
We can write the function g defined in (2.1) as

sin w c
g(w):w‘,1+F+ﬁ
1_}_l sinw+c 1 sinw+c 2+
= w _ — J— _ — — J—
2\ w3 w? 8\ w3 w?

sin w c
S+ o+ B(w), 3.1
2w

=w 2w

say, provided

sin w c

F_{_F < 1.

Writing w = u 4 iv, we can express g in terms of its real and imaginary parts as

g(w)=u+iv+du+idv, (3.2)
where
sin w c
Su=N + R — | + N(Bw)) 3.3)
2w? 2w
and
s =332 4 5( ) 4 3B (3.4)
=3 [ — R . .
v 202 ) T 2w v

Let L > 0 be fixed for the rest of this paper. Since g is symmetric in the sense that
g(w) = g(w), it is sufficient to consider the properties of iterates of points in the set
RT(K, L) defined by

RY(K,L)={w|Rw)>K,0 < J(w) <L} (3.5)
We begin by establishing two properties of B that will be required later.

LEMMA 3.1. There exist positive constants A1 and K1 > max{1, Ko} such that

Ay N
|Bw)| < — forallwe R*(Ky, L). (3.6)
u
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Proof. From (3.1) we have

B(w) =w Zz s (H(—zk + 3)) (stz—;“ + %) . 3.7

Defining b,, by

1 m
by = H(—Zk +3) forallmeN, (3.8)
k=1

2" m!

we note that

1 & o (=2k +3)
|bm| = T /!:[1(—2k+3)‘= IQT <1 forallmeN. (3.9
Thus
e sin w c "
B < bo || — 4+ —
| <w>|_|w|mZ:2|m| —
. | sin w c "
< |w|m2::2 — t+—
. 2 o0 .
sin w C sin w C
=l S5t Lt (.10
m=0
Clearly, there exists K1 > max{1, +/ Ko} such that
i 1
2245 <5 forallwe R (K, L), G.11)
w w 2
and so, by (3.10),
. 2 . 2
2
Bw)| <2lwl[22 ¢ < = = MY Ll forallwe RY(Ky, L). (3.12)
w3 w? lwPP| w

It easily follows that there exists A; > 0 such that

A
|B(w)| < u—; forall w e RT (K}, L), (3.13)

and this completes the proof. m|
Next, we derive an estimate for the derivative of B(w).

LEMMA 3.2. There exists a positive constant A, such that

A
1B (w)| < ﬁ forall we RT (K1, L). (3.14)
w

Proof. From equations (3.7) and (3.8) we have

> sihw ¢ \"
B = byl —+—=) . 3.15
(w) me:; m( — +w2) (3.15)
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Differentiating and re-arranging we have
B(w) = sin w Z b sin w i "
= m+-2 w2
cosw 3sinw 2c\//sinw c
tw wd wt Wl w3 + w?

m
sin w C
x2<m+2>bm+z< . +—2) :

m=0 w
SO
smw c |™
|B'(w)| < Z bmi2l|—5 + —
m=0
cos w smw < sin w c
w w w
smw c |™
x Z |0n + Dol ==+ — (3.16)
By (3.9) and (3.11),
o0 3 m
3 bmsal| o + 5| <2 forallw e RY (K}, L), (3.17)
m=0
Now note that, for m > 2,
2%k—3 1
mbm| = H(Zk—3) ]_[ =2 <3 (3.18)
and so, by (3.11),
smw c " "
Z | + 2)bmial|—5 + —| <1 forallwe RT (K, L). (3.19)
w

It follows from (3.16)—(3.19) that

. 2 .
2 |sinw sin w sin w

B'(w)| <
| B (w)] ol

+c

1
+ — <|cos w|+3
lw|*

+ 2C>

forallw e RT (K1, L). (3.20)

w

Thus, there exists A> > 0 such that

/ Aj +

|B'(w)] < — forallw e R (K, L),
lwl*

and this completes the proof. O

With these properties of B(w) established, we proceed to obtain estimates for du and
8v valid in RT (K, L). First we consider §u.
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LEMMA 3.3. Let $u be as defined in (3.3) and (3.1). Then there exists a positive constant
A3z such that

A3 n
Su— —|<— forallwe RT(Ky, L). (3.21)
2u u?
Proof. We first note that
% sinw _ |sinw
w2 ) T | 2w?
Vsin? u + sinh? L
<
2u? + 202
V1 +sinh®> L 1
-y
2 u?
cosh L 1 "
=——— forallwe R"(Ky, L). 3.22)
2 u?
Secondly, we note that
() ol e et e e e R L)
)| = - —|= < —— forallw , L).
2w 2u 2lw|? 2ul|  2ud + 2uv? 2 ud !
(3.23)
Lastly, from Lemma 3.1, we have
A
IM(B(w))| < —31 forallwe RT (K1, L). (3.24)
u
The result follows from (3.3) and (3.22)—(3.24). O

Remark. Lemma 3.3 implies that when the real part of the orbit of any point is sufficiently
large, and the imaginary part remains bounded above by L and below by 0, then the orbit
will continue to move to the right. In Lemmas 3.4, 4.1 and 4.2 below, we will show that for
points contained in the narrower strip R* (K, L'), the imaginary part of their orbits does
indeed remain bounded in this way.

Now we consider dv.

LEMMA 3.4. Let §v be as defined in (3.4) and (3.1). Then there exists a positive constant

A4 such that

cos u sinh v cv
2u? 2u?

Proof. We consider the terms on the right-hand side of equation (3.4). Firstly, we observe

that there exists &; > 0 such that

cosusinhv _ (sinw
2 - 2
2u 2w

cosusinhv  (u? — v?) cos u sinh v — 2uv sin u cosh v
wr 2(wl|4

. (Bu?v? + v*) cos u sinh v + 2u3v sin u cosh v

B ‘ 2u?(u? + v2)?

< 13 forall w € RY (K, L). (3.26)
u

Sv — 3

<A4> forallwe RT(Ky, L). (3.25)
u
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Next, we observe that

3 3 2
cv c cv cv cL” v
0<—+3—)|=————<-— <= forallwe RT (K, L). (3.27
<2u2+8<2w> Wi S A s 2 w8 oY (K1, L). G027

Finally, we consider the term J(B). Clearly B(R) C R, and so the image under B of
any curve segment starting on the real axis also starts on the real axis. Let w =u +iv €
RY (K1, L) and consider the line segment I with the parametrization

yt)=u+it, 0<t<v.

Since B(I") is some curve joining the point B(u) € R to the point B(u + iv), we have

v
|S(B(u +iv))| < Length(B(T")) :/ |B' (y ()| dt <v x mng{|B’|}. (3.28)
0
Now, by Lemma 3.2, we have

, Ay Ay +
|B'(w)| < — < — forallwe R"(Ky, L).
|w|4 ut

Substituting this estimate into (3.28), we have

~ Az v +
IS(B(w))| <v x — < A2—3 for allw € R"(Ky, L). (3.29)
u u
The result follows from (3.26), (3.27) and (3.29). O

Remark. Note that, in the case ¢ > 1, when v is sufficiently small the magnitude of the
third term on the left-hand side of (3.25) is greater than that of the second and so, when
v is positive and sufficiently small and u is sufficiently large, v is necessarily negative.
This observation, together with Lemma 3.3, means that orbits in RT (K1, L) move down
towards the real axis and to the right so that R (K, L) is invariant under g. In this case
it is possible to use a simpler proof that f has a Baker domain by finding an invariant
half-strip for g, which corresponds to an invariant parabolic domain for f in the z-plane.

When 0 < ¢ < 1, however, the magnitude of the third term can be less than that of the
second for any v > 0 and §v can be positive for suitable values of u. This means that there
is no invariant half-strip in the w-plane. This explains why the more general approach
presented in this paper is necessary.

4. Proof of Theorem 1.1
To prove Theorem 1.1, we show that we can choose K so that (2.3) holds.

We consider a point wg = ug + ivg in a half-strip of the form R (K, L). We denote
g" (wo) by wy, = uy + ivy.

We begin by showing in Lemma 4.1 that if K is sufficiently large, then the growth of
the imaginary part of the orbit of wy over a particular number of iterates is quite small.
In Lemma 4.2 we will use this result to show the much stronger result that the imaginary
part actually decreases in a certain sense that will be made precise. Finally, we show that
the results of Lemmas 4.1 and 4.2 can be applied repeatedly along the whole forward orbit
of wy.
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LEMMA 4.1. There exist positive constants K, > K| and As such that for any L'
satisfying 0 < L' < L, and any wo € RT (K2, L'/2), if My is the smallest integer such
that ug < 2w My, then there exists a positive integer n(My) depending on wqy such that
Un(My)—1 < 2t Mo < un(my), and fornin {1, . .., n(Mp)} we have:

1) c¢/Bug) <uy —uy—1 <3c/(dug) <m;

(1) |vy — vo| < Asvo/uo, and

(iii)) O<wv, <L

Proof. We begin by setting

1 177 sinh L
As =maxj —, — ¢ X +c+ Ag), 4.1)
2 ¢
and
4A3 ¢
K, =max{ Ky, 6m, A5, —, — . 4.2)
c 7

We proceed by constructing an induction argument to show that properties (i)—(iii) hold
whenever u,_1 < 2w My. We begin by considering the case n = 1.

Since wg € RT (K>, L'/2) and K, > K|, we can use Lemmas 3.3 and 3.4 to estimate
dug and Svy, respectively. By Lemma 3.3,

c Az Asz c
Sup — 5 —| = — < <-—,
uy  Kouo — 4uo

since ug > Ko > 4A3/c. Thus,

so (i) holds for n = 1.
Lemma 3.4 gives

cos uq sinh vy cvo Vo
lvi — vl = [8vol < |——F5—— — 5|+ As—
2140 2”0 Uy
1
< 5 (sinh vo + cvp + Aqvp),
2u0
as ug > K, > 2. Since
" sinh L
sinh vg < v ,
0 0 17
we can write
| | vo (sinh L fet A
V) — | < — | — +c¢
1 0 2u(2) L 4
vo 1 /sinh L v
2 o+ Ay) < As— (4.3)
up 2 L uo

and so (ii) is true for n = 1.
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Since Asvg/ug < Asvg/ Kz < vy, it follows that 0 < v; < 2vg < L’ and so (iii) is true
forn =1.
Now we suppose that

c 3c Vo ,
— <Uy—Up_] < — <7, |u;,—vo|<As— and O<v, <L 4.4)
8ug U 70
foralln € {1, ..., k} where k is any positive integer with the property that uy < 2w My.

We then claim that
c 3¢ v
— <Upsl —Up < — <T,  |uke1 — Vo] < As= and 0< vip1 < L. (4.5)
8ug 4ug uo
First note that, since wy € RT (K, L), it follows from Lemma 3.3 that

A3 A3<C

s c
U — ——
k 2up |~

=< =
uj Koup = 4duy

since up > Ky >4A3/c. Note that u < 2uq since ug > Ko > 6w and uy < ug + 27m.
Thus, by (4.4),

c c 3¢ 3¢ 3¢ 3cm
— < — <8Up =Upy] U< — < — < — < — — < T
Sugy  duy dur  4dug 4K 4 ¢
This proves the first part of (4.5).
By (4.4) again, O <v, <L’ and u, >ug> K, for all ne{l,...,k}, so w, €

RT(K>, L) foralln € {0, ..., k}. Thus, by Lemma 3.4,

Z sinh v, ) cuy A
= 2?22 43

n=0

[vks1 — vol =

k
< —2 Z sinh v,, 4+ cv, + Agqvy)
1y =0

where, again, we have used the fact that ug > 2.

Since 0 < v, < L' < L foralln €{0, ..., k}, we can write
. sinh L
0 < sinh v, < v, ,
L
and hence
1 & sinh L
[vkg1 — Vol < —= Zvn< +c+A4). (4.6)
2u 0 =0
By (4.4) we have
As As
v, <voll+— ) <vo| 1+ —) <29 “4.7)
uo K>
foralln € {0, ..., k}, so
sinh L
|[vk+1 — vol < — T +c+ Ay )k +1). 4.8)
u?

0
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Now we derive an upper bound for k 4 1. Since uy — ug < 2w (because uy < 2w My is
a condition on the choice of k) and u,, — u,—1 > c¢/(8ug) for n in {1, ..., k}, by (4.4),
we have
2w 16 ug
k< =
c/(8uo) c

Since, by (4.2), mug/c > tK>/c > 1, we have

16 17
THo g < 2o, 4.9)
C

k+1<

Substituting this estimate into (4.8) gives

vo ( sinh L 177 Vo
[vgr1 — vol < — +ec+ Ay )— < As—.
uo L c

uo

This proves the second part of (4.5).

Since Asvg/ug < Asvg/Kz < v, it follows that 0 < vg11 < 2vg < L’. Thus the proof
of (4.5) is complete.

Lastly we show that the required positive integer n(Mp) exists. We have shown that (i)
(iii) are true for all n such that u,,_; < 27 My. It follows from (i) that there exists n such
that u, > 2w My. We take n(My) to be the smallest such n. We have shown that (i)—(iii)
hold for all n < n(Mpy) as required. O

In Lemma 4.1 the choice of L’ was arbitrary (so long as 0 < L’ < L). Now we set
L’ = L/2 and consider any wg in RT (K5, L'/2) = RT (K3, L/4). Since the hypotheses
of Lemma 4.1 are met, we see that w, is in RT(K,, L/2) for all n in {0, ..., n(Mp)}.
Next we consider the forward orbit of w,u,). Note that it follows from property (i) of
Lemma 4.1 that u, (s, < 2w Mo+ m. Since wy(py) is in RT (K3, L/2) and since K, is
independent of L', we can apply the arguments of Lemma 4.1 again (this time with L' = L)
to show that there exists a positive integer n(Mq + 1) > n(Myp) depending on wq such that

UnMg+1)—1 <2 (Mo + 1) < upmy+1) and fornin {n(Mo) + 1, ..., n(My + 1)} we have
c/Bunmy)) < up —up—1 < 3c/(Quymy)) < 7, 4.10)
lvn — Un(Mg)| < A5Vn(Mg)/Un(Mp) (4.11)

and
O<v, <L =L. (4.12)

Thus we see that if wg is in R (K>, L/4), then w, lies in R (K5, L) for all n in
{n(My), ..., n(Mo+ 1)}. In the following lemma we use (4.10)—(4.12) to prove the
stronger property that there exists K3 > 0 such that for any wo € R (K3, L/4) we in fact
have v, (pmy+1) < Vn(Mp), Which implies that both wj,p,) and wy(p,+1) lie in the narrower
strip RT (K3, L/2).

LEMMA 4.2. There exists a positive constant K3 > K, such that for any wq €
RT (K3, L/4) we have

Un(Mo+1) < Un(Mp)- (4.13)
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Proof. We begin by defining
k =max{K,, A3, 2As, 9}. 4.14)

Let wo be a point in R (k, L/4). By Lemma 4.1 and (4.12) we see that 0 < v, < L for all
nin {n(Myp), ..., n(Moy + 1)}. Hence by Lemma 3.4

n(Mo+1)—1 1 "(MotD—1
sinh v, cos u
Un(MotD) = Un(Mg) = Y, Sup <~ Yy "
n=n(My) n=n(My) Uy

c n(Mp+1)—1 v

2
n=n(Mp) Un
n(M0+1)71U
+ A —=. 4.15
D D (4.15)
n=n(Mg) "

We derive bounds for each of the three sums in turn, to show that the right-hand side
of (4.15) is negative for all wg in R (k, L/4) with sufficiently large modulus, and this is
sufficient to prove Lemma 4.2.

First we derive an upper bound for the third sum. By Lemma 4.1, (4.2), (4.11) and (4.12)
we have, for all n in {n(Myp), ..., n(My+ 1)},

Vn (M, As

O<v, < Un(Mp) + As

L = Un(Mo) (1 + ) < 2Un(My)»

Un(Mo) Un(Mo)

so that we can write

n(My+1)—1 n(My+1)—1
n
A4 E u—3 < 2A4v,,(M0)
n=n(Mp) " n=n(Mp)

1
Next, by (4.10), we see that u,, > u,m,) for all nin {n(My), ..., n(Mo + 1)} and so

n(Mo+1)—1
Ay
n=n(Mp)

Un(Mo)
-,
Un(Mo)

<2NAy4

n
3
n
where N is the number of terms in the sum; that is,
N =n(My+ 1) — n(Myp). (4.16)
NOW, by (4.10), NC/(Sun(MO)) < Up(My+1) — Un(My) < 37 and so
- 247Tun(M0) .

4.17)
C

Thus
n(My+1)—1
Ay
n=n(Mo)

v - 487TA4 Un(My) )

n
3
n

(4.18)

2
Uy

Next we obtain a lower bound for the second sum on the right-hand side of (4.15). Note
that v, > O for all n in {n(My), ..., n(My+ 1) — 1} by (4.12).
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Using (4.11) again we have v, > vy(my) — A5Vn(Mg)/Un(Mp) Tor all nin

{(n(Myp), ..., n(Mp+ 1) —1}

so, by (4.14),
o Mo+ o e <1 As )n(MO+1)—1 | . n(MQZ-H)—l |
= — > -v — — > - —-.
2 n(Mo) 2 n(Mo) 2
nntity) i 2 UnMo) ) Lty a4 n=n(Mg) “n

Since u,pmy) > Ko > 6m, it follows from (4.10) that for all n in {n(Mo),...,
n(Mp + 1) — 1} we have u, < uum,) + 37 < 2u,(m,)- Hence
c n(Mp+1)—1 Un ¢ Uniy)

2 2
us 16 Un(Mo)

n=n(Mo)
By Lemma 4.1, u;(pmy) < 2w Mo + 7, and SO uy(py+1) — Un(My) > 7- Thus, by (4.10),

4T[un(MO)
3c

N > (4.19)

and so

n(My+1)—1
c Vp T Un(Mp)

u% 12 un(MO)'

(4.20)
n=n(Mo)

Lastly we consider the first sum on the right-hand side of (4.15). This is the most delicate

of the three estimates, as it involves showing that there is significant ‘cancellation” amongst

the terms of the sum. Here we estimate the size of the sum by using orders of magnitude,

the asymptotic order terms being valid as wy tends to infinity in R (k, L/4) for all n in

{n(Mo), ..., n(Mp+ 1) —1}.

We start by estimating sinh v,. From (4.11) we deduce that

Vn(M
U = Vcate) + O(M).
Un(Mo)

Since 0 < v, < L and 0 < vy (pm,) < L, we deduce by the mean value theorem that

v
sinh v, = sinh v, p) + O <M>
Un(Mo)

We use this expression to write the term inside the first sum on the right-hand side of (4.15)
as
sinh v, cos u, _ (sinh vy(pg) + O (Vn(My) /Un(Mp))) COS Uy
2u? B 2u? ’
Now, for all n in {n(Mop),...,n(Mo+1)—1} we have 2x Moy < uppy) < tn <
2 (Mo + 1) 50 uy = upmy) + O(1), and so

uy = ”i(MO) + O (unmp))

1 1 1
— == 1+0 .
Uy Uy (M) Un(Mo)
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Substituting for 1/ uﬁ we have

sinh v, cos u,  (sinh vu(ay) + O (Vn(ay)/Un(Mp))) COS U (1 n O< 1 ))
2u; 2u’ Un(Mo)

n(Mo)
. sinh vy, (p1) €08 uy + O (Vn(My) /Un(My)) i Vn(My)
N 2u? ul
n(Mop) n(Mo)
_ sinh v, () €OS Uy ) Vn(Mo) '
2u? u’
n(My) n(Moy)
Thus
"MoED=1 Ginh v, cosu,  sinh Un(Mo) (Mot D1 N n(MotD—1 o < Un(Mo) )
= cos u —— .
2 2 n 3
n=n(My) 2u; 23 (M) n=nMo) nen M) (i)
4.21)

The second sum on the right-hand side of (4.21) consists of N terms. By Lemma 3.3
we have |8u, — ¢/(2u,)| < Az/u? and so Su, = c/2u, + O(1/u2) as ug tends to infinity.
Hence, we can write

N = (4mupmy))/c + O(1). 4.22)

Thus,

n(Mp+1)—1 n(Mp+1)—1

sinh v, cos u,  sinh v, ()

2 - 2
2uy 2Un(My)  n=n(Mo)

v
cos u, + 0(%)

n=n(Mp) U (M)

Finally, since vy (p,) is bounded, we have

n(Mo+1)—1 . n(Mo+1)—1
sinh v, cos u v v
= 0( ’Z’(MO’> COS ity + 0(%). (4.23)
n=n(Mo) 2uy Un(Mo)”  n=n(Mo) Un(Mo)
We now show that
n(My+1)—1
cosu, = O(1). (4.24)
n=n(My)

It is easy to deduce from Lemma 3.3 and the fact that u, = u,m,) + O (1) that

c 1 c 1 1
8un=—+0<—2)= +0( 5 ):0( ) (4.25)
2u, uy 2un(M()) un(M()) Un(Mo)
SO
5 1
((Sun) = O 2
Un(Mo)
and
1 )
—:< ¢ +0( . )) = o) | (1), (4.26)
51/[,, 2un(M0) un(Mo) c
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Thus

n(Mp+1)—1
COS Uy,
n=n(Moy)

D. S. Fleischmann

n(Mp+1)—1 Su

—" cos up
n=n(Mp) Sttn
zun(Mo) n(Mp+1)—1 n(Mp+1)—1
—_— Z Suy, cos U, + Z O(1)éu, cos uy
¢ n=n(My) n=n(My)
zun(M ) n(Mp+1)—1 n(Mp+1)—1
0 Z Su, cos u, + Z 0( ) 4.27)
¢ n=n(Mo) n=n(My) Un(Mo)

Using (4.22) we can simplify the second sum on the right-hand side of (4.27) and write

n(My+1)—1 n(Mo+1)—1
cos ity = O (tn(Mp)) Z Suty cos u, + O(1). (4.28)
n=n(My) n=n(My)
‘We now show that
n(Mo+1)—1 1
(Suncosun:O( >
n=n(Mo) Un(Moy)
Since |cos’x| = |sin x| < 1, we have
Un+1 2
/ cos x dx = Suy cos u, + O((dup)”) = duy cosun—i—O( B )
n Un(Mo)
Now (see Figure 3), it is easy to see that
Un(M) 1
f cosxdx| < 8un(M0)_1 =0
27 M Un(My)
and
Un(Mo+1) 1
/ cosxdx| < (Sun(MOJr]),] = 0( )
27 (Mo+1) Un(Mo)
So, by (4.22),
2w (Mo+1) Un (M) Un(My+1) Un(My+1)
O:/ cosxdx:/ cosxdx+/ cosxdx—/ cos x dx
2 My 2w My Un(Mg) 2w (Mop+1)
n(Mo+1)—1 1 1
= 5uncosun+Nx0< 3 >+0( )
n=n(Mo) W (Mp) Un(Mo)
n(Mo+1)—1 1
= Suy cos u, + O< > (4.29)
n=n(Mo) “n(Mo)
Thus
n(Mo+1)—1 1
Z (Suncosun:O( >,
n=n(Mp) Un(Mo)
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L - [

- \
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H ‘
Pw Y
Ay n(Mgy)+l wri(M0+l)—l

y/) I

1
1 1
n(M,) 1 1
L [wll(Mo)’l : 0 1 1 , (M +1)
A - 1 ] I Tt I 1 -
Q 1 ] 1 1 1
Yo | l l o I
| i | | |
| ] | I I
1 1 1 1 1
1 5“ ] §u I 1 &l 1
! n(M -1 :. n(My) _J ! n(M,+1)-1 __:
2r
27, 27(M, +1)
FIGURE 3. Labelling of points in the orbit of wy.
and so, by (4.28),
n(Mo+1)—1
cosu, = 0O(1).
n=n(My)
It now follows from (4.23) that
n(Mo+1)—1 .
sinh v, cos u v
2" oo < (o) ) (4.30)
n=n(Mo) Uy W (My)

From (4.15), (4.18), (4.20) and (4.30) we have

7TV v
Un(Mo+1) — Yn(Mp) < — 7= nMo) 0( ;(MO)) as wo — oo in R (k, L/4) (4.31)
12 tn (o) (M)

and this completes the proof of Lemma 4.2. O

In the discussion following Lemma 4.1 we showed that, for wq in RT(K,, L/4), the
points wy, lie in RT (K>, L) for all n in {n(My), . .., n(My+ 1)}.

It follows from Lemma 4.2 that for any wg in R* (K3, L/4) the points Wy (M,) and
Wy (My+1) are both in fact in RT (K3, L/2). Thus, wym,+1) meets the hypotheses of
Lemma 4.1 (with L’ = L) and so there exists n(Mg + 2) such that uya,42)—1 < 27 (Mo +
2) < up(my+2) with conditions analogous to (4.10)—(4.12) being satisfied for all n in
{n(My+1),...,n(My+2)}.
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This enables us to apply the method of Lemma 4.2 to wypy41) to show that v, p,42)
< Un(My+1) and hence wypm,+2) € RT (K3, L/2). By repeatedly applying the methods of
Lemmas 4.1 and 4.2 in this way we deduce that for each M > M there exists n(M) such

that u,(py—1 <27 M < uym and, foreachnin {n(M) +1, ..., n(M + 1)},
c/@unm)) <up —up—1 <3c/(Gup) <, 4.32)
[vn — vnany| < Asvnay/Unan (4.33)
and
O<v, <L =L. (4.34)

Thus the whole forward orbit of wq lies in R (K3, L).
We recall that g is symmetric in the sense that g(w) = g(w) so that equivalent properties
to (4.32)—(4.34) hold for any wy in

R™ (K3, L/4) ={w | R(w) > K3, —L/4 < J(w) < 0}.

Setting K = K3 and L’ = L /4, and using (2.5) together with the fact that K > /Ky, we
see that (2.3) holds. Thus the proof of Theorem 1.1 is complete.

5.  Proof of Theorem 1.2

To prove Theorem 1.2 we let the unbounded open set V from the statement of Theorem 1.2
be h(R(K, L") with K = K3 and L' = L/4 from the proof of Theorem 1.1 where, as in
Section 1, h(w) = w?.

We start by considering the real line. It follows from (2.5), since K > /Ky, that the
conclusions (i) and (ii) of Theorem 1.2 hold on (K2, 00) C h(R(K, L)) with n, =0.

Now we consider points in Z(R(K, L’)) \ R. Since g is symmetric in the sense
that g(w) = g(w) for all w € C, to prove Theorem 1.2 for a general point in the set
h(R(K, L") \ R, it is sufficient to consider only the iterates of points w in R (K, L)
under g.

For any wo in RT(K, L'), by (4.32), u,, = R(w,) tends to infinity as n tends to infinity
and v, = J(w,) remains positive and bounded, by (4.34). Hence % (z,) = u% — v,% tends
to infinity as n tends to infinity and this proves conclusion (i) of Theorem 1.2 for any zg in
h(R(K, L")).

Next we prove Theorem 1.2(ii). Since & o g(w) = f o h(w) = f(w?), it is sufficient to
show that

S((h o g"(w))) = I((g" (w))?) — Ny2 asn— oo, forallw e RT(K, L), (5.1)
where 7,2 is some positive constant depending on w2,
As in the previous section, for any fixed wo = ug + ivg € RT (K, L’) we denote the nth
iterate under g by w, = u,, + iv,. Thus we can write condition (5.1) as

UpUy — %nw% asn — oo, forall wge RT(K, L'). (5.2)
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To prove Theorem 1.2(ii), we note that for each n > n(Myp), there exists some M
satisfying M > My such that n =n(M) + d where 0 <d <n(M + 1) — n(M). By (4.32)
and (4.33), we have

1

un=2nM+0(1)=2nM(1+O<M>> as M — oo, (5.3)

and

v 1
Uy = Up(M) + 0(%) = Un(M)<1 + 0<M>> as M — oo, 5.4)
SO
1

Upvy, = ZnMvn(M)<1 + O(M>> as M — oo. (5.5)

Thus, to prove Theorem 1.2(ii), it is sufficient to show that Mv, () tends to some positive
limit as M tends to infinity. We proceed by deriving a recursive expression for v, us).

It follows from (4.15), (4.18), (4.20) and (4.30) and the observations immediately
following the proof of Lemma 4.2 that

n(M+1)—1 o) nMED-T
Un(M+1) — Un(M) = Z Svp = 0<;—> — F as M — 0. (5.6)
k=n(M) Un (M) k=n(M) “Uk

We consider the sum on the right-hand side of (5.6) and we derive a more accurate estimate
than that found in Lemma 4.2.
It follows from (5.3) and (5.4) that

2

n(M+1)—1 (

CUk c V(M) V(M)

- = N—+0< )) as M — oo,
2 2172 3

[y VR 4n=M M

where N =n(M + 1) — n(M). By Lemma 3.3 and (4.32) we can estimate N by

872M
N =

+0() asM — oo.
Putting all these observations together, we have

n(M+1)—1 vk 1 1
- == — 40— M — 0.
> o won(37+0(5))

k=n(M)

Substituting for the sum in equation (5.6) and re-arranging, gives

1 1
Un(M+1) = vn(M><1 w7t 0<m>>

M—1 1
= V(M 1+ 0| — as M — oo,

so there exists a sequence Ay, M > M, and a constant A > 0 such that

M -1 Ay
Vn(M+1) = Un(M) 7 1+ e for M > My, (5.7
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where |Ay| < A for all M > M. Let M’ be such that M’ > Mg and |A |/ M? < 1 for all
M > M’. It follows from (5.7) that

vnny = vnory 3 | | (1 +=L > (5.8)
j:M/ .]

and so, by (5.5),

M —1 1)\ = A;
unanZNMvn(M’)m 14+ 0 M l_[ 1+ —) asM— oo

Now the infinite product

1)

j=M/ ]
is convergent with a strictly positive limit, Q say. Thus
UnVy = 2 Vvyy(M' — 1)Q  asn — o0,

since M tends to infinity as n tends to infinity. Setting 1., = 2w v, (M — 1) Q > 0, we
have shown that the imaginary parts of the sequence of iterates f"(zg), where zg = w% in
h(RT(K, L)), tend to a positive limit which depends on the initial point zg. This concludes
the proof of Theorem 1.2.

Acknowledgements. 1 would like to express my thanks to Professor P. J. Rippon and
Dr G. M. Stallard for their encouragement and guidance in the preparation of this paper.

REFERENCES

[1] L N. Baker. The iteration of polynomials and transcendental entire functions. J. Aust. Math. Soc. (Series A)
30 (1981), 483-495.

[2]  A.F Beardon. Iteration of Rational Functions. Springer, Berlin, 1991.

[3] W.Bergweiler. Iteration of meromorphic functions. Bull. Amer. Math. Soc. 29 (1993), 151-188.

[4] D.S. Fleischmann. An entire function with a Baker domain and sparsely distributed singular values. Math.
Proc. Cambridge Philos. Soc. 145 (2008), 227-241.

[S]1 S. Morosawa. An example of cyclic Baker domains. Mem. Fac. Sci. Kochi Univ. Ser. A Math. 20 (1999),
123-126.

[6] S. Morosawa, Y. Nishimura, M. Taniguchi and T. Ueda. Holomorphic Dynamics (Cambridge Studies in
Advanced Mathematics, 66). Cambridge University Press, Cambridge, 1999.

[71 P. J. Rippon. Baker domains. Transcendental Dynamics and Complex Analysis (Lecture Notes in
Mathematics, 348). Cambridge University Press, Cambridge, 2008, pp. 371-395.

CAMBRIDGE JOURMNALS

http://journals.cambridge.org Downloaded: 24 Apr 2009 IP address: 137.108.145.10



http://journals.cambridge.org

