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HECKIHYEHHOBMMIPHI PIMAHOBI MHOTOBUJIA 3 PIBHOMIPHOIO CTPYKTYPOIO

Background. Solving boundary value problems on infinitedimensional Riemmanian manifolds, in particular re-
searching Dirichlet problem, seems to demand for metric completeness. It does not appear to be feasible to state
metric completeness in the general case, hence stems the issue of giving sufficient conditions of it.

Objective. Giving sufficient conditions of metric completeness of infinitedimensional Riemmanian manifolds and
essential examples that would satisfy them.

Methods. Basic results of functional analysis and contemporary differential geometry are used.

Results. Sufficient conditions of infinitedimensional Riemmanian manifolds completeness have been formulated and
proved. It has been proved that given conditions are satisfied for by level surfaces of finite codimension with certain
bounds on first and second derivatives of the respective functions.

Conclusions. The Sufficient conditions of Riemmanian manifolds completeness — structure uniformity — look to be
promising, since they are satisfied for at least by one relatively wide class of surfaces in Hilbert’s space. In terms of
future researches, it now appears to be reasonable to devise approaches to considering boundary value problems on

such infinitedimensional Riemmanian manifolds.

Keywords: infinitedimensional space; Riemmanian manifold; differential geometry.

Beryn

PimMaHoBI MHOTOBUAM — TJIaAKi MHOTOBUIM 3i
CKaJIIpHUM J0OYTKOM Ha JOTUYHOMY MPOCTOpPi B
KOXHIilif TOYLi — € OCHOBHUM OO0’€KTOM HOCIIi-
JDKEHHS piMaHOBOI reoMeTpii, po3niny audepeH-
1iaJbHOI TeOMEeTpii.

KnacuuyHuM, CKiHUEHHOBMMiIpHUM pPIMaHOBUM
MHOTOBMJIaM Ta pPiMaHOBIi TeoMeTpil B LiiJloMy
NpuUCBsIUEHi, Hampukian, npadi [1, 2]. Jo OGinbia
CydacHUX poOOIT, MPUCBIYEHUX CKiHUEHHOBUMIp-
HMM piMaHOBMM MHOTOBMIAaM, MOXHa BiIHECTU
npani [3-5].

HeckinueHHOBHMMipHAa piMaHOBA TI€OMETPis
pO3IIsIHaEThCs, 30KpeMa, y [6]. BapTo 3ayBaxuTy,
10 HaBeleHe B [6] y3araJbHEeHHS CKiHYEHHOBU-
MipHUX piMaHOBMX MHOTOBH[IB Ha HECKiHYEHHO-
BUMIpDHUI BMIIANOK BiIpi3HSIEThCA BiA Migxomy
Haloi poboTh: B [6] MPOMOHYETHCS 3ampOBaIKeH-
HSl piMaHOBOTO TEH30pa Julle Ha ACSIKOMY Mil-
po3lIapyBaHHi JOTUYHOIO pO3IIapyBaHHSI.

ITocTanoBka 3amaui

Meta pobOTH — HOCIIIKEHHSI HECKIHYEHHO-
BUMIpPHUX PIMAaHOBUX MHOTOBHUJIIB 3 METOIO OTpU-
MaHHSI JOJATKOBUX YMOB, IO 3a0e3IeuyloTh IX
METpUYHY TTOBHOTY, Ta HaBeIEHHS NMPUKIIAIiB Ta-
KUX MHOTOBUIIB.

V [7] posrasimaetbcsi L’-Bepcist naruiaciana
3a Mipolo i po3B’sI3yeTbes 3amava /Jlipixae y BuU-
HaaKy HECKiHUYeHHOBHMMIpPHOTO TiIbOEpPTOBOTO IIPO-

cropy. Ilpm po3B’sa3aHHiI aHAJOTIYHOI MpOoOIEeMU
Ha HECKiHYEHHOBMMIipHUX PiMaHOBUX MHOTOBMIAX
MPUPOAHUM UYMHOM BUHMKAE BUMOTa METPUYHOI
MOoBHOTU. B 1t poOOTI MPOMOHYETHCS KOHCTPYK-
1[is1 HECKiHYEeHHOBMMIipHOTO pPiMaHOBOrO MHOTO-
BUAY, PO3IJISIAIOThCS N0JATKOBI YMOBM, $Ki Ta-
PaHTYIOTb METPUUYHY IOBHOTY, 110 /A€ 3MOIy B

MoJajbllioMy po3nisizaTi L’ Bepcilo jaruiaciana
3a Mipow i posB’sidyBaTu 3amauy [lipixiae Ha Ta-
KOMY piMaHOBOMY MHOTOBHII].

PimanoBi MHOrOBHIH

O3nauenns pimanogozo muozoeudy. Hexail Ha
[JIAAKOMY JiliICHOMY TiIbOepTOBOMY MHOTroBUIi M
(CTyIeHsI TIagKoCTi V) 3 MOIEIBHUM IIPOCTOPOM

H pmaHo g — miamke CHMETPUYHE CTPOTO TOAATHO
BU3HaUeHe TeH3opHe moje Tumy (2,0). ¥V koxHil
Touli pe M TeH30p g, € TOJNUNHIMHAM OOMexe-
HUM BinoOpaxeHHsm g ,:T,M xT,M — R. To6to
vpe M,(U,0) —xaptu B p 38° > 0:V¢E,,
&, eT,M:

g,(E1,62) = 8,(82,81):8,(81,61) 2 8°IEPI1%,

Ta VG — BIigKpUTOl IIMHOXMHU B MVX,Y —
MIagKUX BEKTOPHMX IT0JIiB Ha G-
8,(X,,Y,) — mnagka Ha G SK QYHKUIST Bix

g 3i cTeneHeM riaaakocti v —1.


https://core.ac.uk/display/81630155?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1

74 Haykosi BicTi HTYY "KMnI"

2016/4

Take T10J€ HA3UBAETHCS OCHOGHUM MEH30POM
abo mempuynum menzopom Ha M. Pimarnosum (einb-
bepmoeum) MHO208UOOM HA3UBAETHCSI OO0 EKT, 11O
CKJIaIa€ThCS 3 MIAAKOTrO TriibOepTOBOr0 MHOTOBUAY
i 3a1aHOro0 Ha HLOMY METPUYHOTO TEH30pa.

3agaHUil METPUYHUI TEH30p A€ 3MOIy BU-
3HAQUUTWU BHYTPIlIHIA (CKalsipHUi) AOOYTOK mJIst
£1,8, € T,M:(£1,€5) , =(€1,8,) = 8 ,(§1,E)).

Beenennit Ha T,M ckansipHuil 1OOYTOK nae

MOXJIMBICTh TIPUPOJHVWM YHMHOM BBECTU JIOBXUHY
KYCKOBO-TJIaAKOTO NUISAXY ¢ : [a,B] > M:

t B
L(t) = [ é@ldr L) = L.B) = [ el dx.

Beedenna mempuxu na pimanoeux mMHozo8udax.
Ha 3B’s13HOMYy piMaHOBOMY MHOTOBH/i MOXHa BBeE-
CTH BHYTPIILITHIO METPUKY:

p(p,q) = inf{L(c) | c(a) = p,c(B) = g},

ne c:la,p] > M — KycKOBO-TJaAKi LIISXW, 11O
MOETHYIOTh TOYKM p Ta q. OCKiJIbKU, K BiZOMO,

3B’SI3HUII MHOTOBMI € IJIAAKUM 3B’SI3HUM, TO BBe-
JIeHe O3HAUeHHSI € KOPeKTHUM. TakoxX HEeCKJIaaHO
MepeKOHATHCSl Y BUKOHAHHiI BJIACTMBOCTEl MeT-
PUKHU.

Mempuuna noenoma pimanoeozo MmHo206uUdY.
st moBeNeHHST METPUYHOI ITOBHOTM PiMaHOBOTO
MHOTOBHY 3alIpOBagMO YMOBY PiBHOMIipHOCTI AM-
(bepeHLIaIbHOT CTPYKTYPU.

Osnauenna 1. Hexait M — piMaHOBUIA MHO-
ropun. JludepeHuianbHa cTpykrypa M Oyae Ha3u-
BaTHCs “piBHOMIpHOIO”, sIk1io 3r > 0,67,8 > 0:

1) vpeM 3 «xapra (9,,U,):¢,U,) >

> B,.(9,(P);
D VpeM,gelU,ceT,M 5 g™} <

< 8,68 <8 g™l i xapu (¢,,U,) 3
yMOBH 1,

ne B,(¢,(p) ={xe H:|x-o¢,(pll<r} — Binkpu-
Ta KyJs pajiyca r 3 LEHTPOM B ¢ ,(p).

MHoroBuz 3 Takol AMGEPEHIiaTbHOIO CTPYK-
Typolo OyaeMoO Ha3uBaTU “piBHOMipHUM”.

3ayeancennsa. lle o3HAYEHHS BiIpi3HSIETHCSA
Bill piBHOMIpHOCTI CTPYKTypu OaHaXOBHUX MHOTIO-
BUIIB, 110 BBeAeHaA B [8, 9], ajie cxoXicTb OUeBUA-
Ha. SIk 3ayBaxxeHo B [10], piBHOMipHicTh GaHaXo-
BOr0 MHOTOBUAY TaKOX Ja€ 3MOIy OTPUMMATH ITOB-
HOTY 3ampornoHoBaHoi B [10] MeTpuku.

Jlema 1. SIxkmo M — piBHOMipHUIT pimMaHO-
BUI MHOroBuI, TO (p,ge M,0<R<r:p(p,q)<

<SR-57)=1(9,(q) € Br(o,(p) = 0,U,)), ne r i

8~ — KOHCTaHTH, 110 iCHYIOTh BilIlIOBIAHO A0 03-
HayeHHs1 1, a (9 ,,U,) — kapra 3 ymoBu | o3Ha-

yeHHs 1.
HoBeneHHs. JoBenemMo Bil CympOTUBHOIO:

0 ,(q) & Br(o ,(p)). Tomi p(p,q)= L(c), ne c:[0;1] -
— M — Thnagkuili 1UIsX, 1O TMOEAHYE p i ¢:
c(0) = p, c(l) = ¢q. HecknamHo mokazary, 1o it e
€ (0;1) 1 c(r) e U V1 €[0;1],¢ ,(c(1)) € 0BR(9 ,(p)),
TOMY

p(p,q) = L(e) > L.(v) = ['(t)dt > [8(g ,%)(r)dt >
0 0

2 879, (c(1) -9 ,(p)=5"-R.

Jlema 2. dxmo M — piBHOMipHUI pima-
HOBMIT MHOrOBUA, TO (p,ge M,0<R<r:¢,(q)e

€ Bro,(p) co,U,) =p(p,g) < R-8"), ne r i 87 —

KOHCTAHTHU, 110 iCHYIOTh 3TiJHO 3 O3HAUYEHHSIM 1, a
(9 »U p) — KapTa 3 yMoBU 1 o3HaueHHs 1.

HOBQI{GHHH. Posrnguemo rJ'[aI[KI/Iﬁ HIJTAaX
() =9, (1= ,(p) + 10 ,(q)),
¢ :[0;11 > ¢, (Br(9 ,(p))).

Toni
1 1

L(o) = [lle@llde < 8" [l ,°e) )l dt =
0 0

=8"

1= ,(P) + 19 () |y dt =

=8| llo, (@ -0 ,(Plydt <" R=

St — O — —

= p(p,q) < 3"R.

3 mem 1 i 2 BUIIIMBAa€E MeTpUYHA TOBHOTA PiB-
HOMipHOTO piMaHOBOTO MHOTOBUY.

Teepoxcennsa 1. PiBHOMipHUIT piMaHOBUIT MHO-
roBug M € METPUYHO TTOBHUM.

HosenenHnsa. Hexait {p,} — dyHnnameH-

TaJlbHA MOCJIJOBHICTb TOYOK, Tomi IN:Vn,m >

>N:p(p,Py)<8 -R=p, 0, (Br(o, (py))c

1
CUpN’ e R=§6—+r.
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Hosememo, mo Vn> N : (p_l (BR((pp (pp) c

<@, (B, (9, (py)). Hexait g o, (Bro, (1),

TOMi 3riTHO 3 JIEeMOIO 2 Ta 3 ypaxyBaHHSIM HepiBHO-
CTi TPMKYTHHKA

P(PN-q) < p(Py>Py)+P(Pyq) < 8 R+8R =

16~ 1 2
=——r6 +=0r<=0r<dr,
387 3 3
TOMY 3 YpaxyBaHHSM JieMu 1
geo, (B, (Py)).

Tenmep mnoxaxemMo, 1O ITOCHiJZOBHICTh
{0,,(Pu)}ion. . 30DKHA. Tlo-miepire, p(p,,p,) <

<8 -R = p, ecp;,i(BR((ppn(pn))). binbuie Toro,

Oyab-sakuii Tinagkuii moigx c:[0;1] - M, 1o
noegHye p, i p, 1 BHUXOOUTb 3a Mexi

(p;,ln(BR((ppn (p,))), Mae NOBXVHY, HE MEHIIy 32

8 -R (auB. moBeneHHs jaemu 1). OtTxe, oSl BU-
3HAYeHHs p( pn, D) OCTATHBO PO3IVISIHYTH JIMLLE

& :[0;11-> ¢, (Br(0,,(2,) < 0, (B,(0,, (PN)):

1
P(Py: P) = inf L(E) = inf [lle(o)]|dr 2
0

1
> irC]fS"E[”(ppN o E()y =

> inf87llg,,, (1) -9, EO)],;=
=8"llo,, (Pw) =0, (P,

TOMY, OCKiJNBKH {p,} — GyHZaMEHTaJlIbHA IIO-
CJIIOBHICTb TOYOK, TO i {¢, (P,)},_n . PyHIa-
MeHTajbHa, a OTXe, 30ikKHa B BR((ppN (pn)). ToO-
T0 X010, (P,) = Xg.

Hapewrri, nosenemo, mo p, — p, = (p;,iv (xy).

Bizememo
e, (=0, (A=09, (p,)+1¢, (py)).t<[0;1].
Toni
PP o) < Lic,) < 8%M0,, () =0, (Pl =
=8"|xo - Ppy (Plla =0,

oTXe, p, — Po-

Kyt MiX 3aMKHeHUMH MiANPOCTOPAMH Y Tilib-
0epToBOMY MPOCTOPi

Y uboMy po3amiai MM BBEeIEMO Ta pPO3TJs-
HEMO MOHSTTA KyTa MiX 3aMKHEHUMM MiANpo-
CTOpaMu B TiibOepTOBOMY MpocTopi. PesynbraTu
LILOTO PO3IiJly HaM 3HamoOJATbCS Yy MOAAIbIIO-
My JIsi MOOYIOBM MNpPUKIALy PiBHOMIpHOIo pi-
MaHOBOTO MHOIOBUAY SIK MOBEPXHi B TibOepTO-
BOMY IIPOCTODI.

Hexait H — rinbbeptiB npoctip. 4, B — 3a-
MKHeHi mignpoctropu H. BBememMo MOHSTTS KOCHU-
Hyca KyTa Mix A i B.

inf max

Osnavenns 2. cos(A B) = max{
yeB\{0} xeA\{0}

cos(x y) max cos(x y)}

xeA\{O}Y B\{0}

3aysancennsn. I'eoMeTpUYHY JOLIIBHICTh TaKO-
ro O3HAa4YeHHs MOXHa OOIPYHTYBAaTU THUM, 11O, SIK i B
KJIaCUYHIill TPUBUMIpPHiil cTepeoMeTpii, KOCUHYC KyTa
MLK IDIOIIMHAMM KOPO3MipHOCTI 1, BM3HAYMHOIO
TaKM YMHOM, PiBEH KOCHMHYCY KyTa MK IX HOpMa-

JsiMu (BuIUmBa€e 3 TotoxuocTi cos(4 B) =T 7|,

sika Oyle HaBeJeHa HIDKYE).
3azasvna ¢opmyaa. Hexait P: H > h pryh;

O:H>hwe pryh.

Toni
COS(XAy)Z (X,y) — (x,prAy-i-OI’tA y) _
(eI RYl (BRI
Py Pl
xl-Ivll Iyl
OueBupHo, wo skmo A-nB={0}, To

inf  max cos(x 0, imakmie max cos(x y) =
yeB\{0} xeA\{0} ( y) xeA\{0} ( y)

_ 15l

(52
=Py=0; Py=Plgy, i ockinbku A N B =
= Ker P |, ={0}, To

i MakCMMyM HOOCSTa€TbCs IPU X =

{0} =

yeB\{0}

||Py||_( - ||<P|B>1y||J“:

yeB\O) || y]| Iyl
=[P 1),
ne || - I — omeparopHa Hopwma.
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Bynemo BBaxatu, wo [|R7'||™ = inf BX _ 0,
x#0 X

akimo KerR = {0}. Toxi maeMo Taky ¢opmymy s

BM3HAUCHHST KOCHMHYCa KyTa MiK 3aMKHEHUMU ITiI-
IIPOCTOPaMMu:

cos(4 B) = max{ll(P | ) 75 M@ Lo~ ()

Kym mixc nosepxuamu ckinuennoi xkopomiprnocmi.
Hexait A ={n;ny;..;m )", B={m;my;..;m}" —
MOBEpPXHi CKiHUEHHOI KOpo3MipHOCTi (kK i p Bin-
noBinHO) B H, npuuomy k >p i {n;;n,;...;n.},
{m;;m,;...;m,} — oproHOpMOBaHi cuctemu. Bu-

KOPUCTOBYIOUM 3arajibHy (opmyny (1), HeckKiIamHO
IepeKOHATHCS, 1110:

R ey —1 -1 _
cosia' )~ 1T DT, rang(n) = p,
0, rang(I') < p,
(nlaml) (nlamp)
me I' = :
(ny,my) (nk!mp)

Sxio p =k, TO KOCUMHYC KyTa MiX IUIOILIM-
Hamu A i B 3Haxomuthes 3a HOPMYJIIOIO

cos(4 B) =TI~ )

Sayeaxncennsa 1. Bapto 3a3HauuTH, 110 NpU p =
= kIR I I =T = e Lo, a omxe

cos(A B) = inf max cos(x y) =
( ) yeB\{0} xeA\{0} (x )

= inf max cos(x ).
xeA\{0} YeB\{0}

Huscna ouinka xocunyca xkyma mixc noeepx-
HAMU 00HaK080T ckinuennoi xoposmipnocmi. ®o-
pmyJia (2) € 3arajbHOO, ajie He € 3pyYHOIO, OCO-
O0JMBO B TOMY BUIIaAKYy, KOJM BUHMKAE HEOOXi-
HICTb MpalloBaTh 3 JOBIJIBHUM, HE O0OOB’SI3KOBO
OPTOHOPMOBAHUM, 0a3MCOM, TOMYy MU OTpUMAE-
MO HMXHIO OLIiHKY KOCHHYyca, sIka HaM 3HaJo-
OuUTbhCS I MOOYIOBU MPUKIALY PIBHOMipHOTO
piMaHOBOro MHoroBuay. st 1ibOoro Ham 3HaA0-
OngaThcs OBI JleMM, SIKi MM HamaeMo 0e3 JoBe-
JIEeHHSI.

Jema 3. Hexait C =(v,v,...v,) — HEBU-

poIXeHa MaTpuus po3mipy nxn ({vi;...;v,} —

niniiitHo HesamexHi (1.H.3.). Tomi [|C7'||=

% V v
V4l vl vl

vi’l
——5~( — Marpuus I'pama.
(A
Cit 0 Cip
Jlema 4. Hexait C = — camo-
c c

nl nn

crpsbkeHa J0AaTHbO BU3HaueHa Martpuus. Tomi
ICI = p(C) < n¥? - maxc,.

Ax Hacninok ¢popmynu (2) i 1em 3 i 4, maemo

. 3 k 2
4. mi m |
cos(4 B) > k min [JZ_‘; (n,,mj)]
3

=k 4 -minpr,, n; >
Pl 1

3
> k 4min{|lpr,. v[lve A% v]=1}. 3

Tenep Hexat {7;...;A;} 1 {my;...;m;} — mo-
BiNbHI J.H.3. Gasucu A+ i B BimnmosigHO. Po3-
[JISTHEMO JOBUTbHUN v e A™L:

k
ve At e 3c={c;;. 50 e R v =D ey
i

pr,. ve BT <

UR

I
—

©3d =1{d;;..;dy e R :pry, v=>d;m,;

Vj=1.k(v-pr, v,m;)=
k
i=1

oTd=Tyceod=T{"Tye,

ae 'y =T{m,;...;m;} — matpuusa I'pama, I'( =
(ﬁlaml) (ﬁk,ml)
(ﬁlamk) (ﬁk>'hk)

VI =1e (Toe,e) =1 o NToc?] =
=lo I eR ie=GT) /171 =1,

ne I'y =T{n;...;n,} — marpuug I'pama. Toni
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Ipr . vll = J(T1d,d) = (T ¢, T7'Tgy0) =
= v(F&F{]FmQC) =
(T Tl T To) ' £, ) 2

> [T T oiT (T ) Vol >
=3 NP 1 ot T [ e et

TOMY, BpaXxoByHOu4Hu HepiBHicTb (3) i nemu 3 i 4,
Ma€eMOo

k
B > ()’
cos(AB)>k 2 min 22 (4
L=tk i) w2

I'nanka moBepxHs1 piBHS B TiJIbOEPTOBOMY IpPO-
CTOpi SIK PiBHOMIpHUI piMaHOBUIA MHOTOBU/IL,
Teopema 1. Hexait H — rins0epToBUii MPOCTIp;

F,eC'(H). M ={xe H:F|(x)=F,(x)=..=
= F,(x) =0} — moBepxHA piBHA KOPO3MIPHOCTi #
({gradF,(p),...,gradF,(p)} — 1.H.3 Vpe M). He-
Xail ciM’a QyHKUiA {F|,...,F,} 3a00BOJBHSIE TaKy
ymoBy: 36,K >0:Vx € o0.0.(M) (omykiia 000JOH-
Ka M), Vpe M,i,j=1..n BUKOHYIOTbCS HEpiB-
HOCTI

|F{ (x)|] < K,
IF{(p)I <K,
|Fj(l7)|
|Fi(p)| = 8.

Tomi M 9K THagkuii MHOTOBUI, JUMEpeH-
LiaabHa CTPYKTypa SIKOro iHAyKOBaHa 3a pa-
XYHOK BKJaaeHHsS B H, Oyne piBHOMipHUM pi-
MaHOBMM MHOTOBMAOM. 3ayBaxKMMO, 1110 SIK MET-
PUYHUI TeH30p OepeMo CKalsIpHUM N0OyTOK Y
H: g,1,8,)=(1,8)p-

HoBeneHHs. ng nepeBipku piBHOMipHOCTI
B KOXHIMA TOYIi HaBEAEMO KapTh, IO MaloTh
iCHYBaTH 3TiIHO 3 O3HAYCHHAM 1, i mokaxemo, 110
JIJIsT HUX BUKOHYIOTBCS BIAIIOBiIHI YMOBH:

S
U, ={aeM:lo-al < 50,0 = prr g

ne T,M ={gradF\(p),....gradF, (p)}* < H.

YMoBa 2 TIepeTBOPIOETHCS B iCHYBaHHS Ta-
Koro ¢ >0, wo wist BCix pe M,qelU 5T ,M:

Iprr, o €l el

YMoBa 1 BUKOHYETHCA OYEBUAHUM YMHOM.

Buxonsun 3 o3HayeHHsI KOCHMHYCa KyTa Mix
3aMKHEHVMU MiAMpoCcTOpaMyd Ta BPaxoOBYIOUU 3a-
yBaxkeHHs 1, Mmaemo

Iper,y €l=_max | cos(z 012l

> cos(T,M T, M)-| &,
TOOTO IOCTaTHBO Mokazatu, o e >0:Vpe M,q €

eU,:cos(T,M T,M)>e.

Cnoyatky TokaxemMo, 1o Vpe M,qelU p?

i, j = 1..n:cos(grad F;(p) grad F (@) > %:

cos(gradF;(p) gradF ;(q)) = cos(F}(p) F}(q)) =

_(F).Fy@)
IFi(p)- Fi@l

. Fip). Fi@) (IF{(p) - Fi(@l)?
~F ) Fi@ll 2IF DI IFj @)
1

=1 Fl(p)- F.(q)||*>
ANFDIE @] =@

1 . o2
21 TS IF{(p) - Fi(@)ll"=

1, td
=l-— || [=(Fip+ 1 -1)q) -
5 ||£dt( (p+(1-1)q)

- Fi(ig +(1 —t)p))dt I?>1- !
25

2><

1
x [ [ F7 @+ =1)g)+ F} g+ (1= 1)pll
0

1 1
—qldt)? = 1-— 4K |p-q|I*> =,
x|p—ql dn Y lp 4l >3

TOMY, BpaxoBylouu HepiBHOCTI (3), (4), maemo

cos(T,M T,M)>
n
B Y (gradFi(q), grad F;(p))*
>p 2. min 4= 5 5
Lit=l.n | grad F;(p)|°- lgrad F ;(q)||
2 (gradF;(q), gradF/(p))’
>n 2

-, o 2 2
b=l ||grad Fy(p)||*- lgrad F'; ()|
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9 2 9
> L2 min 185D Sy 5 g0y,

4 il=Ln || gradF,(p)|?

o i Tpeda OyJI0 JOBECTH.
Huaindpuuna noeepxnsa 6 eciavbepmogomy npo-
cmopi. Hexait {p,,...,p,} — mH.3. cucrema. Toni

M={xeH: F(x)=(xp;)-1=0Vj=1.n — me-
PETUH IMTIHIAPUYHKX TTOBEPXOHDL Kopo3MipHocTi 1
1
Ip;l

piBHOMIpHMIA piMaHOBMI1 MHoroBuz. MiiicHo,

3 BicsiMu {p;} Ta pamiycamu — YTBOPIOE

|F)  pill
| F{ ()] = lp;ll; =——=; [F{ (x)]=0,
|F:)| el

TOOTO HEOoOXiaHI & i K iCHYIOTb:

8 = min{l|p,[;...;[lp,II};

_ max{[pyll;-..; P}
min{|p[;...; [ 2, I}

Eainmuuna nosepxus 6 eiavbepmosomy npocmopi.
Hexait A4,,...,A, — obMexeHi JIiHillHI onepaTopu,

TaKi, 1O iX 0oO0epHEeHi iCHYIOTb i TeX € 0OOMeKeHU-
n n

MH, a TakoX VB =D a,A;A; 1Y o] #0:Ker Bn
i=1 i=l

N{x:||4,x|| =...= ||[4,x]} = {0} (HeBUpOmKeHiCTb

neperuny). Toni M ={x e H: F;(x) = [|4;x|*~1=

Chnucox JitepaTypu

=0Vj=1.n} — nepeTuH eJiNTUYHUX MOBEPXOHb

KoposMipHocTi 1 — yTBOproe piBHOMipHMII pima-
HOBUII MHOTrOBUJA. YMOBa HEBUPOIXEHOCTI Ia€
JI.H.3. rpaaieHTiB. [loBenemMo piBHOMipHiCTh

|Fi0] = 147 Apxll 2 A7 DA = A7
[F)l _ Aidpx _ lA4HAx]
[Fil Azapx 14,7 4,x]
= 14l

|F7 o)l =2:014,11%,
TOOTO HeoOXigHi & i K iCHYIOTH:
5 =2-min{ll47' 17514, 7Y
K = max2-[l40% AN A 6, j = 1em).

BucHoBkH

Y poboTi oTpuMaHi TOCTaTHi YMOBH METpUY-
HOI IIOBHOTM HECKiHYEHHOBUMIpPHUX pPiMaHOBUX
MHoTOBUIIB. OpepkaHi YMOBHM € TIEPCIIEKTUBHU-
MM, OCKUJIBKU Peali3yloThCsl LIOHAMMEHII Ha Ofl-
HOMY JOCHUTb IIIMPOKOMY KJaci MOBEPXOHb Y TiJib-
O6epToBOMY TIpocTOpi. B KOHTEKCTi MOJaablIMX
JOCTiIXKEeHb JTOLJIBHUM BOAYaeThbCs pO3pPOOJICHHS
MiIXOMiB 10 PO3IJsAy KpaloBMX 3agady Ha TaKuX
HECKiHYeHHOBMMIpHUX piMaHOBUX MHOTIOBMAAX.
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O.10. MoTaneHko

HECKIHYEHHOBWMIPHI PIMAHOBI MHOIrOB/AW 3 PIBHOMIPHOKO CTPYKTYPOIO

Mpo6nemaTtuka. [Ins po3s’si3ky KpanoBMx 3aday Ha HECKIHYEHHOBUMIPHMX PiMaHOBMX MHOroBMAaX, 30KpeMa Ans AOCHIIXEHHS
3agavi [ipixne, cyTTEBOIO BUAAETLCS iX METPUYHa NoBHOTa. MapaHTyBaTH ii B 3aranbHOMY BUMAAKy He YABMASETbCA MOXIMBUM, @ OTXe,
BWHUWKAE NUTAHHSA HaBeOEeHHS il JOCTaTHIX yMOB.

MeTa pocnipkeHHA. MeToo poboTM € HaBeAeHHs AOCTaTHIX YMOB METPUYHOI MOBHOTWU HECKIHYEHHOBUMIPHUX PiMaHOBMX
MHOrOBWAIB | CYTTEBMX NPUKNaAiB, WO Ui yMOBU peanisyoThb.

MeToauka peanisauii. 3actocoBaHo 6a30Bi pe3ynbTati dyHKUIOHANbHOro aHanidy Ta cy4acHoi AvdepeHrLianbHoi reomeTpii.

Pe3ynbTatn gocnigxeHHs. CpopmynioBaHo i foBeeHO AOCTaTHi YMOBU METPUYHOI NOBHOTU HECKIHYEHHOBUMIPHUX piMaHOBMX
MHoroBuAis. [loBefieHo, WO Li YMOBU peani3ytoTbCs Ha NOBEPXHSX PIBHS CKIHYEHHOT KOPO3MIPHOCTI B rinb6epToBOMY NPOCTOPI 3 NEBHUM
0oBMexXeHHsM Ha nepLUi i Apyri NOXiAHI BiANOBIAHNX OYHKLIN.

BucHoBku. OTpumMaHi JOCTaTHi YMOBU METPUYHOIT MOBHOTU PiMaHOBUX MHOrOBUAIB — PiIBHOMIPHCTb CTPYKTYpU — BUAAKTHCS Nepc-
NEKTUBHUMMU, OCKINbKA peanisyloTbCsl LUOHAaNMEHLl Ha OAHOMY [OOCUTb LUMPOKOMY Knaci NMOBEepXOHb B rinbGepToBOMYy NpOCTOpi.
HouinbHnm B6ayaeTbcs po3pobrneHHst nigxoais 4O po3rnsiay KpanoBux 3agay Ha TakuxX HECKIHYEHHOBUMIPHUX PIMAHOBUX MHOTOBUAAX.

KnroyoBi cnoBa: HeCKiH4eHHOBUMIPHUI NPOCTip; piMaHOBUA MHOrosuAa; andepeHuiansHa reomMmeTpis.

A.1O. MNoTtaneHko

BECKOHEYHOMEPHbIE PUMAHOBBIE MHOMOOBPA3/SI C PABHOMEPHOW CTPYKTYPOW

MNpo6nemaTtuka. [na pelleHuss KpaeBblx 3adady Ha GECKOHEYHOMEPHbIX PUMAaHOBLIX MHOrooGpasusX, B 4YaCTHOCTU AN
1ccrnenoBaHus 3adadn [upuxrie, CyLWeCTBEHHOM BMAWTCS MX MeTpudeckasi nosiHota. [apaHTvpoBaTb ee B OOWEM criydae He
npeacTaBnseTcs BO3MOXHbIM, @ CriefoBaTerlbHO, BO3HUKAET BOMPOC NPUBEAEHUS €e JOCTaTOUHbIX YCIOBWIA.

Lenb uccnepoBaHus. Llenbio paboTbl ABMNseTCs NpUBEAEHWE [OOCTaTOYHLIX YCMOBWIA METPUYECKOW MOMHOTHI GeckoHeu-
HOMEPHbIX PUMAHOBbLIX MHOTOO6PAa3NIA 1 CYLLLECTBEHHBIX MPUMEPOB, KOTOPLIE 3TV YCIIOBUS PEanuayiorT.

MeToauka peanusaumu. Vicnonb3osaHbl 6asoBble pesynbTaThl (YHKUMOHANBHOMO aHanusa M COBPEMEHHON AuddepeH-
LmansHOM reoMeTpum.

PesynbTatbl uccnepgoBanusi. CpopMynmpoBaHbl M [oKasaHbl 4OCTATOYHLIE YCMOBUS METPUYECKON MOSHOTEI GeCKoHeYHOMep-
HbIX PUMaHOBbIX MHOrooGpasuii. [lokasaHo, YTO AaHHble YCIOBUS PeanuayloTcs Ha NMOBEPXHOCTAX YPOBHSA KOHEYHON KOPa3MepHOCTU B
rMnb6epTOBOM NPOCTPAHCTBE C HEKOTOPLIMU OrPaHUYEHUSIMI Ha NEPBbIE U BTOPbIE NMPOU3BOAHbLIE COOTBETCTBYIOLUMX (DYHKLIMIA.

BbiBogbl. [ofy4eHHbIe [OCTaTOYHbIE YCMOBUS METPUYECKON MOMHOTHI PUMAHOBBLIX MHOrO06pasui — paBHOMEPHOCTb CTPYKTYpPbl —
BbIMMAAAT NEePCnekTUBHLIMK, NOCKOMNbKY peanuayroTcs XoTs 6bl Ha O4HOM AOCTATOYHO LUMPOKOM Kilacce NOBEpXHOCTEN B rMIbGepTOBOM
npoctpaHcTee. LlenecoobpasHoli BLIMAAUT paspaboTka NOAXOA0B K PACCMOTPEHMIO KPaeBbIX 3a4ay Ha Takmx 6€CKOHEYHOMEPHbBIX pu-
MaHOBbIX MHOrOOGpa3usXx.

KnioueBble crnoBa: 6eckoHe4YHOMEPHOE NPOCTPaHCTBO; PUMaHOBO MHOTrooGpasve; AuddepeHuancHas reoMmeTpus.
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