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GENERAL PROPERTIES OF C-CIRCULANT DIGRAPHS
M. Mora, O. Serra & M. A. Fiol

Polytechnic University of Catalonia

ABSTRACT

A digraph 1s sald to be c-circulant if its adjacency
matrix 1s c¢-circulant. This paper deals with general
properties of this family of digraphs, as isomorphisms,
regularity, strong connectivity, diameter and the relation
between c-circulant digraphs and the line digraph tecnnique.

1. INTRODUCTION

Given two positive integers ¢ and N, and A=(a1.....ad} a
subset of Zu' the c-circulant digraph CcCD) GNCC.AJ has set
of vertices ZN and adjacency rules given by {1 — ci+as.
aSeA for every 1 1in ZN. The adjacency matrix of GNCC.A) is
the c-circulant matrix A:c—clrcCa‘.....aN). where “{=1 iff
i€A, and each row is a "forward shift of ¢ places" of the
preceding one. Conversely, a <¢0,1D> c—clirculant matrix
A=c—circ(a1,....aN) is the adjacency matrix of GNCc.A) where
A=(leZN:asd}. From our definition, a ¢CD can have loops but
not parallel arcs.

Some families of digraphs proposed in the literature with

good diameter,routing or connectivity properties, are oCD’s.

For instance, the generalilzed de Brui jn digraphs,
GNCd.{O.....d~1}. see (8,101, and the Imase&ltoh digraphs,
also k nown as generalized Kautz digraphs,
DN(~d.{1.....d}). see [9]. De Bruijn and Kautz digraphs can

be viewed themselves as c¢cCD's. When c=1, DN(1.A3 1s the
Cayley diagram of ZN with respect to the set A.

In this paper we study some general properties of these
digraphs . In Section 2. we characterize some families of
subsets A that give rise to isomorphic digraphs. For
instance, for N prime, there exists a unique ¢CD of degree 2
for every c®1 Cup to isomorphism). The out ~-degree of all
vertices 1s the order of A, and we give in Section 3 their

in-degrees. This leads to the characterization of the cCD's
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that are regular. In Section 4 , necessary and sufficient
conditions over ¢ and A for a cCD to be strongly connected
are given. In Section S, we determine when a cCD is the line
digraph of some digraph G', and when G is in turn a c<CD.
Finally, in Section 6 we discuss some questions about the
diameter of a cCD.

Through the paper., r'ex> denotes the set of vertices
adjacent from a vertex x, and d'GO=|"Cx| its cardinality.
Similarly, (3 denotes the set of vertices adjacent to x,.
and d (>O=|[(x)| its cardinality. The elements of the set A
are denoted by a. A=(a1.- e .ad}. and g denotes the greatest

common divisor of N and c.

2. ISOMORPHISMS

For a given value of c, different choices of the subset A
may produce isomorphic cCD's. A family of subsets that give
raise to isomorphic digraphs 1is characterized below. All

equations in this section must be understood in the ring ZN-

2.1. Proposition: Let c be a given element 1in ZN\(O o e
and g.= gcdCN,c—-1D. Then, GHCC . A is isomorphic to
GNCC ’ A+kg1) , for any k 1In ZN.

Proof: Let p be any solution of Cc—i)x=—kg‘. The bi jection
f : & —» &
p N
X ——— X+p
is an isomorphism between GNCC.AJ and GNCC.AHch since, for
every a in A,

f Cex+a)d) =cx+a+p=cCx+pd +Ca.+kg1) = cf (0 +C a+kg1) .o
P P

Notice that, when c¢=1, the maps !‘p defined above are
automorphisms of the Cayley diagram GNC1.A).

2.2. Proposition: Let r be 1n Z:. Then, GNCC.AD is
isomorphic to GNCc.rA).

Proof: The bi jection hr: ZN—-—» ZN given by h (xX=rx is an
r
{ somorphism between the two digraphs since., for every a in A,

h (ex+ad) =Ccx+adr=crx+ar =chrC D +ar.o
r
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From Propositions 2.1 and 2.2, we have in general
G"Cc.A)E GNCc.rA-i-kg‘) when c>1. This fact considerably
reduces the variety of cCD’s for each c. For instance, when N
is a prime, G Cc. 0= GHCc.Caz—at)_‘CA-ai)). So we can
consider that a‘=0 and ag=1. In particular, there is only one
cCD of degree 2 for N a Prime and each c», namel y
GNCC.(O.:I.}).

3. REGULARITY OF GN(C,A)

Clearly, the out-degree of any vertex in GNCC.A) is the
order of A, since cx+a = r:::sc*-aj Cmod ND iff i=j. So, eCD’'s are
d-out-regular. In order to compute the in-degree of a ver tex
X let us define the subsets Ak=(a.eA:aEk Cmod g@)> for

k=0,....g9-1. g=gcdCc,N). The set [Cx) can be written as

aga{y:cyd-azx Cmod N)). So, if x=a Cmod g2, g divides x-a and

the congruence cy+a=x Cmod N) has g solutions for y, hence,
|<y: cy+a=x Cmod N>>|=g. On the other hand .if X#a Cmod g).the
above equation has no solution and |<y: cy+a=x Cmod Nd>> |=0.

From that, we obtain
d-Cx)=|Ak|.g if x=k Cmod gd. C1)

Now, it is easy to see that the number of vertices in
GNCC.A) with a given in-degree hg is nhCN/g). wher e n is the
number of Ak’s such that IAk|=h' In particular, we obtain

3.1. Proposition: G“Cc:.A) is d-regular iff |%,=d/g for all k.

4. STRONG CONNECTIVITY

In this section we want to determine when a <cCD is
strongly connected, that {s. when it is possible to find
directed paths from any vertex to any other one in the
digraph. We first consider the case when ¢ and N are

relatively prime, and then the result 1s generalized.

a) Case gcd(N,c)=1.
4.1. Lemma: GNCC.AJ is strongly connected iff there exists
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a path from vertex O to any vertex.

Proof: The dirc;ct sense of the statement is clear. For
the converse, we first prove that for any arc tx.cxﬂ;i_l there
exists a directed path from cx+a.i_ to x. Since we assume that
g=i, the maps ri:Z"—rZN given by ri(ao-c:xd-a.t are
permutations in Z“; hence.for every i,there exists a positive

k-1_ -1

integer k such that r:-Id. and p Y. while rl:-lcorrcsponds

i
to a path in the digraph. So, for every path from vertex O to
a vertex y. we can find a path from y to O, and hence from y

to any other vertex in the digraph.o

4.2. Lemma: The set of integers (1.1+t.....1+c+..+ck;ke N>
contains all the congruence classes modulo m, md>i, {iff so
does the set (1,1+c...., l+c+... +c™ .

Proof: Suppose that (l+c+...+c* Cmod m) ;ke N> = Zevz It
gcdCc,md=h, then 1+c+..+c = Ah+l Cmod m), Ae Z. hence we
must have h=1.

Denote by a the mind{ke ﬂ*l:1+c+...+ck_‘ﬂ Cmod mdY. Since

c¥1=Cc-13C1+c+. .+ ™=0 Cmod M , we have %A Cmod m

and cka*-rE c’ Cmod m) for all A in N and O<r<a, from which

we obtain

(l+c+. . +¢> Cmod M ;s=0,...,a-1>=Cl+c+. . +c* Cmod m:ke N>=Z
s

Since all the elements of the form 1+c+... +c Cmod md,
s=0,...,0-1, are different, we must have a=m as stated in the

lemma. The converse 1s obvious.ao

4.3. Proposition: Let m be the gchN.az. . .c:d) . where
a=a -a ., S [ - (R 2 The digraph GHCc. A is strongly
L

L

connected iff
1> gchN.al.- . .ad)=1

11D (1+c+...+c” Cmod m : $=0,....,m-1>=Z

Proof: Let us first suppose that the digraph is strongly

connected. If gchN.a‘. i .a.d) =r, from vertex O we reach the
vertices -::""ai +...+ca, +a, Cmod N), ke N . a e, that
1 k—1 k ]

are all multiple of r. Hence we must have r=1. On the other

hand, the set of vertices attainable from vertex 0 can be
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written as

k-4 4 k-1
$ub Ewenddag 1o B eda Cmod N):ke N ) 2
ji=o 1 i=o 1k—j
k-1 J
- L. <
where al al a.i. i_ijﬁ. Now, since j§° c ai = 0 Cmod m,

i i k- j
and all vertices are reachable from vertex Zero, we must have

((c""+..+c+1)a1 Cmod m) ke N)>=Z . <>
m

From gcd(N.aa....ad)=rn and (i), we obtain gcd(m.al)=1.
hence, (3) is equivalent to (Cck—i+..+c+1) Cmod m) ;ke N>=2Z .
By Lemma 4.2, this last equation holds iftm
(Q+c+. .. +c” Cmod M ;s=0,...,m-1)= z

Reciprocally, suppose that 1) and 1i) are satisfied. Let
J be any element in ZN. Since Cm.ai)=1.. there exist integers
r.s such that J=mr+ats. From 1ii1i) we know that there exists a
positive integer t such that ssi+c+-.+ct' Cmod md), hence,
J=rm-’+a‘C1+c+..+ct'). and, by Lemma 4.2, t can be chosen
such that t>Ndm. On the other hand, by 1) there exist
integers Yyro-o¥y such that mr’=y‘N+yzaz+..+rdatd » and we
can write JE.s:zcxzt 2 +e‘:dad+a.1C1+c+. . *—ct') Cmod ND>, where
Oﬁst<N and €= Cmod ND. Now, since c'=t Cmod ND, each L
can be written as a sum of ones as

mq“cqui+1 D) . _'_cquti-c:t—l P

£ =c ey Cmod ND, wher e q,=¢:~z+. . +&
L L

i1
and q2=0. Since we have taken L)Ndm)(cz*-...*-sd)m. J can be

expressed by
t " s akwhen 1=0 (mod md and
J=EEbc + C Fcla, (mod N; bi.= mqkﬁ 1 < quk+sk)
. L SiE
L@ = a1=o otherwi se
Compared with (2), this expression shows that vertex J
can be reached from vertex O in t steps, and, by Lemma 4.1,

the digraph is strongly connected.n

b) Case gcdCN,cd=g>1.

4.4 Proposition: GNCC.AJ is strongly connected iff
15 A contains all congruence classes modulo g, and
11> G Cc,A) 1is strongly connected.
N/g
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Proof: First assume that GNCc.AD is strongly connected.
Then, all its vertices must have a nonzero in-degree. As |t
was shown in Section 2, this implies i). Now, for every

couple i1,J] of vertices in Gth.AJ there exist a,'s in A
i
such that Ja:kiﬂ:k_‘ai +..+a, Cmod N), and this congruence
1 k

is also satisfied in ZN/g » %0 G"/ch.A) is strongly
connected.
Now suppose that (i) and Ciid hold. Let 1i,j] be any two

elements in ZH and a an element in A such that j=a (mod g).

So, there exist integers Nl and s such that
J—a=Ag=ACrc+sN), hence
J—as=Arc Cmod ND. 4>
Since GN/ch:.A) is strongly connected, there exist a; 's
= J
in A such that xrzcﬁﬁc*‘ai +..+a, Cmod N-gd>. from which
1 k
we obtain ?chzckﬂi-rckal +..+ca.1 Cmod NJ). Using (4D, we can
1 ke
write
k+t k
J= 1+c a, +..+vr:a.i +a Cmod ND
1 k

and the proposition follows.ao

This last proposition can be recursively applied until we
obtain a divisor N of N such that gcd(N*,cd=1. More
precisely, let N' be the greatest divisor of N such that

gcdCN* ,c) =1, and m=gcd(N" ra_"a ... .2 —at). Then we have

d

4.5. Corollary: The digraph GHCC.A) is strongly connected
iJA contains all congruence classes modulo g

i1>gcdCN"* T

111D C1+c+. . +c” Cmod m ;S=0,. .. m-1¥=&

. .ad)=1

Proof: By 1i) and iii>, GH,CC.A) is strongly connected.
and by 1) and Proposition 4.4, G"(c.A_‘J is strongly

connected. The converse is similarly proved.ao

Condition 111D in this last Corollary can be written in
an easlier way as c=1l (mod m’') , where m' is obtained from m
B, _ B

as follows. If m= amp1 - Py k is the prime decomposition of
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m, then m’'= amtmz'mpi...pk - The somewhat cumbersome proof

of this equivalence is not included here.

S. THE LINE DIGRAPH OF A cCD

Given a digraph G, its line digraph LCG) has the arcs of
G as vertices, and the vertex [x.y] is adjacent to the
vertex [(x',y’'] in LCG) iff the arc [x.y] is incident to the
arc [x',y"] in G, see [S].

In this section we establish when the digraph G Cc: A is
the line digraph of some other digraph G. When G Cc A) has
no vertices with in-degree zero, we also det.ermine when G is
again a cCD.

For k=0,1..: ... 4L , we denote by Ak the set
_Ak={a.eA:aEk Cmod gJ), and by n its order.

5.1. Proposition: There exists a digraph G such that
GNCC.LDE LCGD {iff
13 there exists a divisor P of N such that nk=N/p
or zero for each k, and
113 1P nk#O. then Ak=(bk+?un; A=0,1,...,CN/pd-1>

for some bk in A.

Proof: We wuse the fact that any digraph G is a
line—digraph 1ff Wx.ye W6, ' either roonr’cyd)=e  or
FCs=rTCy) /' see'lBT. “First we asetme that G, Cc.D= L(G for
some digraph G. If n s O or 1 for each k, conditions 1> and
111> hold for p=N. Now, suppose that nk=r>1 for some k. Let us

write A =Ca ,:-..,a_ >,0%a ¢..<a <N » and let p be the
k o r—4 o r—1i
min{3 ,1=0,....r—1>, where {?L=a£—at_1.i=1 =t and
L
(?=N+a0—a 3 We take the subindices mod r. Suppose that
o

P=3.. and let x be a solution of C)E,aﬂ—a_ Cmod N). Csuch a
] o J J

solution exists since a =a (mod g)). Then. cx +a =a Cmod
it o j  j+t

ND implies r’cKo)rwr'con#a. hence r'c)co:)=r’c03. So. there

exists al in Ak such that CcX +a 1E.aLCmod ND . Now,
o Jf
CX +a =cXx +a +m=a +m=a Cmod N2, hence we must have
o e 8 o J i ! L
a =a. 8 and 3 ﬂ=ﬁj=p. By repeating this reasoning over
j"-
J*e....J+r, we obtain pr=N and Ak=(a‘+)kp;k=0. ---sCNPX-1> as

stated in 11). Finally, suppose that n., is also different
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from zero, and that Ak.=(a;+hp';k=0.. .- +CNP'ID-1). As we have
1el" Cx°)= r*cco. hence., there exists some
a.’L in l\‘, such that cxc*-a’lz a'l Cmod N>, where a’tn'l Cmod
N> Cxon). so nk,za. Now, a' -a’ =cx =p Cmod N). hence P’ |p-

By symmetry we also obtain p|Lp’.ind so p=p’.

Conversely, if condition 1) and 1i) hold, suppose that
I‘+Cx_')ri"+Cy)#0. that is, cx+ta=cy+b (mod N) for some a,beA.
Since cCx-y)=b-a (mod N) we must have a=b (mod g)., or a.b-et\‘

for some k. Now, cl(x-y)=Ap (Cmod N) leads to cx=cy+Ap (mod ND

seen before, cxoﬂn o

and c:x+Ak—='c:y+Ak+kpa:y+Ak Cmod N) for each s=0,....g-1,
hence I"+Cx)=l‘+(y). So G"CC.A) is a line digraph of some
digraph.a

From Proposition 5.1, 1if GNCc.A) is a line digraph., we
must have nk=0 or Nsp. If nk#O. all elements 1in Al: are
congruent modulo p, from which we deduce that g|p. On the
other hand, as it has been shown in Section 3, the indegree
of every vertex in the digraph must be O or (N/p)g. When all
vertices have a nonzero indegree, the digraph is d-regular,
and we have (N/pdg=d and N=d(p-g). In this case, the
digraph G such that L(G= GHCc.A) can be determined by the
following proposition.

S.2 Proposition: Assume that GNCC.A) is a line digraph.
that it is d-regular, and that no two elements Iin A are
congruent modulo N/d. Then, GNCC.A.); LCGN/dCc.A}).

Proof: As we have seen in the proof of Proposition 3.1,
if cCx-yd)=0 Cmod p)., we have ["+Cx_)=l"‘+Cy). From g|p and p|N.
the last congruence is equivalent to g(.x—y)ao Cmod g- J. which

N P
leads to x=y (mod Py (since gedcB,$5=1>. Hence, as = = E |
g =g'g d g
x=y C(mod g) implies ["+C:-O=F+Cy). Since for each x there are

other d-1 elements i1in ZM which satisfy the last congruence

Cand the digraph is d-regular) we conclude that r+c;o=r‘+c yd

iff =y Cmod g—) - So, the family of subsets
+

r ¢id, 1=0,...,C(N/dd-1 is a partition of VCG“C(:.A))=ZN. From

this fact, we can deduce that the map
(H/d)—l+
G U r CidD——» VCLCDDD

L=
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given by fCci+a J=[(1.ci+a ], where the integers in the right

k k

side are taken modulo Ns/d, is well defined and injective,
hence, it is a bi jection between the set of vertices of the
two digraphs. On the other hand, if c1+ak=_- J Cmod CNs/d)D,
f(c1+ak)=[i.J]. and f‘CcCci+ak)+a-)=[J.cJ+as] for each a_ in

A, so f 1s also an isomorphism between the two digraphs.ao

This last proposition can be also stated when A contalins
congruent elements modulo Nsd. In this case, G is a
"c-circulant” digraph with parallel arcs corresponding to
repeated elements Iin A. The proof for this general case is

basically the same as that of Proposition 5. 2.

As a particular case of Proposition 5.2, we have the

following result

5.3. Corollary: If gcdCe,Ndd=d, N>2d, and A contains all

congruence classes modulo d., then LCGNCC.A)); GNdCc.AD.

From this last corollary, we obtain the known fact that
the line digraph of a generalized Kautz digraph of N
vertices is the generalized Kautz digraph of Nd vertices, see
(7]. This fact 1s also true for the generalized de Brui jn
digraphs. and for the de Bruijn and Kautz digraphs

themsel ves, see [S].

6. SOME QUESTIONS ABOUT THE DI AMETER

As it 1is well known, the diameter D of a digraph with N
vertices and maxi mum out-degree d 1is low bounded by
DCd.N)=[logdCNCd—1) +13]-1, see (11; c-circulant digraphs
supply good families of digraphs whose diameter attains this
mi ni mum val ue. The generalized de Brui jn digraphs,
DHCd.(O.. =1 XD, have di ameter DCd,. ND when
c¢d®-1>cd-1><N=d". and di ameter DCd. ND +1 when
d®<N=cd®™*-1>Cd-1). see (8,10]. So. there are known families
of cCD’'s with minimum diameter for N<d”. On the other hand,
it is shown 1in (9] that the generalized Kautz digraphs
DNC -d,{1,..,d¥>) have diameter DC(d,N) when N=dD+dn_b for b
odd, 1=<b=<D. In what follows, we deal with the problem of
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finding <cCD’s with minimum diameter and order greater
D
than d.

A digraph is said to be a generalized m-cycle, m1, 1if
there exists a partition (Al...Am} of lts set of vertices
such that the vertices of Al are adjacent to those in A1+1'
see [(4].

6.1. Lemma: Let GNCC.AJ be strongly connected,and let m
denote the gchN.az.....ad). where a=a-a. It m>d 5 GNCC.A)
is a generalized m—-cycle.

Proof: Let Ai=(xe ZN:XEi Cmod md)>, 1=0,....m-1, and
consider the digraph G such that VCG)=(0,...,m-1> and there
exists an arc from i1 to jJ 1ff there exists an arc in GNCc.AJ
from a vertex in At to a vertex in Aj. If two vertices x,y in
GNCC.A) belong to the same set At' we have c(x—y)%a-—at)=
=c(x—-yD +a-—atﬂ Cmod md) for any a.a in A. So, all the
vertices adjacent from x and y belong to the same set A for
some j. Then, G 1s a 1l-out-regular digraph, and l..herJ map
f:ZN—rVCG) defined as ff(xXO= x Cmod mO is a graph
homomorphism between GNCC.AD and G. Since GNCC.A) is strongly
connected, so must be G, hence 1t 1is a cycle, and GNCC.A) is

a2 generalized m-cycle.no

It can be easily seen that an generalized m—-cycle can not

have diameter DCd,N) for N>d™.

On the other hand., when c=1 it is shown in [3] that if a
digraph GNCI.{a(....ad}) has diameter D we must have

N< [d;D]. So N<d® if d>3, D>1, and these digraphs are not

suitable for our problem. For d=3 and D2, or d=2 and D>3, we

have N(dnagain. so we only consider the case c>1.

We have some more restrictions to obtain eCD's with

diameter D and order greater than d®.

6. 2. Lemma: Suppose that c>1. Let g, denote the gcd(N,c-1),
and A=C(aeA: a=0 C(mod g‘}. Then., the number of loops in GNCC.A.)
is |A|g{
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Proof: The digraph GNCC.AJ has a loop in vertrex x_ L5 23 el B
is a solution of the congruence Cc-1dx=-a (mod N). This
equation has 9, solutions for each aeA, and it has no
solutions for a€ANA. Moreover, these solutions are different

for each element in A, hence GNCC.A) has |A|g‘ loops. o

From Lemma 6.2, 1if g‘=1. the digraph contain loops. and {t
can not have minimum diameter for nd®. If g‘=a. either the
digraph has loops or m22. and the diameter is not minimum
again. Finally, if g=gcdCc.Nd)>d., we know from Proposition 4.4
that GNCc.AJ is not strongly connected. So our search can be
restricted to the following values of the parameters:

m=gchN.a2.. ‘o .ad)=1
g=gcdCN,cd=d
gl=gchN.c—1)>2 Cand A={aeA: a=0 C(mod gt)}=ﬂ)

From our study and computer exploration, we conjecture
that when d>2 the only solutions of our problem are the
generalized Kautz digraphs for N=dn +d°_b . b odd.
Unfortunately we have not found the proof of this conjecture
yet.. The case d=2 could be a little easier. In this case,
from m=gchN.az—at)=1 and Proposition 2.2, we can consider
A=<a,a+1)>. Now, Iif g=2, we know from Proposition 5.2 that
GH(C.M=LCGN/2CC.M)A It can be seen that a d-regular digraph
G has minimum diameter iff so does L(G), see [S5]. So we can
restrict ourselves to the case g=1. In this case., the Cayley
diagram G?C1.(1.2)) and its lterate line digraphs GNCC.(l.B})
with N=2 +8bq.czi Cmod 52 and gecdCN,cd=2, have minimum
diameter. Except for this new family, and for the
generalized Kautz digraphs, we conjecture again that there

is no solution to our problem in the case d=2.
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