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Abstract 
Under general seismic loading, reinforced concrete columns may be subjected to lateral loads in more than one 
direction. Available experimental data on columns subjected to bidirectional forces indicate that higher levels of 
damage and a higher loss of ductility and strength have been observed compared to similar tests under 
unidirectional shear forces. In this study, an experimental program was conducted in which six lightly reinforced 
concrete columns were subjected to unidirectional and bidirectional cyclic shear forces. This observation was 
used to identify the mechanisms and parameters governing the behavior of columns subjected to cyclic 
bidirectional lateral loads. Hence, a new conceptual model was developed to obtain the capacity of member. The 
shear forces were analyzed and an analytical formulation was derived to account for the effects in the concrete 
stress-strain relationship, the moment-curvature diagram and the plastic hinge length. These equations were used 
along with a structural model with concentrated plastic hinges to obtain the capacity curve of the column. The 
results of the formulations developed were verified using the results of the experiments performed on columns 
subjected to unidirectional and bidirectional cyclic lateral forces.  
 

Keywords: reinforced concrete, bidirectional cyclic loading, stress-strain, moment-curvature, plastic hinge 
length, displacement capacity, strength degradation 

 

1 Introduction 
Under seismic action, reinforced concrete columns can be subjected to lateral displacements in several directions.  
The magnitude of the displacement in each direction depends on the dynamic response of the structure, the 
orientation of the structure in the earthquake direction, the distance to the epicenter and the magnitude and 
direction of the aftershocks, among other factors.  Such movements produce cyclic flexural and normal forces in 
combination with bidirectional shear forces.  
In the limited available experimental data on columns subjected to bidirectional forces, higher levels of damage 
and a higher loss of ductility and strength have been observed compared to similar tests under unidirectional shear 
forces. These experimental data are compiled in [1] and subsequently tests were conducted by [2–5]. In the 
scientific literature, only a decrease in the contribution of concrete to the shear strength was mentioned in [6] and 
was later refined in [7,8].  It is essential to elucidate this mechanism to make recommendations and develop 
methodologies for the assessment of columns under bidirectional seismic forces.   
To gain insight into the mechanism of the aforementioned problem, an experimental program was carried out on 
circular columns with light transverse reinforcement, common in older existing reinforced concrete buildings. 
Those were affected by shear forces under the action of unidirectional and bidirectional lateral loads [9].  The 
primary results of the study were that the strains in the stirrups produced by the shear forces and the confinement 
action could be accumulated by alternating the direction of the lateral loads. 
The primary objective of this study was to identify the mechanisms and parameters governing the behavior of 
columns subjected to bidirectional lateral loads.  For this purpose, the effects of the shear forces were analyzed 
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at the material, section and member levels, and analytical expressions were derived to account for these effects 
in the concrete stress-strain relationship, the moment-curvature diagram and the plastic hinge length.  These 
equations were used along with a structural model with concentrated plastic hinges to obtain the capacity curve 
of the column.  The results of the formulations developed were verified using results from the experiments 
performed on columns subjected to unidirectional and bidirectional cyclic lateral forces. Good agreement was 
obtained between the experimental observations and the formulation developed.   

2 Effects of shear forces at material level 
In a reinforced concrete column, both the longitudinal and transverse reinforcements provide resistance to the 
flexural, axial and shear forces simultaneously.  The transverse reinforcement resists the shear force and confines 
the concrete core, thereby increasing its strength and ductility.  Similarly, the longitudinal reinforcement and the 
concrete participate in the shear resisting mechanism.  All of these mechanisms interact with each other such that 
the degradation of one mechanism affects the other mechanisms [10]. 

2.1 Effects of shear forces on confinement stresses 
Currently, in the seismic design or assessment of a reinforced concrete column, the compressive strength of the 
confined concrete in a column is determined by assuming that the column is subjected only to a compression 
force (see Figure 1a) using Mander´s model [11].  In this study, we suggest that the confinement stress is reduced 
by the presence of a concurrent shear force, as shown in Figure 1b.  Consequently, the effective confinement 
stresses in two directions �σ𝑒𝑒,𝑥𝑥,σ𝑒𝑒,𝑦𝑦� can be calculated using equations (1) and (2): 

σ𝑒𝑒,𝑥𝑥 = α
2 ∙ 𝐴𝐴𝑠𝑠𝑠𝑠 · �𝑓𝑓𝑦𝑦𝑦𝑦 − σ𝑠𝑠𝑠𝑠�

𝑠𝑠 · 𝐷𝐷𝑐𝑐
 ( 1 ) 

σ𝑒𝑒,𝑦𝑦 = α
2 ∙ 𝐴𝐴𝑠𝑠𝑠𝑠 · 𝑓𝑓𝑦𝑦𝑦𝑦
𝑠𝑠 · 𝐷𝐷𝑐𝑐

 ( 2 ), 

where 𝐴𝐴𝑠𝑠𝑠𝑠 is the area of the stirrups or the spiral; 𝑓𝑓𝑦𝑦𝑦𝑦 is the yielding strength of the stirrups; σ𝑠𝑠𝑠𝑠 is the stress in 
the transverse reinforcement from the shear force; 𝑠𝑠 is the stirrups spacing; 𝐷𝐷𝑐𝑐 is the center-to-center diameter of 
the stirrups; and α is a factor that represents the confinement efficiency, which can be obtained using Mander’s 
model [11].   

 

 
(a) Lateral confinement stresses 

under axial load only 
(b) Lateral confinement stresses under combined 

axial load, bending moment and shear force  

Figure 1 Conceptual model used to determine confinement stresses 

Here, the confinement stresses �σ𝑒𝑒,𝑥𝑥,σ𝑒𝑒,𝑦𝑦� are used to obtain the characteristics of the stress-strain curve of the 
confined concrete.  Recall that the asymmetric confinement stresses provide the confined concrete with less 
confinement capacity than that provided by symmetric confinement stresses, as shown in Figure 2. 
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Figure 2 Effects of confinement stress on strain-stress relationship of confined concrete 

2.2 Effect of bidirectional shear forces on concrete ductility 
In the seismic prediction response of a reinforced concrete column, the ultimate strain in confined concrete has 
been obtained taking into account that the column is under axial load with empirical [12–15] or energy balance 
approaches [11,16].  In this study, experimental observations showed that under cyclic shear forces applied in 
two directions (X and Y), the strains induced by the shear forces �ε𝑠𝑠𝑠𝑠

𝑗𝑗 � at the transverse reinforcement accumulate 
with the strains produced by the dilatancy of concrete in compression �ε𝑠𝑠𝑠𝑠𝑖𝑖 �, as shown in Figure 3. Consequently, 
the total strain at the stirrup �ε𝑠𝑠𝑠𝑠𝑖𝑖 � is given by equation (3). The superscripts (𝑖𝑖 or 𝑗𝑗) denote the direction x or y 
evaluated, respectively. 

ε𝑠𝑠𝑠𝑠𝑖𝑖 = ε𝑠𝑠𝑠𝑠
𝑗𝑗 + ε𝑠𝑠𝑠𝑠𝑖𝑖  ( 3 ). 

 

 
Figure 3 Experimental measures of evolution of lateral strains under bidirectional and unidirectional 

tests [9] 

There are two ways of quantitatively interpreting the equation given above. 
a) The effective deformation capacity for confinement �εsci � is considered to be the ultimate strain in the 

stirrup �ε𝑠𝑠𝑠𝑠𝑖𝑖 � minus the strain produced by the shear forces �εsv
j �, as shown in equation (4): 

ε𝑠𝑠𝑠𝑠𝑖𝑖 = ε𝑠𝑠𝑠𝑠𝑖𝑖 − ε𝑠𝑠𝑠𝑠
𝑗𝑗  ( 4 ). 

Therefore, a portion of the strain-energy of the transverse steel is required to resist the shear decreasing the energy 
to confine the concrete and consequently its ultimate deformation. The effective stirrup strain �ε𝑠𝑠𝑠𝑠𝑖𝑖 � and the 
effective lateral confinement stresses must be used to calculate the effective deformation capacity of the concrete 
core �ε𝑐𝑐𝑐𝑐,𝑒𝑒

𝑖𝑖 � in Paulay’s approach [16], as given by equation (5).  However, the quantitative effect of the 
bidirectional shear forces on the ultimate strain in the unconfined concrete cannot be obtained using equation (5).   

ε𝑐𝑐𝑐𝑐,𝑒𝑒
𝑖𝑖 = ε𝑐𝑐𝑐𝑐 +

1.4α · ρ𝑠𝑠 �𝒇𝒇𝒚𝒚𝒚𝒚 −
σ𝑠𝑠𝑠𝑠𝑖𝑖
𝟐𝟐 � �ε𝑠𝑠𝑠𝑠𝑖𝑖 − ε𝑠𝑠𝑠𝑠

𝑗𝑗 �

𝑓𝑓𝑐𝑐𝑐𝑐
 ( 5 ) 
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where ε𝑐𝑐𝑐𝑐 is the ultimate strain in the unconfined concrete, 𝑓𝑓𝑐𝑐𝑐𝑐 is the peak strength of the confined concrete, ρ𝑠𝑠 is 
the volumetric ratio of the transverse reinforcement and ε𝑠𝑠𝑠𝑠𝑖𝑖  is the ultimate strain in the transverse steel 
reinforcement.   
 

b) Alternatively, in this second approach, we take into account that the lateral strains produced by the shear 
force reduce the concrete strength, as has been widely studied in the literature (see for example [17,18]).  One 
can consider the decrease in the concrete strength from the lateral tensile strains produced by the shear forces 
(Figure 4a).  When the column is also loaded in the orthogonal direction, the concrete in the lateral strain is loaded 
in compression (Figure 4b).   

     
(a) Lateral strain in concrete induced by shear forces (b) Concrete zone with residual lateral strain under 

compression  

Figure 4 Effects of bidirectional shear forces on concrete 

The following approach was developed based on the stress-lateral and longitudinal strain of concrete response to 
estimate the ultimate strain in both confined and unconfined concrete with residual lateral deformations.  An 
idealization of the behavior of the lateral-longitudinal strain in concrete under compression with and without 
lateral confinement stresses was established, as shown in Figure 5a.  A nonlinear dilatancy relationship can be 
used to determine the decrease in the deformation capacity of the concrete from the residual lateral strains �ε𝑐𝑐𝑐𝑐,𝑒𝑒

𝑖𝑖 � 
using the ultimate dilation ratio �ψ𝑢𝑢�, see equation (6).  The effects of the pre-lateral strain on the stress-
longitudinal strain response for concrete in compression are shown in Figure 5b.   

   
(a) Lateral-longitudinal strain diagram of concrete in 

compression 
(b) Stress-longitudinal strain diagram of concrete in 

compression  

Figure 5 Decrease in the strain capacity of compressed concrete from pre-lateral strain  

ε𝑐𝑐𝑐𝑐,𝑒𝑒
𝑖𝑖 = ε𝑐𝑐𝑐𝑐𝑖𝑖 −

ε𝑠𝑠𝑠𝑠
𝑗𝑗

ψ𝑢𝑢
≥  �

ε𝑐𝑐𝑐𝑐
𝑓𝑓𝑦𝑦
𝐸𝐸𝑠𝑠

 ( 6 ). 
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where 𝑓𝑓𝑦𝑦 and 𝐸𝐸𝑠𝑠 are the yielding strength and the elastic modulus of the longitudinal reinforcing steel, 
respectively.  The ε𝑐𝑐𝑐𝑐 limit represents the dilatancy use applicability and 𝑓𝑓𝑦𝑦

𝐸𝐸𝑠𝑠
 limit is proposed to take into account 

the contribution to the strain capacity of the column longitudinal reinforcement. 
The dilation ratio depends on the concrete type and the magnitude of the confinement stresses.  Experimental 
measurements on concrete strength classes between C35 and C60 under uniaxial compression have been used to 
develop the following expression for the dilation angle at the post-peak branch in terms of the unconfined and 
confined strength of the concrete [9,19]:  

ψ𝑢𝑢 = 1 + �0.25e2.8�𝑓𝑓𝑐𝑐50� − 1� exp �−5 �
𝑓𝑓𝑐𝑐𝑐𝑐
𝑓𝑓𝑐𝑐
− 1��  ( 7 ), 

2.3 Estimate of stirrups strain under shear forces 

The strain in the transverse reinforcement �εsv
j � produced by shear forces can be estimated by refined approaches 

[20–23]. We have suggested a simplified approach based on a strut-and-tie mechanism [10] and taking into 
account the following considerations.   
The shear strength (V𝑢𝑢) of the columns under seismic forces can be obtained by summing the transverse 
reinforcement contribution (Vs) and the arch effect contribution �Vp�, see equation (8).  In this approach, other 
concrete contributions to the shear resistance (namely, aggregate interlock, dowel action, etc.) are neglected 
because experimental measurements show that these contributions decrease as the number of cycles and ductility 
demand increase [11, 18, 19].   

𝑉𝑉𝑢𝑢 = 𝑉𝑉𝑠𝑠 + 𝑉𝑉𝑝𝑝 ( 8 ) 

The transverse reinforcement starts to contribute when the first shear crack occurs in the concrete. The inclination 
angle of the first shear crack depends on the concrete tensile strength and the axial load on the column.  For 
simplicity, we consider that the transverse reinforcement contributes to the shear strength via the formation of a 
strut-and-tie mechanism with a compression strut angle of 45º.  𝑉𝑉𝑠𝑠θ=45° is the corresponding shear strength 
provided by the stirrups for a crack inclination angle of 45º. 
For a given shear force Vd, the shear force that the transverse reinforcement resists can be determined using 
equation (9).  When the shear strength  𝑉𝑉𝑠𝑠θ=45° is greater than the shear force acting on the transverse 
reinforcement �𝑉𝑉𝑑𝑑 − 𝑉𝑉𝑝𝑝 > 0�, the transverse reinforcement is in an elastic stage; consequently, the stirrup stress 
(σ𝑠𝑠𝑠𝑠) and strain (ε𝑠𝑠𝑠𝑠) can be calculated using equations (10) and (11), respectively: 

𝑉𝑉𝑠𝑠 = 𝑉𝑉𝑑𝑑 − 𝑉𝑉𝑝𝑝 ≥ 0 ( 9 ) 

  σ𝑠𝑠𝑠𝑠 =  
𝑉𝑉𝑑𝑑 − 𝑉𝑉𝑝𝑝

𝑧𝑧 · ∑𝐴𝐴𝑠𝑠𝑠𝑠𝑠𝑠
    ≤ 𝑓𝑓𝑦𝑦𝑦𝑦  ∀    𝑉𝑉𝑠𝑠θ=45° ≥ �𝑉𝑉𝑑𝑑 − 𝑉𝑉𝑝𝑝�      ( 10 ) 

  ε𝑠𝑠𝑠𝑠 =  
σ𝑠𝑠𝑠𝑠
𝐸𝐸𝑠𝑠𝑠𝑠

     ∀    𝑉𝑉𝑠𝑠θ=45° ≥ �𝑉𝑉𝑑𝑑 − 𝑉𝑉𝑝𝑝�   ( 11 ), 

where 𝐸𝐸𝑠𝑠𝑠𝑠 is the modulus of elasticity of the steel that the stirrups are made of; ∑𝐴𝐴𝑠𝑠𝑠𝑠
𝑠𝑠

 is the area of the transversal 
reinforcement per unit length; and 𝑧𝑧 is the lever arm, which can be determined from a moment-curvature analysis 
to be 𝑧𝑧 = 𝑀𝑀

𝐴𝐴𝑠𝑠𝜎𝜎𝑠𝑠
 or by using a simplified formulation such as that provided in[24].  

However, when the shear strength provided by the stirrups � Vsθ=45°� is insufficient to resist the shear force 
demand �𝑉𝑉𝑑𝑑 − 𝑉𝑉𝑝𝑝�, the transverse reinforcement with a compression strut angle of 45º yields.  Consequently, the 
compression strut rotates until it reaches an equilibrium position, if physically feasible (see Figure 6a).  Thus, the 
stirrups further contribute to the resistance mechanism to satisfy the shear demand (see Figure 6b).  This 
mechanism is successively repeated as the shear force increases and the transverse reinforcement yields, thereby 
contributing to the shear strength.  
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(a)  Experimental observation [20] (b) Conceptual model of a strut rotation mechanism 

Figure 6  Strut rotation mechanism 

The plastic strain is computed using an energy balance, where equation (12) is derived using the approach 
illustrated in Figure 6.  A variable shear crack angle is implicitly considered, and this equation corresponds to a 
lower bound on the solution based on the plasticity theory.  

ε𝑠𝑠𝑠𝑠 =
1
2
𝑓𝑓𝑦𝑦𝑦𝑦
𝐸𝐸𝑠𝑠𝑠𝑠

�
�𝑉𝑉𝑑𝑑 − 𝑉𝑉𝑝𝑝�

2

�𝑉𝑉𝑠𝑠θ=45°�
2 + 1�     ∀ �  𝑉𝑉𝑑𝑑 − 𝑉𝑉𝑝𝑝� > 𝑉𝑉𝑠𝑠θ=45° ( 12 ) 

 
Figure 7 Energy balance approach to estimate the strain in the yielding stirrups 

The model developed in [7] is adopted to incorporate the shear strength from the arch effect �𝑉𝑉𝑝𝑝� (see Figure 8). 
Consequently, the shear contribution from the arch effect can be calculated using equation (13):  

𝑉𝑉𝑝𝑝 = 𝑃𝑃 tan θ𝑝𝑝 ( 13 ), 

where 𝑃𝑃 is the axial load, and θ𝑝𝑝 is the angle of the compression strut with respect to the column longitudinal 
axis.   

 
(a) Lateral load in a simple curvature scheme (b) Lateral load in a double curvature scheme 

Figure 8 Axial load contribution to the shear strength (adapted from [7]) 
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3 Effect of shear force on the longitudinal reinforcement and on the moment-curvature relationship 
The aforementioned mechanism in which the rotating struts resist the shear force is equilibrated with the 
longitudinal reinforcement, thereby increasing the tensile force on the longitudinal reinforcement, as was 
previously developed by Park and Paulay [10] and has been widely accepted for the structural design codes [25].  
Considering the free body diagram shown in Figure 9, the increment in the tensile force (∆𝑇𝑇) at the longitudinal 
reinforcement from shear is given by equation (14).  The derivation of this force for a general case can be found 
in:  

∆𝑇𝑇 ∙ 𝑧𝑧 = 𝑉𝑉𝑠𝑠 ·
𝑥𝑥
2

 ( 14 ), 

where 𝑥𝑥 is the distance required to develop ∆𝑇𝑇, which is given by equation (15) for stirrups orthogonal to the 
longitudinal axis of the element:  

𝑥𝑥 = 𝑧𝑧 cot θ ≅
𝑉𝑉𝑠𝑠

∑𝐴𝐴𝑠𝑠𝑠𝑠𝑠𝑠 𝑓𝑓𝑦𝑦𝑦𝑦
 ( 15 ). 

For members reinforced with circular stirrups or spirals, the ∑𝐴𝐴𝑠𝑠
𝑠𝑠
𝑓𝑓𝑦𝑦𝑦𝑦 term should be multiplied by a factor of 0.85 

to account for the loss of efficiency of the shear reinforcement from the transverse inclination of the stirrups [26].   

 
Figure 9 Free body diagram to determine the increment in the force in the longitudinal reinforcement 

from the shear force 

The product ∆𝑇𝑇 ∙ 𝑧𝑧 can be interpreted as an increment in the internal bending moment at the section that is 
produced by the shear force (∆𝑀𝑀𝑣𝑣).  This product can be expressed as a function of the shear in the transverse 
reinforcement by substituting equations (9) and (15) into equation (14) to produce equation (16): 

∆𝑀𝑀𝑣𝑣 = ∆𝑇𝑇 ∙ 𝑧𝑧 =
1
2
�𝑉𝑉𝑑𝑑 − 𝑉𝑉𝑝𝑝�

2

∑𝐴𝐴𝑠𝑠𝑠𝑠𝑠𝑠 𝑓𝑓𝑦𝑦𝑦𝑦
        ∀ 𝑉𝑉𝑑𝑑 >  𝑉𝑉𝑝𝑝 ( 16 ). 

Equation (16) shows that the increment in the bending moment from the shear force in the cross section increases 
quadratically with the contribution of the transverse reinforcement to the shear strength (the demand) and is 
inversely proportional to the mechanical capacity of the transverse reinforcement provided (the strength).   
Therefore, the effective flexural strength �𝑀𝑀𝑓𝑓𝑓𝑓� can be obtained as the ultimate bending moment capacity �𝑀𝑀𝑓𝑓� 
minus the increment in the bending moment from the shear force, as given in equation (17): 

𝑀𝑀𝑓𝑓𝑓𝑓 = 𝑀𝑀𝑓𝑓 − ∆𝑀𝑀𝑣𝑣 ( 17 ). 

Consequently, the moment-curvature relationship of a cross section can be modified by accounting for the 
concurrent shear force at each moment, as shown in Figure 10a.  In principle, the major changes in the diagram 
can be observed when the contemporary shear force exceeds the shear resistance because of the arch 
effect �𝑽𝑽𝒅𝒅 > 𝑽𝑽𝒑𝒑�.  However, for practical purposes, the modified moment-curvature relationship can be 
approximated by rotating the entire diagram using equation (18).  This simplification produces small errors for 
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values of the shear force  𝑽𝑽𝒅𝒅 below 𝑽𝑽𝒑𝒑, see Figure 10b.  The decrease in the curvature of the ductility from shear 
effects on concrete ductility is also shown.   

 
(a) Theoretical curve obtained by changing the response at 

each moment 
(b) Simplified method, showing rotation of flexure 

response as a function of ∆𝑀𝑀𝑣𝑣,𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝 

Figure 10 Moment-curvature relationship considering the effect of the shear force 

𝑀𝑀𝑓𝑓𝑣𝑣 = 𝑀𝑀𝑓𝑓 − ∆𝑀𝑀𝑣𝑣,𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝
𝑀𝑀𝑓𝑓

𝑀𝑀𝑓𝑓,𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝
 ( 18 ) 

3.1 Effect of shear force on plastic hinge length  
In concentrated plasticity models, design recommendations, such as in references [27, 28], suggest that plastic 
hinge formulations with the following format be used [16]: 

𝐿𝐿𝑝𝑝 = �1 −
𝑀𝑀𝑦𝑦

𝑀𝑀𝑢𝑢
� 𝐿𝐿 + α𝑏𝑏𝑓𝑓𝑦𝑦𝑑𝑑𝑏𝑏 ( 19 ), 

where 𝑀𝑀𝑦𝑦 is the yielding moment; 𝑀𝑀𝑢𝑢 is the ultimate moment; 𝐿𝐿 is the shear span, given by 𝐿𝐿 = 𝑀𝑀
𝑉𝑉

; α𝑏𝑏 is the 
coefficient of the strain penetration, with units of [𝐿𝐿2 𝐹𝐹⁄ ]; 𝑑𝑑𝑏𝑏 is the diameter of the longitudinal bar; and 𝑓𝑓𝑦𝑦 is the 
yield strength of the longitudinal reinforcement.  Paulay and Priestley [16] used correlations based on 
experimental measurements to propose values of 0.08 and 0.022  [𝑚𝑚𝑚𝑚2 𝑁𝑁⁄ ] for �1 − 𝑀𝑀𝑦𝑦

𝑀𝑀𝑢𝑢
� and α𝑏𝑏, respectively 

[29].  Priestley and Park [29] explained that the plastic hinge length is increased by the shift in the tension (or the 
spread of plasticity).  Therefore, for calibration purposes, a function of the section depth was added to quantify 
this increase and a shear strength with a fixed 45° shear crack was assumed, which was consistent with 
experimental observations of the tested columns used in calibration.  Notice that most of these tested columns 
had suitable shear strength capacities for a shear crack that was approximately equal to 45°; hence, it was observed 
an elastic behavior of the transverse reinforcement in the plastic hinge by shear forces.  Therefore, Priestley and 
Park did not find a section depth correlation [29]. Given the analysis presented above and Figure 11, the following 
expression can be derived using equations (16), (17) and (19): 

𝐿𝐿𝑝𝑝 = �1 −
𝑀𝑀𝑦𝑦

𝑀𝑀𝑢𝑢
� 𝐿𝐿 + α𝑏𝑏𝑓𝑓𝑦𝑦𝑑𝑑𝑏𝑏 +

1
2
�𝑉𝑉𝑑𝑑 − 𝑉𝑉𝑝𝑝�

2

𝑉𝑉𝑑𝑑 · ∑𝐴𝐴𝑠𝑠𝑠𝑠𝑠𝑠 𝑓𝑓𝑦𝑦𝑦𝑦
   ∀ 𝑉𝑉𝑑𝑑 >  𝑉𝑉𝑝𝑝 ( 20 ). 

 
Equation (20) shows that the shear force results in the lengthening of the plastic hinge when there is a demand 
for the contribution of the transverse reinforcement.  Therefore, this term serves to quantify the increment in the 
plastic length from shear effects for shear crack angles below 45°. 
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Figure 11 Effect of shear force on plastic hinge length 

4 Numerical implementation of analytical approach into lumped plasticity models 
In the previous sections, equations were presented to calculate the effect of the unidirectional and bidirectional 
shear forces on the concrete stress-strain diagram, the moment-curvature diagrams and the plastic hinge length.  
All of these equations depend on 𝑉𝑉𝑑𝑑, which is related to the resisting bending moment in the column �𝑀𝑀𝑓𝑓𝑓𝑓� 
through the shear span (M/L).  The forces, 𝑉𝑉𝑑𝑑 and 𝑀𝑀𝑓𝑓𝑓𝑓, are interdependent; therefore, the problem has to be solved 
iteratively.  However, only two or three iterations are required in most cases. Figure 12 shows a flow diagram of 
the numerical implementation of the formulation developed.   
The displacement at the load application point is the sum of the flexural displacement �∆𝑓𝑓�, the displacement 
from the shear (∆𝑠𝑠) and the displacement from the strain penetration of the longitudinal rebar (∆θ), as given by 
equation (21): 

∆𝑇𝑇 = ∆𝑓𝑓 + ∆𝑠𝑠+∆θ ( 21 ). 

Using the model developed by Priestley and Park [60], the displacements from the flexure and strain penetration 
�∆𝑓𝑓 + ∆θ� can be calculated from the sum of the elastic �∆𝑦𝑦� and the plastic �∆𝑝𝑝� displacement components: 

∆𝑓𝑓 + ∆θ = ∆𝑦𝑦 + ∆𝑝𝑝 ( 22 )
. 

The elastic and plastic components can be calculated from the corresponding portion of the curvature: 

∆𝑦𝑦 = φ𝑦𝑦
𝐿𝐿𝑒𝑒2

3
 ( 23 ) 

∆𝑝𝑝 = φ𝑝𝑝𝐿𝐿𝑝𝑝 �𝐿𝐿𝑒𝑒 −
𝐿𝐿𝑝𝑝
2 �

 ( 24 )
, 

where φ𝑦𝑦 is the yielding curvature; φ𝑝𝑝 is the plastic portion of the curvature; 𝐿𝐿𝑝𝑝 is the equivalent plastic hinge 

length from equation (20); and 𝐿𝐿𝑒𝑒 is the column length (𝐿𝐿) plus the length corresponding to the strain penetration 
from equation (26).  The shear displacement (∆𝑠𝑠) does not appear because it is incorporated into the model for 
the plastic hinge length. 

φ𝑝𝑝 = φ− φ𝑦𝑦    ∀ φ > φ𝑦𝑦 ( 25 ) 

𝐿𝐿𝑒𝑒 = 𝐿𝐿 + α𝑏𝑏𝑓𝑓𝑦𝑦𝑑𝑑𝑏𝑏     ( 26 ) 
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Figure 12 Flow diagram to determine the effects of shear on the capacity curve 

5 Verification of the analytical model developed  

5.1 Description of experimental program 
The results of the recommendations developed were verified using the results of experiments performed by 
Osorio on reinforced concrete columns with circular cross sections under unidirectional and bidirectional lateral 
loads [9].  All of the columns had a 350-mm diameter, and the lateral loads were applied at a distance of 1.5 m 
from the fixed column base in a cantilever configuration.  The typical test configuration is shown in Figure 13.   
The longitudinal reinforcement consisted of 12 bars, each of which had a φ16 𝑚𝑚𝑚𝑚 diameter.  The transverse 
reinforcement had a clear cover of 19 mm and consisted of 6-mm diameter hoops with two different spacings; 
two columns had a spacing of 𝑠𝑠 = 300 𝑚𝑚𝑚𝑚, whereas the other four columns had a spacing of 𝑠𝑠 = 200 𝑚𝑚𝑚𝑚, as 
shown in Figure 14.  The transverse reinforcement was designed to sustain flexure-shear failure.  Note that the 
transversal reinforcement considered is representative of the design of many existing columns in Europe that 
comply with old code provisions in low to moderate seismic areas.   
The compressive strength of the cylindrical concrete specimens was 𝑓𝑓𝑐𝑐 = 57.3 𝑀𝑀𝑀𝑀𝑀𝑀, and the concrete modulus 
of elasticity was 𝐸𝐸𝑐𝑐 = 36992 𝑀𝑀𝑀𝑀𝑀𝑀.  The steel yield strengths of the longitudinal and transverse reinforcements 

Moment-Curvature relationship 
𝑀𝑀𝑓𝑓 − φ and Vy/Vx demand 

Calculate shear in the section 

𝑉𝑉𝑑𝑑 =
𝑀𝑀𝑓𝑓

𝐿𝐿  

Calculate concrete stress-strain 
diagram using equations (1) and (2)  

No 

Yes 

𝑉𝑉𝑑𝑑𝑘𝑘 ≅ 𝑉𝑉𝑑𝑑𝑘𝑘−1? 

Calculate 𝑀𝑀𝑓𝑓 − φ  relationship 

Calculate 𝑉𝑉𝑑𝑑𝑘𝑘−1 = 𝑀𝑀𝑓𝑓

𝐿𝐿
 

Calculate 𝑀𝑀𝑓𝑓𝑓𝑓 − φ  relation from 
equation (18) 

Calculate ∆𝑀𝑀𝑣𝑣 from equation (16) 

Calculate 𝑉𝑉𝑑𝑑𝑖𝑖 = 𝑀𝑀𝑓𝑓𝑓𝑓

𝐿𝐿
 

𝑉𝑉𝑑𝑑𝑘𝑘−1 = 𝑉𝑉𝑑𝑑𝑘𝑘 

Calculate 𝐿𝐿𝑝𝑝 from equation (20) 

Calculate 𝐹𝐹 − ∆ curve 

Bidirectional 
Load? 

ε𝑐𝑐𝑐𝑐,𝑒𝑒
𝑖𝑖  according to 

equation (6). 

No 

Yes 
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were 𝑓𝑓𝑦𝑦(0.2%) = 546  and 507 𝑀𝑀𝑀𝑀𝑀𝑀, respectively.  The steel modulus of elasticity was 𝐸𝐸𝑠𝑠 = 194 𝐺𝐺𝐺𝐺𝐺𝐺  for the 
longitudinal reinforcement and 199 𝐺𝐺𝐺𝐺𝐺𝐺 for the stirrups.  All of the mechanical properties of the materials were 
obtained from standard tests. 
 

   
Figure 13 Test configuration 

 
Figure 14 Details of geometry and 

reinforcement of experimental models 

The column tests were performed under a quasi-static load by introducing incremental load cycles under a 
constant axial load (see Figure 15a).  For the bidirectional tests, a trajectory with a quadrifolium pattern was 
chosen with equal amplitudes in both directions (see Figure 15b).  This loading path can be considered to be an 
orthogonal path, as shown in reference [6].  The parameters for each test, that is, the axial load, the stirrups 
spacing and the loading type (uni- or bidirectional), are given in Table 1.  The tests were terminated when the 
lateral load was decreased by 20% with respect to the maximum resisted load.   

  
(a) Loading histories  (b) Bidirectional loading pattern 

Figure 15 Loading histories and bidirectional loading pattern  

The results from both the unidirectional and bidirectional experiments and the tests on the columns with an axial 
loading of 1100 kN are presented below; the complete test results are presented in reference [9]. 

Table 1 Experimental model parameters [20] 
Column 

No. 
Axial load 

[kN] 
s 

[mm] 
Type of lateral 

load 

U1-945-300-N 945 300 Unidirectional 
B2-945-300-N 945 300 Bidirectional 

U3-1100-200-N 1100 200 Unidirectional 
U4-550-200-N 550 200 Unidirectional 
B5-1100-200-N 1100 200 Bidirectional 
B6-550-200-N 550 200 Bidirectional 
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5.1.1 Column U3-1100-200 

Column U3 exhibited cracks normal to the longitudinal axis with an approximate spacing of 80 𝑚𝑚𝑚𝑚, even for 
cycles with an amplitude of 0.75∆Y.  For the next highest amplitude (1.0∆Y), flexural cracks propagated in a 
diagonal direction at an angle of approximately 45° to the longitudinal axis.  For 1.4∆Y, the spalling of the concrete 
cover at the column base was observed, and new diagonal cracks appeared at angles between 35° and 40°.  In 
addition, vertical cracks appeared in subsequent cycles.  For the cycle with an amplitude of 1.75∆Y, new diagonal 
cracks were observed at an angle of 30° to the longitudinal axis, which extended into the tension zone.  The test 
was terminated after the completion of a third cycle with an amplitude of 2.2∆Y, when the lateral load decreased 
by 20% with respect to the maximum resisted load because of the spalling of concrete cover followed by the 
buckling of a longitudinal reinforcement bar at a distance between 200 and 450 mm from the column base (see 
Figure 16).  The shear force-displacement curve of this column is plotted in Figure 17. 

5.1.2 Column B5-1100-200 

In column B5, flexural cracks were observed even for cycles with amplitudes of 0.75∆Y.  For an amplitude of 
1.0∆Y, crushing of concrete occurred near the base, cracks appeared parallel to the column axis and the spalling 
of thin concrete layers was observed.  During cycles with an amplitude of 1.40∆Y, flexural cracks propagated 
diagonally and connected rapidly with the vertical cracks, forming a mean angle of approximately 20°.  The test 
was terminated upon completion of the cycles with an amplitude of 1.75∆Y when the lateral load decreased by 
more than 20% of the maximum resisted load, following concrete spalling and buckling of the longitudinal bars 
between 100 mm and 400 mm away from the column base (see Figure 18).  The shear force-displacement and 
curves for the X-shear force vs. the Y-shear force for this column are shown in Figure 19 and Figure 20, 
respectively.  
An envelope curve was obtained for each shear force-displacement curve, as shown in Figure 21.  Figure 22 
shows the experimentally obtained envelopes for both the unidirectional and bidirectional tests for the three axial 
loads studied. 

   
Figure 16 Damage observed during the final 

load cycle for column U3-1100-200 
Figure 17 Shear force-displacement for 

column U3-1100-200 
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Figure 18 Damage observed during the final load cycle for column B5-1100-200 

  
(a) X-direction  (b) Y-direction  

Figure 19 Shear force-displacement curve for column B5-1100-200 

    
Figure 20 X-shear force vs. Y-shear force for 

column B5-1100-200 

 

Figure 21 Criteria for defining envelope 
curves 
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(a) Tests with axial force N=945 kN a) Tests with axial force N=1100 kN 

 
(c) Tests with axial force N=550 kN 

Figure 22 Results from unidirectional and bidirectional tests  

5.2  Key aspects considered in the numerical analyses 
For each column type, analyses were performed with and without shear effects.  For the analyses without shear 
effects, the cross section considered was located at the column base, i.e., a hoop spacing of s/2 was used in 
accordance with the experimental model.  In the analyses with shear effects, the cross section was situated at a 
distance of D/2 from the column base for a hoop spacing of s.  In all of the cases considered, the lateral load 
capacity was calculated for a shear span (M/V) corresponding to the cross section (see Figure 23).   

 
Figure 23 Models used in analyses 

The parameters used by Mander et al. [11] were used to determine the stress-strain relationship of the confined 
concrete.  The ultimate compressive concrete strain was the lower of the values used  by Mander et al. [11] and 
the strain in the softening branch at the stress at 50% of the peak strength.  An elastic-plastic model with a yielding 
strength of 1.1𝑓𝑓𝑦𝑦(0.2%) and a hardening modulus of 0.005𝐸𝐸𝑠𝑠 was used for the reinforcing steel.  The effects of the 
shear forces were evaluated using the flow diagram shown in Figure 12, and the load-displacement curve was 
obtained following the procedure described in the previous section.  The analyses were used to find the first 
failure of the confined concrete fibers. 
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5.3 Analytical concrete stress-strain, plastic length and force-displacement curves with shear effects 
Figure 24 shows the analytical concrete stress-strain curves with shear effects.  For the three axial loads 𝑃𝑃 = 550, 
1100 and 945 𝑘𝑘𝑘𝑘, the maximum shear force developed in the column produced yielding in the transverse 
reinforcement of the plastic hinge.  Thus, the confinement stress acting on the concrete in the direction of the 
lateral force was estimated to be null.  Therefore, the compression strength and the ultimate strain of the confined 
concrete was calculated for a biaxial stress state �𝑓𝑓𝑐𝑐𝑐𝑐�0.0,σ𝑒𝑒,𝑦𝑦�; ε𝑐𝑐𝑐𝑐�0.0,σ𝑒𝑒,𝑦𝑦� �.  For bidirectional loading, Figure 
24 shows the effects of the lateral strains produced by shear forces in the orthogonal direction.   
Figure 25 shows the moment-curvature diagrams for the columns investigated at three axial load levels.  For the 
curves with shear effects, the resisting moment from the tension shift (∆𝑀𝑀𝑣𝑣) decreased.  The concrete deformation 
capacity of the bidirectionally loaded columns also decreased (with bi-shear).   
The analytical calculations of the plastic hinge lengths of the columns studies are given in Table 2. In the first 
column of Table 2, the numbers in the parentheses represent the contribution of shear effects using the equation 
originally derived by Priestley and Park [29], i.e., (1-My/Mu = 0.08 L) =120 mm and αbfybdb = 211 mm.  The 
numbers in the parentheses in the second column represent the contribution from the shear shift as estimated by 
the developed model (δLps).  Considering shear effects for the tested columns caused the analytical plastic hinge 
lengths to increase by approximately 50% to 70% over the plastic hinge length calculated without shear effects.  
The shear force-displacement curves were obtained using the previously obtained moment-curvature diagrams 
and analytical plastic lengths. The collapse condition of the analytical results was attained when the confined 
concrete fiber reached the ultimate strain according to the stress-strain curve with shear effect diagram of Figure 
24. The resulting capacity curves are shown in Figure 26.  The resisting shear capacity decreased compared to 
that calculated without shear effects.  The section at which failure theoretically occurred was at a distance of D/2 
from the column base, which was in agreement with the experimental observations.  The displacement capacity 
of the columns under bidirectional shear forces with respect to the unidirectional shear force also decreased for 
the three cases investigated: this decrease in the ductility was more significant than the decrease in the shear 
resisting capacity. 
 

    
(a) Axial force P=550 kN (b) Axial force P=1100 kN 

 
(c) Axial force P=945 kN 

Figure 24 Concrete stress-strain curves with shear effects 



16 

 
(a) Axial force P=550 kN (b) Axial force P=1100 kN 

 
(c) Axial force P=945 kN 

Figure 25 Analytical moment-curvature diagrams considering the effects of unidirectional and 
bidirectional shear forces  

 
Table 2 Analytical plastic length with and without considering shear effects  

Column 

Analytical Plastic length 
Priestley & Park 

equation [29] 
[mm] 

Developed equation 
(20) 

[mm] 
Ratio 

U4-550-200-N 331 (120+211) 567 (δLps =236) 1.71 
B6-550-200-N 331 555 (224) 1.68 
U3-1100-200-N 331 486 (155) 1.47 
B5-1100-200-N 331 500 (169) 1.51 
U1-945-300-N 331 554 (223) 1.67 
B2-945-300-N 331 558 (272) 1.69 

 
Figure 27 to Figure 29 compare the analytical and experimental shear-displacement curves for different axial 
loads.  The experimental curve is the envelope of the cyclic test response.  The analytical curves with shear effects 
reproduced the experimentally observed behavior for both unidirectional and bidirectional shear forces.  Accurate 
peak loads and ultimate displacements were also obtained (see Table 3). 
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(a) Axial force P=550 kN (b) Axial force P=1100 kN 

 
(c) Axial force P=945 kN 

Figure 26 Analytical shear force-displacement curves, including the effects of unidirectional and 
bidirectional shear forces 

 
(a) Unidirectional loading (b) Bidirectional loading 

Figure 27 Analytical and experimental shear force-displacement for columns with an axial load P= 550 
kN 
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(a) Unidirectional loading (b) Bidirectional loading 

Figure 28 Analytical and experimental shear force-displacement for columns with an axial load P= 1100 
kN 

  
(a) Unidirectional loading (b) Bidirectional loading 

Figure 29 Analytical and experimental shear force-displacement for columns with an axial load N= 945 
kN 

Table 3 Comparison of characteristic values of shear force-displacement curves  

Column 
Experimental 

/Analytical (with shear) 
𝑽𝑽𝒑𝒑𝒑𝒑𝒑𝒑𝒑𝒑 

[kN] 
A/E ∆𝒖𝒖a, b 

[mm] 
A/E 

U4-550-200-N 
Experimental 153.3  54.8  

Analytical 145.3 (0.95) 49.4 (0.90) 

B6-550-200-N Experimental 140.1  33.7  

 Analytical 141.6 (1.01) 32.1 (0.95) 

U3-1100-200-N Experimental 172.8  33.8  

 Analytical 173.5 (1.01) 36.8 (1.09) 

B5-1100-200-N Experimental 158.3  26.2  

 Analytical 164.8 (1.05) 23.9 (0.91) 

U1-945-300-N Experimental 159.2  35.5  

 Analytical 159.7 (1.01) 39.9 (1.12) 

B2-945-300-N Experimental 149.3  25.6  

 Analytical 153.8 (1.03) 26.5 (1.03) 
a  Experimental ∆𝒖𝒖 is defined according to Figure 21 
b  Analytical ∆𝒖𝒖 corresponds to first failure of confined concrete fibers 

6 Conclusions 
The mechanical behavior of reinforced concrete columns under lateral loads is very complex and becomes even 
more complex with multidirectional lateral forces.  The expressions developed herein are a means of quantifying 
the effect of unidirectional or bidirectional shear forces on the seismic behavior of these members in a simplified 
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manner and at the macro-structural level.  This information enables the designer to make decisions about the level 
of performance in analyses for the design and/or assessment of the seismic behavior of columns that are likely to 
be subjected to bidirectional loads. 
However, in the ultimate limit state, phenomena that have not been considered in this study may interact with 
those considered here.  Among these effects, shape effects, reinforcement details (such as lap splices, bonds and 
anchorage mechanisms), rebar buckling, strain rate effects and interactions with torsion, can be highlighted.  
Further research is needed to identify the possible interactions among these different effects. 
The most relevant conclusions that can be drawn from the present study are given below. 

1) Shear forces consume part of the strength capacity of stirrups that is required for concrete core 
confinement.  Hence, the ductility and strength of the core concrete is reduced.  A practical formulation 
was developed in this paper to account for this reduction. 

2) In the developed model, the total lateral strain is considered to accumulate shear-related strains and 
confinement strains additively.  This hypothesis has been shown to be plausible and to produce good 
results.  

3) Under bidirectional lateral loads, a strain demand on the stirrups is produced by shear forces that acts 
concurrently with the bending and axial forces.  This shear-produced strain in a transverse reinforcement 
decreases the deformation capacity required to confine the concrete core when the lateral load acts in an 
orthogonal direction.  Consequently, the ultimate strain in the confined concrete is diminished.  Methods 
for estimating this strain have been presented in this paper.   

4) The decrement in the deformation capacity of both the confined concrete and the concrete cover from 
previously applied lateral strains can be obtained using the dilatancy modulus.   

5) The effect of the tension shift is a function of the shear demand, the axial load and the mechanical capacity 
of the transverse reinforcement provided: however, a fixed relationship was not found in this study.  A 
practical formulation based on the mechanism of compression strut was developed to account for tension 
shift effects on the moment-curvature relationship and the plastic hinge length.   

6) The recommendations and formulations developed in this study were used in conjunction with a 
concentrated plasticity model to obtain the capacity curve of the column under both unidirectional and 
bidirectional lateral loads.  The analytical results were compared to the experimental measurements of 
force and displacement with very good agreement. 
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Notation 
𝐴𝐴𝑠𝑠𝑠𝑠 is the area of the stirrups or the spiral 
𝐷𝐷𝑐𝑐 is the center-to-center diameter of the stirrups 
𝐸𝐸𝑐𝑐 is the concrete modulus of elasticity 
𝐸𝐸𝑠𝑠 is the elastic modulus of the longitudinal reinforcing steel 
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𝐸𝐸𝑠𝑠𝑠𝑠 is the elastic modulus of the transverse reinforcement 
fc is the unconfined concrete compression strength 
𝑓𝑓𝑐𝑐𝑐𝑐 is the peak strength of the confined concrete 
𝑓𝑓𝑦𝑦 is the yielding strength of the longitudinal reinforcing steel 
𝑓𝑓𝑦𝑦𝑦𝑦 is the yielding strength of the stirrups 
𝐿𝐿 is the shear span 
𝐿𝐿𝑒𝑒 is the column length plus the length corresponding to the strain penetration 
𝐿𝐿𝑝𝑝 is the equivalent plastic hinge length  
𝑀𝑀𝑓𝑓 is the ultimate bending moment capacity 
𝑀𝑀𝑓𝑓𝑓𝑓 is the effective flexural strength 
𝑀𝑀𝑦𝑦 is the yielding moment 
𝑀𝑀𝑢𝑢 is the ultimate moment 
𝑃𝑃 is the axial load 
𝑠𝑠 is the stirrups spacing 
Vd is the shear force demand 
Vs is the transverse reinforcement contribution to shear strength 
𝑉𝑉𝑠𝑠θ=45° is the shear force strength provided by the stirrups for a crack inclination angle of 45º 
Vp is the arch effect contribution to shear force strength 
V𝑢𝑢 is ultimate shear force strength 
𝑥𝑥 is the distance required to develop 
𝑧𝑧 is the lever arm 
α is a factor that represents the confinement efficiency  
α𝑏𝑏 is the coefficient of the strain penetration 
∆𝑓𝑓 is the flexural displacement  
∆𝑝𝑝 is the plastic displacement  
∆𝑠𝑠 is the displacement from the shear  
∆𝑦𝑦 is the elastic displacement 
∆θ is the displacement from strain penetration of the longitudinal rebar 
∆𝑀𝑀𝑣𝑣 is the increment in the internal bending moment at the section that is produced by the shear force 
∆𝑇𝑇 is the increment in the tensile force at the longitudinal reinforcement from shear 
ε𝑐𝑐𝑐𝑐 is the ultimate strain in the unconfined concrete 

ε𝑐𝑐𝑐𝑐,𝑒𝑒
𝑖𝑖  is the effective deformation capacity of the concrete 

ε𝑠𝑠𝑠𝑠
𝑗𝑗  is the strains induced by the shear forces in j=y or x direction 
ε𝑠𝑠𝑠𝑠𝑖𝑖  is the strains produced by the dilatancy of concrete in compression in i=x or y  direction 
ε𝑠𝑠𝑠𝑠𝑖𝑖  is the total strain at the stirrup in i=x or y direction 
ε𝑠𝑠𝑠𝑠𝑖𝑖  is the ultimate strain in the transverse steel reinforcement in i=x or y  direction 
θ𝑝𝑝 is the angle of the compression strut with respect to the column longitudinal axis  
ρ𝑠𝑠 is the volumetric ratio of the transverse reinforcement 

φ𝑦𝑦 is the yielding curvature 

φ𝑝𝑝 is the plastic portion of the curvature 

σ𝑒𝑒,𝑥𝑥 is the confinement stress in the X direction 
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σ𝑒𝑒,𝑦𝑦 is the confinement stress in the Y direction 
σ𝑠𝑠𝑠𝑠 is the stress in the transverse reinforcement from the shear force 

∑𝐴𝐴𝑠𝑠𝑠𝑠
𝑠𝑠

 is the area of the transversal reinforcement per unit length 

ψ𝑢𝑢 is the ultimate dilation ratio 
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