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Abstract- AC traction systems are 1x25 or 2x25 kV/50 Hz 

single-phase, non-linear, time-varying loads that can cause power 

quality problems such as unbalanced or distorted voltages. To 

reduce unbalance, external balancing equipment is usually 

connected to these systems, forming the Steinmetz circuit. 

Parallel resonances can occur in this type of circuits, exciting the 

harmonic emissions (below 2 kHz) of railway adjustable speed 

drives. This paper studies these resonances at pantograph 

terminals and provides analytical expressions to determine their 

harmonic frequencies. The expressions are validated from several 

traction systems in the literature and PSCAD simulations.  

 
Index Terms— Harmonic analysis, resonance, traction 

systems, Steinmetz circuit. 

I.  INTRODUCTION 

 

t present, there are different traction system power 

supplies and the most common are the 1x25 kV and 

2x25 kV 50 Hz railway power systems [1] − [3].  

Although 2x25 kV traction systems are spreading in high-

speed railways because of their ability to meet high power 

requirements at higher voltages [3], [4], 1x25 kV traction 

systems are still operating in traditional and high-speed 

railways, [5] − [8]. These systems are single-phase, non-linear, 

time-varying loads closely connected to the utility power 

supply system, so they can damage power quality [9] − [14]. 

Special consideration must be given to unbalanced or distorted 

line consumed currents because of single-phase high power 

consumption of trains [13], [14] and harmonic emissions of 

their adjustable speed drives  [4], [9] − [12].  

Several methods have been developed to reduce unbalance 

in traction systems, such as the use of active external 

balancing equipment [13] − [15]. This method consists of 

connecting thyristor controlled reactances in delta 

configuration to the traction system. This set is commonly 

known as Steinmetz circuit, whose design aims to obtain 

reactance values to symmetrize traction system consumed 

currents [14, 15]. The recent development of power 

electronics allows the rapid variation of Steinmetz circuit 

reactances in order to compensate for the usual single-phase 

load fluctuations [15].  
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Pulse width-modulated (PWM) drives are most widely used 

in modern locomotives to obtain unity power factor and 

reduced harmonic current content. Nevertheless, the harmonic 

problem remains important because of the 1 to 2 kHz 

frequency range of their injected currents, which is close to the 

converter switching frequency [5], [9], [11], [12]. This 

worsens in trains equipped with phase-controlled thyristor 

converters because they consume currents with low 

displacement power factor and rich frequency content below 

450 Hz [7], [12]. The harmonic problem is even greater in the 

presence of resonance in the overhead feeders of the traction 

circuit as it can increase harmonic voltage distortion. Many 

works have studied experimentally and numerically the 

resonance problem at traction system pantograph terminals 

[6], [7], [11], [16] − [19]. However, few consider external 

balancing equipment and represent the traction system by its 

equivalent impedance at the fundamental frequency obtained 

from its power demand [15].  

The present paper uses the framework in [15], [20] to 

investigate 1x25 kV railway power system resonances 

observed from the traction load at pantograph terminals 

considering external balancing equipment. Analytical 

expressions for characterizing resonance frequencies are 

provided and the influence of traction system parameters and 

train position on these resonances is analyzed. The proposed 

expressions are validated from PSCAD simulations of three 

traction systems in the literature where resonance frequencies 

are numerically and experimentally located.   
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Fig. 1. Substation connection scheme of the 1x25kV AC traction system.  
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II.  1X25 KV SUPPLY OF AC TRACTION SYSTEMS 

Many electrified traction systems operate at 1x25kV 50 Hz. 

In these systems, traction loads are supplied by single-phase 

overhead contact feeders distributed in different sections along 

the line. The usual length (D) of these sections is 30 or 40 km 

[8], [16], [17], [19] and they are connected to the main power 

network through the railroad substation transformer, Fig. 1. 

Active external balancing equipment could also be used to 

reduce current unbalance considering the usual fluctuations of 

traction loads. This equipment is based on static Var 

compensators (SVCs) and consists of thyristor controlled 

reactors (usually an inductor and a capacitor) delta-connected 

to the traction system. This set is known as Steinmetz circuit. 

In steady-state studies, railway traction systems are modeled 

with their equivalent circuit (Fig. 2), which is formed by,  

- The power system: It is characterized from its open-circuit 

voltage UO and short-circuit power SS at the point of 

coupling. Since this short-circuit power is usually high, the 

short-circuit impedance is nearly zero, and so it could be 

neglected [2]. 

- The railroad substation UN1/UN2 transformer: It is modeled 

from its rated power SN and per-unit short-circuit impedance 

εcc.  

- The contact feeder section of length D: Multiconductor 

transmission line theory and physical conductor models 

based on Carson’s theory should be considered to accurately 

characterize the contact feeder section from the geometry 

and material properties of its wired connection structure [3], 

[4]. Nevertheless, it is too complicated to perform an 

analysis of railway electric system behavior based on 

formulas and equations with the above procedure. For this 

reason, the contact feeder section is represented with its “π” 

equivalent circuit dependent on traction load position with 

two cells at the left and right sides of the traction load. Each 

cell considers the per-unit-length longitudinal impedance of 

the line (i.e., RL and XL) and the per-unit-length parallel 

impedance between the line and the ground (i.e., XC), whose 

values are usually obtained in the literature from 

multiconductor transmission line model simulations, 

experimental measurements in railway systems or 

Standards. These cells can be modeled in three ways 

[22]: (i) considering a distributed parameter model; (ii) 

considering a concentrated parameter model and using an n 

series “π” equivalent circuit; (iii) using a single “π” 

equivalent circuit with a concentrated parameter 

model, [16], [17]. The first model is used in the present 

Section to accurately characterize the harmonic response of 

the traction system. The third model is used in Section IV to 

analytically determine the resonance frequencies of the 

harmonic response. The goodness of the above 

approximation is checked in Section IV from the results 

obtained with the distributed parameter model.  

- The external balancing equipment: The reactors of the 

equipment are usually an inductor whose associated 

resistance is commonly neglected and a capacitor, which are 

characterized by their power consumption S1 ≈ jQ1 

S2 = − jQ2, respectively. This consumption is determined 

from the traction system power consumption, which is 

characterized by the active power consumption PL and the 

displacement power factor λL [15]. 
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Fig. 2. Harmonic equivalent impedance circuit of the 1x25kV AC traction system.  

TABLE I 

1X25KV 50 HZ TRACTION SYSTEM PARAMETERS [5], [6], [16] , [17], [19]  

    
Power 
System 

Open-circuit voltage Uo 220, 132 kV 

Shot-circuit power Ss > 700MVA 

Traction 

system 

Active power consumption PL ≈ N· (8 … 10) MW 

Displacement power factor λL ≈ 0.98 … 1.0 

Trains in section N 3 … 6 

Substation 

transformer 

Transformer ratio UN1/ UN2 220 - 132/25 kV 

Rated power SN 12, 30, 60 MVA 

Short-circuit Impedance εcc ≈ 5 … 12 % 

Contact 

feeder 

section 

Longitudinal PI resistance RL 
0.0125 ... 

1.3125 Ω/km 

Longitudinal PI reactance XL 
0.0625 ... 

2.1875 Ω/km 

Transversal PI reactance XC 
1.2497·105 ... 

1.5642·106 Ω·km 

Track length D 30, 40 km 
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The usual values of the above parameters are in Table I. 

In railway traction systems, electric traction locomotives fed 

by adjustable speed drives are a source of harmonic currents Ik 

[7], [9], [13], [16], [17], which distort traction system voltages 

and reduces power quality. This can be increased by the 

presence of resonances in the system equivalent impedances 

[5], [8], [9]. To avoid this problem, the frequency of these 

resonances “observed” from the traction load at pantograph 

terminals must be determined. This is analyzed in the next 

Sections. 

III.  TRACTION SYSTEM HARMONIC ANALYSIS 

The harmonic behavior of the passive set “observed” from 

the traction load is studied in Fig. 2 to determine its harmonic 

response and resonance frequencies. This set is formed by the 

impedances (or admittances) of the power system, the external 

balancing equipment, the railroad substation transformer and 

the contact feeder section:   

- Power system admittance: It includes the admittance of the 

power supply and the short-circuit impedance of the three-

phase transformer which feeds the traction system:  
1

12
2 2
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1
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 (1) 

- External balancing equipment admittances: They are the 

inductor and capacitor admittances, which are obtained by 

considering traction system power consumption and forcing 

the current unbalance factor of the three-phase fundamental 

currents consumed by the Steinmetz circuit (iA1, iB1, iC1 in 

Fig. 2) to be zero [15]: 
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where 
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1
1 3 1 ( 1, 1).

L

ξ ξ ξ
λ

Λ = + − = + −  (3) 

- Railroad substation transformer admittance: It represents the 

short-circuit impedance of the transformer, which feeds the 

contact feeder section: 
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- Contact feeder section admittances: They represent the per-

unit-length longitudinal and transversal impedances of the 

distributed parameter model [22]:  
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where 
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 (6) 

The resistances of the power system and substation 

transformer impedances are neglected in the study because it 

is well-known that they damp the system harmonic response 

but do not modify the resonance frequencies significantly [15], 

[20]. 

Considering point N in Fig. 2 as the reference bus, the 

harmonic behavior of the system can be characterized by the 

admittance matrix [15], [20]: 
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where 
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where d is the train position along the contact feeder section.  

From (6) the equivalent harmonic impedance, which relates 

the k
th

 harmonic currents and voltages at the pantograph node 

(i.e., at node 5 in Fig. 2), can be obtained as follows: 

 ( ) 55  22 55 22 25   
2 .

k k k k k k Eqk k
V V Z Z Z I Z I− = + − =  (9) 

The analysis of this impedance in a frequency range makes 

it possible to determine the resonance frequencies observed 
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Fig. 3. Frequency response of the system equivalent impedance observed 

from the traction load when it is located at d = D/2 with D = 30 km. 
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for the traction load. As an example, the solid gray line in 

Fig. 3 represents the frequency response of the equivalent 

impedance ZEqk numerically obtained from (7) and (9) 

considering the positions of the train at d = D/2 (with 

D = 30 km), its power consumption PL = 24 MW and λL = 1.0 

and the impedance values Xs = 0.417 Ω (SS = 1500 MVA), 

XTR = 1.04 Ω (SN = 30 MVA and εcc = 5 %), 

RL = 0.0232 Ω/km, XL = 0.0625 Ω/km and 

XC = 1.25·10
5 
Ω·km. Track length, power consumption and 

impedance values are obtained from the usual traction system 

parameters in Table I. The impedance ZEqk in Fig. 3 has the 

typical parallel resonances at pantograph terminals in the 

literature (i.e., kp, 2, kp, 3, kp, 4, kp, 5 and kp, 6) and a new parallel 

resonance (i.e., kp, 1) caused by the external balancing 

equipment. It must be highlighted that only the first and 

second resonances at kp, 1 ≈ 7.36 and kp, 2 ≈ 44.2 (i.e., 

fp, 1 ≈ 368 Hz and fp, 2 ≈ 2.2 kHz, respectively) can be truly 

problematic because of their proximity to the harmonic current 

emissions of the train converters [5], [9], [11], [12], [16], [17].  

In the following Section, the impedance ZEqk is analytically 

determined and simple expressions to locate the above 

resonance frequencies are obtained. 

IV.  ANALYTICAL CHARACTERIZATION OF TRACTION SYSTEM 

HARMONIC RESPONSE 

A.  Traction System Harmonic Impedance 

 The impedance ZEqk is obtained from (7) and (9) after 

several mathematical operations. It is normalized with respect 

to the substation transformer reactance in order to reduce the 

number of variables in the study:  
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Expression (10) can also be obtained by simple inspection 

from the load terminals of the circuit in Fig. 2. 

It is easy to demonstrate that the normalized impedance 

ZEqk, N only depends on the following terms: 

 

1 2

1 1 2 2

1 1
,

1 1
,

1

sinh( )

tanh( 2) tanh( 2)

2 2

TR TR

TR Sk TR TRk

S S TR

TR TR

TR k TR k

xkTR

TR Lk

L L L L xk

xk xkTR

TR Ck

C Cxk xk

Lxk

CxTRxk
TR

X X
X Y j X Y j

jkX kx jkX k

X kX
X Y j X Y j j

jkX kx X kx

xX
X Y

R jkX r jkx x

x xkX k
X Y j j

X x x x

Z
X Y

X

γ

γ

γ γ

γ γ

γ

≈ = − ≈ = −

≈ = − = =

⋅
= =

+ + ⋅

⋅ ⋅
= =

⋅ ⋅

= ⋅ ( )

, ,

k L L

C

k
r jkx j

x

x d D d

= + ⋅

= −

 (12) 

and therefore the magnitude of the normalized impedance 

ZEqk, N only depends on the harmonic order k , track length D, 

train position d and six ratios xS = XS/XTR, x1 = X1/XTR, 

x2 = X2/XTR, rL = RL/XTR, xL = XL/XTR and xC = XC/XTR. Table II 

shows typical values of these ratios derived from the data in 

Table I. In the next Section, simple expressions to locate the 

resonance frequencies of ZEqk (or ZEqk, N) based on ratios xS, x1, 

x2, xL and xC are determined. 

B.  Analytical Determination of Resonance Frequencies 

The resonance frequencies of ZEqk, N could be analytically 

determined by equating to zero the denominator in (10). 

However, the expression of this denominator is too 

complicated and the two approximations below must be made.  

The distributed parameter model in (5) is approximated with 

the concentrated parameter model [22], i.e.: 

 1 1
.C kLk L k Ck

L L C

k
Y Z Y Y j

R jkX X

−≈ = ≈ =
+

ll
 (13) 

It is well-known that the goodness of the above 

approximation depends on frequency range and cable length 

(i.e., contact feeder section length). 

From (1) and (2) and according to the data of Table I, it can 

be observed that the reactance X1 is much greater than the 

short-circuit reactance XS:  
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 (14) 

and therefore, considering that X1 and Xs are connected in 

parallel, YFk in (10) can be approximated as 

    2  

   2

3( 3 )
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3 ( 3 ) 3

Sk Sk k Sk
Fk

Sk Sk k

Y Y Y Y
Y

Y Y Y

+
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To validate the analytical expression of 
apx1

,Eqk NZ  (i.e., the 

expression of ZEqk, N in (10) considering (13) and (15)), Fig. 3 

compares its frequency response (dashed black line) with that 

calculated in Section III. It can be observed that the 

resonances closest to the harmonic current emissions of the 

train converters (i.e., the first and second resonances kp, 1 and 

kp, 2) can be accurately characterized from the above 

approximation.  

TABLE II 
1X25KV 50 HZ TRACTION SYSTEM RATIOS 

    
Power 
System 

Shot-circuit reactance xS (pu) < 0.857 

External 

balancing 
equipment 

Inductor reactance x1 (pu) ≈ 43.3 … 17.3 

Capacitor reactance x2 (pu) ≈ 43.3 … 17.3 

Contact 

feeder 

section 

Longitudinal PI resistance rL (pu/km) 0.012 ... 1.26 

Longitudinal PI reactance xL (pu/km) 0.06 ...  2 

Transversal PI reactance xC (pu·km) 1.2·105 ... 1.5·106 

Note: The ratios are calculated from the following traction system values: 

- Power system: UO = 220 kV, 

- Traction system: λL = 1.0,  

- Substation transformer: SN = 30 MVA, εcc = 5 % (i.e., XTR = 1.04 Ω) 
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On the other hand, this is not true for the other resonances 

(i.e., kp, 3, kp, 4, kp, 5 and kp, 6) due to the inaccuracy of the 

concentrated parameter model for these resonance frequencies.  

However, Fig. 3 shows that the resonance frequencies 

obtained with 
apx1

,Eqk NZ  could provide a useful insight into high 

order resonance frequency range. These results can be 

approximately extended to any value of the system ratios in 

Table II.  

The above approximation allows arranging the denominator 

of the approximated expression in the following form:  

 ( )apx1 8 6 4 2

, 4 3 2 1 0Den ,Eqk NZ c k c k c k c k c≈ + + + +  (16) 

where the coefficients of the equation are 
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Fig. 4. Location of the resonance frequencies as a function of traction system ratios and train position along a contact feeder section of length D = 30 km. 
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In the above study, resistance RL (i.e., ratio rL) is neglected 

to reduce the number of the variables involved because it is 

proved that, as expected, this resistance damps the system 

harmonic response but does not affect the resonance frequency 

location significantly [15], [20]. The solutions of the 

polynomial function in (16) correspond to four real roots 

which allow determining the parallel resonance frequencies. 

These solutions can be obtained by the Descartes method [21] 

and are expressed as  
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and  
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 Fig. 4 shows the harmonics of the parallel resonance 

frequencies in (18) as a function of train position d along the 

contact feeder section of length D = 30 km and the ratio range 

in Table II. They are calculated considering six values of ratio 

xL (xL = 0.06, 0.1, 0.5, 1.0, 1.5 and 2.0 pu/km), three values of 

ratio xC (xC = 1.2·10
5
, 7.5·10

5
 and 1.5·10

6
 pu·km), two values 

of ratio xS (xS = 0.4 and 0.8 pu) and two values of ratio x2 

(x2 = 17.5 and 43.5 pu). Note that the gray and black lines 

correspond to the six values of xL and x2 = 17.3 and 43.3 pu, 

respectively. The first resonance does not depend on xL, and 

therefore the lines of the six xL values are overlapped. The 

other resonances do not significantly depend on x2 and the 

gray and black lines of the six xL values are practically 

overlapped. The resonances in the example of Section III 

(xs = 0.4 pu, rL = 0.022 pu/km, xL = 0.06 pu/km, 

xC = 1.2·10
5 
pu·km, x1 = x2 = 43.3 pu and d = D/2 = 15 km) are 

also shown in Fig. 4 to verify the usefulness of (18) in 

resonance frequency determination despite using the 

concentrated parameter model of the contact feeder section 

and neglecting the contact feeder section line resistance RL and 

the external balancing equipment inductance X1. As can be 

seen in Fig. 4, the low order harmonic resonances (i.e., kp, 1 

and kp, 2), which do not depend on train position, could be 

close to the harmonic emissions of the train converters (i.e., 

below the 40
th

 harmonic order) for most values of ratios xL and 

xC and can be accurately predicted with kp, i
apx1

 (i = 1−2) in 

(18). By contrast, the other resonances (i.e., kp, 3, kp, 4, kp, 5 and 

kp, 6) are far from these emissions and their frequency range 

could be obtained from kp, i
apx1

 (i = 3−4) in (18). Thus, Fig. 4 

shows that, according to the kp, i
apx1

 (i = 3) plot, kp, 3 could 

occur below the 40
th

 harmonic order for xL greater than 

0.5 pu/km and the smallest values of xC. It can also be 

observed that the resonance at kp, 1 mainly depends on the 

power system and external balancing equipment ratios (xS and 

x2) while the resonance at kp, 2 mainly depends on the contact 

feeder section ratios (xL and xC).  

C.  Study of the first and second parallel resonances 

Although the parallel resonances in (18), which are 

illustrated in Fig. 3 and Fig. 4, are reported in the literature, 

only the first and second (i.e., kp, 1 and kp, 2) must be studied 

because of their proximity to the harmonic emissions of train 

converters. Accordingly, this Section analyzes the dependence 

of these resonances on traction system parameters and 

proposes two approximated expressions to locate them.  

Based on the slight dependence of the first resonance on 

contact feeder parameters (RL, XL and XC) and train position d 

(Fig. 4), its frequency can be approximately determined by 

simple inspection of the passive set formed by the power 

system and the external balancing equipment (see Fig. 2): 
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 (21) 

and the first resonance of ZEqk, N in (10) can be approximately 

located by equating to zero the denominator in (21):  

 apx2 2 1

,1 .
2 2 3

L

p

S S

x P
k

x S

−Λ
= =  (22) 

Based on the slight dependence of the second resonance on 

the power system, external balancing equipment and train 

position d [2], [5], [10] (Fig. 4), its frequency can be roughly 

determined by neglecting the power supply and external 

balancing equipment reactances and placing the train at the 

beginning of the contact feeder section (i.e., d = 0 km) in the 

circuit of Fig. 2. As can be seen in the resulting circuit, the 

expression of the normalized equivalent impedance at the load 

terminals is    



 7

 

0 

1

0

ε1
apx2

  (%) 
20 0 10 

ε2
apx2

  (%) 

1

0
1.5 0 0.75 

ε1
apx1

  (%) 
20 0 10 

ε2
apx1

  (%) 

p
(ε

)/
p
(ε

) m
ax

, 
P

(ε
)/

P
(ε

) m
ax

 

 

0.95 0.95

0.95

a) 

b) 

p
(ε

)/
p

(ε
) m

ax
, 

P
(ε

)/
P

(ε
) m

ax
 

 

0.95

p(ε) 

) 

P(ε) 

) 

1.5 0.75 

 
Fig. 5.Probability distribution and density functions of the errors of the 

approximated resonance frequency expressions. 
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where the longitudinal resistance of the contact feeder section 

line is not considered, in accordance with the previous 

Section. Thus, the second resonance of ZEqk, N (10) can be 

approximately located by equating to zero the denominator in 

(23), which can be compacted as follows:  

 ( ) ( ) apx 2 3 4 2 2

2 ,
Den 2 2 4 ,

Eq k N L C L C
Z x D k x D D x k x= ⋅ − ⋅ ⋅ + ⋅ + (24) 

and the second parallel resonance in (10) can be approximated 

by the following roots of equation (24): 

 ( )apx2 2 2

, 2

1
2 4 .C

p L L

L

x
k D x D x

D x
= ⋅ + − ⋅ +  (25) 

D.  Accuracy study of approximated expressions 

The accuracy of the approximated expressions of the 

resonance frequencies kp, i
apx1

 and kp, i
apx2

 (i = 1, 2) in (18), (22) 

and (25) is discussed from 10000-shot Monte Carlo Matlab 

simulations. Uniform distributions of train position d along the 

contact feeder section of length D = 30 km and the traction 

system ratios according to the range in Table II are used in the 

simulations. To evaluate accuracy, the above resonance 

frequencies are determined from the 10000-shot random 

traction system values and the following errors are calculated:  

 

apx

, ,apx

,

( 1, 2 ; 1,2),

j

p i p ij

i

p i

k k
j i

k
ε

−
= = =  (26) 

where kp, i is numerically obtained by equating to zero the 

denominator in (10), where the distributed parameter model of 

the contact feeder section is considered. The probability 

distribution and density functions 
apx( )j
ip ε and 

apx( )j
iP ε of the 

errors in (26) obtained from the Monte Carlo simulations are 

plotted in Fig. 5. It must be highlighted that the 95% percentile 

values of the kp, 1
apxj

 and kp, 2
apxj

 (j = 1, 2) errors are 

approximately below 1.5%, and 10%, respectively.  

E.  Analysis of the parallel resonance results 

According to the results obtained in the previous Sections, 

the following recommendations could be made to shift the first 

and second resonances from the harmonic current emissions of 

the train converter in 1x25 kV traction power systems: 

- First parallel resonance kp, 1:  

- Traction power systems should be connected to main grids 

with high short-circuit powers. According to (23) and 

Fig. 4, higher short-circuit power levels of the main grid 

lead to higher frequencies of the first parallel resonance.  

- Second parallel resonance kp, 2:  

- Contact feeder sections should have large per-unit-length 

parallel capacitances XC and small per-unit-length 

longitudinal inductances XL. According to (25) and Fig. 4, 

higher ratios xC = XC/XTR and smaller ratios xL = XL/XTR 

lead to higher frequencies of the second parallel resonance.  

- The length of contact feeder sections should be as short as 

possible (25). This cannot be concluded from Fig. 4 

because it is plotted for a fixed length of the contact feeder 

section (i.e., D = 30 km). 

TABLE III 
1X25KV 50 HZ TRACTION SYSTEMS IN THE LITERATURE 

    
Ref.   [6] [16]  [19] 

Traction 
system 

Train power 

consumption 

PL  

[MW] 
1.5 2.5 1.6 

Displacement 
power factor 

λL …  1.0  … 

Trains in 

section 
N …  2, 5  … 

Subst. 
transf. 

Reactance XTR [Ω] 7.23 8.51 4.71 

Contact 
feeder 

section 

Long.  

π- resistance 

RL  

[Ω/km] 
0.200 0.169 0.15 

Long. 

 π-reactance 

XL  

[Ω/km] 
0.4492 0.4335 0.3142 

Transv. 

 π-reactance 

XC  

[Ω·km] 
1.55·105 2.89·105 2.12·105 

Track length D 40 30 30 

Train 

position 
d 20 10 30 

Resonance 

1st (kp, 1) 

[Ref] --- --- --- 

apx1 13.6, 8.9 10.0, 6.9 13.8, 9.0 

apx2 14.2, 9.0 11.0, 7.0 13.8, 8.7 

2nd (kp, 2) 

[Ref] ≈ 16 ≈ 26 ≈ 28 

apx1 16.9, 16,2 26.1, 26.1 27.8, 27.6 

apx2 16.7, 16,7 27.4, 27.4 29.6, 29.6 

3rd (kp, 3) 
[Ref] ≈ 49 ≈ 90 ≈ 70 

apx1 46.0, 47.0 74.4, 74.6 67.8, 67.7 

4rd (kp, 4) 
[Ref] --- --- --- 

apx1 69.8, 67.3 152.7, 151.7 600, 600 

Note:  “--- “ means that no data are available. 
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- Main grids with high short-circuit powers can also help to 

shift parallel resonance (Fig. 4). 

V.  APPLICATION OF HARMONIC RESONANCE LOCATION 

The obtained expressions are applied to locate the harmonic 

resonance of three 1x25kV 50Hz traction power systems in the 

literature, [6], [16], [19].  

In [6], harmonic study on the 40 km Velesin (Czech 

Republic) traction system is presented. The voltage and 

current waveforms reveal the presence of resonances in the 

traction system, which are analyzed from equivalent circuit 

simulations. In [16], a typical 1x25 kV 50 Hz traction 

substation with 30 km contact feeder sections is studied and 

electrical parameters are provided. In [19], technical details of 

a 30 km traction system such as harmonic distortion, 

resonance phenomena and AC filters are reported for different 

electrical system specifications. 

Table III summarizes traction system electrical parameter 

data and the harmonic orders of parallel resonances provided 

by the above references. Although there is no information on 

the short-circuit power of the supply networks, a 700 MVA 

value is assumed. It is also assumed that external balancing 

equipment is connected to the power system and designed 

according to (2) to balance the power consumption of 2 or 5 

trains. Considering these data, Fig. 6 shows the frequency 

response and resonance frequencies of the PSCAD simulations 

considering distributed and concentrated parameter models of 

the contact feeder sections (top and bottom, respectively). 

Furthermore, a harmonic study on parallel resonances is 

performed from the analytical expressions in Section IV and 

the results are reported in Table III, together with the results 

provided in the references. It must be noted that the first and 

second resonance results of the approximations agree with 

those in the original works and PSCAD simulations. With 

regard to the other resonance results, the approximation also 

agrees with those in the original works and PSCAD 

simulations with the concentrated parameter model. It also 

allows the frequency range of PSCAD results with the 

distributed parameter model to be obtained. However, this is 

not true in the study of reference [19], where kp, 4
apx1

 = 600 is 

far from kp, 5 = 111 and kp, 6 = 145 due to the long length of the 

contact feeder cell (d = 30 km) and the high frequency of 

kp, 4
apx1

. The same example was analyzed with d = 15 km and 

the result of kp, 4
apx1

 allowed the 5
th

 and 6
th

 resonance 

frequencies (i.e., kp, 5 and kp, 6) to be obtained. The study 

verifies that a larger number of trains (that is, higher traction 

system power consumption) leads to smaller external 

balancing equipment reactances (2), and therefore to lower 

first resonance frequencies (see Fig. 4). By contrast, the other 

resonances do not change significantly with the number of 

trains.  

VI.  CONCLUSIONS 

The harmonic emissions of traction load converters can be 

magnified by the parallel resonances of the equivalent 

impedance observed from these converters. The paper gives 

analytical expressions to determine the harmonics at which 

these resonances occur in 1x25 kV 50 Hz traction systems 

with external balancing equipment. There are four parallel 

resonances but only the two lower ones, which are studied in 

detail, can be really dangerous because of their proximity to 
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the frequency of converter harmonic current emissions. These 

lower resonances do not depend on train position, which 

allows deriving a simpler expression to locate them. It is also 

observed that the first resonance mainly depends on the power 

system and balancing equipment while the second depends on 

the traction system. The proposed expressions are validated by 

analyzing the frequency response of several traction systems 

in the literature. The framework used to investigate the 

1x25 kV railway power system resonances could be extended 

to other railway power systems (in particular, the 2x25 kV 

system, one of the most widespread). This framework mainly 

consists in modelling railway traction systems with their 

equivalent circuit, and subsequently obtaining the analytical 

expression of the equivalent harmonic impedance at the 

pantograph node. Commonly, the analysis of reasonable 

approximations in the equivalent circuit is also mandatory to 

simplify the study and obtain easy analytical expressions of 

the resonance frequencies. 
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