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Abstract
A sequential method for approximating vectors in Hilbert spaces,
called Sequential Approzimation with Optimal Coefficients (SAOC),
is presented. Most of the existing sequential methods choose the new
term so that it matches the previous residue as best as possible. Al-
though this strategy leads to approximations convergent towards the
target function, it may be far from being the best strategy with regard
to the number of terms of the approximation. SAOC combines two
key ideas. The first is the optimization of the coefficients (the linear
part of the approximation). The second is the flexibility to choose the
frequencies (the nonlinear part). The only relation with the residue
has to do with its approximation capability of the target vector f.
SAOC maintains orthogonal-like properties. The theoretical results
obtained proof that, under reasonable conditions, the construction of
the approximation is always possible and, in the limit, the residue of
the approximation obtained with SAOC is the best one that can be
obtained with any subset of the given set of vectors. In addition, it
seems that it should achieve the same accuracy that other existent
sequential methods with fewer terms. In the particular case of L2, it
can be applied to polynomials, Fourier series, wavelets and neural net-
works, among others. Also, a particular implementation using neural
networks is presented. In fact, the profit is reciprocal, because SAOC
can be used as an inspiration to construct and train a neural network.
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1 Introduction

The main problem in approximation theory can be stated as follows
([Achieser 1956], [Lorentz 1966]): “Let f be an element of a space M. Given
a space of parameters ® and a function F : 2® — M, determine the subset of
parameters ¢ C ® such that the deviation between f and F(¢) is minimum”.
This statement leads, in a natural way, to define the concept of distance. The
spaces where a distance can be defined are called metric spaces. Usually, the
approximation is linear with regard to a subset of parameters called coeffi-
cients. In this case, it makes sense working in vector spaces and using the
concepts of vector norm and normed space. Hilbert spaces are a particular
case of normed spaces in which an inner product can be defined. Hence, in
Hilbert spaces we have the concepts of projection and orthogonality between
vectors.

Vector approximation in Hilbert spaces is present in different areas, such as
polynomial approximation [Weierstrass 1885], Fourier series [Young 1980],
statistics [Huber 1985], signal processing [Mallat 1998] or neural networks
[Bishop 1995]. In most cases, the Hilbert space of interest is L?, where the
vector f is a square integrable function defined on a subset of R, that we
want to approximate by linear combinations of simpler functions. These func-
tions depend on a finite number of parameters, that we will call frequencies.
The approximations are usually non-linear with regard to the frequencies.
Due to this fact the problem of finding the best approximation with a finite
number of terms is extremely complex [Horst & Tuy 1993].

The techniques developed up to date are strongly dependent on whether
an analytical expression is available or not. In the former case, we probably
can compute exactly the inner products or at least evaluate the function on
any desired set of points. Without an analytical expression, all we usually
have is the function value on a finite set of points (dataset), and perhaps
some kind of information about the function behaviour in some regions of
the space (the function to be approximated may be, for example, a probabil-
ity function or a finite signal). In this latter case, the concept of interpolation
or generalization is specially important, since the basic aim is to predict the
function behaviour on points that do not belong to the dataset. Because of
the fact that the dataset could be approximated, in principle, by the vectors
associated with many different sets of parameters, finding a method that
picks the best one becomes a fundamental problem. It is very easy to verify
that, if we have a finite dataset, the problem of approximating a function in
L?* is equivalent to the problem of approximating (by Least Squares) a vector



in C'', where T is the number of elements in the dataset.

In theory, the approximation in L? may consist of an infinite number of terms.
In practical applications, however, this is not possible. Suppose we consider
that an approximation is valid if its deviation is less than a fixed ¢ > 0. For
every ¢ > 0 and every basis in L? it is possible to find a function f so that
we need a very large number of basis terms to approximate f with deviation
less than . Linear expansions in a single basis are not flexible enough. The
information can be diluted across the whole basis [Mallat & Zhang 1993].
This happens even with an orthogonal basis.

An attractive way to construct an approximation is, starting from scratch,
adding terms one at a time to the partial approximations, until the desired
approximation accuracy is achieved. This is the aim of sequential methods.
The goodness of the added terms is essential to yield the desired accuracy.
Most of the existing methods choose the new term so that it matches the
previous residue as best as possible (see Section 6). Although this strategy
leads to approximations convergent towards the target function, it may be
far from being the best strategy, as can be observed in the example in Figure
1. When approximating the vector f with v; and vy we obtain X,. Clearly,
this is not the best possible approximation, since vy and v, form a basis of
R2 In this case, recalculating the coefficients of the previous added terms
would lead to a much better approximation (exact, in fact) of the target
function. This recalculation would work as follows. Once we have selected
the vector that matches the residue as best as possible (v2), find the best
approximation of f with the whole set of vectors selected up to the moment
(vy and vy). But recalculating the coefficients is not enough, as illustrated
in the example in Figure 2. The vector s (not lying on the plane that con-
tains Xy and f), which best matches the residue ry, is not necessarily such
that, together with the previous terms, best approximates the target vector
f € R?. In this case any vector lying on the plane that contains X; and f (g,
for example) allows an exact approximation of the target vector. Trying to
approximate the residue does not take into account the interactions with the
previous selected terms. The vector that best matches the residue has noth-
ing to do, in principle, with all the planes that contain f and the vectors of
the subspace spanned by the previuos terms. Any vector lying on the plane
that contains f and a vector of the subspace spanned by the previuos terms
allows an exact approximation of the target vector. In infinite dimensional
spaces, this problem can lead to approximations with a very large number of
terms.
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Figure 1: Approximation of a vector f in R? maximizing the approximation to
the previous residue. The best approximation is orthogonal to the residue. The
resulting vector (X3) is not the best approximation that can be achieved with vy
and vy.

In this paper we present a general sequential method for function approxi-
mation, named SAOC, that takes into account these problems. On the one
hand, the vectors can be selected at every step in a flexible manner. On the
other, it optimizes the coefficients, so that we always achieve the best ap-
proximation with the selected vectors. The only relation with the residue has
to do with its approximation capability of the target vector f. The method is
general in the sense that it can be constructed independently of the concrete
Hilbert space. Under very mild conditions, it is possible to guarantee that
the approximation given by SAOC can always be constructed (that is, there
always exists a vector satisfying the conditions in the definition that can be
chosen in the next step). In the limit, the residue of the approximation ob-
tained with SAOC is the best one that can be obtained with any subset of
the given set of vectors. In the particular case of L%, SAOC can be applied
to polynomials, Fourier series, wavelets and neural networks, among others.
In fact, the universal approximation capability of a family of functions is
enough to apply the SAOC method with guarantee of convergence (when-
ever the SAOC construction is feasible).

A particular implementation with neural networks is also presented. Neural
networks are a suitable approach to deal with function approximation prob-
lems when we only have a dataset. A feedforward neural network architecture
with a non-linear hidden layer and a linear output layer leads to very similar
approximations to those provided by SAOC. Therefore, there are reasons to
think that the method can be implemented in a neural network. In fact, the
profit is reciprocal, because SAOC can be used as a guide to construct and



Figure 2: Approximation of a vector f in R® maximizing the approximation to
the previous residue and recalculating the coefficients. The vector g, which is lying
on the plane that contains f and X allows a better approximation to f that the
vector s (not on this plane), which is the vector that best matches the residue ry.

train a neural network.

Some preliminaries can be found in Section 2. The general definition and
some basic properties of SAOC are explained in Section 3. The main results
of existence and convergence are proved is Section 4. The application to
specific vectors in L? is described in Section 5. An overview of the related
work and a comparison of the previous methods against SAOC in terms of
basic features is presented in Section 6. Some practical properties of SAOC
are discussed in Section 7. Finally, a particular implementation using neural
networks is presented in Section 8.

2 Preliminaries

First, we refresh the concepts of metric space, vector space, normed space and
Hilbert space. More detailed explanations can be found in [Achieser 1956],
[Berberian 1961], [Yosida 1965], [Kolmogorov & Fomin 1975] or [Reddy 1998].

A metric space M is a set with a distance D : M x M — R™T such that
Ve,y,z€ M



(a) D(x,2)=0.
(b) D(x,y) = D(y, ).
(¢) D(x,z) < D(z,y)+ D(y, z) (triangular inequality).

In metric spaces it is possible to define the concepts of continuity and se-
quence convergence. A function f : M; — M, between two metric spaces

(My, Dy) and (Msy, Dy) is said to be continuous at xq € My if
Ve >0 35(571’0) >0 Yz € M1 Dl(l’o,l’) < ) — Dz(f($0),f(l’)) < E.

If the function is continuous at every point, we say that it is continuous on
M. A sequence {zp}rs1 of points in a metric space (M, D) is said to be
convergent towards a point xq if

Ve>0 3IN(e)>0 Vn>N D(xg,z,) <ec.

The point xq is called the sequence limit. As an equivalent definition, xq is
the limit of the sequence {xg}rs1 if

lim D(xo,x,) = 0.

n—oo

In fact, the definition of continuous function and convergence can be made in
topological spaces. Metric spaces are a particular case of topological spaces,
where the topology is defined in terms of the distance.

A wvector space V is a set satisfying
(a) (V,4) is an abelian group with an addition +:V x V — V.

(b) A scalar multiplication - : K x V' — V is defined such that Vo, 5 €
K Va,yeV



Every element v € V is called a vector. If the set of scalars is C (R), V is
named a complex (real) vector space. In this paper we will deal with complex
vector spaces.

A normed space E is a vector space with a norm ||| : E — R* such that

Ve,y€e B
(a) [|z]| = 0 if and only if = = 0.
(b) [la-zl| = laf - ||z
(c) = +yll < lzll + [yl

Every normed space is a metric space by defining the distance between vec-
tors as D(x,y) = ||[x — y||.

A pre-Hilbert space (or inner product space) is a vector space with an in-
ner product (,) : H x H — C such that Yoy, a9 € C Vay, 29,2,y € H

r,y) = (y, 7).
ap-xy+ oy - T, y) = a1 (21, y) + oz (2, ).
x,2) > 0 (in particular (x, z) € R).
z,2) =0 if and only if = 0.
As a consequence of the definition, we have
o (v,a1-y1+ oz yp) =ar-(z,y1) + a2 (7,y2).

o (a-z,a- z)=|af (z,2).

(x,0) = (0,2) = 0.
o If Vo€ H (z,2)=(y,z2), then z = y.
o [{(z,y)]* < (z,2) {y,y) (Schwartz inequality).
o (rryr+p)t <) (g

With these properties, a pre-Hilbert space is a normed space, defining ||z|| =

)/

?. In this case, Schwartz inequality says

[{z, ) < [z[[[y]l (1)

from which we can derive the following properties:

(x,x

7



e The inner product is a continuous function with regard to every one of
its arguments. That is, for every yo € H, the functions py,ps : H — C
defined as pi (@) = (@, yo), pa(x) = (yo, x) are continuous.

o Jo—yl* = (el = llylh*

e The norm is a continuous function. That is, the function n : H — C
defined as n(x) = ||z|| is continuous.

Hence, a pre-Hilbert space is in particular a normed space and a metric space.
Another interesting property of pre-Hilbert spaces is the parallelogram law:

e+ ylI* + lle = yll* = 2[[«|* + 2l|y]"

In fact, it can be proved that if a normed space satisfies the parallelogram
law, then it is possible to define an inner product [Yosida 1965] by means of

1
@wﬁzzmx+yW—H$—MW

In a pre-Hilbert space H, two vectors x,y are orthogonal if (x,y) = 0. A
vector system is orthonormal if the vectors are mutually orthogonal, and all
of them have norm 1. A set A of vectors is said to be closed in H if every
vector # € H can be approximated to any degree of accuracy by a linear
combination of vectors from A, that is

Ve>0 dn>1 dxy,---,2,,€ A dag,-- ,0,€C < e.

n
T — E LT
k=1

Equivalently, it is said to be complete, total, fundamental, or that its linear
span is dense in H.

In a metric space M, a sequence {z,}.cn converges towards a point g
if limy, oo D(2n,29) = 0. By triangular inequality, this definition implies
limy, m—oo D(@n, m) = 0 (Cauchy sequence). However, the converse is not
necessarily true. A metric space M is said to be complete if all Cauchy
sequences converge towards a certain element € M, that is
lim D(xp,2,)=0 < Jx e M lim D(x,,z)=0.
n,m—00 n—-0o

A Banach space is a complete normed space. A Hilbert space is a complete
pre-Hilbert space. So, a Hilbert space is, in particular, a Banach space.

Some example of Hilbert spaces are:



RN, with (u,v) = Eivzl U V.

CV, with (u,v) = Eivzl U V.-

[?, the set of all series such that 7, lug|* < oo, with

[o@)
(u,vy = Z ULVE-
k=1

L*(A) (or simply L?), the space of measurable functions f : A — C,
with A C RY measurable, such that the Lebesgue integral

[ 1@de = [ flaifie

is finite. The inner product is defined as (u,v) = [, u(z)v(z)de (also
finite by Holder inequality), and the norm is denoted as |Ju||,. Clearly,
with this definition there are functions different from 0 such that
(x,z) = 0. So it would not be a proper Hilbert space. To avoid
this problem, it is necessary to regard the elements of this space not as
functions, but rather as the equivalence classes resultant of consider-
ing two functions equivalent if they are equal almost everywhere (a.e),
that is, equal except in a measure zero set. Abusing of notation, the
quotient space is denoted L?*(A) again. With this definition, f = 0 if
and only if || f||, = 0.

3 Definition of SAOC and basic properties

The problem of approximation in Hilbert spaces that we will deal with in
this paper can be defined as follows: “Let H be a Hilbert space, ) a space
of parameters, and f € H a vector to approximate with vectors v, = v(w),
v:Q = H we Q such that Vw € Q |lu,]| # 0. We want to find
wy,we, -+ € Qand A, Ay, -+ € Csuch that

N
dim || f — > M| =0.
k=1
We will call frequencies to the elements wq,wq, -+ € , and coefficients to

Midg, e €C.

This definition is, in essence, the usual one in approximation of vectors in



Hilbert spaces. Observe that every vector v, € H depends on a parameter
w € . Once we fix the parameter, we have a vector in the Hilbert space.
The fact that with every frecuency wy we only have a vector v(wp) is not a
real restriction. We could have defined v : Q — H? with @ > 1 and pick one
of its components. For the sake of simplicity, we will consider this notation.

Definition. Let H be a Hilbert space, ) a space of parameters, and f € H
a vector to approximate with vectors v, = v(w), v : @ — H, w € , such
that Vw € Q  ||v,|| # 0. A Sequential Approzimation of f with Optimal Co-
efficients (SAOC) is a sequence of vectors { Xn }n30, which terms are defined
as:

[ XO e 0
o Xy = 252_11 )\ivvwk + )‘%me so that

(a) The coefficients are optimal. That is, Xy is the best approxima-
tion of f with the vectors vy, ,  + , Vury_; ) Vn-

(b) Vp € C Ve €0 [If = Xul* < |If — (Xns + )| That
is, the approximation of f with Xy is better than the best ap-
proximation of the residue f — Xy_; that one could achieve with
only one vector v,, € v(Q) (or, equivalently, keeping fixed the
coefficients of Xn_1).

Remarks.

e We can suppose that [|f|| # 0. If not, the approximation is trivial
with N = 0. The condition ||v,|| # 0 is equivalent, by inner product’s
properties, to that of v, # 0. In fact, this condition is not a restriction,
because the vector 0 cannot approximate any vector.

e At step N, a new frequency (wy) is considered, the number of terms
of the approximation is increased by one (ANwv,, ), and the coefficients
AVOAY - DAY are recalculated in order to obtain the best approxi-
mation of f with vy, -+, vuy_,, Vwy- The frequencies wy,wq, -+ ,wy_1

are kept fixed. Observe that VN >0 Xy € H.

e Since Xy is the best approximation of f with vy, -+, Vun_, ) Vwp, it

holds that [Achieser 1956]
VE:1<ESN (f—Xn,v,,) =0. (2)

That is, the residue f — Xy is orthogonal to the space generated by
Vs s Vun_y» Vwy- Bquivalently, Xy 1s the orthogonal projection of
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f onto the space spanned by vy, ,- - ,v,y. As we will see, this is one
of the keys of SAOC’s properties. By inner product’s definition, (2) is
equivalent to the following linear equations system:

<levvw1> <Uw2vvw1> o <UWN7UW1> )‘le <f7 Uw1>

<levvw2> <Uw2vvw2> o <UWN7UW2> )‘JZV <f7 Uw2>

(3)

<UW17UWN> <UW27UWN> <UwN7UwN> )‘% <f7UwN>

Consequently, once the frequencies wy, - -+ ,wy_1,wny € Q are fixed, the
optimal coefficients AN -+ AN _ AL € C can be calculated by solving
(3). It can be proved easily that the system has only one solution if and
only if vy, , -+, Uyn_,, Vwy are linearly independent. Otherwise, the sys-
tem has more than one solution. Since the frequencies wy,wq, -+ ,wn_1
are kept fixed, the proposed system at step N is equal to the system at
step N — 1, but with a new row and a new column. The system solu-
tion is a continuous function of the matrix and the independent vector
elements at any point where the matrix is nonsingular [Ortega 1972].
By inner product’s definition, the matrix in (3) is hermitian. If the
inner product is real, then it is symmetric.

If H = L? and we only have a dataset X, the inner products can be
approximated with a pass through X:

= —1 g Ve ()0 (T
<Uw,'7ij> |),|xE w,’( ) wj( )

= —1 g vy, ().
<f7ij> |)r|x€ f( ) (UJ( )

In this case we will suppose that the integral is defined with regard
to the probability measure of the problem represented by the dataset.
This is similar to approximate the expectation of a random variable by
the arithmetic mean. In addition, solving (3) is equivalent to solving
the Least Squares (LS) problem associated with the dataset.

Observe that, in principle, there can be more than one frequency wy
such that, together with its optimal coefficients, satisfy the property
(b) of SAOC’s definition. On one end there would be those frequencies

that are on the upper limit of the inequality, that is, those satisfying

2 . _ 2
I = Xnl" = _inf 1 = (Xnos o+ v )

11



In this case, the residue norm obtained is the same that the one that
would be obtained by approximating in an optimal manner the residue
f — Xn—1 with only one vector of v(€2). On the other end there would
be the optimal frequencies, those satisfying

Vﬂl,"',MN_1,MNEC VwOEQ

N-1
f_ (Z HEVwy —I'MNUwO)

k=1

2

If = Xwl*

Clearly, the residue norm in the second case is less than in the first
one, and therefore the approximation is better. On the contrary, the
difficulty of finding the optimal frequency is probably greater than that
of finding any other frequency satisfying the aforementioned property
(b). In practice, there will be a trade-off between these two matters.

In order to be well-defined, at every step there must be at least one
frequency wy that satisfy the SAOC definition. This existence may,
in principle, depend on the Hilbert space H, the vector f and the set
of vectors v(£2). In the next section we present sufficient conditions to
guarantee the existence of this frequency.

The vectors vy, -+ ,Vuy_,,Vuy are not necessarily mutually orthogo-
nal. The approximation with orthogonal vectors has been widely stud-
ied [Achieser 1956]. The coefficients of the best approximation of f € H
by means of an orthogonal system g¢y,--- , gy only depend on the pro-
jections of f onto the vectors of the system:

kY
k=1 |gk||

Mz

12



In this case, we have

N 2
If = Yn|* = Hf—ZAk 9k
k=1

N
= || f|I* - 2Re <f,ZAk gk>) +
N
N

2

N
Z)‘k gk
=1

k=1

k fvgk>

(f, gx) ~
= AP —2Re { D2 (Fa) ) + ) NPl

k=1 |gk|| k=1

N
= 1A =D gl
k=1

2

= AP = Iyl

ol

[Nl 1

Mz

— ||fJI* - 2Re

b
b
Il

1

= IfI” -

In particular, YN > 1 || — Yapu||® < ||f = Yu|>. As can be easily
seen, the information provided by every term is independent of the
others. This allows, for instance, the construction of the approximation
in a sequential manner, where the terms are added one at a time until
the approximation is satisfactory. If the orthogonal system is infinite,
we may wonder about the behaviour of the series

_ i {f, gk2> "

= ol

If the system is closed in H, then the series is always convergent, and
IIf —g|| = 0 (Parseval equation). As we will see below, the SAOC
holds most of these properties. The main problem of approximating
with a fixed system resides on the lack of flexibility. Linear expansions
in a single basis are not flexible enough. The information can be di-
luted across the whole basis [Mallat & Zhang 1993]. For this reason,
to achieve a good approximation, a very large number of vectors may
be needed, even if we order them by |(f, gr)|. The SAOC keeps the
idea of adding terms one at a time, but the residue can be reduced in
a flexible and (in some sense) optimal manner. So we can expect to
reduce the necessary number of terms to achieve the same degree of
approximation.

13



As a first result, the approximations that satify (2) are characterized.

Lemma 1. Let H be a Hilbert space, f € H and Xy = fo:l AN Vg s
such that its vectors and coefficients satisfy (2). Then,

N ANy, v
(Lla) Vj:1 << N AN = YoZimnm Wi ny)

2
! o

2
(Lib) Vj:1 <3< N ||f- XNH2 = Hf - Eiv:l,k;éj A V|| — P‘;‘V‘ZHUWHZ'

(Llc) ||f — Xnl|l* = ||£|I? = || Xn]|* (energy conservation).
(L1d) [ XN 1" = 320, W (Fovwn)-

(Lle) (f = Xn.f) = |If = Xl

Remarks.

o As an immediate consequence, every element Xy of the SAOC satisfies
these properties.

o Thereis a great parallelism between these properties and those satisfied
by an approximation with orthogonal vectors (see above). The only
differences are in (L1la) and (L1b), and both are a generalization. Using
orthogonal vectors, (Lla) and (L1b) would be converted, respectively,

into
)\N — <f7 U‘*’j2>
S
and
N 2 N ,
F= >0 Mol =1AP= D A lvw®.
k=1k#j k=1k#j

Both are known properties for orthogonal vectors. Hence, an impor-
tant part of the good properties of the approximations with orthogonal
vectors are actually a consequence of the fact that its coefficients are
optimal, more than a consequence of the orthogonality itself.

Proof.

(Lla) By (2) we have <f — <Ei\;17k¢j AV vy, + )\évaj>,ij> = 0, and as a

consequence

N
<f— 3 A> Y (o) = AN o

k=1,k#j

14



(L1b) Descomposing Xy = EiV:Lk;é]‘ Mg, + )\évij we have
2

N
If— Xn|* = Hf— Z Mo, || + ‘)\;V‘ZHU%HZ

k=1,k#j

({1 3 )

By (2) we can state

If = Xn|* =

= Hf_ Z )‘k Uy,

k=1,k#j

Y llows 1P~
‘ + 1A v

N
Re (<XN— Z )\évvwk,)\ﬁvaj>>
k=1k#j

2

N
=\f- Z A vy ||+ ‘)‘;VVH%HZ — 2Re (<)‘§‘VU%‘7)‘§‘V%>)
k=1 k+j

2

N
N N2 2 N2 2
= F= 2 Woal| + P el = 27 [low)
k=1,k#;

N
. N N2 2
=F= 2 Woa| = [ llewll”

k=1,k#j

(Llc) Expressing f as (f — Xn) + Xy we have
AP = 11f = XnlI* + [1Xn ]| + 2Re ((f — X, X))
By (2), 2Re ({f — Xy, X)) = 0 holds.
(L1d) By the definition of Xy we have
N
1Xn|)* = (Xn, Xn) = <Z Mo, X > =AY (va,. Xn).
k=1
Since Xy satisfies (2) we have

VE:1<ESN (v, Xn) = (v, f),

15



Hence,

N N
||‘XvN||2 = Z )\é\f <ka7f> = Z )\;cv<f7 ka>‘
k=1 k

(Lle) ||f — Xn|* = (f — Xn. f — Xn) = {f — Xn. ) — (f — Xn, Xn).

By (2), (f — Xy, Xn) = 0 holds.

4 Main results

4.1 Existence

First, we prove some results that establish sufficient conditions to assure the
existence of the frequency wy in SAOC’s definition.

Lemma 2. Let H be a Hilbert space, f € H, and suppose that the ele-
ment Xy_; of the SAOC exists for some N > 1. Then,

(L2a) The function Ry : v(©2) — R defined as

N-1
f= (Z [k Vu, + MN%;)

k=1

2

Ry(v,) = inf

M1y iN—1,#NEC

is always well defined and is continuous at every point v, such that
{Vuys "+ s Vun_is Vo) is linearly independent.

(L2b) The function Py : v(2) — R defined as

Py(v,) = inf |[f — (Xn-1 + po)[|”
neC
is always well defined, can be computed as

|<f - XN—17Uw>|2

o]

Py(ve) = |f = Xnal® = : (4)

and is continuous at v().

Remarks.
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e Observe that Yw € @ Ry(v,) < Py(v,). The functions Ry and Py
are those that, in some way, point out the frontier of the existence of
the frequency wy in SAOC’s definition: the frequency wy exists if and
only if Jwy € Q such that Ry(v,,) < inf,eq Py(v,). Observe that, in
principle, it can be false (we can think, for example, at Ry(z) = -
and Py(z) = =, with = € [1,00)).

o In general, it is not possible to assure Ry to be continuous at the vectors
v, such that {vy,, -+ ,Vun_,, Vo } is linearly dependent. For example,
suppose that H = R® and X, satisfies ||f — X1||2 > (. Every vector
Ve, € v(Q) linearly independent with regard to v,, makes possible an
exact approximation of any vector lying on the plane generated by
{Vuy, Y, }. As a consequence, Ry(v,,) = 0 if and only if f lies on the
plane generated by {v,,, v, }. So there are vectors v,, arbitrarily near
to v, such that Ry(v.,) = 0. In contrast, Ry(v.,) = ||f — X1||2 > 0.
Observe that, in order to make the residue zero, the coefficient modulus
grows uncontrolably in vectors very near to v,,. If Ry were continuous,
there would be possible to find conditions to assure that its infimum is
attained at v() (see Proposition 1).

Proof.

(L2a) If{ve,, -+, Vun_,, U} is linearly dependent, then Ry (v,) = || f — Xn-1 ||2
holds. Let v, be such that {v,, -, vuy_, 00} is linearly indepen-
dent. The value of Ry(v,) can be obtained as follows. First, obtain
fi, - -1, iy € Cimposing (2), that is, as the solution of the linear
equations system

<levvw1> o <UwN_17Uw1> <Uwvvw1> H1 <f7 Uw1>
<Uw1 N > T <U‘UN—1 ) UwN—1> <Uw7 UwN—1> HN-1 <f7 UwN—1>
<levvw> T <UWN—17U‘U> <Uw7vw> HN <f7 Uw>
2
Next, compute Ry(v,) = Hf — <Ei\;_11 HkVe, + MNUw> . The previ-
ous system has only one solution, since {v,,, -, Vuy_,, Vo) is linearly

independent. Therefore, Ry 1s always well defined.

To prove the continuity, let v, € v(€Q) such that {v,, -, Vuy_, U0}
is linearly independent. Since the norm and the inner product are
continuous functions with regard to every one of its arguments, there
exists oy > 0 small enough such that for every vector v/ satisfying

va — v(’UH < Op, their associated linear equations systems are as near
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(L2b)

as desired. As the matrix is nonsingular, the system solution is contin-
uous with respect to the matrix and the independent vector elements.
Using (L1lc) and (L1d), we can compute Ry(v,) as

RN(UW) = ||f||2 - (z_: /“Lk<f7 ka> + /“LN<f7 Uw>> 5

a composition of continuous functions and, therefore, continuous.

Since Py (v, ) is the residue of the best approximation of f — Xy_; with
the vector v,, the value of Py(v,) can be obtained as follows. First,
impose (2) in order to obtain the optimal coeflicient u, € C. In this

case, (i, is such that (f — Xy_1 — povy,v,) = 0. By inner product’s
=Xt ve)
[lvw | '

vectors norms do not vanish in v(f). Using (Llc) and (L1d) with
f=f—Xn_1 and Xy = pyv,, we have

properties, p, = This is always well defined, since the

Py(va) = ||f = Xn-1 = poval|’
= If = Xnal® = v’
= |If = Xnvoa |l = pol f = X, ve)
=[If - XN—1||2 - i = XN_hvaz-

o

In particular, Py is always well defined. Since the norm and the in-
ner product are continuous functions with regard to every one of its
arguments, Py is continuous at v(2).

Proposition 1. Let H be a Hilbert space, f € H, and suppose that the
element Xy _; of the SAOC exists for some N > 1. Suppose also that exists

C C v(Q) such that

(a) Jv,. € C Yw € Q v, & C = Py(vy.) < Py(v,). That is, if Py

attains the infimum, it is attained at a vector v, belonging to C.

(b) Every sequence of vectors in C has a subsequence that converges to-

wards an element in v(€).

Then, the infimum of Py is attained at v(€) and the frequency wy of the
SAOC does exist.
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Proof.
By means of (Llc) we know that Im(Px) C [0,]|f — XN_1||2], and therefore,
it is bounded. Thus, the infimum of Py does exist. Let

By hypothesis (a) we have

PN = innefc Py (vy,).

By infimum’s definition, there exists a vector sequence {Uw;}kzl in C such
that

py = lim Py (v ).

By hypothesis (b), the sequence {v,; }s»1 has a subsequence that converges
towards an element in v(£2). Abusing of notation, we will denote again this
subsequence as {v, }x>1. That is,

! . _
Jw, € 2 kliglo Uyl = Uyt

The continuity of Py finishes the proof: by Lemma 2, Py is continuous at
v, Therefore,

Ve>0 38(e) >0 ||vwy — vol| <6 = |Pn(vey) — Prl(va)| <e.

For every ¢ > 0, let § = d(¢/2) as stated in the previous affirmation. By
definition of w{ there exists ky € N such that Vk > k; vaé — Vot || < 0. The
previous affirmation implies that

Vk >k ‘PN(U(U(/))—PN(U(U;C) <€/2.

Since py is the limit of the sequence {vw; }e>1, there exists k; € N such that
Vi 2k,  |Py(ve) —pn| <e/2.
Let ko = max(ky, ka). Therefore we have
[Pu(vag) = oy ] < [Pu(vg) = Palow)| + | Plon, ) = | < =

Hence, Py(v,;) = pn holds. That is, the infimum of Py is attained at v(£2).
Since Ry and Py are always well defined, and Yw € @ Ry(v,) < Py(vy,), we
have Ry(vy) < Pn(ve) = py. Therefore, the frequency wy of the SAOC
does exist.
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Corollary 1. Under the same conditions of Proposition 1, suppose that
every sequence of vectors in v()) has a subsequence that converges towards
an element in v(2). Then, the infimum of Py is attained at v(€) and the
frequency wy of the SAOC does exist.

Proof.
It is derived immediatly from Proposition 1 with C = v(Q).

Corollary 2. Under the same conditions of Proposition 1, for every § > 0,
define Ps as

o |I”

ps = {vw €v() = X, ) > 5}.

Suppose that there exist dy > 0 and Cs, C v(2) such that
(a) Ps, # 0 and Ps, C Cs,.

(b) Every subsequence of vectors in Cs has a subsequence that converges
towards an element in v(2).

Then, the infimum of Py is attained at v(€) and the frequency wy of the
SAOC does exist.

Proof.
By (Llc) we know that Im(Py) C [0, f — Xny_1||’], and therefore, it is
bounded. Thus, the infimum of Py does exist. Let

PN = uljlfel?‘2 Px(vo) < ||f = Xnoal.

If pyv = ||f — XN_1||2, then we can assign wy = wy_; finishing the proof.
Suppose that py < ||f — XN_1||2. Then it is enough to prove that Cjs,
satisfies the hypothesis of Proposition 1.

By definition of Ps we have

— Xn_1. v, 2
Vw e Q vw§Z05N:>vw§ZP5N:>|<f ”NH;’U ) < dy.
Vg
As Lemma 2 states, for every w € ()
— Xn_1,0, ?
Patin) = 1 = X! ~ Mol
Vg
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Let we € Ps,. Every frequency w € ) such that v, ¢ Cs,, satisfies

Py(vy) > |f = Xnall® = n = P(vuc)-

It seems clear that the existence of the frequency will depend on f. But,
especially, it will depend on v(§). Regarding to the problem of choosing
and v(§2), there are two possible problems that must be taken into account
in order to assure that the frequency does always exist:

1. For every convergent sequence of vectors there must exist a frequency
which associated vector is the limit of that sequence. This must happen
at least in a subset of v({2) where we can be sure that the infimum of
Py is attained. This “compactness” condition is necessary in order to
apply Proposition 1 and its corolaries. Suppose, for example, that we
want to approximate a vector that is the limit of a specific sequence.
If it does not exist a frequency for that vector, the infimum of Py will
not be attained at v(€).

2. The norms of the vectors in v({2) should always be larger than some § >

0. At least, this must be true for the vectors that matches the residue
[(f =X vy ve)?
llo|I*

does never suffer from lack of definition when the norms of the vectors

f — Xn_1 as best as possible. In this way, the function

tend to 0, and the application of Corollary 2 will be surely simpler.

Specifically, one must take special care with the vector 0. Suppose that
H = L*(|—=,7]), we are approximating by real Fourier series (2 C R), and
f(z) = . A simple calculation allows us to assert that

(x,sinwe)

T — 5 sinww
||sinwz||

_ 0 and i E8R0T)

lim . 2 =
w=0 ||sinwz||

w—0

Hence, the frequency that minimizes Py should be, by continuity, the fre-
quency 0. But the vector associated with this frequency is the vector 0, that
cannot belong to v(§)) because its norm is 0. To avoid this problem, € should
be a closed subset without any element in a neighbourhood of 0. In this way,
the existence of the frequency is assured at every step. As will be shown (see
Theorem 2), this restriction does not reduce the approximation capability
(assuming N* C Q).

This kind of reflections lead us to enunciate the following result.
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Theorem 1. Let H be a Hilbert space, and f € H. Suppose that it is
possible to define a topology in {2 such that

a) §) is compact.
(a) p

(b) The function v : @ — H at SAOC’s definition is continuous on {2, with
the topology in H induced by the distance.

Then, for every N > 1 the infimum of Py is attained at v({2) and the fre-
quencies of the SAOC do always exist.

Proof.

For a given sequence of vectors in v(£2), consider its sequence of associated
frequencies in ). Since () is compact, it contains a subsequence that con-
verges towards an element wy (that satisfies v, # 0). Since v : Q@ — H
is continuous, the limit of the vectors associated with the frequencies of the
subsequence is v,,,. Hence, every sequence of vectors in v({2) has a subse-
quence that converges towards an element in v(£2). Corollary 1 finishes the
proof.

As we will see, these results can be applied to a number of vector families
that are very usual in the literature. In the rest of the section we will suppose
that the frequencies of the SAOC always exist.

4.2 Convergence

Since the SAOC is a sequence of vectors, wondering whether it converges or
not 1s a natural question. If so, it would be of interest knowing whether it
converges towards the target vector f or not. In the sequel these questions
are answered.

Proposition 2. Let H be a Hilbert space, and f € H. The SAOC{Xn}nso

satisfies the following properties:
(P2) YN 20 |f = Xunl? < If — Xu|
(P2b) If M > N, then

(P2b1) [ X * = [ Xn]*.
(P2b2) (f — X f — Xn) = || f — Xur)*.
(P2b3) <XM,f — XN> € R and <XM,f — XN> 2 0.
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(P2c) Suppose that Ay # 0. The vector v,, is orthogonal to the space
spanned by {vg,, -+, vuy_, } if and only if the previous existing coeffi-
cients do not change between the steps N —1 and N. That is, if

Vitl1<j<N=1 MV =aF"

Remarks.

o Again there is a great parallelism between these properties and those
satisfied by an approximation with orthogonal vectors (see above).

e (P2a) implies that the sequence {||f —XN||2}N>0 is decreasing and
positive. Therefore, it is convergent. In principle, it does not imply
{Xn}nz0 to be convergent (except if imy_o0 || f — XNH2 = 0). The
convergence could depend, in principle, on H, f and v(€). We will see
that the SAOC’s convergence is independent of these matters.

e By (P2c¢), the only directions that guarantee that, without recalculat-
ing the coefficients, the approximation is optimal are the orthogonal
directions. Hence, if the approximation vectors are not mutually or-
thogonal, the coefficients must be recalculated.

Proof.

(P2a) Evident, by definition:
2
1f = Xl < ||F = X + 00 vy, [P = 115 — Xl

(P2b1) Evident, combining (P2a) and (Llc).
(P2b2) Expressing f — Xy as f — Xar + Xar — Xy we have
(f = Xou, [ = Xn) = |If = Xuall + (f — Xar, Xor — Xwv).
By (2), (f — Xar, Xar — Xn) = 0 holds.

(P2b3) By (P2b2) and (Lle) we have

1F = Xull” = (f = Xor, f = Xn) = (f, f — Xn) — (Xar, f — Xn)
= |If = Xn|* = (Xur, F — Xn).

The proof finishes with (P2a).
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(P2c) The necessity is clear by (2 ) 0 prove the sufficiency, suppose that
Vi:1<7<N-1 )\N )\ . Hence Xy = Xpn_ 1—|—)\Nvuwh01ds
By (2) we have

V.]1<]<N <f_XN7ij>:07
V.] 1< .]<N 1 <f_XN—17ij>:O-
Therefore, Vj : 1 < 7 < N — 1 we have
0= <f —XN,ij> <f Xy_1 — )\%va,ij> = <)\%va,ij>.

Since AN # 0, the vectors v,, and v,; are orthogonal for every j
between 0 and N — 1.

Theorem 2. Let H be a Hilbert space, and f € H. Suppose that the
element Xy of the SAOC does always exist for every N > 0. Then:

(T2a) The SAOC {Xn}nso is convergent in H. That is,

dJge H lim [|g — Xy = 0.
N—oo

(T2b) In addition, ¢ satisfies:

(T2bl) Vwo € 0 limy_eo (9 — XN, Uyy) = 0.
(T2b2) VYwo € Q@ (f,vuy) = (g, V). In particular, we have

(T2b21) YN >0 (f—g,Xn)=0.

(T2b22) VN >1 Vj:1<j<N VYM>=N {(g—Xu,v,,;)=0.
(T2b3) (f —g.9) = 0.

(T2b4) There is no subset of vectors in v({2) that approximate f more
than ¢. That is,

|f—gll= inf Hf =) vy,
pr € C k
Yy € Q

(T2c¢) If there exists A C 2 such that the set of vectors {vy, : ¥ € A} is closed
in H, then {Xn}n>0 converges towards f. That is,

Jim [ = Xn|[ = 0.
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Remarks.

o These results are very little restrictive. In order to assure the conver-
gence towards f, the family of vectors used in the construction must
have the capability of approximating any vector. Hence, the SAOC
allows us to choose any of the multiple vector families satisfying this

property.

o In order to satisfy (T2a), it is enough for ||f — Xn||* to be decreasing
and positive, and Xy to satisfy (2). Clearly, this latter condition is
the most important to assure the convergence. Observe, again, the
importance of working with optimal coefficients.

Proof.

(T2a) Since H is complete, it is enough to prove that imn ar—eo || Xar — XN||2
0. Suppose that M > N. Expressing Xy; — Xy as (Xpyr—f)+(f—Xn),
and using (P2b2) we have

1 X0 — Xn|)? = |1 f = Xl + | f — Xw || — 2Re ((f — X, f — X))
= If = Xull* + If = Xn|I* = 2[|f = Xn)?
= |If = Xnl* = If = Xnel™.

Since the sequence {||f — Xn||"}nso0 is decreasing and positive, it is
convergent. Hence,

whim (X =Xl = (T (1 = Xl = )1 = X)) = 0.

(T2b1) By Schwartz inequality (1) we have
Vwo € @ (g — Xiv, v )| < [|lg — Xvl| [[vwo ] -
Using (T2a),

Vo €9 Tim [{g — X, vu)| < Jim [lg = X | lows]| = 0.

1
N—oo
(T2b2) Let wy € Q. By definition of Xy, for every N > 0 and every p € C

1f = Xnaall® < F = (X + prvg, )|
= |f = Xn|I” = 2Re ({f — Xy, 1)) + |1t |0 ||
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hold. Expressing f — Xy as f — g+ g — Xn we have

1f = X = If = Xwl* <
1l [[w || = 2Re ((f = g, 11vwy)) = 2Re ((9 — Xiv, vy )

Hence,

2Re ((f = g. f10un) — |11l [Jvws ||* <

1f = Xn[* = I = Xnsa|]” = 2Re ((g = X p10r))
1f = XN I° = 1 = X ll” + 2 (g — Xiv, v )|

= 1f = Xn |7 = 11f = Xnvaall* + 2]l [{g = Xnvs va)].

<
<

<f_gva0>
2
[Joo |
{If = XN||2}N>0 is decreasing and positive, and using (T2bl), there
exists Ny such that VN > N,

for every € C. Let pg = and ¢ > 0. Since the sequence

0<|[[f - XNH2 —||f = XN+1||2 <e/2

and, in addition,
2 0] [{g = Xy vy )| < /2.

Thus we have
2Re ({f = 9 Hovwy ) — |10l "oy | < e
Since
(f = 9, Hoves) = Ti0 {f = 9, 0u) = Fiottol[venl” = lol[Jows |1,
2Re ((f — ¢, tovuy)) = 2|tt0]*||vw,||* holds, and therefore
Vo2 0 |uol*||vwll® = 2Re ({f = g, soven)) — luto]* oo |” < e

Hence, |j1o]*||vw,||* = 0. Since ||vg, ||> # 0, we have o = 0. Thus, by
definition of po, (f — ¢,v4,) = 0 for every wy € Q. In particular we
have

(T2b21) VN =1 (f — g, Xn) =0
(T2b22) Using (2),Vj:1<j <N VM >N

<g_XM7U‘*’j> = <97ij> - <XM7ij> = <97ij> - <f7ij> =0.
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(T2b3)

(T2b4)

(T2c¢)

4.3

Expressing g as ¢ — Xy + Xn, and using (T2b21), we can derive

(f=9.9)=(f—99—Xn)+{f —9,Xn) =(f — 9,9 — Xn).

By Schwartz inequality (1) we have

(f =99 = Xn)I < [If = gllllg — XN

Using (T2a), limyoeo (f —¢9,9 —Xn)| = 0 holds.  Therefore,
(f—9.9)=0.
By (T2b2), any vector combination ), prvy, in v(§) satisfies

(f — 9,2 x vy, ) = 0. Hence we have
k
Using (T2b3) and Schwartz inequality (1) we have

||f_g||2 = ‘<f_gvf_ZMkU¢k> ‘f—ZMkU¢k
k k

Therefore, ||f — g|| < [|f — D s #tkvy,]|- The other inequality is clear,
since for every N > 0

‘f - Z Py,
k

< |If =gl

inf
e € C
Yy € Q

<= Xnll < lIf =gl +llg = Xl

The proof finishes using (T2a).

It is derived immediately from (T2b4).

Methodology

A possible methodology to approximate any function f € H with the SAOC
approach could be the following:

1.

2.

Choose the desired approximation accuracy € > 0.

Select 2 and v(€) such that
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(a) The frequencies wy of the SAOC do always exist. (Theorem 1).

(b) There exists a set of frequencies A C  such that it is possible to
approximate f less than ¢ with the set of vectors {vy : ¢p € A}
(Theorem 2).

3. Construct the SAOC {Xn}nso.

After these steps, the deviation between f and the obtained approximation
(in the limit) is less than e.

5 Specific vectors in H = L?

From now on we will work in the space L?. The vector to approximate is
a square integrable function f(f) In SAOC’s definition there are hardly
restrictions about the vectors v, (F) = U(wk,ﬂ € H used to approximate f.
The only required condition is to have a norm different from 0. Thus, the
method can be applied to a number of vector families that are very usual
in the literature. The vectors discussed here are not, surely, the only ones
that can be used within the method. In fact, the universal approximation
capability of a family of functions is enough to apply the SAOC method with
guarantee of convergence (whenever the SAOC construction is feasible).
Before proceeding to enumerate some of these families, it is convenient to
remember some results about denseness in L? (a subset M of a topological
space X is said to be dense in X if M = X, where M is the topological
closure of M):

1. If K is compact, the set of continuous functions in K is dense in L?(K)

[Reddy 1998], and L*(K) C L'(K).

2. The set of continuous functions in R’ with compact support is dense
in L*(R?) [Rudin 1987]. The support of a function is the closure of the
set where the function is different from 0. Since a continuous function
with compact support belongs to L*(K'), where K is its support, every
function in L?(R’) may be approximated by square integrable functions
on a compact.

5.1 Approximation by polynomials

The celebrated Weierstrass theorem states that any real continuous function
on [a,b] C R can be approximated uniformly by an algebraic polynomial
[Weierstrass 1885]. By the Stone-Weierstrass theorem for real functions, this
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result can be extended to real continuous functions on a compact of R’
[Lang 1989], with the usual definition of a polynomial in several variables.
By [Reddy 1998], any real function in L*(K’) can be approximated by poly-

nomials
Pty o) =Y Ay 1077,

where the coefficients are real, and the sum is taken over a finite number
of I-tuples (ny,---,n;) € N.. That is, the set of polynomials {t}"---#}" :
(n1,+- ,nr) € N} is closed in the space of real functions of L*(K). Hence,
the SAOC can be applied to any function of this space considering vectors
Ou(tr, -+, tr) = 7157 (@ C RY). Observe that, in this case, the coeffi-
cients of the SAOC can be supposed to be real. If {) is compact, the existence
is guaranteed (see Theorem 1).

5.2 Approximation by nonharmonic Fourier series

Suppose that H = L*([—m,n]) and we are approximating by nonharmonic
Fourier series with vectors v, (t) = ¢! (2 C R). Since {e¢'* : k € Z} is closed
in L*([—m,7]) [Young 1980], the SAOC can be applied to any function in this
space. In this case we have Ywy € @ ||vy, || = V27, and (f — Xn,v,) is the
value of the Fourier transform of the residue in the vector v,. By SAOC’s
definition, together with (4), the vector associated with the new frequency
wy allows a better approximation of f than the vector that maximizes the
modulus of the Fourier transform of the residue. If the function is real and
is directly approximated by sines and cosines, (v,(t) = sin(wt) or v,(t) =
cos(wt), w € R), the results are the same [Achieser 1956]. In this case the
Fourier transform is normalized by the vector norm (see (4)), that may be
nonconstant for the different frequencies. A linear change of variable allows
the obtaining of the same results in L?*([a,b]). By the Stone-Weierstrass
theorem for complex functions, the continuous functions on [—x, 7]’
approximated by trigonometric polynomials

P(F) = Z )‘En eugnfv

where the sum is taken over a finite number of I-tuples kn € Z', and
k- t represents the inner product in R, By [Reddy 1998], any function
in L?([—m, 7)) can be approximated by the trigonometric polynomials afore-
mentioned. Hence, the SAOC can be applied to any function of this space
with vectors v, (f) = i@t (0 C RY). As in the one-dimensional case, a
linear change of variable allows the obtaining of the same results in any hy-
percube of R, and therefore in any compact. In this case the existence is

can be
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guaranteed both if € is compact (see Theorem 1) and if Q = R: A known
result states that the Fourier transform of a function in L'(K) tends to 0
as the frequency modulus tends to infinite [Stein & Weiss 1971]. Since every
function in L*(K’) belongs to L'(K), this also applies to f — Xn_;. Hence,
|(f — Xn_1,v,)| tends to 0 if |w| tends to infinite. The vector norm ||v,|| is
constant. We can apply Corollary 2: for every § > 0 there exists a hypercube
Ca C R’ such that Ps C v(Ca) = Cs. Since Cx is compact, every sequence
of vectors in Cs has a subsequence convergent towards an element in Cs.

If the function is real, it can be approximated by sines and cosines (vw(f) =
sin(&-1) or v, (f) = cos(&-1), & € Q C RY). If we use sines, £ cannot contain
frequencies arbitrarily near to 0.

5.3 Approximation by wavelets

A similar result can be found in the field of signal processing. A signal is a
function f € L*(R). A wavelet is a function ¢ € L*(R) such that [|¢| = 1,
JZ2_ #(t)dt = 0 and is centered in the neighborhood of ¢ = 0. The wavelets
are translated and scaled to build a family of time-frequency atoms

qbw(t):% (t—8u> ueR seRY,

also satisfying ||¢.s|| = 1. In practice, the most common wavelets are con-
tinuous (except, maybe, in a finite set) and bounded, such as Mezican hats
(second derivative of a gaussian) or Gabor wavelets (¢(t) = g(t)e™, with
g(t) a gaussian). There are wavelets such that a subset of its family of time-
frequency atoms is an orthonormal basis and, therefore, closed in L*(R)
[Mallat 1998]. With the same definitions, and considering v, (t) = ¢y s(t)
(2 C R x R*), the SAOC can be applied to any signal f € L*(R). To
guarantee the existence it is enough for s to belong to a compact in R
not containing 0 (if u tends to infinite, |(f — Xn_1,v,)| tends to 0, whereas
the norm of v, keeps constant). With an analogous reasoning to that of
Fourier series, the vector associated with the new frequency wy allows a bet-
ter approximation of f than the vector that maximizes the modulus of the
wavelet transform of the residue. The wavelet transform is, in this case, the
projection of the residue onto the vector.

5.4 Approximation by neural networks

In Artificial Intelligence, neural networks have been shown to be a very suit-
able mechanism to approximate functions. A feed-forward neural network
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(FNN) with a single hidden layer and a linear output unit approximates a
function f: R’ — R as follows:

N
) =bo+ > Mo (Wit +be) Wi €R' b €R, (5)

k=1

where &}, -  represents the inner product in R?, N is the number of units in
the hidden layer, A, is the weight of the connection between the unit k in
the hidden layer and the output unit, wj, is the weight vector associated with
the connections between the input layer units and the unit & of the hidden
layer and ¢ : R — R is the so called activation function. The biases (by) are
external parameters for each unit, and can be considered as weights with a
simple transformation. The most usual activation functions are sigmoidal-
like (continuous, nonconstant, increasing and bounded), such as the logistic
function ¢(x) = H—% or the hyperbolic tangent function ¢(x) = };Z:z In
[Funahashi 1989] it is proved that FNNs with a hidden layer of sigmoidal
units and a linear output layer can approximate any function f: K — R?
in L*(K), with K compact. Hence, the SAOC with sigmoidal functions
(2 C R! x R) can be applied to any real function in this space. In this case,
the existence is guaranteed as follows. If the modulus of & can be arbitrarily
large, there will be necessary to consider the accummulation points of the

selected sigmoidal functions (that will be step functions) to be able to guar-

antee the “compactness” of the vector space. If any of the asymptotes of ¢
is 0, the biases cannot be arbitrarily large (since in the limit we would have
the function 0).

More recent results prove that with any activation functions different from
an algebraic polynomial (a.e.), neural networks are universal approximators

[Leshno et al. 1993].

Other kind of neural networks, the radial basis function networks (RBFN),
approximate a function f: R’ — R as follows:

Sk

N g —
t—u .
fN(F):ZAkg< ’“) ur €R! s, €R, (6)
k=1

where g : R? — R is the radial basis function (RBF). The more frequent
RBFs are radially symmetric (only depend on HF— Uk H ), such as the gaussian

function ¢(¥) = e lIEF . In [Park & Sandberg 1993] it is proved, among other
things, that RBFNs can approximate any function f : R — R? in L*(R/)
with a function ¢ integrable in R’ satisfying
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(a) fRIg(f)df # 0.
(b) Jorlg(D)?dF < oc.

In the same paper it is proved that a necessary and sufficient condition for
the RBF is to be square integrable and pointable. In particular, there may
be functions with fRIg(f)df = 0. Observe that it is not necessary for the
function to be radially symmetric. Consequently, the SAOC with functions g
satisfying the previous conditions (2 C RIxR) can be applied to approximate
any function in L?(R1). As for wavelets, to guarantee the existence it is
enough for s to belong to a compact in R not containing 0 (if |u| tends to
infinite, |(f — Xn_1,v,)| tends to 0, whereas the norm of v, for s; fixed, is
constant).

6 Related work

6.1 Projection Pursuit

Projection Pursuit (PP) is a family of optimization methods appeared in the
statistics literature. Its name is derived from the fact that the data are pro-
jected onto several well-chosen directions, which are selected to maximize a
certain objective function. In general, given a random variable X, the meth-
ods based in PP search for a linear projection A optimizing an objective
function Q(F4), where Fy is the distribution of the random variable A - X
[Huber 1985]. By changing the objective function Q(F4), the particular PP
methods are obtained. PP is able of bypassing the curse of dimensionality
caused by the fact that a high dimensional space is mostly empty, and it
is also able to ignore irrelevant variables (noisy and information-poor vari-
ables). In addition, PP generalizes classical methods in multivariate analysis,
such as principal components and discriminant analysis, and in factor anal-
ysis (the quartimax and oblimax methods). As a drawback, they use to
be high-demanding on computation time. Due to this computational cost,
and to the interest in getting an ordered set of projections, the stepwise
methods are very attractive. As a particular case of function approxima-
tion, and historically the first one, Projection Pursuit Regression (PPR)
[Friedman & Stuetzle 1981] estimates the conditional expectation of a ran-
dom variable Y € R given X € R’ by means of a sum of ridge functions

BY | X =d] = f(7) = Zgj(cff- z)
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as follows (the d;’s act as the frequencies). Suppose that the first n —1 terms
of the approximation have been determined. That is, the vectors aj and the
functions ¢;, 1 < 7 < n — 1 have been calculated. Let

r-1(7) = F(@) = farr (B) = F(7) = D 0il@" )

be the residue at step n —1. Find a;, and ¢, such that Hrn 1(Z) — gnlay
is the minimum. This process is repeated until the residue is smaller than
a user-defined threshold. In the original definition, the approximation is de-
fined from a set of observations [Friedman & Stuetzle 1981]. For a given da,,,
the function ¢, is constructed from the scatterplot of r,_; against an't- X,
so that g, is smooth and fits the scatterplot. In the abstract version, the
function itself is available instead of just a set of observations [Huber 1985].
In this case it is possible to prove that, for a fixed aj,, the function G Min-
imizing Hrn 1(Z) — gnlan' _’)H is gn(2) = E[rp_1(X) | 4y - z]. In order
to be well-defined, f € L? and the integral is defined Wlth regard to a proba-
bility measure. The problem of finding d,, is much more difficult, and many
times there is no guarantee that the minimum is global, regardless of its exis-
tence. The process may be improved by backfitting: omit some of the earlier
summands g;, determine its best possible replacement, and then iterate. Usu-
ally, the directions a; are kept fixed. In [Huber 1985] it is conjectured that
lim, 0o E[rn] = 0 under mild smoothness conditions. In [Jones 1987] those
conditions are pointed out: for a fixed p, 0 < p < 1, G,, must be such that

Elg2(a)' X)) > p sup Elg2 (0 X)).
t, =1

Later, [Jones 1992] proved that the convergence may be accelerated approx-
imating by an optimal convex combination. Given a function set P,, find
0<a, <1, d, and g, € P, so that Hf — (1 = ap) fact + angn(an' :JZ"))H is
the minimum. Defining relazed PPR as

fn(f) = (]- - O‘n)fn—l(f) + Oéngn(a_;zt' f)v
its approximation error is O(1/y/n).
In philosophic terms, the SAOC could be understood as a function approx-

imation method based on PP and very similar to PPR. However, there are
at least two important differences with respect to PPR:

1. The functions g¢;, while calculated in PPR, are fixed in the SAOC.

Although the calculation of g; leads to a more flexible model, there can
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be considerable technical difficulties. In particular, the choice of the
bandwidth of the smoother used to find g, is very critical [Huber 1985].

2. When calculating the new term in PPR, the coefficients of the previous
terms are kept constant (in PPR, the coefficients are incorporated in
the functions g;). The possibility that a modification of the coefficients
can lead to a better reduction of the total error is not foreseen in PPR
(see Figure 1). This is a consequence of trying to approximate the
residue at the previous step with only one term, regardeless of its in-
teraction with the other terms (observe that backfitting is not enough).
In relazed PPR, the optimization is carried out on the segments con-
necting f,_; and g,, whereas in SAOC the optimization is performed
on the hyperplane that generate g1, -+, gn_1,9n-

The idea of Projection Pursuit has been applied in different areas.

6.1.1 Projection Pursuit in Neural Networks

The two layer architecture of a neural network is well suited to implement
PPR [Hwang et al. 1992], [Hwang et al. 1994]. The Projection Pursuit Lear-
ning Network (PPLN) is modeled as a two-layer (one-hidden layer) feedfor-

ward neural network )
di = Bufe(Y o),
k=1 1=1

where {fBix : © = 1,--+ ,q} are the output-layer weights connecting the kth
hidden neuron to all the output units, fj is the unknown (trainable) “smooth”
activation function of the kth hidden neuron, and {ag; : j = 1,--- ,p} de-
note the hidden-layer weights connecting all the input units to the kth hidden
neuron. The training of all the parameters is based on the criterion of mini-
mizing the error function Ly, = Y ¢ W, E[(y; — y;)?]. A PPLN learns neuron
by neuron, and layer by layer cyclically after all the training patterns are
presented. All the parameters to be estimated are hierarchically divided into
m groups (each associated with one hidden neuron), and each group, say the
kth group, is further divided into three subgroups: the output-layer weights
{Bir : 1 = 1,--- ,q}, the smooth nonparametric function f; of the kth hid-
den neuron, and the input-layer weights {ax; : 7 = 1,--- ,p} connected to
the kth hidden neuron. The PPL starts from updating the parameters as-
sociated with the first hidden neuron (group) by updating each subgroup,
{Bir}, f1 and {oy,} consecutively (layer by layer) to minimize the error func-
tion Ly. It then updates the parameters associated with the second hidden
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neuron by consecutively updating {f3;2}, f2 and {as;}. A complete updat-
ing pass ends at the updating of the parameters associated with the mth
(the last) hidden neuron. Repeated updating passes are made over all the
groups until convergence (backfitting). The kth group parameters are esti-
mated as follows. Least Squares (LS) is applied to estimate {8}, (given
fr and {ag; 1 7 = 1,--- ,p}, Ly is quadratic in the {fik}), fr is estimated
by a one-dimensional data smoother and a nonlinear optimization algorithm
(Gauss-Newton originally) estimates {ay;}.

Note that in order to compute {F;t}, the residue resulting of consider all
the units except the kth unit is minimized. Again, this is the idea of keeping
the coefficients of the previous terms fixed.

In comparative studies between PPLN and Backpropagation Learning Net-
works (BPLN), both have quite comparable training speed and achieve com-
parable accuracy for independent test data, but PPLN are considerably more
parsimonious in that fewer units are required to approximate the desired
function [Hwang et al. 1994]. In addition, in BPLN the weights (directions)
in the first layer may be very different between different simulations with
different number of hidden units, whereas PPLN is more consistent in that
sense.

6.1.2 Projection Pursuit in Signal Processing

Some methods with the same underlying ideas than PP have appeared in the
area of Signal Processing. In [Mallat & Zhang 1993] Matching Pursuit (MP)
is described, an algorithm that decomposes any signal into a linear expansion
of waveforms that are selected from a redundant dictionary of functions. The
theoretical results in [Mallat & Zhang 1993] are general in the sense that can
be applied to any vector f in any Hilbert space H. They define a dictionary
as a family D = (g, ) er of vectors in H, such that ||g,|| = 1 for all ¥ € T
The MP works roughly as follows. Let R°f = f, and suppose that the nth
order residue R" f is computed, for n > 0. Choose an element g,, € D which
closely matches the residue R" f, that is

|<Rnfvg’Yn>| 2 OéSllp <Rnfvg’Y>|7

~el

where « 1s an optimality factor that satisfies 0 < o < 1. The residue R"f 1s
subdecomposed into

R'f=(R"f.gv.) g + R f
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which defines the residue at the order n + 1, so that
F=> (Bf.gv) gy + RS
=0

In [Mallat & Zhang 1993] it is proved that, if the dictionary D is closed in
H, then f = Y 72 (R f,0,) ¢y A final recalculation of the coefficients is
made, called back-projection, to approximate f at best with the finally se-
lected vectors.

Although MP was developed independently from PP and in a very differ-
ent context, the underlying ideas are similar. We can observe that, again,
the coefficients of the previous terms remain fixed when calculating the new
term.

6.2 Cascade Correlation

In the field of Neural Networks, the most used constructive method is Cascade-
Correlation (CC) [Fahlman & Lebiere 1990]. Constructive (or additive) me-
thods start out from a small network and then insert additional units and
connections (weights) until the network can represent the required function.
CC combines two key ideas. The former is the cascade architecture, in which
hidden units are added one at a time. The newly added hidden neuron re-
ceives inputs from the input layer as well as from the previously added hidden
neurons. The latter is the learning algorithm. For each new hidden unit, the
algorithm tries to maximize the magnitude of the correlation between the
new unit’s output and the residual error signal of the network. The hidden
unit’s input weights are frozen at the time the unit is added to the network.
Only the output connections are trained repeatedly. The learning algorithm
works as follows. It begins with a network without hidden units, and the di-
rect input-output connections are trained as well as possible over the training
set. To create a new hidden unit, it begins with a candidate unit that receives
trainable input connections from all of the network’s inputs and from all the
pre-existing hidden units. The output of this candidate is not yet connected
to the active network. The candidate unit’s input weights are adjusted to
maximize the correlation (or, more precisely, the covariance)

S=3 3 G -TE. - F)

where o are all the output units, p are the training patterns, V, is the ac-
tivation of the candidate, and E,, is the residual error observed at unit o
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(without the candidate unit, which is not yet connected). The quantities V'
and E, are the values of V, and E,, averaged over all patterns. In order to
maximize S, a gradient ascent is performed. Once again, only a single layer
of weights is trained. When S stops improving, the candidate is installed as
a hidden unit. Its input weights are frozen, and all the output layer connec-
tions are trained as well as possible over the training set. The cycle continues
until the network’s performance is satisfactory. Instead of a single candidate
unit, it is possible to use a pool of candidate units, each with a different set
of random initial weights. Alternatively, the candidates might have different
nonlinear activation functions, and let them compete to be chosen for addi-
tion to the active network.

At the original definition [Fahlman & Lebiere 1990], CC is only designed to
approximate datasets, and there is no result of convergence. Even so, there
is nothing that prevents to think at an abstract version, where a function is
approximated instead of a dataset, and where the numerical optimizations
are the zeros of the derivative of the objective function. Some previous stud-
ies have shown that the idea of maximizing the correlation tends to produce
saturate units [Hwang et al. 1996]. Moreover, the decision boundary may be
very zigzag and unsmooth. This makes the CC method more suitable, in
principle, for classification problem than for regression problems.

CC has two main problems [Prechelt 1997]:

1. In principle, the covariance is an ill-suited objective function for train-
ing the candidates. Maximizing covariance trains candidates to have a
large activation (large deviation from average activation) whenever the
error at their output is not equal to the average error.

2. Cascading the hidden units results in a network that can represent very
strong nonlinearities. Although this power is in principle useful, it can
be a disadvantage if such strong nonlinearity is not required to solve
the problem.

To remedy the first problem, one can change the learning rule and train di-
rectly for minimization of the outputs errors instead of for maximization of
covariance. Virtual output connections must be created for the candidate
units. These connections do not propagate an activation to the output units,
but they receive an error signal during the backward pass. This signal is cor-
rected by the would-be contribution of the candidate unit and is then handled
like in normal backpropagation. Ounly the candidate units are being trained
while the rest of the network is fixed (see [Prechelt 1997] for details). For the
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second problem, not cascading hidden units is better than cascading them
for some problems and worse for others. In [Prechelt 1997], the former case
occurs more often.

The differences between the original CC and the SAOC are quite evident.
Neither the architecture nor the optimization function allow to establish a
direct relation. However, and opposite to PPR, the idea of optimizing the
coetlicients of the other units, once the new hidden unit has been added, ap-
pears in CC. By minimizing the error instead of maximizing the correlation
and removing the cascaded connections (“Cand” in [Prechelt 1997], which
is neither cascaded nor deals with the correlation), the differences with the
SAOC are reduced. Even so, the frequencies obtained by these methods are
the result of

1. Approximating the residue at the previous step by only one term (only
one frequency), exactly the same as in PPR.

2. Finding the optimal coefficients of the terms associated with the exist-
ing frequencies.

But the frequencies such that their associated vectors minimize the residue
are not always the best, even though the coefficients are optimized (see Figure
2). The SAOC method can find frequencies much more suited to approximate
the function than those minimizing the residue. In fact, it would be possible
to construct a SAOC with the frequencies found by the “Cand” method. So,
in this sense, we may guarantee the convergence of “Cand” (abstract version)
to any function in L%, if the hypotheses of Theorem 2 are satisfied.

6.3 Projection Pursuit and Cascade Correlation

Some hybrid models have appeared in the NN literature that attempt to
profit from the advantages of PP and CC. In [You et al. 1994] Cascaded
Projection Pursuit Network (CPPN) is defined, which implements PPLN
with cascaded connections among the hidden units, to allow high-order non-
linearities. With the aim of optimizing the nonlinearity degree and relax-
ing the necessity of predefining it, the Pooling Projection Pursuit Networks
[Lay et al. 1994] use a pool of Hermite polynomials of several degrees during
the training of a new candidate hidden unit.

6.4 Other methods in Neural Networks

In [Zhang & Morris 1998] a sequential orthogonal approach to the building
and training of single hidden layer neural networks is described. In the pro-
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posed method, hidden neurons are added one at a time. The procedure starts
with a single hidden neuron and sequentially increases the number of hidden
neurons until the model error is sufficiently small. When adding a neuron,
the new information introduced by this neuron is caused by that part of its
output vector which is orthogonal to space spanned by the output vectors
of previously added hidden neurons. In this context, a vector is an element
of RT, where T is the number of patterns. The classical Gram-Schmidt
orthogonalization method is used at each step to form a set of orthogonal
bases for the space spanned by the output vectors of the hidden neurons.
Hidden layer weights ¢, are found through optimization (gradient descent)
of ||En-1 — wnRn(cn)l||, where E,_; is the network error with the previously
added hidden neurons. Output layer weights w,, are obtained from the LS re-
gression. When the training procedure is terminated at the nth step, output
layer weights need to be recalculated in order to accommodate the effects of
the non-orthogonal part of the output vectors of the hidden neurons. Output
layer weights are determined through orthogonal LS using the Gram-Schmidt
orthogonalization results obtained at each step.

Although the coefficients are recalculated when the training finishes, the fre-
quencies are obtained again approximating the residue at the previous step
with only one term (one frequency), exactly the same as in PPR.

7 SAOQOC’s practical properties

The SAOC satisfies a number of interesting properties to implement it in an
efficient and reasonably simple fashion.

First, observe that the problem of finding the frequencies and the coeffi-
cients of Xy is reduced to the only problem of finding the frequencies: once
the frequencies are selected, the optimal coefficients can be obtained solving
the linear equations system proposed at (3). From a geometrical point of
view, it is equivalent to say that the main problem is to find good approxi-
mation directions. By the definition of Xy, at every step it is only necessary
to find a new frequency (a new direction), since the frequencies found at
previous steps remain fixed. This fact reduces considerably the difficulty of
solving the optimization problem proposed: For a fixed N, a method trying
to find the frequencies and the coefficients at the same time should search
for 2N parameters. The N coefficients can be obtained from the N frequen-
cies. With the SAOC,| N + 1 parameters must be found at every step, but
the N coefficients are a function of the selected frequency. The difficulty of
finding the coefficients is almost null. In contrast, the difficulty of finding NV
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frequencies at a time seems to be very superior to that of finding N times
one frequency ([Huber 1985], [Jones 1992]). Not to forget that, in general, it
is impossible to know a priori the number of necessary terms N to achieve a
satisfactory approximation.

Second, if we only have a dataset, it would be convenient to have an ef-
ficient mechanism to compute the required operations. Suppose we are at
step N. We have wy,wq, -+ ,wny_1 € (2, and we want to find the new fre-
quency wy. Suppose that we have two candidates wy, and w3 . How can we
decide which is the best one? In a first approximation, we could obtain the
coefficients, solving (3), and compute || f — Xy ||* for both frequencies. The
best minimizes the error. This strategy forces to make two passes through
the dataset: the first one to propose the linear equations system, and the sec-
ond one to compute the residue. The first one seems unavoidable, because we
need to know the projections of the vector associated with the new frequency
onto the vector f and the vectors associated with the previous frequencies
(the projections involving the previous frequencies keep constant, and we do
not need to recalculate them). In contrast, the second pass is avoidable. By
(Llc), we have ||f — Xn||* = | f|I” = || X~]|*. The frequency that minimizes
the error is such that maximizes || Xy||*. By (L1d), we know that

N
IXwl* = D A (Fvw). (7)
k=1

Hence, to compute || Xy|” it is not necessary to make a new pass through
the dataset. The values of {(f, v.,)}1<kgn are the independent vector of the
linear equations system (3) just solved to obtain {\} }1ckcn. Thus, we will
select the frequency that maximizes Ei\;l AV{f,v,,). The cost of computing
this value is O(N). Note that the cost of computing | Xy||* or ||f — Xn||?
directly from the dataset is O(T-N), where T is the number of elements in
the dataset.

Finally, we may wonder whether the vector norm affects or not in the ap-
proximation. It could happen systematically that vectors with large norms
were better to approximate than vectors with small norms, or vice versa. If
the norm of the vector v,, depended on the frequency wy, we would have
the undesirable property that there are priviligiated frequencies only by the
norm of its associated vector and independently of the target vector. But,
fortunately, this is not the case. Suppose we are at the step NV, and we have
just selected wy and calculated AY,--- AN _|, AV, Suppose that we mod-
ify the norm of the vector v, by defining v/, = h v, h € R,h # 0
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(HU‘/UNH = |h| - ||[vwx|l). Proposing again the linear equations system (3), we

must find AN, - ,)\;]VV_D )\}\]y such that
<Uw17Uw1> <Uw2vvw1> o <U(/4;N7Uw1> )‘IIN <f7 Uw1>
<Uw1 y Vwn oy > <Uw27 Vwn_1 > o <U(/UN7 UwN—1> )‘Kf\%fl <f7 UwN—1>
! ! / ! ! !
<U“’17UwN> <U“’27UwN> U <UwN7UwN> )\N <f7 U‘UN>
This system solution is (A{Y, -+, A, AY) = (AN, -+ ) AN _, ANV /h). Com-
puting the norm of the new X4 = S0 ' Mo, + )\}évva using (7) we have
N-1
|XN|| = )‘ f?vwk +)‘N<f7 wN>
k=1
N-1 )\N
= 2 W Fvn) + S5 vay) = 1 Xn)
k=1

Therefore, ||f — Xn||* = ||f — X4||>. That means that the goodness of the
new frequency wgy with regard to its approximation capability does not de-
pend on the norm of the vector v,,. In particular, we could define v, =
Von/ [Vwn||s s0 that their norm would always be 1.

8 SAOC and Neural Networks

From now on, we will focus on Artificial Intelligence, and more precisely in
the field of feed-forward neural networks.

Let K be a compact in R’. We want to approximate a function f : K — R%in
H = L*(K) by functions fy as defined in (5), where the activation functions
are nonlinear (otherwise, the whole problem would be resolved by solving a
linear equations system). We only have the value of the function in a dataset,
and the main objective is to achieve a successful interpolation or generaliza-
tion. The dimension of the input space may be very large (of the order
of hundreds) depending on the problem at hand. Although = R*! the
number of weights needed to approximate the dataset may be much larger
(I-N). Since we only have a dataset, the restriction of K being compact is
not a real restriction. It is very easy to verify that, if we only have a finite
dataset, the problem of approximating a function in L? is equivalent to that
of approximating (by Least Squares) a vector t € CT, where T is the number
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of elements in the dataset. The vector component ¢; is associated with the el-
ement ¢ in the dataset. Every frequency is associated with a specific vector in
C?, which components depend on the frequency and the point in the dataset.

In practice, the SAOC method presents a problem. To find a valid fre-
quency, we must verify that || f — Xn||* <infuec wea ||f — (Xn—1 4 pvo)||” =
inf,eq Pv(v,). Usually, we will be able to compute inf,cq Py(v,) if we al-
ready know the frequency wp that minimizes Py. But this minimum must be
global in the space of parameters. Global optimization techniques are very
expensive computationally. In a high-dimensional space without any kind
of convexity, it becames an almost intractable problem [Horst & Tuy 1993].
Anyway, since we only have a dataset, and we seek a good generalization
performance, it may happen that approximating too much the points in the
dataset leads to a performance degradation. This can happen, for example,
if the data is noisy, or few data are available with respect to the input dimen-
sion (curse of dimensionality) or if the model is too complex [Bishop 1995].
Many times, finding a local minumum is enough to achieve a good perfor-
mance.

Neural Networks are a suitable approach to deal with function approxima-
tion problems when only a dataset is available. On the one hand, they allow
the approximation of the value of the function at the points in the dataset.
On the other, they offer a number of techniques to deal with the gener-
alization problem. In addition, neural networks work in high-dimensional
spaces with nonlinear approximations without (theoretically) problems de-
rived from the dimension, since the error only depends on the complexity
of the function and the number of units in the hidden layer [Barron 1993].
The existing theory can guarantee that the global minimum exists, but it
cannot be found (in general) with a reasonable computational cost. The
methods are either non-constructive or computationally prohibitive in the
general case [Scarselli & Tsoi 1998]. Most of the times, a local minimum
is found. An example is offered by the celebrated Kolmogorov’s theorem
[Kolmogorov 1957], which states that any continuous function of several vari-
ables on any compact can be represented as a superposition of one variable
functions. Although the proof is constructive, its practical applications are
limited ([Girosi & Poggio 1989], [Kurkova 1991], [Kurkova 1992]). Another
similar situation is the use of heuristics (both in Neural Networks and in
other Artificial Intelligence areas), to solve problems for which we do not
even have an existence theorem. As has been said before, this is not a major
problem if we are dealing with a dataset and our main aim is the generaliza-
tiomn.
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Hence, there are reasons to think that the SAOC method can be imple-
mented in a neural network. In general, not every theoretical result can be
put into practice in a reasonable manner [Scarselli & Tsoi 1998]. In fact, the
profit is reciprocal. The SAOC can serve as an inspiration to train a neural
network: adding hidden units one at a time, choosing the initial weights in
an optimal manner, so as to train the network until we have a satisfactory
model (sequential training). This idea, in addition, offers a number of ad-
vantages to train the network. First, it allows to estimate in a reliable way
the optimal number of hidden units that is necessary to approximate the
function (that is, to be parsimonious). This is one of the basic problems met
in constructing a neural network. If there are few hidden units, the dataset
will not be approximated properly. If there are too many, the generalization
may not be satisfactory, since the model may be too complex. In addition,
the most promising activation function can be chosen at every step, so that
the network adapts its architecture to the specific target function. Other
advantage is related to the training monitoring. With a sequential train-
ing, it is possible to display some training aspects that one could consider
outstanding (error decreasing, performance, weights, etc), together with the
evolution of such aspects. It is possible, for example, to save the parameters
of the intermediate steps of the training and recover them if desired.
Concerning the neural network architecture needed to implement the SAOC
method, 1t must present the following characteristics:

e It must be a feedforward architecture with a hidden layer of units (in-
cluding both two-layer perceptrons and RBFNs).

e There are no restrictions about the dimension of the input and the
output. There will be so many as the target function have. If there
are several outputs, the total inner products must be calculated as the
summation of the individual inner products of every output.

e There is no restriction about the biases in the hidden units. The biases
can be treated as part of the frequencies.

e The output units cannot have biases.

o There is no restriction about the activation functions in the hidden
units, provided that the hypotheses in Theorem 2 are satisfed. In
particular, they can be sines, cosines, sigmoidal functions, gaussian
functions, wavelets, etc. Obviously, different units may have different
activation funcitons.
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e The output units must have a linear activation function.

As we can see, the restrictions only refer to the output units. The biases are
not a real problem, since they can be considered as frequencies with a simple
transformation. Another solution consists of adding a new hidden unit with
constant activation function. Hence, the only real restriction in the output
units is the linear activation function.

8.1 Algorithm

An algorithm to implement the SAOC method using a neural network, which
is based on the previously discussed ideas, could be the following:

Algorithm
N :=0;
while the network is not valid
Increase by 1 the number of hidden units N
Outputmaz := 0;
for ¢t := 1 upto Nattempts do
Assign randomly a candidate frequency wy) (weights in the first layer)
to the last active hidden unit
Pick an activation function for the new hidden unit
Compute the coefficients {p(t)}1<rgn (weights in the second layer),
by solving the linear equations system (3)

Compute the Output ||XN(t)||2 _ ZiV:—ll (o0, ) + MN(t)<f7 Uw(t)>'
if Output > Outputmaz then
Outputmaz := Output;
WN = W)
end if
end for
Optionally, train the network, to tune the frequency wy
Fix the frequency wy in the network, so that it cannot be
modified at later trainings
Validate the network
end while
end Algorithm

Since || f — XNH2 = ||f||2— ||XN||2, to find out the minimum error ||f — XN||2
we only need to calculate the maximum output || Xy||>. The random selection
of weights for the candidate units is not the best possible strategy for sure,
but it can be justified if we consider the selected frequencies as the initial
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weights to start the network training (usually, the initial weights in a neural
networks are selected randomly within a particular finite interval). Since the
frequency goodness does not depend on the norm of its associated vector, the
range of weights to look for candidate frequencies may be as large as desired.
However, if the range is too large, the number of attempts needed to find
an acceptable candidate frequency may also be very large. In practice, there
will be a trade-off between these two matters.

9 Future work

There are a number of questions that can be posed after this work:

o According to SAOC’s definition, if we want to know whether a fre-
quency is valid or not (i.e. whether it satisfies condition (b) in the
definition), we need to know the best approximation of the residue
with only one frequency. As already mentioned, this problem may be
very difficult to solve. A way of relaxing this condition would be allow-
ing an optimality factor (as in [Jones 1987] or [Mallat & Zhang 1993]).
Probably, the convergence property expressed in Theorem 2 would be
maintained, and the construction would be easier. Anyway, it is not
clear how to profit this definition in practice, since to be able to fix the
optimality factor, one will probably need to know the best approxima-
tion of the residue.

o A very interesting problem that appears in a sequential approximation
deals with studying the error bound as a function of the number of the
approximation terms (see [Barron 1993], [Jones 1992] or [Mallat 1998]).
If this function were known or estimated, it could provide an estimate of
the minimum number of terms needed to construct the approximation,
although this would surely depend on the complexity of the target
function.

e In the presented particular implementation with neural networks, there
are also a lot of matters to study:

— To choose the candidate frequencies with different heuristics from
current random selection. In principle, a more intelligent selection
could lead to better approximations. Another strategy could be
based on genetic algorithms. In the same way, the selection of the
activation function for the new hidden unit admits any number of
heuristics.
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— Study the optimal criteria to stop adding units. In addition of
validating the approximation by computing the error, it could be
interesting to know, for example, if the error is being diminished
very slowly. In this case we will probably have to change some of
the current strategies, if we want a small number of terms. In this
sense, the work of [Zhang & Morris 1998], [Hwang et al. 1994],
[Mallat & Zhang 1993] or [Prechelt 1997] may be an interesting

starting point.

— The approximation interpretation may be of great interest in sev-
eral problems, especially if we are dealing with real world prob-
lems. The selected frequencies, together with the projections of
their associated vectors onto the target function may give “under-
standing” information about the function behaviour [Huber 1985].
In the neural model used, it is possible to plot these projections,
since the activation functions in the hidden layer are functions of
one variable.
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