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Object manipulation is a basic task in robotics and automation. Active manipulation by grasp is conventional
approach in object manipulation. However, in many cases, grasp-less manipulation can be beneficial in terms of
cost, minimalism and extension of workspace. On the other hand passive mechanisms are advantageous from the
energy saving viewpoint. In this paper we combine these ideas to develop a dynamic passive object manipulation
mechanism to achieve manipulation in more than one dimension and simultaneously change position and orientation
of the object. In developed mechanism the manipulation platform is a simple inclined surface. The object is
composed of two wheels with different radiuses and an axle connecting the wheels to each other. The object moves
passively along a circular path on the platform. Kinematic equations of the motion are devised, dynamic analyses
are performed and no-slippage conditions are extracted. Modelling in CATIA and simulations in MSC.ADAMS are
performed and experimental set up is built to verify the analysis.

Key words: Dynamics, Grasp-less manipulation, Object manipulation, passive mechanism

Novi mehanizam za pasivno-dinamičnu manipulaciju objektom duž zakrivljenog puta. Manipulacija ob-
jektom je osnovni zadatak u robotici i automatici. Aktivna manipulacija hvatom predstavlja konvencionalan prostup
manipulaciji objektom. Ipak, u mnogim slučajevima, manipulacija objektom bez hvata može biti korisna u smislu
troškova, minimalizma i proširenja radnom prostora. S druge strane, pasivni mehanizmi posjeduju prednosti iz per-
spektive uštede energije. U ovom radu mi kombiniramo ove ideje kako bismo razvili dinamično-pasivni mehanizam
za manipulaciju objektom u svrhu postizanja manipulacije u više od jedne dimenzije i simultano mijenjali poziciju i
orijentaciju objekta. U razvijenom mehanizmu platforma za manipulaciju sastoji se od jednostavne nagnute plohe.
Objekt se sastoji od dvaju kotača različitih radijusa i jedne osi koja spaja kotače. Objekt se kreće pasivno duž za-
krivljenog puta na platformi. Postaljene su jednadžbe kinematike gibanja, te je analizirana dinamika, dok je klizanje
zanemareno. U svrhu verifikacije analize izra�en je model eksperimentalnog postava u CATIA-i te su provedene
simulacije korištenjem MSC.ADAMS alata.

Ključne riječi: Dinamika, manipulacija bez hvata, manipulacija objektom, pasivni mehanizam

1 INTRODUCTION

Object manipulation is an essential task in industries.
The object manipulation can be a part of a complicated
task such as painting, welding, assembly etc. [1] or it can
be desirable by itself (ex [3]). As three familiar examples
we can refer to:

1. A set of conveyors carry a part from one position to
other one as well as changing its orientation (Fig 1.).
Programming of system is a challenge [6].

2. Wagons in mines move articles from one configura-
tion to other one (Fig 1.). Kinematic and dynamical
analysis are some challenges [7].

3. A robotic arm changes position and orientation of the
object (Fig 1.). Stable grasp and task space planning
are some challenges [8]-[10].

In all above examples an object is manipulated from one
configuration to another one.

In the literature, two categories of object manipulation
techniques can be recognized: manipulation with grasp
and manipulation without grasp. In manipulation with
grasp, the object is held by robot hand and then it is moved
to goal configuration. Some relevant recent researches
can be found in [11]-[14]. In grasp-less manipulation
(or nonprehensile manipulation), the object is manipulated
by manoeuvres like pushing [15][16], pivoting [17], slid-
ing [18], juggling [19]-[22], translation and rotation [23],
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[24] etc. Grasp-less manipulation approach has some ad-
vantages and some disadvantages over manipulation with
grasp. Advantages of grasp-less manipulation include min-
imalism in mechanism [25], reduction in cost [26], op-
portunity of transferring object out of robot’s workspace
[19], [20], elimination of need for compliance control and
finger coordination in establishing stable grasp, possibil-
ity of doing tasks with more DoF (Degrees of Freedom)
than the DoF of the robot [27] and exploiting geometry and
dynamics of the environment in performing the manipu-
lation [25]. When different tasks are not expected from
the mechanism, manipulation task is not complicated and
simplicity and cost are most important factors, grasp-less
manipulation is preferred.

Fig. 1. Three examples of object manipulation in indus-
tries. The set of conveyors is given on the left, the wagon
on rail in the middle and robotic arm on the right. In most
of cases both position and orientation of the object should
be changed.

Fig. 2. Sliding of penguins and rolling of hedgehog are
passive manipulation examples in nature.

As a matter of fact, grasp-less manipulation is the most
common approach in the nature. One can hardly find grasp
when object are being manipulated in nature. There is an-
other manipulation approach in nature that leads to energy
saving mechanisms and simpler systems. That is passive
manipulation which means manipulation without actuator
and active controllers. Flowing the river down the moun-
tains to the sea, rolling hedgehog down hills and sliding
penguins on the ice are some interesting examples of pas-
sive grasp-less manipulation in nature (see Fig. 2).

The idea of using passive mechanisms in robotics has
been probably initiated by works of McGeer (Fig. 3) where
he inspired from rotation of rimless wagon wheel to design
his passive dynamic walkers [28].

Since then a lot of works have been reported in the field
of passive locomotion. One can find some examples in
[29]-[35]. As it was shown that locomotion is dynamically
analogous to manipulation [24], [36], [37], the results of
studies on passive locomotion can be utilized in design of

Fig. 3. McGeer inspired from passive motion of rimless
wheel to develop passive dynamic walker. that became ba-
sis of many researches in passive dynamics.

passive locomotion mechanisms. The idea of passive ma-
nipulation, however, was firstly introduced in [38] where
four significant properties of passive manipulation were in-
troduced and three examples were presented.

In passive locomotion and passive manipulation mech-
anisms, the only motion generation force is gravity and
there is no active controller. More specifically, in these
mechanisms there is an inclined plane which acts as a tool
to exploit gravity force for motion generation.

It is well-known that the configuration of an object is
defined by six components (three position components and
three orientation components). In existing works of pas-
sive mechanisms, the generated motion is always along a
straight line. However, in many manipulation applications
more than one component has to be changed. Straight line
manipulation only changes one position component, there-
fore it is not desired. In many applied cases a curved path is
required which means more than one-dimensional manip-
ulation. In the literature, no passive mechanism has been
reported for manipulation on curved path. In such a mech-
anism, a structural intelligence is required to guide the ob-
ject on a computable curved path. Such a manipulation
mechanism should be capable of simultaneously changing
position and orientation of the object.

In this paper we combine ideas of grasp-less manipu-
lation and passive manipulation to introduce a mechanism
for object manipulation along a curved path. The path can
be specified according to kinematic and dynamical param-
eters of the object and the mechanism. The mechanism is
simple and advantageous from energy saving viewpoint as
it does not need external actuation.
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This paper is extension of our previously presented
conference paper [39]. In that work only kinematic analy-
sis of the mechanism was presented with no experimental
justification. In this paper dynamical analysis, some po-
tential applications of the mechanism, experimental verifi-
cation and studies on the effect of the model parameters on
the motion are provided.

2 PROBLEM DEFINITION

The aim of this paper is to develop a mechanism
for grasp-less passive manipulation of an object along a
planned curved path. The mechanism consists of two com-
ponents. The first component is the manipulated object
and the second one is platform wherein the object is ma-
nipulated. The platform is in dynamic interaction with the
object and their geometry and dynamics determine the mo-
tion parameters of the object.

Simultaneous design of the object and the platform can
be complicated and in most cases it is not necessary. Here,
one may have two approaches to this problem. The first ap-
proach is to choose a simple object and design the platform
and the second approach is to choose a simple platform and
design the object. The researches published in this filed
have adopted the second approach while the first approach
can also be valuable in some cases. This paper takes the
second approach for the first time. Besides providing pas-
sive dynamic manipulation on a computable curved path -
that was explained earlier in Introduction - taking this ap-
proach to the problem is another contribution of the paper.

In our proposed mechanism, the platform is considered
to be a simple inclined surface with slope β0 as it is shown
in Fig. 4. Then, we should design the object in such a
way that it can travel on a determined curved route. The
proposed object, as it is shown in Fig. 4, is composed of a
pair of wheels with different radiuses those are connected
together by an axle. In the rest of this paper we refer to
this setup as object. Masses of the small and big wheels
are assumed to be mws and mwb respectively and mass of
the axle is neglected; then total mass of the object will be
M ′ = mws+mwb. The radius of the small and big wheels
are assumed to be rws and rwb respectively (see Fig. 4).
The axle is connected to the center point of interior sur-
faces of wheels and length of its projection on the surface
is L0. Width of wheels is b and the radius of axle is rro.

Without loss of generality, it is assumed that in initial
configuration, the axle is located perpendicular to the gra-
dient of the ramp as it is shown in Fig. 5.

The aim of this paper is to analyze kinematics and
dynamics of motion of the object and obtain travelled path
and motion equations. We assume that there is no slip-
page and the motion is perfect rolling. Obviously the mo-
tion and path will be related to parameters of the object

Fig. 4. The proposed mechanism. A simple inclined sur-
face with slope β0 and an object composed of two wheels
with different radiuses.

Fig. 5. Initial condition of the mechanism where axle of the
object is located perpendicular to gradient of the ramp.

and slop of the platform. Then motion and path planning
of the object can be achieved by appropriately selection
of the parameters of the mechanism. In the rest of paper
we will address these points in more details. Section 3 in-
cludes kinematics analysis of the motion. This section is
summary of [38] which is our work preliminary to this pa-
per. In fourth section dynamical analysis is provided and
in Section 5 no-slippage condition is devised. Section 6 in-
cludes simulation and experimental results and the finally
last section concludes the paper and provides the idea of
the way that the proposed mechanism may be used in ap-
plied manipulation systems.

3 KINEMATICAL MODEL OF PROPOSED
MECHANISM

Fig. 6 shows free body diagram of the object at start-
ing time of the motion. To study motion of the object, we
considered right handed coordinates frame OXY Z for the

190 AUTOMATIKA 57(2016) 1, 188–200



A New Mechanism for Passive Dynamic Object Manipulation along a Curved Path A. Bajelan, A. Akbarimajd

Fig. 6. Free body diagram of the proposed mechanism at
the starting time of the motion.

object in such a way that its origin O is located in the ob-
ject Center of Gravity (CoG), X axis is parallel with the
projection of center to center distance of wheels on the
platform and Z axis is normal to the surface. This frame
which we call it "path-based frame", moves with the ob-
ject. Another frame oxyz is considered parallel to OXY Z
such that its origin o is located at the bottom of the smaller
wheel. Coordinates of object’s CoG in oxyz is given by
(x̄, ȳ, z̄). Nwsand Nwb are normal forces applied from the
surface to the wheels and fws and fwb are friction forces.

At each time instance, we denote the linear velocity
and acceleration of the object CoG in Y direction by v and
a respectively. Apparently, different points of the object
have different linear velocities in Y direction and the same
angular velocity in X direction. Linear velocities of wheels
CoG in y-direction are given as:

vws = ωxrws ⇒ aws = ω̇xrws (1)

vwb = ωxrwb ⇒ awb = ω̇xrwb (2)

where ωx denotes angular velocity of the object in x direc-
tion. From (1) and (2) we obtain:

ω̇x =
aws
rws

=
awb
rwb

(3)

Let R be the radius of the circular path and Z0 the axis
of rotation of the object as it is shown in Fig. 6. Differ-
ence between linear velocities of the wheels CoG is invari-
able which results in a circular path for the object from the
normal point of view of the surface. Obviously, taking in
account the height change in moving down the slope, the
object’s path is a helix from the view point of a reference
frame located in the level ground. Angular acceleration of

Fig. 7. Objects geometry and its accelerations from the
normal point of view of the surface.

the object about Z0 is given as:

ω̇Z0
= − a

R+ x̄
(4)

where x̄ is x-component of CoG of the object in oxyz .
Then we obtain linear accelerations of wheels CoG in
terms of ω̇Z0

as:

aws = ω̇Z0
R = − a

R+ x̄
R (5)

awb = ω̇Z0(R+ L0) = − a

R+ x̄
(R+ L0) (6)

Substituting aws and awb from (5) and (6) in (3) we obtain
radius of the path as:

R =
rwsL0

rwb − rws
(7)

4 DYNAMIC MODEL OF PROPOSED MECHA-
NISM

In this section we obtain X, Y and Z components of
accelerations of the object according to free body diagram
of Fig. 6 and using kinematics equations of the previous
section. To this end we firstly specify forces and torques
applied to the object in the previously defined path-based
frame. Then we obtain accelerations at different time steps
in association with the applied torque and forces. We de-
note rotation of the object around Z0 axis (see Fig. 7) by
θ and we assume that at the beginning of the motion (state
of Fig. 4 and 5) we have θ(t = 0) = 0. If we consider
motion in the path-based frame in our problem, different
motion factors including torques, forces and accelerations
will be determined by changes of θ.

In our analysis, to simplify the modelling, we neglect
the centrifugal force in x direction applied from the sur-
face to the object due to friction forces. We also neglect
component of the weight of the object in x direction. It is
worth mentioning that the magnitude and direction of the
x-component of the weight varies and depends on angle θ.
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From the starting angle θ = 0 to angle θ = π
2 above-

mentioned x component of centrifugal force and weight
component are in the opposite direction and their resul-
tant effect is reduced. On the other hand in small values of
slope β0, above forces will be small. Then assuming small
slopes and motion range of 0 < θ < π

2 neglecting of these
forces is applicable. Before we obtain motion equations,
let we find coordinates of object’s CoG in oxyz frame. We
have:

x̄ =
mwsx̄ws +mwbx̄wb

M ′
(8)

where x̄ws and x̄wb are x-components of CoG of small and
big wheels in oxyz and we have x̄ws = 0 and x̄ws = L0.
Then (8) can be rewritten as:

x̄ =
mwbL0

M ′
(9)

In a similar way we write:

ȳ =
mwsȳws +mwbȳwb

M ′
(10)

z̄ =
mwsz̄ws +mwbz̄wb

M ′
(11)

As for y and z components of CoG of object we have
ȳws = ȳwb = 0, z̄ws = rws and z̄wb = rwb, then we
get:

ȳ = 0 (12)

z̄ =
mwsrws +mwbrwb

M ′
(13)

Now we can obtain motion equations. For the configu-
ration of Fig. 6 we have:

∑
FX = 0 (14)

∑
FY = M ′a (15)

∑
FZ = 0 (16)

∑
MX = ḢX −HY ωZ +HZωY (17)

∑
MY = ḢY −HZωX +HXωZ (18)

∑
MZ = ḢZ −HXωY +HY ωX (19)

where ωX , ωY , ωZ are components of angular velocity
about G (CoG of the object) and HX , HY , HZ are com-
ponents of angular momentum about G. To solve motion
equations (17) to (19) we should find time derivatives of
angular momentum H . The components of H can be writ-
ten as:

HX = IXωX − IXY ωY − IXZωZ (20)

HY = −IY XωX + IY ωY − IY ZωZ (21)

HZ = −IZXωX − IZY ωY + IZωZ (22)

where I denotes moment of inertia of the object. Different
components of I are given as:

IX = 1
2 (mwsr

2
wb +mwsr

2
ws) +mwb(rwb − z̄)2

+mws(z̄ − rws)2 (23)

IY = 1
12

(
mwb(3r

2
wb + b2) +mws(3r

2
ws + b2)

)

+mwb

(
(L0 − x̄)2 + (rwb − z̄)2

)

+mws

(
x̄2 + (z̄ − rws)2

) (24)

IZ = 1
12

(
mwb(3r

2
wb + b2) +mws(3r

2
ws + b2)

)

+mwb(L0 − x̄)2 +mwsx̄
2 (25)

IXY = IZY = 0 (26)

IXZ = mwb(L0 − x̄)(rwb − z̄) +mwsx̄(z̄ − rws) (27)

Details about obtaining above components are given in
the appendix A. As OXY Z frame moves with the object,
then obtained moments and products of inertia are fixed in
OXY Z and their derivatives are zero. On the other hand,
as the object roles on the surface parallel to Y , the compo-
nents of moment, angular velocity and angular acceleration
in y direction are zero:

∑
MY = 0 (28)

ω̇Y = 0 (29)

ωY = 0 (30)

Consequently we can take time derivatives of angular mo-
mentum as:

ḢX = IX ω̇X − IXZ ω̇Z (31)

ḢY = 0 (32)

ḢZ = −IZX ω̇X + IZ ω̇Z (33)

Regarding to the fact that angular velocity is a free vector
we have:

ω̇Z = ω̇Z0
(34)

ω̇X = ω̇x (35)

Now to extract motion equations we use Newton rules
to write three equations for

∑
FY ,

∑
MX and

∑
MZ as:

∑
FY : fwb + fws −M ′g sinβ0 cos θ = −M ′a (36)

∑
MX : fwbz̄ + fwsz̄ = IX ω̇X − IXZ ω̇Z (37)

∑
MZ : fwb(L0−x̄)−fwsx̄ = −IZX ω̇X+IZ ω̇Z (38)

Now we can find ω̇x from substituting (5) in (1) as:

ω̇X = − a

rws(R+ x̄)
R (39)
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Substituting ω̇X and ω̇Z from (39) and (4) in (37), then
finding fwb + fws yields:

fwb + fws =
a

z̄(R+ x̄)

(
IXZ +

IXR

rws

)
(40)

Finally, substituting (39) in (36) we get linear acceleration
of the motion as:

a =
(R+ x̄)z̄rwsM

′g sinβ0 cos θ

IXZrws + IXR+ z̄rwsM ′(R+ x̄)
(41)

Equation (41) shows that how the acceleration of the ob-
ject depends the slop β0, parameters of the object including
mass M’, inertia I and position of CoG parameters and its
rotation on the platform. Using acceleration of the object,
we can find velocity and displacement equations and spec-
ify motion time. According to (41), by selecting different
values for slop β0and object geometry parameters rws, rwb
and L0 (those specify x̄ and z̄) we can independently take
control on three degrees of freedoms R, θ, Z in designing
of mechanism. This means that a desired circular motion
can be achieved by appropriate design of system parame-
ters.

It is obvious that the object’s angular accelerations are
also changed during motion. The angular accelerations
about z and x directions can be easily obtained by kine-
matics equations and using linear velocity of (41) as:

ω̇Z =
−z̄rwsM ′g sinβ0 cos θ

IXZrws + IXR+ z̄rwsM ′(R+ x̄)
(42)

ω̇X =
z̄RM ′g sinβ0 cos θ

IXZrws + IXR+ z̄rwsM ′(R+ x̄)
(43)

The analysis of previous sections are valid if the motion
is pure rolling without slippage. We can write no slippage
conditions as the sequel:

fws ≤ µNws (44)

fwb ≤ µNwb (45)

where µ is Coulomb friction coefficient. Adding these
equations we can write no-slippage condition as:

fws + fwb ≤ µ(Nws +Nwb) (46)

As the z-axis is normal to the surface of the platform and
the object does not leave the surface, then it has no accel-
eration in z-direction, then we have:
∑

FZ = 0 ⇒ Nws +Nwb = M ′g cosβ0 (47)

Then from (46) we have:

fws + fwb ≤ µM ′g sinβ0 (48)

Substituting fws + fwb from (48) in (40) we get:

µ ≥ (IXZrws + IXR) tanβ0 cos θ

IXZrws + IXR+ z̄rwsM ′(R+ x̄)
(49)

5 SIMULATION AND EXPRIMENT

5.1 Model verification

In this sub-section, in order to evaluate correctness of
the obtained model, we perform a comparative study be-
tween the model and simulation and experimental results.
In simulations, as a basic test, we considered an object with
wheels radiuses rws = 30mm, rwb = 37.5mm and an
axle with radius rax = 1.5mm. The width of wheels is
b = 28mm and projection of their center to center distance
on the platform is L0 = 213mm. The object is built from
steel with density of ρ = 7975 kg

m3 . Mass of the object is
M ′ = 1.618kg and its matrix of inertia is:

I =




0.00099 0 −0.000615
0 0.018 0

−0.000615 0 0.018


 kg

m3
(50)

The slope of the platform is assumed to be β0 = 2.7◦. The
model was built in CATIA and for dynamical analysis it
was exported to MSC. ADAMS. In initial configuration,
the axle is perpendicular to gradient of slope direction as
it is shown in Fig. 5. The aim of simulations is to verify
kinematical and dynamical equations obtained in previous
sections. In the kinematics, (7) shows that the path of the
object is a circle with radius R for small wheel and R+L0

for big wheel. According to parameters of the simulated
model we can obtain radius R from (7) as R = 852mm.

We simulated the system for 6 seconds in ADAMS.
Fig. 8 illustrates six snapshots of the simulation. In this
figure calculated target path (given by (7)) is shown by
black-bold lines and the travelled path by the small wheel
is shown by gray line. The center of the circle is illustrated
by P.

For more accurate investigation, the curve of distance
between the small wheel and the center P is shown in Fig.
9. It can be seen that the maximum deviation from the
predicted path is 39.5 mm which is small deviation about
4.5% of the radius. This deviation can be originated from
the simplifications made in modelling. These simplifica-
tions include neglecting of some components of the mech-
anism like mass and radius of the axle and also neglect-
ing of the centrifugal force of weight of the object in x
direction that was explained in the previous section. Inter-
estingly the deviation before θ = π

2 is very small which
confirms our previous discussions. An equivalent exper-
imental setup was also built to validate the equations and
simulations (see Fig. 10).

Six snapshots of the corresponding test were shown in
Fig. 11. Comparing Fig. 9 with Fig. 11 confirms match-
ing of simulations and experiments. The deviation from
the calculated path in experiments is 5.8% which is more
than simulation results. This difference can be related to
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Fig. 8. Six snapshots of the simulations in ADAMS those verify that the path radius is obtained.

Fig. 9. Distance between the small wheel and the center of
the target path (P in Fig. 7).

the computational inaccuracies of the software, fabrication
inaccuracies of the experimental setup and slippage of the
object which is not unavoidable in practice.

Above mentioned tests verify the correctness of (7)
which was the outcome of the kinematical analysis. Now
we are going to verify dynamical analysis that its results
were summed up in (41), (42) and (43). Equations (42)
and (43) are well-known equations and there is no need to
verify them. These equations will be valid if linear accel-
eration a given by (41) is correct. Then we only need to
verify (41). It should be noted that in (41), acceleration

Fig. 10. Experimental setup with an object and surface
with slope 2.7◦

a is linear acceleration excluding centrifugal accelerations
and other acceleration components. However, there is no
tool in MSC.ADAMS to measure this pure linear accelera-
tion. To resolve the issue, we consider following differen-
tial equation:

ads = V dv (51)
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Fig. 11. Six snapshots of the experiments of proposed passive manipulation mechanism.

Substituting (41) in (51) yields:

(R+ x̄)z̄rwsM
′g sinβ0

IXZrws + IXR+M ′z̄rws(R+ x̄)
cos θds = V dv

(52)
We define constant K as:

K =
(R+ x̄)z̄rwsM

′g sinβ0
IXZrws + IXR+M ′z̄rws(R+ x̄)

(53)

and substitute ds as ds = Rdθ. Then integrating (52) with
θ0 = 0 and V0 = 0 yields:

V =
√

2RK sin θ (54)

Now we can verify (54) by measuring velocity and angle
of the object. Figs 12 and 13 show angle and velocity of
the object during above mentioned simulation. Using data
of these curves we can plot velocity in terms of angle as it
is shown in Fig. 14. In Fig.14, calculated curve by (54) is
depicted by blue line the result of simulations is depicted
by red line. It can be seen that simulation results are near
to calculated path.

5.2 Effects of the model parameters on motion
In this subsection we run some sets of simulations to

study how the parameters of the mechanism affect the mo-
tion of the object. In these simulations parameters of the
model are selected as the basic model presented in the pre-
vious subsection. In each simulation set, one of the char-
acteristics of the model is changed and its influence on be-
havior of the mechanism is organized in a table. For each

Table 1. The effect of slope of the surface on motion param-
eters. All other parameters are as basic test of subsection
5.1. Calculated radius is R = 852.

β0
(degree)

Rmax
(mm)

dmax
(mm)

drel
(degree)

tπ
2

(sec)

0.9 875.254 23.254 2.729% 5.8

1.8 881.461 29.461 3.457% 4.1

2.7 891.5 39.5 4.636% 3.45

3.6 892.332 40.332 4.733% 2.932

4.5 896.907 44.907 5.27% 2.62

simulation set, maximum radius of the path (Rmax), maxi-
mum deviation from the predicted path (dmax), percentage
of deviation from predicted radius (drel) and time duration
of traveling on a quarter of circular path (tπ/2) are pro-
vided in tables. Aforementioned simulation sets are as the
following:

1. In the first set, simulations were performed with five
different slopes of the surface. The results are shown
in Table 1. It can be seen that bigger values of slop
result in more deviation from the predicted path. This
is reasonable because in higher slopes, the centrifu-
gal force in x direction (which has been neglected in
modeling) is increased. Moreover, traveling time is
smaller in bigger slopes. This is also anticipated as
in higher slopes vertical acceleration of the object is
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Table 2. The effect of material type on motion parameters. Geometrical parameters are as basic test of subsection 5.1.
Calculated radius is R = 852.

Material
M ′
(kg) µs µd

Rmax
(mm)

dmax
(mm)

drel
(degree)

tπ
2

(sec)

steel 1.618 0.6 0.4 881.546 29.461 3.457% 4.1

wood 0.089 0.6 0.4 890.87 38.87 4.562% 4.146

brass 1.745 0.35 0.2 885.989 33.989 3.989% 4.08

copper 1.818 0.8 0.5 880.787 28.787 3.378% 4.084

Fig. 12. Angle of the object during simulations of passive
motion corresponding to Fig. 8.

Fig. 13. Velocity of the object during simulations of passive
motion corresponding to Fig. 8.

Fig. 14. Comparison of calculated path of the object given
by (54) the path obtained from simulations

increased.

2. In the second set, the slope of the surface is fixed at
2.8◦ and simulations were performed with four dif-
ferent materials. The results are given in Table 2.
For each material mass of the object and Coulomb

friction coefficients are provided. By changing mate-
rial type, different parameters of model namely mass
and of the object and friction coefficients are changed.
These parameters have diverse effects on the motion
and it is not straightforward to derive an exact rule
to predict effect of a specific material on motion. In
general, more stiff materials have provided more de-
viation from the calculated path.

3. In the third set of simulations the effect of radius of
small wheel with five different values for rsw is inves-
tigated. As it is expected, more values of rsw result
in larger values of radius R. Obviously longer paths
would result in larger travel times. In larger radiuses,
percentage of deviation is smaller. These points show
that by changing geometry of the object we can take
control on motion parameters.

Table 3. The effect of radius of small wheel on motion pa-
rameters. All other parameters are as basic test of subsec-
tion 5.1.

rws
(mm)

R
(mm)

Rmax
(mm)

dmax
(mm)

drel
(degree)

tπ
2

(sec)
27.167 560 590.259 30.259 5.4% 3.5
28.136 640 670.568 30.568 4.776% 3.661
30 852 881.546 29.461 3.457% 4.1
30.915 1000 1029.664 29.664 2.966% 4.383
31.847 1200 1239.987 29.987 2.332% 4.8

6 CONCLUSIONS
Object manipulation has many applications in indus-

tries. One of the recently presented paradigms which is in-
teresting from the energy saving and simplicity viewpoints
is passive mechanism. Passive mechanism refers to mech-
anism wherein the only motion generation force is gravity
force. In the passive mechanisms presented so far, gener-
ated motion have always been along a straight line. How-
ever, in many applications a straight line manipulation is
not desirable. Manipulation of objects by robot arms, set
of conveyors and wagons are examples where the manipu-
lation is expected to be done in more than one dimensions.
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In this paper a passive grasp-less mechanism was de-
veloped for manipulation of an object along a predictable
circular path. In existing passive dynamic manipulation
mechanisms a simple object has been considered and the
platform has been designed to steer the object along a pre-
defined (straight) path. Nevertheless, in this paper a differ-
ent approach was selected where a simple inclined surface
was considered as platform and the object is designed such
that it travel along a curved path on the platform. The ob-
ject is composed of two wheels with different radiuses and
an axle that joins center points of the wheels (see Fig. 2).

Kinematic analysis was performed where the charac-
teristics of object’s path was obtained in terms of radiuses
of wheels and length of the axle. Then dynamical analy-
sis was provided were linear and angular accelerations of
the object were obtained. The accelerations depend of ge-
ometric and inertial characteristics of the object as well as
slope of the platform. Some simplifications were made in
dynamic analysis in order to get a simple, applicable and
understandable model as well as keeping reasonable level
of accuracy. In fact a trade of was made between simplicity
and accuracy of the model. Simulation and experimental
results showed that the obtained model is accurate enough
to describe the motion with acceptable level of accuracy.

The presented object can be used as wheels of passively
driven mobile robots or vehicles. This passive mobile robot
- by appropriate design - can be used in applications of Fig.
1. Designing of such a vehicle or mobile robot is future
work that we are working on it.

Moreover as it was already shown in [24], [36], [37]
that walking is in dynamic analogy with manipulation, this
work can inspire the researchers to modify passively walk-
ing robots to change their directions during walking.

APPENDIX A

In the following we obtain different components of ob-
jects moment of inertia I. For IX we have:

IX = IXwb + IXws (55)

where IXws and IXwb are moments of inertia of small and
big wheels in X direction those can be obtained using par-
allel axis principle as:

IXwb = Ī1wb +mwb(z̄
2
wb + ȳ2wb) (56)

IXws = Ī1ws +mws(z̄
2
ws + ȳ2ws) (57)

Ī1wb and Ī1wS are respectively the moments of inertia
of the big and small wheels around their first principle axis
passing in parallel to x and X through their CoG. ȳws, ȳwb,
z̄wb and z̄ws are z and y components of CoG of wheels in
OXY Z and obviously we have:

ȳwb = ȳws = 0 (58)

z̄wb = rwb − z̄ (59)

z̄ws = rws − z̄ (60)

Substituting these values in (56) and (57) and then in (55),
it yields:

IX =
1

2
(mwsr

2
wb +mwsr

2
ws)+ (61)

mwb(rwb − z̄)2 +mws(z̄ − rws)2

We can find IY in similar way:

IY = IY wb+IY ws (62)

where for moments of inertia of wheels in Y direction we
have:

IY wb = Ī2wb +mwb(x̄
2
wb + z̄2wb) (63)

IY ws = Ī2ws +mws(x̄
2
ws + z̄2ws) (64)

Ī2wb and Ī2ws are the moments of inertia of the wheels
around their second principle axis passing in parallel to y
and Y through their CoG. For x components of CoG of
wheels in OXY Z we have:

x̄wb = L0 − x̄ (65)

x̄ws = −x̄ (66)

Using these relations we obtain IY from (62) as:

IY = 1
12

(
mwb(3r

2
wb + b2) +mws(3r

2
ws + b2)

)

+mwb

(
(L0 − x̄)2 + (rwb − z̄)2

)

+mws

(
x̄2 + (z̄ − rws)2

) (67)

Finally for IZ we can write:

IZ = IZwb + IZws (68)

where:
IZwb = Ī3wb +mwb(x̄

2
wb + ȳ2wb) (69)

IZws = Ī3ws +mws(x̄
2
ws + ȳ2ws) (70)

Ī3wb and Ī3wS are the moments of inertia of the wheels
about their third principle axis passing in parallel to z and
Z through their CoG. According to these relations and (68)
we obtain:

IZ = 1
12

(
mwb(3r

2
wb + b2) +mws(3r

2
ws + b2)

)

+mwb(L0 − x̄)2 +mwsx̄
2 (71)

For IXY and IY Z , thanks to symmetry of object we can
write:

IXY = IY Z = 0 (72)

and for IXZ we have:

IXZ = IXZwb + IXZws (73)
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where IXZwb and IXZws are products of inertia of wheels
about X and Y axes and are given by:

IXZwb = Ī13wb +mwbx̄wbx̄wb (74)

IXZws = Ī13ws +mwsx̄wsx̄ws (75)

Ī13wb and Ī13ws are products of inertia of wheels about first
and third axes and are zero due to symmetry of the object.
Then from (73) we have:

IXZ = mwb(L0 − x̄)(rwb − z̄) +mwsx̄(z̄ − rws) (76)
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