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Positive Radial Solutions to Mean Curvature Equations

with Singular Nonlinearity in Minkowski Space *

Chunmei Miaof

College of Science, Changchun University, Changchun 130022, PR, China

Abstract In this paper, we consider the mean curvature equations with singular nonlinearity in
Minkowski spaces. we get the existence of positive radial solutions to the mean curvature equations
both in the unite ball and in the annular domain by Leray-Schauder degree arguments and truncation

technique.
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1 Introduction

The aim of this paper is to present positive radial solutions to the mean curvature equations

with singular nonlinearity in Minkowski space
LN*1 = {(2,t): zeRY, teR}
with coordinates (z1, 3, -, Tn,t) and the metric

N
> (dx;)? - (dt)?.
j=1
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It is well known that the study of hypersurfaces in the Minkowski space LN*! leads to Dirichlet

problems [1]:
M(u) = H(z,u), z€Q,

u=0, zed,

where M(u) = div( \/I—VIUTP) is the mean curvature operator, €2 is a bounded domain in R™ and
H: QxR - R is a nonlinear term who can describe different situation on the mean curvature of
the hypersurface.

The mean curvature problem has been first considered (H = 0) by Calabi [7]. Then it was
improved by Cheng and Yau [8]. Later the case H = ¢ (c is a constant) was studied by Treibergs [9].
Recently, the radial solutions to the mean curvature problem M(u) = H with a general nonlinearity
H have been studied by many authors (see (2], [3], [4], [5], [6])-

However, there are seldom results on the radial solutions for mean curvature equation with
singular nonlinearity. In [11], Li and Yin obtained the existence and uniqueness of positive radial

solutions to the mean curvature equation with singular nonlinearity in Euclidean space. Their

results rely on the following conditions: there exist constants My, M2, M3 >0 such that

Mlg(t’y) < f(tayau) < MQQ(t7 y)’ (11)

where g(t,y) > 0 is continuous, nonincreasing with respect to y and [; ds fs (&) g(r,c)dr <
00, lim,_,q+ fol g(s,¢)ds 2 M3, lime., fot(g)"_lg(s, c)ds < Miz’ te[0,1],¥c>0.

Obviously, f(t,y,u) =y #(u>0) is a typical case satisfying conditions (1.1). But the case that
f(t,y,u) = y* +y?(a, B >0) can not be solved by previous methods. Motivated by [5], we extend
the results in [11] to a move general singular situation. The aim of this paper is to present the mean
curvature equation with singular nonlinearity in Minkowski spaces

- div(——mee) = f(|al,u), €,

\/1—|vul2 (12)

u=0, x €0,

where ) is a unit ball B = {z € R"| |z| < 1} or an annular domain A = {z € R"| 1 < |z| < 2}, || stands
for the Euclidean norm in R™(n > 2). f: [0,1] x (0, +00) — (0, +00) is continuous, and f(t,y) may

be singular at y = 0 (i.e. f(¢,y) becomes unbounded when y — 0+).
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This paper is organized as follows. In Section 2, we consider the existence of positive radial
solutions to the mean curvature equation in a unit ball B. In Section 3, we study on the existence
of positive radial solutions to the mean curvature equation in an annular domain A. In Section 4,

some examples are presented to illustrate our results.

2 Radial solutions in the unit ball

In this section, we tackle the radial solutions to (1.2) in the unit open ball B c R™. If we set

t = |z|, y(t) = u(|z]), the problem (1.2) can be transform to the following Robin boundary value

problem
tn—l !

=) =" f(ty), te(0,1),

Vi-y (2.1)
y'(0)=0, y(1) =0.

X :=C[0,1] is the Banach space with maximum norm ||y| := II[lngt] ly ()]
t[0,

-(

Definition 2.1. We say y is a solution of (2.1) provided thaty € C1[0,1] with ||y/|| < 1, t* 1y'/\/1 - 42
is differentiable and (2.1) is satisfied.

Lemma 2.1. Let &(x) =
Y

Vi

The following hypotheses are adopted throughout this section:

,z € (~1,1), then ® has an inverse function, ¢ : R - (-1,1),¢(y) =

z
V1-22

. Furthermore, ¢(-y) = -¢(y), and ¢ is strictly increasing on R.

(H:) For any given constant L > 0, there is a continuous function v, (t) > 0 on (0,1) such that
f(ty) 2 9L(?), (t,y) €[0,1]x (0, L].

(He) £(t,y) <q(®)[Ai(y) + f2(¥)], (t,9) €[0,1]x (0, +00), where g(t) > 0 is continuous; f1(y) >0
is continuous, nonincreasing on (0, o); f2(y) > 0 is continuous and f2(y)/f1(y) is nondecreasing on
[0, 00); for any constant K > 0, /(;1 ™ L f1((1-7)K)dr < oo.

(Hs) There exists a positive constant R > 0 such that

R >1
lllgll(1+ (£)(R)) fy 71 f1((1 - T)R)dr]




Lemma 2.2. Suppose that ee X, e(t) >0, t€(0,1), a >0 is a constant. Then the BVP

t’n—ly/
—(————,2-)'=t”'16(t), te(0,1),
Vi-y (2.2)
¥'(0)=0, y(1)=a
has a unique positive solution. Moreover this solution can be represented by
1 s T el
y(t)=a+ [t ¢[.[0 (;) e(r)dr]ds. (2.3)
Proof. 1t is easy to verify that (2.3) is a solution of (2.2). On the other hand, if y is a solution of
(2.2), then
tn—lyl
—(—==)"=t""e(t), te(0,1).
1- y12

For any ¢ € (0,1), integrating on the both sides of the above equation from 0 to ¢, and using the

boundary condition y'(0) = 0, we get

- \/1%/5: JA t(;)”'le(s)ds.

By Lemma 2.1, we have
(@) =0l [ (S e(s)ds]. (2.4

Integrating on the both sides of (2.4) from ¢ to 1, and one obtains

vy =y+ [ ol [FEytetryanas.

Using the boundary condition y(1) = a, we obtain

1 S T n-1
y@® =a+ [ o ["C)re(ryarids.
t 0 s
The proof is complete. O

In order to solve (2.1), we consider the following BVP

tn—lyl
) =t"F(t,y), te(0,1),

Vi-y? (2.5)

y'(0) =0, y(1) =a,

-(

where F :[0,1] xR - (0, 00) is continuous, a > 0 is a constant.
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Let y € X. We define an operator T: X - X by
1 S T n-1
(Ty)®) =a+ [ o [ C)F(ry(r)drlds. (26)
Let X1 ={ye X|y'(0) =0, y(1) =a} is a subspace of X.

Lemma 2.3. T: X; - X is well defined, completely continuous, and y € X1 is a solution of (2.5)

if and only if T(y) = y.

Proof. It is easy to prove that T : X7 — X is well defined, and y € X; is a solution of (2.5) if and
only if T'(y) = y.

By the continuity of F', we have T is continuous.

Next we shall show that T is compact. Suppose D = {y € X3| |ly|| € r} ¢ X; is a bounded set.
For any y € D, which implies ||y[! < r, we have

T

(@@ =la+ [ ol [y Fry(r)drlds
<arl [ o [y R y(r)aras

<a+(1-1)

(2.7)

<a+l.

This implies that T(D) is uniformly bounded.
In addition,
T e
(o) (@] =1-6 [ (5" F(ry(r)dr]| < 1.

For any given t;,t9 € [0,1], we obtain
t2
(T)(t) - @) (el =1 [ (T9) (s)as
<]t1—t2,—90 as t1 — tq.

This implies that T'(D) is equi-continuous.
By the Arzela-Ascoli theorem, T'(D) is relatively compact. Therefore, T : X1 — X1 is completely

continuous. U

Now we state an existence principle which plays an important role in our proof of main results.
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Lemma 2.4. (Existence principle) Assume that there exists a constant | > a >0 independent of A,

such that for A€ (0,1), ||ly|| # I, where y(t) satisfies

tn—-ly/
_( )’:,\tn_lF(t,y), te (Oal)a

V1-y7? (2.8)»
y'(0) =0, y(1) =a.
Then (2.8)1 has at least one solution y(t) such that ||y|| < .

Proof. For any A€ [0,1], y € X;. We define one operator

@)@ =a+ [ o [ N FGry(r)drlds

By Lemma 2.3, T : X1 - X7 is completely continuous. It can be verified that a solution of BVP
(2.8), is equivalent to a fixed point of Ty in X;. Let Q = {y € X1| ||y|| <}, then Q is an open set in
Xj.

If there exists y € 89 such that Tyy = y, then y(t) is a solution of (2.8)1 with ||y|| < {. Thus
the conclusion is true. Otherwise, for any y € 9Q, Tyy # y. If A =0, for y € 9Q, (I - Tp)y(t) =
y(t) - (Toy)(t) = y(t) —a # 0 since |jy|| = > a, so Tyy # y for any y € 9. For A € (0,1), if there
is a solution y(t) to BVP (2.8),, by the assumption, one gets ||y|| # {, which is a contradiction to
y e 0.

In a word, for any y € 9Q and X € [0,1], Thy # y. Homotopy invariance of Leray-Schauder degree
deduce that

Deg{I - T1,9,0} = Deg{I - Tp,,0} = 1.
Hence, T} has a fixed point y in Q. That is, BVP (2.8); has at least one solution y(t) with ||y|| < 1.

The proof is completed. O

Lemma 2.5. If y is a solution to BVP (2.5), then
(i) y(t) is concave on [0,1];
(il) -1<y'(¢) <0, te[0,1];
(iii) y(¢) 2 a and y(t) 2 (1 -t)||yll, t<[0,1].

Proof. Suppose y is a solution to BVP (2.5), then

( Y = -M"1R(t,y) <0, te(0,1).
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In addition,
1 s
y(t)=a+ /; ¢['/[; (E)H_IF(T, y(7))dr]ds 2 a,
we have y"'(t) <0, y(¢) > a and -1 <y/(¢t) <0 on [0,1].

By y(t) is concave on [0,1], we have

U000 yey2 (1-119(0) = (1 - ), ¢e 0, 1)

The proof is completed. O

Theorem 2.6. Assume (H;)-(H3) hold, then BVP (2.1) has at least one positive solution y € X,

such that ||yl| < R and ||y'|| < 1.

Proof. Step 1. From (H3), we choose ¢ > 0 such that

R
e+ ¢lllall(L+ (B)R)) 5 m L f1((1 - ) R)dr]

21 (2.8)

1
Let ng € N, := {1,2, -} satisfying that — < ¢, and set Ng := {ng,ng +1,n9 +2,---}.
ng
In what follows, we show that the following BVP

n-1,1
—(—t\/l—_z_g)%t"‘lf(t,y), te(0,1),

- (2.9)
M@)=Qyﬂ)=%

has a positive solution for each m € Ng.

To this end, we consider the following BVP

tn—l !

- (=5 =" f (), te (0,1),
1-y (2.10)

Y(0) =0, y(1) =,

where )

f(t)y)’ Yy 2 )
m

1

m’

rew={
.f(ta —)’ y<
m

then f*:[0,1] xR — (0, 00) is continuous.



To obtain a solution of BVP (2.10) for each m ¢ Ny, by applying Lemma 2.4, we consider the

family of BVPs
tn-—l '

——=L) =M (), te(0,1),
1-y (2.11)

y'(0) =0, y(1) = %

- (

where A e [0,1].
For any A€ [0,1] and m € Ny, by (Hy), one has
(0 = —+ [0 [Ty yam(r)drlds
1 s
== P00 [C O i yam()drlds
<eral [ 7 yam(r)drds
s+ 0llal(1+ (D) wn() [ 7 A =D (O))ar).

Furthermore, we have

y/\m(o)
e +lllall(1 + () (am(0))) fo ™1 f1((1 - T)yam(0))dr]

<1

which together with (2.8) implies

”y)\m” =yam(0) # R.

Lemma 2.4 implies that (2.10) has at least one positive solution ym,(t) such that |jym|| < R
(independent of m) for any fixed m € Ng. From Lemma 2.5, we note that ym(t) 2 =, t € [0,1],
which implies that

(@ ym(t)) = f(t,ym(2)).
Therefore, y,(t) is the solution of BVP (2.9).

Step 2. Note that (H;) guarantees the existence of a function ¥(t) which is continuous on [0,1]

and positive on (0,1) with
f(t,y) 2¥r(t), te[0,1]x(0,R]. (2.12)

Let
w(®) = [ G i yn(r))dr, 1€ 0,1].

33



34

0,1]. In fact, by ym(t) is the solution of (2.9), we have
1 S T\ n-1
v [ o[ ) (rym(m)ar s

o [ teas

Yym(t) = -¢[w ()] <0, te[0,1],

—

We conclude w(t) is increasing on

ym(t) =

SIHSI'—‘

In addition,

which together with the convexity of y,,,(t) and monotonicity of ¢, we have w(t) is increasing on

(0,1].
Let ym(t) is the solution of (2.9). From the monotonicity of ¢ and w, we have

(@)= + [ 6 [, ym()ar)ds
> — o [ G ym(r) (1)
2ol [ (O tur(rar)i-o)

=a(t)(1-1), te[0,1].

(2.13)

Step 3. It remains to show that {ym (¢) }men, is uniformly bounded and equi-continuous on [0,1].
By ym/(t) is the solution of (2.9) one has ||lym|| € R, which implies that {ym(¢)}men, is uniformly

bounded on [0,1].

Next it suffices to show that {ym()}men, i equi-continuous on [0,1]. Since ym(t) is a solution
of (2.9), we have
L
(1= 160 [ (5" (7 ym(m)ar] < 1.

For any t,s €[0,1],
¢
[ym (t) = ym(s)| = Il Y (T)dr| <|t-s| >0ast—s.

Therefore, {ym(¢)}men, is equi-continuous on [0,1].

The Arzela-Ascoli theorem guarantees that there is a subsequence N* of Ny (without loss of
generality, we assume N* = Ny) and function y(t) with ym, () - y(¢) uniformly on [0,1] as m - +o0

through N*.
By ym/(t)(m € N*) is the solution of (2.9), we have

ym(t)-—+ f f (Y1 £ (7, yom (7)) dr)ds. (2.14)



Let m — +oo through N* in (2.14), by the Lebesgue dominated convergence theorem, one has

v® = [ ol [y ymands, tefo1],

n-1,,7

and furthermore, we have -(——t——y—-z—)' =" f(t,y), t€(0,1) and ' (0) =0, y(1) =0, i.e. y(t) is
1 I’

positive solution of BVP (2.1), and |jy|| < R, |y']| < 1, y(t) > @(¢)(1 -t), t € [0,1]. The proof of

Theorem 2.6 is complete. [

Note that BVP (2.1) has the positive solution y(t), then u(|z|) = y(¢) is a positive radial solution

of mean curvature problem (1.2).

3 Radial solutions in an annular domain

In this section, A denotes the annular domain A = {z € R"| 1 < |z| < 2}. When dealing with the

radial solutions for (1.2), we are led to consider the Dirichlet BVP

tn—l

- (==) =" f(Ly), te(1,2),

Vi-y? (3.1)
y(1) =y(2) =0.

The following hypotheses are adopted throughout this section:

(H1) For each given constant L > 0, there is a continuous function v (¢) > 0 on (1,2) such that
f(ty) 240(t), (ty) €[1,2] % (0,L].

(H3) 0< f(t,y) <q(®)[fily) + f2(y)] for all (t,y) € [1,2] x (0, +00), where ¢(¢) > 0 is contin-
uous; fi1(y) > 0 is continuous, nonincreasing on (0, 0); f1(y) > 0 is continuous and fa(y)/f1(y) is
nondecreasing on [0, oo ); for any constant K > 0, /01 A H(2-7)1 - 7)K)dr < 0.

(H3) There exists a positive constant R > 0 such that

5 R > 1.
slllall(1+ (B)(R)) [ 771 fi(R(7 - 1)(2 - 7))dr]

Lemma 3.1. Suppose that e X, e(t) >0, t€(1,2), a>0 is a constant. Then the BVP

tn—l '
L) =t le(t), te(1,2),

/1 _ y/2 (32)

y(1)=y(2)=a
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has a unique positive solution. Moreover this solution is given by
t o r .
[ ¢[[ (=)""e(r)dr]lds +a, 1 <t< 0,
1 s S

2 s T (33)
[ ¢[/a (;)"_16(7')d'r]ds +a, o0<t<2.

y(t) =

where o satisfies

Lot [T Corteqryantas= [of [y te(ryarias.

Proof. First, we show the equation

f [ (Y le(r)dr]ds = / / (Iyte(r)dr]ds (3.4)

has a unique solution. Set , ,
)= [ ol [ Gy te(rydrids,
w(®)= [ ol [ Crterarlas,

V(t) = v1(t) —va(t).

Clearly, V(t) is continuous and strictly increasing on [1,2], and

vawe) =L [ ol [ Crtetmanas]l [ o [ (Cre(rarids) <o

hence there exists a unique o € (1,2) such that V(o) = 0, i.e., the equation (3.4) has a unique
solution.
It is easy to verify that (3.3) is a solution of (3.2). On the other hand, if y(t) is a solution of
(3.2), then
(VO ety e (0,1), (3.5)

V1-y2(t)

thus y(t) is concave on [1,2], which together with the boundary condition y(1) = y(2) = a, show
that there exists a unique & € (1,2) such that y(&) = |ly|| and 3'(6) = 0.

For any t € (1,5), integrate on the both sides of (3.5) from ¢ to &, we arrive at

_y@® n-
Vo A

and from Lemma 2.1, we have

v =0l [y e(s)ds). (36)
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Integrating on the both sides of (3.6) from 1 to ¢ one obtains

t G T pe
v =y + [ ol [ te(rydrias,
which together with the boundary condition y(1) = a, we obtain
t ¢ T n-1
v = [ ol [ "y e(rydrlds +a.
For any t € (6,2), integrating on the both sides of (3.5) from & to t, one gets

y'(t) s
“\/1—-—_;,—“——2@5—_/& () ‘e(s)ds,

furthermore, we have
t S \n
/()= 9l [ (3)"e(s)ds]. (3.7)
Integrating on the both sides of (3.7) from ¢ to 2 one obtains

v© =@+ [ ol [ etryan),

which together with the boundary condition y(2) = a, we obtain

y(t) = ft “ol £ S(g)"-le(f)df] ‘a.

Having in mind the definition of o we can see that 6 = 0. Therefore the unique solution to (3.2)

can be expressed by (3.3). The proof is complete. O
In order to solve (3.1), we shall consider the following BVP

tn—lyl
) =t"1F(t,y), te(0,1),

Vi-y? (3.8)

y(1) =y(2) =g,

-(

where F': [0,1] xR - (0, 00) is continuous, a > 0 is a constant.
Let Xo ={ye X : y(1) =y(2) = a} is a subspace of X .
Let y € X3. We define an operator T : X5 — X3 by

fltd’[fsa(g)"'lF(T,y(T))dT]ds+a, 1<t<o,

2 s T (39)
./t ¢’[/a (;)"_IF(T, y(7))dr]lds +a, o <t<2.

(Ty)(t) =
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Lemma 3.2. T: Xy » X3 is well defined, completely continuous, and y € X3 is a solution of (3.8)
if and only if T(y) = y.
Proof. It is easy to prove that T : X2 - X2 is well defined, and y € X is a solution of (3.8) if and
only if T(y) = y.

First, we show that T is continuous. Let y, — yo(m — o0) in X,. Similarly to Lemma 3.1, for

any ym, there exists a unique o, € (1,2) such that vim(om) = vam(om ), where
t am T n-1
vim(t) = / ¢[/ (=) e(r)dr]ds,
1 s S
2 s T n-1
oam() = [0l [ (C)le(r)drlds.
t om 8
Meanwhile, we can obtain a,, - gg(m — ), vin = vio(m - 00), i =1,2. Let g,, = min{om, 00},
Gm = max{om,00}, m=1,2,-.. Obviously, when t € Ay, = [0,,,,5m], t — 09 - 0 as m — oo. Noticing
that
max vin () = vjo(t)] < max [vin (t) = Vin(om)| + [vjn(om) = vjo(o0)| + max [vj0(t) = vjo(o0)]
-0 asm-oo0, t,5=1,2, i#j,
we have
ITym — Tyoll = max{|lv,m - v10llf1,e,,.1: 01,m = V2,0llAm; [[v2m = Viollam; llv2m = v20ll[z,0,21}
-0 asm — oo.
Therefore, T is continuous.
It is easy to prove that T'(D) is bounded and equi-continuous, where D c X is a bounded

set. By the Arzela-Ascoli theorem, T(D) is relatively compact. Thus T : X2 - X, is completely

continuous. O
Now we state a existence principle which plays an important role in our proof of main results.

Lemma 3.3. (Existence principle) Assume that there exists a constant | > a > 0 independent of A,
such that for A € (0,1), ||lyl| # I, where y(t) satisfies

t’n—lyl
~( =)' = M"IF(ty), te(1,2),

vi-y (3.8)»
y(1) =y(2) = a.

Then (3.8)1 has at least one solution y(t) such that ||y|| < 1.



Proof. For any A€ [0,1], y € X2, define one operator

f1t¢[)\ f:(g)"qF(T,y(T))dT]ds +a, 1<t<o,
[Pe0r [ Crirryr)drlds <o, o<,

By Lemma 3.2, Ty : Xo - X3 is completely continuous. It can be verified that a solution of BVP

(Thy)(¢) =

(3.8) equivalent to a fixed point of T in Xz. Let 2= {ye Xo: |ly|| <}, then Q is an open set in
Xo.

If there exists y € O such that Tyy = y, then y(t) is a solution of (3.8); with ||y|| < I. Thus
the conclusion is true. Otherwise, for any y € 9Q, Tyy #y. If A =0, for y € 9Q, (I - Tp)y(t) =
y(t) = (Toy)(t) = y(t) —a # 0 since |ly|| = > a, so Toy # y for any y € Q. For A € (0,1), if there
is a solution y(t) to BVP (3.8),, by the assumption, one gets ||y|| # {, which is a contradiction to
y € 0.

In a word, for any y € 3 and ) € [0,1], Thy # y. Homotopy invariance of Leray-Schauder degree
deduce that

Deg{I - T1,Q,0} = Deg{I - Ty, 2,0} = 1.

Hence, 77 has a fixed point y in 2. That is, BVP (3.8); has at least one solution y(¢) with ||y|| <.

The proof is completed. O

Lemma 3.4. If y is a solution to BVP (3.8), then
(i) y(t) s strictly concave on [1,2];
(ii) there ezists a unique o € (1,2) such thaty'(c) =0, and y'(1) > 0,t € [1,0), ¥'(¢) <0,t € (7,2].

(iil) y(t) 2 a and y(t) > ||yl|(t-1)(2-1), te[1,2].

Theorem 3.5. Assume (H7)-(H3) hold, then BVP (3.1) has at least one positive solution y €

Xo, Ilyll < B and [y < 1.

Proof. Step 1. From (H3), we choose ¢ > 0 such that

R
>1.
e +olllgll(1+ (£)(R)) [ 7 fi(R(7 -1)(2-7))dr]

(3.10)

1
Let no € N, := {1,2, -} satisfying that — < ¢, and set Ng := {ng,ng +1,n9 +2,---}.
ng
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In what follows, we show that the following BVP

tn_ly, r_an-1
,2) =t f(tay)a tE(l,Q),

Vi-y (3.11)

y(1)=y(2) - —

= (

has a positive solution for each m € Nj.

To this end, we consider the following BVP

7:rbl ’

- (_—yTQ)’ = tn—lf*(t’y)a te (172)7
1-y 1 (3.12)
y(1) =y(2) = —,
m
where 1
f(tay)r yZ -
fr(ty) = m

1 1
f(t) —)7 y<—,
m m
then f*:[1,2] xR - (0, 00) is continuous.
To obtain a solution of BVP (3.12) for each m € Ny, by applying Lemma 3.3, we consider the
family of BVPs
tn—lyr
7 )’ = Atn_lf*(tyy)a te (172):

Vi-y (3.13)

y(1) =v(2) =

—(

)

1
m
where A € [0,1].
For any m € Ny and X € [0, 1], by (H3), we get
pm(om) = [ 900 [T (o pam(r))dr s +
= [T [T, ykm(T))dT]dH%
2
<e+l [ pim(n)dr]
<+ allal(1+ () um(om)) [ 77 fivan(om) (7 - (2= ))ar],

(3.14)



On the other hand,
vamlom) = [ 00 [ () drlds +
= [o0 [ am(r)drds +

<erdloy [ 7))

sl + () an(n))) [ 777 i amom) (= )2 =)

(3.15)

<e+d[

By the inequality (3.14), (3.15) and (3.10), we have

lyamll = Yrm(om) # R.

Lemma 3.3 implies that (3.12) has at least one positive solution y, () with ||ym|] < R (indepen-
dent of m) for any fixed m € Ng. From Lemma 3.4, we note that y,(¢) 2 %, t € [0,1], which implies
that

P ym(t)) = £, ym(2))-
Consequently, ym (t) is the solution of BVP (3.11).

Step 2. Note that (Hj) guarantees the existence of a function ¥g(t) which is continuous on [1,2]

and positive on (1,2) with
Ffy) 2vr(t), te[l1,2]x(0,R]. (3.16)
Let ym(t) be a solution of (3.11), because for each m € Ny, ym,(t) is strictly concave, then for

any t1,t5 € (1,2), 6 € (0,1), we have
ym(0t1 + (1 — 0)t2) > Oym (1) + (1 - 0)ym(t2). (3.17)
We conclude that there exist ag and a; with ag > 1, a1 <2, ag < a; such that
ag = inf{oy, : m e Ny} <sup{om:meNg} =a;. (3.18)

Where o, (as before) is the unique point in (1,2) with y/, (o) = 0. We now show inf{o,, : m €
Ng} > 1. If this is not true then there is a subsequence S of Ng with ¢,,, = 1 as m - o0 in S. By

Lemma 3.2, we have

amlom) = [ oL [Ty ym(r)drlds +

41



42

which together with (3.14) and Lebesgue’s dominated convergence theorem, it follows that
Ym(om) >0 as m —> oo in S.

However since the maximum of y,, on [1,2] occurs at o, we have y,, = 0 in X3 as m — oo in
S. This is contradiction with (3.17). Therefore, inf{oy, : m € No} > 1. A similar argument shows
sup{om :me Ny} < 2.

By Lemma 3.1, (3.16), (3.18) and the monotonicity of ¢, we have
Un(D) =l [ 7 (7, ym()dr s
> ¢l [ 4 (7 ym(r)dr) (319)
29[ [ 7 pn(r)dr] > 0.

and

~4n(2) =6 [ (577, ym(r ) s
2
>l [ (G ()] (3.20)

2T n-1
> 9 [ ()" er(r)dr] >0,
bo 2
Furthermore, from (3.19), (3.20) and the convexity of ym(t) on [1,2], for any m € Ny, there

exists a constant ¢ > 0 such that
ym(t) > c(t-1)(2-1¢), te(1,2). (3.21)

Step 3. It remains to show that {ym(t)}men, is uniformly bounded and equi-continuous on [0,1].
By ym(t) is the solution of (3.11) one has ||yn|| < R, which implies that {ym (¢)}men, is uniformly
bounded on [0,1].

Next we need only to show that {ym(t)}men, iS equi-continuous on [0,1]. Since ym,(t) is the

solution of (3.11), then

(1) = ¢[f10m 7" f(7,ym(7)dr]ds < 1,
2 r
n (@ =0 [ () ym(r)dr)ds <1

Hence, for any t € [1,2], |y}, (¢)] < 1. Furthermore, for any t,s € [0,1], we have

t
9m(®) = 4m() =] [ yn(r)dr| <[t =5 ~0as t > .



Therefore, {ym(t) }men, is equi-continuous on [0,1].

The Arzeld-Ascoli theorem guarantees that there is a subsequence N* of Ny (without loss of
generality, we assume N* = Ny) and function y(t) with y,(t) - y(¢) uniformly on [0,1] and oy, = &
as m — +oo through N*.

Since ym (t)(m € N*) is the solution of (3.11), we have

1

t om T
— 0] =) (7, Ym drlds, 1<t <om,
- = [Tl [Ty (rum()ar] o

1 2 s

—+ [Tol [ ) ym(r))drlds,om <t <2

m t om 8
Let m — +oo through N* in (3.22). By the continuity of f and Lebesgue’s dominated convergence
theorem, one has

Lo ol [y st y(manlas 1 s <o,
[2 ¢[f:(€‘)n_1f(‘f,y(T))dT]ds, oc<t<2,

n-1,1

and furthermore, we have —(%)' =" f(t,y), te(1,2) and y(1) = y(2) = 0, i.e. y(t) is

y(t) = (3.23)

positive solution of BVP (3.1), and |||l < R, ||yl <1, y(¢) 2 c(t -1)(2 - t), t € [1,2]. The proof of

Theorem 3.5 is complete. 0

Note that BVP (3.1) has the positive solution y(t), then u(|z|) = y(t) is a positive radial solution

of mean curvature problem (1.2).

4 Examples
In this section, we give some explicit examples to illustrate our results.

Example 4.1. Consider the following mean curvature equation

- div(—yu—) :u2+u‘%, z € B,

V1-|Vul? (4.1)

u=0, z€dB,

where B = {z e R?| |z| < 1}.

Conclusion. BVP (4.1) has at least one positive radial solution.
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Proof. We consider the radial solutions on B. Set ¢ = |z|, y(¢) = u(|z|), the mean curvature problem

(4.1) reduces to the following boundary value problem

Wy -ty +y7h), e (0,D),

Vi-y7? (4.2)

y'(0) =0, y(1) =0.

-(

Here f(t,y) = y* + y“%. For any given constant L > 0, there exists ¥ (t) = L% such that
f(ty) =92 +y 3 2 L7, (,y) €[0,1] x (0,L]

Hence (H;) holds. Let g(t) = 2, fi(y) = y_%,fg(y) = y2. For any constant K > 0, by a direct

calculation, we have

1
K_l/2f u TdT < 00.
(1-7)z
Hence (Hz) holds. Let R =1, it is easy to verify

1
ol 4 +RBE) [“r(-n)iRar)
n
8
= 6(3)
=0.9363291776 <1 = R.

Hence (H3) holds. Therefore, by Theorem 2.6, we obtain that (4.2) has at least one positive solution,

furthermore, the mean curvature problem (4.1) has at least one positive radial solution. O

Example 4.2. Consider the following mean curvature equation

) = u? _% TEA,

V1 IV“P (4.3)

u=0, zedA,

- div(——

where A = {z e R?| 1 <|z| < 2}.

Conclusion. BVP (4.2) has at least one positive radial solution.

Proof. We consider the radial solutions on A. Set ¢ = |z|, y(¢) = u(|z|), the mean curvature problem

(4.3) reduces to the following boundary value problem

/
- (_t—y—), = t(y2 +y_%)) te (1$2)7

/1 _ y/2 (4.4)

y(1) =0, y(2) =0.
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1

Here f(t,y) =y> + y'%. For any given constant L > 0, there exists ¥ (t) = L™2 such that
fty) =2 +y 22175, (t,9) €[0,1]x (0, L].

Hence (Hj) holds. Let ¢(t) = 1, fi(y) = y'%,fg(y) = 42, For any constant K > 0, by a direct

calculation, we have

-1/2 2 T _ 3
K ﬁ CEICEn N

Hence (H3) holds. Let R =1, it is easy to verify

5 2 1
Sl + R [ _m}z-m]
= ¢(37)
=0.9944181312< 1= R.

Hence (H3) holds. Therefore, by Theorem 3.5, we obtain that (4.4) has at least one positive solution,

furthermore, the mean curvature problem (4.3) has at least one positive radial solution.
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