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1 Introduction

Three dimensional vector model gauged by Chern-Simons interaction (Chern-Simons vec-
tor model) has turned out to be an intersection of various subjects in theoretical physics.
An initiative study was done in [1, 2], where it was conjectured that Chern-Simons vector
model inherits large N solubility of vector model in the 't Hooft large N limit and be-
comes a conformal field theory (CFT) dual to parity-violated higher-spin gravity theory in
AdSy [3] by extending the conjecture of vector model/higher-spin theory [4]. (See [5] for
its supersymmetric extension.)

Large N exact computations of three point correlation functions in Chern-Simons
vector models were done [6, 7] in accordance with general study of correlators including
parity non-invariant contact terms of the class of three dimensional CFT [8-10]. (See
also [11, 12].) Analysis of correlation functions indicated that there exists a bosonization
duality between a pair of a bosonic Chern-Simons vector model and a fermionic one as a
generalization of level-rank duality known in pure Chern-Simons theory by including vector
matter fields. This novel duality was confirmed from the large N thermal free energy of
Chern-Simons vector models [13-17]. (See also [1, 18-21].) Evidence for this duality to
hold in the renormalization group (RG) flow was provided in [15, 17, 22], which indicated
that this bosonization duality in three dimensions is obtained by continuous deformation
from supersymmetric duality known as the Seiberg-like duality [23, 24]. (See also [25-29]
for studies of other aspects.)



Three dimensional bosonization duality was uncovered from large N exact results of
scattering amplitudes at the level of elementary particles [30, 31]. (See also [32].) It turned
out that the scattering amplitude in the S-channel computed from Euclidean theory via
Wick rotation becomes non-unitary [30], which was also observed in the original Aharonov-
Bohm scattering. The non-unitarity problem in the non-relativistic case was resolved by
carefully taking into account the singular contribution in forward scattering [33]. The
resolution of non-unitarity puzzle in the relativistic case was similarly developed by taking
care of the forward scattering so as to restore unitarity [30]. Then it was shown that the
improved S-matrix exhibits bosonization duality, which just exchanges bosonic particles in
one theory with fermionic ones in the dual one. By combining this with the fact that a
bosonic or fermionic particle interacting with a Chern-Simons gauge field acquires anyon
statistics [34, 35], the bosonization in three dimensions can be naturally understood as a
duality between two theories of anyons.

Along these lines this paper aims at performing the exact large N calculation of scatter-
ing amplitudes and confirming the duality in a general Chern-Simons vector model, which
includes the double and triple trace terms in the bosonic Chern-Simons vector model or
quadratic and cubic ones of the auxiliary field in the fermionic one. The bosonization dual-
ity is expected to hold for general Chern-Simons vector models since these models connect
the regular Chern-Simons vector models and the critical ones by the RG flow. Indeed the
duality in the general case was confirmed in an exact large N calculation of the thermal
free energy [17]. The calculation of the S-matrix on the bosonic side is straightforward by
adding the contribution of the triple trace coupling into that in [30], while the calculation in
the fermionic side is rather non-trivial since the interaction of the auxiliary field generates
ultra-violet (UV) divergent integrals as fermion loops in the Gross-Neveu model [36, 37],
which are non-renormalizable in the sense of a weak coupling expansion and have to be
regularized suitably in the 1/N expansion.

The rest of this paper is organized as follows. In section 2 we set up the system
and perform some preliminary large N analysis. In section 3 we compute the four point
function of the fermionic field exactly in the light-cone gauge with a specific momentum
frame. By applying the LSZ formula to the four point function we determine the S-matrix
in the T-channel in section 4.1, and that in S-channels with taking account of non-analytic
contribution in the forward scattering in section 4. Section 5 is devoted to conclusion and
discussion. In appendix we provide details about the regularization A, construct asymptotic
states of scattering process B, and give a brief derivation of scattering amplitudes in general
Chern-Simons bosonic vector models C.

2 General Chern-Simons fermion vector model

In this section we perform preliminary analysis on general U(NN ), Chern-Simons fermion
vector model in the 't Hooft large N limit, N, kr — oo with X := N/kp fixed.! Lagrangian

'We basically use the same convention adopted in [17]. Under the convention the ’t Hooft coupling
constant is bounded so that |A] < 1. Especially upon encountering divergent integrals we regularize them
by dimensional regularization in the way described in [18].



Figure 1. Feynman rule involving the auxiliary field oz is depicted. The solid and dotted lines
represent the fermion and the auxiliary field, respectively. From the left, the diagrams describe
tadpole, tree-level propagator, Yukawa interaction with fermion, and cubic self-interaction.

of general U(N)y, Chern-Simons fermion vector model is defined by using an auxiliary

field o as
wpkr 2i _
Lp =it pETr A OLA, — §AHA,,AP + Yy, DHp
i i . (2.1)
- F F F
+or (W - 47ry§> - E?JALU% + E%U%
where
D,y = (0, —iAu)Y, Dy = (00 +ipAy,). (2.2)

Here we have dropped the gauge, spinor and space indices. For convenience we depict
Feynman rules involving the auxiliary field in figure 1. This theory is not renormalizable
in the weak coupling expansion whereas it is in the 1/N expansion. In particular, when
the cubic self-interaction of the auxiliary field vanishes this system is the same as the three
dimensional Gross-Neveu model [36] gauged with Chern-Simons interactions. In contrast
to the fact that the two dimensional Gross-Neveu model is asymptotically free, the three
dimensional one has an ultra-violet fixed point [37]. In the current setup the critical theory
is obtained by a limit such that y3,y4,ys — 0. Note that the auxiliary field has odd parity
since the Gross-Neveu model is classically parity invariant.

The exact propagator of the fermionic field in the large N limit was already computed
in [17]. The result reads

1

(W™ (p)bn(—p)) = o (27)203(p — p)ar(p), ar(p) = T S

(2.3)

Here —Xp(p) is the fermion 1PI self energy given by
Sr(p) = S1(p) + S4(p)y ",
Si(p) = /P + & + (sgn(A) — Mep, (2.4)

¢ —X(p)?
24 (p) = ipy TS
Py
where pi = pli%,ps := 2p4p— and cp is the physical fermion mass determined by the
gap equation
(1 = 3y) (sgn(X) — A’k + 2ya(sgn(A) — Ner +y5 — ¢ = 0. (2.5)

Note that we consider the cases where cp > 0.



Figure 2. The bootstrap diagram for the exact tadpole is drawn. Here the black node represents
the exact fermion propagator and the gray node describes the exact tadpole diagram.

For later convenience we determine the exact tadpole diagram contribution. The tad-
pole diagram satisfies the bootstrap diagram depicted in figure 2, which reads

2
k d? 1 k 1
T="E2_ N/ b <—tr, > 3 Lye x | ———T| , (2.6)
A (2m) i'pu+ Xr(p) dm —2kry,

where T is the contribution of the tadpole diagram. The equation (2.6) is quadratic so there

are in general two solutions. We restrict our interest to the region of coupling constants
where

sgn(ys) = sgn(ys + 3crys (A — sgn(N))), (2.7)

whose physical implication will be discussed in the next section. We choose a solution
which has the correct perturbative continuation so that T — %yg with yg, A — O:

_LF%% % 2 _ 2 _ki _
T = e (1137 @GN =2 +63) | = Srerm(h —sma(h), (28)

where in the second equality we used the gap equation (2.5) to remove y3.

3 Four point function of fermions

In this section we compute the fermion four point function in the large N limit. Since the
amputated connected four point function is equivalent to the four point vertex, we compute
the latter. In particular we compute the four point vertex of the large IV form such that

1/ dBp Pk dq
(

2 ) (2n)3 (27)3 (27)

sParm(—p — QU (D) F¥ 3P p, ki @) g0 (— k)" (k + q), (3.1)

where spinor indices, which are denoted by Greek letters, are explicitly restored. In the
large N limit the bootstrap diagram of the four point vertex is simplified to be self-
consistent without any other higher point vertices and given by the ladder diagram in
figure 3. From this figure the Schwinger-Dyson equation for the four point vertex reads

F%P(p, k3 q) = F®'55,(p, k; q) (3.2)

d3k/ / " o’ 1 o
+N F(h ﬁ/B al (p, k‘/; q)aF a”’(q + ]{l)Oéf-, 5//(k‘/)F ﬁ”ﬁa(k/a k, q)’
(2m)3

where FO describes the contribution of the ladder piece given by

27'(' /
e 3.3
Us B Yo ( )

Foalﬁ’goz(pa k; Q) = i'yyﬁﬁ’i’Ym,aGl/u(_p + k) + kp



(b)

®
¢

(©)

Figure 3. (a) shows the exact bootstrap diagram for the fermion four point function in the large N
limit. Here the black bubble with two or four lines represents the exact two or four point function,
respectively, and the striped bubble represents the ladder bar of this ladder diagram. (b) shows the
definition of the ladder bar, in which the striped bubble is given by summation of one gluon exchange
diagram and that with fermionic lines connected by the auxiliary fields with a gray bubble, which is
defined as the two point function whose 1PI diagram is given only by the tadpole as depicted in (c).

with
2m
Guv(p) = m((suﬂrfsu,?) —0u300,4), (3.4)
Ya = ya + 3cpye(A — sgn(N)). (3.5)

We give some comments. The first term in (3.3) is the contribution of one gluon exchange
diagram depicted in figure 3(b). G, (p) is the Chern-Simons gauge propagator, which is
given as (3.4) in the light-cone gauge, where the matter loop correction is subleading in the
1/N expansion. The second term in (3.3) describes the contribution from the auxiliary field.
It is given by the exact two point correlator of the auxiliary field excluding fermion loops,
which are already taken into account in the main bootstrap equation (3.2) as described
in figure 3(a). Denoting the contribution by %, we can determine it by the bootstrap
diagram given by figure 3(c), which reads

-2 27 kr ) <—27r> <—27T> <—27T>
— = + | =3!— X X T x X — |, 3.6
krys  krys < 47 kFya krya krya (3.6)

where T' is the contribution of the exact tadpole diagram given by (2.8). Solving (3.6)

gives (3.5). Therefore, in the coupling region specified by (2.7) the quantum two point



correlator of the scalar field (excluding fermion loops) has the same sign as the one at
tree level, which may suggest that the current system is reflection positive or stable in the
quantum mechanical sense under the coupling region (2.7).

To solve the bootstrap equation (3.2) it is convenient to transform the spinor indices
into the vector ones by using the gamma matrices so that

FYP (0, k5 q) = Fu(p, k; Qv 57, (3.7)

where i = 1,2,3,1 and 4! = I. Plugging this into the equation above and performing the
straight-forward gamma gymnastics we find that the above equation reduces to two sets of
consistent integral equations. One set is on Fj; and F'. 7, which is given by
&K 2 (2F1 (K kK2 + Fro(K k) (2051 (k') — gs))

2T .
Flp) = e =2 [ e s (et ) (3:8)
2nX [ K =2 (Fir(K, k)K= (2021 (k') + g3) + Fri(K', k) (K + cb — 253 (K') + k5 + gsk3)
) (2m)® (k2 4 ) (K + q)* + ¢3) '
Fyrlp k) = m — 2miAx (3.9)
K =2 (Frr(K' k)K—(2iS1(K') + g3) + Fri(K', k) (k2 + c; — 257 (k') 4+ k5 + qsks)
/(%)3 (=p+ k)= (k2 + c2)((K +q)* + cF) ’

where we omit the third variable ¢ in the scattering function. The other set is on Fr; and

F 1, which is given by

omi [ BPK 2(2F (K kK% + Fry (K kK- (2i51(K') — g3))
F ) P ——” V) | 3.10
r+(p, k) ke(pth)- /(27r)3 (=p+ k) (k2 + c3)((K' + q)* + c}) (3.10)
oA [ APk =2 (Fiq (K kK- (2051 (k') +q3)+ Fry (K, k) (k4 — 257 (k') + k5 +qsks)
va J (27)° (k2 +c3) (K +q)*+c%) ’
o BE Fy (K R (251 (k) +q3) +Fri(kK k) (K2 4-ch —25F (k') +kF +qskh)
Fy i (p, k) =4miX ( ’ S - (811
=m0 (o + )6 + )+ 0 + 3 (310

These integral equations can be solved exactly in a specific momentum frame such that

_n +iqo

V2

This frame matches the center of mass frame in the S-channel scattering, which is investi-

= 0. (3.12)

gated in the next section. Then let us make the following ansatz:

pP—

Fri(p. k) = mfﬁ(ps,ks) + Ba(ps, ks), (3.13)
1
Fir(p. k)= WAI(Z% ks) + ]ZA2(ps, ks), (3.14)
and
1
Fri(p, k)= WB;;(])S, ks) + EB;;(])S, ks), (3.15)
1 1
For(p k) = ————— Ag(pe, k) + —— Au(ps, k). 3.16
++(p k) P 3(Ds ks) e 1(ps ks) (3.16)

Plugging this ansatz into the equation bove and performing the integral for k%4 and the
angular part of k' we obtain



i dh 2A; +B1(2121 —Q3)

Bi(ps, ks) = —4mi) : 3.17
Hps, k) = —dmi /h () A2+ 33 (3.17)
—2mi M dh AL(2i81 + g3) + 2B1(h? — X2)
A1(ps, ks) = —— + 4mi\ — , 3.18
P ke) = o /h (2m) 1T+ (3.18)
27 3 > dh 2A1+Bl(2i217q3) /oo dh 2A2+Bz(2i217q3)
B s:ks =——4 A — —_— + _—
2per ko) = g A ( / @) AR+ w M) ARt g
_@(_/w dh Ai(2i31 4 g3) + 2B (h* — X3)
Ya h, (27) 4h? 4¢3
< dh A2(2¢21+q3)+232(h2—2§)) 319
+/ho (2r) TR ’ (3.19)
ho dh A9(2i81 + q3) + 2Ba(h? — £2)
Ao (ps, ks) = —4mi) — , 3.20
2(pPsy k) = —dmi /h (2m) a2+ 33 (3.20)
and
2mi [ dh 245+ B3(2i%1 — g3)
Bs(ps, ks) = —— — 4mi) — : 3.21
3(p ) kp e /hp (2m) 4h2—|—q§ ( )
Moo dh Az(2i%5 + g3) + 2Bs(h? — X%)
As(ps, ks) = 4mi) — ) 3.22
3(Pa ki) = dmi /hp (2m) 42+ 3 (3.22)
[ dh 2A4 4 Bi(2i%1 — ¢3) 477,\</hk dh A3(2i%7 4 q3) + 2Bs(h* — ©7)
B s,ks = —4mi\ Ta N - = Y
ok = —amin | 5\, @ TR
/°° dh A4(2¢21+q3)+2B4(h2—2§)) (3.23)
no (27) 4h? + ¢3 ' ’
Mk dh A3(2iX1 4 g3) + 2B3(h? — £2)
Au(ps, ks) = —4miA —
1P i) = </; 2m) 4h? +
/hp dh A4(2i21+q3)+234(h2—2§)) (3.24)
ho  (27) 4h? + ¢3 ' ’

where we set hy, := {/p2 + %, and in the right-hand side ¥; = A + (sgn()\) — A)cp and
A; = Al(k;, ks), B; = Bl(k};, ks) with h = hy, i = 1,2,3, 4.
In order to solve this let us take the derivative with respect to h;, on both sides. Then

we obtain
oOB; . 2A;+ Bi(2i%(p) — g3)
= 2i\ 3.25
Ohy, ! 4h% + g3 (3:25)
A; A; (212 +q3) + 2B;(h2 — Z1(p)?
0 _ 9y (2i%7(p) +q3) . (h; 1(p)?) (3.26)
Ohy, 4h2 + q3
for all i = 1,2, 3,4. From these two equations one can derive
0 .
——(Bi(2i¥ + ¢q3) + 24;) = 0. (3.27)
Ohy
Thus A; can be related to B; by
. 1
Ai(ps, ks) = —Bi(ps, ks) (lE(P) + 2Q3> +a; (3.28)



where «; is an unknown function independent of ps. Plugging this back into (3.25) we find

0B; _ 2.)\—2(]337; + 20y

3.29
oh, ' 4h2 + q3 (3:29)
This can be solved as
0%
Bi(p37 ks) = q73 + Bzf(ps) (330)

where f3; is another integration constant independent of ps and f(ps) is defined by

2,/p% + c?
VY (3.31)

f(ps) :==exp | —2i)\arctan
q3

The integration constants «;, 5; can be determined so as to satisfy the following conditions
derived from the integral equations.

lim Bj(ps,ks) =0, (3.32)
ps—rks
o
lim Ay (ps, ks) = —, (3.33)
ps—rks kF
. 2 . © dh 241+ By (2@2[ — q;g)
1 B S5 ks = 4 A
o Baps, k) = 1o 4 di /hk (27) A2+ 2
4w ( B /°° dh A\(2iX1 + g3) + 2B1(h* — X3)
o b, (2m) 4h? + ¢3
© dh As(2i% 2B, (h% — %2
+/ 2(2i I+q3)2+ 22( 1)>, (3.34)
ho (27T) 4h + Q3
lim As(ps, ks) = 0, (3.35)
ps—0
and
. 211
lim Bs(ps, ks) = —, (3.36)
ps—rks kF
lim As(ps, ks) =0, (3.37)
ps—rks
4 b A3(2i% 2B3(h? — 2
lim By(ps, ks) = _f)‘</ dh A3(2i%; +<J3)2+ 23( 7)
ps—00 ys \Jn, (27) 4h* + g3
/OO dh A4(222] + q?,) + 2B4(h2 — E%)) (3 38)
he (27) 4h? + ¢3 ' ’
"k odh A3(2iS1 + g3) + 2B3(h? — X2
lim Ay(ps, ks) = —4mi) £ 3.39
Jim 4(ps, ks) i /ho ) e (3.39)
By using (3.33), (3.32), (3.37), (3.36), a1, 81, a3, B3 can be easily determined as
—2mi 211
= , = 3.40
" ke A krqgsf(ks) (3.40)
) i mi(—2i2(ks) +
oy = (QZZI(kS) + Q3) B3 = ( I( ) q;g). (3.41)

kp’ krqsf(ks)



On the other hand, the right-hand sides in (3.34), (3.38) contain divergent integrals, which
need regularization. This divergence originates in the non-renormalizable interaction in the
sense of power counting in (2.1). We regularize the divergence by dimensional regularization
demonstrated in detail in [18], which is skipped here and move it to appendix A. After the
regularization we can determine s, B2, g, B4 by using (3.35), (3.34), (3.39), (3.38) as

(num)aq, (num)g,
%= on” %= Cdemyy, (642
where
(num)a, = 27rf (0)(gs +2i27(0))(f (ks)(2cr (A — sgn(X)) — igs — 2ys) (3.43)
+ f(00)(—2¢cr (A — sgn(X)) —igs + 274)),
(den)a, = ki f(ks){f(00)(251(0) + igs)(2cr (A — sgn(N)) + igs — 23a) (3.44)
0) (cr(—4(X — sgn(A)S1(0) + 2i(X + sgn(A))gs) + g3 — 2igs(Sr(0) + Fa) + 451 (0)74) },
(num)s, = —2m(qs — 2i%1(0))(f(ks)(—2cr (A — sgn(\)) + igs + 27a) (3.45)
+ f(00)(2¢r (A — sgn(X)) + igs — 2ya4)),
(den)s, = krgsf(ks){f(00)(2X1(0) + igs)(2cr (A — sgn(N)) + igs — 27a) (3.46)
+ £(0) (cr(—4(X — sgn(X))S1(0) + 2i(A + sgn(N)gs) + g5 — 2igs(E1(0) + Fa) + 451(0)7a) },
(num)a, = 7(f(ks)(gs — 2i31(0))(gs + 2i81(ks)) — £(0)(gs + 2iX1(0)) (g3 — 2031 (ks)))x (3.47)
x (2(cr —X1(0)) f(0) + f(o0)(2cr (A — sgn(A)) + igs — 2ya)),
(den)a, = kp f(ks){f(00)(2X1(0) + ig3)(2cr (A — sgn(N)) + igs — 2y1) (3.48)
+ £(0) (er(—4(X = sgn(X)1(0) + 2i(A + sgn(N))gs) + g5 — 2igs(E1(0) + Fa) + 451(0)7a) },
(num) g, = m(=2(—crA+ 21(0) + 1) — igs)(f(0)(gs + 2i21(0))(gs — 2i2; (ks)) (3.49)
— f(ks)(g3 — 2iX1(0)) (g3 + 2iX1(ks))),
(den)p, = krgsf(ks){f(00)(251(0) +igs)(2cr (A — sgn(N)) + igs — 27ja) (3.50)

+ £(0) (cr(—4(A = sgn(N)E1(0) + 2i(A +sgn(A))as) + a5 — 2ig3(S1(0) + ) +4%1(0)7a) }.

A few comments are in order. Firstly, by taking the limit i, — oo this solution reduces
to the one obtained in [30] up to the convention adopted there, where the fermionic four
point function in the massive free fermion theory gauged by Chern-Simons interaction
was computed. This is consistent with the fact that the Schwinger-Dyson equation (3.2)
with (3.3) boils down to that of the Chern-Simons fermion vector model.

Secondly, by sending A, yf , % — 0 with 2”)‘ = gl fixed this solution reduces to the
four point function of Gross- Neveu model computed in [37]. Indeed in this limit all the
components of Fj;; vanish except Fyr, which is given by

1 9i
=1y —tan—1 2E ftan—1 200
1+g¥ <— — (g3 + 4c3.) e = )
47 qs
= — 5 5 - (3.51)
N —(¢5 + 4c¢%) tan (2%)

where in the second equation we used cp = :—g under the limit and the formula tan=!(x) +
4

tan~1(1) = tan~!(c0). Making (3.51) Lorentz covariant by exchanging g3 — /(g,)? gives
(9) in [37] up to an overall numerical factor.



4 S-matrix and duality

In this section we compute the two body scattering matrix of fermions in the general
Chern-Simons fermion vector model in the 't Hooft large N limit. For this we apply the
method the S-matrix developed in [30], in which the fermionic S-matrix in the regular
Chern-Simons fermion vector model was computed.

In the current system there are two kinds of scattering processes to be studied, that is
particle-particle and particle-antiparticle scattering.? We focus on the particle-antiparticle
scattering in this paper since the particle-particle S-matrix is to be obtained by analytic
continuation from the particle-antiparticle S-matrix as shown in [30]. Asymptotic states for
this process are constructed in appendix B. We consider a particle-antiparticle scattering
process such that

D3, = ks Do, +, ) = | — Pa, =, I —p1, +,4). (4.1)

This means that the k-the particle with momentum p3 and the j-th antiparticle with
momentum ps come from the past infinity and go into the [-the particle with momentum
—pys and the i-th antiparticle with momentum —pj at the future infinity. By taking into
account momentum conservation, the S-matrix of this process can be written as

< p47 ; pla Z‘S‘pi’n_ k; p2a+ ]> (42)
(P47 =P, il —, ks Do, +, §) (2m)26° (p1 + p2 + p3 + pa).

Furthermore the S-matrix can be decomposed in terms of the gauge indices as [30]
S(_ﬁ4)_7l;_ﬁ17+7i’ﬁ37_7k;ﬁ27+7j) (43)
_ 5l5j 1515j S = - = . 15j5l8 = . = .7
- k z_ﬁ 1Yk T(_p4a_7_p17+|p37_7p27+)+ﬁ kY S(_p4)_7_pla+|p3v_)p2a+)‘

We call the coefficients Sy (—pi, —; —p1, +[P3, =5 P2, +), Ss(—Pa, =3 —P1, +[Ps, = P2, +) T-

channel (adjoint channel) S-matrix, S-channel (singlet channel) one, respectively. Similarly
the transition matrix defined by S = 1 + i7" is decomposed as

T(_ﬁ47_al;_ﬁ17+7i’ﬁ37_7k;ﬁ27+7j) (44)

T . B . B = 1 . B = . =
= <6§<:5§ _Nd’féi) TT(_p47 —5 —P1, +|p37 — P2, +) + N(S‘]YC(S,ETS(—]LL? —5 —P1, +|p37 — P2, +)
Then S-matrix for each channel satisfies

St(—pa, —; —P1, +|P3, —; P2, +)
_ {(=Pa, = =1, 13, —5 P2, )
(2m)30%(p1 + p2 + p3 + pa)

Ss(=Pa, —; —P1, +|P3, —; P2, +)
(=P, —; —p1, +[P3, = P2, +)
(2m)363(p1 + p2 + p3 + p4)

+iTT(_ﬁ47_;_ﬁh_}_‘ﬁé)_;ﬁ?a_{—)v (45)

+iTS(_ﬁ4a_;_ﬁ17+‘ﬁ37_;527+>7 (46)

2 Antiparticle-antiparticle S-matrix can be obtained by charge conjugation of particle-particle one.
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where
<_ﬁ47 - _ﬁlv +’ﬁ37 _;ﬁ27 +> = (27T)22E]3‘3(52<ﬁ3 + ﬁ4)<2ﬁ>22Eﬁ252(ﬁ2 +ﬁ1) (47)

By definition the T-matrix in the T-channel is of order 1/N, while that in S-channel is of
order one.

Let us determine the unitarity condition for each channel. Let us start the unitarity
condition with respect to the S-matrix

STS =1. (4.8)
In terms of the transition matrix, this is written as
—i(T =T =T'T. (4.9)
Let us sandwich both sides inside the two particle states so that

<7ﬁ47 B l) 71717 +77’| B Z(T — TT)lﬁ?)a K k;ﬁQ; +a]> <7ﬁ45 B la 713’1’ +7Z|TTT|ﬁ37 g k;ﬁ?v +a]>

(2m)353(p1 + p2 + p3 + pa) B (2m)363(p1 + p2 + p3 + pa)
(4.10)
By using (4.4) the left-hand side is computed as
' 1 . . . . . = . . )
Lhs. = —i (5255- - Néf-(%) (Tr(—pa, —; =P, +|P3, = oy +) — Tr(Bs, —; Po, +| — Pas —; —P1, +)%)
1

+ 76}165(1—’5(_25’47 ) _ﬁh +|ﬁ37 _;527 +) - Ts(ﬁ?n _;ﬁ27 +| _ﬁ4a ) _ﬁla +)*)} (411)

In order to compute the right-hand side we insert the identity operator

3T 37"
1= 3 [ S0 A enstd + 0 ens + o6
k.j

X”'?la_7k;’F27+aj><F1a_7k;7727+7j|+"' (412)

where the ellipsis contains other many-particle states with more than 2-particles, which is
suppressed in the 1/N expansion. Then the right-hand side is computed as

3?" 37,
thas = [ GO E T emi0E + )0 oS + oY)

okl B L T
X { (62‘65 - ;\[147) TT(_p47 - _pl)+|rlv — T2, +)TT(p3) _;p27+’rla — T2, +)

510!

+ T’TS(—ZE —; =D, +|71, = 72, +)Ts(p3, —; P2, +|71, —; 72, +)*}- (4.13)

Recalling the fact that the transition matrix in the T-channel is of order 1/N, the product
of Tr and T is of order 1/N?, which is subleading in the 1/N expansion. Thus to the
leading order in the large N limit the unitarity condition is given by

- i{TT(_ﬁ4a ) _ﬁlv +|ﬁ37 _;ﬁ% +) - TT(ﬁfia _;ﬁ% +| - 547 - _ﬁla +)*} =0 (414)
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for the T-channel, and
- /L.{TS(_ﬁ;lv ) _ﬁb +’ﬁ3) _;ﬁ27 +) - TS(ﬁ?ﬂ _;ﬁ2a +| - ﬁ4) - _ﬁla +)*}

/d3r1 d3ry 9 9 0 ) ) 0
—J @n)E )} 5(2m)d(r1 + cp)0(r1)(2m)o(rz + cp)0(r2)

X Ts(—=pa, —; =D, +|71, =372, +)Ts(P3, —; P2, +|r1, =72, +)" (4.15)
for the S-channel.

4.1 T-channel

We determine the transition matrix in the T-channel, which can be done by applying the
LSZ formula to the fermion four point vertex determined in the previous section. Since the
exact four point vertex was determined in Euclidean space, we perform the Wick rotation
such that

2t =i2® ¢ =i’ (4.16)

In the momentum assignment in the previous section the T-channel is given by
—k2>0,p">0, (k+¢° <0, -(p+q)°<0. (4.17)

Then the LSZ formula tells us a contraction rule of the wave functions associated with the
external legs to obtain the T-channel transition matrix as follows.

(—k—q,— p+q,+| k, =7, +)
= v (—k — Qug(—k) F 5o (0, k. 7+ P’ (Pt (5 + )

= [a(F+ @y ul@)][o(= k)Y v (=k = D Foa (B, k. 7+ @) (4.18)

where u(p),v(p) are given in (B.4), (B.5). By plugging Fy; determined in the previous
section into this we obtain

SR (U 8:3283”*2338228:222&33:3;%2}3;%f<o<>>)
e )~ R e ) i ()
= 4;2?’ (z+itan Xr(g3)) (4.19)
where we set (k)
= T (4.20)
with p_ = pl\'/%po, and

Xr(g3) = (A —sgn(\)) tan™* <q3> — tan~? (

2(ys — crp(X — S%“Q\))))
2cr '

” (4.21)

A few comments seem appropriate. Firstly, this satisfies the unitary equation (4.14).
This is because the unitarity condition can be written as T = T|g,——gy, Which can be
easily seen from (4.19).
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Secondly, by performing the duality transformation found in [17], this transition matrix
maps the one describing two body scattering of bosonic particles in general Chern-Simons
scalar theory. To see this we recall the duality transformation in [17].

1—33‘6

4 ) Yq = b47 y% = m2Bv (422)

krp=—kp, A=Ap—sgn(Ap), us=

which suggests that ¢p = ¢p. Plugging this duality relation into (4.19) we obtain

4
Tp= =88 (z +itan Xp(g3)) (4.23)
Zk‘B
where 4b Ag(1+3
Xp(g3) = Aptan™ B 4fan ! (= 1+ cpAp(l + 3zo) . (4.24)
2cp 2q3

This precisely agrees with the transition matrix in the T-channel (adjoint channel) in the

)
extending the result in [30] including the triple trace coupling. Thus the S-matrix of this

general Chern-Simons bosonic vector model, T:(FB , which is computed in appendix C by
system given by (4.5) maps to the one of the dual bosonic system.
Thirdly one can make this scattering amplitude Lorentz covariant by rewriting in terms

of Mandelstam variables. Our definition of Mandelstam variables is®

s = _q2a t= _(p_k)Qv U = _(p+k+Q)27 (425)

which satisfy s+t +u = 4c%. In the frame (3.12), s = —¢3 < 0. Let us consider to rewrite
the first term in (4.19), which comes from the one gluon exchange diagram. This part can
be made Lorentz covariant as

4 A ehve L(p —
_dmay,  Am et R)uan(p = k) (4.26)
ikp ikp (p—k)?
where €%12 = 1. From a straightforward algebraic calculation we can show that
(" (p + k)uau(p — k),p)* = stu. (4.27)
which leads to
e"P(p+ k) uqu(p — k), = 0V/stu. (4.28)
where we set o = sgn(e"?k,q,p,). Therefore we find
B 4.7TQ3Z _ _.477r ovstu _ 4£0 su (4.20)
ZkF Zk‘F —t k‘F —t

where we used the fact that ¢ > 0 in the T-channel. Substituting these into (4.19) we
obtain the Lorentz covariant form of the T-channel scattering amplitude as

o (a S \/?stanXF(\/?s)> . (4.30)

ke UV -t
3The definition of Mandelstam variables in this paper is different from that in [30]. The s, ¢, u variables
there are defined in each channel so that s always becomes positive as adopted in a standard textbook [38],

while here they are defined globally so that s,t,u become positive in S,T,U-channel, respectively.
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4.2 S-channel

Finally we determine the transition matrix in the S-channel. For this let us first compute
the transition matrix in the S-channel in the same fashion as done in the T-channel. For
the S-channel we perform a Wick rotation from Euclidean space such that

3 =ia® =i’ (4.31)

Then the frame (3.12) coincides with the center of mass frame for two body scattering. In
the momentum assignment in the previous section S-channel is given by

—(p+¢)°>0p">0, (k+q° <0, -k <o0. (4.32)

In particular ¢° < 0. From the LSZ formula the S-channel transition matrix is obtained
by contracting the four point vertex with the wave functions associated with the external
legs in such a way that

TS—TS( k_Q7 k7+‘ p Q7 7p7+)
= —v*(—k — q)ug(ks) F* (p,k p+ Qu? (p)Ta(—p — q)

= —[o(=p — g)7"u(p)][u(k ) v(—k — @)|Fou(p, k. p + q) (4.33)
where u(p),v(p) are given in (B.4), (B.5) with double Wick rotation so that firstly ¢° —
—iq?, subsequently ¢> — i¢". Note that the minus sign appears when the fermionic fields

associated the four point vertex contract with the external states. Plugging Fj; determined
in the previous section into this gives

4q°
kp

Tg = (2 + tanh X}-(—¢")) (4.34)

where z is given by (4.20) with p_ = % and

2(ys — CF(_)\qO— Sgn(/\)))> . (4.35)

This result matches the one obtained by performing the double Wick rotation against the

Xp(=¢") = (A — sgn(X)) tanh ™! <;§:> + tanh! (

T-channel transition matrix given by (4.19). Performing the duality transformation we
obtain

Ty = —T7, (4.36)
where TéB) is given by (C.17).

A main problem of the S-channel transition matrix determined in this way is that it
does not satisfy the unitarity condition [30]. In fact, the same problem of non-unitarity
in the S-matrix also exists in the original Aharonov-Bohm scattering [39], which is to be
obtained by taking the non-relativistic limit of the S-matrix in the current set up. The
problem of non-unitarity in Aharonov-Bohm scattering was resolved by Ruijsenaars in [33],
who pointed out that the delta-function type singular contribution in the forward scattering
was missed in the original Aharonov-Bohm scattering and it becomes unitary by taking
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into account the singular contribution. The reason why this phenomenon happens may be
that in the set up of Aharonov-Bohm scattering, where electrons are sent to screen in the
presence of solenoid at the center, the contribution to the wave function of one path of
electron through the left side of the solenoid and that of the right side are equal only in
the forward scattering, whose coherent superposition is singular.

The method to cure the non-unitary problem in the relativistic situation developed
in [30] is also to take into account the singular contribution in the forward scattering by
the ansatz of the Schwinger-Dyson equation of the scattering amplitude such that

T = Ti(Vs) + 21 (Vs) + T3(v/5)2m0(6) (4.37)

where /s = —¢” and 0 is the scattering angle of an out-particle to the line formed by two
in-particles in the center of mass frame (3.12). By using € the on-shell momenta of in and
out particles can be parametrized as

p' = (E,p,0), k'=(E pcost,psing), E=,/p?>+c} = \f (4.38)
which leads to z = —i cot g. T3 describes the singular contribution in the forward scattering.
Then the unitarity condition (4.15) boils down to

—iTy +iT} = 475(\T1|2 + Ty Ty + TV Ty — |Tn|?), (4.39)
1

—iTy +iTy = —=(T5T5 + ToT;5 4.40

1l +1ly 4\/5(234-23)’ (4.40)
1

—iTs +iT5 = —=(|Ta)? + |T35]?), (4.41)

NG

where we used /s > 2¢p in the S-channel scattering.

A solution physically preferable may be as follows. Whether the situation is relativistic
or not does not matter in the argument for the singular term to be generated, so it may
be safe to assume that the singular part is the same as in the non-relativistic case.

Ty = 4i/s5(1 — cos ). (4.42)
Then (4.40) is met if 75 is real. In addition by using (4.41) 7% is determined as
Ty = —4y/ssinA. (4.43)
Finally (4.39) is met if T3 is given by
Ty = —4y/ssin(m\) tanh(X 5 (/s)). (4.44)

The solution found in this way possesses several desired properties as argued in [30] as
follows.

(i) Unitarity is guaranteed by construction.

,15,



(ii) The S-matrix constructed this way enjoys the bosonization duality. To see this let us
compute the S-channel S-matrix by plugging the above solution into (4.6). The first
term in (4.6) by using (4.38) can be computed as

<_F47 B _7717 +|F37 s F27 +>

)+ et ry)  oTVe0) (4.45)

Then the result is
sin(mw\)

Sgonj = ikp Ts + 8m+/s cos(mA)d(0) (4.46)
where T is given by (4.34).* Due to (4.36) the conjectural S-matrix in the S-channel
transforms under the duality transformation as

wTéB) — 8my/scos(mAp)d(f) = —SéB)7conja (4.47)

SO = —ikp
where in the second equation we used (C.19). This shows that the physical scattering
amplitudes coincide in the dual theories.

(iii) Upon analytically continuing the S-channel S-matrix to off-shell region /s < 2cp, a
pole arises in a certain coupling region [40]. The bound state energy is determined
by the following equation

2(s +sgn(N))s
(5 — sgn(A)e* = 6) 15 + sgn(X)

— 5 —sgn(A) (4.48)

N

where we set 5 = ﬁ,y = g—; In other words, a particle-antiparticle bound state

shows up when this equation has a solution. The region for a solution to exist is
2

1< % < ?:—I/A\}.‘r’ In particular in the limit yy, y3 — oo with A, ye, z—i fixed, in which this

system reduces to the regular Chern-Simons fermionic vector model [17], the bound

state disappears, which is consistent with the result in [41]. In addition the bound

states in the dual theories map to each other under the duality transformation [31].

(iv) The non-relativistic limit reduces the solution to the Aharonov-Bohm-Ruijsenaars
scattering amplitude. To see this let us take the non-relativistic limit /s — 2cp for
the S-channel transition matrix with general coupling constants. The result is

. o
T — 8cp (— sin || — sin [T A|i cot 7T i(1 — cos 7r)\)27r5(0’)) (4.49)

where we redefine the scattering angle so that ' = —sgn(\)#. In order to compare

the scattering function in quantum mechanics, we scale the result by cFl\/ﬁ (see [30]),

“The delta function §(6) can be written in terms of the Mandelstam variables as §(0) = $5(y/L).
5This region may be related to that where the theory possesses the reflection positivity. In fact, the
reflection positivity of the two point correlator of the auxiliary field with fermion loops excluded implies

that krpys > 0, which is compatible with the region for the pole to arise.
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which correctly reproduces the Aharonov-Bohm-Ruijsenaars scattering amplitude up
to an overall numerical factor.

Connection to the self-adjoint extension of Aharonov-Bohm scattering [42] was found
in [40]. This was achieved by taking the non-relativistic limit and simultaneously
sending the couplings to the lower threshold for the bound state to exist, where the
mass of the bound state approaches 2cp. By denoting deviations from the bounds by

2

Vs =2cp+ 615—, Us = crp(A+ €2) (4.50)
F
the limit is given by
€
€1,€62 — 0, /\—QB : fixed (4.51)

€1
in the assumption that A < 0 or A > 0. Under this limit the improved transition
matrix in the bosonic side reduces to

2B .
(205) €2 em’)\B -1

nj B . 0 .
Ts By _8ep |sinmAp - o 2 —icot — | +i(cosmAp — 1)275(0)
(20713) ¥ e eim s 41 2
p 26?3

(4.52)
On the other hand, the Aharonov-Bohm scattering with a general self-adjoint bound-
ary condition is given by [42]

—in F(1+o) 2 2o ita _q
—ie 4 . wl'(1—a) <R7p) € - . 0 i
f0) = ——— |sin7ma —idcot = | + 2mi(cosam — 1)6(0
(©) V2mp C(1+o) (l)m eita § 1 2 ( )3(6)
wl'(1—a) \ Rp

(4.53)
where p is the initial momentum, « is the background magnetic field normalized so as
to be in the range from 0 to 1, and R is the effective radius of the system. They agree
with each other up to an overall factor mentioned above under the identification such

that
€ 2I(1 + @) 1

IR e S =_. Ag=a. 4.54
er  wl(l-a) BTR MBTO (4:54)

Finally this result suggests that the usual crossing symmetry given in standard text-

books of quantum field theory needs to be modified when the scattering amplitude contains

a singular contribution. In the current system upon performing analytic continuation from

T-channel to S-channel the amplitude picks up the overall factor N x % The origin of

this factor was discussed in relation to Wilson lines formed in the trajectory of the charged

particles [30], though such a novel aspect is not confirmed from explicit calculation yet.

We leave it to future work.

5 Discussion

We have computed the four point function of the fermionic field exactly in the general

U(N) Chern-Simons fermionic vector model in the 't Hooft large N limit. Applying the
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LSZ formula to this result with a suitable Wick rotation, we have calculated scattering
amplitudes in the T-channel and the S-channel taking special care for the S-channel so
as to include the singular contribution in the forward scattering to achieve unitarity. We
have shown that the scattering amplitudes determined in this way enjoy the bosonization
duality proposed in [17] as well as a novel crossing relation proposed in [30]. We have also
shown that in the non-relativistic limit in a general coupling region the S-matrix reduces to
the Aharonov-Bohm-Ruijsenaars scattering amplitude, and in a special coupling region of
the threshold for the bound state to exist the S-matrix reduces to the self adjoint extension
of Aharonov-Bohm scattering [42] as claimed in [40].

It turned out that the conjectural S-matrix in tje S-channel in the general Chern-
Simons fermionic vector model develops a pole in a certain coupling region, which is a signal
for a particle-antiparticle bound state to exist. Analysis of a bound state in the regular
Chern-Simons fermionic vector model was done from the Bethe-Salpeter equation with the
result of no bound state in that system [41], which is consistent with the result in this
paper. It would be interesting to derive the Bethe-Salpeter equation in the current system
and determine the bound state energy, which is expected to match the one determined in
this paper.

As discussed in [17] the Chern-Simons vector models in the current paper are expected
to be dual to a higher-spin gravity theory with parity violated by the boundary condition
in AdSs [1, 2]. In the gravity side three point correlation functions were computed by
taking advantage of infinitely many higher spin symmetries [43-45]. (See also [8, 10].) It
is interesting to compute the counterpart in the gravity side for the scattering amplitude
computed in the paper.

It would be interesting to recompute the scattering amplitude including chemical po-
tential as done in [32], where the S-matrix in Chern-Simons theory with dense fermionic
matter was computed and was applied to determining Landau parameters to see the con-
sistency of a microscopic calculation and a thermodynamic macroscopic one. It would be
intriguing to determine Landau parameters in the current setup and investigate its behavior
in the RG flow and the physical implication thereof.

It would be also interesting to compute the scattering amplitude in higher supersym-
metric case such as ABJ model by taking the vector model large N limit. Some perturbative
calculation of two body scattering in ABJ(M) theory was done in [46-52]. In the results
there the singular term in forward scattering does not show up, while the result in the
N = 1,2 Chern-Simons vector model exhibits the singular contribution for the unitar-
ity [31]. This issue may be cleared up by carrying out the large N calculation developed
in the analysis of Chern-Simons vector models explicitly.

We hope to make progress in these issues in the near future.

Acknowledgments

The author would like to thank S. Jain, M. Mandlik and S. Minwalla for collaboration
and valuable discussions. He would also like to thank O. Baer for reading the manuscript.

,18,



This work was supported by the MEXT-Supported Program for the Strategic Research
Foundation at Private Universities “Topological Science” (Grant No. S1511006).

A Regularization

In this appendix we detail the regularization for the divergence we encountered in section 3
following [18]. The divergent integrals are contained in (3.34), (3.38), which are of a form
such that

L /oo dh Ay(h)(20Sr + g3) + 2B;(h)(h* — £3) (A1)
h

(2m) 4h? + ¢3
where h = /p2 + ¢4 and we denote A;(k}, ks) = Ai(h), Bi(k,, ks) = B;(h) with h = hyy =

\/ (k)2 + ¢%. Using (3.28) and (3.30) one can show that the asymptotic behavior of the
numerator in the integrand around h ~ oo is

Ai(h)(2i21 4 q3) + 2B;(h)(h? — ¥2) = 2B;(c0)h? + O(RY). (A.2)
Using this we can divide the above divergent integral into two parts in a way that

[ dh [Ai(h)(2iE1 4 g3) + 2B;(h)(h* — £3) — 2B;i(00)h?  2B;(00)h?
I‘/b (2m) [ 4h? + ¢3 ' * 4h? + 43 ] (8-3)

The first term, which we denote by I, is convergent and computed as

N dh [A(R)(2i8) + g3) + 2Bi(h)(h* — £3) — 2B;(A)h?
he Alfio/b (2n) { T } (A4)
= 161‘(‘)\{0(1)\ (WSgH(QS) — 2tan~! <ZE>) + 2Bif(ps)(20F()\ — sgn()\)) —2hA + iQ3)

+ i f(00) <—4CF()\ —sgn(A)) + 4bX\ — 2Aqgs3 tan~! (22) + mAgssgn(qs) — Qiqg> }

The second term, which we denote by Is, is a divergent term, which we can easily regularize
by the dimensional regularization prescribed in [18]. For this purpose we rewrite the integral
as the original three-dimensional integral form.

dSk’l k/ 2 2 k/

Iz:QBi(OO)/ 373 2( ) +CF2 5 —

(2m)? (K + ) (K + q)* + ) (K —p) -

Then we can apply the dimensional regularization prescribed in [18] to this integration.
d’k'd' ~k h? 58

IQZQBi(OO)/ 3 s 2. 72 2 12 (1 :

(2m)?  ((k3)? + h?)((ks + a3)? + h?) (K" —p)-

This can be computed in a standard method by employing Feynman parameters. The

(A.5)

(A.6)

result is . 2% s
- q3 —1 |43
I, =2B; — - = —+—. A.
2 (c0) x - <f) 5 tan o + 1 ) (A.7)
Finally we obtain the regulated integral as
~ —2aibA + Bigs f(ps)(2cr (A — sgn(N)) — 2D\ +ig3) + Bigs f(00)(—2cr A + 2cp — ig3)

8mAq3
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B Construction of asymptotic states

In this appendix we construct asymptotic particle states which are necessary to define
the S-matrix. For this purpose we quantize the fermionic field of the system (2.1) in the
canonical formulation. The Dirac equation of the system (2.1) is

(7. 0" + Zp)yt =0 (B.1)

where m is the fundamental index of the U(/N) gauge group and X is given by (2.4). To
find a complete set of the solutions we do Fourier transformation:

(ivup" 4+ Xr ()Y, = 0. (B.2)

A non-trivial solution of the Dirac equation exists only when the momentum is on mass-
shell:
P’ = +Ez Ep:=\/P?+c%. (B.3)

Then a positive-energy solution is found to be

u(p) = (W, i/ +p°> , (B.4)

with p® = Ej, and negative-energy one is
ips—X1(p) . ST
U(—ﬁ) - 3171(0)7Z pl +p0 ) <B5)
VD +Pp
with p? = —Ej5. These are normalized in such a way that
u(Pu(p) = 251(p),  v(=p)v(=p) = —2Z1(p). (B.6)

Then we expand the fermionic field in terms of this complete set. The result is

m d2 1 m i —1ix
0= [ o (e G oD s, B

where ag, by are expansion coefficients of the field.
Following the canonical formalism we introduce the canonical commutation relation.

{ag, (@)} = @n)* 6006~ D) {bmp (bng)'} = 20?0, 8°(F— D). (BS)

Then (al"?)f, (bm’ﬁ)Jr are one-particle creation operators with the positive, negative charges,
respectively. We call the particle with positive charge antiparticle. By using these creation
operators we can define in-state and out-state of one particle by

!ﬁ m) = \/2Ez(a)10), = /2E3(bn 5)'|0),
= /2E50]ag, =2 ﬁO\bmpa (B.9)
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where |0) is the vacuum state. Here the normalization is determined so that the inner
product of these state becomes Lorentz invariant:

(B, +,m|q. +,n) = (5, =, n|q, — m) = 2E5(2)?6'6*(7 — p)- (B.10)
In the main text we study two particle scattering, where two particle states are defined by

|7, = n: 5, +,m) = /2Eg(by )" \/2E5(a)110),

(@, —,n;p,+,m| = \/2Eﬁ\/2E§<O|angn@.

C S-matrix in general Chern-Simons bosonic vector theory

(B.11)

In this appendix we give a brief derivation of two body scattering amplitude in general
Chern-Simons vector model in the ’t Hooft large N limit. This can be done by applying
the method developed in [30] to the current case, in which the triple trace coupling is
included. Lagrangian of general Chern-Simons bosonic vector model is [15, 17]

k 2i _
Lp= ie“””ﬁTr (Au&,Ap - ;AMA,,AP> + D,$D"p

47by
kp

(27)%x6 , -

The exact propagator of the scalar field is determined as [15]

+mBop + —— (¢¢)* +

1

(@™ (P)on(—p)) = 071(2m)°6% (—p' + p)as(p), as(p) = oy (C.2)

where CQB is the physical mass of the scalar field determined by the following gap equation

2
k=251 + 3x6)CZB — 2\gbycp +mA. (C.3)

As in the fermionic case in order to compute the four point correlator we determine
the four point vertex given by

3 3 3
-5 | G st (P~ " DB k) (R (). (C4)

As the fermionic case, the bootstrap diagram for this four point vertex is precisely the same
as the ladder diagram in the ’t Hooft large N limit, thus the Schwinger-Dyson equation is

d3k, 0 / / / /
(%)SB (p. ks q)as(q+ K)ap(K)B(K k;q).  (C.5)

Here B represents the contribution of the ladder bar, which is diagrammatically given by

B(p. kiq) = B°(p, k; q) +N/

figure 4 in [30] with the contribution of the triple trace vertex given by

_ 27T2><3'><N/d3r (r) =6 2l2NC£ (C.6)
[ ! (27{_)30[37" = 6z i o .
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Thus we obtain

4 by
Bp,k;q) = — — :
(p: ks q) I R (C.7)
where by is a constant given by
by = 2w \gep — 8wby + 676 A BCR. (C.S)

The bootstrap equation (C.5) can be solved exactly in the frame (3.12). In order to
solve (C.5) we set the ansatz [6]

B(p, k; Q) = Bl(pSaks) +Q3ZB2(p57ks)v (CQ)

where z is defined by (4.20). Plugging this into (C.5) and performing ks-integral and
angular integral for k_ we find

4 b dh 1 —8mqs
B Sy ks T . B s 1
2(ps, k) ikp * /h (2m) (4h% + ¢3) ikp 2 (C.10)
by ho dh 1 87qs b dh 1 —2b4qs
Bi(ps, ks) = — + N BB+ N B
1(ps, Fs) kg he (2m) (402 + 3 ikp o (2m) (4h2+q3) kg
> dh 1 —47qs by
N ) (B By |, C.11
- o (27) (4R + ¢3) ( ik l<;3> < L 2) (G411

where in the right-hand side we set B; = B;(k., ks) with h = hp. A solution of these
integral equations is

A fB(ps)

BQ(pSa ks) = o ) (0'12)
ikp fB(ks)
_ Amgs [ (bs +idmgs) fp(00) 4 (bs —idmg3) f5(0)] fB(Ps)
Bl (p& /{5) - ikB (b4 + i4TFQ3)fB(OO) — ([14 — i47TQ3)fB(O)] fB(k5)7 (C.13)

where fp(ps) is defined by

2,/p% + c?
B EGI (C.14)

fB(ps) == exp | —2iAp arctan
q3

Therefore

47 .
B(p,k;q) = Z.qu; (z+itan Xp(g3))

(C.15)

where Xp(g3) is given by (4.24).

Then the procedure to compute scattering amplitude is completely parallel to the
fermionic case described in the main text. Therefore we do not repeat the description for
the bosonic case, and we present only results with the subscript (B) for the corresponding
quantities. The T-channel transition matrix is

4 4
TP = Z,Zq?’ (2 +itan Xp5(g3)) = —ki (0« /Sii - \/—stanXB(\/—s)> , (C.16)
B B -
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and the naive S-channel transition matrix obtained by double Wick rotation is

4mq° 4
TéB) = ;rq (z + tanh X5(—¢%)) = _kl (cr 3—1; - \/Etanthg(\/g)) ,
B B -

where s, t, u variables are defined by (4.25) and

—4b Ag(1
Xzew):ABtanh—lzgmnh—l( 1+ e +3x6>>.

2V/s

By making the S-channel S-matrix unitary as done in [30] we obtain

nj . i A
SéB)’CO )= szMTéB) + 8my/scos(mAp)d(0).
T

(C.17)

(C.18)

(C.19)
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