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1 Introduction and summary

Recently, the formulation of superstring field theory has progressed gradually: actions for

superstring field theories were constructed and their properties have been clarified [1-4].

In addition to these, 1PI effective field theory approach has provided a good insight into

self-dual gauge theory and supergravity [5]. One trigger of these developments was given

by the establishment of the Ay /L formulation: the gauge invariant actions for open

NS string [6], heterotic NS string, and closed NS-NS string [7] were constructed by giving



the prescription to get the string products satisfying A /Lo relations. This prescription
was extended to the cases including the Ramond sector and the equations of motion were
provided in the work of [8]. At least at the tree level, these theories reproduce S-matrices of
perturbative superstring theory with insertions of picture-changing operators at external
lines [9]. One of our aims in this paper is to develop the understanding of the relation
between these Ay, /L~ theories and other theories such as WZW-like theories.!

While these A /Lo theories work well, we know that WZW-like theories [16-21]
would also give the same results from [22, 23].2 Actually, we have clear understandings
for open superstrings: for the NS sector, the relation between the A, action given in [6]
and the Berkovits WZW-like action [16] is clarified by the works of [29-31], and for the
NS and R sectors, the equivalence of the complete action from which the equations of
motion given in [8] are derived and the complete action proposed in [2] is provided by the
work of [4].3 It would be important to extend these understandings of open strings to the
case of closed strings and to construct complete actions for heterotic and type II theories.
However, it seems to be difficult to discuss them on the basis of the same procedure? as [29]
and known WZW-like actions [18-21]: it necessitates other insights because of the skew
between A /Lo actions and these conventional WZW-like actions, which we explain. It
would be helpful to consider their dual versions.

Recall that the Berkovits theory is formulated on the large Hilbert space, which is
the state space whose superconformal ghost sector is spanned by £(z), n(z), and ¢(z) [33].
In this paper, we write n for the zero mode of n(z) for brevity. An NS string field ® of
the Berkovits theory is a Grassmann even, ghost number 0, and picture number 0 state
in the large Hilbert space: n® # 0, and all string products are defined by Witten’s star
product [34]. Using a real parameter ¢ € [0,1] and a path ®(¢) connecting ®(0) = 0 and
®(1) = P, the action of the Berkovits theory is given by the Wess-Zumino- Witten-type form

1
Sperkovits|®] = (e~ %ne?, e7?Qe?) + / dt (e7 WV [em*Wpe®®) =21 Qe M]"),
0

where @) is the BRST operator, (A, B) is the BPZ inner product of A and B, and [A, B]*
is the graded commutator for the star products of A and B. One can find that this action
has nonlinear gauge invariances given by

se® = e®(nQ) + (Q Ap)e?,

where Ag and Qp are gauge parameters. Like wise [A4, B]*, in this paper, we write [d;, d2]
for the graded commutator of operators d; and ds,

[di,do] = dy do — (—)1®dy dy.

The upper index of (—)? denotes the grading of the operator d, namely, its ghost number.

'For other approaches, see also [10-15].

2For the R sector, see [24-28].

3See also a new result given by T. Erler, Y. Okawa and T. Takezaki, JHEP 08 (2016) 012
[arXiv:1602.02582).

4By taking another approach, namely by constructing an L..-morphism connecting their equations of
motion, one can discuss the on-shell equivalence of Lo, actions [7] and conventional WZW-like actions [19,
21]. The existence of the Loo-morphism provides the equivalence of the solution spaces of two equations of
motion up to Q-exact terms, which implies the on-shell states match each other. See [32] for more details.
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Conventional WZW-like form. It was shown in [19] that Berkovits action can be
written as a WZW-like form

1 ~
SBerkovits[(I)] = /0 <At[(1)(t)]7 UAQ[(I’(t)])>

with WZW-like functionals ZQ = ZQ[QD} of the dynamical string field ® defined by

Ag[®(t)] = e ®® (Qe‘1’(t)), AJo(t)] = e *® (8teq)(t)).
The equation of motion is given by the ¢-independent form
nAg[®] =0,
and we can represent gauge transformations using nilpotent operators @) Aofe] and 7,
As[@) = QgQ@]K +nQ,
where A = e?Age~?® and Q = Qg are redefined gauge parameters, and
As[®) = e ® (6e?), QZQ@]/NX = QA +ms (EQ, K) + my (7\, EQ)

We write mg(A, B) for the star product of A and B. A significant feature of this WZW-like
form of the action is that one can obtain all properties of the action by using not explicit
forms of functionals ﬁ@[@], A[®] but only specific algebraical relations of these functionals,
which we call WZW-like relations:

Q Ag[®] + ma(Ag[@], Ag[®]) =0,
(—)'d Aq[®] = Q5 1q) Aal®],

where d = 0, 6,n and the upper index of (—)A denotes the Grassmann parity of A. While
the first relation provides the constraint for /TQ [®], the second relation specifies its deriva-
tives and the properties of the equation of motion. We call /Td[(b] an associated field.

The first relation implies that the WZW-like functional AQ [®], which we call a pure-
gauge-like field,” gives a solution of the Maurer-Cartan equation for the bosonic open string
products

M® = Q + my,

which consists of the BRST operator @ and the star product ms. Recall that MB sat-
isfies Aoo-relations: Q> = 0, Qma(A, B) — ma(QA, B) — (—=)4ma(A,QB) = 0, and
ma(ma(A, B),C) — ma(A,ma(B,C)) = 0. The derivation properties for d = &, §,

5The Maurer-Cartan equation for M® and the explicit form of Ag [®] have the same forms as the
equation of motion and pure gauge field in bosonic open string field theory respectively. Actually,
one can construct Ag[®] = Ag[l;®] as the 7 = 1 value solution Ag[r;®] of the differential equation
(‘%ZQ [1; @] = Q;Q (r;)® With the initial condition XQ [0; @] = 0, which is just the defining equation of the
pure gauge in bosonic theory.



also hold: [d,Q] = 0 and dma(A, B) — ma(dA, B) — ()% my(A,dB) = 0. In this paper,
we symbolically® write

[MB, MP] =0, [d,MP]=0
for the Aoo-relations of M® and the d-derivation properties of M. These properties yield
the WZW-like relations, and then, the constraint equation and the equation of motion are
given by

Constraint (C-WZW) : @ ZQ [®] + mo (ZQ [D], ZQ [®]) =0,
E.O.M. (C-WZW) : nAg[®] = 0.

This construction is extended to more generic case: open NS superstrings with stubs,
heterotic NS strings [19], and closed NS-NS strings [21]. As an example, we consider the
Berkovits theory with stubs. The starting point is a set of generic bosonic open string
products [35]

Mg, = Q+m3 +m§ +mi +.
which are nonassociateive but satisfy A..-relations and derivation properties for d =
O, 0, m:
[Mstubv stub]] - 0 [[d Mstub]] =0.
Using these M2, d, and the NS open string field ¢, one can construct a pure-gauge-like
field Ag[ | and an associated field gzt [¢] via the same type of the defining differential

equations as those of the theory without stubs. The resultant theory is given by the
following action

1 o~ ~
Suunli] = /0 dt (A3t (g), 0 A% (o)),

and characterized by the pair of equations:

Constraint (C-WZW) : Qgg[ | + m3 (As‘t ASt )+ Z miy ( ASt o 1125 [p]) =0,

E.O.M. (C-WZW) : n Ag[p] = 0.

However, when we compare this conventional WZW-like action and the A, action
given in [7], we notice that there exists a skew: A theory is characterised by the pair of

equations
Constraint (As) : n¥ =0,
0o n (1.1)
EOM. (Aw) : QU+ My(W, W)+ > My (VW,...,0) =0,
n=3

where W is the NS open string field of A theory and {M,,}7° , are NS superstring products.
While the BRST operator @ and the string products {mS}>° , determine the constraint

SWe use bold fonts for coalgebraic operations or notions. See appendix A.



equation for the ingredients of the conventional WZW-like theory, that of A, theory is
supplied by n. This skew is just the obstacle to obtain the off-shell equivalence of two
theory by the naive way.

Alternative WZW-like form. It is known that Berkovits action can be also written
as alternative WZW-like form

1
SBerkovits[q)] = _/0 dt <At[¢)(t)}7 QAn[q)(t)D (12)

with alternative WZW-like functionals A, = Ay[®] of the dynamical string field ® defined
by
AP = (ne®)e=®®)  A,[®] = (0,e®®)e=*D), (1.3)

Then, the equation of motion is given by the ¢-independent form
Q Ay[®] =0,
and we can represent gauge transformations using nilpotent operators D} and @,
As[®] = D; Q + QA,
where A = Ag and Q = e ®Qge? are redefined gauge parameters, and
As[®@] = (56‘1))67‘1), Dy Q2 =nQ—ms (4,[@], Q) — (—)S4meo (2, 4,[@]).

A significant feature of this alternative WZW-like form is that, as the conventional case,
one can obtain all properties of the action by using only specific algebraical relations of
alternative WZW-like functionals, which we also call WZW-like relations :

1 Ap[®] — mo (An[(p], An[q)]) =0,
(1.4)
(—)%d Ay[®] = Djy Aq[®],

where d = 0, d, Q. Therefore, we can say that this type of WZW-like theory also belongs to
the category of so-called the WZW-like formulation. While the first relation provides the
constraint for A, [®], the second relation specifies the properties of the equation of motion.

Note that this type of WZW-like theory, a dual version of the conventional WZW-like
theory, is characterized by the pair of equations

Constraint (A-WZW) : 7 A, [®] — ma(A,[®], 4,[®]) = 0,
E.O.M. (A-WZW) : Q A,[®] = 0.

One can find that there is no skew between this type of WZW-like theory and A, theory.
Actually, as demonstrated in [29], by decomposing the NS superstring product M = Q +
My + M3 + ... given in [6] as M = G 'QG and by using a redefined string field



Apl¥] = mG(1 — ¥)~!, we can transform the pair of equations (1.1) characterizing the
Ao action into

Constraint (Ass) : 7 Ap[¥] — ma(A4,[V], 4,[¥]) =0,
E.O.M. (Ax) : QA V] =0.

Therefore, we expect that one can construct WZW-like actions which are off-shell equivalent
to Ax and Lo, actions proposed in [7] as this type of WZW-like theories.

Main results of this paper. What is the starting point of this type of WZW-like
theory? We can read it from the constraint for A,[®] or A,[¥]. For the Berkovits theory,
it is given by the following As.-product:

Dgzn_m%

which we call the dual products of M of [6]. We write D for —msy. Then, one can check that
n+ Dj satisfies the Ay-relations of n: n? = 0, n DJ(A, B) — DJ(nA, B) — (—)ADJ(A,nB) =
0, and DJ (DJ(A, B),C)—DJ(A, DJ(B,C)) = 0. The derivation properties for d = 8;, 8, Q
also hold: [d,n] = 0 and d DJ(A, B) — DJ(dA, B) — (=)ADJ(A,dB) = 0. We write them
as follows:

(D7, DI =0, [d, D7) =0,

which give the starting point of our alternative WZW-like theory. Actually, one can con-
struct the pure-gauge-like field A4,[®] = (ne®)e™® of (1.3) and the action (1.2) using
this D} = n — mg: the pure-gauge-like field A,[®] in (1.3) is given by the 7 = 1 value
A,[®] = Ay[T = 1; @] of the solution A, [r; ®] of the differential equation

0

EAW[T; D) =nd—my (AW[T; D], <I)) + Mo (<I>, Ay T CIJ])
with the initial condition A,[r = 0; ®] = 0, where 7 € [0, 1] is a real parameter.

In this paper, we show that a nonassociative extended version of this construction

gives our new WZW-like theory, which provides the equivalence of A /Lo formulation
and WZW-like formulation. The starting point is the following A., products

D" =n+ D]+ DJ+ D] +...
satisfying the A..-relations of 1 and derivation properties for d = 0, ¢, Q:
[D", D"] =0, [d,D"] =o.

One can construct these products by the dual products of M = G*IQ(E given in [7],
namely D" = (A}n(A}_l. Then, using these dual products D", we propose alternative
WZW-like actions which are equivalent to A, actions proposed in [7] as this type of
WZW-like theories

1
Solig] = — /0 dt (Ailp(t)], Q Ayl (), (1.5)



where ¢ is a dynamical NS string field, ¢ € [0,1] is a real parameter. The WZW-like
functionals A, [p] and A;[p] satisfy the nonassociative extended versions of (1.4):

nAyle] — ma(Aylel, Agle]) + Y D (Aglel, .-, Agle]) =0, L6)

(_)dd An[@} = DnAd[SOL

where now the A,-shifted dual product D, is given by

Dy = 0 Q—ma(Ayle], Q) — (=) ma(Q Ayl + Y Z VD (Al -5 Agle], Q).

cyclic n=2

Note that this WZW-like action for generic open NS strings just reduces to the alternative
WZW-like form (1.2) of the Berkovits theory when we take the star product. We would like
to emphasize that we do not need a specific form of A,[¢] or A;[¢] as a functional of given
dynamical string field ¢ but only their properties (1.6) to show the properties of the action:
its variation, equations of motion, gauge invariance, and so on. In appendix D, we will give
explicit forms of two realizations of these functionals A, and A, using two different dynam-
ical string fields: ¥ in the small Hilbert space and ® in the large Hilbert space. Namely,
the equivalence of Ay, and WZW-like actions for open superstring field theory with stubs.

In the above, we take open NS theory as an example to grab a feature of our alternative
WZW-like approach and its necessity. The details of the above open NS theory are discussed
in appendix D. In the following sections, our main topic is “heterotic NS theory”: we
consider the Lo, action and explain how its WZW-like properties arise. On the basis of the
WZW-like structure naturally arising from L., actions, we propose new gauge invariant
actions for heterotic NS (and NS-NS strings in appendix E), as well as that for open NS
strings with stubs which we introduced in (1.5). These actions are Zs-reversed versions
of the conventional ones [19, 21], and we show that they are completely equivalent to the
As /Lo actions proposed in [7].

We expect that our new WZW-like actions would provide a first step to construct
complete actions for heterotic and type II string field theories.” Actually, an action for
open superstring field theory including the R sector was constructed [2] by starting with
this type of WZW-like action: the R string field couples to the Berkovits theory for the NS
sector gauge-invariantly on the basis of (not the conventional but) this type of WZW-like
gauge structure. We would like to mention that although we expect that our new WZW-like
actions are also equivalent to the conventional WZW-like actions, the all order equivalence
of these has not been proven: we will show lower-order equivalence to the conventional
WZW-like actions only.

This paper is organized as follows. In section 2, after a brief review of the Lo, formu-
lation, we clarify a WZW-like structure naturally arising from it. We show that the Lo
action can be written in our (alternative) WZW-like form: the functionals appearing in the

"See a new result given by K. Goto and H. Kunitomo, arXiv:1606.07194.
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action satisfy alternative WZW-like relations, the Zs-reversed versions of the conventional
WZW-like relations given in [19], which guarantees the gauge invariance of the action. The
on-shell condition and the gauge transformation of the (alternative) WZW-like action are
derived by using only the (alternative) WZW-like relations. We also see how the gauge
parameters appearing in the WZW-like form are parameterised by that in the L., form.
Then, we conclude the L., action gives one realization of the alternative WZW-like action
Sy[®] parametrized by the dynamical string field ® in the small Hilbert space. In sec-
tion 3, we provide another realisation of the alternative WZW-like action using the string
field V in the large Hilbert space. The functionals satisfying our WZW-like relations can
be defined by the differential equations which are the Zs-reversed versions of those given
n [19]. Utilizing them, we construct a new gauge invariant action S,[V] for heterotic NS
string field theory. We derive the condition for the equivalence of the new action S, [V]
and the Lo, action on the basis of the procedure demonstrated in [29]: these are different
parameterizations of the same WZW-like structure and action. Then we also derive the
relation between two dynamical string fields ® and V' from the equivalence condition. We
end with some conclusions and discussions.

Basic facts and definitions of the coalgebraic notation of Ay /L. algebras are sum-
marized in appendix A. In appendix B, we derive a formula which is used in section 2.
In appendix C, we consider the trivially embedding of the string field of the L., action
belonging to the small Hilbert space into the string field in the large Hilbert space, and
show the embedded action can also be written in the WZW-like form. Appendices D and
E are devoted to the open NS and the closed NS-NS theories, respectively.

2 WZW-like structure from the L. formulation

In this section, we clarify a WZW-like structure naturally arising from the L., formulation
for NS heterotic string field theory. After a brief review of the Lo, formulation [7], we
show that the L., action can be written in our (alternative) WZW-like form. We see
that the functionals appearing in the action satisfy alternative WZW-like relations, the
Zo-reversed version of the conventional WZW-like relations in [19], which guarantees the
gauge invariance of the action.

Preliminaries. The product of n closed strings is described by a multilinear map
b, : H N — H, where A is the symmetrized tensor product satisfying ®; A ®5 =
(—)dee(®1)dee(®2)p, A &y, A map by, : H'\" — H with degree 1 naturally induces a map
from the symmetrized tensor algebra S(H) = HN @ HMN @ H @ -+ to S(H) itself, called
a coderivation. A map b, : H" — H' with degree 0 also naturally induces a map from
S(H) to S(H'), called a cohomomorphism. Since it is convenient to write the functionals
of the string field and the action in terms of them, we briefly introduce the rules of their

actions here.



The coderivation d,, : S(H) — S(H) is naturally derived from a map d,, : H"" — H
with degree one. It act on ®; A --- A ®y € HMNVZ" € S(H) as

dp(P1 A APN) = (dy ANly_pn)(P1 A+ A Dp)

(=)
- za: AV (P Pa) A Pouiny A A Loy, (21)

and vanishes when acting on H"V<". The graded commutator of two coderivations b,, and
Cm, [Pn,Cm], is a coderivation derived from the map [by,c,] @ H " T™~1 — H which is
defined by

[bns €m] = b (Com A1) — (—)de8C)deslen) e AT, ). (2.2)

A set of degree zero multilinear maps {f,, : H"" — H'}>? , naturally induces a coho-
morphism f : S(H) — S(H’), which acts on &1 A--- AP, € H' C S(H) as

/f\(q)l A A q)n) = Z Z eMon fk1 (q)l, e (I)kl) A fk’z—kl ((I)kl-i-la e @kz)/\

i<n k1<---<k;

Afki,ki71(®ki71+1,...,(I)n). (23)
For definitions and their more details, see appendix A.

2.1 Construction of Lo.-product and L., action

In this subsection, we briefly review the construction of the NS superstring product L and
the action Spks[®] for heterotic string field theory in the Lo, formulation originally given
in [7].

NS superstring product L. Let us review the construction of the NS string products
Lir] = > 20 TPLyp+1 satisfying Leo-relation [L{r], Lir]] = 0, the cyclicity LT = —L, and the
n-derivation [n, L(r]] = 0. The (p + 1)-product L, carries the ghost number 1 — 2p and
the picture number p. The products Lis] consist of n, £, and Zwiebach’s bosonic string
products LB = Q + LB + LB + ... satisfying [LB LB] = 0 [36]. First, we focus on the
condition for L[] to satisfy the L, relations,

[Lir), Lir] = 0. (2.4)
The L relations holds if we define L[r] as a solution of the differential equations

8, L) = [Lir], A%, (2.5)

with the initial condition Lir=0] = Q. Here Al9;] = Z;O:o 7"’?\1[,0}r2 are called gauge products.

We can take any A% as long as they carry correct quantum numbers: the (p 4+ 2)-product
ALO_LQ carryies ghost number —2(p + 1) and picture number p + 1. The solution for the
differential equations is given by the similarity transformation of @),

~

L = G QGH, (2.6)



where G is an invertible cohomomorphism defined by the path-ordered exponential of the
gauge products Al [7] as follows

~ — T ~ — T
GIlr] = Pexp </ dr' Al [r’]) , G ) = Pexp <—/ dr' Al [r’]) . (2.7)
0 0

Here <—(—) on P denotes that the operator at later time acts from the right (left). The
differential equations hold since the path-ordered exponentials satisfy

9;Grl = GPAYA,  0.G 7l = ARG (2.8)
We may check directly the Lo, relations:
L?=G 'QGG'QG =G 'QQG =0. (2.9)

The cyclicity and the n-derivation properties follow from the suitable choice of A

Second, let us consider the cyclicity. For L to be cyclic, it is sufficient to choose Al

to be BPZ-odd, so that G l=G":
L' = (G'QG) = -G 'QG = L. (2.10)
Third, we check n acts as a derivation on L, namely the n-derivation properties
[n, Li7]] = 0. (2.11)

A construction of the suitable gauge product A is given in [7]. Tt is helpful to consider a
series of generating functions

Lis,7) = 3oLl = 33 "L s, (212)
d=0

d=0 p=0

including Lz} = LY and L;BV = LE{,V_I], where the superscript [d] denotes the picture

deficit relative to what is needed for the NS products. They satisfy the L..-relations and
n-derivation properties,

[[L(S,T),L(S,T)]] =0, 213)
[n,L(s,7)] = 0, (2.14)
if we define L(s, ) as a solution for the following differential equations,
aTL(‘S? T) = [[L(S T)v )\(Sv T)]]? (215)
OsL(s,7) = [n,A(s, )] (2.16)
Here A(s, 7) is a series of generating functions for the gauge products
(e e [ee] [ee]
A(s,7) = Z sIAld = Z Z sdTpAEﬂHQ, (2.17)
d=0 d=0 p=0

,10,



including Alr] = A%, The expansion of the differential equations (2.15) and (2.16) in
powers of s and 7 provides the recursive definition of LE(\i,] and 7\%]. Note that the explicit
forms of Agc\l,] is not determined uniquely even if we require all the desired properties, which
follows from the arbitrariness of the inverse of 7 in (2.16). Then we obtain the suitable A% 7]
which provides n-derivation properties of L] = L%7, the s° part of (2.14). Hereafter we

take 7 = 1 and omit the argument:
L :=L[=1]. (2.18)

Action for heterotic string field theory in the Lo, formulation. A gauge-invariant
action in the L., formulation is constructed by [7], using the above products L = {Lj }1>1.
The dynamical string field ® in the L., formulation carries ghost number 2 and picture
number —1 and belongs to the small Hilbert space Hgman: n® = 0. The action is written

as follows: .
i 1 ,._n/_\
Sexs[@] = m(g@, L1 (®,®,...,®)), (2.19)
n=0 ’

where L; = Q and (4, B) is the BPZ inner product with the ¢; = (co — ¢o)-insertion.

Let us introduce the t-parametrized string field ®(¢) with ¢ € [0, 1] satisfying ®(0) =0
and ®(1) = ®, which is a path connecting 0 and the string field ® in the space of string
fields. Utilizing this ®(¢), the action can be represented in the following form:

1 o n+1
SEKs[(I)] = /0 dt 8875 (TLZ:;) (71—{1—2)!<€(I)(t)7 L1 (®(t),. .., @(t))))
n+1

—N—

1 00 1
= /0 dt;) m@g@(t), Lns1(®(1),...,®(1))). (2.20)

Here we use ®(t) = n£®(t), n-derivation property, and the cyclicity of L in order to obtain
the form in which both 9; and & act on the first slot of the inner product. Note that this
t-dependence is topological and it does not appear in the variation of the action, as we will
see later. We can represent the action in the coalgebraic notation as follows:

1
Skrs [(I)] = / dt <771(£t 6Nb(t))> 1 (L(er(t)))), (2'21)
0
where e? is the group-like element defined by

1 1
eA‘I’:1+q>+§<I>A<I>+§<1>A<I>A<I>+---, (2.22)

w1 is a projector from the symmetrized tensor algebra to the single-state space

71 (Po + P1 APy + P APy A D5+ ... ) = Do, (2.23)

and &, is a coderivation® derived from the linear map £0; : ® — £0;®. (See appendix A.)

8We will define &4 for the more general class of d later. For d;, definitions are equivalent.
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The variation of the action can be taken as
0Suks[®] = (£6@, 1 (L(e?))), (2.24)
and then the equation of motion is given by
mL(e) =0. (2.25)
Since L? = 0, the action is invariant under the gauge transformation
60 = m LA A, (2.26)

where the gauge parameter A is in the small Hilbert space and carries ghost number 1 and
picture number —1.

2.2 Alternative WZW-like form of L., action

The action in the Lo, formulation can be transformed as
1
Sexs[P] = / dt (my (&, D), m (G_l Q G(eMb(t))»
0

1
= /0 dt (11 (G (&), 1 Q(G(M))). (2.27)

See [32] for heterotic strings, and see also [29] for open strings. We find that the functionals
U, = U, [®] of the dynamical string field ® defined by

=

s
&

=
Il

™G (N0, (2.28)
U4[@0(1)] = 1 G (E4¢" D), (2.29)

appear in the action, and we will find that these functionals play important roles. One can
show that, by introducing a certain set of products satisfying L..-relations,

7, [.7.]77, [.,.7.}777 R (2.30)

the functionals W, [®(t)] and W,[®(t)] satisfy the (alternative) WZW-like relations:

n+1
> 1 r—/ﬁ
0:77\1]17+Zm‘1/77,...,\pnn, (231)
n=1 :
k
© 1 ——
()W, =nWq+ Y g[\lfﬂ, RS 1K (2.32)
k=1 """

which are Zg-reversed versions of conventional WZW-like relations in [19]. In this sub-
section, after defining these Lo, products (2.30), which we call the dual L., products for
EKS’s Lo products, we confirm a pair of fields (2.28) and (2.29) satisfy the WZW-like
relations (2.31) and (2.32). We write L for this set of dual L, products of (2.30).
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Construction of the dual L, product L”7. The dual Ly products L7 can be con-
structed using the cohomomorphism G which provides the NS heterotic string products
L =G 'QG.? The product L" is defined as the similarity transformation of 7:

S

L"=GnG =)Ll (2.33)
n=1

These L carry odd degree, and the n-product Lj, carries ghost number 3 — 2n and picture
number n — 2. L" satisfiy the L.-relations, which follow from its definition:
L =GnG 'GnG'=GnynG =0 (2.34)
The @-derivation properties of L" follow from n-derivatioies property of L:
QL"=G(G'QG)nG'=-Gn(G'QG)G'=-L"Q. (2.35)
The cyclicity of L7 follows from that the gauge products are BPZ-odd:
@M =(GnG H = G Y pIGl =-GnG~". (2.36)
The dual Lo, products L7 is the generating function for (2.30). Namely, we define
[Bi,...,By|T:=mLN By A--- A By) (2.37)

for any states By,...,B, € H. In terms of [By,..., B,]", the dual products satisfy the
following L., relations, ()-derivation properties, and cyclicity:

- 1
AN ) . ) , n_
Z Z k'!(n _ k:)'( ) [[Bla(l)’ Tt Blg(k)]n7 Blg(k+1)’ Tt Blg(n)] =0, (2‘38)
o k=1
Q[Bi,...,By)"+ > (=)P Bt [By,...,QBy,..., Bn)" =0, (2.39)
=1
<B17 [327 o 7Bn+1]n> - (_)BI+B2+W+BH<[B17 e 7Bn]777 Bn+1>7 (240)

where (—)7 is the sign factor of the permutation { B, (1), ..., Bo@n)}-
For any state A € ‘H, the A-shifted products of L are defined by
<1 /—;n%
-3

[Bl7327"'aBTL] [A5A7"'7AaBlvBZa"')Bn]n' (241)

They also satisfy L. relations if A is a solution for the Maurer-Cartan equation of L":

n+1

OzﬁlL"(e/\A):nA—{—Z( A, AL (2.42)
n=1 ’

n+1)

9See also appendix D or section 3.2 of [4] for generic properties of these types of products.
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Let ¥, be a solution for this Maurer-Cartan equation of L". In particular we write D,, for
the U, -shifted 1-product as

0 m
1

DyB = (Bl = 3 Wy, Uy Uy, B (2.43)
m=0 ’

From the L.-relation of the W,-shifted L", we find that D,, is nilpotent,
(Dy)*B = —[mL"(e""7), Bl =0, (2.44)
and that D,, acts on the W, -shifted 2-product [B1, Bg]:{,n as a derivation,
Dy[By, Bl +[DyBi, Baly, +(=)7'[B1, DyBoly, = —[mL(e"""), Bi, Bal, = 0. (2.45)
Note that the shifted products are BPS odd, which follows from that of L",
(B1,[Ba, - - ,Bn+1]g,n> = (—)Bl+B2+"'+B"<[B1, e ’B”]Z’n’ Bpi1). (2.46)

WZW-like relations. Let us confirm a pair of fields (2.28) and (2.29) satisfy the WZW-
like relations, which can be represented as follows:

m L (e") =0, (2.47)
()4, = D, ¥,. (2.48)

The first relation (2.47) directly follows from the fact that ® belongs to small space:
L (6/\\11,7[4>(t)]) — 1" (e/\mé(e/@(t))) _ (é n a—l) é(ex\cb(t)) _ (A}n(e/@(t)) =0. (2.49)

We call U, [®(t)] satisfying (2.47) the pure-gauge-like field.

The second relation (2.48) can be confirmed similarly. The operator d which we focus
on is the derivation on L”. For example, we can take d = @), 0;, or . Their derivation
property on L" leads to [[éfldé, n] = 0, and we can define the coderivation &, such that

G 1dG = (—)%[n, ¢4). (2.50)

Note that for the operator d which commutes with (A}, such as 0; and 9, £, is a coderivation
derived form d¢. Then, utilizing this &4, the following relation holds:

(—)4dG (er(t)) = (-)?G (G~'dG) (eMD(t))
-G né, (6A<I>(t))

=L" (Wlér €q (e/@(t)) A emlé(em(t))) (2.51)
Since D, = mL7(I A 7)), we can see U, [®(t)] and U,[®(t)] satisfy the WZW-like rela-
Y] ) n y

tion (2.48) using (2.28), (2.29), (2.50), and (2.51). We call W [®(t)] satisfying (2.48) the
associated field.
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Then the action in the L., formulation can be written in the alternative WZW-like

form:
1
Seal®] = [t (W[B(0), QU [B(1). (2.52)

The variation of the action can be taken easily using the WZW-like relations (2.47)
and (2.48), and the gauge invariances also follows from them, which can be seen in a
similar (but Zg-reversed) manner to those in [19]. We will see them in the next subsection.

2.3 Variation of the action S,

Let us take the variation of the action. Note that in the computation here we use only the
WZW-like relations (2.47) and (2.48), and we do not necessitate the explicit forms of the
functionals ¥, and ¥,;. Therefore, even if the functionals ¥, and ¥, have different forms,
the variation of the action can be taken in the same manner as long as they satisfy the
WZW-like relations. In this subsection, we write W, () for ¥,[®(¢)] and so on for brevity.
First, consider the variation of the integrand of (2.52),

6<\I’t(t)7 Q‘Pn(t)> - <5\I’t(t)a Q\I’n(t» + <\Pt(t>7 Q(S\I’n(t»- (2.53)

Utilizing the following relation following from (2.48),

0= [di,do] Wy = (=) %Dy (d1 Vg, — ()" Ry Wa, + ()N, Uy ]y ), (2.54)

n

the first term can be transformed into

<5\I’t(t)7 Q\I/n(t» - <8t\116(t) + [\I}&(t% \I’t(t)]g;n(t)v Q\I/n(t» (2~55)
Utilizing [D,),d |B = —[d¥,, B]g,n, the second term can be transformed into

(00, @304 (1) = (94(0, @D, 50
= (DyQU4(t), Us(t))
= (— QD Wy (t) — [QW,(t), ‘Ijt(f)]g,n(t), Ws(t)). (2.56)

The second terms of (2.55) and (2.56) are canceled because of the cyclicity of the ¥, -shifted
L". Then we find that the variation of the integrand of (2.52) becomes a total derivative of ¢:

5(Wi(1), QU (1)) = (0 Ws(1), QU, (1)) — (QDy (1), W5(1))
= (0, U5(t), QU (1)) + (Us(t), QD W, (1))
= 9, (U5(t), QUy(1)). (2.57)

Integrating over t, the variation of the action is given by
1 1
/0 43 (W, (1), QU (1)) = /O 4O (1), QU (1) = (T5(1),QU,(1),  (258)

where the pure-gauge-like field ¥, (¢) and the associated field W4(t) vanish at ¢ = 0. Then
the variation of the action becomes

5Suxs = (5[], QU [®]). (2.59)

We find that the variation of the action does not depend on ¢, and therefore ¢-dependence
is topological.
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Equations of motion. One can derive the on-shell condition from the variation of the
action in the WZW-like form (2.59),

QW [®] = 0. (2.60)

For completion, let us discuss the equivalence of (2.60) and (2.25).
The latter (2.25) can be transformed into the following form:

mL(E?) = mGTQG (M) = mGIQ (M) = 1 GTH((QW, [@]) A MV®T). (2.61)
Since mG1( - Ae"¥n) is invertible, (2.60) and (2.25) are equivalent:

mL(e"?) =0 <= QV,[®] =0. (2.62)

Note that the overall factor m; (A}*l( . /\e/\‘I’") comes from the difference of the £§¢ and Wy.

2.4 Gauge transformations

It follows from the nilpotency of @ and D, that the WZW-like action is invariant under
the following form of the gauge transformations,

W5 = D,Q+ QA, (2.63)

where 2 and A are gauge parameters belonging to the large Hilbert space, which carry
ghost numbers 0 and 0, and picture numbers 1 and 0, respectively. In this subsection, we
see how the gauge transformation (2.26) can be represented in the WZW-like form (2.63).

Let us consider the associated field Us[®] = 771@(556/@) = Wlé((£5<1>) A e?), with
0® being the gauge transformation (2.26) in the Lo.-fomulation:

60 = mLAA ) = mLn(EA A ™) = —npmL(EA A eP). (2.64)

We find W,[®] can be transformed as follows:
Ws[d] = mé(( EnmL(EA A ")) A eA‘I’)

= mG((REmLEAA ) A ") = m G ((TLEAA €'®)) A e"?)

- mén((gmL(gA A ) A eA‘b) - 7r1@<L(§>\ A M) + EAA mL(M) A 6A¢>

= mLIG ((6mLEAN ™) Ae™® ) =m QG(EAN )~ m G (EAATIL(" ) Ae?)

— m L7 (mé((émL(f)\ A M) A €MD) A emfl@(@”)) —QmGENA ) — Ap[\, D)

= D, QA ®] + QA[N, B — Ag[\, D). (2.65)

While the first two terms of (2.65) correspond to (2.63) with the gauge parameters Q =
Q[A, @] and A = A[\, @] parameterized by A,

Q@) = 1 G ((EmLENA ) A ), (2.66)
AN, @) = —m G(EA A D), (2.67)
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the third term of (2.65),
A7), @) = 1 G (EXA L") A e?), (2.68)

corresponds to the trivial gauge transformation of the WZW-like action. Thus, the gauge
transformation in the Lo-formulation (2.26) can be written in the WZW-like form (2.63).

Trivial gauge transformation. Trivial gauge transformation is a transformation pro-
portional to the equations of motion. Schematically, it is of the following form,

Su’ = (BOM);p*,  pl' = —(=)"p, (2.69)
and its gauge invariance follows from the symmetric property of i/°,
6,8 = (EOM);0,¢" = (EOM); (EOM) ;17" = 0. (2.70)

They are no physical significance, but in general they may appear in the algebra of the
nontrivial gauge transformations, and in the context of the Batalin-Vilkovisky quantiza-
tion [37, 38] it is convenient to consider them.!?

In our case, by the almost same computation with [31], when A + B + C' = even,
cyclicity of the cohomomorphism H is written as follows:

(miH(AANBA®), mH(C A ) = — ()P (mH(AN ), m HBACA?)). (2.71)

The derivation is in appendix B. We take H= é, A = &)\, which is even, and B = C' =
m1Le®, which are odd. The invariance under the trivial gauge transformation (2.68),'*

(—A7\, @], QY [P]) = < — mé(gA A WlL(eA(D) A e/\q>),7r1(§(771L(e/\q>) A e/\q>)>
= —<7r1€;(§>\ A eAé),Wlé(mL(e/\q’) AT L(e™®) A e/\q))>
—0, (2.72)

follows from the symmetric property:

mLe’® AmLe’® = 0. (2.73)

3 Alternative parameterisation for closed NS string field theory

Let ¢ be a some dynamical string field and ¢ € [0, 1] be a real parameter. We write ¢(t) for a
path satisfying ¢(t = 0) = 0 and ¢(1) = ¢. In section 2.3, we saw that the gauge invariance
of the action is provided by only the algebraic relations (2.47) and (2.48). In other words,
once the functionals ¥, = U, [p] and ¥y = ¥4[¢]| satisfying the WZW-like relations,

0 = m L7 (N0, (—)¥d,[p] = D, Tyle], (3.1)

OFor more detail, see [39].
HNote that, although the expression does not contain explicit WZW-like on-shell condition QVY,, the
on-shell equivalence (2.62) guarantees it is trivial gauge transformation.
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are obtained, the gauge invariant action can be constructed as

1
&MzAw@mw@%wwy (3.2)

This form of the action is the Za-reversed version of that in [19], which we call the
alternative WZW-like form. We found that by taking ¢ = ®, (2.28), and (2.29), the L
action Sgks[P] gives one realisation of this WZW-like action,

S [®] = Sxes[®]. (3.3)

In this section we provides another realisation of these functionals, which is parame-
terized by the string field V' in the large Hilbert space. We first see the pure-gauge-like and
the associated functional fields can be defined by the differential equations, which are the
Zo-reversed versions of the construction in [19]. Then, the WZW-like action parameterized
by the string field V,

Sy = Sﬁ[v]v (3.4)

is given in terms of them. The equivalence of these actions in the different parameterizations
is shown by the almost same procedure performed in [29].

3.1 Large space parameterisation

Let V be a dynamical string field which belongs to the large Hilbert space and carries
ghost number 1 and picture number 0. In this subsection, we provides the another para-
materization of the pure-gauge-like field ¥,y = ¥, [V] and the associated fields Uy = W4[V].
A set of differential equations which are the Zs-reversed version of those in [19] give
these parameterizations so that WZW-like relations (2.47) and (2.48) hold. Utilizing
these functionals, a new gauge invariant action for the string field V' is constructed in the
(alternative) WZW-like form.

Pure-gauge-like field ¥,, = ¥,[V]. A pure-gauge-like (functional) field ¥, [V] satisfy-
ing m L (e/\‘l’" [V}) = 0 is the solution of the the Maurer-Cartan equation for L". Therefore,
VU, [V] is obtained by mimicking the pure gauge construction of [19]. First, we introduce a
real parameter 7 € [0, 1]. Second, we solve the differential equation

0

S V] = Dy(r)V
- k
1
:nv+zg[qfﬂ[7;w,...,\I/,][T;V],v]”, (3.5)
k=1
with the initial condition
v, [r=0;V]=0. (3.6)

Finally, we set 7 = 1 and obtain ¥, [V] as the 7 = 1 value solution,

U, V] :=V,[r=1V]. (3.7)
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One can check that the differential equation actually provides a solution for the Maurer-

Cartan equation
F(W,[r:V]) = L1 =, (38)

by differentiating it by 7:
_ n Ap[T]y — — - _ n
0 F(¥y) = mL"(0; ¥y A e"¥™) = Dy (8, V,) = DD,V = —[F(¥,), Vg, - (3.9)

With the initial condition F(¥,[r = 0;V]) = 0, this differential equation ensures
F(W,[r;V]) = 0 for arbitrary 7, and then (3.8) holds.

Associated fields ¥4 = ¥4[V]. The associated fields W4[V] are the functionals satis-

fying
dv,[V] = (-)'D,¥,[V]. (3.10)

To derive the differential equation which defines W4[V], let us introduce

(1) = Dy(1)W4[r; V] — (—)%d ¥, [1; V] (3.11)
and consider its differentiation by 7:

O L(r) = VIO, + Dy (0ra— av = [V, 0], ). (3.12)

We define the functional field ¥4[7; V] by the differential equation

OrWalr; V] =dV + [V, Wa[r; VI, 1y (3.13)
with the initial condition W47 = 0; V] = 0. Then, the equation (3.12) becomes 0.Z(7) =
[V, I(T)]Z,n, and leads to the vanishing of Z(7) at arbitrary 7 since Z(7 = 0) = 0, which
means that W,[7; V] defined by (3.13) actually satisfies the WZW-like relation (3.10). We
set 7 = 1 and obtain the associated (functional) field W,[V] as the 7 = 1 value solution

Uy[V] =Wyt =1;V]. (3.14)
Action S, = S,[V]. We write V(t) for a path satisfying V(0) = 0 and V(1) = V
with a real parameter ¢ € [0,1]. Utilizing the pure gauge string field ¥, [V] and associated
fields W,4[V] which are defined by (3.5) and (3.13) to satisfy the WZW-like relations (3.8)
and (3.10), one can construct a new gauge invariant action as follows:
1
SIVI= [ vl Qu,ve). (315)
The variation of the action can be taken in the same manner as that in section 2.3,
65y [V] = (¥s[V], Q¥ [V]), (3.16)
and the equation of motion can be read off from it,
QVY,[V]=o. (3.17)
Since D, and @ are nilpotent, the action is invariant under the gauge transformations,
Us[V] = D,Q + QA, (3.18)

where 2 and A are gauge parameters belonging to the large Hilbert space, which carry
ghost numbers 0 and 0 and picture numbers 1 and 0, respectively.
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3.2 Equivalence of the actions in the different parameterizations

In this subsection, we show the equivalence of our new action S, [V] and Lo, action Sgxs|[®],
by identifying the pure-gauge-like functional fields ¥, [V] and ¥,[®]. We also derive the
relation of two dynamical string fields V' and ¢ from this identification. Let us consider
the identification of the pure-gauge-like fields in the both parametarisations:

~ 1
mG (W) = ¥, [0(t)] = ¥, [V (1)] = /0 dr Dy (T)V (t). (3.19)

Apparently it provides the equivalence of the equations of motions QW,[V] = Q¥,[®].
In addition, one can see that it also provides the equivalence of the two actions Sy[V]
and S,[®] = Spks[®P], which are two different parametrisations of the same (alternative)
WZW-like theory.

Approach 1. Under the identification ¥, [®] = ¥,[V], the associated fields ¥4 in two
parameterizations are equivalent up to D, -exact terms Wy[®] = Wy[V] + (D,-exact terms),
which is guaranteed by the WZW-like relation (—)?d¥,, = D, ¥ ;. We thus find

Dy (Wal@(t)] = PalV (1)]) = (—)?d(Ty[@(2)] — Ty[V(1)]) = 0. (3.20)

The D,-exact terms in the associated fields do not affect to the WZW-like relation
(=)¥dV, = D,V¥,. Recall that there exists the arbitrariness to add D,-exact terms in
the associated fields. Besides, since QW, is D,-exact, the difference between ¥,;[®] and

U,[V] does not contribute to the action. Then, two actions are shown to be equivalent:

1 1
Sexs|[P] :/o dt (W[®(1)], QW [@(1)]) :/0 dt (W [V (8)], QU [V (1)]) = Sy[V].  (3.21)

The correspondence of the gauge parameters is given by (2.66) and (2.67), with the mixing
of the trivial transformation (2.68). Note that we only use the WZW-like relations here,
and therefore this identification provides the equivalence of the WZW-like actions in the
arbitrary parameterizations as long as the WZW-like relations hold.

Approach 2. We write £ for an operator satisfying [n,&] = 1. Let us consider a linear
operator f defined by

f= Z (&(Dy —m)". (3.22)
n=0
One can quickly check this f satisfies [[fﬁ, Dn]] = 0. Since QV,, = —D, Vg, (D,)? =0, and
Uy = (f‘SDn + ang)qjt = fgatq/n + an‘f\l’t

= (6(Dy =) 60y, + Dy fE Wy, (3.23)
n=0
we can rewrite the action as the following single functional form:
1 o 41
5= [t 0.Quye) = 3 [ (D0 - m)" om0, Quye). (324
n=0

This form of the WZW-like action consists of the functional field ¥, and operators @, £, and
0¢. Hence the identification (3.19) automatically provides the equivalence of two actions.
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Relation of the fields & and V, and partial-gauge-fixing. The identification
T, [®] = ¥,[V] can be solved by ®. Exponentiating both hand side, e"¥7[®l = e ¥alV],
and using the property of the cohomomorphism and group-like element, the identification
becomes

ANn[®] _ ATIG(EN?) _ QAP — AT[V] (3.25)

Since G is invertible, by acting G~! and by projecting by w1, the condition of the field
corresponding relation which provides S,[V] from the Lo-action Sgxs[®] is obtained:

BV] = m G (V. (3.26)

Expanding it in powers of V, it reads

1 1
o[V] =V — s (Vov) + on( = AP Vanvinv) + AP AR (vinv ), mv)

=AW vy + 22D W (viv))) + ov?), - (3.27)
where /\[20] and )\:[50] are gauge products. (See section 2 or [7] for their explicit forms of A[%.)
The identification W, [®] = ¥, [V] can be solved also by V when the 7-symmetry is
fixed. By expanding V = V[®] = Vi(®) + V4(P,P) + V3(P,P,P) + --- in powers of
®, and by acting ¢ on the both hand sides of ¥,[®] = ¥,[V], one can determine V,,
perturbatively. The simplest choice of the partial-gauge-fixing condition is £V = 0, which
provides £nV = V. Then the explicit form of the partially-gauge-fixed string field V()
which provides the Loo-action Sgxs[®] from S,[V] is obtained as follows:

1 1
vie] = o+ semyl (g, o)+ en (W (g, 0, 0) -2 0 ¢0, ), @)+ (62,2 (@, 9))
Ao, g, @)+ (el (60, @), @) ) +O(V4). (3.28)

If we choose the form of G as given in [7], it reads
1 1/1 1 1

+ g0, €f0. 8] - Selco [6o,0] + ye(o.clen,al]) + OV, (320

4 Conclusions and discussions

In this paper, we clarified a WZW-like structure naturally arising from the L., formulation:
the pure-gauge-like field ¥, [®] = ma(emb) and the associated fields W [®] = ma(gde/\q’)
satisfy the alternative WZW-like relations, which are Zs-reversed versions of the conven-
tional WZW-like relations given in [19]. We found that once WZW-like functionals ¥,[¢]
and W4[p] of some dynamical string field ¢ satisfying these (alternative) WZW-like rela-
tions are given, one can construct a gauge invariant WZW-like action S,[¢| in terms of
them. The Lo, action Sgkg just gives one realisation of this (alternative) WZW-like action
S, [®] parameterised by ®. On the basis of this procedure, we constructed a new WZW-like
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action(s) as another parameterisation of the WZW-like action S,[V] by using the string
field V' living in the large Hilbert space. (For open NS or NS-NS theory, see appendix D
or E, respectively.) The pure-gauge-like field ¥, [V] and the associated fields W4[V] can
be defined by the differential equations which are the Zs-reversed versions of those in [19].
We showed the equivalence of our new action S, [V] and the Lo, action Sy [®] = Sgks[P] on
the basis of the procedure demonstrated in [29]. The direct relation between two dynam-
ical string fields ® and V, a field redefinition, can be derived from this equivalence with
partially gauge-fixing of V' or trivial uplift of ®.

Towards the equivalence to the conventional WZW-like action. Although we
expect the equivalence between our (alternative) WZW-like action S,[V] and Berkovits-
Okawa-Zwiebach’s (conventional) WZW-like action Sgoyz[Ve], their relation remains to be
understood. We write V' for the dynamical NS heterotic string field of the alternative
WZW-like theory, and write V. for that of the conventional WZW-like theory as follows:
2
SylV]= 5V, QuV)+ 2 (V, QIV, VM) + 5 (V, QUVomVa V74 [V [V V7)) -+

(nVe, [V;,Q%]>+'j<nvm(m,cm, QeI+ Ve, [Ve, QVe])) -

K
3!

Both string fields V' and V. belong to the large Hilbert space. At least, perturbatively, one
_L]2?>OS

1
SBOZ[Vc] = §<77V07 ch> +

can check their equivalence: we set V. = V + O(x?) because of L] = , which implies

2

that the first nontrivial order is k%, namely the quartic interaction. Let us check how the

equivalence can be shown in this order. It would be crucial that the 3-products L and L3B
are made from the same gauge product ?\:[))1]:

Utilizing them, the quartic interactions in both actions can be written in term of ?\gl} as

VLRV VT =~ @VAL @V )+ VAN W Quvav)), ()

Ve Ve, QVe, QV)) = —= Ve AT (v, QUL QV)) — v AP (v, Qv @)y (4.2)

1

2
The difference between the quartic interactions comes from the second terms of (4.1)
and (4.2):

2
K
SalV] = SwawalV] = T @V 225 (ViV, QV)) + O(x), (4.3)
which can be compensated by the following off-shell field redefinition,
267 1] 5
Vo=V (VinV,QV) + O(k”). (4.4)

Thus, under the identification of the string fields V, and V by (4.4), two actions S, [V] and
Swzw|[V.] are equivalent at 2.
To prove their all-order equivalence, it would be helpful to characterize the conventional

WZW-like action in terms of the gauge products ?\Ec\l,]. In fact, g, the pure-gauge shifted
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BRST operator which plays a key role in conventional WZW-like formulation, can be
written as Qg = E;IQEV using a linear map &y [32]. It may provide a solution of this
problem to understand the relation between two cohomomorphisms &y, and G.

Ramond sector of closed superstring fields. The concept of the WZW-like structure
based on the dual product L” will play crucial roles in construction of the complete action
of heterotic string field theory including both NS and R sectors. As [2], our WZW-like
action S,[V] will provide a good starting point of the construction of complete actions.!?
It is expected that as demonstrated in [4] for open superstrings, the WZW-like structure
including the Ramond sector would be written by the L., products L7 = G n G~! which
are dual to the Lo, products of [8]: L =G 1(Q +...)G satisfying [n. L] = o.

It is also expected that the action for closed NS-R and R-NS strings can be constructed
in the same manner as that for heterotic string. For closed R-R strings, it is not clear
whether or how the kinetic term can be constructed with no constraint yet. If the kinetic
term can be constructed, it may be possible to construct the complete action of type II
string on the basis of the concept of the WZW-like structure arising from the dual product
L".
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A Basic facts of A, and L

In this section, we give a short review of coalgebraic description for A /Lo algebras. For
more details, see [40-42] or some mathematical manuscripts.

Coalgebras: tensor algebra 7 (#) and its symmetrization S(H). Let C be a set.
Suppose that a coproduct A : C — C @' C is defined on C and it is coassociative

(A DA = (1& A)A. (A1)

Then, the pair (C,A) is called a coalgebra. We write T (H) for a tensor algebra of a graded
vector space H:
TH) =HP O HP e H 2 - . (A.2)

One can define a coassociative coprduct A : T(H) — T(H) @' T(H) by

n

AP1®...0P) =) (P1®...00) & (Dpy1 ®...0 By) (A.3)
k=0

12See a new result given by K. Goto and H. Kunitomo, arXiv:1606.07194.
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with @ = ®, where ®; ® ... ® ®, € H®" C T(H). Then, the pair (T(H),A) gives a
coalgebra. As well as T(H), its symmetrization S(H) also gives a coalgebra. Recall that
the symmetrized tensor product N for ®1, P9 € H is defined by

P APy =D ® Py + (_)deg(@l)deg(fbg)q)Q ® Py, (A4)

and it satisfies the following properties for ®q,..., P, € H:

Py NPy = (7)deg(¢’1)deg(<1>2)q)2 APy, (A5)
((I)l VAN @2) NP3 = P A ((I)Q A (I)g), (AG)
DI ADYA LA CI)n = Z<_>a¢)a(1) X (I)U(Q) RXR...Q (I)a(n)' (A?)

(e

We write H/\" for the vector space spanned by n-fold symmetrized tensor ®; A---A®,,, and
S(H) for the symmetrization of 7 (#H), which is called the symmetrized tensor algebra S(H):

SH)=HNoHMN oH . (A.8)
A coassociative coprduct A : S(H) — S(H) ® S(H) can be defined by

n /
A@I A AB) =D D () (Roy Ao APo) @ (Bo(arty Ao Agiy)  (A9)
k=0 o
with @ = ®, where @1 A ... A ®, € H"" and o runs over (k,n — k)-unshuffle. Then, the
pair (S(H), A) gives coalgebra.

In the case of open superstring field theory, H is the state space of open superstrings,
which is a Zs-graded vector space, and its grading which we call degree is given by the
Grassmann parity minus one mod 2. Them, the pair (7 (H), A) is the Fock space of open
superstrings. On the other hand, in the case of closed superstring field theory, H is the
state space of closed superstrings, which is a Zs-graded vector space, and its grading which
we call degree is given by the Grassmann parity mod 2. Then, the pair (S(H),A) is the
Fock space of closed superstrings.

Multi-linear maps as a coderivation. A linear operator m : C — C which raise the
degree one is called coderivation if it satisfies

Am = (m® 1A+ (1®m)A. (A.10)

Multilinear maps with degree 1 and 0 naturally induce the maps from 7 (H) to T(H) or
from S(H) to S(H). They are called a coderivation and a cohomomorphism respectively.

Recall that from a n-fold multilinear product b,, of ®1,...,®,, € H, one can define a
linear map on H®", which we write b, : H®" — H, by

bn(q)1®q’2®®q)n) Ebn(‘bl,q)z,,q)n), (All)

where ®; @ -+ @ ®,, € H®". Let A : H® — H® and B : H®™ — H®" be multilinear
maps. One can naturally define a product of these maps A ® B : HET™ 5 HOH by

ADB(®1®. . @Vpim) = > _(—)FPT T A0, . @0,)RB(Ppi1 ®. . .@Vpy). (A12)
k
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Then, the identity operator on H®" and H”\" is defined by

n n
e — 1 —N—
L =I®l®..@1=—=IAIA...AL (A.13)
n:

Using a degree one map b, : H®" — H, one can naturally construct a coderivation b,, :

T(H) — T(H) by

N—n
b, ® = (I @ by @ IN_pi) @, @ € HONZ" C T(H), (A.14)
k=0
and b,, vanishes when acting on H&N=n",
Similarly, a symmetric multilinear product b, of ®1,...®, € H naturally defines a

map by, : H'\" — H by
bn(q)l/\q)Q/\.../\(I)n):bn(q)l,q)g,...,q)n). (A15)

The symmetric tensor product of two multilinear maps A : H"* — H" and B : HN" —
HN, AN B HNFF 5 HAA can also be defined naturally by

/
A/\B(q)l/\. . -/\q)k+m) = Z (—)UA(‘I)O.(l)/\. . '/\(I)O'(k))/\B((I)O'(k‘-‘rl)/\' . '/\(I)O'(k—f—m))' (Alﬁ)

o

A degree map b, : H\" — H naturally gives a coderivation by, : S(H) — S(H) defined by
bp® = (by ANly_p)® , ® € H'V2" C S(H), (A.17)
and b,, vanishes when acting on H"V=". For example, we find that by acts as follows:

by : 1 — 0
D1 = b (1) (A.18)
PN Dy — bl(q)l) N Doy + (_)deg(@l)deg(bl)q)l A by ((132).

In particular, the coderivation by : S(H) — S(H) derived from a map by : H' — H is
given by
bo® = (g AIN)P =bg A D, & € HM C S(H) (A.19)

and acts as
by : 1 — by
P, — bg N Pq (A20)
Py AN Dy — by A Py A Do

Given two coderivations b,, and c¢,, which are derived from b, : H""* — H and c,, :
HN™ — H respectively, the graded commutator [by,, ¢,,] becomes the coderivation derived
from the map [bp, ¢;n] : H "™~ — H which is defined by

[bns ¢m] = bulem ALy_1) — (—)de8Cn)deelen) e (p, AT, 7). (A.21)
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Multilinear maps as a cohomomorphism. Given two coalgebras C,C’, a cohomo-
morphism f : C — C’ is a map of degree zero satisfying

Af = (f@' A, (A.22)

A set of degree zero multilinear maps {f, : H"" — H'}2°, naturally induces a
cohomorphism f : S(H) — S(H'), which we denote as f = {f,}°°,. Its action on
Dy A AND, € HN C S(H) is defined by

(@A AD) =D Y MO (@1 Rpy) Ay, (P, Ppy)A

i<n k1<---<k;

SRR sz‘*kz‘71 ((I)ki71+1, ceey (I)n). (A23)
Its explicit actions are given as follows:

- 1 — /Mo
d = eMAf(D) (A.24)
DN Dy — eNo A f1<(I)1) A f1<(I)2) + eNo A fg(q)l A (I)Q)

Cyclic Ao and cyclic Lo. Let H be a graded vector space and 7 (H) be its tensor
algebra. A weak A -algebra (H, M) is a coalgebra T (H) with a coderivation M = Mg +
M, + M; + ... satisfying

(M)? = 0. (A.25)

We denote the collection of the multilinear maps {M}}i>o also by M. In particular, if
My =0, (H,M) is called an Ay, -algebra. Note that for fixed n, the equation (A.25) gives

M, -M;+M,1 -Mag+---+My-M,_1+M; -M, =0. (A.26)

We can act it on By ® By ®...® B, € H®" to get the Ay relations for the maps {Mj}:

Z(—)Bl+"'+B’“Mn—i+1(Bl7 ooy Bi, M;(Bs1, - -, Bii), Bigig1, - .-, Bn) = 0. (A.27)
k=0

Let (-,-) : #®2 — C be the BPZ inner product, which gives the graded symplectic
form (w|: H®? — C:
(A,B) = ()" (w|A® B. (A.28)

Given the operator O,,, we can define its BPZ-conjugation O}, as follows:
WI® O, = WO @1 (A.29)
A pair (T(H),M,w) is called cyclic Ax-algebra if each M,, is BPZ-odd,
M} = —M,,. (A.30)

Let H be a graded vector space and S(H) be its symmetrized tensor algebra. A weak
Loo-algebra (H, L) is a coalgebra S(H) with a coderivation L = Lo+Lj +La+. .. satisfying

(L)? = 0. (A.31)
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We denote the collection of the multilinear maps {L}r>0 also by L. In particular, if
Lo =0, (H,L) is called an L, -algebra.
In the case of an L.-algebra, the part of (A.31) that correspond to an n-fold multilinear
map H\" — H is given by
L, -L.+L, 1 -Lo+---+Ls-L, 1+L;-L,=0. (A32)

We can act it on By ABa A...A B, € H""" to get the L., relations for the multilinear maps

{Li}:

/
0= > D (=)Li(Li(Borys- > Bo(i))s Bo(is1)s - - - Bot))- (A.33)
i+j=n+1 o
A set (S(H),L,w) is called cyclic Ly-algebra if each L,, is BPZ-odd,
Ll = —L,. (A.34)

Projector and group-like element. We can naturally define a projector m : S(H) —
H whose action on ® € S(H) is given by

P =31, &= A APy, € S(H). (A.35)

n=1
Note that m; acts trivially on H and commutes with one-coderivations.
Let Hg be the degree zero part of H. The following exponential map of ® € Hy,

eA¢:1+<I>+%<I>/\<I>+%<I>/\<I>/\<I>+~-, (A.36)
is called a group-like element. It satisfies
Ae’? = A2, (A.37)
The action of a coderivation on a group-like element is given by
by () = %bn(qﬂ\") A (A.38)

where we promise 0! = 1. Note that we can not distinguish a one-coderivation by derived
from a linear map by : H — H; P +— b1 (P) and a zero-coderivation by derived from
bo : H"? — H;1 > by = by(®) when acting on group-like element,

bo(e"®) = by A (") = b1 (®) A () = by (e"?). (A.39)

One of the important property of a cohomomorphism is its action on the group-like

element:
Af(e"?) = (f@F)A® = (F@ e A e = () AT(e?). (A.40)

o~

We can see that the cohomomorphisms preserves the group-like element: f(e/\®) A/

=Y.
Utilizing the projector and the group-like element, the Maurer-Cartan element for an
Loo-algebra (H,L) is given by

1 1
Fo = mL(e"?) = Ly (®) + SL2A(PN @) + S Lg(DARAD) 4. (A.41)

The Maurer-Cartan equation for an L.o-algebra (H,L) is given by Fe = 0, which corre-
spond to the on-shell condition in string field theory based on the L.-algebra(#,L).
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B Derivation of (2.71)

For cyclic cohomomorphism H , the following relation holds:

(w]my = (wlmeH = (w|V(m & m)AH = (w|V(m H &' mH)A, (B.1)
where 7y is the projector S(H) — H A H, and V is the product of the tensor algebra
(T(H), V).

Let us consider its action
1 1 1 1
T 9A® —_9B® — -
1—<I>® ®1—<I>® ®1—<I>®C®1—q>
1 1 1 1
AB
VB_ - 9B® -— QAR — -
+(—) 1—<I>® ®1—<I>® ®1—<I>®C®1—<I)
1 1 1 1
BC
) ——RAR —— —— RB® ——. B.2
+ (—) T AT 00T ®B® —& (B.2)

The left hand side vanishes since 7 is acting on H”\"Z3. For the right hand side, the first
term of (B.2) becomes

~ ~ 1 1 1 1
HmHAl —— AR —— B ® —— —
(wV(mH & mH) (1_(1)@ ®1_q>® ®1—<I>®C®1—<I>)

~ ~ 1 1 1 1 1
= H mH ! AR —— RB® —— —
(w|V(mH® m )(1_¢®1_¢® ®1—<I>® ®1—<I>®C®1—<I>

1 1 1 1 1
- A / Bso—— -
+1—(I>® ®1—<I>®1—<I>® ®1—<1>®C®1—¢’

1 1 1 1 1
—— QA® ——®B ! —
+1—<I>® ®1—<I>® ®1—(I>®1—<I>®C®1—<I>

1 1 1 1 1

— QAR —— QB —— ——® —— ). (B.
+1fq>® ®17q)® ®1®®C®1¢®1®> (B.3)

Hereafter we assume A + B + C' = even. The inner product in the large Hilbert space is

(a,b) = (<) (wla® b, (B.4)
and the 1st term and 4th term of (B.3) cancel since (a,b) = (=)@t (p a). Now,
gathering the contribution from all terms of (B.2), and utilizing the identities

1 1
Ne=_— - B.5
ale 1_(1)®a®1_(1), ( )
1 1 1 1 1 1
AbAN? = ——— — b ——+ ()P —— bR —— —— (B
a e 1_(I)®a®1_¢)® ®1_¢)+( ) 1_(1)@ ®1_@®a®1_¢), (B.6)

one can obtain the BPZ property for H:
0= (=) (mHAANBA®), 7 H(C Ae®)) + (m H(AN ), m H(BAC A®)). (B.7)

Note that in the computation some terms cancel by the symmetric property of the inner
product.
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C Embedding to the large Hilbert space of NS closed string

In this appendix, we consider the trivial embedding of the NS closed string field ¢ in
the Loo-formulation into the string field V in the large Hilbert space, and see that the
trivially embedded action is also WZW-like form. In other words, we provide a parameter-
ization of the pure-gauge-like field and the associated fields by another large space string
field V. In particular, we discuss the relation between the gauge transformations in two
representations.

We define the trivial embedding by replacing £ to V which is a string field belonging
to the large Hilbert space, so that under the partial-gauge-ficing condition {Vf = 0, the
trivial solution V = &£ reproduce the Loo-formulation parameterized by W, the string field
in the small Hilbert space. The action for Vis given by

~ 1 —~ ~
Sexs[V] = /0 4t (@, (8), m (L(VO)))
= / it (MG BV () A MV D), Qmy GV D)), (C.1)
0

One can confirm the functionals appearing in the action

U, [V] = mG(eM), (C.2)
V[V] =mGdV A (for d = dy,0) (C.3)

satisfy the WZW-like relations:
0=mL (")), (2)4d W, [V] = D, U,[V]. (C.4)

The first relation follows from the projection invariance eV = 7]&3“7‘7 as (2.49). To check
the second relation, consider

Uy[V] = wla(d(n£+§n)‘~/AeA"‘7) = wla(dﬁnf//\e/\"v) —I—(—)anma(dﬂN//\eA"v), (C.5)
where we used

(=)4m1 G (dngV AV ) =1 G (deV A V) = mLIG(deV A )
= 771L’7<7r1a (d§‘~//\em7‘7) /\@eA"‘7> = Dnﬂla(df‘N//\ e/\”v). (C.6)

Since the second term vanishes when acted by D,, the same computation as (2.51) can be
applied to show (—)%d \I/n[f/] =D, Uy[V].

In fact, the embedding procedure £ — V has an ambiguity: one can consider the
replacing £® = EnEd — 57717. However, the difference of W, produced by the difference of
the procedure is only D,-exact term as seen in (C.6), which does not affect to the WZW-
like relation (—)dd\IJn = D,¥,. Besides, since QV,, is Dy-exact, the D,-exact part of ¥,
does not affect the action, that is, the action does not depend on this ambiguity. Here we
fix this ambiguity by requiring the invertibility of ¥;—s 5, as functions of dv [31].
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For derivation d which does not commute with (A}, such as ), we define \I'd[f/] by

Uy[V] = mG(mGdG(V A [eMV) A eV, (C.7)
where
~ > 1 .
AV An
Je nzzo CEnLUAA (C.8)
For d = @, it reads B B
Uo[V] = mG(mL(V A [eMV) netV). (C.9)

To check the WZW-like relations, utilizing G1dG = (—)¥[n, &4], we write Uy[V] as
Uy[V] = mG(m G dG(V A [e"V) A e
=mG(m () [n.&al(V A [') ne)
= mé(mgdeAW A eMv) + (—)anm(A;(mgd(f/ A fe/\”v) A eA"v). (C.10)

Since the second term vanishes when D, acts, the same computation as (2.51) can be
applied to show (=)4d ¥, [V] = D, ¥4[V].
Thus, the action is written in the WZW-like form,

~ 1 ~ ~
Sexs[V] = /0 dt (U, [V (1)], Q¥, [V (1)]). (C.11)

Its variation and the on-shell condition can be taken by parallel computations in section 2.3.

Gauge transformations. The variation of the action Sgxs[V] in the form of (C.1) can
be taken as B
6Sexs[V] = (6V,m (L(e"™))), (C.12)

and one can find the action Sgks[V] is invariant under the gauge transformations'3

5V = —néw — mLENA V), (C.13)

where w and \ are the gauge parameters belonging to the small Hilbert space, which carry
ghost numbers 1 and 1, and picture numbers 0 and —1, respectively. The minus sign is a
convention in which 76V becomes §® of (2.24). In the following, we will discuss how this
gauge symmetry can be written in the WZW-like form:

U;5[V] = D,Qw, V] + QAN V). (C.14)
Inserting the gauge transformation 5‘7, \115[‘7] becomes
Us[V] = mG(6V A )
= —mG(ngw) A M) = 1 G ((mL(g/\ AeMV)) A eAW)
= —mL? <7r1(§(§w AV A e/\ﬁ@(eAnfx)) —OmGENA M) = Aph, V]
= D,Qfw, V] + QAN V] — Az [\, V). (C.15)

'3More generally, the second term can be written by fmﬁQ(/\/\eN’v). The representation above is only a
choice of 4. However, the difference of the choices becomes n-exact term and it can be absorbed into —nfw.
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The computation here is parallel to (2.65). Since Ap is a trivial gauge transformation as
in section 2.4,
Ar[\ V] = mG(EAA m L) A V), (C.16)

we conclude that the gauge transformations of the trivial embedded theory (C.13) are writ-
ten in the WZW-like form (C.14), where the gauge parameters €2 and A are parameterized as

Qw, V] = —m G(€w A V), (C.17)
AN V] = —mGEN A M), (C.18)

In particular, one can find that the gauge transformations generated by n and @) do not
mix: the gauge parameters A and w of (C.13) are related to A and €2 of (C.14) respectively,
as seen in (C.17) and (C.18).

D Open NS superstrings with stubs

In this section, we construct a new action for generic open NS string field theory, which we
call alternative WZW-like action S,. After defining the dual A, products and explaining
its WZW-like structure, we give two realizations of this type of WZW-like action using two
different dynamical string fields ® and ¥ in the large and small Hilbert spaces, respectively.

Dual A..-products and derivation properties. Let 1 be the coderivation con-
structed from 7, which is nilpotent 2 = 0, and let a be a nilpotent coderivation satisfying
an = —(—)*na and a®> = 0. Then, we assume that G~! : (H,a) — (Hg,Dg) is an
Aso-morphism, where H is the large Hilbert space, Hg is the small Hilbert space, and
Dy = G 'aG. Note that Dy is nilpotent: D? = (CA}_la é)(a_la é) =G 1a2G =0.
For example, one can use Q, Q + myl2, and so on for a, and various G appearing in [6-8]
for G. Suppose that the coderivation D, also commutes with 7, which means

(Da)* =0, [Da,n]=0. (D.1)
Then, we can introduce a dual A, products Dy, defined by

D"=GnG™. (D.2)

Note that the pair of nilpotent maps (D", a) have the same properties as (Dg,n):
(D"? =0, [D"a]=0. (D.3)

We can quickly find when the A, products D, commutes with the coderivation n as (D.1),
its dual Ao product D" and coderivation a also satisfies (D.3) as follows

aD" = (é é‘_l) a (

Ana‘_l) :(A}Dana_l
= (_)anénDa Gl=

(—)*"GnGtaGG = (-)"D"a.
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In this paper, as these coderication a and As.-morphism (A}, we always use a = Q
and a gauge product G given by [7]. Therefore, the original A, product is equal to the
Neveu-Schwarz products M of open stings with stubs given [7],

D,=Do=M=G'QG,
and the dual A, products is always given by
D"=GnG l=n-—my+.... (D.4)

The symbol D" always denotes (D.4) in the rest. The dual A, products D" consists of
a linear map n and a set of multilinear products {D;}22,. Now the bilinear product D
just equals to the star product —mg because we take G of [7]. We write

for higher products of D". Then, the Maurer-Cartan element of D" =1 —mgy + ... is
given by

1 1 1 1
D" - D"
1- A4 1—A®7”< 1—A>®1—A

:ﬁ@(nA—mg(A,A)%—...)@

1
1- A

where A is a state of the large Hilbert space H and 7y is an natural 1-state projection onto
H. Hence, the solution of the Maurer-Cartan eqiation D(1 — A)~! = 0 is given by a state
A, satisfying nA, — ma(A,, A,) + --- = 0, or equivalently,

n

X —
nAy = ma(Ap, Ay) + )[4y, Ay )" =0.
n=3

Shift of the dual A, products D". We introduce the A,-shifted products
[By, ... ,Bn]Z?7 defined by

1 1 1
B B . (D.
1—A,7® 1®1—An® ®1—An® "®1—A,,) (D-6)

[Bl,...,Bn]Z‘n = 7T1Dn<

Note that higher shifted products all vanish [By, ..., B”>2]Zln = 0 when higher products of
D" =15 —mg+ DJ+ D] ... vanish: D]_, = 0. In particular, we write D, B for [B],:

p— TI
D,B=mD <1_A17®B®1_A77>
<
=nB— [Ay,B]+ > > [A,,....,A,B]"
cyclic n=2
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When Zn gives a solution on the Maurer-Cartan equation of D,,, these A,-shifted products
also satisfy Aso-relations, which implies that the linear operator D, becomes nilpotent. We
find

1 1 1 1
D,)2B = 7, D" D" B
(Dy)"B =m (1—A77®7T1 (1—A77® ®1—An)®1—An>

1 1 K
- 172 _ n =
w1 (D7) =4, |:|:7T1D (1—1477)7 BﬂAn 0,

where the A,-shifted commutator [A, B] 4, of A and B is defined by

/- n _ ( \AB n
[4, B] , = [A,B]An (—) [B,A]An.
D.1 Alternative WZW-like relations and action S;[¢]

We call a state A, a pure-gauge-like (functional) field when A, satisfies

n

X ——
n Ay —ma(Ag, Ay) + > [Ay,..., A4y]" =0 (D.7)
n=2

and has ghost-and-picture number (1| — 1), odd Grassmann parity, and even degree. Let d
is a derivation operator commuting with 1 and let (dg|d},) be its ghost-and-picture number.
We call a state Ay a associated (functional) field when Ay satisfies

(—)?dA, = D,Aq (D.8)

and has ghost-and-picture number (dg — 1|dp + 1).

Let ¢ be a dynamical string field, ¢ € [0,1] be a real parameter, and ¢(t) be a path
satisfying ¢(0) = 0 and ¢(1) = ¢. Once a pure-gauge-like (functional) field A, = A,[¢]
and an associated (functional) field A; = Ag4[p] are constructed as functionals of given
dynamical string field ¢, one can construct a gauge invariant action

1
Solig] = — /O dt (Ailp(t)], QA (). (D.9)

We write A;[y] for the associated field Ay[p] of the parameter differential d = 9;. One can
check that the t-dependence is “topological”. Namely, the variation of the action is given by

5S,l0] = (Aslel, QA ),

which is independent of the real parameter ¢. Since QA4, = —D,Ag and (D,)* = Q* =0,
we find that 05 = 0 with the gauge transformations

Aslg] = Dy Q+ QA, (D.10)

where gauge parameters 2 and A have ghost-and-picture number (—1|1) and (—1|0)
respectively, and belong to the large Hilbert space. Since Ag[p] is an invertible functional
of dp, the explicit form of the gauge transformation of the dynamical string field d¢ is
obtained from Aj[y].
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In the rest, we give two realisations of this action by using two different dynami-
cal string fields ¢ = ¥ and ¢ = ®: small-space parametrisation S,[¥] and large-space
parametrisation S, [®]. By construction, the A, action proposed in [7] is equivalent to the
small-space parametrisation S,[¥]. Since the large-space parametrisation S,[®] has the
same (alternative) WZW-like structure as S, [¥], our new actions S, [¥] and S, [®] both are
equivalent to that of Ao formulation.

D.2 Small-space parametrization: ¢ = ¥

Let us consider an NS dynamical string field W which is a Grassmann odd, ghost number
1, and picture number —1 state of the small Hilbert space: n ¥ = 0. We show that one can
construct WZW-like ingredients A, [¥] and Ag[¥] as functionals of this dynamical string
field U. Once we obtain these WZW-like ingredients A, [¥], A4[¥] parametrized by ¥, one
can construct the WZW-like action S[¥] parametrized by W,

S, = — / ds (AT (5)], QAT (s))), (D.11)

where s is a real parameter s € [0,1] and W(s) is the path satisfying ¥(s = 0) = 0 and
V(s =1) =¥. We wrote A;[¥] for the associated field A4[¥] of d = 0s.

Pure-gauge-like field A, [¥]. When the n-complex (#H,n) is exact, there exist & such
that [n,&€] = 1 and H, the large Hilbert space, is decomposed into the direct sum of 7-
exacts and -exacts H = PyH ® P¢H, where P, and P are projector onto n-exact and
&-exact states respectively.!* Note that since the small Hilbert space Hg is defined by
Hs = P,H and satisfies Hs C P, Hg, all the states ¥ belonging to Hg satisfy P,V = ¥ and
P:¥ = 0, or simply,

nv =0.

Using this fact, we can construct a desired pure-gauge-like (functional) fields A, [¥], namely,
a solution of the Maurer-Cartan equation of the dual A, products D" =n —mqo+....
A pure-gauge-like (functional) field A, [¥] is given by

~ 1
A V] =m G ——
o[V =mG—F
because it becomes a trivial solution of the Maurer-Cartan equation as follows

1 1 ~ 1 ~ 1
D"—=D"—————— =D"G——=Gn—
1—A,[Y] 1—W1Gﬁ 1-w 1-w

~ 1 1
= —_— V@ —— | =0.
G<1 \I/®77 ®1 \I/> 0

Recall that 71 D(1 — A,[¥])~1 = 0 is equal to

0 Ag[¥] — m2 (Ag[¥], A [¥]) + Y [Ag[¥],..., Ay[¥]]" = 0.
n=2

"“These satisfy Py = P,, P{ = P¢, PyPe = P:P,, = 0,and P, + P: =1 on .
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Associated fields A4[¥]. Let d be a coderivation constructed from a derivation d of
the dual A products D", which implies that the d-derivation propery [d, D"] = 0 holds.
Then, we obtain [Dg,n] = 0 with Dg = G ! dé, which means that Dy is “n-exact” and
there exists a coderivation €4 such that

Dg=G1dG = (—)%n,&,].

Using this coderivation €4, we can construct an associated (functional) field A4[¥]. Note
that the response of d acting on the group-like element of 4,[¥] = G(1— ¥)~! is given by

1 e 1 . 1
(-GG 'dG—— =G - D"G
= aym] ) TRk L s <5d1—\1/>

_D’7<1_2M®ma<5d1_1\1/> © 1—11177[‘11])

An associated (functional) field of d is given by

(=)

AqlV] = Wla(ﬁdl _1 \I/>

because one can directly check

=P (w0 (s e) @ )

1 1
- D"(l “a ) O —AM)'

Picking up the relation on H, or equivalently acting 71 on this relation on T'(#), we obtain

(-)d

(=) Ay W] = 0 A[] — [A,[9], Ad@]], .
which is the simplest case of (—)?dA,[¥] = m D"-exact term.

D.3 Large-space parametrization: ¢ = ®

Let us consider an NS dynamical string field ® which is a Grassmann even, ghost number
0, and picture number 0 state of the large Hilbert space: n® # 0. We show that one can
construct WZW-like ingredients A,[®] and Ag[®| as functionals of this dynamical string
field ®. Using these WZW-like ingredients A, [®], A4[®] parametrized by ®, we obtain the
WZW-like action S,[®] parametrized by @,

Syl = — / dt (A1), QA [2(2))), (D.12)

where ¢ is a real parameter ¢t € [0,1] and ®(¢) is the path satisfying ®(¢ = 0) = 0 and
O(t =1) = . We wrote A;[¥] for the associated field A4[¥] of d = 0;.
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Pure-gauge-like field A, [®]|. Let us consider a functional A,[r; ®] defined by the dif-
ferential equation

k

8 o
EA»,][T; Dl =nd+ Z Z [Ay[r;®],..., Aylr; @], q)}n
k=1 cyclic
= Dy(1)® (D.13)

with the initial condition A,[r = 0;®] = 0, where 7 is a real parameter. A few terms of
Ay[T; @] is given by

Aylr; ®] =T77<I>+T22[[77<1>,<1>]]+§< > [hene, 9]+ [[[[M%@]]”,‘I’]]") e

cyclic

We write A, [®] for the 7 = 1 value of the solution A,[7;®]:
Ay®l = Ayt =1;9].

We quickly find that this A,[®], a functional on the dynamical string field ®, satisfies (D.7)
and gives a pure-gauge-like (functional) field. For brevity, we introduce

n

F(r) = 0 Ay[r; ®] — ma(Ay[r; @], Ag[r; @) + > [Ay[r; 9], ..., Aylr; @] ]".
n=2

The statement “A,[®] is a pure-gauge-like (functional) field” is equivalent to the equation
F(1) = 0. By definition, F(7) satisfies F'(7 = 0) = 0 and the following relation holds:

n

%F(T) =1 (,%An[ﬂ O+ >[4 @], n | AyT; @], {%An[ﬂ ]]"
n=1 cyclic
= Dy(7) Dy(1) @ = —[F(7), @ﬂgn[T;q)]. (D.14)

The solution of the differential equation (D.14) with the initial condition F'(0) = 0 is given
by F(r) = 0 for any 7. Hence, F(1) = 0 holds and A,[®] indeed gives a pure-gauge-like
(functional) field.

Associated field Ag[®]. Then, we consider a functional A,[7; ®] defined by the differ-
ential equation

o)
EAC[[T; P] = d® + [P, AglT; ‘I’]M,,[T;@] (D.15)

with the initial condition A4[7 = 0;®] = 0. A few terms of A4[T; ®] is given by

2 3
Adlr; @) = rd @+ —-[dD, ] + T( > nede @]+ 1[[[[d<1>,<1>]]”7<1>]]"> oo
2 3 cyclic 2

The 7 = 1 value of the functional Ay[7; ®| of the dynamical string field ®, which we write

Aq[®] = Aglm = 1; 9],
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satisfies (D.8) and gives an associated (functional) field. To prove this fact, we introduce

a function of 7
I(7) = Dy(7)Adlr; ®] — (=) 4y [7; D],

whose zeros would provide the WZW-like relation that associated (functional) field must
satisfy. By definition, Z(7) satisfies Z(7 = 0) = 0 and
0
5. Z(7) = Dy(7) (07 Ad[r; ®]) + [0- Ag[r; ®], Ad[r; @]y (g — (—)4d(0; Ay[r; ®])
0
= [, I(T)]Zl,,[r;cb] + D, (aTAd[T; ®] — d® — [ @, AglT; (I)]]Zx,,[r;cb]>'

Hence, when Ag4[7; ®] is defined by (D.15), the function Z(7) gives the solution of the
differential equation

0
5. (1) = [2.Z(P)]), 0

with the initial condition Z(0) = 0, namely, Z(7) = 0 for any 7: we obtain Z(1) = 0.

E NS-NS sector

In this section, starting from the NS-NS superstring Lo.-products, we clarify a WZW-like
structure and give alternative WZW-like form S,5[¢] of the action for NS-NS string field
theory.

Dual Lo, products. Using path-ordered exponential map (A}, the NS-NS superstring
products L of the small-space L, action of [7] is given by L = G! Q G. By construction,
it satisfies [n, L] = 0 and [n, L] = 0. (See [7] or [6] for details.) We start with its dual L
products:

L"=GnG, (E.1a)

Li= GGl (E.1b)

They satisfy Loo-relations (L®)? = 0, commutativity [L7, L7] = 0, and Q-derivation prop-
erties

QL*=G(G'QG)aG '=-Ga(G'QG)G ' =-L*Q
for a = m, 1, which give extensions of n-constraints. In the rest, we write
(A1, .. A% =mGaG YA A A4, (a=mn, 7).

By definition, these dual L, products satisfy (L%)? = 0 for a = 7,7, namely Lo.-relations,

Z Z(i)lo‘ “Aiou)’ A Aiv(k)]a7 Aicr(k+1)7 M) Aia(n)]a = 0. (E.Qa)
o k=1

Note that the commutation relation [L”,L7] = 0 can be written as

Z Z Z<_>IUI “Aia(l)’ T ’Aia(k)]al ? Aia(kJrl)’ e 7Aiu(n):|a2 =0. (E.2b)

arae=nii o k=1
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For d = @, 04, 6, these products satisfy d-derivation properties:
n—1

d[Bi,...,Ba]" + Y (-)MBt B [By L dBy,..., B, = 0. (E.2c)
i=1

E.1 Alternative Wess-Zumino-Witten-like relations

Let V,5 = W,5[p] be a Grassmann even, ghost number 2, left-moving picture number
—1, and right-moving picture number —1 state in the left-and-right large Hilbert space.
When this W, satisfies the Maurer-Cartan equations for the both dual products (E.la)

and (E.1b),
n+1

o0 1 N
O“Pnﬁ""nz::l(n_l_l)! Uom o, Usl® =0, (a=mn,7), (E.3a)

we call V,5[¢] as a pure-gauge-like (functional) field. As we will see, in addition to this
W, =[], if one can obtain a state Wy = W 4[] which satisfy the WZW-like relation,

(—)%d 5 = —D, D5 ¥y, (E.3b)

then, one can always find a gauge invariant action. We call W4[p] as a large associated
(functional) field. Here, the linear operator D,, for e = 1,7 is given by

> 1 /—L\ ~
DaBEQB+ZE[\Pnﬁ;---7anﬁ7B:|aa (06:77777)7
n=1

and d is a derivation operator satisfying (E.2c). For example, one can take d = Q, 0}, or .

Note that (D,)? = (D5)* = 0 and D, Dz B = —D;;D,, B hold because U, satisfies (E.3a).

Although it is sufficient to consider the above (E.3a) and (E.3b), it would be helpful

to consider their small associated (functional) fields V, 3 = ¥, 4[¢] and W g5 = V5[] which
are defined by

\I’nd = l)77 \Ifd, \I’dﬁ = —Dﬁ \I’d. (E.3C)

While ¥ ;][] has the same ghost, left-moving picture, and right-moving picture numbers as
d, this W, q[¢] or Wgz{p] has the same as “d plus #” or “d plus 7 respectively.

E.2 Alternative WZW-like action S, 5[]

Let ¢ be a dynamical NS-NS string field and ¢(¢) be a path satisfying ¢(0) = 0 and
©(1) = ¢, where t € [0,1] is a real parameter. Once we construct WZW-like ingredients
U, 5lp] and W4lp] as functionals of given dynamical string field ¢, we can obtain a new
gauge invariant action

1
Sulel = [t (Wilott)), QWuslelt)) (E.4)
whose gauge transformations are given by

Uslp] = Dy Q+ D QL+ QA. (E.5)
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Here, we write W[p(t)] for W4[p(t)] with d = 0, and Wy[p| for Wylp] with d = §. The
equation of motion is given by t-independent form

Q Wyilel = =Dy Wil = =Dy Ungle] = Dy Dy ¥l = 0. (E.6)
One can find these facts by using WZW-like relations (E.3a), (E.3b), and (E.3c) only,
which we explain. Note that computations are almost parallel to the conventional WZW-

like case [21].

Variation of the action. To derive (E.5) and (E.6) from (E.4), we compute the variation
of (E.4):

0Smil¢] :/0 at((8Wilip ()], @ Uasle(]) + (Wele (D], 6(Q Wyalip(8)])) )

For this purpose, we define two bilinear maps, so-called shifted L..-products,

(0% > 1 /_L (0%
[A,B]\IIMEZE[\PW,...,\I’W,A,B] . (a=n,7). (E.7)
n=0

With D,, it satisfies Dy A, B](‘)f’m*; + [D4A, B]%nﬁ +(—)A[A, DO[B]?I‘,W17 = 0. Ford = 0;, 6, or
@, because of the derivation properties (E.2c) of L%, we find

d «a
(—-) d(DaA)—Da(dA)—[dqznﬁ,A]%:o. (E.8a)
By considering [dy, da] ¥, = 0 with this formula (E.8a), for example, we quickly find
Dy (dl Wna, — (_)dldeQ\Ijndl - (_)dl [\Ijndl’ \Ijndz]gnﬁ) = 0. (E.8b)

For brevity, we omit ¢(t)-dependence of functionals. Note that the inner product
(A, B) includes the c;-insertion: we have (dA,B) = (=)¥(A,dB) for d = D,, D, Q,
and we use (A4, [B,C]ﬁw) = (—)4B(B, A, C]?f,nﬁ> for a = n,n. Using (E.8a) with (E.3b)
and (E.3c), we find that the second term can be rewritten as (Vs, 9;(QW¥,5)) plus extra

terms:

(W, 5(QW,5)) = (W), QDi5) (E.9)
= — (W1, DgQWys) — (¥4, [QWy5, Wyl )
= — (U5, QUs) + (W5, W1, QY )

= (U5, @Dy Vz)) + (s, [QWy7, igly, ) + (Uys, [P, Q\Ij’ﬁ]gnﬁ
= <\I/5, Oy (Q\IIW» + <‘I1Qr7, Dn([\ptﬁa %]GLW — [y, \Pné]znﬁ)>'
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Likewise, we find the first term of the variation becomes (0; Vs, QW¥,5) plus extra terms:
(591, Q) = —(Dy60 W) (510
(6(Dy W) W) + (00, WY, Wgn)
(6%t ©aip) + ([D5ns, Uily, W)
= (0:Wns, W) + ([Yts Yol > Wagm) + (Do, Wly, - Yoi)
= (D05 + ([0: W, Usl§y | Waog) + (Ve (Ve Uyl + (Ve Dyl )
= (9 W5, QW) + (U, [DyWasgy Uslly _ + [Wp, Uyl + (Wi, DyWsl, ).

From the third line to the forth line, we used (E.8b) with (E.3c). If and only if the sum
of these extra terms vanishes, the action has a topological t-dependence. However, (E.2b)
provides the cancellation of these extra terms. Therefore, using ¢(0) = 0 and ¢(1) = ¢,
we obtain

1
Siplel = [t [(B9)+ (B.10)] = (Wslel, Q il

We proved that when we have WZW-like functional fields W,z[p] and Wy[p] which
satisfy (E.3b), our NS-NS action S,z[¢] has topological t-dependence: §5,5(p] =
(Us[o], Q¥,5]p]). As a result, this form of the variation of (E.4) ensures that it is in-
variant under (E.5) and the equations of motion is given by (E.6) because of (E.3b).

In the rest, we give two realisations of this action: small-space parametrisation S, [®]
and large-space parametrisation S,5[¥]. By construction, the L., action proposed in [7]
is equivalent to S,z[®]. Since S,7[¥] has the same (alternative) WZW-like structure as

S

il @], our new actions S,5[®] and S,5[¥] both are equivalent to that of L., formulation.

E.3 Small-space parametrisation: ¢ = ®

Let @ be a NS-NS dynamical string field belonging to the small Hilbert space, which is
a Grassmann even, ghost number 2, left-moving picture number —1, and right-moving
picture number —1 state. We show that the pure-gauge-like field ¥, 5 is given by

W, (t) = m G ("), (E.11)

and the linear operator D, for a = 7,1 becomes
Da = 771La (]I/\@Aﬂ_lé(e/\q)))a (a - 7777~7)
Then, the left associated field ¥4z and the right associated field ¥,y are given by

Ugi(t) = m G (€ge"*W),
Wy (t) = MG (€ge ),
respectively. The large associated field W,;, which we call the large associated field, is

given by
Wy = m1G(E€dD(t) A " PW) (E.12)
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Proofs of properties. Since the group-like element given by (FE.11) satisfies
L7(em G ) = (GG G (M) = Gn("*V) =0,

we obtain the desired equation 7 L" (eA‘I’"(t)) = 0, or equivalently,

00 n+1
N W(t) + ) (nil), [0, (t), ., Ua(t)]" = 0.
n=1

Similarly, provided that dG = G d and [d,n] = 0, after the following computation
(—)¥XG ("*®) = ()G (do(t) A D) = G (€4D(t) A *D)
—1"G (§d<I>(t) A eA‘D“))
— (mé (€a®(t) A e/\<I>(t)) A e/\mé(ew(t)))’
we find that the second Wess-Zumino-Witten-like relation holds:
(=) d Wy(t) = Dy(t) Vg (1)

Note that [@,n] = 0 but Qé = GL. Utilizing the coderivation £, such that L =
—[n. SQ]], we can check that the field

Tos(t) = mG(Ege" ™)
satisfies the second Wess-Zumino-Witten-like relation —Q ¥, = D, ¥z as follows
—Q G (eAcI)(t)) - QL (6/\<I>(t)) _ GUEQ (eAcp(t)) _ (A?rEQ <6A<I>(t)>
=L" (7r1é £o (eNp(t)) A eAmé(eM(t)))

As the almost same way, one can check 7 L7e %7 = 0 and (—)dd\I/nﬁ = Dz¥,4. Then, we
find

[Dy, D7]B = —m L7 (m L7 (Y1) A B A V) — o L7 (m L7 (V1) A B A Vi)
and thus, (E.12) gives an appropriate large associated (functional) field: (E.3c) holds.

E.4 Large-space parametrization: ¢ = ¥

We write U for a dynamical NS-NS string field which has ghost-and-picture numbers (0(0, 0)
and belongs to the left-large and right-large Hilbert space: n¥ # 0, n¥ # 0, and nnW¥ # 0.
Let us consider the solution W,z[7; ¥] of the following differential equation,

0
—Wv
or "

with the initial condition W,5[7 = 0; ¥] = 0, where for any state A € H and for o = 0,7,

57 V] = D, Dy ¥ (E.13)

n

oo 1 N
DaAEozA—i—Zﬁ[\Ilnﬁ[T;\IJ],...,\IJTI;][T;\II],A] .
n=0
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A pure-gauge-like (functional) field ¥, 5[W] is obtained as the 7 = 1 value solution
U, 5] = W sr = 1; ],

One can check that this ¥, 5[¥] satisfies (E.3a) by the same (but double) way as NS theory,
and then [D,, D5]A = —[mL”e‘I’nﬁ,A]g = [mLﬁe‘I’nﬁ,A]g = 0 holds for any state
nn n
AcH.
We consider the solutions W g5[7; ¥] and W, 4[7; ¥] of the following differential equations
0

E\pdﬁ[r; U] =d D5V + [DgV, U gp(r; \If]]g

8 ~
—7\1:7,(1[7; U] =dD, ¥+ [DyV, ¥,4[7; xlf]]gnﬁw], (E.14b)

(E.14a)

nﬁ[T;\Ij]’

with the initial conditions Wgz[7 = 0; W] = 0 and ¥, 4[7 = 0; ¥] = 0. Here, we used (E.7).
Associated (functional) fields W45[W] and W,4[¥] are 7 = 1 values of these solutions,

VsV = Uaslr = L, ¥], U ,[¥] = W, 4[r = 1; V],

One can also check these satisfy (E.3b) by the same way as NS theory. The minus sign
of (E.14b) comes from the ordering of D,, and Dy in the definition of (E.13).

Note that we can only specify the large associated (functional) field ¥} up to D,- and
Dg-exact terms, and these ambiguities do not contribute in the action. The situation is
parallel with that of the conventional WZW-like NS-N§ theory [21]. Thus one may consider
a differential equation defining ¥ up to D,- and Dy-exacts by mimicking that of [21], but
now we can take more economical way: we have operators F¢ and fg defined by

Fe=Y"[en-0,)|"e FE=Y" [&G-Dy)]'E

which satisfy [F¢,D,] = 1 and [[135, D3] = 1, respectively. These F§ and F E consist of
the pure-gauge-like (functional) field ¥,[W], which is already constructed, and operators &
and &. Hence, using these pieces, one can quickly obtain the desired ¥, = U4[¥] as follows,

V4[] = FEU4(0] = —FEW,,4[T].

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
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