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We analyze time evolution of a spherically symmetric collapsing matter from a point of view that black
holes evaporate by nature. We first consider a spherical thin shell that falls in the metric of an evaporating
Schwarzschild black hole of which the radius aðtÞ decreases in time. The important point is that the shell

can never reach aðtÞ but it approaches aðtÞ − aðtÞ daðtÞdt . This situation holds at any radius because the
motion of a shell in a spherically symmetric system is not affected by the outside. In this way, we find that
the collapsing matter evaporates without forming a horizon. Nevertheless, a Hawking-like radiation is
created in the metric, and the object looks the same as a conventional black hole from the outside. We then
discuss how the information of the matter is recovered. We also consider a black hole that is adiabatically
grown in the heat bath and obtain the interior metric. We show that it is the self-consistent solution of
Gμν ¼ 8πGhTμνi and that the four-dimensional Weyl anomaly induces the radiation and a strong angular
pressure. Finally, we analyze the internal structures of the charged and the slowly rotating black holes.
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I. INTRODUCTION

The picture of the black hole has changed significantly
since the discovery of the Schwarzschild solution. In the
classical level, black holes are characterized by the exist-
ence of the event horizon, and objects which have entered
into them cannot come back forever. In the quantum level,
however, black holes evaporate in the vacuum [1] and can
be in equilibrium with the heat bath of the Hawking
temperature [2]. One of the problems of this picture is
the information paradox [3], which is essentially the
disagreement between the information flow and the energy
flow. Suppose we consider a process in which a black hole
is formed by the collapse of matter. In the conventional
picture, the matter crosses the horizon holding its own
information. On the other hand, the Hawking radiation is
thermal because it is created in vacuum, and it cannot reflect
the detailed information of the collapsing matter. Therefore,
if we assume that the evaporation occurs after the horizon is
formed, we are forced to conclude that, although all the
energy is emitted to infinity, the fallen information does not
come back. In this paper, we reconsider the time evolution
of the collapsing matter from the point of view that black
holes are objects that evaporate inherently. Then, we find
that no horizon appears and the matter is distributed in the
whole region inside the black hole. Furthermore, we discuss
that the Hawking radiation comes out through the matter
and can exchange information with it.

In order to understand the absence of the horizon, we
first consider a spherical shell falling in the evaporating
Schwarzschild metric. The important point is that the radius

aðtÞ is decreasing as daðtÞ
dt ¼ − Cl2p

aðtÞ2 due to the Hawking

radiation. Here, a ¼ 2GM is the Schwarzschild radius,
lp ¼ ffiffiffiffiffiffiffi

ℏG
p

is the Planck length, and C is a proportionality
constant of order Oð1Þ. Then, the shell does not catch up
with the horizon completely but approaches to

r ¼ aðtÞ þ Cl2p
aðtÞ. This is because the shell approaches the

horizon in the time scale a, but during that time, the radius

a decreases by Δa ¼ j dadt ja ¼ Cl2p
a .

We then consider a spherically symmetric collapsing
matter with a continuous distribution and regard it as a set
of thin shells. Because of the spherical symmetry, the time
evolution of each shell is not affected by the shells outside
it. Then, the above argument can be applied to each shell.
Thus, there is no trapped region, and no horizon appears.
Nevertheless, we can show that a radiation is created from
each shell, and it takes almost the same form as the
conventional Hawking radiation. Interestingly, a strong
angular pressure is also induced, against which the shell
collapses and loses the energy.
From these discussions, it turns out that the evaporating

object has a clear surface at r ¼ aðtÞ þ Cl2p
aðtÞ and that its

interior is filled with matter and radiation while from the
outside it looks almost the same as the conventional black
hole. As we will see, no trans-Planckian problems occur if
the theory has many fields, for example about 100.
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This picture of black holes indicates possible mecha-
nisms of the information recovery. Since the Hawking
radiation is produced near each shell, the radiation and the
collapsing matter can interact and exchange the detailed
information. The time scale of this process can be estimated
as ∼a log a

lp
. Based on this mechanism, we discuss the

possibility that the radiation depends on the initial infor-
mation of the collapsing mater.
We also discuss a black hole which is adiabatically

grown in the heat bath. We obtain its interior metric and
show that it is the self-consistent solution of the semi-
classical Einstein equation Gμν ¼ 8πGhTμνi. Then, it is
understood that the four-dimensional Weyl anomaly pro-
duces the radiation and the angular pressure. We can also
investigate the interior structure of the charged and the
slowly rotating black holes.
This paper is organized as follows. In Sec. II, we explain

the new picture of black holes. In Sec. III, we discuss how
the information comes back in the process of evaporation
and consider possible mechanisms of information recovery.
In Sec. IV, we consider the black hole that is adiabatically
grown in the heat bath. In Secs. V and VI, we study the
charged and the slowly rotating black holes. We give
supplementary discussions in the Appendixes.

II. NEW PICTURE OF BLACK HOLES

A. Conventional picture of black holes

We review here the conventional picture of black holes.
Suppose we consider a Schwarzschild black hole in the
vacuum with a large mass M ¼ a

2G compared with the

Planck mass mp ≡
ffiffiffi
ℏ
G

q
. The black hole has the Hawking

temperature and the Bekenstein-Hawking entropy [1,2,4],

TH ¼ ℏ
4πa

; SBH ¼ A
4l2p

; ð1Þ

where A ¼ 4πa2 is the area of the horizon. From the
Stephan-Boltzmann law [5], the time evolution of aðtÞ can
be expressed as

da
dt

¼ −
2σðaÞ
a2

: ð2Þ

Here, σðaÞ is l2p multiplied by a constant of order 1. σðaÞ
depends on the detail of the theory, such as the number of
species of fields [6]. We expect that σðaÞ varies with a
slowly compared with lp; dσda lp ≪ σ. Although these results
were originally obtained by assuming the existence of the
horizon, as we will see later, collapsing matter radiates and
has the same entropy even if there is no horizon.
Next, we consider the smallest unit of energy following

Bekenstein’s argument [4]. Suppose we inject a wave
packet of a massless particle with energy ϵ to a black hole

with radius a. In order for the wave to enter into the black
hole, its wavelength needs to be smaller than the size of the
black hole:

λ≲ a: ð3Þ

Therefore, its energy should satisfy

ϵ ¼ ℏω ¼ ℏ
2π

λ
≳ ℏ
a
: ð4Þ

Thus, the minimum energy that can be added to a black
hole with radius a is given by

ϵ ∼
ℏ
a
; ð5Þ

and the corresponding wavelength is

λ ∼ a: ð6Þ

Although the above argument is valid for massless par-
ticles, we can show the same results also for massive
particles (see Appendix A).
The minimum energy (5) corresponds to 1 bit of

information, because the wavelength of the particle (6) is
as large as the black hole, and we have two possibilities,
whether it goes inside the hole or not. Now, suppose we
build up a black hole with radius a from particles which
have the minimum energy. Then, the total amount of the
lost information is evaluated as

S ∼ ðthe number of processesÞ × ðentropy per a processÞ

∼
a
Gϵ

× log 2 ∼
a2

l2p
; ð7Þ

which agrees with SBH in (1). Note that if we use particles
with ϵ ≫ ℏ

a the entropy is much less than (7) (see
Appendix A). As we will see later, the existence of the
horizon is not essential for this estimation.

B. Motion of a test particle near
the evaporating black hole

We analyze here the motion of a test particle near the
evaporating Schwarzschild black hole. The outside space-
time can be approximately described by

ds2 ¼ −
r − aðtÞ

r
dt2 þ r

r − aðtÞ dr
2 þ r2dΩ2; ð8Þ

where aðtÞ satisfies (2) [7]. If the test particle comes
sufficiently close to aðtÞ, its radial coordinate rðtÞ is
determined irrespectively of its mass or angular momen-
tum by
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drðtÞ
dt

¼ −
rðtÞ − aðtÞ

rðtÞ : ð9Þ

This is because any particle becomes ultrarelativistic near
r ∼ a and behaves like a massless particle [10,11]. From
(9), we see that the particle approaches the radius a in the
time scale of OðaÞ. During this time, however, the radius
aðtÞ itself is slowly shrinking due to the Hawking radiation.
Hence, the particle cannot catch up with the radius a
completely. Instead, rðtÞ is always apart from aðtÞ by −a da

dt.
See Fig. 1.
We can see this behavior explicitly by solving (9) as

follows. Putting rðtÞ ¼ aðtÞ þ ΔrðtÞ in (9) and assuming
ΔrðtÞ ≪ aðtÞ, we have

dΔrðtÞ
dt

¼ −
ΔrðtÞ
aðtÞ −

daðtÞ
dt

: ð10Þ

The general solution of this equation is given by

ΔrðtÞ ¼ C0e
−
R

t

t0
dt0 1

aðt0Þ þ
Z

t

t0

dt0
�
−
da
dt

ðt0Þ
�
e
−
R

t

t0 dt
00 1

aðt00Þ;

where C0 is an integration constant. Because aðtÞ and da
dt ðtÞ

can be considered to be constant in the time scale of OðaÞ,
the second term can be evaluated as

Z
t

t0

dt0
�
−
da
dt

ðt0Þ
�
e
−
R

t

t0 dt
00 1

aðt00Þ ≈ −
da
dt

ðtÞ
Z

t

t0

dt0e−
t−t0
aðtÞ

¼ −
da
dt

ðtÞaðtÞð1 − e−
t−t0
aðtÞ Þ:

Therefore, we obtain

ΔrðtÞ ≈ C0e
−t−t0

aðtÞ −
da
dt

ðtÞaðtÞð1 − e−
t−t0
aðtÞ Þ;

which leads to

rðtÞ ≈ a − a
da
dt

þ Ce−
t
a

¼ aþ 2σðaÞ
a

þ Ce−
t
a → aþ 2σ

a
; ð11Þ

where C is a positive constant and we have used (2) to
obtain the second line. This result indicates that in the time
scale of OðaÞ any particle approaches

RðaÞ≡ aþ 2σðaÞ
a

; ð12Þ

and it will never cross the radius aðtÞ as long as aðtÞ keeps
decreasing. In the following, we call RðaÞ the surface of the
black hole. We give a numerical demonstration of (11) in
Appendix B.
One might wonder if such a small radial difference 2σ

a
makes sense, since it looks much smaller than lp. However,
the proper distance between the surface and the horizon is
estimated as

Δl ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
grrðRðaÞÞ

p 2σðaÞ
a

≈
ffiffiffiffiffiffiffiffiffiffiffiffi
2σðaÞ

p
; ð13Þ

because grrðrÞ ¼ r
r−a. In general this is proportional to lp,

but the coefficient can be large if we consider a theory with
many species of fields. In fact, in that case, we have

σ ∼ Nl2p ≫ l2p; ð14Þ

where N is the number of fields. We assume that N is large
but not infinite, for example, of the order of 100 as in the
standard model.
So far, we have found the surface (12) based on the

classical motion of particles. However, we can show that
the result is valid even if we treat the particles quantum
mechanically. Suppose that we throw a wave packet of a
massless particle with frequency ω to the black hole [12].
Here, ω is measured at r ≫ a, and there the wavelength is
given by λ ¼ 2π

ω. Then, it becomes blueshifted as it
approaches to r ¼ aþ Δr:

ωlocal ¼
ωffiffiffiffiffiffiffiffiffiffiffiffiffiffi

−gttðrÞ
p :

Thus, the local wavelength is given by

λlocal ¼
2π

ωlocal
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−gttðrÞ

p
λ ≈

ffiffiffiffiffiffi
Δr
a

r
λ:

On the other hand, the proper distance l from r ¼ a is
given by

FIG. 1. A test particle in the time-dependent Schwarzschild
metric. rðtÞ cannot catch up with aðtÞ as long as da

dt ðtÞ < 0.
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l ¼
Z

Δrþa

a
dr

ffiffiffiffiffiffi
grr

p ¼
Z

Δrþa

a
dr

1ffiffiffiffiffiffiffiffiffiffi
1 − a

r

p
≈
Z

Δrþa

a
dr

ffiffiffiffiffiffiffiffiffiffiffi
a

r − a

r
¼ 2

ffiffiffiffiffiffiffiffiffi
aΔr

p
: ð15Þ

Therefore, in order that the wave is contained in a region
with the size l, the wavelength needs to satisfy

1≲ l
λlocal

¼ 2a
λ
; ð16Þ

which turns out to be the same as (3). This tells that such a
wave packet that can go into the black hole behaves as a
particle near r ¼ a. Therefore, we can conclude that (12) is
the position where any wave approaches. Note that (16) is
nothing but the condition for the eikonal approximation.

C. New picture

1. Surface of black holes

We consider spherically symmetric collapsing matter
that forms a black hole in the conventional picture. As is
discussed in Appendix C, we can regard it as consisting of
thin shells with the minimum energy (5). An important
point is that, because of the spherical symmetry, the time
evolution of each shell is not affected by the shells outside
it, if we describe the motion using the local time. Then,
assuming that the mass inside each shell is decreasing as in
(2), we can apply (12) for each shell and find that it is
always apart from its Schwarzschild radius. Therefore, we
can conclude that there is no trapped region.
Next, we consider the outermost shell. Because its radius

approaches RðaðtÞÞ ¼ aðtÞ þ 2σðaðtÞÞ
aðtÞ , all matter is stuffed in

the region r < RðaðtÞÞ, which means that the object has a
clear boundary at r ¼ RðaðtÞÞ. This is the reason why we
call RðaÞ the surface [13]. The region outside the surface is
almost empty, and the object looks exactly the same as the
conventional black holes when it is observed from the
outside. On the other hand, the inside of the surface is
totally different. In particular, the horizon no longer exists
[8,15,16] because of the nontrivial distance (13). In the
following, we call the object a black hole, although it is
significantly different from the conventional ones.
Here, one might wonder if the Hawking radiation is

really created by such an object. However, we can show
that indeed it is [8,15] (see also Appendix C). Generally,
particle creation occurs in a time-dependent potential, and it
takes the Planck-like distribution if the affine parameters on
the null generators of the past and future null infinity are
related exponentially [17]. Indeed, in Appendix D, using
the self-consistent metric obtained in Sec. IV, we show that
particles are created from the vacuum in accordance with
the Planck-like distribution with the Hawking temperature
[18]

THðtÞ ¼
ℏ

4πaðtÞ : ð17Þ

However, as we will see in Sec. II D, the distribution may
be modified by the interaction between the collapsing
matter and the radiation.

2. Self-consistent time evolution of each shell

In this subsection, we investigate how each shell loses
energy during the Hawking radiation. When we analyze the
time evolution of a shell, we can ignore the matter outside it
because of the spherical symmetry and regard the system as
consisting of the shell and the core. Here, the core is the
part of the system inside the shell, and we denote its radius
and mass by r0 and a0

2G, respectively. For simplicity, we
assume that r0 is already very close to Rða0Þ and that the
Hawking radiation is emitted as a conventional black hole,

da0

dt0
¼ −

2σða0Þ
a02

; ð18Þ

where t0 is the time without taking the matter outside the
core into account. We also assume for simplicity that the
shell has no thickness and denote its radius by rs.
Now, we can discuss how the energy of the shell

decreases from its initial value, which we assume to be
ϵ ∼ ℏ

a. We can consider the following three stages.
See Fig. 2.
Stage I.—The shell is far from the core, and the radiation

emitted from the core is not altered by the shell. The total
mass aðtÞ

2G decreases as

da
dt

≈ −
2σða0Þ
a02

: ð19Þ

Stage II.—In the time scale of order a, the shell comes
close to the core. Then, the total system behaves like a
black hole with radius a, the surface of which is located at
r ¼ rs ¼ RðaÞ, and radiates as usual (2). However, the
radiation comes mainly from the shell because the radiation

FIG. 2. Time evolution of the core with a0 and the shell with
ϵðt ¼ 0Þ ∼ ℏ

a in the view of the local time t.
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from the core is extremely weakened by the redshift dt
dt0

caused by the shell, although the core itself radiates
constantly as (18) in terms of t0. Therefore, a0ðtÞ, and thus
Rða0ðtÞÞ, change very little during this stage.
We can examine the time evolution of the energy of the

shell more precisely, which is given by ϵðtÞ ¼ ΔaðtÞ
2G , where

Δa ¼ a − a0. The metric outside the core is given by

ds2¼
�−r−aðtÞ

r dt2þ r
r−aðtÞdr

2þr2dΩ2; for rs≤r;

−r−a0ðt0Þ
r dt02þ r

r−a0ðt0Þdr
2þr2dΩ2; forRða0Þ≤r≤rs;

ð20Þ

where aðtÞ and a0ðt0Þ follow (2) and (18), respectively. The
relation between t and t0 is obtained as follows. First, we
write the time evolution of rs in two ways using the metric
outside and inside the shell:

drs
dt

¼ −
rsðtÞ− aðtÞ

rsðtÞ
;

drs
dt0

¼ −
rsðt0Þ− a0ðt0Þ

rsðt0Þ
: ð21Þ

Then, by taking the ratio, we get

dt0

dt
¼ rs − a

rs − a0
¼

2σðaÞ
a

2σðaÞ
a þ Δa

ð22Þ

≈ 1 −
aΔa
2σðaÞ ; ð23Þ

where we have used rs ¼ RðaÞ ¼ aþ 2σðaÞ
a and assumed

Δa≲ l2p
a together with (14). By using (2), (18), (23), and

1
a02 ≈

1
a2 ð1þ 2Δa

a Þ, we obtain

dϵ
dt

¼ 1

2G

�
da
dt

−
da0

dt

�
¼ 1

2G

�
da
dt

−
dt0

dt
da0

dt0

�

≈ −
1

2G

�
2σðaÞ
a2

−
�
1 −

aΔa
2σðaÞ

�
2σðaÞ
a2

�
1þ 2Δa

a

��

≈ −
ϵ

a
; ð24Þ

which gives

ϵðtÞ ¼ ϵð0Þe− t
aðtÞ: ð25Þ

Here, we have used the fact that aðtÞ does not change
significantly in the time scale of OðaÞ. Thus, the energy of
the shell decreases exponentially in the time scale

Δtdecay ∼ a: ð26Þ

Note that the redshift (23) plays a crucial role in (24). This
indicates that in general the radiation observed from the
outside comes from the region near the surface.

Stage III.—When the energy of the shell is exhausted,
the core starts to radiate without redshift.
Because the above argument can be applied to any shell,

we conclude that the whole object evaporates from the
outside as if an onion is peeled. A more detailed analysis is
as follows. First, we estimate how many shells around
the surface are moving without large redshift. From (22),
we have

dt0

dt
¼ Oð1Þ ≲ 1⇔Δa≲ σ

a
: ð27Þ

Therefore, if we consider a black-hole-like object with
radius a0, the outermost region with the width

Δrsurface ∼
σða0Þ
a0

ð28Þ

is not frozen, which contains σ
l2p
shells with energy ϵ ∼ ℏ

a0
.

Then, the lifetime of the object is estimated as

Δtlife ∼ ðthe decay time of a shellÞ

×
ðthe total number of the shellsÞ

ðthe number of shells moving at the same timeÞ

∼ a0 ×

�a0
G

ϵ
×
1
σ
l2p

�
∼
a30
σ
; ð29Þ

which agrees with the one obtained from (2).

3. Interior of the evaporating black hole

Now, we consider the interior of the object. See Fig. 3.
We examine the region deeper than the outermost one
considered in the previous subsection. In terms of the local
time, the shells in this region simply keep falling as (9) for
the local quantities r0, a0, and t0 (see the lower closeup of
Fig. 3). However, if we see them from the outside, time is

FIG. 3. The interior picture of an evaporating black hole.
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frozen due to the large redshift after the outermost shells
come close to the surface. To check this explicitly, we
consider a shell with radius r0 in the deep region so that
Δa ¼ a − a0 ≫ Δrsurface ∼ σ

a. Here, a and a0 are the
Schwarzschild radius corresponding to the mass of the
total system and that inside the shell, respectively. An
important point here is that the shell has not necessarily
reached Rða0Þ. In fact, in that case, Eq. (22) becomes

dt0

dt
≈

2σ

aΔa
; ð30Þ

which leads to

Δt0 ∼ a⇔Δt ∼
a2

σ
Δa ≫ a: ð31Þ

As we have seen,Δt0 ∼ a is the time scale in which the shell
reaches Rða0Þ. On the other hand, Δt ∼ a2

σ Δa is the time
scale in which the matter outside the shell evaporates by the
Hawking radiation. Thus, we have seen that the interior
region is almost frozen and its structure depends on the
initial distribution [19]. Each shell starts to evolve after the
matter outside it disappears.
Next, we discuss the outermost region with the width∼ σ

a,
where time flows without large redshift. For any initial
distribution, each shell in this region reaches the asymptotic
position Rða0Þ in the time scale a. Then, the Hawking
radiation starts to be created, and the energy of the shell
decreases exponentially as (25) (see the upper closeup of
Fig. 3). As we will see later, this time evolution depends on
the initial data, which give a natural mechanism of the
information recovery.
So far, we have found that a collapsing matter becomes a

compact object with the surface located at r ¼ RðaðtÞÞ, and
it evaporates without forming a trapped region in the time

scale of a3
σ . We will also see in Sec. II F that no trans-

Planckian problem occurs if the theory has many species of
matter fields. Thus, we obtain the Penrose diagram as in
Fig. 4, which is topologically the same as the Minkowski
space [8,15] [20].

D. Closer look at the surface and intensity σðaÞ
In this subsection, we examine the surface more pre-

cisely. In particular, we consider the effect that some
portion of the Hawking radiation is scattered back due
to the gravitational potential or scattering with the other
matter.
The outermost region is magnified in Fig. 5. Here,

for simplicity, time is discretized to the interval Δt ∼ a.
S stands for the surface which is located at

r ¼ RðaðtÞÞ ¼ aðtÞ þ 2σðaðtÞÞ
aðtÞ . Suppose that matter or radi-

ation with energy ϵ ∼ σ0ðaÞ
a is emitted from the surface at

t ¼ ti, which is shown as Pi in the figure [23]. Here, σ0ðaÞ
is the “raw intensity” before taking the scattered flow
into account. In the time scale a, the matter reaches
r ¼ rg ≡ aþ Δr, where Δr ∼ a. At this point Qiþ1, some
amount of the matter is scattered back while the rest goes to
infinity. In order to indicate the portion of the scattered
energy, ϵscat, we introduce a function gðaÞ as

ϵscat ¼
gðaÞ

1þ gðaÞ ϵ: ð32Þ

gðaÞ should be an order 1 quantity and may depend on the
matter Lagrangian. Then, in the time scale a, the scattered
matter comes back to the surface S, which is shown as Piþ2.
Then, it enters into the object and keeps going along the
trajectory Siþ2, and it is covered by the subsequent matter or

radiation. Here, Si is located at r ¼ R0ðaiÞ≡ ai þ 2σ0ðaiÞ
ai

,
which is the asymptotic position of the shell that started
from Qi−1. Thus, a part of the Hawking radiation comes
back in the time scale ∼a. This process occurs continu-
ously, and we find that the physical surface S consists of the
scattered matter and radiation.
Now, we relate the raw intensity σ0 to the net intensity σ.

To do it, we estimate how the mass of the total system

FIG. 4. The Penrose diagram of the evaporating black hole in
the vacuum. FIG. 5. A closer look at the outermost region.
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decreases during tiþ2 ≤ t ≤ tiþ3. Adding the decrease by
the raw emission and the increase by the scattered energy
(32), we have

Δa ¼ −
2σ0
a2iþ2

Δtþ g
1þ g

2σ0
a2i

Δt

≈ −
2σ0
a2

Δtþ g
1þ g

2σ0
a2

Δt ¼ −
1

1þ g
2σ0
a2

Δt: ð33Þ

Comparing this with (2), we obtain

σðaÞ≡ σ0ðaÞ
1þ gðaÞ : ð34Þ

Although gðaÞ may depend on the detail of the matter
Lagrangian, the argument in Sec. II B is still valid, and the
position of the surface S is determined by σ, as in (12).

E. Stationary black holes in the heat bath

Here, we consider how the black-hole-like object
becomes in equilibrium with the heat bath. Suppose an
evaporating object with mass a

2G is put in the heat bath of
temperature TH ¼ ℏ

4πa. As the matter in the outermost
region comes out of the object [23], the radiation from
the heat bath replaces it. Because the collapsing matter is
replaced by the radiation in the heat bath, this process is not
an equilibrium one. After this process is completed in the
outermost region, the system becomes stationary. Figure 6
represents this situation.
The remarkable point is that this process occurs only in

the outermost region where time flows. The matter in the
deeper region is almost frozen and keeps having its initial
information. Nevertheless, the total object becomes in
equilibrium with the heat bath in that the outgoing and
ingoing flows balance almost completely. In the rigorous
sense, it is merely a stationary state, but in practice, it
behaves as an equilibrium state. Finally, we show the

Penrose diagram. See Fig. 7. While the interior structure
depends on the initial distribution of matter, the exterior is
universally described by the Schwarzschild metric, Eq. (8)
with a ¼ const.

F. Absence of trans-Planckian problems

In this subsection, we will show that the trans-Planckian
effects are absent if the theory has many fields. We consider
the matter in the outermost region with width ∼ σ

a, where
time flows as is discussed in (28). The energy of the matter
is given by ϵ ∼ σ

Ga due to the relation a ¼ 2GM. Because
the energy of the minimum quantum is ϵ1 ∼ ℏ

a as discussed
by Bekenstein [4], we can regard the matter as consisting of
ϵ
ϵ1
∼ σ

l2p
∼ N quanta. This is consistent with the fact that we

haveN species of fields. In fact, we can consider how the N
quanta with wavelength ∼a are compressed to form the
outermost region just outside the core. See Fig. 8. During
this process, the waves are adiabatically compressed
because the initial wavelength is ∼a, and the condition
(16) is satisfied.
Each quantum with energy ϵ1 ∼ ℏ

a is blueshifted as it falls
toward the core, and the energy becomes

ϵlocal1 ¼ ϵ1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−gttðRðaÞÞ

p ∼
ℏffiffiffiffiffiffiffiffiffi
σðaÞp : ð35Þ

Here, we have used (12) and (20) to obtain gttðRðaÞÞ ¼
− RðaÞ−a

RðaÞ ≈ − 2σðaÞ
a2 . From (14), we have ϵlocal1 ≪ mp when N

FIG. 6. The black hole that is in equilibrium with the heat bath.
The matter in the outermost region has been replaced with
radiation from the heat bath.

FIG. 7. The Penrose diagram for the stationary black hole in
Fig. 6.

FIG. 8. σ
l2p
quanta with energy ϵ1 ∼ ℏ

a approaching the core.
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is large. This indicates that each quantum does not have
trans-Planckian energy.
It should be noted that the wavelength λlocal1 of each

quantum is of the same order as the proper length Δl of the
outermost region:

λlocal1 ¼ ℏ

ϵlocal1

∼
ffiffiffiffiffiffiffiffiffi
σðaÞ

p
ð36Þ

Δl ∼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
grrðRðaÞÞ

p σðaÞ
a

∼
ffiffiffiffiffiffiffiffiffi
σðaÞ

p
: ð37Þ

Here, we have used (12) and (20) to obtain grrðRðaÞÞ ¼
RðaÞ

RðaÞ−a ≈
a2

2σðaÞ. This gives another support to the picture that

the waves are adiabatically compressed as in Fig. 8 [24].
The above results suggest that the typical scale in which

things change is ∼
ffiffiffi
σ

p
. Therefore, the curvature can be

estimated as

R ∼
1

ð ffiffiffi
σ

p Þ2 ∼
1

σ
; ð38Þ

which is smaller than l−2p from (14). We will justify this
result in Sec. IV by examining the self-consistent metric.
See Eq. (75).
We can show that the energy density ρ ¼ −hTt

ti is much
smaller than the Planck scale if the object is sufficiently
large, a ≫ lp. First, we note that for the general spherically
symmetric system the Arnowitt-Deser-Misner (ADM)
energy inside radius r is given by [10]

MðrÞ ¼ 4π

Z
r

0

dr0r02ρðr0Þ: ð39Þ

In Fig. 8, the total energy ϵ of the quanta is conserved, and
using (39), we have

ϵ ∼ 4πa2Δrbeforeρbefore ∼ 4πa2Δrafterρafter: ð40Þ

Here, Δrbefore, ρbefore, Δrafter, and ρafter are the size of the
region and the energy density before and after the process,
respectively. Using ϵ ∼ σ

Ga, Δrbefore ∼ a, Δrafter ∼ σ
a, and

N ∼ σ
l2p
, we obtain

ρbefore ∼
Nℏ
a4

; ð41Þ

ρafter ∼
1

Ga2
: ð42Þ

Both are much smaller than the Planck scale if N is not too
large. Equation (42) will be checked by the self-consistent
solution [see Eq. (78)].
It is expected that the energy flux density is of the same

order as the energy density, because the matter is

ultrarelativistic near RðaÞ as in (35). Indeed, we can check

this as follows. The Hawking flux is given by JðaÞ ¼ σðaÞ
Ga2

from (2), and considering the double blueshift factors,
we have

JlocalðRðaÞÞ ¼
�

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−gttðRðaÞÞ

p �
2

JðaÞ

≈
a2

2σðaÞ
σðaÞ
Ga2

¼ 1

2G
: ð43Þ

Therefore, the flux per unit area is estimated as [16]

jlocalðRðaÞÞ ¼
1

4πRðaÞ2 JlocalðRðaÞÞ ≈
1

8πGa2
; ð44Þ

which is again very small compared with the Planck scale.
Note that if the horizon existed Jlocal would diverge
at r ¼ a.

G. Strong angular pressure

We show that a strong pressure in the angular direction
appears in the interior of the black hole. We consider stage
II of Fig. 2 and evaluate the surface energy-momentum
tensor on the shell. We can use the junction condition for
a null hypersurface [25,26], because the shell moves
almost lightlike along (9). We obtain the surface energy
density and surface pressure [8] (see Appendix F for the
derivation.):

ϵ2d ¼
ϵ

4πr2s
;

p2d ¼
−rs

8πGðrs − aÞ2
�
da
dt

−
�
rs − a
rs − a0

�
2 da0

dt0

�
: ð45Þ

ϵ2d simply represents the energy per unit area of the shell
with energy ϵ. In the expression of p2d, the first term
corresponds to the total energy flux from the whole object
(2). The second term represents the energy flux from the
core (18) that is redshifted due to the shell [see Eq. (22)].
Thus, p2d is induced by the Hawking radiation from the
shell itself.
We can estimate p2d for rs ¼ RðaÞ using a similar

argument to (24) (see Appendix F):

p2d ≈
rs

8πGðrs − aÞ2
�
2σ

a2
−
�
1 −

aΔa
σ

�
2σ

a2

�
1þ 2

Δa
a

��

∼
a

GN2l2p
: ð46Þ

Here,Δa ∼ l2p
a and (14) have been used. Let us see how large

this is as a three-dimensional quantity. Noting that p2d is a
force per unit length on the spherical shell with the
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curvature radius ∼a, we expect that the three-dimensional
pressure is given by

pθ ∼
p2d

a
∼

1

GN2l2p
: ð47Þ

As we will show in Sec. IV D, Eq. (47) can be understood
by the four-dimensional Weyl anomaly [27]. This is large,
but not trans-Planckian because of (14). If an observer falls
into the object as Si in Fig. 5, he will find this intense
pressure around the surface. This may be identified with the
firewall [28], although the interpretation is rather different.
Furthermore, the pressure is extremely anisotropic because
the radial pressure pr can be estimated as pr ∼ jlocal ∼ 1

Ga2

from (44), which is much smaller than (47). Therefore, the
interior of the object cannot be regarded as the ordinary
fluid.
At a first glance, the strong angular pressure seems

mysterious. However, it plays an important role to decel-
erate and sustain the collapsing matter. They lose energy
as they shrink against the pressure, and the energy is
converted to the Hawking radiation. Therefore, we can
conclude that the existence of the strong angular pressure is
self-consistent and robust. In this sense, the new picture
is very different from that of the two-dimensional
models [29].

III. INFORMATION RECOVERY
IN THE NEW PICTURE

A. Interaction

As we have seen in the new picture, the Hawking
radiation is created near the surface (see Appendix D for
the detailed analysis). Therefore, it is important to consider
the interaction between the collapsing matter and the
Hawking radiation. Here, we estimate the time scale of
the scattering by considering only the s-wave and approxi-
mating the interaction as a one-dimensional scattering
problem.
Suppose that the ingoing matter and outgoing Hawking

radiation interact with a small dimensionless coupling
constant λ (see Fig. 9). There are two possible cases.
One is the backward scattering, after which the ingoing
matter goes outward and the Hawking radiation inward. In
this case, they exchange their energies. The other is the
forward scattering, in which the matter and radiation go
through each other. If we denote the probability of the
backward scattering per unit proper time by Plocal, the
scattering proper time Δτscat is evaluated from

Z
Δτscat

0

dτPlocal ¼ 1; ð48Þ

where dτ ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−gttðr ≈ RðaÞÞp

dt ≈
ffiffiffiffiffiffiffiffi
2σðaÞ

p
a dt.

We can estimate Plocal as follows. First, we have

Plocal ¼ Ωcross × F; ð49Þ

where Ωcross and F are the cross section and the number
flux, respectively. Ωcross is given by

Ωcross ∼ λ2
ℏ

ϵlocalin

ℏ

ϵlocalout
; ð50Þ

where ϵlocalin and ϵlocalout are the local energy of the ingoing
matter and outgoing radiation, respectively. We note that
the energy of the wave in the collapsing matter decays as
(25) and that the typical local energy scale is given by (35).
Thus, we have

Ωcross ∼ λ2σðrÞe
τffiffiffiffiffiffi
2σðrÞ

p
: ð51Þ

Next, using (44), we have

F ∼ jlocalðRðaÞÞ ×
1

ϵlocalout
∼

ffiffiffiffiffiffiffiffiffi
σðaÞp
l2pa2

: ð52Þ

Then, Eq. (48) becomes

1 ¼
Z

Δτscat

0

dτΩcross × F

∼
Z

Δτscat

0

dτλ2σðaÞe
τffiffiffiffiffiffi
2σðaÞ

p
×

ffiffiffiffiffiffiffiffiffi
σðaÞp
l2pa2

≈
ffiffiffi
2

p
λ2σðaÞ2
l2pa2

e
Δτscatffiffiffiffiffiffi
2σðaÞ

p
;

from which we obtain

Δτscat ∼
ffiffiffiffiffiffiffiffiffiffiffiffi
2σðaÞ

p
log

�
lpa

λσðaÞ
�
: ð53Þ

In terms of the Schwarzschild time, it corresponds to

Δtscat ∼ a log

�
lpa

λσðaÞ
�
: ð54Þ

FIG. 9. Scattering process between ingoing matter and out-
going radiation in the outermost region.
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B. Wave nature of matter

We next examine another possible mechanism of the
information recovery. Equation (25) indicates that the
wavelength of the particles in the outermost region
increases as

λlocalðτÞ ¼
ℏ

ϵlocalðτÞ
∼

ffiffiffiffiffiffiffiffiffi
σðaÞ

p
e

τffiffiffiffiffiffi
2σðaÞ

p
; ð55Þ

where we have used (25), (36), and dτ ≈
ffiffiffiffiffiffiffiffi
2σðaÞ

p
a dt. The

matter can no longer stay in the black hole if the wavelength
becomes larger than the size of the black hole:

λlocalðτÞ≳ lBHðτÞ: ð56Þ
Here,

lBHðtÞ ¼
Z

RðaðtÞÞ

0

dr
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
grrðt; rÞ

p
ð57Þ

is the proper size of the black hole which depends on the
interior metric grrðt; rÞ. We can rewrite the condition (56)
by using (55) as

τ ≳ ffiffiffiffiffiffiffiffiffiffiffiffi
2σðaÞ

p
log

�
lBHffiffiffiffiffiffiffiffiffi
σðaÞp �

≡ Δτwave: ð58Þ

Thus, Δτwave is the time scale in which the matter comes
back by the wave nature.
lBH is estimated as follows. We first note that the flat

space, in which grr ¼ 1, has the minimum proper length.
On the other hand, we expect that the interior of the
adiabatically formed black hole, which we will see in
the next section, has the longest proper length. Thus, using
the self-consistent metric (72), we have

1 ≤ grrðrÞ ≤
r2

2σðrÞ ⇒ a≲ lBHðaÞ≲ a2

2
ffiffiffiffiffiffiffiffiffiffiffiffi
2σðaÞp : ð59Þ

At any rate, Δτwave is approximately given by

Δτwave ∼
ffiffiffiffiffiffiffiffiffiffiffiffi
2σðaÞ

p
log

affiffiffiffiffiffiffiffiffi
σðaÞp ; ð60Þ

from which we obtain the time scale in terms of the
Schwarzschild time

ΔtwaveðaÞ ∼ a log
affiffiffiffiffiffiffiffiffi
σðaÞp : ð61Þ

C. Time evolution of information recovery

Based on the above results, we can discuss how the
information recovers in the evaporation process. Because
the two time scales (54) and (61) are essentially the same
and expressed as

Δtback ∼ a log
a
lp
; ð62Þ

we do not have to distinguish the detailed mechanism. At
any rate, it indicates that after the particle with initial energy
∼ ℏ

a reaches the surface of the black hole, it comes back with
its initial information in the time scale Δtback. Thus, the
energy flow agrees with the information flow, and the
information comes back in sequence from the outside as
the black hole evaporates. Note that (62) also corresponds
to the thermalization time in the sense of Sec. II E.
We can examine the time evolution of the entanglement

entropy between the black hole and the emitted matter.
Suppose that initially the collapsing matter is in a pure
state. The time evolution of the total system is unitary
because there is no trans-Planckian physics and it is
described by a local field theory. Therefore, as usual, the
entanglement entropy increases for a while, and it starts to
decrease after about half of the black hole has evaporated.
This time is about the half of the lifetime of the black hole
∼ a3

σ , which is essentially the same as the Page time [30].
When the black hole evaporates completely, the entropy
becomes zero again, which means that all the information
has come out.

D. Nonconservation of baryon number

We discuss the conservation of the baryon number in the
evaporation process. Suppose we construct a black hole
with radius a from a2

l2p
baryons by repeating Bekenstein’s

operation [4] (see Appendix A). The important point is that,
although each baryon has the rest mass m, it increases the
ADMmass of the black hole by ∼ ℏ

a, which is much smaller
thanm. Then, if the baryon number is conserved, not all the
baryons can come back to infinity after the evaporation
because the total rest mass ∼ a2

l2p
m is much larger than the

total ADM mass a
2G. In other words, even if the baryons are

emitted near the surface, they cannot reach infinity due to
the binding energy. String theory may give an answer to
this paradox. Actually, in string theory it is believed that
there is no continuous global symmetry, and any continu-
ous symmetry must be gauged [31]. Therefore, we can
expect that baryons are converted to massless particles
through some interaction in the region near the surface
where the local energy of particles is close to the Planck
scale as (35). Thus, the black hole made from baryons can
evaporate by violating the baryon number conservation.

IV. ADIABATICALLY FORMED
SCHWARZSCHILD BLACK HOLE

A. Black hole in the heat bath

We consider a small Schwarzschild black hole put in a
heat bath and grow it to a large one adiabatically by
changing the temperature and size of the heat bath properly
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(see Fig. 10). As was discussed in Sec. II, the black hole has
the surface at r ¼ Rða0Þ when the mass is a0

2G, and the
radiation from the black hole always balances that from the
heat bath as in Fig. 6. Therefore, the structure at the radial
coordinate r is completely determined when the surface is
at r. Once it is determined, it is not altered even after the
black hole grows because of the spherical symmetry [32].
Hence, the interior metric is independent of the total size of
the black hole, a. Thus, we can parametrize the metric as

ds2 ¼ −
1

BðrÞ e
AðrÞdt2 þ BðrÞdr2 þ r2dΩ2;

for r ≤ RðaÞ; ð63Þ

where neither AðrÞ nor BðrÞ depends on a. In the next
subsection, we will determine AðrÞ and BðrÞ in terms of
two phenomenological functions. On the other hand, the
region r ≥ RðaÞ is approximated by the Schwarzschild
metric, Eq. (8) with a ¼ const.
We discuss here the time scale for adiabaticity. As we

have seen in the previous sections, the unfrozen region at

each stage has the width∼ σða0Þ
a0 , (28), and it is thermalized in

the time scale a0 log a0
lp
, (62). Therefore, if the radius a

changes byΔa ∼ σ
a in a time scale longer than a log a

lp
, it can

be regarded as an adiabatic process [33].

B. Determination of the interior metric

The function BðrÞ is easily determined if we assume that
the metric at radial coordinate r is completely frozen to the
value when the surface is at r in the growing process
Fig. 10. First, grr on the surface is obtained from (8) by
setting r ¼ RðaÞ:

grrjr¼RðaÞ ¼
RðaÞ

RðaÞ − a
¼ RðaÞa

2σðaÞ ≈
RðaÞ2

2σðRðaÞÞ : ð64Þ

In the last expression, we have replaced a with RðaÞ
because 2σ

a is much less than a for a large black hole,
a ≫ lp. This can be directly identified with BðRðaÞÞ in (63)
because the radial coordinate r is uniquely fixed in the

Schwarzschild coordinate (8): BðRðaÞÞ ¼ RðaÞ2
2σðRðaÞÞ. Because

this result holds for any a, and we have postulated that AðrÞ

and BðrÞ do not depend on a, we find that the function BðrÞ
is determined as

BðrÞ ¼ r2

2σðrÞ : ð65Þ

In order to determine AðrÞ, we consider the energy-
momentum flow inside the black hole. Because the system
is in equilibrium, it has the time-reversal symmetry and
satisfies

−hTμνikν ¼ ηðlμ þ fðrÞkμÞ;
−hTμνilν ¼ ηðkμ þ fðrÞlμÞ: ð66Þ

Here, fðrÞ is expected to be of order 1 and vary slowly
compared with lp:

df
dr lp ≪ f. l and k are the radial outgoing

and ingoing null vectors, respectively,

l ¼ e−
A
2∂t þ

1

B
∂r; k ¼ e−

A
2∂t −

1

B
∂r; ð67Þ

which transform under time reversal as ðl; kÞ → ð−k;−lÞ.
Equation (66) can be rewritten as

hTkki∶hT lki ¼ 1∶f; hTkki ¼ hT lli; ð68Þ

where Tkk stands for Tμνkμkν, and so on. This is also
expressed in terms of the ratio between the energy density
−hTt

ti and the radial pressure hTr
ri:

hTr
ri

−hTt
ti
¼ 1 − f

1þ f
: ð69Þ

Here, we discuss the physical meaning of fðrÞ (see
Fig. 11). The vector Pμ ¼ hTμki at r inside the black hole
represents the energy-momentum flow through the ingoing
lightlike spherical surface S of radius r. Since S can be
regraded as an evaporating black hole with M ≈ r

2G, Pμ

describes the radiation from the black hole. If the radiated
particle is massless and propagates outward along the radial
direction without scattering, Pμ should be parallel to lμ,
which means f ¼ 0. Therefore, the value of f represents
the deviation from such an ideal situation. If the radiated
particle is massive, Pμ is timelike, and we have f > 0.

FIG. 10. The black hole that is formed adiabatically in the heat
bath.

FIG. 11. The meaning of fðrÞ.
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Even when the particle is massless, f can become nonzero if
the particle is scattered in the ingoing direction by gravita-
tional potential or interaction with other particles. Note that
fðrÞ in the outermost region may be different from one in the
deeper region. This is because the energy density outside the
surface is less than that in the deeper region [see (41) and
(42)], and the probability of scattering should be different. In
the following, we assume that fðrÞ does not depend on a
except for a very thin outermost region.
Once fðrÞ is given, we can determine AðrÞ as follows.

Using (69) and the Einstein equation, we obtain

2

1þ f
¼ Gr

r

−Gt
t
þ 1 ¼ r∂rA

B − 1þ r∂r logB
≈
r∂rA
B

: ð70Þ

In the last equation, we have used B ≫ 1 and B ≫
r∂r logB for r ≫ lp, which can be easily checked from
(65). From (65) and (70), we have

AðrÞ ¼
Z

r

r0

dr0
r0

ð1þ fðr0ÞÞσðr0Þ ; ð71Þ

where r0 is a reference point.
Now, by connecting the inside metric (63) and the

outside metrics (8) at the surface, we can write down the
metric of the black hole of radius a that has been grown in
the heat bath [15],

ds2 ¼
(
− 2σðrÞ

r2 e
−
R

RðaÞ
r

dr0 r0
ð1þfðr0ÞÞσðr0Þdt2 þ r2

2σðrÞ dr
2 þ r2dΩ2; for r ≤ RðaÞ;

− r−a
r dt2 þ r

r−a dr
2 þ r2dΩ2; for r ≥ RðaÞ;

ð72Þ

where RðaÞ ¼ aþ 2σðaÞ
a . This metric is continuous at

r ¼ RðaÞ. We emphasize that the interior metric of (72)
does not exist in the classical limit ℏ → 0 because σðrÞ
vanishes.
As we have discussed in Sec. II, in general the inside

metric depends on the initial distribution of the collapsing
matter. If we put such an object in the heat bath with the
Hawking temperature, the outermost region becomes in
equilibrium (as discussed in Sec. II E) in the time scale
a log a

lP
, while the deeper region is almost frozen. However,

if wewait a very long time, or if we make it shrink and grow
adiabatically by changing the temperature of the heat bath,
the inside is replaced by the radiation from the heat bath,
and the object becomes exactly in equilibrium, the metric of

which is given by (72). In this sense, the metric (72)
represents the state with the maximum entropy. We will
show later that it agrees with the area law.
Similarly, we can construct the metric of the evaporating

black hole in the vacuum. To do that, we first rewrite (63) in
the Eddington-Finkelstein-like coordinates as

ds2 ¼ −e
AðrÞ
2

�
1

BðrÞ e
AðrÞ
2 duþ 2dr

�
duþ r2dΩ2; ð73Þ

where we have introduced u-coordinate by du ¼
dt − BðrÞe−AðrÞ

2 dr. Then, we obtain the metric by connecting
(73) to the Vaidya metric [9] along the null surface S,

ds2 ¼
(
−e−

R
RðaðuÞÞ
r

dr0 r0
2ð1þfðr0ÞÞσðr0Þ

�
2σðrÞ
r2 e

−
R

RðaðuÞÞ
r

dr0 r0
2ð1þfðr0ÞÞσðr0Þduþ 2dr

	
duþ r2dΩ2; for r ≤ RðaðuÞÞ;

− r−aðuÞ
r du2 − 2drduþ r2dΩ2; for r ≥ RðaðuÞÞ;

ð74Þ

where RðaðuÞÞ ¼ aðuÞ þ 2σðaðuÞÞ
aðuÞ , and aðuÞ satisfies daðuÞ

du ¼
− σðaðuÞÞ

aðuÞ2 . This metric is continuous at r ¼ RðaðuÞÞ.

C. Consistency checks

We give some consistency checks here. First, we
investigate the large redshift inside the black hole.
The tt-component of (72) behaves as −gtt ∼
exp ð− a

ð1þfÞσ ðR − rÞ − 2 log affiffiffiffi
2σ

p Þ slightly below the sur-

face, r≲ R. Here, we have used the fact that σðrÞ=l2p and
fðrÞ are of order 1 and small compared with r=lp. This
means that time flows only in the outermost region with the

width of Oðl2paÞ, and it is exponentially frozen in the deeper

region, which is consistent with (28).
Next, we examine the validity of the use of the Einstein

equation. From (72), we can evaluate the geometrical
invariants in the region lp ≲ r ≤ RðaÞ and obtain

R;
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
RμνRμν

p
;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
RμναβRμναβ

q
∼

1

ð1þ fÞ2σ : ð75Þ

This means that if the condition
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σð1þ fÞ2 ≫ l2p ð76Þ

is satisfied, the curvature is small compared to l−2p , and we
can use the Einstein equation without worrying about the
higher-derivative corrections. Note that (76) is the same as
(14) because f ¼ Oð1Þ, and (75) is consistent with (38).
The condition (76) is realized if there are many fields as in
the standard model. Although this field-theoretic approach
does not apply to the small region 0 ≤ r≲ lp, the curvature
at r ≈ lp is smaller than the Planck scale as (75), and
dynamics in such a small region would be resolved by
string theory. In this sense, this metric does not have a
singularity [34], as we have expected in Sec. II F.
Furthermore, as we will check in the next subsection,
Eqs. (72) and (74) correctly contain the effect of the four-
dimensional Weyl anomaly. In this sense, they can be
regarded as the self-consistent solutions of

Gμν ¼ 8πGhTμνi: ð77Þ

We then investigate the behavior of the energy-
momentum tensor inside the black hole. They can be
evaluated from (72) for r ≫ lp as [35]

−hTt
ti ¼

1

8πG
1

r2
;

hTr
ri ¼

1

8πG
1 − f
1þ f

1

r2
;

hTθ
θi ¼

1

8πG
1

2ð1þ fÞ2σ : ð78Þ

The energy density −hTt
ti ¼ 1

8πG
1
r2 is positive definite

everywhere [37] and consistent with (42). It gives the
mass of the black hole correctly through (39):

M ¼ 4π

Z
RðaÞ

∼
ffiffi
σ

p dr0r02ð−hTt
tiÞ ≈

a
2G

: ð79Þ

Furthermore, the strong angular pressure hTθ
θi appears as

in (47). Actually, it breaks the dominant energy condition
[26], hTθ

θi ≫ −hTt
ti, and leads to the drastic anisotropy,

hTθ
θi ≫ hTr

ri, as we have discussed in Sec. II G. Thus, the
interior is not a fluid.
Finally, we check that the energy-momentum flow Pμ ¼

hTμki through the ingoing lightlike spherical surface S is
equal to the strength σ of the Hawking radiation. Actually,
the total energy flux measured by the local time is given by

J ≡ 4πr2Pμuμ ¼ 4πr2
1

B
ð−hTt

tiÞ ¼
σ

Gr2
; ð80Þ

where u ¼ e−
A
2∂t, and in the last equation we have used

(65) and (78). This is consistent with (2).

D. Case of conformal matter

In this subsection, we consider conformal matter and
show that the metric (72) is indeed the self-consistent
solution of Gμν ¼ 8πGhTμνi [15]. We start with the Weyl
anomaly [38,39]

Gμ
μ ¼ 8πGhTμ

μi ¼ γF − αGþ 2

3
β□R; ð81Þ

where F ≡ CμναβCμναβ and G≡ RμναβRμναβ − 4RμνRμνþ
R2. We have introduced the notations

γ ≡ 8πGℏc; α≡ 8πGℏa; β≡ 8πGℏb; ð82Þ

where c, a, b are the coefficients in the Weyl anomaly. This
equation together with the assumption (68) determines AðrÞ
and BðrÞ as follows.
Here, we assume that for r ≫ lp, AðrÞ and BðrÞ are large

quantities of the same order as expected from (65) and (71):

AðrÞ ∼ BðrÞ ≫ 1: ð83Þ

In order to examine what terms dominate in (81) for r ≫ lp,
we replace A, B, and r with μA, μB, and

ffiffiffi
μ

p
r, respectively,

and pick up the terms with the highest powers of μ.
Then, we have [40]

A02

2B
þ… ¼ γ

�
A04

12B2
þ…

�
− α

�
−μ−1

2A02

r2B
þ…

�

þ 2

3
β

�
μ−1
�
A03B0

4B3
−
A02A00

2B2

�
þ…

�
: ð84Þ

Therefore, under the assumption μ ≫ 1, Eq. (84) becomes
A02
2B ¼ γ A04

12B2, that is,

B ¼ γ

6
A02: ð85Þ

By combining this equation with (70), which is the
consequence of (68), 2

1þf ¼ r∂rA
B , we obtain

A0 ¼ 3ð1þ fÞr
γ

; B ¼ 3ð1þ fÞ2r2
2γ

: ð86Þ

It is natural to expect that the dimensionless function
fðrÞ is a constant for the conformal fields

fðrÞ ¼ const ð87Þ

If we assume it, we obtain the following interior
metric:
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ds2 ¼ −
2γ

3ð1þ fÞ2r2 e
−3ð1þfÞ

2γ ½RðaÞ2−r2�dt2

þ 3ð1þ fÞ2r2
2γ

dr2 þ r2dΩ2; for r ≤ RðaÞ: ð88Þ

This contains only two parameters. One is the c-coefficient,
which is determined by the matter content. The other is the
constant f, which may depend on the detail of the dynamics
and the initial state. Thus, we have seen that (88) is the
self-consistent solution of Gμν ¼ 8πGhTμνi [41].
Now, we can understand the origin of the Hawking

radiation. In fact, by comparing the second equation in (86)
with (65), we find

σ ¼ γ

3ð1þ fÞ2 ; ð89Þ

and the condition for the curvature to be small (76)
becomes γ ≫ l2p, that is,

c ≫ 1: ð90Þ

Thus, we have seen that the Hawking radiation is produced
by the four-dimensional Weyl anomaly [39,42,43]. It is
interesting that the strength of the Hawking radiation is
proportional to the c-coefficient. The positive Hawking
radiation ensures the positivity of the c-coefficient [44].
Furthermore, if we compare (89) with (34) in the outermost
region, it is natural to conjecture

σ0 ¼
γ

3
; 1þ g ¼ ð1þ fÞ2: ð91Þ

We can also understand the existence of the strong
angular pressure. Actually, from (78), we have

hTθ
θi ¼

1

2
hTμ

μi; ð92Þ

which indicates that the large pressure arises as a conse-
quence of the Weyl anomaly.

E. Mechanisms of energy extraction

1. Time evolution of the energy of the collapsing matter

We examine how the collapsing matter loses energy in
the metric (72). In Appendix G, we show that the local
energy ϵlocalðτÞ decreases exponentially as a function of the
local time τ:

ϵlocalðτÞ ¼ ϵlocalð0Þe−
τffiffiffi

2σ
p ð1þfÞ: ð93Þ

If we consider the outermost region, the decay time in terms
of the proper time

ΔτdecayðrÞ ¼
ffiffiffiffiffiffiffiffiffiffiffi
2σðrÞ

p
ð1þ fðrÞÞ ð94Þ

can be converted to the Schwarzschild time by using

dτðRðaÞÞ ≈
ffiffiffiffiffiffiffiffi
2σðaÞ

p
a dt as

Δtdecay ¼ ð1þ fðaÞÞa: ð95Þ

This is consistent with (25) except for an extra factor
(1þ f). The decay time is increased by this factor because
the emission rate is reduced by the scattering.

2. Energy exchange and the Weyl anomaly

Here, we analyze the local energy conservation
∇αhTα

βi ¼ 0 in the presence of the Weyl anomaly and
try to get a microscopic picture of the energy decrease (93).
First, we express the energy flux from each part by the trace
of the energy-momentum tensor. Using the same argument
as (43), we can show that the outgoing flow of the local
energy at r0 is given by

Jlocalðr0Þ ¼
1

2G
: ð96Þ

Then, the local energy flow created by the thin region
r − Δr ≤ r0 ≤ r is given by

ΔJlocalðrÞ ¼ JlocalðrÞ − Jlocalðr − ΔrÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−gttðr − ΔrÞ

−gttðrÞ

s
2

≈ e−AðrÞ∂r½eAðrÞJlocalðrÞ�Δr
¼ r

2Gð1þ fðrÞÞσðrÞΔr: ð97Þ

This result is also obtained from the energy conservation
and the Weyl anomaly. In fact, by rewriting ∇αhTα

βi ¼ 0
for the metric (72), we obtain

ΔJlocal
Δrlocal

¼ 4π
ffiffiffiffiffi
2σ

p
ð1þ fÞhTμ

μi; ð98Þ

where Δrlocal ¼ ffiffiffiffiffiffi
grr

p Δr. This indicates that the outgoing
energy is produced at each point by the four-dimensional
Weyl anomaly and increases as it goes outward.
Similarly, we can consider the ingoing energy flow.

From the time reversal symmetry, we see that the ingoing
energy flow decreases as it goes inward. This can happen if
the ingoing energy of the matter is reduced by the negative
energy that is created from the vacuum inside the black
hole. This situation is similar to that in the two-dimensional
models [39,46]. In our case, however, the positive energy
brought by the collapsing matter is greater than the negative
energy so that the total energy density is positive every-
where as (78). Thus, the anomaly describes the net effect
of the conversion of the ingoing energy to the outgoing one.
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In order for this mechanism to work, there must be proper
interactions between the collapsing matter and the negative
energy states. To describe the precise process of evapora-
tion such as the information recovery and the baryon
number nonconservation, it should be important to under-
stand such interactions.

F. Entropy

Because the adiabatically formed black hole has the
maximum entropy, the area law should be obtained if we
sum up the entropy of the interior. More concretely, we put
such a black hole in the vacuum and examine the entropy
flow during the evaporation. Because the interior is frozen,
we slice it to shells with the typical width σ

r, which has been
discussed in Sec. II F. See Fig. 12. Then, the total entropy
should be given by

S ¼
Z

dl
Z

dτ_sðrÞ; ð99Þ

where _sðrÞ is the entropy emitted per unit proper width
dl ¼ ffiffiffiffiffiffi

grr
p

dr per unit local time dτ ¼ ffiffiffiffiffiffiffiffi−gtt
p

dt.
We first evaluate the local time ΔτflowðrÞ that it takes for

a shell with radius r to appear at the surface,

ΔτflowðrÞ ¼
ffiffiffiffiffiffiffiffiffiffiffi
2σðrÞp
r

Z
tC

0

dte
−
R

RðaðtÞÞ
r

dr0 r0
2ð1þfðr0ÞÞσðr0Þ

≈
ffiffiffiffiffiffiffiffiffiffiffi
2σðrÞp
r

Z
tC

0

dte−
aðtÞ2−r2

4ð1þfðrÞÞσðrÞ

¼
ffiffiffiffiffiffiffiffiffiffiffi
2σðrÞp
r

Z
að0Þ

r
da

a2

2σðaÞ e
− a2−r2
4ð1þfðrÞÞσðrÞ

≈
ffiffiffiffiffiffiffiffiffiffiffi
2σðrÞ

p
ð1þ fðrÞÞ; ð100Þ

where tC is the time at which aðtÞ becomes r, aðtCÞ ¼ r,
and (2) has been used. Note that this agrees with (94)
because time flows only in the outermost region.
Next, we consider the entropy flux Js from each shell.

Because the black hole has been formed adiabatically, we
can use the relation ΔS ¼ ΔQ

T and have Js ¼ Jlocal
T local

. Here,
Jlocal is the local energy flux given by (96), and T local is the
local temperature at r. We assume that in the adiabatic
process of the black hole formation, the local temperature

at a point is frozen to the value at the moment when the
point is covered by the surface. Therefore, using gttðrÞ ¼
−1þ a0

r , we have

T localða0Þ ¼
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

−gttðr ¼ Rða0ÞÞp ℏ
4πa0

¼ ℏ

4π
ffiffiffiffiffiffiffiffiffiffiffiffiffi
2σða0Þp ;

ð101Þ

from which we obtain

Js ¼
Jlocal
T local

¼ 2π
ffiffiffiffiffiffiffiffiffiffiffi
2σðrÞp
l2p

: ð102Þ

Then, we can calculate _s similarly to (97):

_sðrÞ ¼ 1ffiffiffiffiffiffi
grr

p Δr

"
JsðrÞ − Jsðr − ΔrÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−gttðr − ΔrÞ

−gttðrÞ

s #

≈
1ffiffiffiffiffiffi
grr

p e−AðrÞ∂r½eAðrÞJsðrÞ�

≈
2π

l2pð1þ fðrÞÞ : ð103Þ

Now, using (100), (103), and ΔlðrÞ ¼ rffiffiffiffiffiffiffiffi
2σðrÞ

p Δr, we can
evaluate (99) as

SBH ¼
Z

RðaÞ

0

dr
rffiffiffiffiffiffiffiffiffiffiffi
2σðrÞp ×

ffiffiffiffiffiffiffiffiffiffiffi
2σðrÞ

p
ð1þ fðrÞÞ

×
2π

l2pð1þ fðrÞÞ

¼
Z

RðaÞ

0

dr
2πr
l2p

≈
πa2

l2p
; ð104Þ

which agrees with the area law, SBH ¼ A
4l2p
. We can also

derive the area law for the stationary black hole in the heat
bath. See Appendix H.

V. ADIABATICALLY FORMED CHARGED
BLACK HOLE

We consider a Reissner-Nordstrom black hole which is
adiabatically formed in the heat bath. In the following
sections, we set ℏ ¼ G ¼ 1.

A. Test particle near the evaporating
charged black hole

As in the case of the Schwarzschild black hole, we start
with examining the motion of a test particle near the
evaporating Reissner-Nordstrom black hole with mass
MðtÞ and electric charge QðtÞ. We represent the outside
spacetime by

FIG. 12. The evaporation of the adiabatically formed black hole
and the entropy.
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ds2 ¼ −
r2 − 2MðtÞrþQðtÞ2

r2
dt2

þ r2

r2 − 2MðtÞrþQðtÞ2 dr
2 þ r2dΩ2;

¼ −
ðr − rþðtÞÞðr − r−ðtÞÞ

r2
dt2

þ r2

ðr − rþðtÞÞðr − r−ðtÞÞ
dr2 þ r2dΩ2; ð105Þ

where

r� ≡M �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M2 −Q2

p
: ð106Þ

Motivated by the Stephan-Boltzmann law for the entropy
flux [47], we parametrize the time evolution of rþðtÞ as

drþ
dt

≡ −
2ηRN
r2þ

; ηRN ≡ η̄RN

�
rþ − r−

rþ

�
3

: ð107Þ

We assume that η̄RN ¼ η̄RNðM;QÞ is a quantity of order 1
and proportional to the number of fields. We also assume
that it varies slowly as a function of M and Q and remains
finite in the limit Q → M.
If a test particle comes sufficiently close to rþðtÞ, its

motion is governed by

drðtÞ
dt

¼−2κRNðrðtÞ− rþðtÞÞ; κRN≡ rþ− r−
2r2þ

ð108Þ

no matter what mass, angular momentum, or electric charge
it has. Here, rðtÞ represents its radial position, and κRN is
the surface gravity. Using a similar argument to (11), we
obtain

rðtÞ ≈ rþ þ 2ηRN
rþ − r−

þ Ce−2κRNt; ð109Þ

where we have used (107). Thus, in the time scale of
OðrþÞ, any particle reaches

RRNðM;QÞ≡ rþ þ 2η̄RN
rþ

�
rþ − r−

rþ

�
2

; ð110Þ

where (107) has been used. The proper distance from the
outer horizon is estimated as

Δl ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
grrðRRNÞ

p 2ηRN
rþ − r−

≈
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2η̄RN

rþ − r−
rþ

r
; ð111Þ

which is larger than the Planck length if we have many
fields as in (14).

B. Interior structure and the thermodynamic
integrability

In this subsection, we consider the interior structure of the
adiabatically formed charged black hole. First, following the
same argument as in Sec. II C 1, from (110), we find that
the object has the surface at r ¼ RRNðM;QÞ and there is no
trapped region inside it. Next, we consider the process in
which the black hole grows adiabatically and discuss how
the charge moves in the black hole. Suppose radiation from
the heat bath increases the mass and charge of the black hole
from M0, Q0 to M0 þ ΔM, Q0 þ ΔQ. In this process, the
electric charge on the original surface RRNðM0; Q0Þ should
go outward due to the repulsive force and eventually moves
to the new surface RRNðM0 þ ΔM;Q0 þ ΔQÞ.
Therefore, it is natural to expect that all the charge is

distributed in the outermost region, where time flows
without large redshift. Then, the interior region is staffed
with neutral radiation, and in accordance with the adiabatic
formation, it should have the same structure as the interior
of the adiabatically formed Schwarzschild black hole (72).
Then, there is no inner horizon. See Fig. 13.
This picture is natural from the thermodynamic point of

view. We consider the thermodynamic parameter space
ðM;QÞ. We can move from one point to another along any
path by controlling the temperature and electric potential of
the heat bath. If the object really obeys thermodynamics,
the state is completely determined by ðM;QÞ and should
not depend on the path along which ðM;QÞ is reached. On
the other hand, the interior of the object is frozen except for
the outermost region, as we have seen in Sec. II. Therefore,
if the electric charge did not move outward as mentioned
above, it would be distributed depending on the path, and
the thermodynamic integrability would be violated.
Interestingly, there is a fact that supports this picture. Let

us consider the energy of the object of Fig. 13. The inside
energy density is given by that of the Schwarzschild black
hole (78), and we obtain ρS ¼ 1

8πr2. The outside one comes
from the electric field of a spherical capacitor of radius rþ,
ρEM ¼ Q2

8πr4þ
[26]. Thus, using the general formula (39),

we have

FIG. 13. A picture of the Reissner-Nordstrom black hole
consistent with the condition for thermodynamical integrability.
Electric charge exists only in the outermost region with the
width ∼ 1

rþ
.
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M ≈ 4π

Z
RRN

0

drr2ρS þ 4π

Z
∞

RRN

drr2ρEM

¼ RRN

2
þ Q2

2RRN
≈
rþ
2
þ Q2

2rþ
: ð112Þ

This agrees with (106), which gives a nontrivial check for
the consistency of the above picture.

C. Simple model

We now write down the interior metric for such an
object. Because the charge distribution in the outermost
region would be nontrivial, we assume that the charge is
distributed on the surface. Then, the object consists of the
interior structure of the Schwarzschild black hole and the
charged thin shell.
Because the inside and outside metrics are the same as

that of the Schwarzschild (72) and Reissner-Nordstrom
black holes (105), respectively, we have

ds2 ¼
(
− 2σðrÞ

r2 e
−
R

RRN
r

dr0 r0
ð1þfðr0ÞÞσðr0Þdτ2 þ r2

2σðrÞ dr
2 þ r2dΩ2; for r ≤ RRN;

− ðr−rþÞðr−r−Þ
r2 dt2 þ r2

ðr−rþÞðr−r−Þ dr
2 þ r2dΩ2; for r ≥ RRN:

ð113Þ

We will find the relation between two time coordinates τ
and t below. Here, the surface is considered as a timelike
hypersurface located as r ¼ RRN ¼ const as in Fig. 6.
Then, the induced metric needs to be connected smoothly
[26,36], and the condition of the tt-component is given by

2σðRRNÞ
R2
RN

dτ2 ¼ ðRRN − rþÞðRRN − r−Þ
R2
RN

dt2;

which is rewritten by using (109) as

dτ2 ¼ ηRNðM;QÞ
σðRRNÞ

dt2: ð114Þ

Thus, we obtain the metric for the adiabatically formed
charged black hole:

ds2 ¼
(
− 2σðrÞ

r2 e
−
R

RRN
r

dr0 r0
ð1þfðr0ÞÞσðr0Þ ηRNðM;QÞ

σðRRNÞ dt2 þ r2
2σðrÞ dr

2 þ r2dΩ2; for r ≤ RRN;

− r2−2MrþQ2

r2 dt2 þ r2

r2−2MrþQ2 dr2 þ r2dΩ2; for r ≥ RRN:
ð115Þ

We can evaluate the energy-momentum tensor on the
surface using Israel’s junction condition [26,36]. In par-
ticular, the surface energy density ϵ2d is given by

ϵ2d ¼
1

4π

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2σðRRNÞ

p
R2
RN

 
1 −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ηRNðM;QÞ
σðRRNÞ

s !
: ð116Þ

In order for this to be non-negative, we need to have

ηRNðM;QÞ ≤ σðRRNÞ; ð117Þ

which means dτ ≤ dt. This is consistent with the picture
that the electric charge lives on the surface. Then, it is
natural that the rr-component of (115) jumps at r ¼ RRN .

VI. ADIABATICALLY FORMED SLOWLY
ROTATING BLACK HOLE

We discuss a slowly rotating Kerr black hole which is
adiabatically formed in the heat bath. We denote the ratio
between ADM energy M and angular momentum J
by j≡ J

M.

A. Test particle near the evaporating Kerr
black hole

We begin with analyzing the motion of a test particle
near the evaporating Kerr black hole. A remarkable point is
that, although we no longer have the spherical symmetry,
the notion of surface is valid because of the Carter constant.
We assume that the metric of the evaporating Kerr black

hole with MðtÞ and jðtÞ is given by

ds2 ¼ −
ΣΔ
P

dt2 þ Psin2θ
Σ

ðdϕ − ωdtÞ2 þ Σ
Δ
dr2 þ Σdθ2;

Σ≡ r2 þ jðtÞ2cos2θ; Δ≡ r2 − 2MðtÞrþ jðtÞ2;
P≡ ðr2 þ jðtÞ2Þ2 − ΔjðtÞ2sin2θ: ð118Þ

The angular velocity at r measured by an observer with
zero angular momentum is

ω≡ 2Mj
P

r⟶
r!rþ j

r2þ þ j2
≡ ωH; ð119Þ
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where rþ is the location of the outer horizon, which is the
solution of Δ ¼ 0:

r� ≡M �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M2 − j2

q
: ð120Þ

If a test particle comes close to rþðtÞ, its motion is
described by (see Appendix I)

drðtÞ
dt

¼ −2κKðrðtÞ − rþðtÞÞ þOðr−3þ Þ;

κK ≡ rþ − r−
2r2þ

; ð121Þ

dθðtÞ
dt

¼ Oðr−3þ Þ; ð122Þ

dϕðtÞ
dt

¼ ωH þOðr−3þ Þ; ð123Þ

no matter what mass and angular momentum it has. The test
particle approaches rþ in the time scale ofOðrþÞ. It rotates
with the black hole while it hardly moves in the θ-direction.
Using a similar analysis to Sec. II B, we obtain

rðtÞ ≈ rþ −
1

2κK

drþ
dt

þ Ce−2κKt: ð124Þ

Therefore, any particle approaches

RKðM; jÞ≡ rþ −
1

2κK

drþ
dt

; ð125Þ

and we conclude that there is a clear surface
at r ¼ RKðM; jÞ.

B. Slowly rotating limit

We now investigate the interior of the adiabatically
formed Kerr black hole. However, it is difficult to analyze
the general Kerr black hole because the discussions in
Sec. II depend on the spherical symmetry. In the following
parts, as a first trial, we consider the slowly rotating limit in
which we ignore terms with Oðj2Þ. Then, the Kerr metric
(118) reduces to

ds2 ¼ −
r− 2MðtÞ

r
dt2 þ r

r− 2MðtÞdr
2

þ r2dθ2 þ r2sin2θ½dϕ−ωðt; rÞdt�2 þOðj2Þ ð126Þ

with

ω ¼ 2Mj
r3

þOðj2Þ;
rþ ¼ 2M þOðj2Þ;

κK ¼ 1

4M
þOðj2Þ: ð127Þ

Now the location of the horizon and the surface gravity are
the same as the Schwarzschild black hole. If we introduce
another angular coordinate by dψ ≡ dϕ − ωðr; tÞdt,
Eq. (126) becomes

ds2 ¼ −
r − 2MðtÞ

r
dt2 þ r

r − 2MðtÞ dr
2

þ r2ðdθ2 þ sin2θdψ2Þ þOðj2Þ: ð128Þ

Note that a trajectory with ψ ¼ const rotates with the
angular velocity dϕ

dt ¼ ωðr; tÞ with respect to the static
coordinate at infinity. Therefore, we can regard this object
simply as the Schwarzschild black hole rotating with the
angular velocity

ωH ¼ j
r2þ

þOðj2Þ: ð129Þ

Then, we can understand that the object emits energy in
the same way as the Schwarzschild black hole, which is
consistent with the emission of angular momentum. Hence,
from (2), (125), and (127), we have

RKðMÞ ¼ rþ þ 2σðrþÞ
rþ

þOðj2Þ ð130Þ

for rþ ¼ 2M þOðj2Þ, which is the same as (12).

C. Simple model

We now investigate the interior metric of such an object.
Because (128) is spherically symmetric and the surface is
given by (130), we can follow the discussion of Sec. II C 1.
As in the case of the charged black hole, the thermody-
namic integrability in ðM; jÞ space requires that the angular
momentum is distributed only in the outermost region with
width ∼ 1

rþ
and that the interior is the same as the

Schwarzschild black hole. Here, we assume that due to
the centrifugal force the angular momentum moves out-
ward at each step of the adiabatic growth. Thus, we obtain a
picture similar to Fig. 13 in which electric charge is
replaced by angular momentum, and the whole system is
rotating.
In order to write down the metric, we model the object by

composing the interior of the Schwarzschild black hole and
a thin layer with the angular velocity (129). Then, from (72)
and (128), we obtain the metric
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ds2 ¼
(
− 2σðrÞ

r2 e
−
R

RK ðMÞ
r

dr0 r0
ð1þfðr0ÞÞσðr0Þdt2 þ r2

2σðrÞ dr
2 þ r2½dθ2 þ sin2θdψ2

H�; for r ≤ RKðMÞ;
− r−2M

r dt2 þ r
r−2M dr2 þ r2½dθ2 þ sin2θðdϕ − ωðrÞdtÞ2� þOðj2Þ; for r ≥ RKðMÞ;

ð131Þ

where dψH ≡ dϕ − ωHdt.
As a consistency check, we evaluate the energy-momen-

tum tensor on the surface r ¼ RK by using Israel’s junction
condition [26,36]. We obtain the surface energy density ϵ2d,
surface pressure p2d, and surface angular momentum
density J 2d:

ϵ2d ¼ 0;

p2d ¼ −
1

16π

1 − fðRKÞ
1þ fðRKÞ

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2σðRKÞ

p ;

J 2d ¼
3jsin2θ

16π
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2σðRKÞ

p : ð132Þ

These reproduce the angular momentum J through the
generalized Komar formula [48], while there is no addi-
tional contribution to the ADM energyM from the surface.

VII. CONCLUSIONS AND DISCUSSIONS

In this paper, we have considered time evolution of the
black hole with the backreaction from the Hawking
radiation taken into account. We have found that a
collapsing matter becomes an object that looks like a black
hole when it is seen from the outside. However, instead of
the horizon, it has a clear boundary, which we call the
surface. The inside of it is filled with matter and radiation,
while the outside is almost empty. The surface is located
slightly outside the horizon of the vacuum solution. For
example, in the spherically symmetric case, it is located at
r ¼ aþ 2σðaÞ

a , where a is the Schwarzschild radius. Because
the structure inside the surface is totally different from the
vacuum solution, the object has neither a trapped region nor
singularity. In general, the inside structure depends on the
initial distribution of the matter, because time evolution is
almost frozen inside the surface due to the large redshift.
However, if we see the object from the outside, it looks the
same as the conventional picture of the black hole: it emits
the Hawking radiation and evaporates in the time scale ∼ a3

σ .
In this sense, the black hole in the real world is not the

vacuum region with the closed trapped surface but a kind of
highly dense star. Therefore, the problem of the time
evolution of the information is similar to that of the wave
function of a many-particle system in condensed matter
physics. Here, it is important to consider interactions.
Actually, we can estimate the time scale in which the
information comes back in the evaporation process by
considering the interaction between the matter and the
Hawking radiation.

However, there remain problems to be clarified. First,
our description is based on the spherical symmetry. It is
important to extend it to the general case such as the
construction of the interior metric of the rotating black hole
and the investigation of the nonspherical symmetric insta-
bility of (88).
Another important problem is to understand how baryon

number changes through interactions in the evaporation
process. We have seen that it should occur in the outermost
region, where the energy scale of the particles is close to the
Planck scale but still controllable by field theory if we have
many species of fields. It is interesting to see whether some
effects of quantum gravity or string theory are involved in
the mechanism or not.
We also have not identified the microscopic mechanism

of the strong angular pressure, which supports the object.
Although we have found that it is necessary to satisfy the
Weyl anomaly, we have not understood how it occurs. This
problem is also related to how the incoming energy of the
collapsing matter is converted to the outgoing energy of the
Hawking radiation.
It is also interesting to construct more explicit relations

among the phenomenological functions, σ0ðaÞ, gðaÞ, fðaÞ,
by considering a simple example. Then, we can see
explicitly how the intensity σðaÞ depends on the initial
data of the matter.
Finally, it is attractive to investigate the process in which

the charged and rotating black hole is formed from the
matter with a general distribution and check the validity of
the thermodynamic integrability more explicitly.

ACKNOWLEDGMENTS

The authors would like to thank members in ICTS and S.
Sasa for valuable discussions. This work has been refined
by the comments and discussions in Bangalore Area String
Meeting at ICTS, IAGRG 2015 at Raman Research
Institute, KEK Theory Workshop 2015 at KEK, Strings
2015 at ICTS, and a seminar at Indian Institute of
Astrophysics. Y. Y. thanks Department of Physics in
Kyoto University and Yukawa Institute for hospitality.

APPENDIX A: BLACK HOLE ENTROPY AND
BEKENSTEIN’S ARGUMENT

Based on Bekenstein’s gedankenexperiment, we discuss
black hole entropy. First, we estimate information to be lost
in the formation process. Then, we discuss the area law and
argue that generically the entropy production occurs in the
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evaporation process. Finally, we review an operation for
massive particles.

1. Entropy in the formation process

Bekenstein introduced the notion of black hole entropy
as the logarithm of the number of all the possible waysΩ to
construct the black hole [4]. We review and generalize his
idea. Suppose we construct a black hole with radius a from
matter. First, we focus on the stage where the radius is ai
and throw a particle with energy ϵi to the black hole. Here,
in order for the particle to enter into the black hole, Eq. (4)
needs to be satisfied. Let us estimate the number of all the
possible ways Ωi for this process. Note that the wavelength
of the particle is λi ∼ ℏ

ϵi
, which plays a role of the spatial

resolution for this process. Hence, the number of the ways
for the particle to enter into the black hole is given by

Ωi ∼
ai
λi
× ni ∼

aiϵini
ℏ

: ðA1Þ

Here, ni is the number of species of particles with ϵi, which
is assumed to be Oð1Þ. Equation (A1) corresponds to the
phase volume for a particle with energy ϵi and species ni in
a one-dimensional system with size ∼ai, because the black
hole is spherically symmetric.
Applying this estimation to each stage of the construc-

tion, we obtain

Ω ¼
YN
i¼1

Ωi ∼
YN
i¼1

aiϵini
ℏ

: ðA2Þ

In order to evaluate the total number of steps N, we
consider the case where ai ∼ a, ϵi ∼ ϵ, and ni ∼ n for any i.
Then, we have

N ∼
a
Gϵ

ðA3Þ

because the size and energy of the black hole are related as
a ¼ 2GM. Thus, Eq. (A2) becomes

Ω ∼
�
aϵ
ℏ
n

�
N
; ðA4Þ

which leads to

Sformation
BH ¼ logΩ ∼

a
Gϵ

log

�
aϵ
ℏ

�
: ðA5Þ

Here, the contribution of logn is neglected because it is
smaller than logðaϵℏ Þ due to (4). By construction, this
entropy measures the amount of information that is lost
in the formation process. This is because the information of
the matter which has entered into the horizon is lost for an
outside observer.

We consider here the saturating case in (4), that is, the
case of (5). This is the most slow formation that corre-
sponds to the adiabatic process in the sense of thermody-
namics. Then, Eq. (A5) becomes

Sformation
BH ∼

a2

l2p
logOð1Þ ∼ a2

l2p
; ðA6Þ

which agrees with the conventional area law [1,2]

Sformula
BH ¼ A

4l2p
; ðA7Þ

except for the coefficient.
Here, we discuss the relation with the new picture of

black holes. As is discussed in Sec. II, in the new picture,
the interior of the black hole is almost frozen due to the
large redshift, and the information of the initial distribution
is kept inside for long time. Eventually, it will come out in
the process of evaporation, but in practice, it seems to be
lost. In this sense, the above discussion applies also to the
new picture.

2. Entropy production in the evaporation process

We discuss the relation between the general result (A5)
and the usual formula (A7) and show that generically the
entropy production occurs in the evaporation process.
Originally, Eq. (A7) was obtained by integrating the
Hawking radiation from the evaporating black hole [1].
In this sense, it counts the number of microstates in the
matter emitted from the black hole. On the other hand,
Eq. (A5) measures the number of all possible ways to
construct the black hole. Note that (A7) is much larger than
(A5) unless ϵ ∼ ℏ

a. Therefore, in the whole process from
formation to evaporation, the entropy increases by

ΔS ¼ Sformula
BH − Sformation

BH ∼
a2

l2p
−

a
Gϵ

log

�
aϵ
ℏ

�
; ðA8Þ

which is consistent with the generalized second law [4].
Especially, if we consider the adiabatic formation (A6),
ΔS ∼ 0, which corresponds to the black hole in equilibrium
with the heat bath of the Hawking temperature [2].

3. “Reversible” process of massive particles

From the above discussion, it seems that a massive
particle with ϵ > ℏ

a cannot be given to the black hole
adiabatically, since ΔS > 0 for ϵ > ℏ

a. However, we can
make a procedure to add a massive particle to the black hole
“reversibly.”
Suppose we give a massive particle with rest mass

m ≫ ℏ
a, say, a proton with m ∼ 1 GeV. If we throw it far

from the black hole, the ADM energy increases by ϵ ¼ m.
Now, we follow Bekenstein’s gedankenexperiment [4].

HIKARU KAWAI and YUKI YOKOKURA PHYSICAL REVIEW D 93, 044011 (2016)

044011-20



Imagine that we slowly lower the massive particle from a
point at r ≫ a to the black hole by using a strong string. If
the string is cut off at a point r, the ADM energy given to
the black hole is evaluated as

ϵðrÞ ¼ m

ffiffiffiffiffiffiffiffiffiffiffi
1 −

a
r

r
; ðA9Þ

which is smaller than ϵðr ¼ ∞Þ ¼ m. This is because in
this process the system composed of the black hole and the
particle works positively to an external agent by the
gravitational binding energy. Here, we consider a question:
In order to give the maximum entropy and the minimum
energy to the black hole by this process, how far dowe have
to lower the particle? In quantum mechanics, a massive
particle exists within the Compton wavelength λC ¼ ℏ

m.
Therefore, if the particle is located at a distance of its
Compton wavelength from the horizon, we cannot distin-
guish whether the particle already has been swallowed into
the black hole or not. This situation leads to loss of 1 bit
information for an outside observer. Indeed, we can see this
explicitly as follows. For r ¼ aþ Δr, Eq. (A9) becomes

ϵðr ¼ aþ ΔrÞ ≈m

ffiffiffiffiffiffi
Δr
a

r
¼ m

l
2a

; ðA10Þ

where (15) has been used. Therefore, by taking l ¼ λC ¼ ℏ
m,

we have

ϵðr ¼ aþ ΔrÞ ¼ ℏ
2a

; ðA11Þ

which agrees with the minimum energy (5). Thus, if we
repeat this process to make a black hole, no entropy
production occurs in the evaporation process: ΔS ∼ 0.
More rigorously, however, the baryon number should be
changed in the evaporation process as is discussed in
Sec. III D, and the entropy production should occur.
Finally, we show that when such a massive particle

released at r ¼ aþ Δrðl ¼ λCÞ comes close to the surface
at r ¼ RðaÞ ¼ aþ 2σ

a , it becomes ultrarelativistic and can
be regarded as an ingoing lightlike particle. In fact, its local
energy is estimated as

ϵlocal ¼ m

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−gttðr ¼ aþ ΔrjλCÞ

q
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−gttðr ¼ RÞp

≈ m

ffiffiffiffiffiffiffiffi
ΔrjλC
a
2σ
a2

vuut ¼ m
affiffiffiffiffi
2σ

p λC
2a

¼ ℏ

2
ffiffiffiffiffi
2σ

p ; ðA12Þ

where (15) has been used. This is the same order as (35)
and much larger than the rest mass m.

APPENDIX B: A NUMERICAL SOLUTION OF rðtÞ
We give a numerical demonstration of (11). We consider

a simple case where σðaÞ ¼ k ¼ const in (2), the solution
of which is given by aðtÞ ¼ ½að0Þ3 − 6kt�1=3. Using this, we
solve (9) numerically for að0Þ ¼ 100, rð0Þ ¼ 110, and
k ¼ 1 and obtain Fig. 14. This shows that rðtÞ approaches
aðtÞ þ 2k

aðtÞ as in (11).

APPENDIX C: A MULTISHELL MODEL

We introduce a simple model [8] as a concrete example
for the new picture in Sec. II C.

1. Single-shell model

In order to construct the self-consistent solution of
Gμν ¼ 8πGhTμνi, we start with a spherically symmetric
collapsing null shell. The inside region is flat because of the
spherical symmetry. We assume that the outside region is
described by the outgoing Vaidya metric [9]:

ds2 ¼
�−dU2 − 2dUdrþ r2dΩ2 for r ≤ rs

− r−aðuÞ
r du2 − 2dudrþ r2dΩ2 for r ≥ rs:

ðC1Þ

Here, rs is the radius of the shell, MðuÞ ¼ aðuÞ
2G is the Bondi

mass, and U and u are the outgoing null coordinates in the
Eddington-Finkelstein coordinates for the inside and out-
side, respectively. See Fig. 15.
In Ref. [8], we have shown that the self-consistent

solution is obtained by solving

rsðuÞ − aðuÞ
rsðuÞ

du ¼ −2drs ¼ dU ðC2Þ

and

da
du

¼ −
l2p
8π

fu;Ug; ðC3Þ

FIG. 14. The numerical result of aðtÞ½rðtÞ − aðtÞ� for
að0Þ ¼ 100, rð0Þ ¼ 110, σ ¼ k ¼ 1. It approaches 2k ¼ 2.
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provided that the radiation is massless, and only the s-wave
is considered in the eikonal approximation. Here, fu;Ug is
the Schwarzian derivative, which is given by fu;Ug≡
ÜðuÞ2
_UðuÞ2 −

2U
:::ðuÞ

3 _UðuÞ. Equation (C2) indicates that the motion of the

shell is lightlike both in the inside and the outside regions.
Equation (C3) is equivalent to the Einstein equation Gμν ¼
8πGhTμνi because the only nonzero components of Gμν

and hTμνi are Guu ¼ − _aðuÞ
r2 and hTuui ¼ 1

4πr2
ℏ
16π fu;Ug.

2. Generalization to multishells

It is easy to generalize the above model to the case of
multishells. We consider n shells of which the radii are
denoted by ri (i ¼ 1;…n). See Fig. 16. The metric of the
region between ri and riþ1 is described by

ds2i ¼ −
r − aiðuiÞ

r
du2i − 2duidrþ r2dΩ2; ðC4Þ

where ui is the local time and aiðuiÞ
2G is the mass in the ith

shell. The junction condition of each time coordinate ui is
given as (C2) by

ri − ai
ri

dui ¼ −2dri ¼
ri − ai−1

ri
dui−1 for i ¼ 1;…n;

ðC5Þ

where we regard a0 ¼ 0 and u0 ¼ U for the flat space. This
is equivalent to

dri
dui

¼ −
ri − ai
2ri

; ðC6Þ

and

dui
dui−1

¼ ri − ai−1
ri − ai

¼ 1þ ai − ai−1
ri − ai

: ðC7Þ

The Einstein equation (C3) holds for each shell,

dai
dui

¼ −
Nl2p
8π

fui; Ug; ðC8Þ

where the degrees of freedom of the fields N have been
introduced.
The coupled equations (C5) and (C8) can be solved by

the following ansatz:

dai
dui

¼ −
C
a2i

; ðC9Þ

ri ¼ ai − 2ai
dai
dui

¼ ai þ
2C
ai

: ðC10Þ

Equation (C9) means that each shell behaves like the
conventional evaporating black hole, and (C10) indicates
that each shell has reached the asymptotic radius as in (11).
First, Eq. (C10) solves (C6) as in (11). Next, we solve

(C7) with the ansatz. We define ηi by

ηi ≡ log
dU
dui

: ðC11Þ

Then, we have

ηi − ηi−1 ¼ log
dU
dui
dU
dui−1

¼ − log
dui
dui−1

¼ − log

�
1þ ai − ai−1

ri − ai

�

≈ −
ai − ai−1
ri − ai

≈ −
ai − ai−1

2C
ai

≈ −
1

4C
ða2i − a2i−1Þ: ðC12Þ

Here, at the second line, we use (C7); at the third line, we
assume ai−ai−1

2C
ai

≪ 1, which is satisfied for the case of

continuous distribution; and at the last line, we approximate
2ai ≈ ai þ ai−1. With the boundary conditions η0 ¼
a0 ¼ 0, we obtain

ηi ¼ −
1

4C
a2i : ðC13Þ

Finally, we check (C8). Because the Schwarzian deriva-
tive fui; Ug is written asFIG. 16. A continuous distribution modeled by many shells.

FIG. 15. An evaporating null shell. In this coordinate ðu; rÞ, an
outgoing null ray is depicted by a line with u ¼ const.
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fui; Ug ¼ 1

3

�
dηi
dui

�
2

−
2

3

d2ηi
du2i

; ðC14Þ

we obtain

fui; Ug ≈ 1

12

1

a2i
: ðC15Þ

Here, we have used (C9) and (C13) to obtain

dηi
dui

¼ −
1

2C
ai
dai
dui

¼ 1

2ai
: ðC16Þ

Therefore, Eq. (C8) is satisfied if

C ¼ Nl2p
96π

: ðC17Þ

In particular, the outermost shell (nth shell) satisfies

da
du

¼ −
C
a2

; ðC18Þ

which indicates that the entire system behaves like the
conventional evaporating black hole when it is observed
from the outside.

APPENDIX D: HAWKING RADIATION IN THE
NEW PICTURE

We show that the metric of the new picture of black holes
indeed creates radiation from the vacuum which obey a
Planck-like distribution with the Hawking temperature (17)
[49]. We start with the general form of the spherically
symmetric metric in the Eddington-Finkelstein-like
coordinates:

ds2 ¼ −qðu; rÞ
�
hðu; rÞ

r
duþ 2dr

�
duþ r2dΩ2: ðD1Þ

See Fig. 17. We assume that the metric near the surface,
RF < r ≤ R, is given by (74). Rigorously speaking, the
values of f and σ there for the evaporating black hole may

be different from those of the adiabatically formed one.
Here, we simply assume that they are the same. On the
other hand, the deeper region, 0≲ r ≤ RF, need not be the
same as (74), but the metric there is frozen in time.
We further assume that there remains a small flat spacetime
around the origin:

ds2 ¼ −dU2 − 2dUdrþ r2dΩ2: ðD2Þ

We consider the s-wave of a massless real scaler field
ϕðxÞ and solve the Heisenberg equation using the eikonal
approximation [1]. In this approximation, the reflection of
the radiation is not considered, and fðrÞ becomes zero.
The Hawking radiation is created by the time evolution
of the field along a ray that starts from the flat space before
the collapse, goes through the center, and passes the
collapsing matter (see Fig. 17). We focus here on a time
interval around u�, Iðu�Þ ¼ ½u� − kaðu�Þ; u� þ kaðu�Þ�,
where k ∼ 1. By putting ϕ ¼ r−1ei

Sðu;rÞ
ℏ , the Klein-Gordon

equation ∇2ϕ ¼ 0 in the metric (D1) becomes

�
1

q
∂u −

h
2rq

∂r

�
S∂rS ¼ 0; ðD3Þ

in the leading approximation of the ℏ expansion. Here, the
ingoing and outgoing radial null vectors are given by k ¼
1
q ∂u − h

2rq ∂r and l ¼ ∂r, respectively. Therefore, we obtain
the outgoing eikonal solution

ϕout ¼
ei

SoutðuÞ
ℏ

r
: ðD4Þ

We assume that the field was in the vacuum state before
the collapse. Therefore, in the Heisenberg picture, the state
should satisfy

aωj0i ¼ 0; ðD5Þ

where aω is the coefficient of e−iωU for ω > 0 in the
outgoing component of ϕ:

ϕ ¼
Z

∞

0

dωffiffiffiffiffiffi
2π

p 1ffiffiffiffiffiffi
2ω

p
�
e−iωUffiffiffiffiffiffi
4π

p
r
aω þ eiωUffiffiffiffiffiffi

4π
p

r
a†ω

�
: ðD6Þ

Because of (D4), the field which has evolved is given by

ϕ ¼
Z

∞

0

dωffiffiffiffiffiffi
2π

p 1ffiffiffiffiffiffi
2ω

p
�
e−iωUðuÞffiffiffiffiffiffi

4π
p

r
aω þ eiωUðuÞffiffiffiffiffiffi

4π
p

r
a†ω

�
: ðD7Þ

On the other hand, this can also be expressed in terms of
the modes in the future infinity:

FIG. 17. A continuously distributed matter that collapses and
evaporates and a trajectory of a field from the flat spacetime to the
matter. Here, an outgoing null line is depicted as u ¼ const.
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ϕ ¼
Z

∞

0

dωffiffiffiffiffiffi
2π

p 1ffiffiffiffiffiffi
2ω

p
�
e−iωuffiffiffiffiffiffi
4π

p
r
bω þ eiωuffiffiffiffiffiffi

4π
p

r
b†ω

�
: ðD8Þ

Generally, two operators aω and bω0 are related as

bω ¼
Z

∞

−∞
dω0Aωω0aω0 ¼

Z
∞

0

dω0ðAωω0aω0 þ Aω;−ω0a†ω0 Þ:

ðD9Þ

From (D7), (D8), and (D9), we obtain

Aω;−ω0;u� ¼
1

2π

ffiffiffiffiffi
ω

ω0

r Z
∞

−∞
dueiωueiω

0UðuÞ: ðD10Þ

Here, we have extended the integration region from Iðu�Þ to
½−∞;∞�, which does not affect the following calculation
[1,8,17] [50]. From (D9), we obtain the expectation value
of the number of the particles:

h0jb†ωbωj0iu� ¼
Z

∞

0

dω0jAω;−ω0;u� j2: ðD11Þ

Then, we estimate UðuÞ, which is the relation between
the outside time u and the time U around the origin. In the
metric (D1), the ingoing radial geodesic rðuÞ is given by
1
q
dr
du ¼ − h

2rq, and qðu; rðuÞÞdu corresponds to the local time
at r ¼ rðuÞ. Because u is the outside time and
qðu; r ¼ RÞ ¼ 1, we have

dUðuÞ
du

¼ qðu; r ∼ 0Þ ¼ qðu; r ∼ 0Þ
qðu; r ¼ RFÞ

qðu; r ¼ RFÞ

¼ Ce
−
R

RðuÞ
RF

dr r
2σðrÞ ≈ Ce−

RðuÞ2−R2
F

4σðRðuÞÞ : ðD12Þ

Here, in the interval Iðu�Þ, the deeper region between 0≲
r ≤ RF is frozen in time so that qðu;r∼0Þ

qðu;r¼RFÞ is a constant,C. On
the other hand, the region near the surface, RF < r ≤ RðuÞ,
is described by the interior metric of (74) with f ¼ 0. Next,
we expand RðuÞ around u� as

RðuÞ ≈ Rðu�Þ þ
dR
du

ðu�Þðu − u�Þ

¼ Rðu�Þ −
σðRðu�ÞÞ
Rðu�Þ2

ðu − u�Þ; ðD13Þ

where we have used the geodesic equation in (74),
dR
du ¼ − σðRÞ

R2 . Putting RðuÞ2 ≈ Rðu�Þ2 − 2σðRðu�ÞÞ
Rðu�Þ ðu − u�Þ

into (D12), we have dUðuÞ
du ≈ C0e

u
2Rðu�Þ. Thus, we obtain

Uðu; u�Þ ¼ Dþ 2Rðu�ÞC0e
u

2Rðu�Þ; ðD14Þ

where D and C0 are constants.

Now, we can evaluate (D10). Using (D14) and contin-
uing analytically [1], we have

Aω;−ω0;u� ¼
1

2π

ffiffiffiffiffi
ω

ω0

r
2Rðu�Þe−πωRðu�ÞΓð2iωRðu�ÞÞ; ðD15Þ

where an irrelevant overall phase factor has been dropped.
Then, employing the formula jΓðixÞj2 ¼ π

x sinhðπxÞ for x ∈ R

and considering wave packets in (D11) [1,17], we obtain

h0jb†ωbωj0iu� ¼
1

e
ℏω

TH ðu�Þ − 1
; ðD16Þ

where

THðuÞ ¼
ℏ

4πRðuÞ ≈
ℏ

4πaðuÞ : ðD17Þ

This agrees with the Hawking temperature [1] but changes
in time slowly according to (2). The above analysis has
shown that the Hawking radiation is created in any
collapsing process as long as the region near the surface
becomes the asymptotic spacetime described by (74). In
particular, the existence of the horizon is not necessary.

APPENDIX E: EXAMPLES OF THE INTERIOR
STRUCTURE

Simple examples would be helpful to understand the new
picture. We consider two macroscopic shells with radii r1
and r2, where r1 < r2. We assume initially they have the
same energyM. Then, the Schwarzschild radius of the total
system and the inner shell are a2 ¼ 4GM and a1 ¼ 2GM,
respectively. Although in the real system the energy
distributes continuously, for simplicity we consider two
thin shells. See Fig. 18.

FIG. 18. Examples of two-shell collapsing process.
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We consider the following two cases. In one case, the
initial values of the radii are very close, for example, r1 ¼
3a1 and r2 ¼ 3a1 þ Δr, where Δr ≪ a1 (see the upper
panel of Fig. 18). Then, shell 2 reaches r ¼ Rða2Þ earlier
than shell 1 reaches r ¼ Rða1Þ because the two shells have
started from almost the same positions but Rða2Þ is
significantly larger than Rða1Þ. When shell 2 reaches
r ¼ Rða2Þ, time inside shell 2 is frozen, and r1 stays
almost constant. At the same time, shell 2 starts emitting the
Hawking radiation. Thus, only shell 2 evaporates until its
energy is exhausted. After that, shell 1 begins to approach
to Rða1Þ and eventually evaporates.
In the other case, shell 1 reaches r ¼ Rða1Þ earlier than

shell 2 reaches r ¼ Rða2Þ. Such a case occurs if the initial
value of r1 is close to Rða1Þ but r2 is not so close to Rða2Þ
(see the lower panel of Fig. 18). Then, shell 1 reaches Rða1Þ
before it is frozen by shell 2, and some part of it evaporates
until shell 2 reaches Rða2Þ. Then, shell 1 stops radiating,
and only shell 2 emits the energy. After this, the same thing
occurs as in the first case.

APPENDIX F: SURFACE ENERGY DENSITY AND
PRESSURE ON THE EVAPORATING SHELL

We derive (45) and (46) from the Barrabes-Israel
junction condition [25] following the formalism in
Ref. [26]. We consider an evaporating shell with initial
energy ϵð0Þ ∼ ℏ

a which approaches the evaporating core
with a0ðt0Þ as in Fig. 2. The metric is given by (20), and we
denote the position of the shell by rs. We take the ingoing
and outgoing null vectors as k ¼ f−1∂T − ∂r and
l ¼ 1

2
∂T þ f

2
∂r, respectively, so that k · l ¼ −1. Here, T ¼

t and f ¼ 1 − a
r for r > rs, while T ¼ t0 and f ¼ 1 − a0

r for
r < rs. Note that the null vector k satisfies the geodesic
equation ∇kkμ ¼ κkμ with

κ ¼ −f−2∂Tf: ðF1Þ

We assume that the shell moves along k and denote its
locus by N . The transverse curvature of the null hyper-
surface N is given by

Cab ¼
1

2
ð£lgμνÞeμaeνb: ðF2Þ

Here, £l is the Lie derivative along l, and feag ¼ feλ ¼
k; eθ ¼ ∂θ; eφ ¼ ∂φg is the basis on N . Using another
expression Cab ¼ −lνe

μ
a∇μeνb (see Ref. [26]), we obtain

Cλλ ¼ κ; CAB ¼ f
2r

σAB; ðF3Þ

where σAB is the 2-metric on the shell such that
σABdθAdθB ¼ r2dθ2 þ r2sin2θdφ2 with θA ¼ fθ;φg.
Thus, we obtain the formula (45) for the surface energy
density ϵ2d and pressure p2d:

ϵ2d ¼ −
1

8πG
σAB½CAB� ¼

ϵ

4πr2s
;

p2d ¼ −
1

8πG
½Cλλ� ¼ −

1

8πG
½κ�

¼ −
rs

8πGðrs − aÞ2
�
da
dt

−
�
rs − a
rs − a0

�
2 da0

dt0

�
: ðF4Þ

Here, ½A�≡ Ajr→rsþ0 − Ajr→rs−0 for a quantity A, and ϵ ¼
a−a0
2G is the energy of the shell.
Next, we show (46). Suppose that the shell has come

close to the core as in stage II of Fig. 2, where rs ¼
aþ 2σðaÞ

a . Using (14), (23), Δa ∼ l2p
a , and

1
a02 ≈

1
a2 ð1þ 2Δa

a Þ,
p2d in (F4) becomes

p2d ≈
a

8πG
a2

ð2σÞ2

×

�
2σðaÞ
a2

−
�
1 − 2

aΔa
2σðaÞ

�
2σðaÞ
a2

�
1þ 2Δa

a

��

≈
a2Δa

16πGσ2
∼

a
GN2l2p

: ðF5Þ

APPENDIX G: EXPONENTIAL DECREASE
IN THE ENERGY OF THE
COLLAPSING MATTER

Here, we derive (93). We consider ingoing matter with
radius r ¼ rðtÞ and width ΔrðtÞ, in the outermost region of
the evaporating black hole with radius aðtÞ. Here, we
assume the metric is given by (72) and examine the time
evolution of the ADM energy of the shell ϵðtÞ, which is
expressed as

ϵðtÞ ¼ 4πrðtÞ2ρðrðtÞÞΔrðtÞ ¼ 1

2G
ΔrðtÞ; ðG1Þ

where ρ ¼ −hTt
ti ¼ 1

8πGr2 because of (78).
We first consider the motion of a test particle in (72). If it

is ultrarelativistic, it satisfies

dr
dt

¼ −
1

B
e
A
2: ðG2Þ

Taking the difference of this equation with respect to r, we
obtain

dΔr
dt

¼
�∂rB

B
−
1

2
∂rA

�
e
A
2

B
Δr ≈ −

r
2σð1þ fÞ

e
A
2

B
Δr; ðG3Þ

where we have used (71) and (65). This can be rewritten in

terms of the local time dτ ¼ 1ffiffiffiffiffiffiffi
BðrÞ

p e
AðrÞ
2 dt, as
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dΔr
dτ

¼ −
1ffiffiffiffiffi

2σ
p ð1þ fÞΔr; ðG4Þ

and the solution is given by

ΔrðτÞ ¼ Δrð0Þe− τffiffiffi
2σ

p ð1þfÞ: ðG5Þ
Therefore, the time evolution of the local energy ϵlocal ¼

ϵffiffiffiffiffiffi−gtt
p is given by

ϵlocalðτÞ ¼ ϵlocalð0Þe−
τffiffiffi

2σ
p ð1þfÞ: ðG6Þ

APPENDIX H: ENTROPY OF THE
STATIONARY BLACK HOLE

We consider the stationary black hole that is formed
adiabatically in the heat bath and evaluate the total entropy
by summing up the contribution from each piece in the
interior. Here, we approximate the interior as one-
dimensional massless radiation with local equilibrium.
Because the local energy of particles is ultrarelativistic,
and the ingoing and outgoing energy flux are balanced at
each r, it is reasonable to consider such a model.
Then, the Gibbs relation for one-dimensional radiation

[5] should be satisfied,

uþ p ¼ T locals; u ¼ p; ðH1Þ
where u, p, T local, and s are one-dimensional internal
energy density, pressure, local temperature, and entropy
density, respectively. In the following, we evaluate

s ¼ 2
u

T local
ðH2Þ

and integrate it over the inside of the black hole by using
the metric (72).
We first evaluate u. The general mass formula (39)

indicates that ρ ¼ −hTt
ti can be regarded as the four-

dimensional energy density in the local inertial frame. This
is because the integration measure is the same as the
ordinary flat space, and the diagonal component Tt

t is
the same as Tτ

τ for the stationary state. Then, the one-
dimensional energy density, that is, the proper energy per
proper length, is given by [51]

e ¼ 4πr2ρ: ðH3Þ
Here, by noting that the ingoing and outgoing energy flows
are balanced in the stationary state, the energy flow only in
one direction should be considered to count the entropy in
(H2). Therefore, by using (78), we can evaluate the one-
dimensional internal energy density as

u ¼ 1

2
e ¼ 1

4G
: ðH4Þ

Now, we can evaluate the entropy. From (H2), (H4),
and (101), we obtain

sðrÞ ¼ 2π

ffiffiffiffiffiffiffiffiffiffiffi
2σðrÞp
l2p

; ðH5Þ

which indicates that
ffiffiffi
σ

p
=l2p bits are stored per unit proper

length, as discussed in Ref. [24]. Integrating this from r ∼ 0

to r ¼ RðaÞ ¼ aþ 2σðaÞ
a , we have

SBH ¼
Z

RðaÞ

0

dr
ffiffiffiffiffiffiffiffiffiffiffiffi
grrðrÞ

p
sðrÞ

¼
Z

RðaÞ

0

dr
rffiffiffiffiffiffiffiffiffiffiffi
2σðrÞp 2π

ffiffiffiffiffiffiffiffiffiffiffi
2σðrÞp
l2p

≈
πa2

l2p
¼ A

4l2p
; ðH6Þ

which agrees with the Bekenstein-Hawking formula. Thus,
we have seen that the black hole entropy is stored in the
interior structure.

APPENDIX I: SURFACE OF THE ROTATING
BLACK HOLE

In Sec. VI A, we analyze the motion of a test particle in
the evaporating Kerr metric and show that the notion of
surface is valid even for the rotating black holes. In this
Appendix, we derive the three equations (121), (122), and
(123), which play a crucial role for the existence of the
surface.
If the black hole is not very close to extremal, the

relevant time scales are similar to those of the spherically
symmetric black holes. The time scale of the change of the
mass MðtÞ and the angular momentum jðtÞ is about M3,
while the test particle approaches the horizon in the time
scale of ∼M. Therefore, it is enough to analyze the equation
of motion of the test particle for constantM and j and then
replace them to the time-dependent ones.
In order to do that, we consider the Hamilton-Jacobi

equation for a massive particle with massm [26] in the Kerr
metric (118):

0 ¼ gμν∂μS∂νSþm2: ðI1Þ

As usual, because of the cylindrical symmetry, we
can set

Sðt; r; θ;ϕÞ ¼ −Etþ LϕþWðr; θÞ: ðI2Þ
By using the inverse metric

gtt ¼ −
P
ΣΔ

; grr ¼ Δ
Σ
; gθθ ¼ 1

Σ
;

gϕϕ ¼ Δ − j2sin2θ
ΣΔsin2θ

; gtϕ ¼ −
2Mjr
ΣΔ

;

Eq. (I1) becomes
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0 ¼ −
P
ΣΔ

E2 þ Δ
Σ
ð∂rWÞ2 þ 1

Σ
ð∂θWÞ2 þ Δ − j2sin2θ

ΣΔsin2θ
L2 þ 2

2Mjr
ΣΔ

ELþm2: ðI3Þ

Multiplying this by Σ, we obtain

0 ¼
�
−
1

Δ
½ðr2 þ j2Þ2E2 þ j2L2 − 4MjrLE� þ Δð∂rWÞ2 þ ðr2 þ j2Þm2

�

þ
�
j2sin2θE2 þ L2

sin2θ
þ ð∂θWÞ2 − j2sin2θm2

�
: ðI4Þ

The first and second terms depend only on r and θ, respectively. Therefore, we can put the first term as a constant, −C,
where C is the Carter constant [26], and decompose Wðr; θÞ as

Wðr; θÞ ¼ wðrÞ þ ΘðθÞ: ðI5Þ
Then, we have the two ordinary differential equations and obtain the solutions

wðr;E;L; CÞ ¼ �
Z

r
dr

1

Δ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðr2 þ j2Þ2E2 þ j2L2 − 4MjrLE − Δ½Cþ ðr2 þ j2Þm2�

q
; ðI6Þ

Θðθ;E;L; CÞ ¼ �
Z

θ
dθ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
C −

L2

sin2θ
− j2sin2θðE2 −m2Þ

s
:

ðI7Þ
Taking two derivatives of

S ¼ −Etþ Lϕþ wðr;E;L; CÞ þ Θðθ;E; L; CÞ ðI8Þ

with respect to E and to t, we have

0 ¼ −1� ðr2þ þ j2Þ
ΔðrðtÞÞ

drðtÞ
dt

� −Ej2sin2θðtÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
C − L2

sin2θðtÞ − j2sin2θðtÞðE2 −m2Þ
q dθðtÞ

dt
: ðI9Þ

We now focus on the region r ∼ rþ, where Δ ∼ 0.
Using Δ ¼ ðrðtÞ − rþÞðrðtÞ − r−Þ ≈ ðrðtÞ − rþÞðrþ − r−Þ
and κK ¼ rþ−r−

2ðr2þþj2Þ, from (I9), we obtain

drðtÞ
dt

¼ −2κKðrðtÞ − rþÞ
"
1� Ej2sin2θðtÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

C − L2

sin2θðtÞ − j2sin2θðtÞðE2 −m2Þ
q dθðtÞ

dt

#
; ðI10Þ

where we have chosen the sign for the radial ingoing
direction. Similarly, taking two derivative of (I8) with
respect to C and t, we obtain

dθðtÞ
dt

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
C − L2

sin2θðtÞ − j2sin2θðtÞðE2 −m2Þ
q

ðr2þ þ j2ÞE − jL
drðtÞ
dt

:

ðI11Þ

Then, substituting this into (I10), we have

drðtÞ
dt

¼ −2κKðrðtÞ − rþÞ
�
1� Ej2sin2θðtÞ

ðr2þ þ j2ÞE − jL
drðtÞ
dt

�
:

ðI12Þ

The second term in the large bracket in ðI12Þ turns out to
be of order Oðr−2þ Þ, and it can be neglected compared with
the first term. We can show this as follows. Since we
consider adiabatic processes, the ingoing energyE should be
of the same order as the Hawking temperature, E ∼ TH ∼ 1

rþ
.

The typical angular momentum of the ingoing particles can
be estimated as L ∼ ðimpact parameterÞ × ðenergyÞ∼
rþE ∼ 1. Furthermore, as in the spherically symmetric case,
we have

rðtÞ − rþðtÞ ∼
1

rþðtÞ
; ðI13Þ

which will be shown self-consistently. Using these estimates,
we can show the above statement.
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Thus, we obtain

drðtÞ
dt

¼ −2κKðrðtÞ − rþÞ þOðr−3þ Þ; ðI14Þ

which is (121). From this, Eq. (I11) can be estimated as

dθðtÞ
dt

∼
1

rþ
2κKðrðtÞ − rþÞ ∼

1

r3þ
; ðI15Þ

which gives (122).
Finally, we examine dϕðtÞ

dt . Taking two derivatives of (I8)
with respect to L and t, we have

0 ¼ dϕðtÞ
dt

� −a
Δ

drðtÞ
dt

�
− L

sin2θðtÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
C − L2

sin2θðtÞ − j2sin2θðtÞðE2 −m2Þ
q dθðtÞ

dt

¼ dϕðtÞ
dt

� −a
Δ

�Δ
r2þ þ j2

þOðr−3þ Þ:

Thus, we have (123):

dϕðtÞ
dt

¼ ωH þOðr−3þ Þ: ðI16Þ
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