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We investigate gravitational Cherenkov radiation in a healthy branch of background solutions in the
ghost-free bigravity model. In this model, because of the modification of dispersion relations, each
polarization mode can possess subluminal phase velocities, and the gravitational Cherenkov radiation could

be potentially emitted from a relativistic particle. In the present paper, we derive conditions for the process

of the gravitational Cherenkov radiation to occur and estimate the energy emission rate for each
polarization mode. We found that the gravitational Cherenkov radiation emitted even from an ultrahigh
energy cosmic ray is sufficiently suppressed for the graviton’s effective mass less than 100 eV, and the
bigravity model with dark matter coupled to the hidden metric is therefore consistent with observations of

high energy cosmic rays.

DOI: 10.1103/PhysRevD.94.064059

I. INTRODUCTION

The LIGO detection of gravitational wave signal from a
pair of merging black holes finally proved the propagation
of gravitational waves [1], and it was reported that the
Einstein theory of gravity is consistent with gravitational
wave observations with high accuracy [2] in addition to
solar-system tests [3]. On the other hand, theoretical and
observational evidences imply that the Universe is under-
going a phase of accelerated expansion at the present
epoch, and one has to introduce an energy component with
negative pressure, dubbed as dark energy, to describe our
Universe [4,5]. Recently, modifications of Einstein’s grav-
ity have attracted considerable attention as a substitute of
dark energy and have been investigated in many literatures
(see for reviews e.g. [6,7]).

One of the simplest modifications of general relativity is
to introduce a graviton mass to general relativity. This
hypothetical massive graviton has been first introduced by
Fierz and Pauli (FP) in the context of linear theory, where
its special structure of the mass term prevents an additional
degree of freedom from appearing in a flat background
space time [8]. One would naively expect that this
linearized theory of massive gravity in the massless limit
reduces to general relativity. However, one gets an order-
one modification of the propagator in the massless limit,
known as the van Dam-Veltman-Zakharov (vDVZ) dis-
continuity [9,10] (see the recent developments in [11,12]).
A solution of this problem by taking into account the
nonlinear effect was proposed by Vainshtein [13], which is
responsible for screening a scalar degree of freedom in
massive graviton. Although nonlinearities are essential to
solve the van Dam-Veltman-Zakharov discontinuity, an
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additional 6th degree of freedom, called Boulware-Deser
(BD) ghost, generally appears in such a theory [14].
However, it has been recently shown that the serious
problem in the FP theory can be avoided by carefully
choosing the potential, which consists of an infinite series
of interaction terms determined in such a way that it
eliminates BD ghost at all orders in perturbation theory
[15]. This infinite series of interactions can be expressed in
a compact form [16], referred to as the dRGT mass terms,
and the absence of BD ghost in nonperturbative description
has been shown in [17]. These mass terms added to general
relativity can successfully mimic the cosmological constant
in open Friedmann-Lemaitre-Robertson-Walker (FLRW)
spacetime [18,19], though this solution involves serious
instabilities in scalar and vector modes [20-22].

An extension of the dRGT theory is a bimetric theory
of gravity, which can be straightforwardly constructed
without reintroducing BD ghost by promoting the refer-
ence metric of the dRGT theory to a dynamical varia-
ble [23,24]. In this theory, referred to as the ghost-free
bigravity, the physical degrees of freedom can be
decomposed into five from the massive spin-2 field
and two from the massless spin-2 field. Although similar
type of FLRW solutions in the dRGT theory suffer from
the catastrophic instabilities stated above, a new healthy
branch of solutions (in the absence of matter field which
couples to the second metric [25] and in the presence of
two matter fields each of which couples to either the first
or second metric [26]) can be obtained in a large fraction
of the model parameter space (see [27-33] about other
cosmological solutions). Although the bare graviton mass
in this type of healthy solution is chosen to be larger than

© 2016 American Physical Society
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the Hubble parameter, one can evade the stringent
constraints from solar-system tests by tuning the param-
eters in such a way that the Vainshtein radius is
sufficiently large [25]. Furthermore, in this background,
because of the modified dispersion relations, the phase
and group velocities for all polarization modes of
graviton deviate from the speed of light.

If a phase velocity of graviton is slower than the speed of
light, a relativistic particle emits gravitational Cherenkov
radiation (GCR), analogous to the electromagnetic
Cherenkov radiation [34-36]. Interestingly, this GCR
process can put a tight constraint on the phase velocity
of graviton from the condition that the damping from GCR
is not significant for ultrahigh energy cosmic rays, and it is
confirmed to be useful in concrete examples of modified
gravity [37,38], such as the new Ether-Einstein gravity
[39,40] and the most general second order scalar-tensor
theory [41-43]. For example, in the latter theory the phase
velocity c7 is constrained as ¢ — ¢; < 2 x 107°¢ [37], and
most of parameter space in which at least one phase
velocity is subluminal is not allowed because of significant
energy loss of high energy cosmic rays. Furthermore, the
authors in [44] investigated the constraints on modified
gravity theories with Lorentz-violating modified dispersion
relations [45], @ = k*c2 + m? + Ak®, where ¢, and m are
the sound speed and the mass of graviton, and @ and A are
model parameters. Although the constraint on the graviton
mass is not stringent in this model, the authors found that «
and A can be tightly constrained by observations of high
energy cosmic rays. Constraint on more general modified
dispersion relations including spatial anisotropies was
investigated in Ref. [46]. The ghost-free bigravity model
could be also constrained by the same process of GCR, and
if so, the model parameters should be chosen to be
consistent with observations. To this end, in the present
paper we estimate the emission rate of GCR from a
relativistic particle and derive constraints on the ghost-
free bigravity model from observations of high energy
cosmic rays.

The rest of the present paper is organized as follows. In
Sec. II we briefly review the ghost-free bigravity theory and
its FLRW cosmology. Then, in Sec. IIl we derive the
emission rate of the gravitational Cherenkov radiation of
the tensor and the vector modes. In Sec. IV we discuss
consistency with observations of high energy cosmic rays.
Section V is devoted to conclusion.

Throughout the paper, we use units in which the speed of
light and the Planck constant are unity, c = 72 = 1, and we
follow the metric signature convention (—, 4, +, +).

II. FLRW BACKGROUNDS

In this section we briefly review the ghost-free bigravity
model and spatially homogeneous and isotropic cosmo-
logical solutions, investigated in detail in [26]. The action
for the ghost-free bigravity is written as
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M2 KkM?
s=22 [[atay=grig + 52 [ dey/=iRl)
4
+ szg / d4x\/ _gzai['i + Sm[g] + Sm[f]’ (21)
i=0

where g, and f,, are, respectively, the physical and the
hidden metrics, M, is the 4-dimensional bare Planck mass
for the physical metric g,,, k represents the ratio of the
squared bare Planck masses for g,, and f,,, and a; are
dimensionless model parameters. S, [g] (S, [f]) is the
action of a matter field that couples only to g,,(f,.),
which is referred to as g-matter (f-matter). The interaction
Lagrangian £; (ARGT mass terms) is given by

Lo=1, L,=[K],
Lo=g(KP-IK2). L3 = (P ~3(K]K?) +2(K7))
(2.2)
Ly= % ([K]* = 6[KJP[KC] + 8[K[K] + 3[K2]* - 6[K7]),
(2.3)
where we introduce
Kﬂy = éﬂb - ( g_lf)ﬂw (24)

and [K"] = Tr(K"). We consider the cosmological back-
ground described by the following flat FLRW metrics:

Gudxtdx’ = —dr* + a*5;;dx'dx/, (2.5)

fuwdxtdxt = —n?di* + a*8;;dx’dx/, (2.6)
where we set the lapse function for the physical metric to
unity, n = n(t) is the lapse function for the hidden metric,
and a = a(t) and a = a(r) are the scale factors for the
respective metrics. The background equations are given by

P
3H? = mZng 4 Mg’ (2.7)
sy (2.8)

P e |
: _ +P
2 = mPey(e—1)-Lr (2.9)
Mg
H m* pr+ Py
it éJ(c—l)—W, (2.10)

n  kEE 7

and the energy conservation laws for g-matter and f-matter.
Here, we defined H=a/a, H; = a/ (na), an overdot as
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the differentiation with respect to 7, and p,, Py, p; and P as
the energy density of g-matter, the pressure of g-matter, the
energy density of f-matter and the pressure of f-matter,
respectively. Also, we introduced

g =U(E) ~SU(®) 1)
1
ﬁmf——zggUTSL (2.12)
J(¢&) = : U 3 U / 2.13
@=3|ve-fve. e
where / is the differentiation with respect to £ and
a . _na
5:5, C=;, (214)
Ulf)=—ay+4(E=1)a; —6(E—1)a,
+4(E=1)1a3 — (£ =1)%ay. (2.15)

A constraint is given by the divergence of the equation of
motion for g,, (or equivalently by the divergence of the
equation of motion for f,,) as

J(H—-¢Hy) = 0. (2.16)
In this paper we focus on the healthy branch of solutions
with H = {H f, equivalently caa — aa = 0 [25,26]. Then,
from Egs. (2.7) and (2.8), we obtain

2

2
:bm,g(‘f) - ;ﬁmf(‘f) - Do 5 l

m*M;  km*M}’

(2.17)

For convenience, we define I'(£) and the time-dependent
effective graviton mass u(&),

(c-ne

r(§) =)+

J'(€), (2.18)

1 2
6 = L),

As is seen in the next section, i corresponds to the effective
mass in the long wave length limit.

Since we are interested in the late-time cosmology,
we take the low energy limit, p,/(u*M2) <1 and
Eps/(ku*M?) < 1. In this limit, from Eq. (2.17), we find
that £ converges to a constant £. determined by

(2.19)

2

ﬁm,g(éc‘) - fﬁm]‘(éc) =0. (220)

Expanding Eq. (2.17) around ¢, £ is given by
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3 (1 4+ xE)(E) _\\E=be ,_Po Eps
K, &, M; KM?/’
(2.21)
as a function of p, and p;, where A is defined as
A= mzﬁm,g(éc)' (222)

At least in the low energy limit, the £ parameter is
monotonic, which can be seen from Eq. (2.21), since p,
and p are also monotonic. Then, the modified Friedmann
equation for the physical metric g,, can be written as

— pg + k_lpf
72
Mg

3H? +A for || <1, (2.23)
U

where M; = (1 + x&2)M? and & = 1/&, and A turns out to
be the effective cosmological constant.

The equation that determines the evolution of ¢ can be
derived from the equation of motion for f,, as

. 1 c&?
b= p+ Py— o+ Py)|, (224
‘ +2WM§{’)9+ s Pt f)] (2.24)

where we define

(1+xE)J
2k& "
1 <M2 e-1q + k&)J'

2 2 K

w - H?

m? — 2H2>. (2.25)
In the low energy limit, we obtain

~ 1 2
e P~ (p,+ P,
¢ +M§(/42 “2H?) [pg + Py K (py + f)}

(2.26)

Assuming that W > 0, which is required to avoid the
Higuchi ghost [26], a matter field that satisfies p, + P, <
E(ps+ Py)/x implies ¢ < 1 and vice versa. We will show
that the tensor modes of graviton possess subluminal phase
velocity when ¢ < 1 in Sec. III. It is naively expected
that cosmic-ray observations will prohibit the dominance of
f-matter because it leads to the gravitational Cherenkov
radiation. Also, we investigate the gravitational Cherenkov
radiation of the vector modes of graviton. The vector modes
can possess subluminal phase velocity for any ¢, which will
be seen in Sec. IV. Therefore, even when g-matter domi-
nates, the allowed parameter region of the ghost-free
bigravity can be potentially considerably restricted.
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III. GRAVITATIONAL CHERENKOV RADIATION
OF TENSOR MODES

In this section we investigate the gravitational
Cherenkov radiation of the tensor modes in bigravity
model. The tensor perturbations for the respective
metrics can be introduced as small deviations from the
background metrics (2.6), 6g;; = az(h+€ + hyef) and
ofij =« (h+e + hye %), where &/ and e
polarization tensors for plus and cross modes We normal-

denote the

ize the polarization tensors as s"”(’l)e,(f},/) = ;. Hereafter
we omit the index +/x since the equations of motion are
identical for both polarizations. The quadratic action for the
tensor modes is given by [26]

Sp= ZZZ / d*x { — (8,h)? — m*T(h — h)?

K§2

(1; _ 20,k )} (3.1)

Here, we assumed that the leading effect of nonflat back-
ground is due to the deviation of ¢ from unity and neglected
the other cosmic expansion effects.’ Then, the equations of
motion are given by

h—Ah+mT(h—h) =0, (3.2)
: 2F ~
— &Nh + —(h—h) =0. (3.3)
K&

One can find eigenfrequencies w;, from the above
equations of motion as

2 ~ 2
a)12 1—C 2 4K§c
2T r- 1-
AR [ ij\/( VAT

+O((1=2¢)?), (3.4)
where the upper (lower) sign is for @, (»,), k is the wave
number, i.e., A = —k2%, and x is defined as’

2k*(1 = ¢
= (426) (3.5)
u

Here, the expression inside the square root in Eq. (3.4) is
always positive, meaning @} # w3, and we define w; , so
that the mode labeled with 1 becomes massless while @3
reduces to x4 in the long wave length limit k — 0. When

'One might think the other cosmic expansion effects become
important at k < H,,. However, our results will not change as long
as Hy < p. Otherwise, the estimation of Eq. (3.34) could be
altered.

Here the sign of x is different from the one in Ref. [26].
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¢ > 1, x becomes negative and both modes always have
superluminal phase velocities, i.e., w;, > k. On the other
hand, when ¢ < 1, the phase velocity of the mode labeled
with 1 becomes subluminal while that labeled with 2 is
superluminal, for any x. In order to study the gravitational
Cherenkov radiation, we investigate the case with ¢ < 1, in
which the mode labeled with 1(2) corresponds to h (h) in
the high energy limit k — 0.” The orthogonalized action is
given by

M? .
Sy — ?9/ k3 (I = o haf). (9
where the eigenfunctions i; and &, are given by
VKE T,
hy = cos@,h + sin 6, (3.7)
\/E
. \/Eéc 7
hy, = —sin@,h + cos 8,—=h, 3.8
2 9 e (3.8)
with the mixing angle,
1 1 + k&2 ¢ — k&2 )
0 ——cot‘1<— < x+ , 3.9
2 2VKENE 2kENE 29

defined as a continuous function of x with 0 < 6, < x/2.
Now, we are ready to quantize the tensor modes, and the
field operators can be expanded as

hA/w - N'MZZ/ 3/2 8/(4y>aAliuAk(t)€ik-X

te€ /w Ak ”Ak(t)e_lkXL

(3.10)

where A = 1, 2, and &Iﬁ-]— and &gll are the creation and
annihilation operators, which satisfy the commutation

relation [&/(4/111’&/(1 11’ | = 64u8,78(k —K’), and the mode
function
() - G
Uppll) = —F——, .
" V2w, (k)
satisfies
d2
(Gt oa®)uu =0, (2

and iy (£)upr (1) = iar(1)uy (1) = i.

3In the case where g-matter is dominant and hence ¢ > 1, on

the contrary, the mode labeled with 1(2) reaches & (iz) when
k — .

064059-4



CONSTRAINT ON GHOST-FREE BIGRAVITY FROM ...

We are interested in the GCR from a high energy particle,
e.g., a high energy proton. For simplicity, we consider a
complex scalar field with the action

= / d*x\/=gl=¢"“ 0w 0w — MPyy],  (3.13)

instead of a Dirac fermion. Neglecting the cosmic expan-
sion and the coupling to the metric perturbation, the free
part of y can be quantized as

X dp - x| ATl in.
(0:x) = [ Gl gy (0P + (0

(3.14)

where l;p and 6; are the annihilation and creation operators
of the particle and antiparticle, respectively, which satisfy

the commutation relations [Bp, B;} =d6(p—-p'). [Cp. I,]

5(p —p’), and the mode function

1

) = e, 3.15
o) =5 (.15
obeys
d2
(W-\—pz—l—Mz)y/p(t) = (3.16)
with Q, = /p? + M?. The interaction part of the action

(3.13) is given by

S[ == —/dl‘d3xh”6,l//8jl//*, (317)
and the interaction Hamiltonian is

(Strictly speaking, all time derivatives must be replaced by
means of the conjugate momenta in the Hamiltonian.)

In order to evaluate the total energy of the gravitational
Cherenkov radiation, we adopt the method developed in
[47,48]. (Note that the gravitational Cherenkov radiation
can be also derived classically as in the case of the
electromagnetic Cherenkov radiation [36].) Based
on the in-in formalism [49], at the lowest order of the
expectation value of the number operator of graviton is
given by

AT A . ! ) .
@Wally = 2 / dt, / dt, (in|[H, (1)),
tin m

[H,(1,). a4y algy]]lin) (3.19)
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k
Pin
br
FIG. 1. Feynman diagram for the process.

for the initial state with one scalar particle with the
momentum, p;,, i.e., |[in) = I;I,m|0>. This gives the tran-
sition probability of the process in which one graviton
with the momentum k is emitted from a scalar particle
with the initial momentum p;, as shown in Fig. 1.
Equation (3.19) can be rewritten as [50]

<Ak Ak —2%/5”2/ dr

x (in|H, (1), a5 Hy (1) [in). (3.20)

Hereafter, we omit the tensor mode labeled with 2, whose
phase velocity is always superluminal. Then, the total
radiation energy emitted from the scalar particle into the
tensor mode labeled with 1 can be estimated as

E=>,>% a)ﬁ&i@&ff]i), which leads to

d3
Er = / 301 / dt, ”lk ()W, (1w,

X (t1)€11>p1npf

(3.21)

cos20 o

where p; + k = py,(pi + k' = pi ). With the aid of the

relation Zﬂ&‘” pipl|* = ptsin®0/2, we have
1 &k
ET (2 a)lpmsm dtl _ulk tl

cos 20, (3.22)

X l//pl-(tl)l//pm(tl)

After plugging the mode functions into (3.22), the total
radiation energy (3.22) reduces to

1 &’k psin*0 ,
Er= 4M§ / (27[)3 QfQin 2ﬂ"T(S(S—zin - Qf - CU])COS (99,
(3.23)
where Q, = \/p2, +M? and Q; = /(p;, — k)> + M2,

and we used
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t
\ [ anesp i@ - 00— o)1, - 1)
tin

= 27TT5(Qin - Qf - 6()1),

2

(3.24)
assuming the long time duration of the integration, where

T =t —t;,. Then, we have the expression in the relativ-
istic limit of the scalar particle, p;, > M,

@ / dkkz/ sm
dt 4M2

X C0528g5< in — Qf - C()]).

(3.25)

Now, we consider the delta function, which can be
written as

8(Qin — Q — 1) = 2Q6(QF — (i — @1)*)O(Qy, — @),

(3.26)

where ©(y) is the Heaviside function. Using the identity
(3.26), we may write

Qf k Cl)%
B Pink(3 (cos& - 2pin < kz)

Mza)l
P k

5(Qin —Q; - 0)1)

1+ )@(Qm—wl). (3.27)

Integration over € in Eq. (3.25) makes a nontrivial
contribution when

k w? M?*w
1——L 1/1 —_<1
2pin< k2>+ " 2 k

which is a necessary condition for GCR to arise.
Assuming M/p;, <1 and 1-w}/k* <1, the above
condition can be rewritten as

M? — ¢ w?
cosHNl—i———pm (1——2><1
2pm 2pi[‘l k

cosf =

(3.28)

(3.29)

From the presence of ©(Q;, — @, ), the possible range of k
is restricted to kK = w; < pi,, and hence we reconfirm that
w? < k? is a necessary condition for GCR. Then, the
condition (3.29) leads to

w? M?

-z . 3.30
k2 pin(pin _k) ( )

As we will see soon, the left-hand side of the above
inequality is approximated as 1 — w?/k* ~ O(1 —¢) for
any k. Thus, the condition for emitting GCR is simply
given by 1 —¢ 2 M?/p% ~ 1072 for a ultrahigh energy

PHYSICAL REVIEW D 94, 064059 (2016)

cosmic-ray proton with p;, ~ 10! GeV and M ~ 1 GeV.
Although M?/p? term could be important when
1 —¢~M?*/p?, the effect of mass merely reduces the
GCR efficientcy. We will find later that the constraint is
always weak even if we neglect the proton mass to
discuss the constraints from the tensor GCR. Therefore
we can safely ignore M?/p? term in this context. Then,
the condition (3.30) is understood as the one that the
effective refractive index exceeds unity, ny, = k/w, > 1.
Thus, GCR is emitted only through the mode labeled with
1 when 1 —¢ > 0.

We integrate Eq. (3.25) by adopting the small
angle approximation € < 1, and we have®
dET 1 Pin (l)% 2
— = dkk| (pin—k)[ 1 —— 29,
bt [ (- (1)
(3.31)

Because of the complex k dependence in 1 — w?/k* and
cos 6,, one cannot simply integrate Eq. (3.31). To approx-
imately estimate dE7/dt, we consider the limiting cases
with |x| < 1 and |x| > 1. In both limits, 1 —w?/k* is
estimated from Eq. (3.4) as

2 2"5321—5 + O(x r <1
1 _a)_212 { 1+K‘:c( ) ( )’ ( )7 (3'32)
k 2(1-3)+ 0", (x> 1).
Also, we estimate cos? 6, from Eq. (3.9) as
l+1K§§+O(x), (x<1),
cos?6),, = @ ; (3.33)
e X T O(x7?), (x>1).

Then, we can now estimate dEy/dt using the approximate
expressions (3.32) and (3.33). Denoting the wave number

at x=1 as kp=u.//2(1 = ¢), we discuss two cases:
kp < pin and kp > p;,, one by one. For the case with

kp < pin» We can estimate dEp/dt by dividing the
interval of the integral into two at x = 1, and we get’

4Contrary to the vector case, which will be seen in the next
section, the condition (3.28) does not impose the lower limit of
the integration. This is because the subluminal mode labeled with
1 corresponds to the massless mode in the limit k£ — O.

Since the dominant contribution to the integral (3.34) lies at
x ~ 1, the expression (3.34) does not smoothly connect with
(3.35) at kp ~ p;,- However, it is sufficient to understand the
dependence of dEt/dt on u and 1 — ¢ for our present purpose.

064059-6



CONSTRAINT ON GHOST-FREE BIGRAVITY FROM ...
dEr _ 1

o1\ \? 2
dk |k w—k) | 1—-— 0
ar 8an/ { ((” " )( k2>> COS “’} e
1 /pin [ < o\ \?
+— dk | k (pin—k)<1— cos’0
871'M§ kp k* ! Ix[>1

1 k& (1+42x&2) 5 > -
f— . 1_ .
SﬂMg (1 +K§%)3 Pinkt ( C)

(3.34)

If kp > p;,, we only need to consider x < 1 region, and
then dE;/dt can be approximated as

dEr _ 1 [r o\ \?
klk( (pin—FKk)|1—— 20
dt 877~'M2/ ¢ |: (<pm ) < S o |x|<1

_ 1 K& 4 ~\2
_871'M23(1+K§2)3pm(1_c) . (3.35)
g c

IV. GRAVITATIONAL CHERENKOV RADIATION
FROM VECTOR MODES

In this section we investigate the gravitational
Cherenkov radiation of the vector modes of graviton in
the ghost-free bigravity. We introduce vector perturbations
around the cosmological background as dgg; = aB;,
8foi = nab;, 8g;; = a*d;E;), and &f,;; = a?9,;S;), where
B;, b;, E; and §; are transverse vectors. Following the
discussion in Ref. [26], the effective action for the vector
modes is written in terms of one dynamical vector variable
for each polarization, while the other vectors are con-
strained or left unspecified corresponding to gauge degrees
of freedom. The quadratic action for the vector mode
expanded in vector harmonics is given as

M> o R .
Sy = ?—/ did’ka’A [5’5;‘ - {—zc% + m%,}g’f}‘],
a

(4.1)
where
2
&=/ e, ), (4.2)
N
k& [(e+ 1Tk e+ k&)
A= 1 —l—Kfz |: 2(12/122_,:.] 1+K§2:| (43)
2 _ K& 2
S (4.4)
(c+1)r
2 —
cy = 2w (4.5)
¢ 1 e
md = j - :52 2 (4.6)
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B; and b; are nondynamical degrees of freedom and written
in terms of E; and S; by means of the constraints as

B.=a [EE _ %‘ (E, s,)} , (4.7)
b= E— - 2;‘5% (E, s,)} (4.8)

In the low-energy limit where & = &, ¢% is written as

C(1+C),

1—c} = (4.9)

2
where we define C = £.J'(€)/J (). Then, subluminal phase
velocity can be achieved when 1+ C > 0 for f-matter
dominant case (1—-¢>0) or 1 +C <0 for g-matter
dominant case (1-¢ <0). Imposing the positivity of
the effective mass squared, x> >0 and J > 0, and the
absence of gradient instability ¢, > 0, the conditions that
cy is subluminal are given by
<c< 1> .

—2+C -1+C
>U<C>—1ﬂ T5C
(4.10)

According to [25], the Vainshtein radius is given by

Clr\1/3
=o((%)")
U

<C<—1ﬂl<5<

(4.11)

where r, is the gravitational radius of the star. Therefore, |C|
need to be sufficiently large for the Vainshtein mechanism
to work. One can find such parameter spaces in the region
(4.10) for small |1 — ¢|, and the smallness of |1 — ¢| is also
consistent with the background equation (2.26). Therefore,
c¥ can be significantly subluminal both in the g-matter
dominant and f-matter dominant cases.

Then, we obtain the quantized vector gravitational

perturbation:

A) 5 () ikx
__Z/ 222 \/AM2 e @iy me™
+ e aly uy (m)e ),

—ik-x

avy Uy (n)e (4.12)

*

where &, is the polarization vector, which is normalized as

(4)

e”“)e,([” =8, &%T and ay, are the creation and anni-
hilation operators, which satisty the commutation relation

[&gl)(, &s,k), ] = 8,,6(k — K’). Neglecting the effect of cos-

mic expansion and considering a = 1, the mode function
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( ) e—iwv(k)t (4 13)
u 1) = —— .
Ve 20y (k)
satisfies

d? )

W -+ Cl)v(k) I/le(t> = 0, (414)
and ity (1) uy (1) — ity ()uy, (1) = i with

¥ (k) = k> + mi. (4.15)

The coupling between the vector graviton and the
complex scalar field y is given as

Iy = — / dtd® xh {8,,1;/@1;/*

1
- 517”,,(8’11//8,11//* + 2le//l//*)} . (4.106)

Since the whole action is invariant under a coordinate
transformation, we impose a convenient gauge fixing
condition

A-1
Si==—Ei

A (4.17)

so that h,; components vanish. In this gauge, E; is written in

terms of &£; as
k& A
E, =] c_ g,
! 14+ x& k!

and the Hamiltonian for the interaction between the
graviton and scalar field becomes

(4.18)

Hy = /d3x8<iEj)8i1//8-71//*. (4.19)

As in Sec. IlI, we calculate the gravitational radiation
energy emitted from the process shown in Fig. 1 as

&k
B3 [ s

x (1)kqes) plpl

t 2A
[ dn X it (0w,
tin M.g

2

Pk A .
= /Wﬁl)v 4—A4§pi2n81n2(9(2pm COS 9 - k)2

2

x , (4.20)

/ "t g0 (0w, (1)

fin

where we define a unit vector parallel to k, lAci = k;/|k|, and
0 as the angle between p;, and k, and use p;, = k + p;.
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Assuming the long time duration of the time integration
(3.24), Evy is estimated as
-ty
- 32n*M
X 5(Qin - Qf - 6()\/).

P2 (2pincos @ — k)2
Qian

Ly

/ dPkAsin®0
(4.21)

Since the delta function in the above equation is the same
expression as in the tensor case, we get the same condition
(3.28) by replacing w; to wy. Assuming M/p;, < 1, the
condition can be rewritten by solving the quadratic inequal-
ity as

v, M

> . 4.22
k 2pin(pin - k) ( )

The condition for the vector GCR emission is therefore
given by 1 — ¢y = M?/p?. For the same reason as in the
tensor case, we can safely ignore M?/p2 in the present
paper. Then, Eq. (4.22) determines the lower limit of the
integration,

(4.23)

and thus Eq. (4.3) can be written as

K& W kainy\ 1™
e Kl _go@y(1-=mY) ) 404
1+:<§§k2[ (=) < 2 (424)

Then, we find the contribution from k = k,;, v in Eq. (4.21)
is not dominant. Assuming k > k., v, we finally obtain an

approximation to the energy emission rate of the vector
GCR,

dEy 1 «& 5
= p inlu ( 1 - CV)
dt  4xM>1+4 k&

Pin l k k2
X dk—(1-——cV——5(1-¢3 )
lmin.V k( pll’l 4p%’1( V>

1 Kég 2.2 Pi
= 22(1=c2)1 LU
47[M§ 1 +Kf% pln:u ( CV) n kmin,V

Here, we used m3, = u? at low energies, and we only kept
the leading contribution for p;, > k;, v in the last line.

(4.25)

V. CONSTRAINTS FROM HIGH ENERGY
COSMIC RAYS

In this section we derive the condition that the damping
due to GCR is not significant for an ultrahigh energy
cosmic ray with initial energy p;, during time ¢, i.e., the
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FIG. 2. Left: The excluded region in the 4 — (1 — ¢) plane obtained by the constraint from the tensor GCR. The black dashed line
shows the line (1 — ¢) = H3/u?, and k&2 = 1. Right: The excluded region in the  — (1 — ¢%) plane obtained by the constraint from the

vector GCR for x&2 = 1.

condition that dE,/df < piy,/t is satisfied, where
Ei = E1 + Ey + Eg. Because of the complexity of the
scalar perturbation, we only focus on the vector and tensor
GCR discussed in Sec. III. We assume that the origins of
high energy cosmic rays are located at a cosmological
distance, ct 2 1 Mpc, and the initial momentum of the high
energy cosmic rays of our concern is p;, ~ 10'! GeV.

Let us first examine the cosmological solution intro-
duced in Sec. II. The deviation of ¢ from unity is related to
the effective graviton mass u through Eq. (2.26) as
1 = ¢~ H}/u?. Then, the condition for the tensor GCR
to occur can be simply given by u < 1073! GeV. In this
case we always have kp < p;,, and the energy emission
rate of the tensor GCR is therefore given by Eq. (3.34).
Assuming k&2 ~ O(1), we have

dEy Pian% Pin
—~ < —. 5.1
dt M t (5-1)

Since the energy loss of a high energy cosmic ray due to the
tensor GCR is extremely small, there is no conflict with
observations, as we have anticipated earlier.

Let us next consider the vector GCR. Assuming k&2 ~
O(l) and 1n(pin/kmin,V) ~ O(])’ we have

dEy N Pizn,u2

dt M

(1-c3). (5.2)

The constraint on the effective graviton mass is now
given by

u < 100(1 = c3)7 V2 ev, (5.3)
which will allow the whole range of the graviton mass of
our interest. Therefore the ghost-free background solutions

introduced in Sec. II are consistent with observations of
high energy cosmic rays.

Owing to the relation 1 — ¢ ~ H3/u?, the tensor GCR
emission is suppressed by H3/ Mg. Relaxing this relation,
we now consider the constraint on ¢ and g assuming as if
they could be independently determined. The shaded
region in the left panel of Fig. 2 shows the excluded region
in the u — (1 — ¢) plane obtained by the constraint from the
tensor GCR. The lower and the left boundaries are,
respectively, determined by the estimates of the emission
rate (3.34) and (3.35). One can see that the cosmological
solution in Sec. II, which lies at 1 — ¢~ Hj/u? (black
dashed line), is far from the excluded region. Even if we
independently treat 1 — ¢ and u, the tightest constraint on
the effective graviton mass is u < 100 eV. In the right
panel of Fig. 2, we present the excluded region in the y —
(1 = ¢3) plane obtained by the constraint from the vector
GCR. The lower and the upper boundaries are, respectively,
determined by the emission rate (4.25) and the condition
kminv < Pin- Also in the vector case the tightest constraint
on the effective graviton mass is u < 100 eV similarly to
the tensor case. Hence, this model is consistent with
observations of ultrahigh energy cosmic rays.

VI. CONCLUSION

In this paper, we studied the consistency of the ghost-free
bigravity model with observations of ultrahigh energy
cosmic rays. The GCR can be emitted from a relativistic
particle when a phase velocity of graviton is slower than the
speed of light. If such a process is possible, a high energy
cosmic ray reduces its energy during its propagation to the
Earth, and a subluminal phase velocity of graviton could be
strongly constrained. In the ghost-free bigravity model that
we considered in this paper [26], the light speed in the
hidden metric becomes subluminal or superluminal and
then the graviton can possess a subluminal phase velocity.
We confirmed that a relativistic particle emits the GCR in
this model and derived the conditions for such a process to
occur. The energy emission rate of the GCR of the tensor
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mode and the vector mode was estimated, and it turned out
to be suppressed as far as the effective graviton mass is
sufficiently small to satisfy u < 100 eV, which will cover
most of the parameter region that is interesting when we
consider gravity modification relevant at a late epoch.

Although we did not derive the emission rate of the
scalar GCR due to the complexity of the dispersion
relations, we think it natural to assume the emission rate
of the scalar GCR is also suppressed for the following
reason. In Ref. [51] the coupling between the scalar mode
of a simple FP massive graviton and a real conformal scalar
field in de Sitter background was computed, and the
coupling squared, which is proportional to the transition
amplitude, was reported to be suppressed by the factor
2 (12 — 2H?)/Mk2. (We use M; instead of M2 since the
only option here is the effective gravitational constant in the
context of the FP massive graviton.) Although this com-
putation was done not in the context of bigravity without
taking into account the coupling between g- and f-matters
and graviton, the factor mentioned above is, in a naive
sense, the quantity to be compared with the vector mode
counterpart

kG KA k&G
TR TR (6.1)
1+ k&M= 1+ k&2 cyMy
in the present setup. Neglecting the factor related to &2 and
the deviation of ¢ from unity, we find that the coupling
between the scalar mode of massive graviton and the
incident high energy particle is as suppressed as in the
case of the vector mode. On the other hand, the propagation
speed of the scalar mode of graviton in bigravity has been
calculated in Ref. [25], and the obtained expression is
similar to the vector case at low energies [Eq. (88) in [25]].

When we consider nonconformal field, we need to keep
the trace part of the metric perturbation, which was
neglected in the computation in Ref. [51]. This neglected
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contribution gives a coupling to the trace part of the energy
momentum tensor, which is absent as long as we consider
conformally invariant matter fields. As is expected from the
presence of the vDVZ discontinuity, the trace part of the
energy momentum tensor will couple to the scalar mode of
massive graviton without any suppression even in the
massless limit. However, such a nonconformal component
of the matter energy momentum tensor will be suppressed
by the degree of violation of the conformal invariance, i.e.,
by the ratio of mass to momentum squared, M?/p?, in the
case of a Dirac fermion, instead of the suppression by
u?/p3. As a result, the transition amplitude should have a
suppression factor proportional to (M?/p? )2. Then, based
on the dimensional argument, the GCR emission rate would
be, at most, given by dE/dt~ M*/M?2. When ultrahigh
energy cosmic-ray protons are concerned, the fraction of
the energy that is lost by the GCR after traveling a
cosmological distance is much less than unity.
Therefore, we expect that the scalar GCR will be harmless
and conclude that the ghost-free bigravity with a suffi-
ciently small mass is consistent with the observations of
high energy cosmic rays, although confirmation by an
explicit computation for scalar mode is needed to obtain a
conclusive answer.
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