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A DEGREE THEORY FOR SECOND ORDER NONLINEAR ELLIPTIC
OPERATORS WITH NONLINEAR OBLIQUE BOUNDARY CONDITIONS

YANYAN LI, JIAKUN LIU, AND LUC NGUYEN

Dedicated to Paul H. Rabinowitz on his 75th birthday with admiration

ABSTRACT. In this paper we introduce an integer-valued degree for second order fully nonlinear
elliptic operators with nonlinear oblique boundary conditions. We also give some applications
to the existence of solutions of certain nonlinear elliptic equations arising from a Yamabe
problem with boundary and reflector problems.

1. INTRODUCTION

Degree theories are very useful in the study of partial differential equations, for example, in
the study of existence and multiplicities of solutions, eigenvalue and bifurcation problems. See
for example [4, 13| 21], 22] 23].

In [14], the first named author introduced a degree theory for second order nonlinear elliptic
operators with Dirichlet boundary conditions. It is natural to ask for a degree theory for
other boundary operators. Problems with nonlinear oblique boundary conditions have been
considered in the literature for some time, see e.g. [3|, 9, 10} 15, 16} 17, 18, 19] 20, 24] 25].

For example, in the study of boundary Yamabe problems [3, 10, [I5] [I6], one considers the

boundary condition

__n [8u n—2
+

(1.1) h 4 :=u n-2 Em thu]:c on OM,

where OM is the boundary of a smooth Riemannian manifold (M, g) of dimension n > 3, v
is the outer unit normal to OM and hy is the mean curvature of 9M. (1.1)) is a semi-linear

Neumann boundary condition.

More recently, in the study of a near field reflector problem [I9] one has the boundary

condition

(1.2) T.(0) = ",
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2 Y.Y. LI, J. LIU, AND L. NGUYEN

where 2, Q* are two bounded domains in R™, and T}, is the reflection mapping given by

- 2Du
~ |Dul? = (u — Du - x)?’
The boundary condition (1.2)) is fully nonlinear, and in [19] it was shown that (1.2 is oblique

for any admissible solution wu.

The equations associated with (1.1]) and (1.2]) are Hessian and Monge-Ampere types, respec-
tively.

Tu(x) x € Q.

The main goal of the present paper is to define a degree theory, along the line of [14, [I5] for
fully nonlinear elliptic operators with fully nonlinear oblique boundary conditions. See Section
(] for the statement and Sections [B}ff] for its proof. As applications, in Section [7, we outline
how our degree theory can be used to prove the existence of solutions of the boundary Yamabe
problem and the near-field reflector problem. In the Appendix, we collect some properties of
the Laplace operator A : H® — H*2 for s € [0,2] on a compact Riemannian manifold, which

are needed in the body of the paper.

2. STATEMENT OF THE MAIN RESULT

In this section we introduce a degree theory for second order fully nonlinear elliptic operators

with nonlinear oblique boundary conditions of general form,

(2.1) Flu] = f(-,u, Du, D*u), in Q,
(2.2) Glu] = g(-,u, Du), on 09,

where ) is a bounded smooth domain in Euclidean n-space, R", and f € C3%(Q x R x R" x S")
and g € C+*(Q2 x R x R™) are real valued functions, 0 < a < 1. Here S denotes the n(n+1)/2
dimensional linear space of n x n real symmetric matrices, and Du = (D;u) and D?*u = [D;;u]

denote the gradient vector and Hessian matrix of the real valued function wu.

Letting (x, z,p,r) denote points in Q x R x R™ x 8™, we shall adopt the following definitions
of ellipticity and obliqueness for operators F' and G [7]. An operator F : C+%(Q) — C%(Q) is
uniformly elliptic on some bounded open subset O of C**(Q) if there exists a constant A > 0
such that for all u € O,z € Q and ¢ € R™ there holds

(2.3) a—f(a:,u, Du, D2u)§i§j > \E.
87“@‘
An operator G : CH*(Q) — C3(99) is uniformly oblique on O if there exists a constant y > 0
such that for all u € O and z € 92
9y

(2.4) ap (Tt D) (@) 2 X

where (x) denotes the outer unit normal of 0 at .
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Let O Cc C*%(Q) be a bounded open set with 90 N (F,G)~1(0) = (). Suppose that F is
uniformly elliptic on O and G is uniformly oblique on O. We will define an integer-valued
degree for (F,G) on O at 0 along the line of [14] 15].

Theorem 1. There exists a unique integer-valued degree
deg : {((F, G),0,0): (F,G) and O are as above} =7
which satisfies the following three properties:

(p1) deg((F,G),0,0) = deg((F,G),01,0) + deg((F,G), 02,0) whenever O1 and Oy are open
disjoint subsets of O satisfying (F,G)~1(0) N (O \ (01U O3)) = 0.

(p2) Homotopy invariance property: If t — (f;, g¢) is continuous from [0,1] to C3*(Q x R x
R" x 8") x C**(Q x R x R"), F; is elliptic on O, Gy is oblique on O (both uniformly
int € [0,1]), and 00 N (Fy,Gy)~10) = 0 for all t € [0,1], then deg((Fy, Gt),0,0) is
independent of t.

(p3) Compatibility with Leray-Schauder degree: If (F,G) is an invertible linear operator and
O is a neighborhood of 0, then

deg((F,G),0,0) = (_1)dimE*(Fvg)
where

(2.5) E~(F,G) = {u € C4(Q) : —(Flu], G[u]) = (/\iu,O)}.

Ai<0
As usual, the basic properties (pl)—(p3) imply immediate consequences which we list below.

Corollary 2.1. (a) Ifdeg((F,G),0,0) # 0, then there ezists u € O such that (F[u], Glu]) = 0.

(b) IftU C O and U N (F,G)~10) = 0, then deg((F,G),0,0) = deg((F,G), O\ U,0).

(c) If (F1,G1)loo = (F2, G2)|po, then deg((F1,G1),0,0) = deg((F2, G2), 0, 0).

(d) If (F,G)(ug) =0, (F, Q) is Fréchet differentiable at ug and (F',G")(ug) is invertible. Then
deg((F,G),0,0) = deg((F',G"),B,0), where O is a neighborhood of ug in C**(Q) which
does not contain any other points of (F,G)~1(0) and B is any bounded open set containing

the origin.

The next property is a mild extension of property (p3).

Corollary 2.2. (e) Assume (F,G) has linear leading terms, (F,G) = (F1,G1) + (Fa2, Ga) such
that
(F1, G1)[u] = (aij(@)ui; + bi(w)ui + c(z)u, (Bi(z)u; + L(x)u)]an)
(F2, G2)[u] = (fu(@, u, Du), bz, u)loq) ,
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where a;j, bi,c € C3%(Q), Bi, L € CH(9Q), f. € C3¥(QA xR xR"), and b, € C*(0Q x R).
Assume that F is elliptic, i.e. (a;;) >0 in Q, and G is oblique, i.e. B-~v >0 on 0Q, where
v denotes the unit outer normal of OS).

If (Fy, G4) is invertible, then for any open bounded O € C*+%(Q) such that 0ON(F, G)~1(0) =
(), there holds

deg((F,G),0,0) = (=1)3mE"(F1.G) qeg, o (Id + (F1, G1) ™" o (Fy, Ga), 0,0),

where E~(Fy,Gy) is defined as in (2.5)).

Added in proof. We would like to thank Tim Healey who brought to our attention the
monograph of Fitzpatrick and Pejsachowicz [5], and informed us that the degree defined in our

paper can be derived from the very general theory for quasilinear Fredholm mappings therein.

3. DEFINITION OF THE DEGREE

Consider
S . C?YQ) = CYQ) x CLY(HQ)
(3.1) u— (Au, (viDiu+u)loq)
where  is the outer unit normal of 02, and
T : C¥(0Q) — CH*(00)
(3.2) u— Aru —u,

where A7 denotes the tangential Laplacian over 0f). It is well-known that S,T are isomor-

phisms.
Let F, G be the composite maps as follows,
(3.3) F= (F(l), F(z)) = SoF: (@) = C*(Q) x C12(99)
(3.4) G=ToG:C% Q) — CL*9).
Since S and T are isomorphisms, (F,G) = 0 is equivalent to (F,G) = 0. We are going to
define a degree for (F,G) by defining a degree for (F, G).

As in [14], we write

!

(3.5) (»[u] = as(x,u, Du, D*u) Dyjgru + Ci(x, u, Du, D*u, D*u),

3.6) F u (ast z,u, Du, D? u)Dgyuy; + Ev(x, u, Du,DQu))‘aQ,
A1 — (B , 2

(3.7) G[u] = (bi(z,u, Du)Ar(D;u) + Hy(z,u, Du, D*u)) ‘897
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where
2 of 2
ast(z,u, Du, D*u) = (z,u, Du, D*u),
8Tst
bi(z,u, Du) = %9 (z,u, Du)
(] ) ) - 8pz b ) :

To freeze coefficients in (3.5)—(3.7), we make use of the following result, whose proof is
postpone until Section [6]

Theorem 2. Let ay € CY*(Q),b; € CH(0Q), where 1 < i,s,t < n. Assume that (ag) is
symmetric and there exists X > 0 such that as(x)&E > MEP? for all € € R™ and x € Q, and
there exists x > 0 such that bi(z)vi(z) > x for all x € Q. For a constant N, define
LN . oY Q) = CY(Q) x CL¥(00Q) x CL(00)
w — <Lf\{)w, Lg)w, Lg)w),

where

L{lyw = a5t Dijsiw — Nag Dspw,

Lég)w = (astDstiw’Yi”aQ )

Liyw = (biAr(Diw) — NbiDiw — Nw)| g -

Then there ezists some constant Ny, depending only on ||ast||ct.e, ||billcte,n, A, x such that
LN is an isomorphism for all N > Ny. Furthermore, L depends continuously on ag,b; with

respect to the corresponding topologies.

We are in a position to define an integer-valued degree for (F,G) : O — C*%(Q) x C3%(99).
Note that F,G in (9)-(11) can be represented as
(3.8) (Flu], Glu]) = L*N[u] + R*N[u],
where LN = (LN £%N 1Ny and ReN = (R“YN, RN R%NY are

(1) 77(2) 77 B) (1) 7712 »76)

L(ul’ivw = ag(z, u, Du, D*u) Dyjjssw — Nag(z, u, Du, D*u)Dgw,

Lqé’ivw = (as(z,u, Du, DQU)DStiw%‘) ‘89 ,

L?éﬁvw = (bi(z,u, Du)Ap(Djw) — Nb;(z,u, Du)Dyw — Nw)|q, ,
Rgﬁv w = Nag(z,u, Du, D*u)Dgyw + Cy(x, u, Du, D*u, D*u),

Ré’ﬁvw = E.(z,u, Du, D*u)|sq,

R?éﬁvw = Nb;(z,u, Du)Dyw + Nw + H,(x,u, Du, D*u)|sq.

One can see that R“"[u] maps C**(Q) into C1¥(Q) x C%*(90Q) x C**(99). According to
Theorem [2| there exists some positive number Ny such that L*" is an isomorphism for any
N > Ny. By [, Theorem 7.3], (L*™)~! maps C1(Q) x C%%(9Q) x C>*(90Q) into C>*(Q),
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and its norm as a linear map between these spaces is bounded by a constant depends only on

llast|| o2y [|bil|cs.0, A and x. It follows that
w— (L) TLRWN [y
is a compact operator from O to C**(Q).
Moreover, (', G)[u] = 0 is the same as u + (L*“™)"1R“N[u] = 0, i.e.,
20 N (Id + (L*M)~1R“M)=L(0) = 90 n (F,G)~1(0) = 0.
Therefore, we can define the degree of (F,G) as the Leray-Schauder degree of the map u —

u+ (L%N)"'R“N[u]. (See e.g. [21] for the definition of the Leray-Schauder degree.) More

precisely we have the following definition.

Definition 1. Let (F,G) and O be as in Theorem [l We define a degree of (F,G) on O at 0
by
(39) deg ((F,G), 0,0) = degy 5. (Id + (L") R"Y, 0,0),

where N > Ny and Ny is the constant in Theorem [3.

Note that, by the homotopy invariance of the Leray-Schauder degree, the degree above is
independent of N > Ny. In Sections [4] and [5] below, we shall prove Theorem [2 and verify the
above defined degree (3.9)) satisfies the required properties (p1)—(p3) in Theorem

4. SOME BOUNDARY ESTIMATES

We start with some boundary estimates for linear elliptic systems with oblique boundary
conditions. We use B;' to denote {x € R" : |z| < r,z, > 0} and let I = {z,, = 0} N By. Fix
some integers m > 1 and n > 2. In the sequel, repeated Roman indices are summed from 1 to
n and repeated Greek indices are summed from 1 to m. Consider the system
(4.1) a?tBDstuB +d% DaP + P uf = f* in B,

(4.2) b’ D’ = g* onT.
of
S

We assume that a; is uniformly strongly elliptic in Bf“ , i.e. there exists A > 0 such that

a?f(m) & 5{? > M¢J? for all 2 € Bf and € € R™™,
and b?ﬁ is uniformly oblique along I, i.e. there exists x > 0 such that
—b%ﬁ(m)na 17’3 > X‘77|2 for all z € T" and n € R™.

Lemma 1. For m > 1, assume that a?f € Wl’oo(Bfr) is uniformly elliptic and symmetric,
a3’ e L®(Bf), ¢*? € L>(B]") and biaﬁ € Whee(I) is uniformly oblique along T'. Let F =
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(fom, € LABY), G = (g9, € LX), and U = (u*)™_, € H*(B{) be a solution of the
oblique boundary value problem (4.1)-(4.2). Then we have the estimate

(43)  1DUllagsy ) + 10Ul awns, ) < C[1Fllagapy + 1G]y + 1Vl aap)

where C' depends only on Ha?f“wl,oo(];;r), Hd?BHLoo(Bj), HCQ'BHLoo(Bj), ”b?BHWLoo(F) and the

ellipticity and obliqueness constants A and x.

Proof. We adapt the proof of the well-known Rellich identity for harmonic functions.

Fix 0 < r1 < 19 < 1. In the sequel, C will denote some positive constant that may very from

line to line and depends only on the coefficients of the equation.

Select a smooth cutoff function ¢ satisfying
¢ =1in B, (0),
Y= 0 on R" — B(T1+T2)/2(0)7
0 < <1,|DFg| < C AF,

where

1. Testing (4.1) against ©?U, we have

(4.4) / |IDU* < C/ |F\2+C’A2/ U +CK
+ B'rj_g B+

T2

U2 +K—1/ |DU|?
FﬂBTQ FOBT‘Q

1

for large K > 0.
2. Testing (4.1)) against ¢2D,U, we have
—/ ©* f* Dpu® S/ <p2DnuaDsuﬁa?f+/ goQa?stuﬁDntua

B r Bf

+0A/ ¢|DU|2+C/ 2|02
B Bf
1
S/F902DnuO‘Dsu’Ba?‘f4—/B+ ¢2Dn(§a?tﬂDsuﬁDtu“)
1

+CA/ <p\DU|2+C/ ©* U2
Bf Bf

1
g/chDnuaDsuﬁag’f—O/cp2|DU]2+C’A/ <p|DU|2+C/ A2 UP,
r r B B

thus,
(4.5)

/ |DU? ngax{O,/npanuo‘Dsuﬁag‘f}+C/ \F!2+C'A/ ]DU\Q—i—C/ U2
I'NB;, r B, B, B,

3. Let b2 be the inverse of b%’B, ie. DIUbY = 587, Set v = bV Z?;ll b Dju. Then

D,u® = l;%ﬁ gﬂ — .
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Testing (4.1 against p?V = (p?v*)™_,, we have

a=1>

—/ O [ = —/ (go%aagtﬁ)Dstu’B —/ o2 d‘,:’BDkuﬁ
By By B

1 1

:/¢2Dsu6vaa§‘5+/ goZa?t’BDtvaDsuﬁ
r B

+0(A/ |DU|2d:c+/ |U|2dx)
B, B,
Noting that

n—1
a?t'BDtUO‘DsuB = Z a?f Dy (b7 b7* Diut) Dgu®
i=1

This implies that

/ ¢2Dsuavaasn
r

gCA—l/ |F|2+CA/ \DUP.
B, B
ri+r2)/2

Hence, by the uniform obliqueness we obtain in case the integral on the left hand side below is

positive that
/¢2DsuaDnuo‘asn < C/ ©*Du®(—bp) Dypuag, = —C’/ ©*Dgu® (ga — va)asn
r r r

§5/¢2|DU\2—I—C’E/ G2
I I'nB.

2

+0A—1/+ |F]2+CA/+ DU
B B

T2 (r1+r2)/2

for any ¢ > 0 small. Recalling (4.5)) we obtain

|IDU|? <CA™! |F|>+C G +C A |DU?.
(4.6)
B, Bf, I'NB;, B

(r1+r2)/2

Recalling (4.4) with K = e~ A for some small € > 0, we obtain

/ \DU? gCAl/ |F\2+C/ G2
I'NB;, B, I'NB,,

+CA3/ |U|2+ce—1A2/ |U|2—|—s/ \DUP2.
B I'NB, I'NB;,

79

(4.7)

4. Let

®(r) _/ |DU?.
I'nB,
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Then by (4.7)) with e = %,

1
(1) §<I>(r2)+C'/ |F\2+C/]G|2+CA3/ ]U|2+CA2/|U|2
2 B r Bf r

(4.8) gé@(rzw(miﬁg[/y |F|2+0/F|G|2+/B+ |U|2+/FyU|2}

1 C
== — X
2 (TQ) * (7’2 — T1)3

A standard iteration (see e.g. [6, Lemma 1.1]) leads to
1
<I>(§) < CX.

In other words,

/ DU < c/ |F|2+C/ |G\2+C/ U2+ C / 2.
I'NBy /s Bt r Bt r
Combining with (4.4)) we conclude the proof. O

As a consequence, we obtain the following boundary estimate for scalar oblique boundary

value problems.

Lemma 2. Assume that ag; € WH(Q) is uniformly elliptic and symmetric and b; € W1 (99)
is uniformly oblique along 0. Let g € L*(08) and let w € H3(Q) be a solution of the oblique

boundary value problem

(4.9) astDgw =0 in €,

(4.10) biDiw+w =g on OS.

Then we have the estimates

(4.11) lwllzza0) + [Dwll200) < Cllgllrzoq),
(4.12) ID*wllz200) < Cliglmoa):

where the constant C depends only on ||ast|[y1.00 (s [|billw.@a0) and the ellipticity and oblique-

ness constants A and x.
Remark 1. Later on, we will use the following consequence of (4.12)):

(4.13) IVzwilizen < C(I Y biVrwillzon + llgllzen )
J

for all t = 1,...,n, where V1 denotes the covariant derivative along 0f).

Proof. The proof is based on the local boundary estimate in Lemma

For every point zg € 92, we can find some sufficiently small » > 0 and a diffeomorphism
®: QN B, (z9) — B (0).
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Define
(1.14) o(y) = w (@) (ye BY).
It is straightforward to check that w satisfies
(4.15) astDsyv + ds D = 0 in By,
' biDiu?—ku?:gonF:{yn:O}ﬂBl.

where @ = (D®)” a D® is uniformly elliptic, b = (D®)7b is uniformly oblique, and d = a4;0s;P.

Proof of (4.11)): Apply Lemmato (4.15) by setting m =1, FF =0 and G = g — W, we have

[ waps [ pap<c( 1o+ [1aP+ [ k).
I'NBy s Bj/2 r r Bf
Consequently

(4.16) / | Dwl|? +/ |Dw|* < C </ lg|? +/ lw|? +/ |w]2) .
0NB,. /3 QNB, /s o0NB, 20N B, QNB,

Since 0f) is compact, we can cover Jf) with finitely many small balls B,(z;), x; € 09,

i=1,---,N. Summing the estimates for ¢ from 1 to N, we obtain that

[ pup [ \Disc(/ o+ [ P [ er),
o0 Q oN o0 Q-

for a small constant r > 0, where Q, = {x € Q : dist(z,0Q) < r}. Together with interior L?
gradient estimates for (4.9)), we arrive at

(4.17) / \Dw[2+/ | Dw|? SC(/ |g|2+/ ]w|2—|—/ \w|2>.
o0 Q 0 o0 Q

We can then apply a standard argument using compactness and the uniqueness of the problem

(4.9)—(4.10) to simplify estimate (4.17)) to

(4.18) / wa12+/ | Dw/? gc/ g/°.
o0 Q 0N

This finishes the proof of (4.11)).

Proof of (4.12): As before, we first investigate (4.15)). Fix some 7 =1,...,n — 1. By differenti-
ating equation (4.15)) with respect to x., one has

(4.19) G5t Dt (D7) 4 d Dy (Dyb) = — Dy (st) D — (Drdy,) Dy

Also, from (4.15]), we can write D, as a combination of {Dgw : (s,t) # (n,n)} and {Dpw :
1 <k <n}. Thus, W = (D,;)"Z] satisfies

(4.20) asy DgWT™ + di7 DyW™ = f7

for some smooth df™ and F = (f7)"Z} satistying |F| < C|D1d|.
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Applying Lemma to (4.20)), we have
IDW llz2wem, ) < C [1F gy + 10 DiW Loy + Wl ) + 1W L2y |

Returning to w and using the compactness of 9 and estimate (4.18]), we obtain that

[pvrup <c | [ 13 bvru+ [ joP
oQ 20 0

By the equation, D,w is also under control. (4.12)) is proved. O

5. PROOF OF THEOREM [l

We assume for now the correctness of Theorem [2] whose proof will be carried out in the next
section. Then the degree deg((F,G),O,0) in Definition |1|is well-defined. Properties (p1)—(p2)
follow from the properties of the Leray-Schauder degree. For (p3), we prove the more general
statement in Corollary To this end we use the following lemma on the semi-finiteness of a

linear operator.

Lemma 3. Assume a;; € W1(Q), b;, c € L®(Q), B; € W1°(9) and ¢ € L>®(0R). Assume
furthermore that (a;j) > X1 in Q and B-v > x on 0Q for some positive constants A and x. Then
there exists . depending on ||aij ||y (), bill Loo)s ¢ (@), 1Billwroc@a), €7 1@y, A

and x such that for any p > p., the problem

(5.1) { aij(z) uij + bi(x) u; + c(z)u = pu in Q,
‘ Bi(z) u; + £(x)u =0 on 0N

has no mon-trivial solution in H*(12).

Remark 2. If £ > 0 on 92 and the coefficients are smooth, the result follows directly from the

maximum principle. In fact, p. can then be taken to be [|c™[|co(q)-

Proof. We use energy method. Assume that u € H'(Q) is a solution to (5.1)). We will use

C to denote some positive constant which may vary from lines to lines and depends only on

laijllwree@ys [1billLee )y e lILoe(@) [1Billwre(an), 1€ 1ILe(00), A and x. In particular, C' is
always independent of pu.

Multiplying the first equation in (5.1)) by u then integrating over 2, we get

u/quxg—Cl/ ]Du|2dx+C/u2da:+/ uai; uiyj do(x).
Q Q Q 09

To proceed, we write

a;jvj = pBi + X;



12 Y.Y. LI, J. LIU, AND L. NGUYEN

where p = % and X -y = 0. Note that p > 0 is bounded thanks to ellipticity and obliqueness.
It follows that

Cl/ |Dul* da + (1 — C)/ u?dr < / u [pﬁiui + X; uz} do(x)
Q Q o0
(5.2) _ / wl=plu+ X (w)] do(z).
0N
Note that, by Stoke’s theorem, we have

/ uX(u)do(x) = % X(u?)do(z) < C u® do ().
o0 o0 o0

Returning to (5.2) we hence get

C_l/ |Du)? dx + (1 — C)/ wrde < C | w?do(x)
Q Q

o0
§6/|Du|2dx+06/u2dx
Q Q

for any small € > 0. Here we have used the compactness of the embedding H!(Q2) — L?(99).

The assertion follows by choosing € = % t

Proof of Corollary[2.3. As before, set (F,G) = (SoF,ToG) : C**(Q) — C*(Q) x CH*(9Q) x
C3(0R), where S and T are given by and (3.2).

In case (F,G) has the above special form, the operator L = L, n : C*%(Q) — C%(Q) x
CLa(00Q) x C12(99Q) defined in takes the form

Lw = (aStDiistw — NasgtDgw, (astDispw ;) (b; Ap(Djw) — N b; Djw — Nw)’

00’
By Theorem [2 we can select N sufficiently large such that L is invertible, L=! o (
CH(Q) — C*+*(Q) is of the form Id + Compact and

an)'
F.G) :
deg((F,G),0,0) = deg, ¢ (L' o (F,G),0,0).

Set (F1,G1) = (SoFy, ToGy) : CH¥(Q) — C%(Q) x C1*(99) x C>*(9Q). By our hypotheses,
(F1,Gy) is invertible. Thus, by the product rule of the Leray-Schauder degree,

deg((F,G),0,0) = ZdegL.S.(Lil ° (Fl’ él)vuv 0) degL.S.((Flv él)il ° (F’ é)v o.u),
u
where the summation is made over the connected components of C+%(Q)\ (F1, G1) " to(F, G)(00).
It is evident that deg; ¢ (L~ o (F1,G1),U,0) = 0if 0 ¢ U. Hence
deg((F, G)7 070) = degL.S.(L_l © (Fh él)v @7 O) degL.S.((Flv él)_l © (Fa é): 070)7

\ (F1,G1)~ ' o (F,G)(00) containing 0. As
F1,G1)7 o (Fy, Gy), it remains to show that

where O is the connected component of C*¢(£
(F1,G1) o (F,G) = (F1,G1) o (F,G) = Id+

—_—

(5-3) d:=degy, 5 (L7" o (F1,G1),0,0) = (—1)3m E7 (L),
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Define (Fj, G3) : C+(Q) — C>%(Q) x CL(9Q) by
(Fulul, Gafw]) = (a wy, (Brwi +w)| ).

For 0 < t < 1, define L; : C**(Q) — C%(Q) x CL¥(99Q) x CT*(9Q) by

OF3[w] ) ’ ,
o9

Liw = ((1 — 1) gt Wiist + LAF3[w] — N F3[w], ((1 ) g Weti Y + 5

((1 — )b Ap(Dyw) + tA7G3[w] — NG [w]) ]m)

We can then apply the proof of Theorem [2| to see that, for sufficiently large N, L; is an
isomorphism for each t € [0,1]. Furthermore, as L; — (F1, G1) : C**(Q) — CH(Q) x C>*(99Q) x
C**(09), Ly L6 @ is a legitimate homotopy for the Leray-Schauder degree. It follows that

(5.4) d = degp s (L™ o (F,G1),0,0) = degy 5 (Ly " o (F1,G1), 0,0).
Next, set
b (35~ 5 (A s150) |, (ar— 1 ) )

Arguing as before, we have L, is invertible and
(5.5)
degL.S.(Ll_l o (Fb él)a @7 O) = degL.S.(f’(;l © (Fla él)a @a 0) = degL.S.(f’l_1 © (Fla él)7 @a 0)

Note that L; = (S o F3,T o G3) and so L7 o (F},G1) = (F3,G3)"' o (F1,G1). Hence, by
and
d = degp 5 ((F3,G3)~" o (F1,G1),0,0) = degp, g ((F1,G1) "' o (F3,G3),0,0).
Set
Ap = (F1,G1) ™' o [(1 = 1)(Fy, Gs) — 1(1d,0)],

where (Id,0) is considered as an operator from C*%(Q) into C?%(Q) x C1*(9€). By the
maximum principle and obliqueness, A; is a continuous family of invertible linear operators
acting on C*%(Q). Moreover, for t € [0,1), (1 —t)~! A4; is of the form Id + Compact. Hence,
by the homotopy invariance property of the Leray-Schauder degree,

d=deg((1—1t)"14;,0,0) for any t € [0,1),
which implies
d = (1) E"(A) for any ¢ € [0,1),

where

E-(A)= P {u e C4(Q) : Ayu = /\i(t)u}.

Ai(t)<0
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To proceed, we claim that there exists some C' > 0 and § € (0,1) such that, for any t €
(1 - 67 ]-]

1
(5.6) —C<A< el for any negative eigenvalue A of A;.

Indeed, let A be an eigenvalue of some A; and u be a corresponding eigenfunction. Since Ay is
invertible,

{awuw—kb uﬁ—cu—%[l t)aij wij — ]inQ,

Biui +vyu =3 (1—t)(Biu; +u) on 9Q,

which is equivalent to

aij Wij + x=A=p ()i B biui + s—A—p ()i 5 Ut 3=y (tl pu=01n Q,

Bi wi + x—A—p (’} 57U~ 1(1tt)U— on 99,
It is readily seen that the first inequality in . follows from the invertability of (F}, G1) while

the second follows from Lemma [3| for § sufficiently small.

By and the compactness of A, we can pick a (simply connected) neighborhood N of
[—C, —%] in the complex plane such that in the set of eigenvalues of A; lying in A/ consists of
all negative real eigenvalues of A;. Furthermore, we can assume that N is symmetric about
the real axis. Set

E(Ay,N) = EB {u e Ch Q) : Aju = )\i(t)u},
Ai(H)EN
E (A N)= D {u e O Q) : Au = /\Z»(t)u}

i (()EN\R
By the continuity of a finite system of eigenvalues (see e.g. [12, pp. 213-214]), for 6 > 0
sufficiently small,

dim E(A, ) is independent of ¢ € (1 — §,1].

Also, since A; has real coeflicients,

dim E* (A, N) is even.

Therefore, by (5.6),
d — hm(_l)dimE_(At) _ hm(_l)dimE(At,N) _ (_1)dimE(A1,N) _ (_1)dimE_(A1)‘

t—1 t—1

As Ay = —(F1,G1)" ' o (1d,0), (5.3) follows. The proof of Corollary is complete. O

Finally, we prove the uniqueness of the degree under properties (p1)—(p3). We will only sketch
the argument since it is standard. Let d((F,G),0,0) be a degree which satisfies (p1)-(p3).
We will show that d((F,G),0,0) = deg((F,G),0,0). First, by Smale’s infinite dimensional
version of Sard’s theorem, there exists fo € C*%(Q2) and go € C*%(99) such that all zeroes of
(' = fo,G — go) are non-degenerate and [|F'[u] —tfollc2.a(q) + [|G[u] — tgollcs.ean) = co > 0
for all w € 00, all t € (0,1) and some ¢y > 0. By the homotopy invariance property (p2),
d((F,G),0,0) = d((F = fo,G = g0), 0,0) and deg((F, &), 0,0) = deg((F — fo,G — 90), 0, 0).
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Thus, we may assume from the beginning that all the zeroes of (F,G) in O are non-degenerate.
The uniqueness then follows from the addition property (pl), Corollary (d)7 and the degree

counting formula (p3) for linear operators.

We have finished the proof of Theorem O

6. PROOF OF THEOREM [2]
We start with the injectivity of LV:

Proposition 6.1. Under the hypothesis of Theorem|[3, there exists some constant Ny, depending
only on ||ast||cre, ||billcre, n, A, X such that for all N > Ny, LV is injective.

Proof. Step 1. If aggws = 0in © and Lg)w = 0 on 02 simultaneously for some N > 0 sufficiently
large, then V := b; D;w + w = 0 on 9, hence w = 0.

Integrating by parts, we have

0:—/89<Lé\§)w>‘/
R (;bijw cuw)+N [ VP

> biVTw1-2+N/ V|?
/mr; N [

2 2 2
— eIV Dw |20y — Ce (IDw] 2200 + ll2200)
for any positive constant ¢, where the constant C. > 0 depends on ¢ and ||b;||c1,«. Here Vp

denotes the covariant gradient operator on 0f).

By Lemma [2] we have

[ upzc | v,
o0 o0
2

/ |va@"2 < C/ (ijVT'lUj) + |V|2

0N o0 j
Thus, by choosing £ > 0 sufficiently small in (6.11]), we deduce that

1 2 N 2

6.2 0> = biDw)? + —~ [ (b .
(6.2) _2/892(1 wz)+2/89(z w +w)

This implies that b;D;w +w = 0. Since agDgw = 0 in §2, we obtain w = 0 from the maximum
principle. Step 1 is proved.
Step 2. For any w satisfying Lf\g)w = 0, there holds

(6.3) w2y < C (llasiwstll 2) + lwllr2@)
(6.4) w3y < C (llastwst | gy + vl L2@)) »
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where C' depends on ||ast||c1.a, [|bi]lcoa, n, A and x.

Indeed, Lg)w = 0 implies that
(6.5) LV = -A7V + NV =g on 09,
where V' = b;w; + w as in Step 1 and g = (Arb;)w; + 2Vrb; - Vrw; + Apw. The inverse
operator L' : H*72(9Q) — H*(dQ) is a bounded operator and |[L;'|| < C' for some constant
C independent of N (see Lemma [5|in the appendix). When s = 1/2, by the trace theorem and

interpolation we have
IVIl1200) < Cllgllg-3/200)
(6.:6) < Clllwll g2 o0y + 1Dl g-1/2(50)]
< Clllwllgi/200) + 1Dl g1/ao0)]
< Cllwllgr/aqy < ellwllazq) + Cellwl| z2(a)

for any small € > 0. Similarly, when s = 3/2 we have
(6.7) IVl gs/200) < ellwllas @) + Cellwllr2q)

From H?, H? estimates for linear elliptic equation of second order with oblique derivative

boundary condition (see e.g. [I, Theorem 15.2]), we have
Il < € (lastwallzz@) + 1V Lz + lwlzzo)
w3y < C (Hastwst”Hl(Q) 1V llgsr200) + ||wHL2(Q)> :

Recalling and (6.7)) we arrive at (6.3)) and (6.4).

Step 3. For any w satisfying Lf\g)w = 0, there holds

(6.8) w2y < Cllastwst| L2(q),

(6.9) w3y < Cllastwst || 1)

We will only derive . The proof of is similar.
By (6.3]), it suffices to show that

|wllr2) < Cllastwst| 2o for all w € Ker(L g))

Otherwise, there is a sequence w(™ € K er(Lé\;)) such that

n n 1
0™ 120y = 1 but [lagwly | 2) < =

By (6.3), [|aw™)| w2 < C, thus w™ converges weakly in H? and strongly in L? to some w*. Tt
is straightforward to show that as w}, = 0in 2 and Lé\é)w = 0 on 0N2. By Step 1, w* = 0. This
contradicts ”w(n)HLQ(Q) = 1 and the strong convergence of w(™ to w* in L?. This concludes
Step 3.
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Step 4. LNw = 0 implies w = 0.

Using Lé\{)w = 0, we have

Oz/n(Lé\lf)w) (—aklwkl) dx

(6.10) > cl/ | D(asws)|? dz +N/ lastwst]? d — callwll syl
Q Q

C
> 21/ |D(aswst)|? dx + (N — 63)/ |asiwg|* d,
Q Q

where the constants c1, ¢a, c3 depend only on ||ast||c1.a, ||bi]|c1.e, 7, A and x. In the above, the

first inequality follows from integration by parts, Lé\;)w = 0, and Holder’s inequality, while the

second inequality follows from the Cauchy-Schwarz inequality and —. It follows from
(6.10) that for N sufficiently large, we must have agws = 0. By Step 1, this implies w = 0,
which completes the proof. ]

We now turn to proving the surjectivity of L. Consider LY : C+%(Q) — C¥(Q) x C1*(9Q) x
C1(09) defined by

Lévw = (A2w — NAw, (viDiAw))|pq, (vl (Diw) — Nvy; Diw — Nw)\aQ) .
Note that (1 —#)L{ + LY coincides with L" when as and b; are replaced with (1 —t)ds + tas
and (1 — t)y; + tb;, respectively. Therefore (1 — )L + LV is injective for all ¢ € [0,1]. By

the continuity method [I, Theorem 12.5], LV is isomorphic if and only if Lév is isomorphic. In
other words, it suffices to establish the surjectivity of Lév .

Define LY : C4*(Q) — C*(Q) x C12(8Q) x C1*(9Q) defined by
Eévw = (AZw — NAw, (viDiAw))|sq, (At (viDiw +w) — N(v; Dyw + w))|39) )
and let fliv =(1- t)iév + tLéV . It is easy to see that Eév is bijective. By the continuity method
[1, Theorem 12.5], in order to show that LéV is bijective, it suffices to show that ﬂ,{v is injective
for all 0 <t < 1. This is a consequence of the following lemmas:
Lemma 4. If Aw =0 in Q and if

Myw = (1 — t)AT (*yZDzw -+ 'IU) -+ t")/iAT (D,w) — N(’}/Z D;w + UJ) =0 on 0N

for some 0 <t <1, then V :=~; Djw 4+ w =0 on 092, hence w = 0.
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To see this, we adapt the argument in Step 1 of the proof of Proposition We compute

0=-— Mth
o0

—(1-1) |%vﬂ4/<whmwv+N V2
Jq o0

o0
z/’wﬂW+N/\w2
o0 o0

— || VrDw|72 90 — C- (HDTUH2L2(89) + ”wH%Z(OQ)) ;

for any positive constant e, where the constant C; > 0 depends on € and ||7;||¢1.«. By Lemma

we have
/|mﬁsc/|v%
o0 o0

/)NﬂMPSC/]%VF+WR
o0 o0

Thus, by choosing € > 0 sufficiently small in (6.11)), we deduce that

(6.11)

1 N
(6.12) 0> / VoV |2+ / V|2,

2 Joq 2 Joa
which implies that V' = 0 as desired. This concludes the proof of the lemma and hence of
Theorem [2 O

7. SOME APPLICATIONS

7.1. Boundary Yamabe problem. Let (M, g) be a smooth Riemannian manifold of dimen-

sion n > 3 and with non-empty boundary dM. Define the Schouten tensor

Ay = % (Ricg — 2(nl—1)Rg g),

n —
where Ricy, and R, are respectively the Ricci curvature and the scalar curvature of g. Let hy
denote the mean curvature of M. In conformal geometry, one is interested in finding a positive

4
function v such that the metric g, := u»—2¢ such that

(7.1) { i;j(f‘?:)) = 1,A(4,,) €T,

where c is a given constant in R, I' C R" satisfies
I' is an open, convex, symmetric cone with vertex at the origin,
T ={AeR":) A >0} DT DT, :={AeR": ) >0},
and f € C°°(I') N C°(T) satisfies
f>0inT and f =0 on OT,
fn, >0in T

We refer readers to [15] for the literature on this problem.
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In [I5], an existence theorem for (|7.1) was established using a degree theory which is less
general than the one considered in the present paper. We outline some of the arguments here.
First, we restrict ourselves to the case where

g is locally conformally flat,

and
OM is umbilic.
Under the assumption that
A(Ag) €T,
it was shown in [15] that all (positive) solutions of (7.1)), if exist, satisfy
|Inu| < C(M,g, f,T,c).
Under an additinal assumption that

f is concave and ¢ > 0,

one then appeals to known local C' and C? estimates, and Evans-Krylov’s theory to conclude
that all solutions of ([7.1)) satisfy
|| 11’1U|’04,a(M) < C(M7ga fv L,e, Oé).
It should be noted that, when ¢ < 0, C? estimates fail at both local and global levels. See
[15, [16].
With the above a priori estimate, our degree is defined and independent along a homotopy
connecting (f,I') to (o1,1'1). Here o7 is the first elementary symmetric function. By property

(e), the degree of (01,I'1) is the same as the Leray-Schauder degree for (o1,I'1), which was

computed to be non-zero in [§]. The desired existence result is established.

7.2. Near-field reflector problem. Consider the Monge-Ampere type equation arising in a
near-field reflector problem [T, [19]

(7.2) p*(T,) det DT, = p(-) in Q

with the boundary condition

(7.3) T,(9) = 2,

where p, p* are, respectively, the intensities of incident and reflected rays satisfying

(7.4) /sz/*p*,

Q,Q* are two bounded domains in R” with Q € B1(0), and T, is the reflection mapping

- 2Du
~ |Duf? — (u — Du - x)?’

(7.5) Tu(z) z € Q.
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In [I9] we proved the existence of solution for ([7.2]) and (7.3) under some convexity assump-
tions on domains €2 and 2* by using the degree theory established in Section 2. We outline the

main steps here and refer the readers to [19] for more details.

First we show the a priori estimate that under suitable convexity and smoothness assump-
tions, the boundary condition is strictly oblique, and moreover, for any classical solution
u of (7.2)—(7.3), we have the a priori estimate ullgaeg < C for a € (0,1) and a positive
constant C' depending on the given data.

To construct the homotopy family, we use the domain foliation, namely there exist an in-
creasing family of smooth domains {€}, {2}, such that Qo = B,(0), Qf = T, (Q0); 1 = €,
Q7 = Q% and Q, 2} are uniformly convex and Y *-convex, respectively, for all 0 <¢ < 1.

Consider the family of problems

lp
P*(Tut)
Gilu) = i o T(-,us, Dug) =0 on 0%,

(7.6) Fy[uy] = det [DT,,,] — e*(ve—u0) { + (1 —t)det [DTUO]} =0 inQy,

where ¢ > 0 is small, and ¢} is the defining function of Qf. Let @ := {®; : R — R"} be a
family of diffeomorphisms such that ®;(Q;) = B1(0) for each t € [0,1] and ®; € C° uniformly
with respect to t. Define

(7.7) Fy[u] = Fiuo ®;] in B1(0),

Gilu] = Gi[luo ®;] on 9B1(0),
for any u € C+*(By).

Let O be a bounded open set in {u € C**(B;) : [ullaa(m,) < C(Ce + 1)} such that Fy is
elliptic and Gy is oblique on O, and 8O N (F;, G;)~'(0) = 0 for all ¢ € [0,1]. From the initial
construction, wug is the unique solution of (Fy,Go)lu] = 0. By the properties of the degree,
deg((Fy, Gy), 0,0) is defined for 0 < t < 1 and

deg((pb él)a 07 O) = deg((ﬁb’ é0)7 07 0)

(7.8)
= deg((Fu, Go), 0p,0) # 0,

where Oy = {u € C**(Qyp) : HUHC&Q(QO) < C: + 1}. This implies that there exists a solution
. € C**(B) of the boundary value problem (7.7) at ¢ = 1. Hence there exists a solution
us € CH*(Q) of the boundary value problem

7.9 det [DT,] = efv—v0) L
T.(92) = Q*

for arbitrary small € > 0. To complete the existence proof we now need to let ¢ — 0. Write

equation ([7.9)) in the form of

(7.10) p*(T,) det DT, = e*(“=%)p(.)  in Q.
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Let {u.} be the family of solutions of the problems (7.10). From ([7.4)

/pz/ p*:/es(“e“O)p,
Q * Q

we see that ue —ug must be zero somewhere in 2. Hence, from the a priori estimates ||uc(|ca.0(q)

is bounded independently of e. Thus a subsequence of {u.} converges in C*#(Q) for 0 < 8 < «
to a solution u solving ([7.2))—(7.3)), as required.

APPENDIX A. SOME WELL-KNOWN PROPERTIES OF THE LAPLACE OPERATOR ON A
COMPACT MANIFOLD

Let (M, g) be a compact Riemannian manifold and A denote the Laplace operator of g. Let
H?® = H*(M) denote the Sobolev space of some real exponent s. It is well-known that —A
maps H® into H572. In this appendix, we collect some well-known properties on the spectrum
of —A: H® — H* 2 for s € [0, 2] which are needed in the body of the paper.

For s =0, H° = L?. For s = 2, H? is defined as the set of space of L? functions whose first
and second derivatives also belong to L?. H~2 is defined as the dual of H2. For s € (0,2), H®

can be defined as an interpolation space of H? = L? and H? as follows (see e.g. [2]):

o o0
H® = {u = Y wel?ueH: S @ ulle + 27079 uilf3e) < oo}, 0<s<2.

1=—00 1=—00

For uw € H®, its H®-norm is defined by

[e.e]
lullfs = inf D @7 uillge + 2 usle),
1=—00
where the infimum is taken over all possible represenation v = > ;. For s € (—2,0), H® is
defined as the dual of H'*l, which is the same as the following interpolation space of H~2 and
L?

[e.9] oo
H® = {u = Z u; € H 2 |u; € L2, Z (277D gy || o 428180 20) < oo}, —-2<s5<0.

1=—00 1=—00

Its norm is defined similarly.
For v € H?, Au € L? is defined by standard differentiation. For u € L?, Au € H~2 is defined
by
(Au,v) -2 g2 = (u, Av) 2 2 for all v € H?.
Clearly A : H?> — L? and A : L? — H~2 are bounded linear operator. Furthermore, it is easy

to check that A maps H*® into H*~2 for s € (0,2) and is a bounded linear operator between

these spaces. Furthermore, for ¢ € C'*°,

(Au, @) -2 ga—s = (u, Ap) 12 12 for all p € C(M).
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Next, fix some N > 1 and s € [0,2]. Consider the operator —A + N : H® — H*2. We
claim that this operator is an isomorphism. This is clear for s = 2. For s < 2, note that
—A+ N : H® — H*? is injective. Indeed, if —Au + Nu = 0 for some v € H®, then, for any
P € C®(M), there exists ¢ € C* such that (—A + N)p = 9 by standard elliptic regularity,
and so

(W, )2 2 = (U, (A + N)@) 2 12 = (A + N)u, @) a2 g2-s =0
which implies that © = 0. But as the formal adjoint of —A + N : H® — H*2is —A 4+ N :
H?~% — H~*, which is injective, the Fredholm alternative implies that —A + N : H® — H*?2

is surjective. The claim is proved.

Lemma 5. There exists some constant C such that for any N > 1 and s € [0,2], there holds

I(=A+ N) "l pgars—2,m0) < C.

Proof. Consider first s = 2. If (~A + N)v = u € L?, then by integrating by parts and Cauchy-

Schwarz’s inequality
1 N

1DvlI72 + Nl[vlzz = (u,0) 2 12 < S lulle + S IIVIIZe,
which implies
1DvlZ + NlolZs < ()52 12 < wlull
This together with standard elliptic theory leads to
ID?0]|72 < C(|AV]I72 + [v]72) = C(INv = |2 + [[0ll72) < Cllull7e.
We have thus shown that
I(=A+ N) Yz < €.
By duality, this gives
I(=A+ N) Y gar-2.12) < C.
Now for a general s € (0,2) and u € H*"2, we write u = Y u; € H*"2? with u; € L?. Then
(—A+ N)"lu=>v; € H® with v; = (~A + N)~lu; € H?>. We then have
I(=A+ N)Mullge < Y27 lvill g2 + 27 fuil| 2)
<O 2 fuill g2 + 277 il 2).
Since this is true for all possible representations u = »_ u;, we thus arrive at

I(=A+ N)" ullgs < Cllullgs-2,

which is exactly the assertion. U
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