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Abstract: Extensive research has been conducted on FRP-confined plain and 6 

reinforced concrete (RC) columns, leading to a large number of stress-strain models. 7 

Most of these models have been developed for FRP-confined plain concrete and are 8 

thus applicable only to concrete in FRP-confined RC columns with a negligible amount 9 

of transverse steel reinforcement. The few models that have been developed for 10 

concrete under the combined confinement of FRP and transverse steel reinforcement 11 

are either inaccurate or too complex for direct use in design. This paper presents an 12 

accurate design-oriented stress-strain model for concrete under combined FRP-steel 13 

confinement in FRP-confined circular RC columns. The proposed model is formulated 14 

on the basis of extensive numerical results generated using an analysis-oriented 15 

stress-strain model recently proposed by the authors and properly captures the key 16 

characteristics of FRP-steel-confined concrete as revealed by existing test results. The 17 

model strikes a good balance between accuracy of prediction and simplicity in form 18 

and is shown to provide close predictions of test results and perform significantly better 19 

than existing stress-strain models of the same type. 20 

 21 

Keywords: RC column; Fiber reinforced polymer (FRP); Stress-strain model; Design; 22 

Confinement; Transverse steel reinforcement 23 

 24 

INTRODUCTION 25 

In the past two decades, fibre-reinforced polymer (FRP) has emerged as a popular 26 

confining material for the strengthening of existing concrete columns (Teng et al. 2002; 27 

Hollaway and Teng 2008). As a result, extensive research has been devoted to the 28 

behavior and modelling of FRP-confined concrete (FCC), mostly through axial 29 

compression tests on short FRP-confined plain concrete columns. The vast majority of 30 

the existing studies have been concerned with circular concrete columns under axial 31 

compression, in which the concrete is uniformly confined. Similarly, the scope of the 32 

present paper is limited to circular FRP-confined plain or reinforced concrete (RC) 33 

columns under axial compression. 34 

 35 

As far as circular columns are concerned, the results of axial compression tests on short 36 

FRP-confined plain concrete columns can now be closely predicted by some of the 37 

existing stress-strain models such as those proposed by Jiang and Teng (2007) and Teng 38 

et al. (2009). These stress-strain models, however, cannot be directly used in predicting 39 

the behavior of FRP-confined RC columns (referred to as FCRC columns hereafter) 40 

when the column is provided with a significant amount of transverse steel 41 

reinforcement (TSR) . In FCRC columns, the core concrete is subjected to combined 42 
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confinement from the FRP jacket and the TSR, and is referred to as FRP-steel-confined 43 

concrete (FSCC) hereafter.  44 

 45 

The behavior of FSCC has received increasing research attention in recent years 46 

(Demers and Neale 1999; Pessiki et al. 2001; Li et al. 2003; Lin and Liao 2004; Carey 47 

and Harries 2005; Esfahani and Kianoush 2005; Matthys et al. 2005; Rocca 2007; Ilki 48 

et al. 2008; Eid et al. 2009; Chastre and Silva 2010; Lee et al. 2010; Wang et al. 2012; 49 

Zhang 2012), leading to several stress-strain models. Similar to those for FCC (Teng 50 

and Lam 2004), the existing stress-strain models for FSCC can be classified into two 51 

main categories: design-oriented models in closed-form expressions (e.g., Eid and 52 

Paultre 2008; Chastre and Silva 2010; Lee et al. 2010; Pellegrino and Modena 2010; 53 

Wang et al. 2012; Shirmohammadi et al. 2015) and analysis-oriented models which 54 

predict stress-strain curves using an incremental procedure (e.g., Braga et al. 2006; 55 

Megalooikonomou et al. 2012; Hu and Seracino 2013). Compared with 56 

analysis-oriented models, design-oriented models are particularly suitable for direct 57 

application in design calculations. By contrast, analysis-oriented models, which 58 

account explicitly for the interaction between the confining material(s) and the concrete, 59 

are more versatile and may be used to gain a better understanding of behavior and to 60 

generate numerical results for the development of a design-oriented model (Teng et al. 61 

2009). Existing design-oriented stress-strain models for FSCC have generally been 62 

established based on the interpretation of limited experimental results available to the 63 

researchers at the time of their study. The accuracy of these models therefore depends 64 

greatly on the quality and extensiveness of the test database employed. 65 

 66 

The present paper is concerned with the development of a new design-oriented 67 

stress-strain model for FSCC using a different methodology. This new design-oriented 68 

model is based on extensive numerical results from an accurate analysis-oriented model 69 

recently proposed by the authors (Teng et al. 2014). Teng et al.’s (2014) model is 70 

within the framework of Jiang and Teng’s (2007) model for FCC but includes 71 

necessary revisions to account for the effect of TSR. With Teng et al.’s (2014) model, 72 

the stress-strain curve is generated via an incremental process that makes use of a series 73 

of stress-strain curves of actively-confined concrete at different confining pressures 74 

(Teng et al. 2014). Teng et al.’s (2014) model has been verified against a large test 75 

database and has been shown to be superior to other existing stress-strain models of the 76 

same category (i.e., Braga et al. 2006; Megalooikonomou et al. 2012; Hu and Seracino 77 

2013) in terms of both rationality and accuracy. A similar approach has previously been 78 

employed by Teng et al. (2009) to develop a design-oriented stress-strain model for 79 

FCC (i.e., concrete confined with FRP only). 80 

 81 

The paper begins with a description of the stress-strain behavior of FSCC as revealed 82 

by existing test results, based on which algebraic expressions for a three-segment 83 

stress-strain model is proposed. The definitions of key parameters in the proposed 84 

model are then developed on the basis of regression analyses of numerical results 85 

obtained from Teng et al.’s (2014) analysis-oriented model. Finally, the performance of 86 

the proposed model is verified against a large test database and compared with existing 87 

design-oriented stress-strain models. 88 

 89 

It should be noted that in this paper, the term “stress-strain” represents “axial 90 

stress-axial strain” unless otherwise specified. The following sign convention is 91 

adopted: in the axial direction, compressive stresses and strains are positive but in the 92 

hoop direction, tensile stresses and strains are positive. 93 



STRESS-STRAIN BEHAVIOR OF FSCC 94 

Figure 1 shows two typical stress-strain curves of FSCC generated using Teng et al.’s 95 

(2014) analysis-oriented model; the curves of the corresponding FCC and 96 

steel-confined concrete (SCC) (i.e., concrete confined with steel only) generated using 97 

the same model are also shown for comparison. Figure 1(a) is for a case where the FRP 98 

jacket is relatively flexible, while Figure 1(b) is for a case with a relatively stiff FRP 99 

jacket. Figure 1(a) shows that the curve of FSCC is very close to that of the 100 

corresponding SCC when the FRP jacket is relatively flexible. In this case, the 101 

stress-strain behavior of FSCC can be closely and conservatively predicted by an 102 

existing stress-strain model for SCC, with the contribution of FRP being ignored. 103 

Therefore, this paper is concerned mainly with cases similar to that shown in Figure 1(b) 104 

where a relatively stiff FRP jacket leads to an FSCC curve which is significantly higher 105 

than that of the corresponding SCC. With the relatively stiff FRP jacket, the curve of 106 

FCC shows a monotonically increasing bilinear shape [Figure 1(b)], which has been 107 

well established by existing research on FCC (e.g., Lam and Teng 2003; Teng et al. 108 

2009). The threshold of FRP jacket stiffness to ensure such a bilinear stress-strain curve 109 

of FCC has been investigated by many researchers, and the following equation for the 110 

confinement stiffness ratio (
K

ρ ) was proposed by Teng et al. (2009) for their model:  111 

 
( )
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f f

K

co co

E t

D f
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  (1) 112 

where 
fE  and 

ft  are the elastic modulus and the thickness of the FRP jacket 113 

respectively; D is the diameter of the column section; 
co

f ′  and 
co

ε  are the 114 

compressive strength of unconfined concrete and the corresponding strain respectively. 115 

Eq. (1) is also adopted in the present study as the definition of a sufficiently stiff FRP 116 

jacket for FSCC. In the subsequent sections, FSCC refers to FSCC with a 
K

ρ  value 117 

not smaller than 0.01 unless otherwise specified. 118 

 119 

It is evident from Figure 1(b) that the stress-strain curve of FSCC possesses the 120 

following characteristics: (1) it consists of two approximately linear portions connected 121 

by a curved transition portion; (2) the transition portion is significantly longer than that 122 

of the corresponding FCC; (3) the second linear portion is higher than and 123 

approximately parallel to that of the FCC. These characteristics have also been well 124 

established by the existing experimental results (Teng et al. 2014). Because of the 125 

existence of a much longer transition portion, the form of expressions used in existing 126 

design-oriented stress-strain models for FCC may not be suitable for FSCC. The 127 

expressions of Lam and Teng’s stress-strain model for FCC (Lam and Teng 2003; Teng 128 

et al. 2009) are employed here to clarify this point. These expressions have been 129 

adopted in various design codes/guidelines, including the relevant Chinese standard 130 

(GB50608 2010) and the relevant design guidelines developed by the American 131 

Concrete Institute [ACI 440-08 (2008)] and the UK Concrete Society (2012). Lam and 132 

Teng’s (2003) model consists of a parabolic first segment and a linear second segment, 133 

and is given by the following expressions: 134 
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where 
c

σ  and 
c

ε  are the axial stress and strain of concrete respectively; 
c

E  is the 136 



elastic modulus of concrete; 2E  is the slope of the linear second segment of the 137 

stress-strain curve; 
i

f  is the intercept of the stress axis by the linear second segment 138 

(referred to as the intercept stress hereafter); and 
tfε  and 

tff  are the transition strain 139 

and stress for FCC respectively.  140 

 141 

With Lam and Teng’s model, the linear second segment (i.e., a two-parameter function) 142 

is uniquely defined by the slope 2E  and the ultimate state ( ,
cu cu

fε ′ ); the parabolic first 143 

segment (i.e., a three-parameter function) as well as the transition strain and stress is 144 

uniquely defined by 
c

E , the condition that the two segments connect smoothly, and the 145 

implied condition that the curve passes through the origin. In Figure 2, a typical 146 

stress-strain curve of FSCC from Wang et al.’s (2012) tests is compared with the 147 

corresponding curve generated by Lam and Teng’s model using the experimental values 148 

for 2E , 
c

E  and the ultimate state ( ,
cu cu

fε ′ ). It is evident from Figure 2 that a 149 

significant discrepancy exists between the two curves in the transition zone despite the 150 

good agreement of the two in terms of other parts; the strain at the starting point of the 151 

second linear portion (i.e., the transition strain) of FSCC is also seen to be significantly 152 

larger than that on the curve generated by Lam and Teng’s model. It should be noted 153 

that when stress-strain curves for FSCC are discussed elsewhere in the paper, the term 154 

“transition strain” is reserved for the starting point of the second linear portion (i.e., 155 

referred to as “segment” in the models) for simplicity of presentation although another 156 

transition strain exists between the first linear portion and the curved transition portion 157 

when the whole stress-strain curve is modelled as three segments. Apparently, the 158 

expressions adopted by Lam and Teng’s model cannot provide close predictions for 159 

FSCC. 160 

PROPOSED STRESS-STRAIN MODEL FOR FSCC 161 

Algebraic Expressions for Stress-Strain Curves  162 

As shown in Figure 1(b), the stress-strain curve of FSCC generally consists of two 163 

approximately linear portions connected by a curved transition portion. A review of the 164 

existing stress-strain models for FSCC reveals that these models can be classified into 165 

three categories: single-segment models which use a single expression to describe the 166 

entire stress-strain curve (e.g., Chastre and Silva 2010; Pellegrino and Modena 2010; 167 

Wang et al. 2012; Shirmohammadi et al. 2015), two-segment models which consist of 168 

two segments defined by two separate expressions (e.g., Li et al. 2003; Harajli 2006; 169 

Eid and Paultre 2008) and three-segment models which consist of three segments 170 

defined by three separate expressions (e.g., Lee et al. 2010). Lin et al. (2015) examined 171 

the algebraic expressions of existing models, and explored four different options for 172 

representing the stress-strain curve of FSCC based on the test results collected by them. 173 

Among the four options, the following three-segment option, which strikes a good 174 

balance between accuracy of prediction and simplicity in form, is adopted in the 175 

present study. The stress-strain curve defined by the three-segment option consists of 176 

two linear segments connected by a curved transition segment ( 177 

Figure 3) which is described by a four-parameter nth-order expression. The 178 

four-parameter expression allows the use of a predefined transition strain in 179 

determining the parameters. The three-segment model is expressed by: 180 
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where 0ε  and 0f  are the strain and the stress of the termination point of the first linear 182 

segment; a and n are constants and can be determined with the condition that the 183 

second segment and the third segment (also referred to as the second linear segment or 184 

final segment in the paper) are smoothly connected at the transition point ( ,
t t

fε ): 185 
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 189 

The termination point of the first linear segment (
0 0
, fε ) is defined to be at the stress 190 

level of 
cs

f ′∆  so that this model reduces to Lam and Teng’s (2003) model when there is 191 

no TSR (i.e., 0
cs

f ′∆ = ). That is, 192 

 
0 cs

f f ′= ∆  (7) 193 

 
0 0 c

f Eε =  (8) 194 

 195 

There are five independent parameters in the three-segment model (i.e., 
2

E , 
c

E , 
i

f , 196 

tε , and cuε ), while the transition stress, 
t

f , can be found from 
2t i t

f f E ε= + . Among 197 

the five independent parameters, 
c

E  can be obtained from 198 

4730  (  in  MPa)c co coE f f′ ′=  following ACI 318-08 (2008); 
i

f  is generally taken to 199 

be equal to 
co

f ′  for FCC (Lam and Teng 2003), and can thus be calculated as 200 

i co cs
f f f′ ′= + ∆  with 

cs
f ′∆  being used to account for the increase of intercept stress due 201 

to confinement from TSR. The remaining three parameters, 
2

E , tε , and cuε , as well 202 

as 
cs

f ′∆ , need to be found from regression analyses of numerical results generated using 203 

Teng et al.’s (2014) analysis-oriented model and are discussed later in this paper. It 204 

should be noted that the slope of the second linear segment (i.e., the final-segment 205 

slope) in the present three-segment model (denoted by 
2

E ) corresponds to that of the 206 

second segment in Lam and Teng’s (2003) model for FCC. 207 

Final-Segment Slope 
2

E  208 

As discussed earlier, the second linear portion of the stress-strain curve of FSCC is 209 

approximately parallel to that of the corresponding FCC (Figure 1). Therefore, an 210 

equation capable of close predictions for the final-segment slope (
2

E ) of FCC is 211 

expected to also provide close predictions for that of FSCC. In the present study, a 212 

parametric study (i.e., Parametric Study 1) was conducted using Teng et al.’s (2014) 213 



model on FCC to generate numerical results to derive such a predictive equation. Teng 214 

et al.’s (2014) model reduces to Jiang and Teng’s (2007) model for FCC when there is 215 

no TSR. The main parameters considered in the parametric study included the 216 

unconfined concrete strength (
co

f ′ ), the confinement stiffness ratio of FRP (
K

ρ ), and 217 

the rupture strain of FRP (
,h rupε ). The ranges of these parameters in the parametric 218 

study were selected with reference to values commonly found in laboratory tests and 219 

practical cases, which are summarized in Table 1. In the parametric study, it was 220 

assumed ( )4 49.37 10   in MPaco co cof fε − ′ ′= ×  (Popovics 1973) and 221 

( )4730   in MPac co coE f f′ ′=  (ACI 318-08 2008). The final-segment slope (
2

E ) was 222 

obtained from each stress-strain curve generated in the parametric study in the 223 

following way: (1) assume that the intercept stress is equal to
co

f ′  following Lam and 224 

Teng (2003); (2) obtain the stress and strain at the ultimate state from the curve; (3) 225 

calculate 
2

E  as the slope of the straight line connecting the point of ultimate state and 226 

the point of intercept stress (0,
co

f ′ ). Similar to the findings from numerous 227 

experimental and theoretical studies (e.g., Samaan et al. 1998; Xiao and Wu 2000; 228 

Fahmy and Wu 2010), results from the parametric study showed that that the 229 

final-segment slope (
2

E ) depends greatly on the FRP confinement stiffness ratio (
K

ρ ) 230 

(Figure 4). The following expression is therefore proposed for 
2

E  for both FCC and 231 

FSCC based on a regression analysis of the results from the parametric study: 232 

 ( )2 29.9 ln 134
K

co

E

f
ρ= +

′
  (9) 233 

With Eq. (9), the threshold of 
K

ρ  for a positive 
2

E  can be obtained to be 0.0113, 234 

which is approximately the same as that proposed by Teng et al. (2009) [i.e., Eq. (1)]. 235 

Increase of Intercept Stress due to TSR 236 

Another parametric study (i.e., Parametric Study 2) was conducted to obtain a 237 

predictive equation for the increase of intercept stress due to confinement from TSR 238 

(i.e., 
cs

f ′∆  in 239 

Figure 3). It should be noted that 
cs

f ′∆  is different from *

,sccf ′∆  in Teng et al.’s (2014) 240 

model, where the latter represents the TSR contribution to the peak axial stress in the 241 

stress-strain model for active confinement adopted by Teng et al. (2014). The main 242 

parameters considered in the parametric study included the effective steel confinement 243 

stiffness (
steel

K ) and the yield stress of the steel spiral/hoops (
yhf ) besides the three 244 

parameters adopted in Parametric Study 1, based on the findings from Teng et al. 245 

(2014). Following Mander et al. (1988) and Teng et al. (2014), the effective steel 246 

confinement stiffness (
steel

K ) is defined by: 247 

 
2 e s s

steel

s

k E A
K

sd
=   (10) 248 

where 
s

E , 
yhf , and 

s
A  are the elastic modulus, yield stress, and cross-sectional area 249 

of a steel spiral/hoop respectively; s is the vertical center-to-center spacing of steel 250 

hoops or spirals; 
s

d  is the diameter of center line of steel spirals/hoops; and 
e

k  is the 251 

confinement effectiveness coefficient to account for confinement non-uniformity over 252 

the column height and is defined as follows:  253 
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2
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cc

s

e
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d
k
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ρ

ρ

 ′
 − − 
 

= 
 ′

− − 
 

  (11) 254 

where s′  is the clear vertical spacing of steel spirals/hoops (
s

s s d′ = − ) and 
cc

ρ  is the 255 

ratio of cross-sectional area between the longitudinal steel reinforcement and the 256 

enclosed concrete core. 257 

 258 

With the definition of 
steel

K , the effective confining pressure from TSR after the 259 

yielding of TSR can be calculated as 260 

 ,

steel yh

ls y steel y

s

K f
f K

E
ε′ = =   (12) 261 

where 
yε  is the yield strain of steel spirals/hoops. 262 

 263 

The ranges for the parameters covered in the parametric study are also summarized in 264 

Table 1. The increase of intercept stress due to confinement from TSR (i.e., 
cs

f ′∆ ) was 265 

obtained from each stress-strain curve generated in the parametric study in the 266 

following way: (1) obtain the stress and strain at the ultimate state from the curve; (2) 267 

obtain the intercept stress, 
i

f , as the intercept of the stress axis by the straight line 268 

which has a slope of 
2

E  calculated from Eq. (9) and passes through the point of 269 

ultimate state; (3) find 
cs

f ′∆  by 
cs i co

f f f′ ′∆ = − . It should be noted that although most 270 

of the stress-strain curves generated in the parametric study have a shape similar to that 271 

shown in Figure 1(b), a small fraction of the curves does not have the linear final 272 

portion (Figure 5). This happens when the confinement from the TSR is very low 273 

and/or the rupture strain of FRP is relatively small so that the ultimate state (i.e., FRP 274 

rupture) is reached before the yielding of TSR. These curves were identified by 275 

comparing the slope of the stress-strain curve at the ultimate state and the 
2

E  value of 276 

the corresponding FCC, and were excluded when calculating 
cs

f ′∆ .  277 

 278 

The results from the parametric study indicate that 
cs

f ′∆  depends greatly on the 279 

effective steel confinement ratio (
,ls y cof f′ ′ ) and the confinement stiffness ratio between 280 

FRP and TSR (
f frp steelK Kρ = ). To propose a rational expression for 

cs
f ′∆ , the 281 

following two extreme conditions were considered: (1) when no TSR is present, 
cs

f ′∆  282 

should be equal to zero; (2) as 
cs

f ′∆  basically represents the increase of strength due to 283 

confinement of TSR, its expression may be so selected that it reduces to an accurate 284 

existing equation for the peak stress of SCC when there is no FRP jacket (i.e., 0fρ = ). 285 

Given the above considerations, the following equation is proposed: 286 

 
( )

0.736

,
3.12

1

ls ycs

b

co co f

ff

f f aρ

 ′′∆
 =

′ ′ +  

 (13) 287 

 288 

Eq. (13) provides accurate predictions of the axial stress of SCC when 0fρ =  (Teng 289 

et al. 2014). A regression analysis was conducted to minimize the errors between the 290 

predictions of Eq. (13) and the results from the parametric study (i.e., Parametric Study 291 



2), leading to a = 7.07 and b = 1.60 (Figure 6). Eq. (13) thus becomes: 292 

 
( )

0.736

,

1.60
3.12

1 7.07

ls ycs

co co f

ff

f f ρ

 ′′∆
 =

′ ′ +  

 (14) 293 

 294 

Transition Strain 295 

The transition strain ( tε ) is the strain at the starting point of the second linear portion of 296 

the stress-strain curve of FSCC. The second linear portion is governed mostly by the 297 

confinement stiffness of FRP, which means that the confinement effect of TSR becomes 298 

negligible after the transition strain. Therefore, it is reasonable to expect that the 299 

transition strain is approximately equal to the strain at the peak stress of SCC (
cc

ε ) 300 

when the confinement stiffness of FRP is not too large. This is also evident from the 301 

experimental results from a number of studies on FSCC (Carey and Harries 2005; 302 

Matthys et al. 2005; Eid et al. 2009; Chastre and Silva 2010; Wang et al. 2012). The 303 

strain at the peak stress of SCC (
cc

ε ) can be predicted by a model for actively confined 304 

concrete (which can closely approximate the response of SCC after the yielding of TSR) 305 

such as the model proposed by Jiang and Teng (2007): 306 

 

1.2

1 3.89 1cc cc

co co

f

f

ε

ε

 ′
= + − 

′ 
 (15) 307 

where 
cc

f ′  is the peak stress of SCC. 308 

 309 

In addition, the transition strain of FSCC should reduce to that of FCC when there is no 310 

TSR. Based on these considerations, the following equation is proposed for the 311 

transition strain ( ) of FSCC: 312 

 

1.2

1 3.89t cs

tf co

f

f

ε

ε

 ′∆
= +  

′ 
 (16) 313 

where 314 

 
2

2 co
tf

c

f

E E
ε

′
=

−
  (17) 315 

 316 

Eq. (16) means that  is equal to the transition strain of FCC, tfε , when there is no 317 

TSR (  is equal to zero) and the transition strain  increases with the confinement 318 

stiffness of FRP, which is consistent with the test results of FSCC (e.g., Eid et al. 2009; 319 

Wang et al. 2012). Moreover, as  is very close to coε  when the confinement 320 

stiffness of FRP is not too large, Eq. (16) implies that  is approximately equal to 321 

cc
ε  in Eq. (15). 322 

Ultimate State 323 

The ultimate state of FSCC is reached when the FRP jacket ruptures due to hoop 324 

tension (i.e., when the hoop strain of FRP reaches its rupture strain). Teng et al. (2014) 325 

proposed the following axial strain-FRP hoop strain relationship for FSCC: 326 

tε

tε

csf ′∆ tε

tfε

tε



 

0.7

0.85 1 8 1 0.75 exp 7
lfc ls h h

co co co co co

f f

f f

ε ε ε
α

ε ε ε

         ′  
= + + + − −         

′ ′          

  (18) 327 

 1.59 15.1 fα ρ= +   (19) 328 

 329 

With this relationship, the ultimate strain of FSCC ( cuε ) can be calculated by equating 330 

the FRP hoop strain ( h
ε ) to the hoop rupture strain of FRP (

,h rupε ): 331 

 

0.7

, , , ,
0.85 1 8 1 0.75 exp 7

lf rup ls rup h rup h rupcu

co co co co co

f f

f f

ε εε
α

ε ε ε

 ′          
= + + + − −         

′ ′          

  (20) 332 

where 
,lf rupf  and 

,ls rupf ′  are the confining pressures from FRP and TSR at the ultimate 333 

state respectively. 
,ls rupf ′  can in principle be replaced by 

,ylsf ′  as long as the yield 334 

strain of TSR is smaller than the hoop rupture strain of the FRP jacket.  335 

 336 

Eq. (20), however, is too complex for direct use in practical design. To simplify Eq. 337 

(33), the expression within the curly bracket on the right side of this equation is shown 338 

against coruph εε /,  in Figure 7. It is evident from Figure 7 that the curve becomes 339 

almost linear when coruph εε /,  exceeds around 0.5 (or when ruph,ε  exceeds around 340 

0.1%). This observation allows the use of a linear function to replace the complex 341 

expression within the curly bracket, considering that the rupture strain of commonly 342 

used FRP (e.g., carbon FRP and glass FRP) is much larger than 0.1%. The following 343 

equation is therefore proposed to replace Eq. (33): 344 

 
, ,y ,

0.85 1 8 1 0.465
lf rup ls h rupcu

co co co co

f f

f f

εε
α

ε ε

′     
= + + +    

′ ′    
  (21) 345 

 346 

Eq. (21) can be rewritten as: 347 

 ( ) ( ),

, ,, 0.85 1 0.465
ls ycu

lf rup h rup

co co

f
f

f
ε

ε
φ ε α ρ

ε

′
= + +

′
 (22) 348 

where ),( ,, ruphruplff εφ  is a function of 
,lf rupf  and 

,h rupε . Apparently, Eq. (22) reduces 349 

to the following equation for FCC: 350 

 ),( ,, ruphruplf

co

cu f εφ
ε

ε
=   (23) 351 

 352 

To retain consistency with the equation proposed by Teng et al. (2009) for the ultimate 353 

strain of FCC, ),( ,, ruphruplff εφ  is replaced by the corresponding expression in Teng et 354 

al.’s (2009) model, and Eq. (22) becomes: 355 

 ( ),0.80 1.451.75 6.5 0.85 1 0.465
ls ycu

K

co co

f

f
ε ε

ε
ρ ρ α ρ

ε

′
= + + +

′
  (24) 356 

 357 

The predictions of Eq. (24) are compared with those of Eq. (20) in Figure 8 for all the 358 

numerical cases in Table 1; close agreement can be seen between the two.  359 

 360 

The ultimate strain cuε  is normally larger than the transition strain tε  calculated by 361 

Eq.(16), except for cases where the confinement from TSR is very high and/or the 362 

rupture strain of FRP is relatively small (Figure 5).  363 



 364 

Summary of the Proposed Model 365 

When tcu εε > , Eqs. (9), (14), (16), and (24), which are for 2E , 
cs

f ′∆ , tε  and cuε  366 

respectively, can be employed together with Eq. (3) to define the proposed model to 367 

predict the stress-strain response. In the rare case where tcu εε ≤ , the final segment 368 

does not exist, so the proposed model only has two segments (i.e., the first two 369 

segments) with the second one terminating at a strain of cuε . Nevertheless, for the 370 

latter case, Eqs. (9) and (14) for 2E  and 
cs

f ′∆  still need to be used to define the virtual 371 

final segment so that tf  can be found and used together with tε  to define the first 372 

segment or the first two segments. The ultimate stress 
cu

f ′  can be easily found from 373 

cuε . 374 

 375 

It should also be noted that the proposed model is different from most existing 376 

stress-strain models (e.g., Lam and Teng 2003; Teng et al. 2009) for FCC or FSCC in 377 

the determination of 2E . In the existing models (e.g., Lam and Teng 2003; Teng et al. 378 

2009), 2E  is calculated using the point of ultimate state ( cuε ,
cu

f ′ ) and the point of 379 

intercept stress (0, 
i

f ). The main disadvantage of such models is that they predict 380 

different stress-strain paths for the same concrete confined with an FRP jacket of the 381 

same hoop stiffness but different FRP rupture strains (
,h rupε ). Although these 382 

differences are small in practical cases, they are conceptually in disagreement with the 383 

understanding that the stiffness instead of the hoop rupture strain of the FRP jacket 384 

determines the stress-strain path. The advantage of such models is that they provide an 385 

explicit definition of the ultimate state, which is convenient in section analysis and 386 

member design. The proposed stress-strain model overcomes this drawback by 387 

ensuring that 2E  of the stress-strain curve is directly related to the stiffness of the FRP 388 

jacket. The proposed stress-strain model therefore may be referred to as a 389 

stiffness-based stress-strain model which is superior in cases where the correct 390 

prediction of stress-strain paths is of greater importance (e.g., seismic response 391 

analysis).  392 

PERFORMANCE OF THE PROPOSED MODEL 393 

Test Database 394 

The test database of the present study consists of 48 FCRC specimens. It includes all 395 

the test data collected by Teng et al. (2014) from the studies of Demers and Neale 396 

(1999), Pessiki et al. (2001), Eid et al. (2009), Chastre and Silva (2010), Wang et al. 397 

(2012) and Zhang (2012), and results of another 5 FCRC specimens tested by Matthys 398 

et al. (2005). The 5 FCRC specimens of Matthys et al. (2005) had a diameter of 400 399 

mm and covered the ranges of parameters as follows: 29.2 ~ 33.4MPa
co

f ′ = ,400 

, 0.0225 ~ 0.0258ls y cof f′ ′ = , 8.03 ~ 9.20
steel co

K f ′ = , 0.0121 ~ 0.149
K

ρ = , 401 

1.15 ~ 3.33ερ = . Matthys et al. (2005) provided only the axial stress-axial strain 402 

curves of these specimens (i.e., no axial stress-lateral strain curves), so they were not 403 

included in Teng et al.’s (2014) database. All the FRP-confined specimens were 404 

wrapped with an FRP jacket with fibers oriented in the hoop direction only via a wet 405 

lay-up process; 13 specimens tested by Eid et al. (2009) were reinforced with steel 406 



spirals while the other specimens were reinforced with steel hoops. 407 

 408 

The majority of the specimens in the database are medium- to large-scale specimens 409 

with the diameter being not smaller than 250 mm (up to 508 mm). It has been widely 410 

reported that the unconfined strength of concrete ( cof ′ ) in columns of such a scale may 411 

be significantly lower than that found from standard concrete cylinder tests (i.e., cf ′ ) 412 

using 150mm × 300 mm cylinders, although the difference between cof ′  and cf ′  413 

varies and is somewhat uncertain (Park and Paulay 1975; Demers and Neale 1999; 414 

Chastre and Silva 2010; De Luca et al. 2010; Zhang 2012). In the present study, cof ′  is 415 

taken to be 0.85 cf ′  following ACI 318 (2008) for all the specimens except the 416 

specimens presented in Pessiki et al. (2001), Chastre and Silva (2010) and Wang et al. 417 

(2012) where FCC columns with the same dimensions as the corresponding FCRC 418 

columns were tested; for these specimens, cof ′  was back-calculated from the test 419 

results of FCC columns using Jiang and Teng’s (2007) model. The same method of 420 

determining cof ′  has also been adopted by Teng et al. (2014) and other researchers 421 

(e.g., Saatcioglu and Razvi 1992). 422 

Increase of Intercept Stress due to TSR csf ′∆  423 

The experimental value of 
cs

f ′∆  can be obtained as 
cs i co

f f f′ ′∆ = − , where the intercept 424 

stress if  can be extracted from the experimental stress-strain curve. The so-obtained 425 

cs
f ′∆  values of all the 48 FCRC specimens are shown in Figure 9 against the curve 426 

depicted by Eq. (14). It is evident that Eq. (14) generally provides reasonably close 427 

predictions of the test results for a wide range of effective steel confinement ratios. A 428 

relatively large scatter exists for FSCC with a low effective steel confinement ratio, 429 

which is believed to be at least partially due to the use of cof ′  as the intercept stress of 430 

FCC.  431 

Stress-Strain Curves 432 

The predictions of the proposed model are compared with typical test results from Eid 433 

et al. (2009) and Wang et al. (2012) in Figure 10. The predictions of existing 434 

design-oriented models proposed by Harajli (2006), Eid and Paultre (2008), Pellegrino 435 

and Modena (2010), and Wang et al. (2012) are also shown in Figure 10 for 436 

comparison. As mentioned earlier, the first two of these existing models are typical 437 

single-segment stress-strain models while the last two are typical two-segment 438 

stress-strain models. Among these models, the ones proposed by Harajli (2006), 439 

Pellegrino and Modena (2010) and Wang et al. (2012) are for the average axial 440 

stress-strain behavior of the concrete in the entire section. These models ignore the 441 

clear difference between the core concrete (i.e., FSCC) and the cover concrete which is 442 

subjected to FRP confinement only (i.e., FCC), which is a significant disadvantage as in 443 

column analysis the cover and the core parts of the section are typically separately 444 

treated. To make the comparison with these models possible, the average stress of 445 

concrete in an FCRC column instead of the stress of the core concrete (i.e., FSCC) is 446 

used in Figures 10 and 11. The experimental average axial stress of concrete in an 447 

FCRC column was calculated using the following equation: 448 

 
,

c s
c avg

g s

P P

A A
σ

−
=

−
  (25) 449 



where 
c

P  is the total axial load carried by the column; 
s

P  is the axial load carried by 450 

the longitudinal steel bars; 
gA  is the gross area of the column section; and 

s
A  is the 451 

total area of the longitudinal steel bars. For models which predict different axial 452 

stresses for the core concrete and the cover concrete (e.g., the models proposed in the 453 

present study), the average axial stress of the entire section was calculated as follows: 454 

 cover cover
,

cover

core core
c avg

core

A A

A A

σ σ
σ

+
=

+
  (26) 455 

where 
core

σ  and 
core

A  are the axial stress and area of the core concrete (excluding the 456 

area of longitudinal steel bars) respectively; and 
cover

σ  and 
cover

A  are the axial stress 457 

and area of the cover concrete respectively. The experimental hoop rupture strain of 458 

FRP (
,h rupε ) was used to find the ultimate axial strain for all the models.  459 

 460 

It is obvious from Figure 10 that the model proposed by Pellegrino and Modena (2010) 461 

fails to provide accurate predictions of the test results. Harajli’s (2006) model provides 462 

reasonable but not accurate predictions of the results presented by Eid et al. (2009), and 463 

significantly underestimates the ultimate strain of the specimens tested by Wang et al. 464 

(2012). Wang et al.’s (2012) model performs well for their own specimens, but fails to 465 

predict the test results presented by Eid et al. (2009) especially in terms of the ultimate 466 

strain. Eid and Paultre’s (2008) model appears to be the most accurate among the 467 

existing models, but this model becomes inaccurate for specimens with a relatively 468 

high effective steel confinement ratio [Figure 10 (e)-(g)]. It is evident from Figure 10 469 

that the proposed model provides accurate predictions of all the test results, and 470 

performs significantly better than all the existing models.   471 

 472 

Figure 11 shows a comparison for FSCC in four FCRC specimens tested by Lee et al. 473 

(2010) which were reinforced with steel spirals of very high yield strength (i.e., 1200 474 

MPa). Lee et al.’s (2010) specimens were not used in the development of the model of 475 

Teng et al. (2014) as the hoop strain data from this study were questionable (Teng et al. 476 

2014). As a result, the predictions are terminated at the experimental ultimate axial 477 

strain for all the models in Figure 11. It can be seen again that the proposed model 478 

performs much better than all the existing models. The proposed model however 479 

slightly overestimates the axial stress over the transition portion as the confining 480 

pressure from the steel spirals after yielding is directly used in calculating the transition 481 

strain defined by Eq. (16), but in reality this confining pressure had to increase 482 

gradually from zero to the value at yielding. This issue is not so significant for TSR 483 

with a much lower yield stress. 484 

Ultimate State 485 

Figure 12 shows the comparison for ultimate axial strains for all the 48 FCRC 486 

specimens, while the comparison for ultimate axial stresses is shown in Figure 13. It is 487 

evident that the proposed model provides accurate predictions of the ultimate state of 488 

FSCC. 489 

 490 

CONCLUSIONS 491 

This paper has presented a three-segment design-oriented stress-strain model for 492 

FRP-steel-confined concrete (FSCC) in FRP-confined circular RC columns. The 493 

proposed model has been formulated on the basis of extensive numerical results 494 



generated using an accurate analysis-oriented stress-strain model recently proposed by 495 

the authors as well as the key characteristics of FSCC as revealed by test results. It 496 

consists of a linear initial segment, a curved transition segment, and a linear final 497 

segment; the transition segment is smoothly connected to both the initial segment and 498 

the final segment. The proposed model reduces to Lam and Teng’s well-known 499 

stress-strain model for FRP-confined concrete (Lam and Teng 2003; Teng et al. 2009) 500 

when no confinement from transverse steel exists. The proposed model has been shown 501 

to provide accurate predictions of test results and perform significantly better than 502 

existing stress-strain models of the same type. The proposed model strikes a good 503 

balance between accuracy of prediction and simplicity in form, and its algebraic 504 

expressions allow much simpler mathematical manipulations (e.g., differentiations and 505 

integrations) than those of the existing models. 506 
 507 
It is worth noting that the present paper has been focused on the development of a 508 

stress-strain model for FSCC in columns under monotonic concentric axial compression. 509 

The extension of the model for use in columns subjected to combined axial compression 510 

and bending or cyclic loading is an important subject for future research. 511 

 512 
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Table 1 Parameters used in the parametric study 

Concrete FRP Jacket Transverse Steel
*
 

Compressive 

strength 

cof ′  (MPa) 

Confinement 

stiffness ratio 

K
ρ  

Rupture 

strain 

,h rupε  

Effective 

confinement 

stiffness ratio 

steel coK f ′  

Yield stress 

yhf  (MPa) 

20-50 at an 

interval of 10 

0.01-0.15 at 

an interval of 

0.005 

0.75%, 

1.5%, 

2.0% 

5-125 at an 

interval of 10 

200-800 at an 

interval of 100 

*
 For Parametric Study 2 only 



 
(a) Type I curve for FSCC 

 
(b) Type II curve for FSCC 

Figure 1 Typical stress-strain curves predicted using Teng et al.’s (2014) model 

 

 

 
Figure 2 Performance of Lam and Teng’s model for FSCC 

 

 

Figure 3 Proposed stress-strain model 

 

0

5

10

15

20

25

30

35

40

0 0.002 0.004 0.006 0.008 0.01

A
xi

al
 

st
re

ss
 σ

c
(M

P
a)

Axial strain εc

FSCC

SCC

FCC

,

30MPa;

0.04; 20;

0.002;  6.84

co

ls y co steel co

K

f

f f K f

ερ ρ

′ =

′ ′ ′= =

= =
0

10

20

30

40

50

60

0 0.005 0.01 0.015 0.02

A
xi

al
 

st
re

ss
 σ

c
(M

P
a)

Axial strain εc

FSCC

SCC

FCC

,

30MPa;

0.06; 30;

0.024;  6.84

co

ls y co steel co

K

f

f f K f

ερ ρ

′ =

′ ′ ′= =

= =

0

5

10

15

20

25

30

35

40

45

0 0.005 0.01 0.015 0.02 0.025

A
xi

al
 

st
re

ss
 σ

c
(M

P
a)

Axial strain εc

FSCC (Wang et al. 2012)

Lam and Teng (2003)

Transition point of FSCC

Transition point of 

Lam and Teng's
(2003) model

c
σ

cε

co
f ′

co cs
f f′ ′+ ∆

cs
f ′∆

tfε

( )0 0, fε

( ),
t t

fε

,  cu cufε ′

coε



 
Figure 4 Effect of FRP confinement stiffness ratio on 2E  

 
Figure 5 Effect of transverse steel on the transition point of stress-strain curve of 

FSCC 
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Figure 6 Increase of intercept stress due to TSR 

 

 
Figure 7 Simplification of Eq. (20) 
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Figure 8 Performance of the proposed simplified equation for the ultimate strain 

 

 
Figure 9 Performance of Eq. (14) for the prediction of the increase of intercept 

stress due to TSR 
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(a) Specimen C1H1L2M from Wang et al. (2012) 

 

 

 
(b) Specimen C1H2L2M from Wang et al. (2012) 
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(c) Specimen C2H1L2M from Wang et al. (2012) 

 

 
(d) Specimen C2H2L2M from Wang et al. (2012) 
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(e) Specimen A3NP2C from Eid et al. (2009) 

 

 
(f) Specimen C2MP4C from Eid et al. (2009) 
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(g) Specimen C2N1P2N from Eid et al. (2009) 

Figure 10 Performance of models for FSCC in FCRC columns tested by Wang et 

al. (2012) and Eid et al. (2009) 

 

 

 

 
(a) Specimen S4F4 
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(b) Specimen S4F5 

 

 

 
(c) Specimen S6F4 
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(d) Specimen S6F5 

Figure 11 Performance of models for FSCC in FCRC columns tested by Lee et al. 

(2010) 

 

 
Figure 12 Performance of the proposed model in predicting the ultimate axial 

strain of FSCC 
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Figure 13 Performance of the proposed model in predicting the ultimate axial 

stress of FSCC 
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