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Modelling water molecules inside cyclic peptide nanotubes

Abstract
Cyclic peptide nanotubes occur during the selfassembly process of cyclic peptides. Due to the ease of
synthesis and ability to control the properties of outer surface and inner diameter by manipulating the
functional side chains and the number of amino acids, cyclic peptide nanotubes have attracted much interest
from many research areas. A potential application of peptide nanotubes is their use as artificial transmembrane
channels for transporting ions, biomolecules and waters into cells. Here, we use the Lennard-Jones potential
and a continuum approach to study the interaction of a water molecule in a cyclo[(-DAla- L-Ala)4-] peptide
nanotube. Assuming that each unit of a nanotube comprises an inner and an outer tube and that a water
molecule is made up of a sphere of two hydrogen atoms uniformly distributed over its surface and a single
oxygen atom at the centre, we determine analytically the interaction energy of the water molecule and the
peptide nanotube. Using this energy, we find that, independent of the number of peptide units, the water
molecule will be accepted inside the nanotube. Once inside the nanotube, we show that a water molecule
prefers to be off-axis, closer to the surface of the inner nanotube. Furthermore, our study of two water
molecules inside the peptide nanotube supports the finding that water molecules form an array of a 1 - 2 - 1 - 2
file inside peptide nanotubes. The theoretical study presented here can facilitate thorough understanding of
the behaviour of water molecules inside peptide nanotubes for applications, such as artificial transmembrane
channels.
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Abstract Cyclic peptide nanotubes occur during the self-

assembly process of cyclic peptides. Due to the ease of

synthesis and ability to control the properties of outer

surface and inner diameter by manipulating the functional

side chains and the number of amino acids, cyclic peptide

nanotubes have attracted much interest from many research

areas. A potential application of peptide nanotubes is their

use as artificial transmembrane channels for transporting

ions, biomolecules and waters into cells. Here, we use the

Lennard-Jones potential and a continuum approach to

study the interaction of a water molecule in a cyclo[(-D-

Ala-L-Ala)4-] peptide nanotube. Assuming that each unit

of a nanotube comprises an inner and an outer tube and that

a water molecule is made up of a sphere of two hydrogen

atoms uniformly distributed over its surface and a single

oxygen atom at the centre, we determine analytically the

interaction energy of the water molecule and the peptide

nanotube. Using this energy, we find that, independent of

the number of peptide units, the water molecule will be

accepted inside the nanotube. Once inside the nanotube, we

show that a water molecule prefers to be off-axis, closer to

the surface of the inner nanotube. Furthermore, our study

of two water molecules inside the peptide nanotube

supports the finding that water molecules form an array of a

1� 2� 1� 2 file inside peptide nanotubes. The theoretical

study presented here can facilitate thorough understanding

of the behaviour of water molecules inside peptide nan-

otubes for applications, such as artificial transmembrane

channels.

Keywords Cyclic peptide nanotubes � Water molecules �
Artificial transmembrane channels � Interaction energy �
Offset positions � Lennard-Jones potential

Introduction

The discovery of self-assembly peptides has had a great

impact on many areas of study, such as biomedical nan-

otechnology (Zhang 2003; Scanlon and Aggeli 2008;

Shoseyov and Levy 2008), cell culturing (Zhang 2003) and

molecular electronics (Scanlon and Aggeli 2008; Shoseyov

and Levy 2008). This is due to the spontaneous assembly

process of peptides into stable nanostructures including

dipeptide (Scanlon and Aggeli 2008), lego peptide (Zhao

and Zhang 2007), surfactant peptide (Zhang 2003), carpet

peptide (Zhang 2003) and cyclic peptide (Scanlon and

Aggeli 2008). In this paper, we study a cyclic peptide

nanotube arising from the self-assembly process of cyclic

peptides stacking to form a tubular structure. The ex-

periment of Ghadiri et al. (1993) shows that ring-shaped

cyclic peptides can be formed by an alternating D- and L-

alpha-amino acids, and the hydrogen bonding between the

two amino groups dominates the interaction between these

cyclic rings forming a stable peptide nanotube. The amino

acid side chains of a cyclic peptide can be used to deter-

mine the characteristics of the outer surface of the tube,

while the properties of the inner surface of the tube are
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determined by the peptide backbone (Scanlon and Aggeli

2008). Therefore, the properties of the outer surface of a

cyclic peptide nanotube can be determined by the func-

tional side chains and the inner diameter of the tube can be

deduced based on the number of amino acids forming the

cyclic peptide. These and other properties of cyclic peptide

nanotubes, such as the ability to resist high and low tem-

peratures, detergents, and denaturants (Dinca et al. 2008),

have led to many proposed applications for peptide nan-

otubes, one of which is their use as transmembrane chan-

nels for transporting ions, biomolecules and water

molecules into cells. While Rahmat et al. (2011) study the

interactions of ions and ion–water clusters inside peptide

nanotubes, this paper focuses on interactions involving

water molecules and their arrangement inside the peptide

nanotubes.

There are a number of studies in the literature that con-

cern the interactions of water molecules and peptide nan-

otubes. In Kim et al. (1998), Hwang et al. (2009), Khalfa

et al. (2009), Khurana et al. (2008), Delemotte et al. (2008),

it has been shown that due to the hydrophilic or hydrophobic

specialities of the outer surface, the cyclic peptide nanotube

can exist stably in water. Tarek et al. (2003) state that the

translocation of water molecules inside the cyclic peptide

nanotube consisting of eight cyclo[(L-Trp-D-Leu)3-L-Gln-

D-Leu] units mediates the hydrogen bond between each

cyclic peptide unit intermittently. However, this process

does not affect the interactions between each peptide ring

and does not change the average distance between each

cyclic peptide unit. In addition, Tarek et al. (2003) show that

the encapsulation rate of the water molecules depends on the

radius of the nanotube and the behaviour of the water

molecules inside a peptide nanotube depends on the envi-

ronment and their structures inside the tube.

For the motion behaviour of water molecules in a cy-

clo[(-D-Phe-L-Ala)n¼4� ] peptide nanotube, Zhu et al.

(2008) use a COMPASS force field to show that due to the

stacking arrangement of antiparallel rings, water molecules

do not diffuse unilaterally, but do so in one dimension.

Song et al. (2013) study the dynamics of Naþ transporta-

tion in a cyclic peptide nanotube of 8 �(WL)4/POPE that

contains water molecules. Their results show that Naþ and

the bare carbonyls induce electrostatic potentials which

affect the arrangement of water molecules forming ‘‘D-

defects’’ located in the regions of gaps 1 and 7 of the cyclic

peptide nanotube. Using the mean force profile for water

molecules along the tube axis and the cylindrical distri-

bution functions at different zones of a nanotube, Liu et al.

(2010) suggest that steric constraints are the reason for the

water molecules to form a water chain inside the nanotube.

Liu et al. (2010) also investigate the structure of a water

chain in the 8�cyclo-(WL)4 peptide nanotube embedded

in POPE lipid bilayer. Their results show the wavelike

pattern of water chain along the tube axis arraying in the

form of a 1� 2� 1� 2 file. Their results agree with En-

gels et al. (1995) who also state that the water molecules

prefer to be in the free space between each peptide ring.

However, results of Song et al. (2013), Liu et al. (2010),

Engels et al. (1995) contradict the findings of Raghavender

et al. (2009, 2010) that in tubes with diameters ranging

from 5.2 to 7.7 Å, water molecules align in a single file

along the long axis of a peptide nanotube.

To consider the interaction and the arrangement of water

molecules inside a peptide nanotube, we propose a math-

ematical model based on the Lennard-Jones potential and a

continuum approach. The continuum approach using the

Lennard-Jones potential was first introduced by Girifalco

(1991) for the interaction between two C60 molecules.

Subsequently, the approach has been successfully adopted

in other studies, such as Baowan and Hill (2007) and Cox

et al. (2007a, b, 2008) to obtain explicit analytical criteria

for the interaction potentials involving carbon nanostruc-

tures. Furthermore, studies of interactions involving bio-

logical materials, such as lipid bilayers, lipid nanotubes and

liposomes (Baowan et al. 2012; Baowan and Thamwattana

2014; Baowan et al. 2013), have also indicated that this

approach produces results in good agreement with inten-

sive computational studies. For the study of peptide nan-

otubes, Rahmat et al. (2011) adopt the Lennard-Jones

potential and the continuum approach to model the inter-

actions of a peptide nanotube with an ion, an ion–water

cluster and a fullerene C60. The results obtained are shown

to be consistent with experiments and molecular dynamics

simulations. With this in mind, this paper adopts this ap-

proach to investigate the potential use of peptide nanotubes

as artificial channels for transporting water molecules.

Through this approach, we assume that a peptide nanotube

is made up of a finite number of peptide units and that each

unit of the nanotube comprises an inner and an outer tube.

We also assume that a water molecule is made up of a

sphere of two hydrogen atoms uniformly distributed over

its surface and a single oxygen atom at the centre. Further,

we adopt the concepts proposed by Cox et al. (2007a, b) to

explain the encapsulation behaviours of a single atom, a

spherical molecule, and a water molecule in a peptide

nanotube. We also determine the preferred offset locations

of these structures inside the cyclic peptide nanotube by

finding the equilibrium distances measured from the tube

axis. Similar mathematical techniques presented in Rahmat

et al. (2011) and Baowan et al. (2008) are also adopted to

determine the explicit formulae of the interaction energies

between a molecule and a cyclic peptide nanotube. The

results obtained here are consistent with experiments and

molecular dynamics simulations of Song et al. (2013), Liu
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et al. (2010), Engels et al. (1995) indicating the arrange-

ment of water molecules as a 1� 2� 1� 2 file inside the

peptide nanotube.

This paper is structured as follows. In Section ‘‘Encap-

sulation of a water molecule in a cyclic peptide nanotube’’,

we determine the energy profile for a water molecule ac-

cepting into a peptide nanotube. In Section ‘‘An offset

water molecule inside a cyclic peptide nanotube’’, we

consider three positions inside the nanotube and at each

position we determine the preferred radial position of the

water molecule from the nanotube axis. In Section ‘‘In-

teraction of two water molecules inside a cyclic peptide

nanotube’’, we study the interaction between two water

molecules and determine the possibility of water molecules

forming a 1� 2� 1� 2 file inside the nanotubes. Finally,

we discuss our results and give conclusions in Sec-

tion ‘‘Concluding remarks’’.

Encapsulation of a water molecule in a cyclic
peptide nanotube

To determine the encapsulation behaviour of a water

molecule in a cyclic peptide nanotube, we assume the

configuration of our problem as shown in Fig. 1, where a

water molecule is assumed to be a combination of a single

oxygen atom and a sphere of two hydrogen atoms of radius

b ¼ 0:958 Å. We note that this radius is based on the H–O

bond length. A unit of a peptide nanotube is assumed to

comprise an inner and an outer tube and each unit stacks to

form a stable peptide nanotube. Here, we study the simplest

structure of a cyclic peptide nanotube which is the cyclo[(-

D-Ala-L-Ala)4-]. Based on our assumptions, the interaction

between a water molecule and one unit of the cyclic

peptide nanotube can be obtained by summing the four

interaction energies, namely

Etot ¼ Eatom�inner þ Eatom�outer þ Esphere�inner þ Esphere�outer:

ð1Þ

Here, Eatom�inner and Eatom�outer denote the interaction

energies between a single oxygen atom at the centre of a

water molecule and the inner tube and the outer tubes of

the cyclic peptide unit, respectively, while Esphere�inner and

Esphere�outer are the interaction energies between a sphere of

two hydrogen atoms and the inner tube and the outer tubes

of the cyclic peptide unit, respectively. Assuming atoms on

the surface of a molecule are evenly distributed, the

interaction energy between two non-bonded molecules can

be given by

E ¼ g1g2

Z
R2

Z
R1

UðqÞ dR1 dR2;

where g1 and g2 are the constant atomic densities of the

two interacting molecules and q is the distance between

two typical points on the surfaces R1 and R2. This con-

tinuum assumption is appropriate for modelling molecular

structures whose surfaces are well defined with evenly

distributed atoms. Moreover, this approach significantly

reduces calculation time compared to intensive computa-

tional methods, such as molecular dynamics simulations.

As mentioned in the ‘‘Introduction’’, we use the Len-

nard-Jones potential as a force field to determine the in-

teraction energy between two molecules. The Lennard-

Jones potential is given by

UðqÞ ¼ � A

q6
þ B

q12
;

where A and B are the attractive and repulsive constants,

respectively. We can calculate the constants A and B for the

1

2

Fig. 1 Schematic model for the interaction between a water molecule and a peptide nanotube comprising three cyclic peptide units
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interaction between atoms i and j using the formulae Aij ¼
4�ijr6ij and Bij ¼ 4�ijr12ij , where rij ¼ ðri þ rjÞ=2 and

�ij ¼ ð�i�jÞ1=2. The numerical values for the energy well

depth � and the van der Waals diameter r are taken from

Rappe et al. (1992) and are given in Table 1. It has been

shown in Baowan et al. (2013) that the Coulombic poten-

tial plays minor role for the energy contribution in the

biomolecular system, therefore, only the van der Waals

potential is considered here.

From Tiangtrong and Baowan (2014), the interaction

between a single atom located at ð0; ZÞ and a nanotube of

finite length L is given by

Eatom�tube ¼ 2paltð�AI3 þ BI6Þ; ð2Þ

where

In ¼ a1�2n L� Z

a2 þ L� Zð Þ2
h i1

2

F
3

2
� n;

1

2
;
3

2
;

ðL� ZÞ2

a2 þ ðL� ZÞ2

 !8><
>:

þ Z

a2 þ Z2ð Þ
1
2

F
3

2
� n;

1

2
;
3

2
;

Z2

a2 þ Z2

� �)
;

and a is the radius of the tube. The mean surface density of

atoms on the nanotube is denoted by lt, and Fða; b; c; zÞ is
a hypergeometric function. We note from Cheng et al.

(2009) that the radius of the inner tube a1 is 4.25 Å, and

that of the outer tube a2 is 7.95 Å. The length of a cyclic

peptide unit L is 1.7 Å, and the distance between each

cyclic peptide unit d is 4.8 Å.

From Tiangtrong and Baowan (2014), the interaction

between a sphere of radius b and a nanotube of finite length

L is given by

Esphere�tube ¼ � 8p2altls
b4

�
A K3 þ 2K4ð Þ

� B

5b6
5K6 þ 80K7 þ 336K8 þ 512K9 þ 256K10ð Þ

�
;

ð3Þ

where

Kn ¼ b2nða2 � b2Þ
1
2
�n

Z a2

a1

cos2n�2 a da;

ls is the mean surface density of atoms on the sphere,

a1 ¼ arctan �Zffiffiffiffiffiffiffiffiffi
a2�b2

p
� �

and a2 ¼ arctan L�Zffiffiffiffiffiffiffiffiffi
a2�b2

p
� �

. From

Gradshteyn and Ryzhik (2000), we have

Z
cos2p u du ¼ 1

22p
2p

p

� �
uþ

Xp�1

l¼0

2p

l

� �
sin 2 p� lð Þu½ �

p� l

( )
;

ð4Þ

which enables Kn to be determined analytically.

From (1), (2) and (3), we can determine the interaction

energy between a water molecule and a cyclic peptide

nanotube comprising a finite number of cyclic peptide

units. We note that ls ¼ 2=ð4pb2Þ ¼ 0:1734 Å�2 for the

sphere of two hydrogen atoms. For a cyclo[(-D-Ala-L-

Ala)4-] peptide nanotube, following Rahmat et al. (2011)

we assume that the inner tube comprises 48 atoms, namely

16 carbon atoms, 16 hydrogen atoms, 8 nitrogen atoms and

8 oxygen atoms, and that the outer tube comprises 32

atoms, namely 8 carbon atoms and 24 hydrogen atoms.

Since the atomic surface density for a nanotube is given by

lt ¼ number of atoms =ð2paLÞ, we have lt ¼ 1.0574

Å�2 and 0.3768 Å�2 for the inner and outer tubes, re-

spectively. In Fig. 2, we consider this interaction for cyclic

peptide nanotubes comprising one to eight units. From the

figure, we can see that a water molecule is encapsulated in

the cyclo[(-D-Ala-L-Ala)4-] peptide nanotubes as the en-

ergy inside the tube is lower than that externally. We also

find that the local minimum energy occurs at the space
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Fig. 2 Interaction energy between a water molecule and cyclo[(-D-

Ala-L-Ala)4-] peptide nanotubes

Table 1 Numerical values of constants used in the model

Interaction A (kcal mol�1� Å6) B (kcal mol�1� Å12)

C–H 198.60 1.45 � 105

C–O 391.38 4.82 � 105

C–C 684.95 1.12 � 106

H–H 50.85 1.47 � 104

H–N 135.47 8.32 � 104

H–O 108.90 5.77 � 104

N–O 270.91 2.85 � 105

O–O 220.59 2.03 � 105
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between peptide units implying that the water molecule

prefers to be in the space between any two cyclic peptide

units. This result agrees with the finding of Engels et al.

(1995).

An offset water molecule inside a cyclic peptide
nanotube

As the radius of a water molecule is smaller than that of the

nanotube, upon encapsulation into the nanotube, we an-

ticipate that instead of being at the centre of the nanotube,

the water molecule prefers to be off-axis, closer to the

internal surface of the nanotube to optimise the interaction

energy. The off-axis arrangement allows more water

molecules to be packed inside the nanotube, i.e. in spiral or

zigzag configurations. Here, we investigate the behaviour

of an offset water molecule inside a cyclic peptide nan-

otube of two units. The interaction energy between an

offset water molecule and a cyclic peptide nanotube is

given by

Eoffset
tot ¼ E�

atom�inner þ E�
atom�outer þ E�

sphere�inner þ E�
sphere�outer;

ð5Þ

where the terms E�
i�j are similar to those described in (1),

but for the offset molecule here.

We suppose that the centre of the offset water molecule

is located at ðe; ZÞ inside a cyclic peptide nanotube which is
depicted in Fig. 3. Firstly, we consider the interaction be-

tween the offset oxygen atom located at ðe; ZÞ and the

nanotube of finite length L and radius a. By letting q1 be

the distance between the offset atom and a surface element

of the nanotube, we have q21 ¼ a2 þ e2 � 2ae cos hþ
z� Zð Þ2: Then, we let k1 ¼ ða2 þ e2 � 2ae cos hÞ

1
2, that is,

q21 ¼ k21 þ z� Zð Þ2. Using the continuum approach and the

Lennard-Jones potential, the interaction energy is given by

E�
atom�tube ¼ alt

Z p

�p

Z L

0

� A

q61
þ B

q121

� �
dz dh

¼ alt

Z p

�p

Z L

0

� A

k21 þ z� Zð Þ2
h i3 þ B

k21 þ z� Zð Þ2
h i6

8><
>:

9>=
>; dz dh:

On substituting z ¼ Z þ k1t, we have

E�
atom�tube ¼ alt

Z p

�p

Z L�Z
k1

� Z
k1

� A

k51 1þ t2ð Þ3
þ B

k111 1þ t2ð Þ6

" #
dt dh:

Next, we define

Qn ¼
Z p

�p

Z L�Z
k1

� Z
k1

k1�2n
1

1þ t2ð Þn dt dh ¼
Z p

�p
k1�2n
1

Z L�Z
k1

� Z
k1

1

1þ t2ð Þn dt dh;

ð6Þ

so that

Eoffset
atom�tube ¼ altð�AQ3 þ BQ6Þ: ð7Þ

Analytical expressions for Qn and full detailed derivation

are given in Appendix A.

Using (7), we plot the interaction energy between a

cyclic peptide nanotube and an offset oxygen atom, which

is assumed to be located at three different positions, Z ¼ 0,

Z ¼ L=2, and Z ¼ ðLþ dÞ=2, as shown in Fig. 4a, b, c,

respectively. These three positions are chosen to represent

three scenarios: (i) Z ¼ 0, an atom is at the extremity of a

peptide unit, (ii) Z ¼ L=2, an atom is inside the peptide

unit, and (iii) Z ¼ ðLþ dÞ=2, an atom is in the space be-

tween two peptide units. We comment that at positions

(i) and (iii), there is no internal boundary to prevent an

atom or a molecule from moving across the radius of the

inner nanotube and embedding in the region between the

radii of the inner and the outer tubes. However, the atom or

the molecule cannot escape the tube through the spaces

between the peptide units due to strong hydrogen bonding

which dominates the interspacing between cyclic peptide

units (Cheng et al. 2009).

From Fig. 4a, b, c, we find that the equilibrium distance

e in the radial direction measured from the tube axis for the

oxygen atom at the three positions is 0.754, 0.678, and

1.382 Å, respectively. For all positions, the atom prefers to

be off-axis, but still within the internal space of the inner

tube.

Next, we consider the interaction between an offset

sphere of the hydrogen atoms and a cyclic peptide nan-

otube comprising two cyclic peptide units, as shown in Fig.

3. We assume that the offset sphere is centred at ðe; ZÞ.
Following Cox et al. (2007), the interaction energy

2

1

Fig. 3 An offset water molecule inside a cyclic peptide nanotube of

two cyclic peptide units
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between a sphere of radius b and a typical atom on the

surface of a nanotube of radius a is given by

Pð~qÞ ¼ � 4lspb
2A

1

ð~q2 � b2Þ3
þ 2b2

ð~q2 � b2Þ4

 !

þ 4

5
lspb

2B
5

ð~q2 � b2Þ6

 
þ 80b2

ð~q2 � b2Þ7
þ 336b4

ð~q2 � b2Þ8

þ 512b6

ð~q2 � b2Þ9
þ 256b8

ð~q2 � b2Þ10

!
;

where ~q is the distance between the centre of the sphere

and a typical atom of the nanotube surface, and

~q ¼ ½a2 � 2ae cos hþ e2 þ ðz� ZÞ2�
1
2. Therefore, the

interaction energy between an offset sphere and the

nanotube of finite length L is given by

E�
sphere�tube ¼ alt

Z p

�p

Z L

0

Pð~qÞ dz dh: ð8Þ

Let k22 ¼ a2 � 2ae cos hþ e2 � b2, we have

P ¼ � 4lspb
2A

1

k22 þ z� Zð Þ2
h i3 þ 2b2

k22 þ z� Zð Þ2
h i4

8><
>:

9>=
>;þ 4

5
lspb

2B

� 5

k22 þ z� Zð Þ2
h i6 þ 80b2

k22 þ z� Zð Þ2
h i7 þ 336b4

k22 þ z� Zð Þ2
h i8

8><
>:

þ 512b6

k22 þ z� Zð Þ2
h i9 þ 256b8

k22 þ z� Zð Þ2
h i10

9>=
>;:

We make a substitution z ¼ Z þ k2t to obtain

P ¼ � 4lspb
2A

1

k62 1þ t2ð Þ3
þ 2b2

k82 1þ t2ð Þ4

" #

þ 4

5
lspb

2B
5

k122 1þ t2ð Þ6

"

þ 80b2

k142 1þ t2ð Þ7
þ 336b4

k162 1þ t2ð Þ8

þ 512b6

k182 1þ t2ð Þ9
þ 256b8

k202 1þ t2ð Þ10

#
:

ð9Þ

Then, we let

Tn ¼
Z p

�p

Z L�Z
k2

� Z
k2

k1�2n
2

ð1þ t2Þn dt dh: ð10Þ

From (8), (9) and (10), we deduce

E�
sphere�tube ¼ alt½�4lspb

2A T3 þ 2b2T4
	 


þ 4

5
lspb

2B 5T6 þ 80b2T7
	

þ336b4T8 þ 512b6T9 þ 256b8T10

�
:

ð11Þ

We comment that Qn defined by (6) is equivalent to Tn in

(10) where k1 is replaced by k2. Therefore, for any given

integer n, we can determine an analytical expression for Tn,

as given in Appendix B.

Figure 5a, b, c shows the interaction between the cy-

clo[(-D-Ala-L-Ala)4-] peptide nanotube comprising two

units and an offset sphere of two hydrogen atoms of radius

b ¼ 0:958 Å, assumed to be located at three positions

Z ¼ 0, Z ¼ L=2, and Z ¼ ðLþ dÞ=2, respectively. The

equilibrium distance e for the sphere at the three positions

is 0.305, 0.151, and 1.000 Å, respectively. For all three

cases, the sphere prefers to be off-axis, but is still within
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Fig. 4 The interaction energy between an offset atom and a cyclo[(-

D-Ala-L-Ala)4-] peptide nanotube comprising two cyclic peptide

units. The energy profile is plotted with respect to the offset distance e

from the tube axis and (a), (b), and (c) correspond to the locations

Z ¼ 0, L=2, and ðLþ dÞ=2 of the atom along the tube axis,

respectively
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the internal area of the inner tube. Note that, the off-axis

distance for the case Z ¼ L=2 is smallest due to the space

restriction between the inner nanotube’s wall and the

sphere.

Finally, we investigate the interactions between the cy-

clo[(-D-Ala-L-Ala)4-] peptide nanotube and an offset water

molecule using (5), (7) and (11). Again, we assume three

positions for the water molecule which are Z ¼ 0,

Z ¼ L=2, and Z ¼ ðLþ dÞ=2. Corresponding results are

shown in Fig. 6a, b, c, for the three locations of the water

molecule, namely (i) at the extremity of tube, (ii) inside the

peptide unit, and (iii) in the space between two peptide

units, respectively. From the figures, the equilibrium po-

sition e for the water molecule at the three positions is

0.459, 0.360, and 1.102 Å, respectively. These results

suggest that the water molecule prefers to be within the

internal space of the inner tube, but at an offset distance

away from the central axis of the nanotube.

In the following section, we consider the possibility of

having two water molecules located at each of these three

positions. We note for the position (ii) that the closest

distance between the surface of the water molecule and the

inner boundary is d ¼ 2:932 Å. If the water molecule is

closer than this distance, it will become repelled meaning

that the system is not at equilibrium.

Interaction of two water molecules inside a cyclic
peptide nanotube

Here, we consider if two water molecules can be in the

same cross-sectional plane inside the peptide nanotube (see

Fig. 7). By considering this, we are able to predict whether

the equilibrium arrangement of the water molecules inside

the peptide nanotube will be a single file as seen in

Raghavender et al. (2009, 2010) or a 1� 2� 1� 2 file as

suggested by Engels et al. (1995), Song et al. (2013), Liu

et al. (2010). In this section, we assume that the peptide

nanotube only comprises two peptide units.

We first consider the interaction energy between two

water molecules centred at a distance q apart, given by

Ewater�waterðqÞ ¼ Eatom�atomðqÞ þ 2Eatom�sphereðqÞ
þ Esphere�sphereðqÞ;

ð12Þ

where Eatom�atom is the energy between two oxygen atoms,

Eatom�sphere is the energy between an oxygen atom and a
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Fig. 5 The interaction energy between an offset sphere and a

cyclo[(-D-Ala-L-Ala)4-] peptide nanotube comprising two cyclic

peptide units. The energy profile is plotted with respect to the offset

distance e from the tube axis and (a), (b), and (c) correspond to the

locations Z ¼ 0, L=2, and ðLþ dÞ=2 of the sphere along the tube axis,

respectively
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Fig. 6 The interaction energy between an offset water molecule and a

cyclo[(-D-Ala-L-Ala)4-] peptide nanotube comprising two cyclic

peptide units. The energy profile is plotted with respect to the offset

distance e from the tube axis and (a), (b), and (c) correspond to the

locations Z ¼ 0, L=2, and ðLþ dÞ=2 of the water molecule along the

tube axis, respectively

Appl Nanosci (2016) 6:345–357 351

123



sphere of two hydrogen atoms and Esphere�sphere is the

energy between two spheres of hydrogen atoms. These

interaction energies are given by

Eatom�atomðqÞ ¼ �AO�O

q6
þ BO�O

q12
; ð13Þ

Eatom�sphereðqÞ ¼
2pbls
q

AH�O

2

1

ðqþ bÞ4
� 1

ðq� bÞ4

 !"

�BH�O

5

1

ðqþ bÞ10
� 1

ðq� bÞ10

 !#
;

ð14Þ

Esphere�sphereðqÞ ¼ �AH�HJ6 þ BH�HJ12; ð15Þ

where Jn is defined by

Jn ¼
4p2b2l2s

qð2� nÞð3� nÞ
1

ð2bþ qÞn�3
þ 1

ð�qÞn�3

(

� 1

ð2b� qÞn�3
� 1

qn�3

)
:

The radius of a sphere of hydrogen atoms is b ¼ 0:958 Å,

ls is the mean atomic surface density of the sphere and the

values for Ai�j and Bi�j for each type of interactions are

given in Table 1. Derivation of (14) and (15) is given in

Thamwattana et al. (2009). In Fig. 8, we plot the energy

for the two water molecules as a function of the distance q
between their centres. From the figure, the energy is

minimum when the two water molecules are located apart

at the equilibrium distance qð1Þmin ¼ 3:931 Å. Based on

Fig. 7, we find that the closest distance between the surface

of the water molecule and the inner boundary is 1.327 Å.

Compared with the value d ¼ 2:932 Å at the position (ii)

obtained in the previous section, we can say that two water

molecules cannot be accommodated at a cross-sectional

plane inside the peptide unit as the water molecules are too

close to the surface of the inner nanotube. However, this

value is obtained without considering the effect from the

inner and the outer nanotubes of the two adjacent peptide

units.

To address this shortcoming and confirm our prediction,

we add the energy contribution from the inner and the outer

nanotubes of the two adjacent peptide units to (12) to find

the total interaction energy. We also calculate this for the

three positions of the two water molecules, Z ¼ 0,

Z ¼ L=2, and Z ¼ ðLþ dÞ=2. The interaction energies

corresponding to these three positions are given in Fig. 9a,

b, c, respectively. From Fig. 9a when the water molecule is

located at the extremity of the nanotube and Fig. 9b when

the water molecule is inside the peptide unit, we find that

the interaction energies for both cases are positive. These

results imply that at these positions, two water molecules

cannot be on the same cross-sectional plane simultaneously

as the energy is repulsive, giving rise to an unstable system.

However, from Fig. 9c, we find that two water molecules

can be accommodated simultaneously in the space between

the two peptide units with the equilibrium position e ¼
1:681 Å. Since q ¼ 2e, the equilibrium distance between

the two water molecules is given by qð2Þmin ¼ 3:362 Å, which

is in a reasonable agreement with the value of 3.0 Å found

in Liu et al. (2010). We comment that the water molecules

become closer when considering the effect from the the

inner and the outer nanotubes of the two adjacent peptide

units. Based on the above results, we have shown that only

one water molecule can occupy inside the peptide unit,

while there can exist two water molecules simultaneously

in the interspacing between the peptide units. This finding

agrees with Song et al. (2013), Liu et al. (2010), Engles

et al. (1995) confirming that water molecules inside the

peptide nanotube form a 1� 2� 1� 2 file.

ρ a1

ε

Fig. 7 Schematic model for the interaction between two water

molecules at the same cross-sectional plane in the space between two

peptide units
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Fig. 8 Interaction energy between two water molecules at a distance

q apart

352 Appl Nanosci (2016) 6:345–357

123



Concluding remarks

This paper studies the interaction energy between a water

molecule and a cyclo[(-D-Ala-L-Ala)4-] peptide nanotube

comprising a finite number of cyclic peptide units. Our

model assumes that each unit of a nanotube comprises an

inner and an outer tube and that a water molecule is made

up of a sphere on which two hydrogen atoms are uniformly

distribute over its surface and a single oxygen atom at the

centre of the sphere. We assume the radius of the sphere to

be b ¼ 0:958 Å, based on the bond length of H–O in the

water molecule. To find the interaction between a peptide

nanotube and a water molecule, we first need to determine

the interaction energies for a single atom and the nanotube

and for a sphere and the nanotube. Then, by combining the

four interaction components, we obtain the total energy of

a water molecule inside the cyclic peptide nanotube. We

also study cyclic peptide nanotubes comprising one to eight

cyclic peptide units; the energy profiles are as shown in

Fig. 2. Our results show that a water molecule is accepted

into all cyclic peptide nanotubes studied. Moreover, we

find that the minimum interaction energy is at the locations

corresponding to the spaces between any two cyclic pep-

tide units, indicating that once becoming inside a nanotube,

a water molecule will prefer to be in the space between

peptide units rather than staying within the internal area of

the peptide unit. This result is consistent with that of En-

gels et al. (1995) and the prefer position of an ion–water

cluster inside a peptide nanotube (Rahmat et al. 2011).

For a water molecule inside a peptide nanotube, based

on their dimensions, it is predicted that to optimise their

interaction the water molecule will be off-axis closer to the

surface of the inner nanotube. This paper determines the

equilibrium offset distance e from the tube axis for the

possible three positions of a water molecule inside the tube,

namely (i) Z ¼ 0, the molecule is at the extremity of a

peptide unit, (ii) Z ¼ L=2, the molecule is inside the pep-

tide unit, and (iii) Z ¼ ðLþ dÞ=2, the molecule is in the

space between two peptide units. We determine analytical

expressions for the interaction energy between an offset

water molecule and the cyclic peptide nanotube and plot

the energy versus the offset distance e to find the equilib-

rium position of the water molecule. Firstly, we determine

the interaction energy between the cyclic peptide nanotube

and an offset atom and the interaction energy between the

cyclic peptide nanotube and an offset spherical molecule of

radius b ¼ 0:958 Å. Then, we combine the interaction

energies to obtain the total interaction energy for an offset

water molecule. Our results show that the equilibrium

offset distances e of a water molecule corresponding to

positions (i), (ii), and (iii) are 0.459, 0.360, and 1.102 Å,

respectively. These findings suggest that a water molecule

prefers to be offset from the tube axis for all three posi-

tions. The off-axis position in the interspacing between two

cyclic peptide units allows two water molecules to be in the

same plane. However, due to the space restriction, there

can only be one water molecule inside the peptide unit.

These findings are in agreement with the results in Song

et al. (2013), Liu et al. (2010), Engels et al. (1995) that

water molecules arrange in the form of a 1� 2� 1� 2 file

inside a peptide nanotube.

Our findings facilitate an understanding between the

interaction of water molecules and peptide nanotubes

which could be thought of as the first step toward the in-

vestigation of drug or gene encapsulated into peptide

nanotubes for biomedical research. Furthermore, it may be

beneficial to experimental and molecular dynamics studies

reducing the trial-and-error processes.
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Fig. 9 The interaction energy between two offset water molecules

and a cyclo[(-D-Ala-L-Ala)4-] peptide nanotube comprising two

cyclic peptide units. The energy profile is plotted with respect to the

offset distance e from the tube axis and (a), (b), and (c) correspond to

the locations Z ¼ 0, L=2, and ðLþ dÞ=2 of the two water molecules

along the tube axis, respectively
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A: Derivation of Qn for the interaction energy
of an offset atom inside a peptide nanotube

By substituting t ¼ tan/ into (6), we have

Qn ¼
Z p

�p
k1�2n
1

Z arctan ðL�Z
k1

Þ

arctan ð� Z
k1
Þ
cos2ðn�1Þ / d/ dh:

Now, we can determine Q3 which is given by

Q3 ¼
Z p

�p

1

k51

Z arctan ðL�Z
k1

Þ

arctan ð� Z
k1
Þ
cos4 / d/ dh

¼
Z p

�p

3

8

arctan ðL�Z
k1

Þ
k51

þ 1

4

L� Z

k21 L� Zð Þ2þk21

h i2
8><
>:
þ 3

8

L� Z

k41 L� Zð Þ2þk21

h i

� 3

8

arctanð� Z
k1
Þ

k51
þ 1

4

Z

k21ðZ2 þ k21Þ
2
þ 3

8

Z

k41ðZ2 þ k21Þ

)
dh:

ð16Þ

Similarly, we calculate Q6 which is given by

Q6¼
Z p

�p

1

k111

Z arctanðL�Z
k1

Þ

arctanð� Z
k1
Þ
cos10/d/dh

¼
Z p

�p

63

256

arctanðL�Z
k1

Þ
k111

þ 1

10

L�Z

k21 L�Zð Þ2þk21

h i5
8><
>:

þ 9

80

L�Z

k41 L�Zð Þ2þk21

h i4

þ 21

160

L�Z

k61 L�Zð Þ2þk21

h i3þ 21

128

L�Z

k81 L�Zð Þ2þk21

h i2

þ 63

256

L�Z

k101 L�Zð Þ2þk21

h i

� 63

256

arctanð�Z
k1
Þ

k111
þ 1

10

Z

k21 Z2þk21
	 
5þ 9

80

Z

k41 Z2þk21
	 
4

þ 21

160

Z

k61 Z2þk21
	 
3þ 21

128

Z

k81 Z2þk21
	 
2

þ 63

256

Z

k101 Z2þk21
	 


)
dh: ð17Þ

From (16) and (17), we can see that the following two

terms are needed to be evaluated,

R
ðjÞ
ðm;nÞ ¼

Z p

�p

1

km1 ðk
2
1 þ C2

j Þ
n dh; ð18Þ

SðjÞn ¼
Z p

�p

arctan ðCj

k1
Þ

kn1
dh; ð19Þ

where Cj are constants, C1 ¼ �Z and C2 ¼ L� Z. Here,

we evaluate R
ðjÞ
ðm;nÞ defined by (18). From

k21 ¼ a2 þ e2 � 2ae cos h, we substitute x ¼ h=2 to get

k21 ¼ ða� eÞ2 þ 4ae sin2 x:

Let l ¼ ða� eÞ2; r ¼ ða� eÞ2 þ C2
j and t ¼ 4ae, then we

have

R
ðjÞ
ðm;nÞ ¼ 4

Z p
2

0

1

ðlþ t sin2 xÞ
m
2ðrþ t sin2 xÞn

dx:

Substitute t ¼ cot x, and let b ¼ l=ðlþ tÞ and c ¼ r=ðrþ
tÞ to obtain

R
ðjÞ
ðm;nÞ ¼ 4

Z 1

0

ð1þ t2Þ
m
2
þn�1

ðtþ lþ lt2Þ
m
2ðtþ rþ rt2Þn

dt

¼ 4

ðlþ tÞ
m
2ðrþ tÞn

�
Z 1

0

1

½1� ð1� bÞt2=ð1þ t2Þ�
m
2 ½1� ð1� cÞt2=ð1þ t2Þ�nð1þ t2Þ

dt:

Next, we substitute z ¼ t

ð1þt2Þ
1
2

, that is, t ¼ z

ð1�z2Þ
1
2

, we may

deduce

R
ðjÞ
ðm;nÞ ¼

4

ðlþ tÞ
m
2ðrþ tÞn

Z 1

0

ð1� z2Þ�
1
2

½1� ð1� bÞz2�
m
2 ½1� ð1� cÞz2�n

dz:

Then, we substitute u ¼ z2 to obtain

R
ðjÞ
ðm;nÞ ¼

2

ðlþ tÞ
m
2ðrþ tÞn

Z 1

0

u�
1
2ð1� uÞ�

1
2

½1� ð1� bÞu�
m
2 ½1� ð1� cÞu�n

du:

An Appell hypergeometric function of two variables and of

the first kind is defined in Bailey (1972), namely

F1ða; b; b0; c; x; yÞ ¼
X1
n¼0

X1
m¼0

ðaÞmþnðbÞmðb
0Þn

m!n!ðcÞmþn

xmyn:

Moreover, we have

CðaÞCðc� aÞ
CðcÞ F1ða; b; b0; c; x; yÞ ¼

Z 1

0

ua�1ð1� uÞc�a�1

ð1� uxÞbð1� uyÞb
0 du;

where CðaÞ is a gamma function and

F1ða; b; b0; c; x; yÞ ¼
X1
i¼0

ðaÞiðbÞi
i!ðcÞi

Fðaþ i; b0; cþ i; yÞxi:

Therefore, the closed form of R
ðjÞ
ðm;nÞ is
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R
ðjÞ
ðm;nÞ ¼

2p

ðaþ eÞm aþ eð Þ2þC2
j

h in
X1
i¼0

1=2ð Þi m=2ð Þi
ði!Þ2

� F
1

2
þ i; n; 1þ i;

4ae

aþ eð Þ2þC2
j

 !
4ae

aþ eð Þ2

" #i
:

ð20Þ

We note that lþ t ¼ ðaþ eÞ2; rþ t ¼ ðaþ eÞ2 þ C2
j ; b ¼

a� eð Þ2= aþ eð Þ2, and c ¼ a� eð Þ2þC2
j

h i
= aþ eð Þ2
h

þC2
j �. Next, we determine S

ðjÞ
n defined by (19), and using

the same substitution x ¼ h=2, we get

SðjÞn ¼ 4

Z p
2

0

arctan ðCj

k1
Þ

kn1
dx:

Similarly, we let l ¼ ða� eÞ2; r ¼ ða� eÞ2 þ C2
j , and t ¼

4ae to have k21 ¼ lþ t sin2 x. Since Cj

k1

� �2
is well defined,

we have

arctan
Cj

k1

� �
¼ Cjffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

k21 þ C2
j

q X1
k¼0

ð2kÞ!
22kðk!Þ2ð2k þ 1Þ

C2
j

k21 þ C2
j

 !k

:

Therefore, we may deduce

SðjÞn ¼4

Z p
2

0

1

kn1

Cjffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k21 þ C2

j

q X1
k¼0

ð2kÞ!
22kðk!Þ2ð2k þ 1Þ

C2
j

k21 þ C2
j

 !k
2
64

3
75 dx

¼
X1
k¼0

C2kþ1
j ð2kÞ!

22k�2ðk!Þ2ð2k þ 1Þ

Z p
2

0

1

kn1ðk21 þ C2
j Þ

kþ1
2

dx:

From the evaluation of R
ðjÞ
ðm;nÞ, the closed form of S

ðjÞ
n is

SðjÞn ¼p
X1
k¼0

X1
i¼0

C2kþ1
j ð2kÞ!

22k�1ðk!Þ2ð2k þ 1Þðaþ eÞn aþ eð Þ2þC2
j

h ikþ1
2

1=2ð Þi n=2ð Þi
i!ð Þ2

� F
1

2
þ i; k þ 1

2
; 1þ i;

4ae

ðaþ eÞ2 þ C2
j

 !
4ae

ðaþ eÞ2

" #i
:

ð21Þ

From (16), (17), (20), and (21), we write Q3 and Q6 in

terms of R
ðjÞ
ðm;nÞ and S

ðjÞ
n as

Q3 ¼
3

8
S
ð2Þ
5 þ 1

4
C2R

ð2Þ
ð2;2Þ þ

3

8
C2R

ð2Þ
ð4;1Þ �

3

8
S
ð1Þ
5 � 1

4
C1R

ð1Þ
ð2;2Þ �

3

8
C1R

ð1Þ
ð4;1Þ;

Q6 ¼
63

256
S
ð2Þ
11 þ 1

10
C2R

ð2Þ
ð2;5Þ þ

9

80
C2R

ð2Þ
ð4;4Þ þ

21

160
C2R

ð2Þ
ð6;3Þ þ

21

128
C2R

ð2Þ
ð8;2Þ

þ 63

256
C2R

ð2Þ
ð10;1Þ �

63

256
S
ð1Þ
11 � 1

10
C1R

ð1Þ
ð2;5Þ �

9

80
C1R

ð1Þ
ð4;4Þ �

21

160
C1R

ð1Þ
ð6;3Þ

� 21

128
C1R

ð1Þ
ð8;2Þ �

63

256
C1R

ð1Þ
ð10;1Þ:

Upon the substitution of Q3 and Q6 into (7), we can obtain

the interaction energy between an offset atom inside a

nanotube.

B: Derivation of Tn for the interaction energy
of an offset sphere inside a peptide nanotube

Following the same technique described for the evaluation

of Qn, there are two remaining integrations which are

needed to be determined, namely

U
ðjÞ
ðm;nÞ ¼

Z p

�p

1

km2 ðk
2
2 þ C2

j Þ
n dh;

V ðjÞ
n ¼

Z p

�p

arctan ðCj

k2
Þ

kn2
dh:

Using the similar method to obtain the closed forms of

R
ðjÞ
ðm;nÞ and S

ðjÞ
n , we find

U
ðjÞ
ðm;nÞ ¼

2p

aþ eð Þ2�b2
h im

2

aþ eð Þ2þC2
j � b2

h in
X1
i¼0

1=2ð Þi m=2ð Þi
ði!Þ2

� F
1

2
þ i; n; 1þ i;

4ae

aþ eð Þ2þC2
j � b2

 !
4ae

aþ eð Þ2�b2

" #i
;

ð22Þ

V ðjÞ
n ¼p

X1
k¼0

X1
i¼0

C2kþ1
j ð2kÞ!

22k�1ðk!Þ2ð2k þ 1Þ aþ eð Þ2�b2
h in

2

aþ eð Þ2þC2
j � b2

h ikþ1
2

� 1=2ð Þi n=2ð Þi
i!ð Þ2

F
1

2
þ i; k þ 1

2
; 1þ i;

4ae

ðaþ eÞ2 þ C2
j � b2

 !

� 4ae

ðaþ eÞ2 � b2

" #i
:

ð23Þ

Finally, we substitute U
ðjÞ
ðm;nÞ and V

ðjÞ
n for specific values of

j;m and n into (10) to obtain the formulae for Tn, which are

used to determine the interaction energy between an offset

sphere and a finite length tube. The formulae for Tn when

n ¼ 3; 4; 6; 7; 8; 9 and 10 are

T3 ¼
3

8
V
ð2Þ
5 þ 1

4
C2U

ð2Þ
ð2;2Þ þ

3

8
C2U

ð2Þ
ð4;1Þ

� 3

8
V
ð1Þ
5 � 1

4
C1U

ð1Þ
ð2;2Þ �

3

8
C1U

ð1Þ
ð4;1Þ;

T4 ¼
5

16
V
ð2Þ
7 þ 1

6
C2U

ð2Þ
ð2;3Þ þ

5

24
C2U

ð2Þ
ð4;2Þ þ

5

16
C2U

ð2Þ
ð6;1Þ

� 5

16
V
ð1Þ
7 � 1

6
C1U

ð1Þ
ð2;3Þ �

5

24
C1U

ð1Þ
ð4;2Þ �

5

16
C1U

ð1Þ
ð6;1Þ;

T6 ¼
63

256
V
ð2Þ
11 þ 1

10
C2U

ð2Þ
ð2;5Þ þ

9

80
C2U

ð2Þ
ð4;4Þ þ

21

160
C2U

ð2Þ
ð6;3Þ

þ 21

128
C2U

ð2Þ
ð8;2Þ þ

63

256
C2U

ð2Þ
ð10;1Þ �

63

256
V
ð1Þ
11 � 1

10
C1U

ð1Þ
ð2;5Þ

� 9

80
C1U

ð1Þ
ð4;4Þ �

21

160
C1U

ð1Þ
ð6;3Þ �

21

128
C1U

ð1Þ
ð8;2Þ �

63

256
C1U

ð1Þ
ð10;1Þ;
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T7 ¼
231

1024
V
ð2Þ
13 þ 1

12
C2U

ð2Þ
ð2;6Þ þ

11

120
C2U

ð2Þ
ð4;5Þ þ

33

320
C2U

ð2Þ
ð6;4Þ

þ 77

640
C2U

ð2Þ
ð8;3Þ þ

77

512
C2U

ð2Þ
ð10;2Þ þ

231

1024
C2U

ð2Þ
ð12;1Þ

� 231

1024
V
ð1Þ
13 � 1

12
C1U

ð1Þ
ð2;6Þ �

11

120
C1U

ð1Þ
ð4;5Þ

� 33

320
C1U

ð1Þ
ð6;4Þ �

77

640
C1U

ð1Þ
ð8;3Þ �

77

512
C1U

ð1Þ
ð10;2Þ

� 231

1024
C1U

ð1Þ
ð12;1Þ;

T8 ¼
429

2048
V
ð2Þ
15 þ 429

2048
C2U

ð2Þ
ð14;1Þ þ

143

1024
C2U

ð2Þ
ð12;2Þ

þ 143

1280
C2U

ð2Þ
ð10;3Þ þ

429

4480
C2U

ð2Þ
ð8;4Þ

þ 143

1680
C2U

ð2Þ
ð6;5Þ þ

13

168
C2U

ð2Þ
ð4;6Þ þ

1

14
C2U

ð2Þ
ð2;7Þ

� 429

2048
V
ð1Þ
15 � 429

2048
C1U

ð1Þ
ð14;1Þ �

143

1024
C1U

ð1Þ
ð12;2Þ

� 143

1280
C1U

ð1Þ
ð10;3Þ �

429

4480
C1U

ð1Þ
ð8;4Þ �

143

1680
C1U

ð1Þ
ð6;5Þ

� 13

168
C1U

ð1Þ
ð4;6Þ �

1

14
C1U

ð1Þ
ð2;7Þ;

T9 ¼
6435

32768
V
ð2Þ
17 þ 6435

32768
C2U

ð2Þ
ð16;1Þ þ

2145

16384
C2U

ð2Þ
ð14;2Þ

þ 429

4096
C2U

ð2Þ
ð12;3Þ þ

1287

14336
C2U

ð2Þ
ð10;4Þ þ

143

1792
C2U

ð2Þ
ð8;5Þ

þ 65

896
C2U

ð2Þ
ð6;6Þ þ

15

224
C2U

ð2Þ
ð4;7Þ þ

1

16
C2U

ð2Þ
ð2;8Þ

� 6435

32768
V
ð1Þ
17 � 6435

32768
C1U

ð1Þ
ð16;1Þ �

2145

16384
C1U

ð1Þ
ð14;2Þ

� 429

4096
C1U

ð1Þ
ð12;3Þ �

1287

14336
C1U

ð1Þ
ð10;4Þ �

143

1792
C1U

ð1Þ
ð8;5Þ

� 65

896
C1U

ð1Þ
ð6;6Þ �

15

224
C1U

ð1Þ
ð4;7Þ �

1

16
C1U

ð1Þ
ð2;8Þ;

T10¼
12155

65536
V
ð2Þ
19 þ12155

65536
C2U

ð2Þ
ð18;1Þ þ

12155

98304
C2U

ð2Þ
ð16;2Þ

þ 2431

24576
C2U

ð2Þ
ð14;3Þ þ

2431

28672
C2U

ð2Þ
ð12;4Þ þ

2431

32256
C2U

ð2Þ
ð10;5Þ

þ 1105

16128
C2U

ð2Þ
ð8;6Þ þ

85

1344
C2U

ð2Þ
ð6;7Þ þ

17

288
C2U

ð2Þ
ð4;8Þ

þ 1

18
C2U

ð2Þ
ð2;9Þ �

12155

65536
V
ð1Þ
19 �12155

65536
C1U

ð1Þ
ð18;1Þ

�12155

98304
C1U

ð1Þ
ð16;2Þ �

2431

24576
C1U

ð1Þ
ð14;3Þ �

2431

28672
C1U

ð1Þ
ð12;4Þ

� 2431

32256
C1U

ð1Þ
ð10;5Þ �

1105

16128
C1U

ð1Þ
ð8;6Þ �

85

1344
C1U

ð1Þ
ð6;7Þ

� 17

288
C1U

ð1Þ
ð4;8Þ �

1

18
C1U

ð1Þ
ð2;9Þ:

We note that the analytical expressions for U
ðjÞ
ðm;nÞ and V

ðjÞ
n

are given by (22) and (23), respectively, and C1 ¼ �Z and

C2 ¼ L� Z.
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