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Abstract

In this thesis we consider axially symmetric evolving hypersurfaces mostly with
boundary conditions between two parallel planes. The speed function is a fully
nonlinear function of the principal curvatures of the hypersurface, homogeneous of
degree one. We have results for several boundary conditions. Specifically, with a
natural class of Neumann boundary conditions we show that evolving hypersurfaces
exist for a finite maximal time. The maximal time is characterised by a curvature
singularity at either boundary. Generally, the singularities of the flow are classified
as Type I in the case of pure Neumann boundary conditions. In addition to the
“curvature pinching estimate” that is obtained, Sturmian theory is applied to show
the discreteness of singularities. Furthermore, some results carry over to higher de-
grees of homogeneity. Finally, we have some additional results including a gradient

bound for the hight function in the volume preserve case.



Certification

I declare that this thesis, submitted in fulfilment of the requirements for the award
of Doctor of Philosophy, in the School of Mathematics and Applied Statistics, Uni-
versity of Wollongong, is wholly my own work unless otherwise referenced or ac-
knowledged. This document has not been submitted for qualification at any other

academic institution.

Fatemah Mofarreh
2015

il



Acknowledgements

First of all, I praise God, for giving me this opportunity and for blessing me with
many great people supporting me professionally and personally to carry on this
project and proceed successfully. I would like to offer my thanks and appreciation
to all of them.

Firstly, a special thank to my parents for their love and support, your prayers
for me was what sustained me thus far.

I express my deep sense of gratitude to my supervisor Associate Professor James
McCoy, I would not be where I am today without your help and support. Your
consistent willingness to help me with warm encouragement will not be forgotten.

To Dr. Valentina-Mira Wheeler, I will always appreciate your assistance and
efforts to help me.

For his advice and comments, I thank Professor Graham Williams.

I specially want to thank my husband Yahya for believing in me and supporting
me. [ am so thankful for having you in my life. T also thank my beloved son Rami
for all his patience and understanding on those weekends when I was studying.

To my sisters and brothers, to my friends Norah and Weam, thanks a lot. Every
one of you helped me in some way.

I also thank Wollongong University generally and School of Mathematics and
Applied Statistics specifically with all wonderful experiences and lovely people, for
having me as Ph.D student at this esteemed University. As I move forward in life I
will remember my time here.

Finally, I would like to acknowledge that I was not able to complete this degree

without the financial support from Princes Nora University.

v



List of Publications

The following publications have been emerged from this thesis:

[1] James A. McCoy, Fatemah Y. Y. Mofarreh and Graham H. Williams, Fully
nonlinear curvature flow of axially symmetric hypersurfaces with boundary con-
ditions. Annali di Matematica Pura ed Applicata, V. 193, Issue 5, pp 1443-1455,

2014, doi: 10.1007/s10231-013-0337-7 [54]

[2] James A. McCoy, Fatemah Y. Y. Mofarreh and Valentina M. Wheeler, Fully
nonlinear curvature flow of axially symmetric hypersurfaces.  Nonlinear Dif-
ferential Equations and Applications NoDEA, V. 22, Issue 2, pp 325-343, 2015,
doi: 10.1007/s00030-014-0287-9 [55]

[3] Additional publication under preparation



List of Figures

2.1 The hypersurface My . . . . . . . . . ..

31 wyvyand oL L L L

vi



Contents

Abstract
Certification
Acknowledgements
List of Publications
List of Figures

1 Introduction
1 Background . . . . ... oo
2 Literature review . . . . . . . . ...
3 Mean curvature flow . . . . . .. ..o

4 Structure of the thesis . . . . . . . . . . ...

2 Notation
1 Introduction . . . . . . ...
2 Parabolic equations . . . . . . . . . ... ...

Nonlinear parabolic comparison principle . . . . . .. ... .. ...

=~ W

Function spaces . . . . . . . ...
d Geometric background . . . .. ..o
5.1 Differential geometry . . . . . . . ..o

5.2 Axially symmetric hypersurfaces . . . . . . .. .. .. ... ..

3 Evolution equations and preliminary results

1 Fully nonlinear curvature low . . . . . .. . .. .. ... .. .....

vil

ii

iii

iv

vi

10
10

17



2 Evolution equations . . . . . . . .. ..o 21

4 The Singularity 51
1 Introduction . . . . . .. ..o 51

2 The evolving graph function . . . . . .. ... ... ... ... ... 51

3 Behaviour of the flow . . . . . . . ... ... ... L. 55

3.1 Short time existence . . . . . . . .. ... ... 55

4 Singularity . . . . ... 64

) Extension . . . . . . .. 67

5 Curvature Pinching Estimate 73
1 Introduction . . . . . ... 73

2 Elementary flow behaviour . . . . . ... ... ... L. 74

3 The pinching estimate . . . . . . . . .. .. ... ... ... ... 7

4 Thesingularity . . . . . .. .. o 89

5 Closed, axially symmetric hypersurfaces . . . . ... ... ... ... 92

6  Self-similar hypersurfaces . . . . . . . ... ... ... ... ... 100

6 Sturmian Theorem 105
1 Introduction . . . . . ... 105

2 Linear case . . . . . . . . .. 106

3 Applying Sturmian theorem for fully nonlinear curvature flow . 108

7 Volume Preserving Curvature Flows 112
1 Introduction . . . . . ... 112

2 Evolution equations . . . . . . . ... ... L 113

3 Evolving graph function . . . . . ... ... ..o 123

4 The lower bound of the surface area . . . . . . .. ... ... ... . 123

5 Estimateon h . . . . . . ..o 124

6 A gradient estimate . . . . .. ... L 126

7 Application of the Sturmian theorem . . . . ... ... ... ..... 132

viil



8 Appendix
1 Homogeneity . . . . . ... ..

2 F homogeneous of degree o > 1

3 Interchange of two covariant derivatives . . . . . .. ... ... ...

X



Chapter 1

Introduction

1 Background

It is well known that heat equations are used physically to model the spread of tem-
perature from hot to cold areas and this process always happens quickly and easily.
Mathematically, this process is related to a family of geometric curvature flows.
This method is considered important because it can smoothly deform complicated
items into more easily understood ones. Recently, this area of research has been ex-
tensively studied by many mathematicians due to its many applications in physical
models. There are many kinds of curvature flow of hypersurfaces, such as Gauss
curvature flow (GCF), Ricci flow and mean curvature flow (MCF) and they are used
in different areas such as: tumbling stones on the beach [30], crystal growth [66],
image processing [60], annealing of metals [57] as well as in a proof of the Poincare
conjecture [56]. MCF can be viewed as a nonlinear heat flow on manifolds because
the partial differential equations (PDE) associated with the flow has a Laplacian as
a leading term. In fact, they have both similar and different properties, such as sin-
gularities. In particular, the Laplacian is the quasilinear Laplace-Beltrami operator,

not the standard Laplacian of the ordinary heat equation.



2 Literature review

The foundations for the topic of this thesis are found in the following selected works.
Mean curvature flow was introduced in 1956 by Mullins [57] as a model of annealing
metals. Then Firey, in 1974 [30], proposed the motion of a convex surface by its
positive Gauss curvature as a model for the changing shape of a tumbling stone on
a beach. He conjectured, that convex surfaces contract to spherical points. Firey’s
conjecture was resolved by Andrews [5] to show the roundness of the point.

Many studies have considered the contraction of hypersurfaces using curvature
flow in a general sense where the speed function is positive and homogeneous and
the initial hypersurface is convex. For example, the existence and regularity of
solutions of Firey’s conjecture is proved by Tso [67] without limiting the shape of
the contracting surface. He also obtained the result for hypersurfaces. Additionally,
for flows modelled by powers of Gaussian curvature some similar results were shown
by Chow [24]. Another result for motion by square root of the scalar curvature was
proved by Chow [25] but it requires stronger assumption for the initial hypersurface.

Andrews in [3] introduced a class of fully nonlinear speed functions that are
homogeneous of degree one and proved that convex surfaces contract to spherical
points for all flows in the class. Later in [8] he made this class bigger using a gen-
eralisation of maximum principles of Hamilton for tensors and he further expanded
this study for surfaces in [9]. This class is extended further in Andrews, McCoy and
Zheng [16].

McCoy in [53] considered similar classes of speed of curvature flow and he showed
that, for closed hypersurfaces, not necessarily convex, under certain conditions the
only self-similar solutions are spheres. More related work appears in Han [36] and
Andrews, Langford and McCoy [12].

While Mullins [57] gave some solutions, Huisken [37] used partial differential
equations and differential geometry techniques to study mean curvature flow of
compact hypersurfaces in R**! with n > 2 without boundary. Huisken’s result was
about strictly convex hypersurfaces that evolve under the mean curvature flow and

contract smoothly to a spherical point in finite time. Later, in 1990 the same author



[39] observed neckpinch singularities developing in finite time under mean curvature
flow for rotationally symmetric two-dimensional surfaces of positive mean curvature.
Asymptotically the behaviour of such singularities was like a cylinder.

The rotationally symmetric mean curvature flows generated more interest by
researchers Dziuk and Kawohl [26], who in 1991 show that, for a compact rotationally
symmetric surface without boundary, “the solution degenerates in the sense that its
curvature develops a singularity at exactly one point”. In 1995, Altschuler, Angenent
and Giga [2] generalised this, showing regularity of the solution of MCF except at
isolated points for compact, smooth, rotationally symmetric hypersurfaces given by
rotating a graph around an axis. Also [26] is generalised by Matioc [50] for more
general boundary conditions to enforce the formation of a singularity in finite time
using parabolic maximum principles.

Another interesting type of curvature flow is started by adding a positive “global
term” geometric property of the evolving hypersurface that will be preserved under
the flow. Surface volume or area are some of these properties. Huisken proved that
volume preserved mean curvature flow for a uniformly convex, compact manifold
without boundary converges to a sphere [38]. A similar result was obtained by
McCoy [51] for the surface area preserving mean curvature flow. For mixed volumes
the result was generalised by the same author [52]. Athanassenas [19] shows that for
rotationally symmetric, volume-preserving mean curvature flow, singularities form
a finite, discrete set along the axis of rotation. Later for axially symmetric surfaces
with Neumann boundary conditions a similar result was verified by Athanassenas
and Kandanaarachchi [21]. In addition, they classified first singularity as Type [
under an additional lower height bound on the boundary of a specific region.

Cabezas-Rivas and Sinestrari [22] prove that if the initial closed convex hyper-
surface satisfies a suitable pinching condition flow with speed it is given by a power
of the mth mean curvature plus a volume preserving term, the solution exists for
all times and converges to a round sphere. A similar result was proven [65] in Eu-
clidean space where speed is given by a positive power of the mean curvature without

assuming the curvature pinching properties or restrictions on the dimension.



3 Mean curvature flow

Several authors with different points of view have studied the motion of surfaces
by their mean curvature. It is particularly important to note that under mean
curvature flow the solution is evolved considering time. Therefore, there is a relation
between the normal velocity at each point and the mean curvature vector. Surfaces
of positive mean curvature shrink under the mean curvature flow. Generally, the
more highly curved regions will shrink faster, and a singularity may happen at some
point before the hypersurface disappears. The natural question here will be about
the possible limiting shapes of an evolving hypersurface when the first singular
time is approached. More specific, singularity is usually developed near the neck.
A simple example of an explicit solution to MCF is the homothetically shrinking
sphere.

For the mean curvature flow, the position vector X (z,t) of the evolving hyper-

surface M; = X (M, t) satisfies evolution equation

0X

= (x,t) = —H (x,t)v(x,t),

with initial condition

X (z,0) = Xo (2),

for some initial embedding X of a given hypersurface M,. Here X, : M™ — R"! is
a family of smooth embeddings, possibly with boundary, H is the mean curvature
of M, at the point X (z,t) and v (z,t) is a smooth choice of unit normal vector. It
is well known that the H = Ay, X where Ay, is the quasilinear Laplace-Beltrami
operator on the manifold M; which leads to the possibility of considering mean

curvature flow as heat flow.

4 Structure of the thesis

The structure of this thesis is as follows:

In Chapter 1, the topic of the thesis, literature review and background are intro-



duced.

In Chapter 2, we set out the majority of our notation. Furthermore, we briefly de-
scribe the geometric features of axially symmetric hypersurfaces that we will require
in our analysis. In particular, we provide expressions for the Christoffel symbols and

the gradient of the Weingarten map in this setting.

In Chapter 3, we detail the properties of nonlinear speed functions under considera-
tion. Moreover, the system of evolution equations describing the position vector of
the evolving hypersurface is equivalent to a scalar evolution equation for the corre-
sponding height of the graph of the generating curve above the z; axis. We follow

Huisken [39] to calculate all required evolution equations.

In Chapter 4, we discuss the flow problem and prove some preliminary results.
We characterise the maximal time as the time of blow-up of the norm of the second
fundamental form and we show that in this setting, as is the case with convex sur-

faces [3, 9], the singularity is Type I.

In Chapter 5, we obtain a lower bound on the rotational curvature that is inversely
proportional to the height of the evolving graph; this implies a similar bound on
the axial derivative of the graph function. We prove the crucial pinching estimate,
listing several important corollaries including a bound on the ratio of the principal
curvatures. We also apply curvature pinching to remove the convexity condition in
Theorem 4.2 in the case of pure Neumann boundary conditions, and to show that
the second axial derivative of the graph function is bounded inversely proportional
to the square of the graph height. We turn our attention to contracting closed,
convex, axially symmetric hypersurfaces, showing that such hypersurfaces contract
under our class of flow to asymptotically spherical points in finite time. Moreover,
if the contraction is self-similar, then the hypersurface must be a sphere. For n > 3

these are a new results: they generalise to higher dimensions the results in [9] and



[53] and can also be thought of as a relaxation of requirements on the speed or the
initial data of other works. We consider a more general case where the speed F' in

(3.1) is replaced by F* for constant k > 0.

In Chapter 6, we study the Sturmian theorem and apply it to show that the zeros

of the second spatial derivative of the graph function are discrete and nonincreasing.

In Chapter 7, volume preserved curvature flow is introduced and the important
evolution equations are computed. Bounds of some quantities, such as area and
global term h, were obtained. Sturmian theorem is also applied in this case and
we get boundedness of the gradient and discreteness of zeros of the second spatial

derivative of the graph function.



Chapter 2

Notation

1 Introduction

We include in this Chapter some results and definitions. Then, we introduce geom-

etry of axially symmetric hypersurfaces.

2 Parabolic equations

Parabolic equations are used for physical or mathematical problems. Heat equations
are a well known example for parabolic equations. We consider a general parabolic

equation of the form

u, = F(x,t,u, Du, D*u),

for some nonlinear function F' defined on I' = Q x R x R x R™ x R™*"™ where R"*"
denotes the set of all real symmetric n x n matrices. We now consider a typical
point (z,t,z,p,r) in ', then we can say the operator F' is elliptic on some subset I';

of I if the matrix F' is positive definite. Particularly

OF
> 0.
37“1-]-

F' is uniformly elliptic on I'; if there are positive functions A and A such that

OF
Al < —min; < Aln|?,
37“”- J



for any (z,t,z,p,r) € T'y, any positive definite vector 7, and if the ratio A/ is
bounded on I';.

3 Nonlinear parabolic comparison principle

In second order elliptic and parabolic partial differential equations, maximum prin-
ciples are very useful tools to understand the behaviour of the solutions especially
uniqueness, symmetry and boundedness. For much of this work we need only a
well-known ordinary differential equation (ODE) comparison result for determining
how spatial extrema behave over time (see, for example, [34] Section 3). We will
need standard maximum principles for parabolic equations that appear for example

in [29] We also need the following nonlinear parabolic comparison principle.

Theorem 2.1. (Non-Linear Parabolic Comparison Principle)[58]
Given a compact manifold M. Let F : M x [0,T) x R x R" x R™" — R denote a

non-linear operator with F' = (x,t,z,p,r) satisfying

1. F s differentiable with respect to z,p and r.

oF
2. ( > is positive semidefinite.
87"@‘

Let f,g: M x [0,T) — R be twice differentiable functions satisfying

O f = Fla.t.1.Df, D).
0

o< 2
at \F(]J,t,g,Dg,D g)?

f=g on OM x[0,7T),

if f=2gatt=0then f =g on M x[0,T).

4 Function spaces

We will introduce some relevant function spaces and associated norms on M and

on M x [0,T), as in [52]. Similar definitions for domains appear in [47]. For k €



N, C*(M) is the Banach space of real valued functions on M that are k—times

continuously differentiable, equipped with the norm

=B
lullcrary = § sup |V ul.
Bl<k M

Here f3 is a standard multi-index for partial derivatives and V is the derivative on
M. We further define, for a € (0,1], C** to be the space of functions u € C*(M)

such that the norm

4 -V
ullcroary = [Jwllcrar + sup  sup |V u(z) u(y)|

Bl=k wyeM |z — ylo ’
TFy

is finite. Here |z — y| is the distance between x and y in M. On the space-time
domain M x I where I = [a,b] C R, we denote by C*(M x I) the space of real
valued functions v which are k—times continuously differentiable with respect to x

and [g]—times continuously differentiable with respect to ¢ such that the norm

2
lullerarxr = Z sup |V Dyul,
18+2r<k X1

is finite, where D, denotes the time derivative. Here [%] is the largest integer not
greater than £. We also denote by C**(M x I) the space of functions in C*(M x I)

such that the norm

Y’ Dru(e, s) — V' Dru(y, )|

lulleraixn = llullexarxn + sup sup =
ikl D ovaren () (M ! (Jz—yl2+1]s—t])2
z,s y,t

is finite. For most of this work we will have M = [0,a] or M = S".

5 Geometric background

In this part, we introduce the geometry that we need for hypersurfaces, axially
symmetric hypersurfaces. The height of the graph we use will be introduced as in

[26]. We will define geometric quantities like the metric, second fundamental form,



the Weingarten map and state fundamental relations like the Codazzi equations.

5.1 Differential geometry

We will consider a family of smooth immersions X : M™ x [0,T) — R""! that defines
the evolving n—dimensional hypersurface, M; = X(M",t). Suppose iy, ...., 011 18
the standard basis in R""'. We will define the induced metric and the second
fundamental form on M; by g = (g;;) and A = (h;;) respectively. The inner product

in R™™! will be used in form (.,.). We compute the metric components as

gij(l',t) = <vZX<l',t),va(l',t)>7 S ]\4%7 t e [O,T),

where V is the covariant derivative on M™. The second fundamental form is
hij(x,t) = (ﬁiu(x,t),va(x,t» = —(V(x,t),viva(x,t)),

where v(x,t) is the outer unit normal to M;. The induced connection on M, is

deﬁned via the ChriStOffel SymbOIS
Pk 1 kl

and therefore the covariant derivative on M; of a smooth tangent vector field ¥ =
Y;7; is given
VY =) (VY +TEY) 7.

k=1
The divergence on R"*! will be denoted by divg while the divergence on the manifold

will be denoted by div.

5.2 Axially symmetric hypersurfaces

Consider the n—dimensional hypersurface M in R"™! obtained by rotating the graph
of uy about the x; axis with Neumann boundary condition uy(0) = uy(a) = 0 . The
n-dimensional axially symmetric hypersurface M can be specified by a corresponding

strict positive and suitably smooth function on the bounded interval u : [0,a] — R

10



Figure 2.1: The hypersurface M

such that M is parametrised by X : [0,a] x S"! — R where

X (z,w) = (z,u(z)w). (2.1)

We will assume that w is smooth enough on [0,a] for all derivatives we use to
make sense. Throughout the thesis, derivatives at the endpoints + = 0 and x = a
are interpreted naturally as one-sided.

In order to have evolution equations later on M;, as in [39], we will consider

Ti,...., Tn & local orthonormal frame on M; which satisfies

(11,41) =0 for [ =2,...,n and (7r,i;) > 0. (2.2)

Specifically, 7; is the tangent to the generating curve given by u in the direction of
11 while 7o, ...., 73, are tangents to the n — 1 sphere.
We will define v as a gradient function which is a geometric quantity related
to \/W for more details see Section 2 in Chapter 4. More specific, we define
X

w = 3 a8 the unit outward normal to the cylinder over the n — 1 dimensional

sphere, see Figure 2.1, where

X =X — (X, i) (2.3)

11



Let

v = (w,u>_1,

and y = (X, w) where y is the height function

y = IXIP = (X,00)*,

We introduce

b= <7—17 Z'1>y_17 q= <V7 il)y_la

where 4; is the unit vector in the z; axis direction. As in [39] we can write

P =y
Particularly
q=-y'p,
and
Viy = —qy,
in addition to
_y” 1

k‘ = <V7—11/, ’7'1> =

12 PET——
(1—|—y )2 y /1+y/2

(2.4)

(2.5)

(2.6)

(2.8)

(2.10)

where p and k are the eigenvalues of the second fundamental form. There are n — 1

eigenvalues equal to p.

y and u are two different interpretations of the same physical object. Clearly,

y(x,t) is the height function and y : M™ x [0,7) — R while u(z,t) is the radius

function such that u : [0,a] x [0,7) — R as in [43]. In a slight abuse of notation, we

will often write u in place of y to emphasise the dependence of the graph function

only on the axial direction.

The function y = (|X|2 — [(X,i1)|?)2 agrees with yq at time ¢ = 0. M, remains

12



axially symmetric and we will later have the evolution equations as a generalization
of Huisken work [39].

Similar notations as in [37] are used. The metric and second fundamental form are
given respectively as g = g;;, A = h;; and |A| the norm of the second fundamental
form |A]> = g™ hyhjp, = h] h’ where g% is the (i,7)-entry of the inverse of the
matrix (g;;). The Weingarten map has entries h! = g¢"hy; where we sum over
repeated indices from 1 to n unless otherwise indicated. It has everywhere the useful
diagonal structure. In detail the metric, second fundamental form and Weingarten

map of M are given respectively by

1+u2 0 — = 0

9ij = ) hij = s 5
0 u* Ty 0 \/;ff—_u%_ij
and hij = k0 = w0 — _ﬁ 0
0 pI 0 kol 0 ﬁ I
1 — (arctan (ug)), 0
B 1+ u? 0 %] ’

(2.11)

where where &;; denotes the metric on S"~! and I is the (n — 1) x (n — 1) identity

matrix. Here and throughout the thesis we will write u, = 2% and u? = (

ox au)Q

dx
It is important to know that through this thesis we define, as in [39], k1 = k and
kg = --+- = K, = p as axial and rotational curvatures respectively.

Because of the axial symmetry, many of the derivatives of the second fundamental

form for axially symmetric surfaces are identically equal to zero. We compute them

explicitly, via the Christoffel symbols.

Lemma 2.1. In normal coordinates at any particular point, the only nonzero Christof-
fel symbols of the induced metric of axially symmetric hypersurfaces of the form (2.1)

are
1 UgUgy
11 — 2
14wz

13



and for any k > 2,

Ug

uu
1 z kK _ 1k __
Flk_l_‘kl_;

rl = 4t
kk 1+u37

Proof: The required formulae follow by direct computation using
e iV iV
L= 59 (Vigi + Viga — Vigis)

and the facts that

;

2Ugp Uy 1 =7 =1,
Vigij = 8—xlgij = 2uu, 04, i,j>2

0 otherwise

\

and for k > 2, vkgij =0.

Therefore
1 — _ _
I} = 59” \Vigi + Viga — Vigij]
L Vg + Vigu — ¥
=3 191 + V1gu 1911]
BT T
= 59 Vigi1 + Vign 1911)
1 1
:_—2xmm T Wy — T Wrx
20+ u%)[ U U+ 205 T
14 uZ -’
For any k£ > 2
1 1 ure = T
Ly = 59 (Vigi + Vg — Viger]
1 _
= 5911[0 + 0— Vlgkk]
1 1
== [ 2uu,
2Ty 2]
B .
14w’

14



and

1 — _ _
Iy, = 59“ Vigr + Vegu — Vigik]

1 _

= §gkk[vlgkk + 0+ 0]
11
Uy Uy

An example for other Christoffel symbols that is equal zero

1 — _ _
I3, = 5922[V2922 + Vag22 — Vagao]
1
= 5922[0 + 0+ 0]

=0.

O

Lemma 2.2. The non-zero components of VW for azially symmetric hypersurfaces

of the form (2.1) are

and

Proof: We use the formula
Vil =V, + T)h!, = TLn,

in addition to the expressions for hi from (2.11) and Lemma 2.1. Therefore

15



Vihi = Vihy +Tyhy =T ly

=V,hl +TLhl —TLhl

(14 u2)2
~ U (1 + ui)% + 3 (1 + ui)%uxum
1+ )

— Uy 3ugu?,
_|_

(1+u2)?  (1+u2)?

3
2

and for k£ > 2

_ Vo,

0 1

O [u 14+ u?

- Uy Uz Uy

B _u2\/1 +u? - u(1 —l—ug)%

_ Ug 1 Uy

S [‘um (1)
u.Z

:Z(KI_KJQ)'

16



Chapter 3

Evolution equations and

preliminary results

From the evolution of the position vector we can compute corresponding evolution
equations for all geometric quantities associated with the evolving hypersurface.
In this Chapter we introduce various useful evolution equations of the evolving

hypersurface.

1 Fully nonlinear curvature flow

Let M, be an evolving family of hypersurfaces in R"*! with boundary, M, is moved

by a curvature flow if it is satisfies the nonlinear parabolic equation

0X

— @) =—FWa)vt), zeM teR (3.1)

where F' is the fully nonlinear speed of M;, W(x,t) denotes the matrix of the Wein-
garten map of the evolving hypersurface M; = X (-, ¢) at the point X (x,t).

In our study, we will consider the case in which the initial surface M, in R"
is axially symmetric generated by rotating graph w around z; axis and we will
choose some structure conditions on F' that give us similar properties as those for
mean curvature flow. The goal is to study evolution equations of fully nonlinear

curvature flow and when we move from the quasilinear equations of MCF to fully
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non linear evolution equations, we expect some of the same properties as well as

some differences because of the additional nonlinearity. As with mean curvature

flow, we expect the surface may develop singularities before shrinking to a point.
We will denote by (F kl) in (3.1) the matrix of first partial derivatives of F' with

respect to the components of its argument:

2F (A+sB)

= F* (A) By,.
0s (4) By

s=0

Similarly for the second partial derivatives of F' we write

0 [kl,rs
@F (A + SB) . = Fkl’ (A) Blers-
We will also use the notation
f (li> - 8/{z‘ (KJ) a‘nd f (H) - a/{i/{j (’i)7

because F'(W) = f(A(W)) which mean F' is a symmetric function of the eigenvalue
of W. Unless otherwise indicated, throughout this work we will always evaluate
partial derivatives of F' at W and partial derivatives of f at x (W).

In a local orthonormal frame of eigenvectors of W, we may write F in terms of
f and f as follows, for any symmetric matrix B. The next Theorem is important
because it is giving a relation between derivatives of eigenvalues and eigenvectors
of symmetric matrices, and of functions of symmetric matrices defined in terms of

their eigenvalues:

Theorem 3.1. [8] Let f be a C?* symmetric function defined on a symmetric re-
gion 2 in R™, Let Q = {A € Sym(n) : AM(A) € Q}, and define F : Q — R by
F(A) = f(M(A)). Then at any diagonal A € Q with distinct eigenvalues, the second
derivative of F in direction B € Sym(n) is given by

) — " ()

p — Kr

(Byr)” . (3.2)

. . p
FPO" (W) By Brs = f"" Bpp By + 2 Z / (:

p<r
This formula makes sense as a limit in the case of any repeated values of ;. For
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details of the proof, we refer the reader to [§].
We will denote by V the covariant derivative on M, and by V the derivative on

[0, a] x S"~1. Since M = [0,a] x S"~! we will write V; = 2, while V;, j > 2 denote

the S*~! derivatives.

The speed functions F' that we consider have the following properties:

Conditions 1

i) F(W) = f(k(W)) where k (W) gives the eigenvalues of W and f is a smooth,

symmetric function of the eigenvalues k of W.

ii) f is defined on an open convex cone I' containing the positive cone I' = {x =

(Kiy...,kn) ki > 0for all i}.
iii) f is strictly increasing 88—,51 > (0 for each ¢+ = 1,...,n at every point in I'.

iv) f is positive and normalised, f(1,...,1) = 1.

v) f is homogeneous of degree 1: f(Kr) = Kf(k) for any K > 0 and all k € T.

For more details of homogeneity see Appendix Section 1.

vi) f is convex (sometimes we can remove this condition using Codazzi equations

as in Andrews [5, 9], see Chapter 5).

Speeds which satisfy the above conditions are discussed in [53] and in [14]; in par-
ticular, having ngl > 0 ensure equation (3.1) is parabolic modulo tangential diffeo-
morphism. Moreover, if we don’t require (vi) then we can take linear combinations
of examples requiring individual convexity or concavity. All these conditions, some-
times with some adjustments, have been used before in curvature contraction flows
of convex hypersurfaces [3, 8,9, 15, 16, 23, 36] and recently in flows of closed hyper-
surfaces not necessarily convex [12, 14, 13, 53]. Some example functions F' are given
in those papers; in particular many examples satisfying the above properties includ-
ing positivity on a cone larger than the positive cone can be built from appropriate

operations of the elementary symmetric functions of the principal curvatures.
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Remarks:
i) p is positive and k can be either positive or negative such that F' is positive.

ii) Conditions 1, iii) ensures existence at least for a short time of a solution to
(3.1); with initial condition u (-,0) = up and pure Neumann boundary condi-
tions. We will name later in each case the exact conditions that is required
and we refer the reader to a precise short time existence to the flow in this

setting in Theorem 4.1.

For Theorem 4.2 concerning the behaviour of solutions at the maximal existence

time, we require the following additional structure condition on F":

Condition 2

Suppose f satisfies lim, , o f(z,1,...,1) < 0, where we allow the case that the
limit is equal to —oc.

Remark: For the above condition to be satisfied the cone I' of definition of f must
allow the above limit to be taken.

Some examples of f satisfying Condition 2 are

i) The mean curvature, F' = H, so f(z,1,...,1)=z+ (n —1).

ii) A fully nonlinear example, F' = nHl]\/H (H 4+ n|A|) for any n € [0,1). In this

case

1
Cntnyn

SO f(z,l,...,l):n+$ﬁ{z+(n—1)+n\/m}.

/ {isa (= Dl 4o+ (= g,

iii) More generally, for a constant € [0,1) and p > 1 we have
1
) 1 n n P
f:<n+77n5> Z/{H—n Z/{?
i=1 J=1

Condition 2 is required only for our characterisation of the singular time, The-

orem 4.2. Briefly, the purpose of this condition is as follows: in Lemma 4.2 we
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show that F' > 0 is preserved under the evolution (3.1). The rotational curvatures
Kj,J = 2,...,n remain positive under the evolution. Using homogeneity, Condition
2 implies that z = :—; does not become too negative, giving rise to a lower bound on

k1 In terms of Ko.

2 Evolution equations

We will compute all evolution equations that we will need later. The computa-
tion techniques are similar to [39] which depend on local coordinates not adapted
frames. Evolution equations on the evolving surface will be used to analyse our flow
behaviour, for general n. The following evolution equations are natural generaliza-
tions of Huisken work [39] for the mean curvature flow.

For consistency with previous work in this section we will denote coordinate

derivatives by %.

Lemma 3.1. The evolution equation of the metric for the evolving hypersurface M,

satisfies

Proof:
0. _0 /90X oX
0t% = 9t \ 0, 0

_, 20X 09X
N 8t8:vl’8:£]
0 0X
=2 —Fy), 2=
<3.¢1:1( V)’6$j>
ov 0X
=oF (-2~ ==
< a$i7al'j>

Remark: Because the tangent vector % satisfies <1/, %> = 0, therefore
2 J

6 1 a_X — 2 8_X + v aZX — O
(9@- ’ axj N (9@-’ 895]- ’ 8@8% o
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and so
ov Ox 0%z
hij=(z—,—)=—(Viz—F5— ).
al’i 833]' axl(‘?a:]
Corollary 3.1. 2¢" = 2Fh".
Proof: Using Lemma 3.1
d ;. , 0 .
S im [ nj
= —g" (=2Fhyn) g™

= 2FhY,

O

Lemma 3.2. The evolution equation for the outer unit normal is given as follows

v
— =VFE.
ot
Proof: For any vector Y = Y;7; we have
Y = <Y> Ti>7—i7

then

(Y1) = (Y, 1) (T, k)

= <}/a Ti>gik7
which will be used to compute the evolution equation of v.

i

ov <81/ 8X> 0X

ot~ \ot o,/ oz,

_ [, QOXN\OX
N 78150@ al’j
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ov 0 o0X ..
- = Y T qY
825 <V7 Gacl( FV)> 3:10]-

0 _o0X ..
_ 2 pZ2 i
8a:i 691:]9

= VF.

Corollary 3.2.

0 . . i .
5 (v,i1) = L (v, iq) + th?hik (v,11),
where the elliptic operator L is given by Lx = FFV,V,x.

Proof: From Lemma 3.2 we have

0 , .
& <V,’l1> = <VF,Z1>.

Because Vv = hi7, we have
ViVv = Vb + WiV = VPhym — Wiy,
FIN Vv =VF — Fihkhv.
By substituting (3.5) into (3.4)

%(V,iﬁ = <(F“vivju + Fijhfh,»ku> ,i1>

= F”VZVJ <l/, Zl> + Fljhfhlk <V, 7,1> .

Lemma 3.3. The second fundamental form of M, evolves according to

5,
—h,
ot "

23
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Proof: We compute that

& hiy = < z;0; >
2 *X *°X 2
ot xﬁx] Ox;0x;’ aty

ot
< )
82 3X ?X QV
xj ot dx;0x;’ Ot
0*F

xlaxj ’ Ox;0x;’ Ot
v ) *X 0 ,
891: (93:] 81‘1856] Ox;0x; Ot
0%v ”2?X 0
F{———— ==, =V). 3.7
= dmon, <axiaxj’”> <axiaxj’ at”> (3.7)
Using the Gauss-Weingarten relation (as for example in [37]) gz = hig"* gji =
h;”aam—Xm, aijgij ry gf — h;;v and Lemma 3.2 equation (3.7) becomes

2
9, _ FF +F<i5’/ > <Fkax_h aFanlm>

ot " 8@8:6] 8!@ al’] Y Ox it 8[El 6xm

_O°F 0 s 0X L OF /10X 0X .

= owow, L <axz.”ﬂg pr > ~lign <a7 I >

oF oX \
+ hl] 8 <V, %> g . (38)
Because <1/, gm—xm> = 0 we will have

0 O’F 0 0X oF
—h. F - R
51" = Guw, T Fhad <6xi 9y’ > 4 Dy

0*F ?’X oF
— Fh. Lk Fk
O0x;0x; + Fhug <8x18xk >

2F X F
0 + Fh]lglk < a hiklja V> Fk 0

~ ;01 * 9, U Oy
0
02F 0X OF
= Fhyg**Tm — Fhyg"*h;
axiaxj + e sz 3lg k <V7 V) ij axk
02F oF
because V;V,;F' = ——— — rk

8l’ia$]‘ ija_I]C

= V,V,;F — Fhlhy. (3.9)
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Now, we need V,;F(W) = FkZthkl which leads to
ViV,F(W) = F¥7s,0, .V ihy + F¥N,V hyy. (3.10)
From interchanging covariant derivatives, see Appendix Section 3, we obtain

Lhyy = F¥N,V by,
= FHNVihi + F*hahi hjm — FRR hyghi,
+ F¥ R By, — F* B BB

= FNNVihiy — FI hym + FU B b, (3.11)

Using (3.10) equation (3.9) becomes

0

ahﬁ = [0,V ihig + XN,V ihig — FhEh, (3.12)

and from (3.11) the evolution equation of h;; is obtained as follows

%hzj = [T 0,V shig + F¥N ki — FR R 4+ F¥ R By iy — FREhy
= FFS 0, YV ihag + F¥N Vi — 2F R B + FM B b

= £h1] + Fkl’rsvihrsvj'hkl — 2Fh;nh]m + Fklh;nhkmhw (313)

Corollary 3.3. The Weingarten map evolves according to

5 = Lh + N iV e+ FB .

Proof:

9., 9.,
it = o1 la"hu]

= ﬁgik hij + g™ ghk from Corollary 3.1 and Lemma 3.3,
ot ! ot ™
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0
ot

= L} + F*7 N hyy N heg + FP R by, .

Lemma 3.4. Under the flow (3.1),
(i.) 2H = LH + FF7NhyyVihys + FE O g, H.
(ii.) §F = LF + FFRR by,

Proof: Equations (i) and (i) will be derived as in [3].

To prove (i)

QH ja

o o
= g] | LR + P s + P b

hj

= LH + F¥7sNhyyVihes + F* by hi"H,

and to prove (ii)

o . 0.
a = e

= B [+ F N gV by + B B i h |

— 7[R b 4 PR By — EY i + V'V

—FMIV R 4 F’“hkmh?hﬂ from (3.10) and (3.11)

= F} [Fh"hjm + V'V, F]
= F} [V'V;F + Fhhp,]

= LF + FFIh .

26
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Lemma 3.5. As long as y > 0 we have
(i.) 2(X,i1) = FMVV(X,41).
(ii.) % = MV, Ty — 2D
(iii.) 20 = FHN,V,q + FR0 g — { [2F11k ~(n— 1) E?2p| p
+ [2F1 — (n— 1)F22] q }q.
(iv.) & = PR, Vip + FMh hp + 2F1 62 (k — p).
(v.) % = FMN, ik + FMR gk + FF 3y Viheg — 2(n — 1) F¢2(k — p).

Proof: The first identity can be directly shown from (3.1). To prove (ii) we will

need the following:

Using (2.5)
9, 0 )
oV = g X0 - g (i)
0X 0x
= 2<W’X> — 2<X 21> < 8t 21>
_ Skl . Skl .
—9 <F VleX,X> —2(X, i) <F V.ViX, 21> (3.17)

= 2(LX,X) — 2(X,i)) (LX,iy).

From (3.17) we can write

oy 1 0y*
ot 2y ot
1 .
Qy 2(LX, X) — 2 (X, i) (£X,11)]
; (LX,X)—(X,11) (LX,i1)], (3.18)

and we calculate

Ly = PRV,
= PNV, [(X, X) — (X,i1)?]

= PRV, [2(VX, X) — 2(X, i) (V, X, i1)],
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Ly? = 2FM (Vi VX, X) + (V, X, V. X) — (VX i1) (VX i)
— (X, i) (ViVi X, iy)]
= 2(LX, X) + 2FM (V, X,V X) — 2F" (V. X, i1) (V, X, i)
— 2F" (X iy) (Vi VX, i)
—2(LX,X) +2FMg, —2 [F“ (ViX, i) + (n — 1) E2 (Vo X, 1)
—2(X,i1) (LX, i)
= 2(LX,X) +2 tr,F — 2 [FH (1, iﬂ — (X, i) (LX)
where trgF = Fklgkl
—2(LX, X) + [2F“ +2n — 1)Fﬂ C2FMp2? (X, i) (LX)

= 2(LX, X) + [2F" 4 2(n — 1)F2]

—2FM (1= |Vy|?) — 2(X,i1) (LX,41) . (3.19)

Because
Viy = —qy,
and
Viy=0 forall i1=2....n
we have
IVyl? = [Viyl* = ¢y (3.20)

We know

— 2
— 1 — 2
=1—|Vyf,
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and

IVX]? = (V'X,V;X)
= Z<7‘uﬂ'>

= u.
Additionally, we need

viy2 = V1(<X7X> - <X>i1>2)

=2(V; X, X) — 2(X,i1)(V; X, i1).
But V3% = 2yV,y and

ViViy® = Vi(2yViy)

= 2VyViy + 29V Viy,
SO

£fF =PI,V

= QFMkaVZy + 2yFleley.
Therefore from (3.19) and (3.22)

Ly =F"V,.V,y
1 r. )
= % [Fklvkvly2 - QFlek?JVz’y]
1

—2F(1 - Vi) - 281 Vil

29
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Ly = i (L2, X) = (X, i) (EX, i) + B+ (n = DE2 = 1M (1= Vi)

Py
1

; [<cx,x> (X AN LX, i)+ (n— 1)E?2] (3.23)

then from (3.18) and (3.23) we have

0 n—1)F2
8—3; _ iy, gy~ Y (3.24)
We will use (44) to prove (iii); and because 2qy = g% + y@ we can write
ot ot ot
dqg 1|0 oy
i e —g==1. 3.25
o= | a5 (3.25)
Because ¢ = <”—;1> with using (3.6) and (3.24) we compute the following
9 _ 11,0 iy — iy 2
at - y2 yat s U1 ) U1 aty
1. , . . L
=y [yFlele (,i1) + yEFM D by (v,41) — (v, i1) FFV, Vi
1 ,
NG P FQQ} . (3.26)
Y
We will use
Vig =V; {(’/JO]
Y
1 . .
=y [yViiv,in) = (v,i1) Viy]
1 .
= E [hll?ﬁp - Z/C](Sﬂ(_qyﬂ
= hip + 6ud’, (3.27)

SO

Viqg=hip+ 014> =kp + %

Vig=0, forall i=2,....n
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and

Vql* = [Viq/?
= (Wp + 0uq®)(Wip + 6:14%)
= (R hap® + 20 0upg” + 01101q")
= k2p% + 2kpg® + ¢*
— (kp+¢)°. (3.28)

We compute

1 ) .
ViViqg = E [?/Vkvl<’/, Zl> - <V731>vkvly]

2 ) .
- E [ka<V, Zl> - <V7 Zl>vky] Vl%
S0,

Lq = FFV,Vq

17 _ o
= ? [yFlele@, i) — (v, i) FMV .V

2 . '
— ZFky, (M) V. (3.29)
Y Y

From (3.26) and (3.29)

9q _ 1
ot y? J

. -1 .
FRR by (v, 1) + (n ; )<y, z'1>F221

2 . ) . )
+ nglvk—<V7yZl> Vly + F’”Vkvl—<y’;1>

1)

= FAN,Vig + EM R <"’y“> L2

1) . 9 .
2 F22q—|—§FHV1qV1y from 3.6

i . n—1). 2 .
= FMV Vg + FR B hig + <y—2>F Pa+ FU(kp+ ) (—ay)

(n—1)

y2

2

y
. . —-1) . . .
= MV Vg + F R hypg + <”y—2)F22q — 2F M kpg — 2F M ¢P. (3.30)

= PRV Vg + F i humg + F2q 4+

Y (kp) (—ay) + §F11<q2><—qy>
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Then

dq
ot

(n—

1 . .
= Lq+ F*h'himy + g )F22 2F kpg — 2F" ¢’

—1 . . .
_£q+Fklhmhlmq+q( y >F22 Fllk'pq—Fllq (y—Q _pQ) _F11q3

—1 F! :
—£q+Fklhmhlmq_2F11kpq+q( >F22_q_+qF11 2 F11q3
y? y?

(n — 1)F22 _ pu
Y2

= Lq+ FHh g — 2F R kpg — F1¢ + qF1p? + q,

(3.31)

or we can rewrite it as

8—3 =Lq+ Fklh’k"hlmq — 2F Y kpg — FR g3 + g p? + (n— 1)F22 — FH] (p2 + q2) q
because y~* = p® + ¢°
= Lq+ FHh g — 2F Y kpg — FU¢° + qFYp? + (n — 1) F2p?q — F1p?g
4(n— 1) F2$ — U
— Lqt PO hing + [~2EVkp — FU 4 PR 4 (o — 1) - P2
(n— 1)F22q2 _ F11q2:| q
= Lq+ FPR by + [ 2F M kp — FU 2 + (n — D) F2p? + (n — 1) F2¢% — F11q2] q
= Lq+ FPR by + [ 2F % kp — 2F ? + (n — 1) F%p? + (n — 1)F22q2} q
= Lqg+ Fklhznhlmq + { [ 26k + (n— 1)F22p] p+ [—ZFH + (n— 1)F22] qz} q
{

=Lq+ Fklh’,?hlmq — [2}3’111{: —(n— 1)F22p] P+ [QFH —(n— 1)F2Q] qg} q.
Therefore,

g‘i = Lq+ P hima — {200 = (n = )F®p| p+ 20" = (n = 1)F) ¢} 4
(3.32)

which gives the evolution equation for q.
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We will compute now (iv) using (3.31)

o _, %4
ot~ Loy
(n—1)F? — 1

= 2¢Lq + 2¢FM R humq + 2FM (p* — ¢* — 2kp) ¢ + 2 . ¢
Y
(3.33)
We need
Lq* = F¥'V,V,(q.q)
= QFMVk(qu.q)
= 2Fkl(Vleq.q + qu.qu)
= 29Lq + 2F"'V ,.qVq. (3.34)
From (3.34) and (3.33) we obtain
d¢? 2 Skl Skl m S11, 2 2 2
i Lq” = 2F"VqVig + 2qFhi himg + 2F(p™ — ¢~ — 2kp)q
-1 F22 . Fll
2| )y2 0. (3.35)
We compute also
o o, —20 (n—1)F#
and because V52 = —y2—3Viy we can have

Ey_Q — FlekVZy_2

= F"V, (Viy™?)
. 2

= QW [ka*?’vly + yigvkvly}
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Ly ? = —2F" [=3y ' ViyViy + y >V, Viy]

6 - 9 .
= EFMVMJVW — EFHV}CVW

6 - 2
— EF"fleyVly — E[,y. (3.37)

From (3.36) and (3.37) we have

_ _ 6 . n—1)F2
Y =Ly - EFklvkyvly + 2%. (3.38)
Using (3.35) and (3.38)
0 5 0, 5
ol v 1)
_ 6 - 2n — 1)F22 : .
=Ly ?— EF’“vkyvly + % — Lg* + 2F"V 1qViq — 2¢F" B hig
. n—1)f%
_2F11 (p2_q2_2kp) q2_2 ( )y2 q2
_ 6 - : 2n — 1)F22 :
=Ly’ —Lg* - EFMVWVIZ/ + 2F"V1.qV g + % — 2qF" i g
. n—1)f2
_2F11 (pQ_QQ_Qkp)q2_2 ( )y2 q2
6 - A n — 1) 22
= £p2 — EFlekyVly + 2Flequlq -+ % — QQFkthlhlmq
. n—1)i® -
—2F" (p* — ¢* — 2kp) ¢* — 2 [( )y2 Q. (3.39)
From (3.39) we obtain
op 1 9p?
ot 2p ot
1 3 . 1. 1(n—1)F? .
= 3, £0° = oA ViyViy + CFMVigVig + 5% - %F’“h}?hmlq
m 1| (n—1)F2— fu
—— (= —2kp)¢* — - ( ) 5 7, (3.40)
p p Y
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but

£p2 — FkZVkVZ (p2)
= ¥V, (2pVp)

= 2FFN pVip + 2FpV Y p

= 2pLp + 2E7V . pV p, (3.41)
SO
1 2 1 ki
Lp=—Lp*— —F"V.pVp. (3.42)
2p p

Furthermore, we need to compute the following

Vi =V (y > = ¢)
2
=——=Viy —2¢Vyq
Y
2 )
= Eéﬂqy —2q [h’lp + qéliq} from 3.27
2 )
= ?51‘1(] —2q [hzlp + qélifﬂ
=2 (p2 + q2) 0i1q — QPC]hZi — 2¢°6y;

= 2292(](51'1 + 2q3(5i1 — quhli - 2q351i

= 2p°q0s1 — 2pqh,. (3.43)
From (3.43)
1
Vip = —Vip?
2p
= pqoi1 — qh, (3.44)
SO

Vip=pg—qhi =pq—qk=q(p—k),

Vip=0, forall i=2,...,n (3.45)
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and as a result,

[Vp|* = [Vip[?
= (padi, — qhy) (pgdi, — ql)
= P2 — 2pg%k + ¢*K?
= ¢ (p* — 2pk + k*)

= (p—k)°. (3.46)

Therefore, the evolution equation of p can be computed as

g 1 3 1 1(n—1)F?
gl = L+ FVaVip = S Py Viy — DV Vig + —%
P 1 _1)F2?22 _ pu
Fklhmhlmq - (p — ¢ - 2k:p q2 - = (n—1) . e
D Y
1 0 . 0
= Lot [FRIVP 4 (- DF S E L+ (- 1))
L 0 1(n— 1 F2 pi
o |F IVl T - —(* - ¢ = 2kp)¢*
P » ’
1[(n—1)F2 - pu .
_ = (Tl ) : 2 ng:lh']rcnhmlq (347)
p i Yy P

We need the following equations in order to simplify previous equation:

We know

FHVqVig = FY (Vig) = I (pk + %),

and

FR By = FY R by 4 (0 — 1) F2hT oy,
= F''(h})* + (n — 1) F*2(h3)?

= FUE2 4 (n — 1) F?2p2. (3.48)
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Now we simplify (3.47) to have the evolution equation of p

dp 1. 2 : 1. 2
—:£p+—FHq2 p—k)? - 2 p2+q2 F11q2y2+—F11 k:p+q2
S = Lp+ U k) - (0 4 ) LBV (k4 )
n—1) . ,  FU 1|(n—1)F?2— 1
+< )F22(p2+q2) ——(p2—q2—2kp)q2—— ( )2 q2
p p p Y
1.
= FY ] i
-0 1F112 _k2_§ 2 2\ 11,2 1'11k 22
=Lp+ ¢ (p—Fk) (0 + ) FU'¢? + —F" (kp+ ¢%)
p p p
n—1). » FU 1| (n=1)F2_— F1
+< )F22(p2+q2) ——(pz—qZ—Qk:p)qz—— ( )2 q2
p p p Y
1. _
—5Fklh?hzm (y2-p°)
- 1F112 _k2_§ 2 2\ 112 1F11 k 22
= Lp+ ¢ (p—Fk) (P +¢*) F'¢* + (kp+¢°)
p p p
n—1). , FU 1| (n=1)F2_ 1
+( . )F22(p2+q2) —7(]92—6‘]2—2]{3]?)(]2—2—9 ( )y2 q2

1. 1.
_ ]_)Fklhznhlmy—2 + EFklhzmhlmZQQ

1'klm 2 1'112 2 32 2\ 11 2 1'11 2\ 2

=£p+]3F hy himp +];F ¢ (p—Fk) —];(p +q*)F'q +];F (kp+ ¢*)

q2

n—1). F1 1 _\f22 _ pu
+( )F22(p2—|—q2)2——(p2—q2—2kp)q2—— (n ) g
p p p Y

1.
— ]SF’f’hgliMy—2
1'klm 2 1'112 2 3 2 2\ 11,2, 2 1'11 2\2
=£p+§F hi P +§F ¢ (p—Fk) ~ 7 * + %) F'¢?y +]—?F (kp+¢°)

1|(n—1)F2 - Fu

11

i (n; 1)F22 (p2+q2)2 7 (p2 e —Qkp) ¢ — -

p y? I
_% [F11k2+ (n — 1)F22p2} (0* + ¢)
” 1y [ @ s ¢ ¢ 1
= Lp+ FMA hyp + FY [; (p—Fk) — 3; (P +¢*) + ” (@ +p*) + ; (kp+¢*)

_ﬁ (pQ - Qkp) _ k_2 (p2 +q2)] +(n— 1)F22 F (p2 +q2)2 B Q_2 (p2 +q2)

p p p p

2

p 2 2
- _|_ ,

o)
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. 1
a_]t) = Lp+ F"h hyp + F “5 [°p* — 2pkq® + K*q* — 3¢°p* — 3¢* + k°p* + 2kpg® + ¢

202 4 gt 4 2%kpg® + ¢t + 2Pt — K2p? — k2q2]
- 1)F22 Pt 2020 — 2% — ¢t — pt — @2
p

[Qq +2kpq2}

+(n

) .1
= Lp+ FMh hyp + F =
p

=Lp+ Fklhkmhlmp + F1 ]2 2q2p] ,

which implies that

p

o = Lr+ FR B hyp 4+ 2F 62 [k — p) . (3.49)

daH

Considering 22 50 an we will compute the evolution equation of k

ok 0
E—E(H—(”—l)p)
0 0
=5 (n=Dgp

= LH + F*7N ' hyy Vb, + FF Ry, hi" H
— (n—1) |Lp+ FMhyhi"p + 28" ¢* (k — p)
= L[H — (n — 1)p] + F*"V hyVihes + F¥ Ry h"[H — (n — 1)p)

—2(n— 1)F"¢*(k —p),

SO

Ok

o = Lk FRrST gV s + FF bk — 2(n — 1) FM 2 (k — p). (3.50)

Lemma 3.6. Under the flow (3.1),

0 —1) . »
av =Lv— F”hkhzk + (ny—2)vF22 - 2v_1F”Viijv.

Proof: Similar notation as in [43] will be used for this proof. Notation D will be

used for the gradient in R"™! and Dw is used to define the (n + 1) x (n + 1) matrix
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of first derivatives of w.
Firstly, we need some useful identities as following:

We define

o) Tp+1 5
w=(0,wz,..,w, +1) = (0, —_— ., — ) , for |X|#0, (3.51)
X[ X

where X is defined as in equation (2.3), and

1 XP 5
= (X,w) = — (21, ...0n41), (0, 29, ..., T, =—— =|X|= /a5 +..+22,,,
= () = s ets) Ora oy zas)) = T2 = X = 23 "
(3.52)
then for y # 0
dy 0, fori=
= 3.93
L fori>2
y
As a result,
Dy=w and Vy=w-— (w,v). (3.54)

Observe that, for 7,7 > 2

2
Oz \ y y vy
Since ) i ] ]
0 0 0 0 0 0
Owz Owz _Owy 0 Ow2 Ows
. ox1 Oxo T 0xTp4a . Oxo T Oxp4a
Dw = = 7
aWn+1 8W'n,«&»l 8Wn+1 0 awn«l»l 8W'n,«&»l
| Oz Oxo e an+1_ | Oxo e 8xn+1 |
we will have
1
0 0 0 %1 v (5k2 — wkwg) Vi
0 Gw2 _Ouwz Vo 1 (8 — witws) vk
I 812 e 3xn+1 . y 3 3
Dw.v = ‘ ' ' = . ’
Own1 Owna1 1
0 8x: T é)xnil VUn+1 y (6kn+1 - wkwn—l-l) Vi
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Figure 3.1: w, v, i; and 7

with sum over repeated indices. Then, we show that

n+1 1 1 n+1
v, Dw.v) = — (O — wpw;) VRV = — viv; — (w, )2 | .
( Y= y( ) ; ; (w,v)

ik=2

Because
v = <V7 Z.1>Z.1 + <V7 w>w = <V7 Z.1>Z.1 +-+ <V, Z.n—l—l)in—i—h

we have
n+1

(V,w)w = Z Vi,
k=2

which leads to
n+1

(v,w)? = (v, w)w, (1, w)w) = Z ViV
k=2
Therefore,
n+1
(v, Dw.v) = — Z vy, — (v, w)? = 0. (3.55)
k=2
Since X = (z1,a,...,Tpy1) we find

ntl s
(X, Dw.v) = Z ; (0ir — wiwg) Vi = ; <Z viz; — (w, X) (w, 1/)) (3.56)

j k=2 i=2

n+1 - X ~
X +0i; X

<§ :I/Z-xi—< i “,X+:c1z'1>< - y>) (3.57)
i—2 | X] | X
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SO

1 [T X2 1 X
(X, Dw.v) = ; (ZZQ V;T; — m ]X| ZZQ Vixz-) =0.
We know y = \/z3 + -+ 22, s0
Oy _ LSy, 0n PN
o 2y~ ot y =
From (3.52), (3.54) and (3.58) we have
W XV ) = —Flw ).

P

(3.58)

Because the hypersurface is axially symmetric, (w,v) = (i1, 1) = py, see (2.6) and

Figure 3.1, we find

% = —F(w,v) = —Fpy.

Furthermore, as w = <0, F R %) we have

dw e~ F T,
- = Z (__yk + ?F@;, 1/)) ir,  from (3.59)
k=2
n+1

F .
— _Z %(V}C — Wk<way>)lk'

Consequently,
aw n+1 n+1
<E’ l/> =— <Z (Ve — wlw,v)) i ,Zl/jij>
k=2 Jj=1

< <y
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n+1
(Z Vgl — (w,u>2> =0 from (3.55).
k=2

(3.59)

(3.60)

(3.61)



From (2.4)

O= )
ETR TR
— —2 8 a
ey )
= —0v*(VF,w), from Lemma 3.2. (3.62)

In order to have Lv we need the following:

For any function ¢

Lo = FIV, V¢!

— P |2y .
= - 5 i j¢+@vivj¢

. 1 ..
=—¢ ’FV,;V;¢ + QEFJV@VJ@?)
v () ()
-2 ij 1 1
=—¢ LO+20FV; | — |V |~ |. (3.63)
¢ ¢
Replacing ¢! by v we have
Lv=—vLo 1+ 2U’1FUV¢UVJ-U
= 0’ L{v,w) + 207 FIV 0V . (3.64)
Now we need the Weingarten relations
vil/ = vnl/ = hf’/’k y vﬂ'j = vﬂ.’fj = —hijl/ + (vﬂj)T, (365)
and the fact that
VoTi = Vaw = [w, 7] =0, (3.66)
where T indicates to the tangential component of a vector field and [, | is the Lie

bracket. The calculation will be in normal coordinates where is g;; = d,; and (vﬂj)T
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disappear at X(x,t).

We start with

vivjl/ = vz(hiﬂg)
= vkhijm — h?hl-ku from Codazzi equation and (3.65)

= Vhij — h¥hav,
and we recall equation (3.5)
Lv=FIVVy=VF - FIhhyv.

If we consider any unit normal vector n = .7, that satisfies

n+1 n+1

= @ = & 0r; —j _
VX = Vi X = an Z (8_3:] * F{kml) i
k=1  j=2 k
n+1 n+1 n+1

:§:%§:@ﬂk=§:m%:n—wmuﬁL
k=1  j=2 =2

(3.67)

(3.68)

(3.69)

(3.70)

Note that f{k, the induced connection on R™*! vanishes with orthonormal coordi-

nates. Furthermore,

o (1%1) = e (151) = 02

= mw = (1, w),

then we have

1 = 1 N N
:—AVWX— = 7’]<|X|>X
| X | X[?
1 L
- ; (T] - <77721>@1 - <777W>W) :
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Suppose = 7; then we have

7nw = —(1 — (1,11)11 — (11, w)w) = 0,

but if n = 7 and [ # 1 we have

= 1

Vo,w= ;(Tl — {1, i1)i — (T, w)w) = —77.

Y

In normal coordinates, £L(v,w) can be calculated as

L (v,w) = FIV,V;{v,w)
= FIV; [(Vy,0) + (v, V)]
= F9[(V,Vy,w0) +2(Vi,Vw) + (v, V;V,w)]
= (Lv,w) + 2F9 (hFr,, V,w) + F9(1,V,V,1;)

from (3.65) and .(3.66)

= (VF — FIhhyv,w) + FIRE (7, Vjw) + FT R (75, Viw)

+ FU <V, vwvﬂ'j>

from (3.69) and as Rl =0

(3.71)

(3.72)

= <VF, CU> — F”hfhzk(y,w) + F”hfw(gjk) + Fij<l/, vw(—hi]’l/ + (vﬂ'j)—r»

from (3.65)

= (VF,w) — Fijhfhikv_l + F9pk w(gn) — F9hy; (v, V,v)

— B9 (1, Vo (hig)v) + F9 (0, V(W) )
= (VF,w) = FIR hyo™ + FIRE w(g)

— w(hig) F7 (v,v) + F7 (0, V,(Vir)"))
= (VF,w) — FIR o™ + FIRE w(gye)

— w(hyg)F9 + F7 (v,V (Vi) 7)) .

Considering A\y7; := (V;7;) 7, then we have

<1/, Vw(vm)T> = (1, w(\e)Th) + (1, N VuTi) = 0.
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Therefore using equations (3.71), (3.72) and (3.66), equation (3.73)becomes
L{v,w) = (VF,w) — Fijhé?hikv_l + FIpkw(gn) — F9w(hy). (3.74)

In order to have the last two terms in (3.74) we calculate in normal coordinates

= —(,ViVu1i) — (Vov, —hyv+ (Vir;) ") from (3.65)
= —<I/, Vivwrj) + hij (sz/, V)

= —(v,V,V,w) from (3.66).
As a result

Fu(hy) = —F9 (. ViV w) whete i,j=1,2.....n

= — ZF“(V, ViViw) i# 1 from (3.71) and (3.72)

=2

s (s (2
=2 Yy

= — i lFm<l/, Vﬂ'z)
=2 Yy

= — Z 1Fm <V, —hn’V + (vm)T>
=2 Yy

1 .
= —;(n — 1)F22<l/, —hagav)

1 .
_ (n ) . 22
Yy

_ (n — 1)pF22
Y

~11 .
= M—F22 from (2.6)
y yv

(n — ]_) 192
= F *
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and
Fij“(ij) = Fijw<7—j77'k>
= PN 75, 1) — F{1;,Vom),
and then

FRkw(gi) = FIRE(V i, 7)) + FORE (1), Vo)

1 1
= F”h;C <—7'j,7'k> + F”hf <7‘j, —Tk> ,
Yy Yy

from (3.71) and (3.72) where j, k # 1

. 1
= QZF”hf <§Tj,7'k>
=2

=2

7] )
Y hi gk

=2 —hkoy
=2 Yy

_ 2(n— 1)pF22
Y

—1) 1 .
= QM—F122 from (2.6)
Yy yv
_ 2(” - 1)F22
y*v '

From (3.76) and (3.75) the last two terms in (3.74) become

Fhiw(gje) — Fw(hiy) = Wpﬂ'

Then we can write (3.74) as follows

. —1) .
L{v,w) = Lo ' = (VF,w) — FIhkhyv™" + =D g

y2v
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Substituting this equation in (3.64) we obtain

yy —1) - iy
Lv=—v* |(VF,w) — F/h hyo™" + <"2—)F22 + 207 FYVuVju
y“v

—0*(VF,w) + F7hEhyv — MUF” + 207 FYV, 0V v, (3.79)
Y
Comparing —v*(VF,w) from (3.79) and (3.62) we show the evolution equation of v

0 i (n — 1) . L1 i
50 = Lv- FIR by + TUF” — 0 FIV V. (3.80)

Lemma 3.7. We have the following evolution equation under the flow (3.1)

5 (%) =L (F) + ;F“VkFV, (%) - {[2F11k (-1 E2p|p
'}

2F! — (n— 1) Fﬂ 4,
+ [ (n— I
Proof: Starting with

Vi (L) = 5 [FVig — 9],

and

1 2
AV (%) =5 [FVNV1+ ViFVig = VigViF = qViViF|=— [FVig = ¢ViF) ViF.

3
We have
Skl q 1 Kl Kl 2 .l
PN, (£) = 25 [FEVNig = aFPVNF | = 9= (Vg = qViF] ViF,
which can be written as
q _ Kl
s ( F) F2 [FLq— qLF] — FF vk( )VlF (3.81)
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2(2):_F%q—q%—f

ot \F F?
r {Eq—i— FR R, g — ([ZF”]{: —(n— 1)F22p} Pt [2F11 —(n— 1)]522} qz) q}
g [LF + FFklhkmh;”}
_ =
CEEI=0LF (g (] e o o 0] )
(3.82)
From (3.81) we can write (3.82)
8 ()=2(2)+ 2o vin)
n [QF” (- 1)F22} q2} % (3.83)
U

Lemma 3.8. Under the flow (3.1)

o (H H\ 2 ., H 1.,
— | — = e — — —F e lh ihrs-
at(F> £<F>+FF ViV + mF VY

Proof: We compute

HY H\  uo FViH - HVF
L <—> = F"V,v, (f) = PNV

F? [V FV,H + FVVH — Vo HV,F — HV,V,F
F4
FV,H — HV,F|2FV,F
F4
FV,VH—- HV,V,F —2F2VkHVlF+ 2FHV V. F
F? + IS ’

Fkl [

:Fkl|:
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H FLH — HLCF . F?°V HV,F — FHV,FVF
Ll=) =222 _op
F F?2 F4
FLH — HLCF . FV.H — HV,F
I e 2FMY  F { 5 }
FCLH - HLF 2 ., FV,H — HV,F
FLH - HLF 2 ., H
= FF V.FV, (f) , (3.84)
and
o (H\ FLH-HLF
ot\F /) F?2
F[2H]-HLF
— = :
then

9 /g F [gH T R VAT T VA FklhkmhgnH} —H [EF + FFklhkmh;n]
(%) Fz
 FLH - HLF 1

+ = RSN Yk, . 3.85
F2 F

Using (3.84), equation (3.85) becomes

& (F) =L (f) + FFkZVkFVl (f) + FFkl’Tsvlhklvihrs- (386)

Lemma 3.9. We have the following evolution equation under the flow (3.1)

k k 2. k 1 . .
9 <—) =L (—> + ZFMY VY, <—) + ZFRrs7in, N Ry
ot \ p D p p D

- 2F”§—2[<n— Do+ Kk — p).

Proof:
k 1

Vl (5> = ]? (lek — lep) s
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k 1 2
ViV (]_9) = o (pViVik — EV Vip) — 5 (pVik — kVp) Vip,

k - k
L (—) = F’“Vkpvl (—)
p p
k

1 2.

Now we compute

O (kY _ pah —kyp
ot\p) p?
p [ck; + FRrs7i by Vihys + FF g hik — 2(n — 1) FY¢?(k — p)

= po

BLp+ F¥hibpp + 2802 (s — p)]

p2

k kE—Fk 1 - . 2(n—1) -
2 (_) _ p/:—Qﬁp + _Fkl,rsvzhklvihrs _ MFllq2<k o p)
ot \ p P D p

k.
- QEF”q?(k —p). (3.88)

From (3.87) into (3.88)

k k 2. k 1. ,
9 <_) -7 (—> ZFRY VY, (—) + ZFRrs7ih, N Ry
ot \p D P D P

g {m— D(k—p) kz(k:—m]

p2
k 2. k 1 .. .
= (-) + —Fklvkal— + —Fkl’rsvzhklvihrs
P j% p p
o {(” —1(k—pp I k(k —p)}

p? P>

k 2. k 1 .. ‘
= (—) + S MYV, <—) SR A VAT PV v
p p p p

— 2F11;—z[(n —Dp+K(k —p). (3.89)
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Chapter 4

The Singularity

1 Introduction

Given an axially symmetric hypersurface of positive mean curvature, it is known that
under mean curvature flow the surface evolves for a finite time until a singularity
develops. In this Chapter we will consider an evolution by a fully nonlinear curvature
flow of an axially symmetric hypersurface to see for which speeds we can show similar
behaviour. This generalises work of Dziuk and Kawohl [26] for the mean curvature
flow. In the case of shrinking convex hypersurface many examples of concave speed
are given in [3], more in [8, 16]. Unfortunately our arguments of this chapter depend
crucially on convexity of f. Convexity of the speed is essential for Lemma 4.3 and

Theorem 4.2 in order to use this inequality F' > %

2 The evolving graph function

In a similar process as for the mean curvature flow, we add a tangential term to
the normal evolution such that the flow problem with free boundary is well-posed”.
Short time existence of a solution then follows by standard theory (see, for example,
49]).

Our n-dimensional hypersurface M is axially symmetric about the z; axis, so
there is a corresponding strictly positive and suitably smooth function u : [0,a] — R

such that M is parametrised by X : [0,a] x S x [0,T) — R""!  which satisfies
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flow equation and maintain parametrisation
X (z1,w) = (21, u(x)w),

where 7 and w independent of ¢.

For the evolution equations of u we need equation (3.51), (3.52) and (3.53) using
the chain rule. Let @ : [0,a] x [0,7) — R"™ be the unit outward normal of an
n dimensional cylinder, intersecting the hypersurface at the point u(xy,t). The
difference between w and w that w is parametrized over the z; axis, while w is

parametrized over M™.

X = 21(t)iy +u(z,(t),)w, weS"

— w’

o~ ot

0X  0Ox. ou n @%
ot  Oxy Ot

Because v = —2— (—u,i; + ©)

F = — — :c )
(vv) ot ,/1+ug+ 8t+u ot ) /1 +u2
_ Ou 1
ot \/1+u2’
ou
— = —/1 2F 4.1
o +aF, (4.1

which is the corresponding evolution equation for the graph height.

Equation (4.1) is a scalar evolution equation as opposed to (3.1) which is a
system. In other words, if X is rotational symmetric with respect to x; axis, the
equation can be written in the form of (4.1). Based on this situation, the evolution
equation for u or y can be used because sometimes it is suitable to use one of
them more than the other. Precisely, the changes of the radius when the surface
is parametrized over the x; coordinate as an axially symmetric surface is described

by the evolution equation for u while the changes of the height when the surface is
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parametrized over M™ is described by the evolution equation for y [43]. These two
evolution equations are different because the evolution equation for u includes the

term /1 + u2. At the same time, the evolution equation for y includes the term py

1

“+u

which is related to =

Using the degree one homogeneity of F' and equation (2.11), equation (4.1) can
be rewritten as
ou -y U S "1
— =F ——ZF”—:F (arctan(ux))x—ZF“—. (4.2)

2
ot 1+ = u = u

Since the matrix of the Weingarten map is everywhere diagonal, the matrix of F' is
everywhere diagonal and F** = f* for each k (see, for example, [8]), and the above

evolution equation for © becomes

% — f*! (arctan (uz)), — i 1

=2

(4.3)

SR

Our analysis will be performed as in [3] and [6]. We will need the following flow
independent estimates.

Moreover, in view of symmetry, f2(k1,Kg,... kn) = ... = [" (K1, Ko,. ..\ Fn);

throughout we will write f2.

Lemma 4.1. Any function convex (concave) F' satisfying Conditions 1 also satisfies

(i) 2 ()2 H.

(ii.) zn:fk = trace (Fkl> < (>)1.
k=1

Proof: Parts (i) and (ii) are proved in exactly the same way as in [68], Lemma
3.2 and Lemma 3.3. Here the proof works similarly, even when I' is a larger convex
cone than the positive cone.

To prove (i), we know f homogeneous of degree 1 and 1 = f(1,...,1) =
Zig—,i(l,...,l). Because of the symmetry of f we found g—é(l,...,l) = L for

each 7. Homogeneity of degree one means

f(Kr) = Kf(k),
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then

L (1) K = K5 ().
which means
of _of
I (Kk) = B (k).

Particularly gg_ (k,...., k)= % Therefore,

f(rlyeoshn)=f(Q+rk—1,...,14+K,—1)

:f(l,...,1)+z af‘ (1., 1) (ki — 1)+ D*fly(k — 1,5 — 1)

To prove (ii.), let k = (K1, ..., kp), K1 < -+ < Ky, for allp > 0 and (k1 + g, . ..

I, for f convex

Mt Kmax = (/L + KmaX) f(l)

:f(,u_'_ﬁmaxa---a,u—i_ﬁmax)

) 0
Zf(ﬂ+’i17"'7ﬂ+ﬁmax) a;:
of
:f("{"l?"'a'%n)—{—#za 228%85
; i 1Ulvg

>f+p Z gff (k), because of the convexity

then gt 4+ Kmax > f+ 1>, g—é(li) and it can be written as

1 /fmax > + Z 8/{

holds for all g > 0 and letting u — oo gives the result.
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Similarly for the concave case

M + Kmin = (M + /{min)f(1>

:f(ﬂ+/€mina---7ﬂ+fimin)

< flp+ kK1, ooy o+ Kmin) 8/5 0 forall ¢
:f(/ﬁ,...,/ﬁn)nLuZi:g—li Z@/@@/{]
<f+unu Z 8’% ), because of the concavity

then g+ Kmin < f + 1 Zz Fo L (k) and it can be written as

holds for all g > 0 and letting 1 — oo gives the result. U

3 Behaviour of the flow

In this section we are interested in solutions of (4.1) with the boundary conditions

uz (0,) =0, wuy(a,t)=g(t), (4.4)

where ¢ is a suitably smooth function. Although not necessary for the short time
existence theorem, Theorem 4.1, we will, for the subsequent results, assume g is

smooth, non-negative and non-increasing.

3.1 Short time existence

Our short time existence result for (4.1) is a special case of Theorem 8.5.4 from [49]
whose proof uses semigroup theory. Similar results are presented for the case of

mean curvature flow in [28] and [32].

Theorem 4.1. Given an initial function ug € C?([0,a]) (C**[0,a]), compatible

with the boundary conditions (4.4), there exists a § > 0 such that there is a unique
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solution u € C*([0,a] x [0,8)) (C**([0,a] x [0,d)) to (4.1), with initial condition

u(+,0) = ug and satisfying the boundary conditions (4.4).

Remarks:

i)

ii)

iii)

iv)

Uniform parabolicity of f is not required for the above result; Condition 1, ii)

suffices.

Above we are using the standard notation for parabolic Holder spaces, see

section 4 Chapter 2.

A similar short time existence result holds for Dirichlet or more general Robin
boundary conditions, provided the initial data ug is compatible. Such a result
is relevant for our later remarks, equation (4.20) concerning a mixed boundary

value problem.

We will not pursue the optimal smoothing affect of the nonlinear operator F
here, except to note that the case of ug € C* ([0, a]) above gives that the cur-
vatures of the hypersurface M, are continuous, so (4.3) is uniformly parabolic
on a possibly shorter time interval [O, 5) The short time existence result in
Chapter 14 of [47] then implies that u € C?! ([O, al x (O, 5)), moreover, clas-
sical Schauder estimates then provide higher short-time regularity provided
F' is sufficiently smooth. We will assume f is at least smooth enough for
our maximum principle arguments to be valid. Importantly, we will use the
C? version of Theorem 4.1 in characterising the maximal time 7" of existence

(Theorem 4.2).

Note that, in the case of (4.1) under pure Neumann boundary conditions

uz(t,0) = u,(t,a) =0, (4.5)

or equivalently for a periodically deformed infinite cylinder, we know that u develops

a singularity in finite time 7" > 0. Comparison with cylinders gives lower and upper

bounds on the maximal existence time 7.
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We now turn our attention to initial hypersurfaces for which the generating
function ug is non-decreasing. The next Lemma does not require f to be convex

and it is generalised from Dziuk and Kawohl [26].

Lemma 4.2. Consider (4.1) under the boundary conditions (4.4), with F satisfying

Conditions 1, 1) to iv). Let ug be at least C? ([0, a).

(i) If
(u0), >0, (4.6)

then uz(x,t) > 0 for all x € [0,a], t € [0,T), that is, as long as a solution to

(4.3) exists.

(1i.) Suppose that f > 0 everywhere on the initial hypersurface My, that is, ug

satisfies

£ =) ! >0, (4.7)

3
(1“[‘ UQ 2 \/14— 'U,O 0\/1+(U0)i
Then uy < 0 for all x € [0,a], t € [0,T).

Proof: To prove (i) we differentiate (4.1) with respect to «

o0u_ 0 0u
otdr  Ox Ot
0
Y1 2
7395[ 1+uIF]

=— (14 ul)? upuyF — \/1+U2F]8m R

J

_ (1 i u2)7 Upllpe ' — /1 4+ u2 [F”—(k) + (n — 1)F22%(P)}

) Of Ok of op

because 8xf(k’ p) = o 2 + (n— )8@ 5
= (14 42) ™ e F — /T 122 F” _—”3
(1+u?)z

0

0w [u\/l + u2

+(n—1)F2_—

} 48

o7



Computing g—g’j and % respectively we will have

ok 0 Uy

Or 0w (14 2)}

3
2

Upge (14 u2)? — g, (1 + ui)% UpUg

(1+u2)”
U (14 ui)% + 3y, (1 4+ ui)% Ug Uy 49
B (1+u2)’ ' (49)
Also
dp 0 1
or 0z uy/1 + u?
1 -1
—ty (1 +u2)2 —u (14 uy) ? Ul
_ T , (4.10)
from (4.9) and (4.10) into (4.8) with v = u, we find
0
vy = —v
ot
v
= ——,F
V1402
3 1
| e (L) 301+ )b
(1+02)3
1 -1
— (n— D)V1 + 022 —v(l+v?)z —u(l+v?)=ou,
u?(1+ v?)
S I S Y R
VIito?© (1+02)2 uy/T+02)
okl okl
T 33— 2
Tt T e
(n — 1)F22 22
A 1),
+ " v+ (n )u(1+02)vv
s ) 1 22
(1+v2)2w”+(1—|—v2)v + (n )u2v
Therefore,
9 f1l ) 1 22
- U —(n—1)=—v=0, 4.11
v + 1t 02)211% i 02)1} (n—1) v ( )

28



or it can be written as

o __f 2ft o NP
= Tl (1+02)2m) —i—Z—v. (4.12)

From (4.4) we see that v > 0 for z = 0 and x = a and (4.6) implies v > 0 for ¢t = 0.
If v(x,0) =0 at any « € (0,a) then this is a local minimum and by (4.12), v does
not decrease. Moreover, from (4.12), if v attains an interior zero minimum then v
does not decrease. Hence v > 0 remains true under (4.1).

Similarly we prove (7i); we instead differentiate (4.1) with respect to ¢

otot ot
0 0
- VIt+w2 ) F—\/1+@2(=F
(8t +u> +u(8t )
— — (14 u)® wunF — /T4 a2 [F] <at Jﬂ
(1+u)2 UpUge F' — /1 4 12 {FH (n—l)Fm%p]

—1 . 0 —Uzx
—(1 4 u2) T ugug F — \/l—l—u%{FHa— al

(1 +u2)?

} . (4.13)

Computlng and " respectively we will have

00u_ 01 ]

09 O
+(n—-1)F pr

1
u(l+u2)

ok 0 U
ot ot | (14u2):
o Ugne(1 4 ui)% — Btz (1 4+ ui)%uxuxt
N (14 u2)3
Uy (1 + ui)% + 3, (1 4+ ui)% Ug Ugy (4.14)
N (14 u2)3 ’ '
and
dp 0 1
Cou (1 ui)% —u(l+ ui)%uxuxt (4.15)

u?(1 4 u2)
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From (4.14) and (4.15) into (4.13) with v = u; we fined

0
Uy = av
1 . —U . 1
= ——F———U, Uy, FH R + (n — 1 F22—
Vit T aw) =1 uy/T+u2

— /1 +u2F"

— U (1 + ui)% + 3t (1 4+ ug)%uzuxt
(1+wu2)?

—(n—1)/14+u2F?

—uy(1 4 u2)2 —u(l+ ui);uxuzt]

u?(1 4 u?2)
s (n — 1)F22
= —quua:tuwx - —Qu:cua:t
(1+u2) u (1 + uy)
Fn 3F11

+ 9 Ugg Uy Ugt

12 (1+u)
n—1)F? n—1)F?

+( 2) ut+( )2

u u(l+ u2)

Ug Uy

= —_ZFH UgpUgg Uyt + —FH Uzt + —(n - 1)F22u
(1 + u%)Z x Wy Ut 1 + Ug zxt u2 t
_9of11 it 22
= Tttt Tt (- D

satisfies the equation

%) ! 2f1 L
v (1+ui)2uu Uy + 2fu2 (4.16)

ot’ ~ 1+ w2

j=

If v = 0 somewhere off the boundary at initial time ¢ = 0 then this is a spatial
maximum and v cannot go positive because L{_;gvm < 0 which stops v from increas-
ing. Suppose there is a first time when v(xg,ty) = 0 where t, > 0, the second and
third term in (4.16) will disappear because of the local maximum. Applying the
maximum principle to (4.16), this cannot occur at an interior point. At a boundary
point, in view of (4.4), we have v, (0,¢) = 0 and v, (a,t) = ¢’ (t) < 0. By the Hopf
Lemma (see, for example, [59]) a boundary maximum would have v, (0,t) < 0 or
v (a,t) > 0, so there can be no boundary maximum. We conclude that v < 0 is

preserved. 0
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Remarks:

i)

ii)

Since the cone of definition of f is larger than the positive cone, f > 0 does
not immediately follow from Conditions 1 ii) and iii) via the Euler identity as
in the case of convex hypersurfaces. Consequently, the above result Lemma
4.2, (ii) is useful because it implies that f does not become negative under

the flow.

In the case of pure Neumann conditions (¢ = 0) we can construct an entire
C? solution of (4.1) by reflecting u : [0,a] x [0,T) in the z; axis to create a
spatially even function on [—a, a] x [0,T") and then extending this periodically
in space to R x [0,7"). Such a construction is done in [18, 39]. We can then
apply the maximum principle considering only interior extrema. In particular,

the speed F' evolves according to

o )
5 F = LF+ EMR by F (4.17)

Applying the maximum principle to (4.17) we observe that F' remains bounded

below by its initial minimum, for more details of the proof see Corollary 5.1.

Further, under (3.1), as in [3] for example, the mean curvature evolves accord-
ing to
0

5 H = LH+ FRTST iy + FRRT By H.

In the case that F'is convex, that H > 0 remains true under (4.1) now follows

directly by the maximum principle.

We may specify in a similar way as in [50] a condition on g which ensures that

the solution u exists for a finite maximal time 7" > 0. Here we need F' convex, so we

can use Lemma 4.1, (i). Of course, as commented earlier, in the special case that

g = 0 we know as in [26] that the maximal existence time is finite by comparing the

solution of (4.1), with initial data ug, with an enclosing cylinder; such a comparison

does not require F' convex nor F' homogeneous.
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Lemma 4.3. Suppose in addition to (4.6) and (4.7) that

(n—1)a?

arctan g(0) < =g——"FF—
(0) Jo uo(x) d

Then the mazimal existence time T of solution u to (4.1) is finite.

(4.18)

Proof: Otherwise a solution u exists and is positive for every finite time. We define

the function E : [0,00) — Ry by E(t) = [ u(x,t)dz. By differentiating E(t) we

obtain

E'(t) = /Oa %(x,t)dx
— /Oa (— 1+u§F(w)> dx.

Using Lemma 4.1,( ) in (4.19), we obtain

¢ H
E’(t)S—/ V14 u2—dx
0 n
1 a
:——/ V1+u2 Hdx
nJo
1 [ -1 /"1
:—/ (arctanu,), dz — / —dz
0

n Jo n u
1 -1 "1
= —arctanu, |§ — —dx
n noJo u
1 -1
= —arctanu,(a,t) — — arctan u,(0,t) — n
n n n
1 -1 /"1
= —arctanu,(a,t) — n / —dx
n noJo u
1 -1 [*1
= —arctan g(t) — n / —dz.
n n o Jo u

By Holder’s inequality, [ uvdz < ([ u2dzv)% (f vzd:v)%

(11 a
—/ —dx/ wdr < —a?,
o U 0
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Then

1 —1 2
E'(t) < —arctan g(t) — n a
n no [ ude
1 n—1 a?
< —arctan g(0) — =
e ng(0) no [ ugde
<0

Integrating £’

t t 1 -1 2
/ E'(t)dr < / {— arctan g(0) — n—ff—} dr
5 § n n 0 Uo

/; F(r)dr < {% arctan g(0) — ”—_1“—2} (t =)

! 1 n—1 a?
lim [ E'(r)dr < lim {— arctan g(0) — —a—} (t —9)
50+ J5 §=0+ | n no [y uo

lim [E(t) — E(5)] < {% arctan g(0) — ”T_lﬁ} (t)

E(t) — B(0+) < {% arctan g(0) — ”T_lf“—zo} (t)

where E(0+) = (lsii% E(6)

n—1 a2

J; oa Uo

E(t) < E(0+) + {% arctan g(0+) — } (t), for all t>0.

We obtain
1 (n—1)a?
E(t) < E0)+ — |arctang(0) — —(——— t,
()< B0)+ 1 |rctang(0) - G
which implies that E becomes negative in finite time, a contradiction. 0
Remarks:

i) If the boundary condition (4.4) is replaced by the mixed condition

uz (0,t) =0, u(a,t) =h(t), (4.20)

for a positive function A which is bounded by M, then similar arguments

s

show that again the flow speed remains non-positive and, using the energy

E (t) = [, u*dz, the maximal existence time is finite.
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ii) The second spatial derivative u,, also satisfies a parabolic equation. The
standard linear version of the Sturmian theorem gives that the number of
zeros of u,, does not increase during the evolution, see Lemma 6.1. Although
we have a fully nonlinear case we can use the standard linear version of the
Sturmian theorem because the coefficients are bounded. This tells us that
the number of sign-changes of the axial curvature does not increase under the
evolution, a property that could be of interest in applications. We refer the
reader to [20, 31] for details of Sturmian theorem and its applications. We

apply Sturmian theorem in Chapters 6 and 7 of this thesis.

4 Singularity

Now we characterise the maximal existence time T  as the time of a curvature sin-
gularity, that is, when the norm |A| of the second fundamental form becomes un-
bounded. More specifically, we show that if the axial curvature x; does not blow up
at ©* = a as t — T, then the rotational curvatures blow up at x = 0 and in view of
the formula for x;, j = 2,...,n, we must have u (0,¢) — 0 as ¢t — 7. This result
is also analogous to the corresponding result for the mean curvature flow in [50].
Critical to the argument in [50] was that the mean curvature remains positive under
the evolution. We do not have this in general, but the structure condition on f,
Condition 2, permits a similar deduction. In the case of pure Neumann conditions,
we may instead see that the minimum of the mean curvature does not decrease

under the evolution, as discussed in Remark ii) following Lemma 4.2.

Theorem 4.2. Suppose that F' satisfies Conditions 1 and 2. Suppose in addition
to (4.6), (4.7) and (4.18) that lim,,p wi(a,t) < oo. Then limy_ 7 £3(0,t) = oo for

j=2,...,n.

Proof: Suppose for the sake of establishing a contradiction that lim, ,ru(0,t) =

9 > 0. Then for j = 2,...,n we have that for all (x,t) € [0,a] x [0,T),

(4.21)



It follows from Lemma 4.2, (i) that under the evolution

f(K1,koy . . Ka) =Ko f (Z—:,l,...,l) > 0.
Since the rotational curvatures ko > 0, this means that for z = :—;,
f(z1,...,1) >0,
as long as the solution exists. Condition 2 on F' implies therefore that

z=— 2 —cp,
K2

for some ¢y > 0, which, in terms of derivatives of u means

—UUgy Z
1+ u?

—Co,

that is, in view of our assumption, we have on [0, a] x [0,7) that

Uy Co
u

< <@
l4u2 = u ™ &

Multiplying equation (4.16) by —e=

T+ (+u2)

(4.22)

f ) (—e_’\t) — —Qfluxuxg% (—6_’\t) + i i—iv (—e_)‘t) — Uy (—G_At) = 0.
=2

—-A

Set w = —v e we have, where v = w;, then

wy = —ve Mt ode ™M = w = —ve N — Aw = e

—At

—At
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so equation (4.23) can be written

Trx

! 2ty I
T Grap 2

—2w—/\w—wt:0.
u

=2

The function w satisfies the equation
o ! 21 "1
=", — = i— x| w.

In view of Lemma 4.1, (i1) and our assumption, taking A > 5% ensures the coefficient

of w is negative and so w cannot obtain an interior maximum. Further,

w(z,0) =14+ u2(z,0)F <C(M). (4.24)

Let us now show that w is bounded on the sides £ = 0 and = a. We have

w(0,t) = (—

and at x = 0, Uy, > 0 in view of our assumption and Lemma 4.2, (i), so using also

1
e M < 2
u

1+ u?

(0,)

D)

(0,)

Lemma 4.1, (i) we have

w(0,t) <

Similarly, using our assumption and that g (¢) is nonincreasing, there is a non-

positive constant o < u,, (a,t) for all t € [0,7") and

67/\15,

(a,t)

w(a,t) < (—fla—i— Zf]%>
=2

from which it follows using Lemma 4.1, (i) that on [0,7")
1 1
w(a,t) < (5 — a) e M < 5
Therefore, together with (4.24) we have an upper bound for w, that is

w = —wue M < C(My,6,T),
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and so on [0,a] x [0,7),
—uy = /1 +u2F < CeM.
Using now Lemma 4.1, (i), we obtain

—U _
= 2 < nCeT.
1+u2

R1
Together with (4.22) we have on [0,a] x [0,T) that

K2 < max (g—é 46262”) . (4.25)
Now the assumption together with Lemma 4.2, implies uy () = limy_,7u (x,t) >0
exists, and (4.21) and (4.25) imply up generates a C? axially symmetric hypersurface
which could be used as an initial hypersurface in the short time existence result,
Theorem 4.1, contradicting the maximality of 7. Thus our assumption is false and
the theorem is proved. 0
Remark: Since both Conditions 1 and 2 are required in Theorem 4.2 this imply

that f is defined in the whole space.

5 Extension

In this section we are interested in generalising our earlier results to the case where

the flow speed is homogeneous of degree k£ > 0, that is,

0X

S @ t) = =P W (@) v (a1),

where F' continues to satisfy Conditions 1. Similar flows of hypersurfaces have been
considered before, particularly flows by powers of Gauss curvature and powers of
the mean curvature and often for surfaces, usually in the context of convex initial

data or translating solutions [1, 5, 6, 9, 15, 16, 23, 36, 41, 42, 61, 62, 63, 64].
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The corresponding evolution equation of the graph function u is now

—/1+u2 F*. (4.26)

Under the flow (4.26), we have the following evolution equations.

Lemma 4.4.

. k—1 k=11, 2 k=142,
(i) Gatw = B T ()t (1 = 3k) Tt (w,),)*+(n=1) (k = 1) B (ua),
+(n— ),

F’“*lf?uz(ut)

.. k-1 . k—1 Uz Uga -
(ii.) Gy = S ' (w),., + (1= 3k) Ephtte= (uy), + (n— 1) (k — 1) Tt

+(n — 1)—’“’57]:2552 Uy

(iii.) 2F* = LF* + KF9h,™h,,,; F*.
where we have used the notation £ = kF* ' F9V,V;.

Proof: To prove (i)

0 Ou 0 Ou

otdx 0Oz Ot
= 6% [—Vl—i—uiFﬂ
= — 2\/1+U§ Fk—\/1+u§ng
ox ox
- (1 + u2)771 Ug (Ug) o FF — V1 + uszk_leghi.
x 1 ax J
-1 _ .. 0 .. 0

= —(1+2) 7 ug(up)o FF — kP /T4 w2 {f aaa:

(1+u?)?

| -

+(n — 1)f2£ [u !

0z | u\/1 + u2
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0 .
Uy = —u—(um)ka_lF

ot V14 u?,
— kPN /T a2 f!

(Hi)

2(1+u )2 —u(l+ ui)%u:c(uw)x
u?(1 + u2)

(n — D)kF*1/1 + u2f?
_ k—1| 41 (Uz )z o (n—1)
RV I A e

LA S

2 2
+ (n — 1)]{:Fk_1f—2ux + (n — 1)]{:Fk_1f—ux(ux)w
u

Uy

Njw

kFk-1 . Fk_lflux

= ) +(1-3k)—1=%

T (e)a F ) (1+u2)?
Fk_lfqu ka—lf'Q

It is similar to prove (i)

0 Ou

g k
ot ot 815[ 1+“2F]
{pe- (i
st seo 1 ()

ot
= — (14 u2) 7 up(ug) F* — kF¥ /T + 2 {flg(k) +(n— 1)f2%p}
=1 _ _ .. 0 (ux)x
= —(1+u?) 2 up(ug) FFUF — kFM T+ a2 1o | —
(1 + ) 2 ug(ug ) el T

1

. 0
+ _1 2_ 1
(n=1)f Ot | u(1 +u2)2

} : (4.29)
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—U = ———="Uy (Uy ——tn—-1)
i =~ e P P e D

EFF T+ a2 f!

—(ug)et(1 +u )2 + Btige (1 + u2) 2y (ugy);
(1 +U§)3

(i uz)

(n — 1)k F* wrf[

f'l
T (1t u2)
+ kFFL

k—1 (n — 1)f2

ka—l_
B 14+u

Fkil“x(“m)tuxx -

Tz o)

7/ (), + (1= 3F)

Fk_1f2uz (Ut>x

(n—1)f?
u(l+ u$)2

3 1
_ ke ﬁumum(ur)t

kalum(uz)t

up -+ ka—lwu (uz)¢

u(l+u2) *
Tarap

+(n—-1)(k-1)

L Fk-1 -2
WL

(4.30)

-1
u (14 u?) (n=1) u?
To prove (7ii)

0 1k k19
o P =

0
— k‘Fk lFJ hz
Pot
= kF* Y V'V FY + FP ™ by,
= kFF VIV FY 4+ kYU FRR D,

= LF* + kFh,, ;A" F*. (4.31)

O
Using these equations and similar arguments as in the previous section we have

the following consequences.

Corollary 4.1. Suppose the initial hypersurface My has f > 0 everywhere and
consider the flow (4.26).

i) With the boundary conditions (4.4), u, > 0 and u; < 0 continue to hold under
the flow.
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i) With the boundary conditions (4.20), u; < 0 continues to hold under the flow.

iii) In the case of pure Neumann boundary conditions (4.4) with g =0, the mini-

mum of F does not decrease under the flow.

We have specified M, to have f > 0 strictly now, so our result Corollary 4.1,
ii) is also a strict inequality. This is to ensure equation (4.26) is strictly parabolic
for any k£ > 0, at least for a short time. Therefore a similar argument as before
gives an equivalent local existence result to Theorem 4.1 in the case that the initial
hypersurface satisfies miny, £ > 0.

In the case of pure Neumann boundary conditions we can compare the surface
M, evolving via (4.26) with an enclosing cylinder. The cylinder shrinks to a line
segment in finite time, providing a sharp bound on the time 7" by which the solution
hypersurface M; must have ceased to exist.

Finally in the case that £ < 1, pure Neumann boundary conditions and F' satisfies
Conditions 1 and 2 we classify the singularity at time 7', using a similar argument

as in the proof of Theorem 4.2.

Theorem 4.3. Let My be such that (up), > 0 and miny, f > 0. Consider the flow
(4.26) with k < 1 and pure Neumann boundary conditions. Suppose lim; 7 k% (a,t) <

co. Then limy_ 7 k7 (0,t) = oo for j =2,...,n.

Proof: Suppose lim; ,7u (0,t) = § > 0. Then, as in the proof of Theorem 4.2,
1
ﬁ?

RS (z,1) <

for all (z,t) € [0,a] x [0,T). It follows using Condition 2 in the same way as in the

proof of Theorem 4.2 that on [0, a] x [0,7T),

for some finite ¢o > 0.
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Multiplying equation (4) Lemma 4.4 by —e~*, For a constant A to be chosen,

EE™ 1 (), (—e) 1 (1 — 38)

k—1 £1
F f uxuxx

(ur), (—e™)

44} (1+u2)?
FE f2u, (), LA Sy
+(n—1)(k-1) a1t ) (—e )+(n—1)Tut(—e )
— utt(—e_’\t) = 0,
then
L k-1 " Fk—lf'lumum
wx + (1 — 3k) ———————
A T
kalf'Qum k,kalf'Q
Now the evolution equation for w = —u,e™* can be written as before
i ka—l 1 Fk;—l .
W= T % TT 1 -3k zUzy ! T
ot n(1+u§)fw + )n(1+u§)2uu Jw
n—1 k=1 . (n—1) ka*1f2
k—1 o 2w, A w. (432
+ ( ) - u(l—i—u%)ufw +< > w. (4.32)

If we apply the maximum principle to (4.32), we need the right sign coefficient of
the zero order term. Because of the convexity of F, we have traceF' < 1 and since
1> 0 we further have f2 < 1, see Lemma 4.1. In addition, we need "T_”“";# to
be bounded. Since £ < 1, F will have a negative power, then F*~1 < (min y, F)k*1
holds under the flow, by Corollary 4.1, iii). With the bound of u, see Theorem 4.1,
we can again choose large A such that the coefficient of w is negative, so w cannot
obtain an interior maximum. The remainder of the proof is the same as for Theorem

4.2, where we now use our generalisation to the short time existence result of this

section. O
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Chapter 5

Curvature Pinching Estimate

1 Introduction

Using a maximum principle argument we can obtain “pinching ratio” bound. That
is a bound on the supremum of the ratio of largest to smallest principal curvatures
at each point over the surface.

In this Chapter we remove the convexity condition of the speed, but the speed is
homogeneous of degree one in the principal curvatures and the boundary conditions
are pure Neumann. Moreover, we classify the singularities of the flow of a larger class
of axially symmetric hypersurfaces as Type I. Our approach to remove the convexity
requirement on the speed is based upon earlier work of Andrews for evolving convex
surfaces [5, 8]; in order to obtain a “curvature pinching estimate” the arguments
may be adapted due to axial symmetry case. Constructions were also used in [52,
53] and very recently in [14] to control a pinching function under fully nonlinear
curvature flow of nonconvex surfaces. The monotonicity of these curvature pinching
functions is obtained via application of the maximum principle on the evolving
surfaces; constructions use heavily the Codazzi equations and homogeneity of the
speed and the pinching function which provide sufficient information in the case of
surfaces. However, in this Chapter, we are able to establish curvature pinching for
axially symmetric hypersurfaces, that is, for n-dimensional hypersurfaces with S"1
symmetry, since enough of the gradient terms disappear from the evolution equation

for the pinching function to permit a similar analysis to earlier work. Preservation
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of a pinching ratio under the flow implies uniform parabolicity of the flow equation
and bounds above and below on all symmetric functions of the principal curvatures
that are homogeneous of degree zero.

Let us briefly mention some related studies on classification of the singularity in
curvature flow of hypersurfaces. In [39] singularity of the mean curvature flow of
axially symmetric surfaces with Neumann boundary conditions were shown to be
Type I. Later Huisken and Sinestrari obtained asymptotic convexity estimate [40]
that states mean convex initial hypersurfaces without pinching estimate under mean
curvature flow become weakly convex at a singularity. Additional descriptions of sin-
gularities in the positive mean curvature case were provided with the monotonicity
formula of Huisken [39] and the Harnack inequality of Hamilton [35]. Unfortunately,
monotonicity formulas are not available for other kinds of flows. Likewise, a Harnack
inequality to classify Type 11 singularities is not generally available except for the

sub-class of flows as in [4]. We refer the reader to [14, 13] for more information.

2 Elementary flow behaviour

As earlier the evolving graph function u(z,t), describes an axially symmetric hyper-
surface flowing with speed in the normal direction as in (3.1). Because we have pure
Neumann boundary conditions, we can reflect that the x = 0 plane to create an even
graph function which we then extend to a periodic solution of (4.1) on R x [0,T).
Then in applying the maximum principle we need to only consider interior extrema.
This idea was also used in [18, 39]. Here we use evolution equations mainly on
the evolving hypersurface while in Chapter 4 we worked mainly on [0,a] x [0,7).

Specifically, we have the following evolution equations.
Lemma 5.1. Under the flow (4.1),

(i.) 2F = LF + F*p h,, F.

(ii.) &H = LH + FM"Vh,Vh,s + FFR by H.

(iii.) ko = Lky+ FR hyihi kg + 2Fq? (ki — Kg) .
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Proof: Equations (i) and (i) are exactly as in Lemma 3.4. We note that we
can actually compute the evolution of the individual principal curvatures because
the Weingarten map is everywhere diagonal in our setting. Equations (i) can be
obtained as (iv) Lemma 3.5 as we have (n — 1) rotational curvature. U

Applications of the maximum principle to Lemma 5.1 lead to the following.
Corollary 5.1. Under the flow (4.1),
i) If F > 0 everywhere on My, then miny, F' > minyy, F.
i) If F is convex then if H > 0 everywhere on My, then miny, H > miny,, H.

Proof: These are direct applications of the maximum principle in view of Conditions

1 ii) and iii). Because k = (K1, ...., k) : k; > 0 for all 7 and aanl > ( implies that

FRhnh™ = f1e2 4 (n — 1) f262 > 0. (5.1)

For part ii), convexity of F' ensures that the gradient term has the correct sign so
this term F' ’fl“vihklvjhm is positive. The minimum of F' is a Lipschitz continuous

function, so is differentiable for almost every t. Therefore,
iminH > FR R by min H
dt M, - b My

so if it is initially positive it remains positive. For details of this kind of ODE
comparison we refer to [34]. O

Remarks:

(i) As a consequence of our pinching estimate in Section 3 of this Chapter we will

see that in fact H > 0 remains true under (4.1) even if F' is not convex.

(ii)) The Euler identity gives
f=F0t Prat o 4 [ = e+ (0= 1) foro,

so in view of Conditions 1, iii), F' remains positive and everywhere we must

have at least one of the principal curvatures as positive and therefore |A| > 0
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holds under the flow.
The evolution equation for ko provides directly a uniform lower bound.
Proposition 5.1. Under the flow (4.1), the minimum of the rotational curvatures

ko does not decrease in time, that is

min Ko > min ke := co > 0.
M, Mo

Proof: Since ¢ = —u, k2, we may rewrite Lemma 5.1, (74i) as

— kg = Lry + F¥ Ry k™ ky + 2F M2 k2 (k1 — k) .

ot
Using Lemma 2.2, this can be rewritten as

0 . 111 (7
— ko =L FF e h™ ) e ) Viko.
at/@ Ko + k Ko + w\Tra 1Ko

As in (5.1), the zero order term is non-negative. Also, the coefficient of V;ks, while

u > 0, is bounded because the function p(t) = 1th2 is bounded as —%(t2 +1) <

t < 5(t* + 1), under the flow (4.1) the minimum of s, does not, by the maximum

principle. U

Remark: In view of (2.11), precisely ko = \/L_2 so proposition 5.1 implies

1
min Ko = Min ——— = ¢y > 0,

Mo Mo /14 u2

then

vl—i—ﬁéi,

CoU
that is, while v > 0 the gradient u, remains bounded. We will provide an analogous

bound on wu,, in Section 3.
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3 The pinching estimate

We first characterise the gradient terms at extrema of degree zero homogeneous
functions of the curvatures evolving under (4.1). A similar result was established
in [14] for surfaces that were not necessarily axially symmetric. Define G : I' — R,
GW) = g(k1,...,K,) as a curvature function that is smooth. We can compute the

evolution equation as follows

o, 0,
G = Lp
a: = il
= G [} 4+ 7 g g + F b0

_ G [F“vkv,hij 4 FRIS by + Fklhkmh;"hij} , (5.2)
but

LG = F"V\V,G = FMV,(GiVhY)

= PN, Vi + RGNV b,

so we can have FleiijVlhij = LG — F’“léij”’svlhrsvkhij and then equation (5.2)

becomes

5G = LG - FMGITN 10, NV phig + G ERTSN bV hes + FF PG hyj. (5.3)
If G is homogeneous of degree zero the last term in (5.3) disappears because of the

Euler relation that gives G¥h;; = 0, see Appendix Section 2, and then the evolution

equation of GG becomes

5C = LG - FRGITN R, N phig + GO ERTN bV hys. (5.4)

For any smooth symmetric function G (W) = ¢ (k (W)) homogeneous of degree

a # 0 equation (5.3) becomes

o s . ) .
5G = LG - FHMGITN 10,V phig + GIFMN iy V ihes + aGFP by, bt (5.5)
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Lemma 5.2. Let G(W) = g(k(W)) be a smooth, symmetric, homogeneous of
degree zero function in the principal curvatures of the azially symmetric hypersurface

given by (2.1). At any stationary point of G for which G is nondegenerate,

2fg'
R2 (F&z - /461)

(G EHrs — FUGH™) VbV by, = (Viha)”.

Proof: It follows by a short contradiction argument, as in [14], that wherever G is
nondegenerate we have that k1, ko # 0 and kg # k1. Using orthonormal coordinates
at a stationary point of G, from (3.2) we have the non-zero components of F and

similarly for G as follows

H11,11 _ F11. 11,22 722,11 _ f12
Fot=0 P =R =

222 _ 722 212 _ p2121 ﬂ (5.6)
Ro — K1

Using this with Lemma 2.2 we compute the following

Ry = FMGPU by Vb,
= 15" (Vb))
+ F12(Vihao)? + oo 4 FL5™(Vihn)?
+ (n—2)f1§PV1hgoVihgy + ... + (n = 2) f157"V1ho Vi By,
because §** = §* =... = §*"
+ 21152V 1 h Vihos + oo + 2f 15"V 1 h11 Vi B,
+ 2f2G'212(Vohio)? 4 .o + 22511 (Vo ha,)?
= 15" (V1ihar)?
+ (n = 1) f15%2(Vihae)? + (n — 1)(n — 2) f1572(V 1 hgy)?
because Vihgoy = Vihgg = -+ = Vih,,
+2(n — 1) 1§52V 1h11 Vihas

+ 2(Tl — 1)f2§12’12(V2h12)2,
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SO

Rl — f'lgll(vlhll)Q
+ (n— 1) f1§%2(Vihas)?
+2(n — 1)f1§12vlhnv1h22

+2(n — 1) /25" (Vaho)®. (5.7)

Because Vahios = Vihoy we rewrite Ry as follows

R1 _ flgll(V1h11)2 ( ) fl 22(V1h22)2

+ 2(?7, — 1)flg'12V1h11V1h22 + 2(n — 1)f2§j12’12(V1h22)2, (58)
then

R, = fl [gll(v1h11)2 +2(n — 1)§12V1h11V1h22 +(n— 1)2§22(V1h22)2}
+2(n — 1) /2§ (Vihg)?

= 1 [§" (Vihin)? 4 2(n = 1)§PVihn Vihas + (n = 1)°§%(V1has)°]
1 2

+2o(n—1)f2 (g —J ) (V1hao)?. (5.9)

R1 — R2

Similarly

Ry = GM I by Vi,

G (Vihn)? + (n = 1)24" f2(Viha)?

+2(n—1)g LN b Vihay + 2(n — 1) f12 12(V 1 hyo)?

gl fll V h11 (77/ — 1)f:12V1h11V1h22 + (Tl — 1)2f22(V1h22)2]

+2(n—1)g le 12(V h22)

91 [fn V h11 (n - 1)f12vlh11v1h22 + (n - 1)2f22(vlh22)2]
fl _ f2

K1 — Ro

+2(n — 1)g° ( ) (Viha)?, (5.10)
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SO

R2 . Rl _ (Gijﬁvkl,rs . Fz'jékl,rs) Vihklvjhrs
= (" " = 1§ (Vb)) 4 2(n = 1D)(f?§" = [1§")Vihi Viha
.. . 247 2241 272 | 201
+(n_1) [(n—l)(glfm—flgm)—i—?g/ff g f%+f g (V1h22)2.

Ro — K1

(5.11)

We know
VG = GP'Vhyy = §'Vihiy + (n — 1)§*Viha,

SO

ViG = ¢'Vih + (n — 1)§*V1hay,

VoG = §'Vahii + (n — 1)§°Vahas,
and since G is nondegenerate,

1 )
Vlhll = E [le — (TL — 1)g2V1h22} >

v2h22 - 5 [VQG — QIVQI'LH} .

(n—1)g
Then (5.11) becomes

o [ 1 . ?
Ry — Ry = (g'f'' = f'g') Lﬁ[le —(n— 1)92V1h22}

+2(n—1)(f¢" = f1§") [; [ViG = (n — 1)92V1h22}} Vihay

—f1 + f2g!
Ro — K1

+2(n—1) [ (Vihao)®

(0 =1) [(n = DG = 1) (Vihao)?
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- [glf'” 14 “} (V1G)? — 2(&; Y G,Gi2V o ['U’f’“ - flg'l}

(9")
1 1AL 1l
+ = DV (Tah) [0 - 1130
i 2(”: 1) [fm L_ fls 12] V.GV 1 hao
g
. 2(n —1)? £12 -1 1012 f291 - Q2fl 2
(gY) [f f ] (V1 h22) (9 )+2( 1) [ Ko — K1 ] (Vihas)
+ (0= 1) (0= )" = 5] (Tihan)?
1 111 2
=g 0" - £ .0)
n 2(ngl— 1) |:(f'12 1 fl 12) l(glf'll _ flgll):| V.GV hsy
+2(n — 1)%(V1h22)2
_ (9%)? n— 1)t ity 9 n— 1) F12p1 _ f112
# =1 | T -1 - 1) - 25— 0 - 19

= 1)@ 2 = )] (Tihan)?

_ (g} . [glf'll g 11} (V,G)?

2”9—_) |:(f12 1 f1 12) (z_j) <g-1f'11 fl 11)} VGVl

+

+2(n — 1)M(V1h22)2

+(n— 1) [(z_i)Q (G f1 — flgihy — 2 <£9]_?) (F124" — £15'2)| (V1hay)?
+(n—1)° [(glfm - f1§22)] (Viha)?. (5.12)

At a spatial critical point of G the first two terms disappear.

For any smooth homogeneous symmetric function A of degree a the next iden-

tities are satisfied, see Section 2 Appendix for more details,

Alyy + (n — 1) A%y, = A,
A“yl + (n — 1)A12y2 =(a— 1)A1,

Auyl + (n — 1)A22y2 =(a— 1)/12,
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and then

A ()2 4 2(n — Dy A2 4 (n — 1)24%2 ()% = (o — 1) (Alys + (n — 1) A%y,)

=a(a—1)A.

Since g is homogeneous of degree zero, the Euler identity gives

'k 4+ (n—1)§%ke = 0,

therefore, because G is nondegenerate we may write

)
g K1

gt (n—1) Ky’

and the coefficient of (V1hy,)” in (5.12) becomes

Ry— R =

2
<z_) gLt =9 (—z—) (n—1)g" f+ (n— 1>291f'22] (Viha)?

2 2

+ <Z_;) ( fl 11) . _K:l (TL—1>( fl 12) (n—l) ( fl 22)] (V1h22)2
(2.1 _ 2241
+2(n — 1)%<v1h22>2
i o .
= (ET)Q [/ﬁan + 2k1ka(n — 1) f12 4+ (n — 1)2 2k 2] (Vihgs)?
+£—1 (41" = 2(n — Drrsag™? — (n = 1)?§2K3] (Vihan)?
2
(2.1 _ 21
+2(n — 1)%(V1h22)2

o1

= (mg B [/4;12f“ + 2k1kg(n — 1) f12 + (n — 1)2f22/<;§] (V1ihgs)?

¢l
—g-hﬁﬂ+2m—1mﬁg”+( —1)%5%k3] (Vihas)®
2

(Vih)?, (5.13)
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R2 — Rl = (K;g )2 |:f§}12f:11 -+ 2/431/12(71 — 1)f12 -+ (Tl — 1)2]&:2253} (V1h22)2

F1
— % (16" +2(n — 1)k1k2g"? + (n — 1)?§% k3] (V1ihas)®
2
2:1 _ -27¢1
+2(n 1)f 9 =97 (Vihao)?. (5.14)
K2 — K1

Since f is homogeneous of degree 1, the first line above is identically equal to
zero, while since g is homogeneous of degree 0, the first square bracketed term on
the second line above is also identically equal to zero. The remaining term in (5.14)

is equal to

IR
K2 — K1
/f2f291 - 92f1'€2

/€2(/€2 - lil)
Ro 29t — (— ) !

ff2(/<02 - I‘ﬁ)

_ 2(n —1)g' {f'2+ ( K1

Ko — K1 n— 1)k

R2 — R1 = 2<Tl — 1) (v1h22)2

= 2(n - 1) <V1h22)2

= 2(n - 1) (V1h22)2

fl} (Viha)?

A0 [ o

~ E g e G (e

B 291 . .

— m [(n — Drof?+ /ilfl] (Vihg)?
2 F

= I (Vihy)? (5.15)

/<02(/<v'2 - fﬁ)

and we conclude that at an extremum of G,

2fg"
K2 (HQ - /‘61)

(G'«z'jpklﬂ“s _ FijéleS> VihigV ihs = (V1h22)2.

Theorem 5.1. Under the flow (3.1),
H(z,t) > er|A(z,1)],

where ¢; = min (min[oya] % (+,0), 1). In particular, if My has positive mean curva-

ture, then H > 0 continues to hold under the flow.
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Proof: The function G = % is homogeneous of degree zero, so it evolves under

(3.1) according to

%G LG+ (G@'J’F’“’“ - F@'ﬂ'é““) ViV ihs, (5.16)
see (5.4). We have g (ki,...,Ky) = ﬁ SO
: 9)
§' (K1, Ko, ... Kg) = a—:l
_ f{%—l—...+/ﬁ%—(/{1—{—...—I—/@n)%(/-efjt...—{—/{%)%lQm
K24 ...+ K2
 VE (R = 1)KE — (k1 + (n — Dko) k] + (n — 1)k2] 2 Ky
K1+ (n—1)K3
K+ (n—1)K3 — K} — (n— 1)K1k2
- A°
:(n—l)/ﬂ;g(fsg—/ﬁ) and
Al ’
97 (K1, ko, .o R) = 99
Oko
C(n—=1)\/Ki+.. + K2
KT+ +m2

(Ki+...+Kn)3 (/{% o 452220 — 1)k
K24 ...+ K2
_ (=i + 1)*6%
K2+ (n— 1)/4;2
(k1 + (n — D)3 + (n — Dr3]Z (n — 1)ry
- K1+ (n—1)k3
(n—1Dk2+ (n—1)%k2 — (n — 1)k1k2 — (n — 1)?K3
Al°

- (5.17)

Suppose now we are at a spatial minimum of G. At this point, G could be nonde-

generate or degenerate. If G is nondegenerate, then using Lemma 5.2 we have

2(n—1)f

|A|3 (V1h22)2 > 0,

(Gz‘jﬁvkl,rs _ Fijé«kl,rs) ViV hys =

and the maximum principle applied to (5.16) gives that the minimum of G does

not decrease. As used earlier, note that the minimum of G at My satisfies a cor-
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responding ODE of (5.16) for almost every ¢ by, for example, a result of Hamilton
(34].

On the other hand, if G is degenerate, then from (5.17) either k1 = 0, or K1 = kg
(the case kg = 0 does not occur in view of Proposition 5.1). It follows from the
Euler identity and Corollary 5.1, (i) that wherever k; = ko, the principal curvatures
are positive.

e If k; =0 then
(n—1) Ko

9(0,h2) = =2 T,

(n—1) K3

a positive lower bound on G.

e If k1 = Ky then

nk
g (Ko, K2) = 2 = /n,

\/nks3
so g achieves its absolute maximum, namely the equality case of the Cauchy-

Schwarz inequality, at the supposed minimum. Thus g must be identically

constant and M, is umbilic, which is impossible.

It follows that G is bounded below by ¢; := min (miny,, G, 1). In the case that
My has positive mean curvature, ¢; > 0 and the second statement of the Lemma
follows. 0

Remarks:

i) Theorem 5.1 and the Cauchy-Schwarz inequality imply

H 1

<_7
Al ~ v/n

0<c <

under (3.1). If we restrict to {x € I' : |A| = 1}, the curvatures remain within
a compact subset. Since f is continuous and homogeneous of degree zero,
this in turn implies (3.1) is uniformly parabolic; there are absolute constants

0 < C < C < 0 such that for each i

C<fi<C, (5.18)



is maintained under the flow.

ii) By the same argument as in i) above, any homogeneous of degree zero function
of the principal curvatures is bounded above and below under the flow. In
H

particular, considering the function % we have

F>c)H.

Similarly trace ' = Yoy fl is another homogeneous of degree zero function,

so under the flow
n
Z f "< 5.
i=1

(In the case that F' is convex, it follows algebraically that one may take ¢, = %
and ¢y = 1 in the above two inequalities.) These inequalities were critical in
the analysis in Theorem 4.2; in the case of pure Neumann boundary conditions
they may be replaced by the above inequalities such that the results carry over
for F' homogeneous of degree 1 and not necessarily convex. Specifically we have

the following partial singularity characterisation:

Theorem 5.2. Let My be an azially symmetric hypersurface given by (2.1) for
some positive, nondecreasing function ug € C*([0,a]). Suppose F satisfies Con-
ditions 1 and is everywhere nonnegative on My. There exists a unique solution
u € C?([0,a] x [0,T)), T < oo to (4.1) with pure Neumann boundary conditions.
If, additionally,

lim f(z1,...,1) <0,

Z—r—00

where we allow the case that the limit is equal to —oo, then if limy_,7 k3 (a,t) < 0o

we have

lim x2 (0, 1)

o0
t—T 7 ’

forj=2,... n.

Together with some additional arguments, the pinching estimate of Theorem 5.1

may also be used to show the ratio #1 remains bounded under (3.1).
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Corollary 5.2. Under the flow (4.1), the ratio 1 remains bounded.

K3

Proof: We will prove this result by considering three cases separately. We know

from Theorem 5.1 that H > 0 continues to hold under the flow, so
K1 > —(n — 1) ko,

(in fact, a slightly stronger statement involving ¢; is possible from Theorem 5.1) and
if k1 < 0, then we have

K2 < (n—1)° K2

If, instead, 0 < k1 < ¢g, then from Proposition 5.1 we have
0< R1 S K2,

and so

K2 < k2 < (n—1)" k2.

Finally, in the case k1 > ¢y we have

2(n— 1) Kiky > 2kK1kK9 > 2¢5,

and
H? — AP =2(n—1) kika+ (n—1) (n—2) k2 > 2(n — 1) k1ka,
SO
o2 Dmes
A A
for some £ > 0, since the homogeneous of degree zero function T;Tr} attains a positive

minimum on the set {x = (K1, Kk2) : |A| = 2¢, K1, kKo > ¢o}. Therefore

(k14 (n—1) /@2]2
K2+ (n—1) kK3

>1+e,

SO

K242(n—1)kika+ (n—1)° K2 > (14¢) (k1 + (n—1) k3]
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In other words,

6/'{% < /if+2(n— 1) Kiko + (0 — 1)2 Ii% — ﬁf —(n— 1)/@% —e(n — 1)/@3,

2 <(n—1)(n—2—-¢e)rs+2(n—1)Kiky.

Using ab < na® + ﬁbQ for any n > 0 we can consider a = k; and b = 2(n — 1)ks in

the last term of the previous equation and rewrite 2(n — 1)ki1ko < nK? + ("771)2 2

K.

Therefore,
ek < (n—1)(n—2—e)kl+ i+ — k2,
n

for any n > 0. Choosing n = 5 gives

2 2(n—1
K< Z(n—1) (n—2—5+b)n%.
£

We have shown that in all cases k2 is bounded by k3, by a constant depending only

on n and M. This completes the proof. O

Corollary 5.3. Under the flow (4.1), there exists a constant C, depending only on

n and My such that

Proof: From (4.1) and Theorem 5.1 we have that under the flow, (from pinching

estimate )
ﬁ oud, w(l+ud)
k3 (1+u2)? 1 (14 wu2)?’
SO
w2, = AT
K3 u



2
because = > (4. Then

K3
(1+ u?)?

u?, <O 3
U

Y

is preserved. The result follows in view of the Remark after Proposition 5.1 Where

(1+u3)® < &, and then

2<Cll <Cl<C

U N o X X .
T w2 Cu? T CRut T out

4 The singularity

Given an initial hypersurface My as in (2.1), with pure Neumann boundary con-
ditions comparison with an enclosing cylinder also flowing under (3.1) shows that
the maximal existence time 7" of a solution to (3.1) with initial hypersurface M, is
finite. Moreover, as t — T we must have u — 0, that is, the evolving hypersurface
approaches the axis of rotation, because if not, then © > 0 at time 7" and then
Proposition 5.1 and Corollary 5.3 imply u, and u,, are bounded, so My is a C?
hypersurface which could be used in the short time existence result, contradicting
the maximality of 7. Therefore, there is some z € [0,a] such that |A|* (z,t) — oo
and u (z,t) > 0ast —T.

Here we characterise the curvature singularity of an axially symmetric hyper-
surface with positive F' evolving under (3.1) as Type I, analogous to the case of
evolution of axially symmetric surfaces of positive mean curvature by the mean
curvature flow [39)].

Let Fy := miny, F. In view of uniform parabolicity, a short argument (Lemma

2.5 in [14]) shows that, under the flow (3.1),
F
FW (2,0) > ——.

~ J1-20F2t

In analogy with the case of mean curvature flow [39], we say a curvature singu-
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larity is Type [ if there is a constant C' > 0 such that

lim max |A| < ¢

t—T M, VT —t

If the blow-up rate of |A| is faster than the above right hand side the curvature

singularity is said to be Type I1.

Example: The blow-up rate of cylinders is Type 1.

In the case of a cylinder, say k1 = 0, kg = ... = Kk, = %, u, = 0 we know
X(z,t) = X(z,rw) where w € S"! then & = (0, %w). Normal vector is (0,w)
and the speed is F(W(z,t)) = f(0,%,...,1),s0 (0, %w) = —f(0,%,...,1)(0,w) and
(4.1) becomes

or 1 1 fo
T flo=,... 2 ) ==L
at f < Y T’ ) T’) r )

where fo:= f(0,1,...,1). If the cylinder shrinks to a line at time 7" then

’f’(t) = \/2f0 (T —t),

and the curvature evolves according to

n—1

Al — =
4 V2fo (T —1t)

so the singularity is Type I.

Theorem 5.3. Let My be an azially symmetric hypersurface given by (2.1) for
some positive function ug € C?([0,a]). Suppose F satisfies Conditions 1 and is
everywhere strictly positive on My. If T is the maximal existence time then the

norm of the second fundamental form satisfies

C
max |A|” < ——,
M T—t

forallt <T.
Proof: We will use a modification of the argument as in Theorem 5.7 of [2] taking
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into account our more general flow speed F'. In view of preserved curvature pinching,

Theorem 5.1, there is a positive constant C' such that

Freplp mp,
p'’k ''ml 2
T < C ;

and this is because it is a positive homogeneous function of degree zero in a compact
set, that obtains a positive minimum and maximum as in Remark ii) following

Theorem 5.1 . This inequality states precisely that

2

(£ 2, (n—1)(f2)2<02 moDf P,
(+ay L @ard) = [WirE  1ra)

where the quantity inside the brackets on the right hand side, namely F', is strictly
positive by Lemma 3.4, (i). Neglecting the second term on the left hand side, it

follows that

Y

i1 _ -2 i1
S Ugs <C (n—1)f _ J e
14+u2 — u 14 u2

and therefore

g, < C (n—1)f2
l+uw2 - C+1  w

Using (4.2) we estimate

ou [ (n—1) f?
E_1+u§um_ u
B ISV
T O+1 u C+1 u
< _(g——_i—ll)gi from (5.18)
6
T

Now fix x and integrate:

T o T
/ u—u(z,7)dr < —/ 0 dr
¢ 0T t

/T(“?( Vdr < —5 (T —1):
) 8T2U T, T T )
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this implies

w? (z,t) > u? (2, T) +25 (T —t).

It follows that

K3 (z,1) = 1 < L < L < !
221+ u2) TR (w,t) T ou (0, T) +20 (T —t) = 20(T —t)

and in view of Corollary 5.2

02

KT (2, 1) < C%rj (2,1) < (T —1)

The result follows. U

5 Closed, axially symmetric hypersurfaces

In this section we turn our attention to closed, convex, axially symmetric hypersur-
faces without boundary evolving under (3.1). There has been much previous work
on closed convex hypersurfaces contracting under flows such as (3.1), without the
condition of axial symmetry.

In the case of speeds homogeneous of degree one in the principle curvatures,
the famous result of Huisken for the mean curvature flow [37], proved the contrac-
tion of the convex hypersurfaces to a round point in finite time. A similar result
for n—dimensional hypersurface was proved by Chow [24] but for a different speed
function. For hypersurfaces in Euclidean space under fully nonlinear speeds [3], a
general result is proved by Andrews, that any strictly convex compact initial hyper-
surface contracts to a spherical point in finite time under convex speed function of
principal curvatures, also for a concave speed satisfying some other natural condi-
tion too. Later for the same author, in [8] the pinching estimate proved, for a wide
class of flows of interest facilitating , convergence of convex hypersurfaces to spheres
under various speed that are symmetric functions of curvature. In the special case
of contracting surfaces, that is, n = 2, without any second order conditions on the

speed, nor any initial curvature, similar results were proven [9].
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For other degrees of homogeneity, Schulze showed in [62] that for a closed con-
vex hypersurface in R""! moved under mean curvature flow to a positive power k,
it contracts to a point. Furthermore, he proved in [63] that if the initial ratio of the
biggest and smallest principal curvatures is close enough to 1 everywhere then this
is preserved under the flow. Moreover, by rescaling, it is found that the evolving
surface contracts to a unit sphere. Additionally, a study was done by Schnurer [61]
about the strictly convex surfaces that shrink to a spherical point, after rescaling,
with normal velocity equal to |A|?>. Andrews and McCoy were able to show contrac-
tion to round points without a second order condition on the speed for hypersurfaces
sufficiently close to spheres in [15], that is, for hypersurfaces already very strongly
curvature pinched. In [16], a very general case was discussed where they proved
that, in Euclidean space, weakly convex hypersurfaces shrinks to a spherical point
or collapse to a line segment, containing cylindrical regions, under sufficient and
different conditions of the speed function. Without any pinching estimate condition
for n = 2, Andrews proved the convergence of a convex surface to a spherical point
under Gauss curvature [5]. In [10], Andrews and Chen prove the contracting strictly
convex surface to a spherical point under Gauss curvature speed function to the

a

power §. Another result by Andrews et. al. [11] was about Gauss curvature flow

1

3 to prove the contraction of the convex hypersurface to fixed

to any power o >
volume after the rescaling.
For compact convex hypersurfaces without boundary, short time existence of a solu-
tion of the flow equations follows that by standard modification writing a hypersur-
face as a graph function over S”, see [3] and [45]. When we fix a diffomorphism we
remove degeneracy which means the evolution equations and the image hypersurface
remains the same.

In this section, we extend Andrews’ result [10] for surfaces to the case of axially
symmetric hypersurfaces, concentrating on key steps in order to obtain a curvature

pinching estimate, again without any second order condition on the speed.

We need the next Lemma for the relation between pinching ratio r = :—j and
: A9)?
function G (W) = n|H2|

where |A°]® = |A]” — LH? is the trace-free norm of the
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second fundamental form, a natural pointwise measure for convex hypersurfaces of

their closeness to a sphere.
n 0 ?
Lemma 5.3. If G (W) = "Lob where |49 = |AP = LH? = L5, (s — ;)" then

we can write

K1 1 n
r=-—= ~1
ke n—111+£,/(n-1)G
Proof:
n|A°f
G = E
2
— Zigj(/{z /{J)2 Z:l j:2"._’n
(k1 + (n — 1)Ko
_ (n=1) (k1 — r2)”
(k1 4 (n — 1)ks]”
(=117
r+ (-1
SO
N2 12
mn—1)c = =V 12)7
(r+(n—1))
o =D =1
V=06 = r+(n-1) "~
e /EoTIG - o
 r+(n-1) 7
_ nr o r+(n—1)
n
S ey
n
V=16 = o
oo, cannot be equal to 0, therefore

1+ (n—1)r= n L 1+£/(n— DG #0

1+/(n-1)G
(n=Ur=13 e
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1
n—1

r =

" —1].
1+y/(n—-1)G
O

Theorem 5.4. Let My be a closed, smooth, strictly convex, axially symmetric n-
dimensional hypersurface without boundary, n > 2 smoothly embedded in R™' by
Xo: S" = R*L. Let F satisfy Conditions 1. Then there exists a unique family of
smooth, strictly convez, azially symmetric hypersurfaces {My = X; (S")}ocyor sat-
isfying (3.1), with initial condition X (x,0) = Xq () for all x € S™. The solution
exists on a finite maximal time interval [0,T) and the image converges uniformly
to a point p € Rt ast — T. The rescaled maps \/% converge smoothly and

exponentially to an embedding X whose image is equal to the unit sphere in R™

centred at the origin.

Proof: The argument to obtain curvature pinching, in this setting positive bounds
above and below on the ratio :—f of the two potentially different principal curvatures,
is very similar to that presented in [9], so we just point out the necessary adjustments.

A suitable pinching function here is the natural generalisation of that in [9], namely

(5.19)

This function G corresponds to

n(K3 4. +K2) = (k14 ...+ k)

9w (W) = (/-c1+...+/<;n)2

It can be written in terms of principle curvatures as

(n=1) (v} — 3)°

9 (W) = (k1 + (n—Dky)?
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If we consider g (k) = ﬁn('{%‘“ﬂi) “1so
9 (k1+...4+£Kn)

dg  H’n2k; —n|A|*2H

8/@ H4
_ 2n(Hk; — |A]?)
= e
_ 2n{(k1 + (n — 1)ko)k; — K3 — (n — 1)/@%}. (5.20)
3
Denoting as earlier the curvature in the axially direction as k1, we have ko = ... = K,
and, by slight abuse of notation, may rewrite
nk24+n(n—1) k2 — (k1 + (n— 1) ky)*
g (K1, k2) = 5
(k1 4+ (n— 1) Kg)
(5.20) is used in order to compute the following
4 2n{(k1 + (n— D)kg)ky — K] — (n — 1)K3}
2n{r3 + (n — 1)Kok — K3 — (n — 1)K}
2 —1 —
_2n (n )]53, (k1 — K2) and
o 2n{(k1+ (n — 1)ka)ky — k2 — (n—1)k3}
_ 2n{kiko + (n— 1)K — K7 — (n — 1)K3}
= e
_ 2nky (K — K1)
— B ’
SO
I 2n (n — 1) Ky (k1 — K2) ond 7 — 2nky (Ko — /11)' (5.21)

H3 H3

We can show that the maximum of G is not increasing in time: restricting ourselves
initially to a short time interval on which M, remains convex, at a maximum point
(20, to) of G, tg > 0, we must have G |(45,4,) > 0 and therefore k1 # ks at that point
since otherwise, GG ‘(mo) = 0 so K1 = Ko everywhere and because of the convexity
M,, is a sphere. Therefore, G is nondegenerate at this maximum point and, in view

of Lemma 5.2, we have that the gradient term in the evolution equation (5.16) for

G, is equal to
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2f gt 2f2n (n — 1) ke (k1 — Ka)

2= 2
Ko (Ko — 1) (Vihg)” = o (s — 1) TP (Viha)
- _471(731[—_31)]0 (Viha)? < 0. (5.22)

It follows by the maximum principle that the maximum of G does not increase. At
such a maximum point of GG, there are two possibilities: k1 > kg or K1 > Kko. In the

former case,

Y

1
Ko n—l 1— (’I’I,—l)G

so that GG does not increase implies r does not increase. In the latter case

Ko 1
Ky n—1

1+\/(n—1)G_1

so that GG does not increase implies r does not decrease.

In other words, we have shown that the pinching ratio does not deviate further
from 1 and so the ratio :—; is bounded above and below by its initial extreme values.
Pinching, together with the absolute lower bound on F' (analogous to Corollary 5.1,
(i)) gives that the evolving hypersurface remains convex, so the above argument
applies up to time 7.

Strong parabolic maximum principle will be used to show the strict improvement
of the pinching ratio unless M, is a sphere. Suppose G attained a new extremum at
some (g, tp), to > 0. From strong maximum principle we have that G is identically
constant. If this constant is 0 then the hypersurface is a sphere and it is done.
On another hand if G is identically equal to a positive constant that G = C' then
substituting in equation (5.4) we have 0 = 0 + (Gijﬁ’kl’” — Fijékl”s) ViV jhys

must be zero then

<G'¢iijl,7“S o Fijé«kl,TS) vihklvjhrs = 07
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and from equation (5.22)

4n(n]—_f—_31)f (V1h22)2 = 0

dn(n—1)f

w3 18 not zero we have

Since
Vihes = 0.
We know V,;G = 0 so GH'V,hy; = 0 and therefore
0=¢'Vihi + (n—1) $*Viho.
Since ¢! # 0 and ¢* # 0, see equation (5.21), we conclude
Vihi = 0.

In view of Lemma 2.2 and from a theorem of Lawson [46], it follows that M is a
sphere.

In view of curvature pinching, the proof of Theorem 5.4 may be completed fol-
lowing the corresponding arguments in [15], since there no convexity condition on
the speed was required. Convergence to a point follows by a contradiction argument
as in [67]. Rescaling the hypersurfaces to fix the enclosed volume, for example, the
rescaled hypesurfaces satisfy the same curvature pinching improvement since the
quantity :—J is homogeneous of degree zero. Therefore, rescaled evolution equation
is uniformly parabolic. Then, there is an upper bound on rescaled F' via a standard
argument of Tso [67]. Alongside with pinching estimate, this gives a uniform upper
bound on principle curvatures. The lower positive bound is obtained for rescaled F'
via Krylov-Safonov Harnack estimate [44] which can be considered also as a positive
lower bound for all principle curvatures. Second spatial derivatives of local graph
have uniform Hélder bounds following from Theorem 5 of [7]. We can then differ-
entiate through the equation and get higher regularity by standard bootstrapping

argument using Schauder estimate for uniformly parabolic PDE [Theorem 4.9 [47]].
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In view of the monotone improvement of the pinching ratio, exponential convergence
of the rescaled hypersurfaces to the sphere now follows using a linearisation about
the sphere as in [52] for example. The metrics for all rescaled times 7 are uniformly
equivalent by a result of Hamilton [33] (see also [37]), as is the limiting metric G.

OJ
Remark: As in [9], there is a corresponding result if F' is instead homogeneous
of degree v > 1, provided the initial hypersurface is sufficiently curvature pinched.
Specifically, the proof proceeds as above, except that, in view of the homogeneity of

F, we will recall (5.14) for the calculation in this case

Q _ <Gijﬁvkl,rs . Fijé_rkl,rs) vihk‘lvjhrs
gl
ko)?
1

— = [K1G" +2(n — Dr1k2§"? + (n — 1)2§7K3] (V1iha)?

(621 2kaa(n = D2 + (0= 12263 (Vihan)?

~.

=N
N

29t — g*f?

+2(n—1) P

(Vihas)?. (5.23)

Since f is homogeneous of degree «, the square brackets at the first line above is
identically equal to a(a — 1) F', see Appendix Section 2. Because g is homogeneous
of degree 0, the square bracket on the second line above is identically equal to
zero. Also using (5.15) for the last term in the previous equation considering F

homogeneous of degree « (5.23) becomes

Q - (:T)Z [a(a - 1)F(V1h22)2} + I<Q(2/52—01F1/'61)(V1h22)2
B O[glF (O( _ ]_) B 2 )
Ry l K2 (k1 — /@2)} (Vihas)
_ ag'F [ (o —1)(k1 — K2) — 2k2 )
K [ Ko(Kk1 — Ko) ] (Viha)*, (5.24)

99



from (5.21) to replace ¢'

o 2nln 1)]?)’(,{1 . % [(a - 122(:;—_ Z))— 2%2} (Vihas)?
_ 2”0‘([33_ U p :(O‘ - 1)(“/_; m2) 2@] (V1hao)?
_ 2n0¢5§3— D :(a — D)y — (:2— Driz — 252} (V1hn)?
_ Qna(]z[”og— D o :(04 — 1)y _ﬁ(j —1+ 2)@] (V1hsa)?
_Znatn =l g :(a -~ (o 1)] (V1)

The gradient term in the evolution equation for G now becomes

2na(n—1)f
3

l(a —)P g a)} (Vihas)?.

For this to be nonpositive requires the pinching ratio of the principal curvatures to

be not greater than

04~|—1_1+ 2
a—1 a—1"

(5.25)

6 Self-similar hypersurfaces

Some self-similar hypersurfaces flows are well known as a special solution for Mean
curvature flow which means preserving the shape of the evolved hypersurface. Un-
der flow self-similar hypersurface looks similar to the initial hypersurface at any
time ¢. The pinching estimate can be used to show that convex, axially symmet-
ric hypersurfaces contracting self-similarly under (3.1) are necessarily spheres. This
complements other results on compact self-similar hypersurfaces contracting under
curvature flows, such as those in [39, 53]. Specifically, in higher dimension under
non-negative mean curvature flow if the compact hypersurface satisfied H = (X, v)
then it is a sphere. Corresponding results were obtained for flows by powers of the

Gauss curvature [6] and under fully nonlinear curvature flow [53]. Such hypersur-
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faces satisfy the corresponding elliptic equation
(X,v) = F (W), (5.26)

and the characterisation as spheres may be deduced by considering the corresponding
elliptic equation satisfied by the curvature pinching function. If F' homogeneous of
degree one we need the following equations in order to have the evolution equation

of G for the next Lemma. The covariant derivative (5.26) gives

V,F = F"V,hy
= (X,V,v)

= <X, h§€k> y
and so

ViV, F = FMP 0,V g + FRN Vb = (VX ey + (X 15V ep) + (X, Vibkey)

- h? (ViX,ex) + hf (X, Vier) + (X, er) thij

S (eiyen) + (X, hiv) + (X, ex) VPhy;
= h¥6 — Fhihje + (X, er) VFhy

= hij — FhFhj, + (X, e) VFhy, (5.27)
then
V.V, F = F¥reg.h Vb + FFN Vb = hij — FhEhy + (X, e) VFhy;. (5.28)
Contracting (5.28) with F

LF = FIN,V,;F = Fh; — Fh¥hj, + (X, e) VFhi]
= F — F9Fh¥h, + (X, e,) VIF

= (1 — F9hFh)F + (X, e) VFF.
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For general function G homogeneous of degree zero it is known that
ViV,G = GMPI 1V kg + GFIN VB, (5.29)
contracting (5.29) with F%
LG = FIV,V,;G = FIGMPIN 1V ihpy + FIGHN Y by, (5.30)
and contracting (5.27) with G%

Gijpkl’pqvihklvj'hpq + G.iijlviv]'hkl = szhl] — FG”hfhjk + <X, €k> vakhw

= —FG9hhj, + (X, e) VFG. (5.31)

Using interchanging covariant derivative, see Section 3 Appendix, and consider the

homogeneity of F' and G when we contract with FiiG* we have
FUIGHN N by = FUGMV V hi; + FGH hy b (5.32)
From (5.32) into (5.30)
LG = FIGMPIT 1V sy + FIGHN NV hpy + FGH il (5.33)
and from (5.31) and (5.33) we find that

LG = FIGHPI 1V ihyy — GIFMPIN 0V by, — FGOhER, + (X, er) VFG
+ FGH byl

= (FUGHPT — QU FRP0)T 1y hy, + (X e) VFG. (5.34)

Theorem 5.5. If M is a closed, strictly convex, axially symmetric hypersurface
satisfying (5.26), where F'(W) = f (k) is positive, symmetric and homogeneous of

degree 1, then M is a unit sphere.
Proof: In view of (5.26), the function G, as defined in (5.19), satisfies
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LG = (Fz‘jc’ik‘vm - Gijﬁklm) VihwVihp, + (X, VG) . (5.35)

Suppose that G obtains a local maximum on M. At such a local maximum point of
G, it must be that G > 0 because otherwise G = 0 and M is a sphere. Therefore,

G is nondegenerate at this maximum point and in view of Lemma 5.2, we have

214"
K2 (/12 - /il)
dn(n—1)f

= ——" (V1ihg)® >0,

(B¢ — G5 E901) ¥ ¥y = (Vihaa)”

which is a contradiction to G having a local maximum. Therefore G must be iden-
tically constant, and if M is not a sphere G > 0 and everywhere on M we have
K1 # Ko. In this case, that the first term in (5.35) is identically equal to zero implies

that Vihoy = 0, and since VG = 0 we have
0= glvlhn —+ (TL — 1) gzvlhgg,

so Vihi = 0 also because ¢! # 0. In view of Lemma 2.2, it follows that M is a
sphere. 0
Remark: Again there is a corresponding result for speeds F' homogeneous of degree
a > 1: if the closed, convex, axially symmetric hypersurface M satisfies (5.26) and
has curvature pinching ratio not greater than (5.25), then it must be a sphere.

Note that in this case (5.32) become
FIGHN,V by = FIGHNV hi; + aFGH g hi™. (5.36)
From (5.36) into (5.30)

LG = FIGHPI 1N iy + FIGHMN Y hyy + aF G by b (5.37)
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and from (5.31) and (5.37) we find that

LG = FIGMPI bV iy — G FMPIN Vb, — FGIR R 4 (X, ) VFG
+ aFG* hyphl

= (FUIGHPT — GNP bV ihp + (@ — 1) FGH R h, + (X, er) VFG.
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Chapter 6

Sturmian Theorem

1 Introduction

The set of solutions of parabolic partial differential equations can be studied by
different methods. One of them was developed in 1936 when Sturm studied the
evolution of zeros and zero sets {z : f(x,t) = 0} for solutions f(z,t) of partial dif-

ferential equations of parabolic type

ft = foa +a(z), f for x€l0,2n], t>0, (6.1)

with the Dirichlet boundary condition f =0 at x = 0 and z = 2 and smooth initial
data at t = 0. A detailed description of the zero set of a solution of (6.1) was given
by Sturmian theorem. He showed that the number of zeros (considering multiplicity)
was nonincreasing with time. Later in 1980s, the Sturmian theorem attracted more
attention in both linear and nonlinear equations. The number of sign changes can
be considered rather than the number of zero sets for the function and they will be
the same if all zeros are simple. Sometimes it is better to use the number of sign
changes because it shows that is not increasing even if it is not guaranteed that the
number is finite.

We need a priori estimates to use the Sturmian theorem because they ensure the
coefficients of our equation have the right behaviour to allow us to apply the (linear)

Sturmian theorem. Sturmian theorem tells us the number of zeros of a solution to
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an equation does not increase, and they are distinct, but still doesn’t actually say
anything about existence. The point is, if there is a solution, and if it satisfies the

conditions for Sturmian, then the Sturmian theorem can be applied.

2 Linear case

Assume f : R? — R to be a solution of

Ji= a(:c,t)fm+b(:c,t)fx+c(:c,t)f, (62)

onQ={(z,t) eR?:0< 2 <1,0<1t< T} with Dirichlet boundary conditions
f(0,t) =0 = f(1,¢). The number of zeros of f(-,t) is defined as the supremum of

all k such that there exist 0 < 1 < 29 < - - - <z, < 1 with
f(xi,t)f(xiﬂ,t) < O,Z = 1,2, SR k—1.
For t € (0,7) let
Zt(f) = {:E eER: f(i’,t) :0}7

be the zero set of f. The following Theorem was proved by Angenent in [17]

Theorem 6.1. (Angenent) Assume the coefficients of (6.2) to satisfy

a > 07a7a_1aataaza Az S LOO,

b7 bta bz € Loov
c € L®and |f(z,t)] < Aexp(Bz?).

Then for each t € (O,T) the zero set Z; of f is a discrete subset of R. Moreover if
at (xg,to) both fand f, vanish, then there is a neighbourhood N = [xg — €, xo + €] X

[to — 0,10 + 0] of (xo,to) such that
1. f#0 on the side of N, i.e. f(xo L€ t)F#0 for|t—ty] <.
2. f(-,t +0) has at most one zero in the interval [xg — €,z + €.
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3. f(-,t —0) has at least two zeros in the interval [xo — €, o + €.

The last two parts of the above Theorem are equivalent to saying that if (xg, o) is
a multiple zero of f, then for all 0 < t; <ty <ty < T , the strict inequality Z;, C Z;,
holds, so the size of Z; is strictly decreasing at ¢t = ty. This version of the Sturmian
theorem was used in domains. The condition |f(x,t)| < Aexp(Bz?*) was used to
restrict the analysis to a class of functions which have a fixed growth at infinity. For

bounded domains Angenent proved the following version of the Sturmian theorem.

Theorem 6.2. (Angenent) Let f : [0,1]x[0,T] — R be a bounded solution to (6.2)
which satisfies either Dirichlet, Neumann or periodic boundary conditions. Assume

the coefficients of (6.2) to satisfy
a > 07 a, a_17 Aty Az, Az € Looa

b, b, b, € L™,
ce L™,

and in addition, in the case of Neumann boundary conditions, assume that a = 1

and b =0, Let z; denote the number of zeros of f(-,t) in [0,1]. Then
1. fort >0, z is finite.
2. if (xo,to)is a multiple zero of f, then for all t; <ty < ts we have Z;, > Zy,.

It is possible for an equation of type (6.2) to be reduced to an equation of type (6.1),

so that a =1 and b = 0. This reduction proceeds in two steps. First we introduce a

y:/ (s,t)%ds.
0

new coordinate

In the y,t coordinates [ satisfies

ft = fyy + l;(yat>fz + 5(%15)][,

where b and ¢ satisfy the same conditions as b and ¢ in the previous Theorem. Next
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substitute

1 (Y-
olu:t) = exply [ 8. )dsl (0. 1)
0
Then g satisfies g = gyy + aly, t)g for suitable a.

Angenent’s and others results showed that the number of points in zero set of
a solution for a parabolic equation is non increasing [2]. Applying such a result is
one of the goals of this thesis. In view of a priori estimates we are able to use the
linear Sturmian theorem for example as in Tai-Chia et all. [48]. For the sake of

completeness we include it here.

Theorem 6.3. Let u: [—Lw, Lw| x [0,00) be a non-trivial classical solution of
ur = a(x, t)uy, + bz, t)u, + c(z, t)u, (6.3)
with the periodic boundary condition. Assume that a,b,c satisfy the condition
a,a” b, ag, @z, Qpg, b, by, by, ¢ € LS ([~ L, L) % [0, 00)). (6.4)

Let z(t) denote the number of zeros of u(.,t) in (—Lm, Lx|, i.e., z(t) is the number
of points x € (—Lm, Lw| such that u(x,t) = 0.Then

1. For allt > 0,z(t) is finite.

2. z(t) is non-increasing in t € [0,00).

3. If (zo,to), to > 0, is a multiple zero of u, then for all t; < ty < ty, we have

2(t1) > z(ts).

3 Applying Sturmian theorem for fully nonlinear
curvature flow

As an application of the Sturmian theorem we can apply Angenents theorem to
obtain the following statement about that the zeros of u,, that are discrete and

nonincreasing.
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We recall the evolution equation for u

ou  f! (n—1) f?
5 = Tygtes — (6.5)

Lemma 6.1. Assume M, to be a smooth surface solving (6.5). Assume in addition
that u(x1,t) > e,e > 0, for 0 < xy < a,t € (0,T),T < T. Then the set Zy(uz,) =
{1 € R : ugp(z1,t) = % = 0} is a discrete set in [a,b], for all t € (0,T).

Moreover the number of zeros of uz, is a nonincreasing function of time.

Proof: Differentiating (6.5) with respect to x we find that u, satisfies

Ou, 0 du
ot Otox
it (n— 1)F22 91l )
By differentiating with respect to x we find that n = u,, satisfies
@ _ Ouge Q@um
ot ot Oz Ot
1 s (n — 1>F22 (n — 1)F22
:—zmx:r_2—xzm TTX —zm_2—2
<1+u§)u (1—|—u§)2u UgaUgze + 2 (! e u;,
) Jais! ; A it s it 5 s
1 1 (n — 1)F22 (n — 1)F22 )
“Uray = GWUaﬂmz e T g
11 ; 11 ) s
“rrae” e
1 1 22 1
= 7 o\ Mzx — 6— x x - 1 - 2 2
s (n — 1)F22
+8WU§U2] N — 2Tui (6.7)

As this is a nonlinear equation, we resort to the intersection comparison method dis-
cussed in [2]. Suppose we have two axially symmetric surfaces evolving by fully non-
linear curvature, then we can define the difference w(xy,t) = ul, (x1,t) — ult(z1,1),
where u*, u** are the respective radius functions of the first and the second sur-

faces. The difference w(zy,t) satisfies (6.3) where the coefficients conditions as in
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(6.4). Now, we have strict parabolicity condition (5.18). While u > ¢ > 0 we have
bounds for first and second derivatives of u from earlier estimates, so we have a
classical solution and curvatures are bounded. The f are functions of curvatures
on compact set and therefore they are bounded. As a result, boundedness of the
coefficients functions required by Sturmian theorem is satisfied. Thus we can apply
Theorem 6.3 and conclude that the intersections are discrete and are nonincreasing
in time. In particular if the function w has a multiple zero at (zg, %) then for all
0 <t <ty <ty <T, the strict inequality Z; (w) > Z,(w) holds, so Z;(w) is
strictly decreasing at ¢t = to. Finally as v™ = ¢ (i.e. 0 =0 = n* = ) is
a solution of (6.7) where ¢ is a constant (in this case uf = 0 and the last term

*

of (6.7) vanishes), we can conclude that the zeros of u,, := u}, are discrete and
nonincreasing in time. U

Without loss of generality, assume that there is ¢ local minmima of u, for the
hypersurface and ¢+ 1 local maxima and both of them depending on the zeros of the
Uze. We set {2j(t)}1 < j <t as a minmima of u, and {x;(t)}; <7 <t as a maxima
of u,, by the implicit function theorem each 2; and x; is a continuous function of

time, so

0<u(t) <)< ---<(t) <a,
0<xi(t) < x2(t) <+ < xu1(t) < a.

Lemma 6.2. (Convergence of zeros of ug, ). The limits

lim 2;(¢) = 2;(T) and }LH% X;(t) = x;(T),

t—T

exist.

Proof: This proof is similar to (Lemma 5.1 [2]) and it will be included here as
follows:

Assume that +;(t) does not converge ast — T'. Then lim inf, ,7,(t) < limsup,_,;,(¢),
and we can choose an zy € (liminf, ,7;(t),limsup, ,p¢;(t)). Since ¢;(¢) is continu-
ous, there is an infinite sequence of times ¢, — 7" at which ¢;(¢;) = x¢, and at which

therefore u,,(z¢,tx) = 0 holds.
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Consider the family of curves u, on [0,a] and @, obtained by reflecting u, in the
hyperplane x; = xy, so reflected curve is another solution i.e. no corner. Here
Uz (x1,t) = ug(2x9 — 21,t), and @, is defined on [2xy — b, 2x0]. The curve a, cor-
responds to a%lu@xo — x1,t) because it satisfies the same equation (6.6) which
allow us to look later at the difference between them. From Lemma 6.1 num-
ber of the zeros of u, where z; € [0,a] and 4, where x; € [2z9 — a,2x] is fi-
nite and non-increasing. Therefore the number of zeros of w = wu, — @, where
x1 € [max(0,2x¢ — a), min(a, 2x¢)] is finite and non-increasing as well. Specifically,
choosing a suitable small neighbourhood gives one zero of w = u, — u, at the re-
flection point, and no other zeros in the neighbourhood. Moreover, the number of
zeros of w drops from 1 to 0, from Theorem 6.1, because u, and u, intersect non-
transversally. However, at time t;,1 we have wu,(xg, ;1) = 0 and the reflected one
also has U, (zg,txr1) = 0 i.e. a zero of w which is a contradiction. Therefore, we
must have liminf, _,7;(t) = limsup, _,p7;(t) As a result, lim;, 7 1;(t) exists. We
must therefore conclude that the +;(t) converges after all. The same argument also

shows that x;(7T")'s converge. O
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Chapter 7

Volume Preserving Curvature

Flows

1 Introduction

This Chapter will be about volume preserving curvature flows of hypersurfaces with
Neumann boundary conditions on parallel planes. The main results of this Chapter
are boundedness of the global term /A and of the first derivative of the graph function.
Discreteness of zeros of the second derivative of the graph function is obtained also.
Sometimes we will need the speed function F' to be concave and we will indicate
where this is necessary. The n-dimensional axially symmetric hypersurface M can
be specified by a corresponding strict positive and suitably smooth function on the
bounded interval u : [0,a] — R such that M is parametrised by X : [0,a] x S —
R, We define M, as an evolving family hypersurfaces in R"™! with boundary.

We consider the family of maps X; = X(.,t) evolving according to

0X

- (@) = {h(t) = FOW(z, ))}v(x.1), =€ M. tER, (7.1)

X(,O) — Xo,
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where F is fully nonlinear satisfying Conditions 1 ) to vi) and

Jar, FOV)dpue

h(t) - fMt iy )

dp; is the surface area element on M;. Equation (7.1) ensures that the flow preserves
the volume enclosed by M.

Remarks:

i) It is clear from evolution equation (7.1) the symmetry of the speed function

I and the normal.
ii) Under the flow, the enclosed volume V/, is preserved.

Let E; C G is (n—1)-dimensional set where G is the domain. As in ([18], Section 1),
extending (7.1) to a vector field using the first variation formula and the divergence

theorem

0 0X
Evt = /Et leEdl‘
0X
o, E.V d,ut
— [ (=P du
Ey

From standard parabolic theory, the flow exists for a short time 0 < t < t;. In
addition, we write [0,7") as the maximal time interval when the flow exists. A fixed
point argument can be used to handle the global term h(t) to obtain short time

existence, see for example [52].

2 Evolution equations

Lemma 7.1. The evolution equation of the metric under the flow (7.1)
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Proof:

_, /00X 0X
8tg” N ot 8x, 8%
0X
2< Fv) 8:Ej>
ov 0X 0 0X
_2{h<9fvi’a_xj>+F<_3_%V’3_%>}

O

Lemma 7.2. The evolution equation for the outer unit normal under the flow (7.1)

18 given as follows

ov
— =VF
ot v

Proof:

Ov _<8V 8X>8Xg

o~ \oras ) o,

__ [, 90X\ OX
~\"0tox;/ 91,7

0 0xX .
= (v, L (w-F
<1/, oz, (hv 1/)> (%cjg

0 _0X
= on ox,

ij

—VF. (7.3)

Lemma 7.3. under the flow (7.1)
(i.) 2hi; = Lhij+ FFr5N 0,V g + FRR hyhy; + (b — 2F) hEhy.
(ii.) Shi = Lhi + FRrNhyV e, + F* by hi*hi — hhi b,

(iii.) SH = LH + FF7N by Vi, + FF by, hit H — h| AJ2.

(iv.) 2F = LF — (h — F) FFhy, by
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Proof: Firstly, we need (3.10), (8.8) and (3.11). Since {h;; = V;V;F+(h — F) h¥hy;

we obtain the evolution equation of h;; as following

B, . .
5l = FMSN7 0, NV by + FMN Y by + (b — F) h¥hy; from (3.10)
= FFS0, Vi + F¥N GV ihiy — FR hyng 4 FR R By

+ (h — F)h¥hy; from (3.11)

= PN 1,V shy + Lhg + FPR by + (h— 2F)hE g

= Lhij + ¥ 0,V ihig + FR R Byihig 4 (B — 2F)hEhy;. (7.4)
To prove (ii)
ont 9 .
J _ 7 ik )
ot = ot 19" i)

= —2(h — F)hihy + g™ [ﬁhkj + BRI Vhyy + ER R By

+(h — 2F ) hj,hy;)

= Lh: + FF7 N gV b + FF b B — b, (7.5)
Therefore

d 0,

—H = ¢ —ht

ot T g

= g/ | Lhi + FM7 N hygV by + FM by bl — b, b7
= LH + FM" N 1y Vb, + F¥hy, " H — hgl b BT

' m' g

= LH + FM"" N hyy Vb, + F¥ ki H — h| AJ?, (7.6)

which gives (7).

To prove (iv)

B 0
—F=FI
ot Yot

= [ 4+ P g g+ F B — BB
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0
ot

VIV F — FMNV i hyy + F* by by — hhﬁnh’j”] from (3.10)

= F! [Fh"hyj + V'V F — hhl BT
= F} [V'V,;F — (h — F)h'* hy;)

— LF — (h — F)F¥hy,,h".

Lemma 7.4. As long as y > 0 we have
(ii.) % = Ly — 1) F22+hpy

(ii.) % = Lq+ E9hEyg — { [~ (0 — 12 + 28] 2
+|=(n—1)F%2p+h+ k:QF“} p} q.

(iv.) $2 = Lp+ FIhfhp + 2FM % (k — p) — hp*.

Proof: To prove (i)

0 : 0
a <X,Z> = <8tX Z1>

= (h(t)y — Fv,i)

= (h(t)v, i) + (—Fv, i)

= h(t){v,i) + (FV,V; X, i)
= h(t)qy + FIV, V(X i)

= hqy + L{X, 1),

and to prove (ii)

g, 0 0

=Y = —t<X,X> - §<X7i1>2

22 ) 2 (2.
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Because g? = 21y %yt we can compute the following
dy 1 0X o/ O0X
o @ {2 <¥;X> —2(X,iy) <E711>:|
1[,0X o ,0X
S SR At
é (hw — Fu, X) — (X, i) (hv — Fv,iy)]
1 . » _
=3 {(hu X) 4+ (—FvX) — (X, i) [hqy + FUV,V (X, m} }
1 .
- [<hy X) 4 (—Fv, X) — hay(X, i1) — (X, i) FIV,V, (X, m]
1 1... 1 .
= (0 X) 4 CFU(VV,XX) = ha(X,in) = (X i) FIV9 (X i)
§<hz/ X) 4+ ;<.cx,x> ~ hg(X, i) — i(x,zlmx i), (7.9)
From (3.23) and
dy 1 , (n—1) -9
E_y<hV’X> hq(X,i1) + Ly ; F*,
then
Oy _ (n—=1) 9 1 (v, i1) .
at—ﬁy ) F +y<hV,X> h ; (X,i1)
=Ly — %F” + ih (v, X) — (v, i1)(X, i1)]
_py - P Dy ih (X v — (v in)in)] .
Using
v= <V7il>i1 + <V7w>w7
we have
y (n—1) . 1

o =Ly - ; F22+§h{<X,<V7w>w>}

(=1 g 1h{<X, w) (v, w)},
y Y N~

Yy py
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which show the evolution equation of y

y _ (n—1) 0
i Ly ; F=* + hpy. (7.10)

To prove (iii), we recall (3.6)
9, . i - Sij g k -
§<V’Zl> = FYV,V (v, i) + FYh; hyj(v, 1), (7.11)

(1) Z1>

and because ¢ = we compute the following

dq 1 0 0
at [ Yl i) = iz
1 i . g1k . g (n—1) o\ 722
- E yFIN, V(v in) + yF7hi hy (v, i) — (v,i1) FYV,V,y + ; (v,i1)F
—(v,i1)hpy] . (7.12)

From (3.29) and (7.12)

dqg 1

—1
S =yt i +

<V7 i1>F22 - <V7 Z1>h‘py

+ fﬁfvf”’ymvjwﬁq

— Lq+ PR gg +

;QDF”Q — hpq + g%FHquVly from 7.11
= Lq+ FUhfhyiq + (n = 1) F?(¢* + p*)g — hpg + sF”qu(—qy)
= Lq+ Fhfhijq+ (n — 1)F?(¢* + p*)q — hpg — 2F" (kp + ¢°)q

= Lq+ F9h g — | —(n — )E?2(¢? + p*) + hp + 2E% (kp + ¢%) | ¢
= Lq+ Fipthq — {[—(n C1)E? 2F11] 7

t = 1)F2p s+ k:QF”] p} q. (7.13)

To prove (iv)

d -2 ( ) 22

— — FY9VY.V.y — F

57 " { ViV, + hpy
2 2n—1) ., 2



Using (3.37) we have

6 ...
-2 -2
=Ly P —FIVyViy+ 2 Zpp.
P v yViy + ; p

Also from (7.13)

D) » . .
af =2q |Lq+ F7hihgjq + (n — 1)F*(¢* + p*)qg — hpg — 2F" (kp + q2)q] :

using (3.34) we can write

a(f =Lq¢* — 2F"V,qV q + 2qF”hfhqu —2(n —1)F* (q2 + p2) q°

— 2hpg® — 4F" (kp + ¢%) ¢*, (7.15)

2n —1)F?2 2
A

— QFijhfhqu2 —2(n — 1)F22 (q2 —|—p2) q* + 2hpg® + 41 (kp + q2) q°

G ...
=Ly ? - EF”Viijy + hp — Lq* + 2F7V,qV ;q
6 . : :
= Lp® EF“vlyvly +2(n — DF2 (¢ + p?)° — 2hp (¢ + p?) + 2F |V g
— 2F 9k hiq® — 2(n — 1) F2¢* — 2(n — 1) F2p*¢? 4 2hpg® + 4F M kpg?

+ 4F11q4

=Lp* - i () (ay) +2(n - DF?g" +4(n — )F?p’¢* +2(n — 1) F*p’
— 2hpg® — 2hp® + 2F K p? + ARV ¢t + AR kpg* — 2F hfhyq?
—2(n — 1) EF2¢* —2(n — D) F2p*¢ + 2hpg® + AF Y kpg? + 4FM ¢

— Lp? — 2PN — 2(n — 1) E2pPg® — 6FMNgt — 6FVg2p + 2(n — 1) 224
Al — D E2p2 4 2(n — 1) E2pt — 2hpg® — 2hp® + 2E 1 2p? 1 2F Mgl
+ 4F  kpg® — 2(n — 1)F22q4 —2(n — 1)11'722])%12 + 2hpg® + AF Y kpg? + AF ¢!

= Lp* = 2F" K¢ — 6F ¢*p” + 2(n — 1) FPp* — 2hp® + 2F kPp? + 8F kpg?.
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But FiRkyp? = FU27 + (n — 1)E?p*, so

on? . . . .
8_11 — Lp? — 2PV 2% — GEM 2 + 2F”h§hkjp2 2RV — opp® 4 2F 2R
+ 8F M kpg?
= Lp* + 2Fijh§hkjp2 —2F K22 — 6 P p? — 2hp” + 8EF  kpg?. (7.16)

From (3.42) and (3.45) we have
Lp* = 2pLp + 2F" ¢ (p* — 2pk + K?) (7.17)

then equation (7.16) becomes

2
aa% — 0pLp + 2EN 2p? — AFV Ppk + 2EM k2

i 2Fijhfhkjp2 C9F 22— GEM2p? — 2hp? 4+ S E24?
= 2pLp + 2Fijhfhkjp2 + 4F Y kpg® — AFY ¢?p? — 2hp?

= 2pLp + 2F7 R by p® + AR (k — p) pg® — 2hp”.

Using % = Qp%, it is concluded that

) o .
a_]; — Lp+ E9RShgp + 28V ¢ (k — p) — hp™. (7.18)

Lemma 7.5. Under the flow (7.1) we have the following evolution equation

()= (B2 (g o { i it

. . q -i.
+ [—(n CD)E®p 4 b 2kF11] p} 0+ RSB,
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Proof: Using (3.81) the evolution equation of % (£) can be calculated as follows

9 (L) =5 [F@_QGF}

ot \F at "ot
P}; {Lq + F9pkhyq — ([ DF?2 4 2F11] +[-(n—1)
F2p +h + k2F”} ) } [ (h— F)Fijh;‘?hkj}
= = [FLq— qLF) + {F”h’“hqu ~ ([~ -nE= 2]

c = D)E2prn+ k2F11] p) q} = [ (h— F)F”h’fhkj}
- z(%) + %F@'jvi (%) V,F - % { [—(n C)E2 21«"’“] Pt —(n—1)

F2p 4 b+ Qk,Fll} p} q+ %hFijh?hkj- (7.19)

Lemma 7.6. Under the flow (7.1)

0 (H H 2 . H 1 . ,
— | — = — —Fkl F e _Fkl,'rs 'h ih’/‘s
6t(F> L(F)+F Vi vl(F)JrF VihV

h

- (F|A|2 F’flhkmh;n) .

Proof: Using (3.84) we compute

H : H FCH — HLEF 2 . H
9 (—) = V.V, (—) _PLH—HLE ZFMYLFV, <F>

ot \ F F F? F
F [LH S+ EMISTi R iy 4 FR g hH — h|A|2]
H [EF —(h— F)F’“lhkmh;”}
_ =
H 2 . kl H 1 [kl rsxri h 2
H kl m
F2 —_hF himhy
H 2 . H 1 .. .
=L (F) + FFklkavl <F) + FFkl’rsvlhklvihrs
h . "
- <F|A\2 HEMhy b ) . (7.20)
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Lemma 7.7. Under the flow (7.1)

Ok (kl,rscri ; m
o = Lk FRrs7 by Vb + F¥ by bk + b [(n — 1)p? — | AJ?]

—2(n —1)F"¢* (k —p).

Proof: By the use of (7.6) and (7.18) we compute

ok 0
E:&[H—(n—l)p]

= LH + F¥7sN ' hyVihes + F¥ by hi"H — h|A]2 — (n — 1) [Lp
FEM Ry B+ 2B ( — p) — hp2]

= Lk 4 FH7N hyy Vb + F* bk — hA]* — 2(n — 1) F2¢*(k — p)
+ (n — 1)hp?

= Lk + ¥ hyy Vb, + FF Ry h"k + b [(n — 1)p* — |A]?]

—2(n— 1) F1¢*(k — p). (7.21)

Lemma 7.8. We have the following evolution equation under the flow (7.1)

k k 2 . k 1. . 1
0 <—) =L (—) + = FMV, (—) Vip+ —F"" N hyVihes + h | (n — 1)p — —|A]* + k
ot \p p) p p p p

—2§F“Kk—m&w«n—wmy

Proof: Using (3.87) we have

o0 [k 1 0 0
o (p) =7 {pa’f B ’fap}

1 . . .
- {p [Ek: + ERIS Ry VB + F* bk + b [(n — 1)p* — |A?]

—2(n -~ 1)F" (k- p)| }

_ ;% {’ﬂ [ﬁp + FU R hyp + 2F 1P (k = p) — hpg} } ’

N
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2 E :E E +2F“Vk E le
ot \p P D D

+ 2 {1 = D = JAF] = 20~ DFV (- )}

1. . .
+ —FMrs7 by Vb — 2%F11q2(k —p) + hk
p p
k 2 . k 1. . 1
=L (—) + ZFHv, (—) Vip + —FF7 N hy Vb, + h {(n —Dp— AP+ k}
p p p p p

ko 1 .
— 2]§F“q2(/€ —p) = 20— F"¢* (k —p)

k 2 . k 1. , 1
=L (5) + ]—?Fklvk (E) Vip + }—)Fkl’rsvlhklvihrs +h {(” —1)p— Z_9|A|2 + k}
2 .
. QZ%F” [(k —p) (k+ (n—1)p)]. (7.22)

3 Evolving graph function

We use the chain rule to obtain the evolution equation for u. Let @ : [0,a] X [0,T) —
R"*! be the unit outward normal of an n dimensional cylinder, which intersects the
hypersurface at the point u(z;,t). Here @ is parametrized over the z; axis, whereas
w is parametrized over M™. As in Chapter 4, we obtain the corresponding evolution

equation for the graph height but here using speed function (h — F)

du_ fiy(2uY (h — FOW)) (7.23)
ot N 8:151 ’ ’
which means
ou ou 2 . U oL 1
—— —=4/1 —_— T FII—. .24
ot +(8x1) e ; " (7.24)

4 The lower bound of the surface area

From (2.11) we can compute the following

det g;; = u*™ Y (1+u2)w?,

123



and therefore

p=/det gi; = u" /1 +u2 w,.

Then
|M,| = wn/ u" /1 + 2 d,
0
where w,, is area of n — 1 dimensional sphere. Assuming u is bounded away from 0,

u=c5 >0

a
|pee| = wn/ u"dz
0
> wncg"la

> 0. (7.25)

As a result, we obtain a lower bound of the surface area which will be used later for

the bound of h.

5 Estimate on h

Because h is a global term, it is very important to bound it. In the following, the

bound of % is obtained in similar way as in [18].

Proposition 7.1. Assume M; to be a smooth, axially symmetric hypersurface solv-
ing (7.1), with concave speed function f and a radius function u(zy,t) > c5 > 0.
Then there is a constant co such that the mean value of the fully nonlinear curvature
satisfies

0 < h(t) < Ca,
with ¢y constant depends on the initial hypersurface.

Proof: It is important here to have F' concave which means F < %H , see Lemma

1
/ Fdp, < / Lty

Now, as in [18] using the parametrisation of M; by its radius function v > ¢5 > 0

4.1. Therefore
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we know

T —1
H=——loo "7 °
(I+u2)2  wu(l+u?)z
Clearly
h(t) _fMt F(W)dﬂt
fMt dlu’t
fMt d,ut
1
=il ), (k4 (n— 1)p) dp
1 Uz (n—1)
=T - + d
[ Mi| Ja, ( (1+u2)7  u(l +ug)%) i
IS (— Tsu T+ (n— 1)u”_2) dx
- S un (1 + u2) 2 da |
(7.26)
For the second term of (7.26) because p = (1+1 1 <ig % we have
1 1 1
0< — n—1)pd <—/ n—1)—du
|Mt| Mt( ) e fMt d,ut Mt< )U t
— 1y, d —1
<2 S A <2 < ¢(n, cs). (7.27)
u fMt dut Cs
For the first term we know k& = —ﬁ = —-L (arctanu,) and then
+u2 o
1 1 U
| M| g, "M (1+u2)2 t
nw, [* Upy 1
= — u" " dx
(M| Jo (1 +uf)
n [*d
= % i —@(arctanux)u”’1 dx. (7.28)
Using [/ udv = [w]§ — [ vdu equation (7.28) become
n(n — 1w, /“ L
— k duy = (arctan u, )u,u""* du, (7.29)
| M| S, ' | M| 0
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because (arctanu,)|,—o = 0 and also (arctanu,)|,—, = 0 , Neumann boundary

conditions. In addition, 0 < (arctanu,)u, < J|u,| < 51/1 4 u2 so

1 D [
. s ”(”T')wg/o VIt @2u? do

n—1)w 1
<(|M|)§/ = duy < d(n,cs). (7.30)
¢

Now combining the two terms it is concluded that

Jus FOVYpe_ [y, HOV)dp
f M; dut h f M, d:ut

X Co.

0 < ht) =

6 A gradient estimate

As in [27] we consider now v = (r,w)™!, see (3.51) where w is the unit outward
normal to the cylinder over the n — 1 dimensional sphere, to be used in order to

have some bounds for some quantities such as yv and v as in [18] and [43] respectively.

Lemma 7.9. There exists a constant c3 depending only on the initial hypersurface,

where yv < c3.

Proof: We recall evolution equation of v from Lemma 3.6

SV = Lv—F ThE g v + TUFQQ — 207 PV, 0V . (7.31)
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Using ¢y as in Section 5 we compute

O 0
g T T e TV T @

=y [Ev — F”h?hki v+ QUF” — QU_IFZJViUVjU]
Yy

. ~1).
+v {F”Vz-vjy — MFQQ + hpy} — ¢y from Lemma 7.4
)

n—1)
y?

=yLv —yFijh;‘?hki v+y(

v(n—1)
Y

vF? — Z%Fijvivvjv
+vLly — F2 4+ hpyv — ¢,

=yLlv+vLly — yFijh;?hki v — Z%FUVZ-UV]-U + hpyv — co

= yLv+vLy — yF 7 hkhy, v — Q%Fijvivvjv + hpy(v,w) ™ — c,.
(7.32)

We need

E(yv) = FZJVZVJ (yv) = F”Vz [ijy + ijU]
= F” [Vﬂivj‘y + vViij + ViijU + yViVjv]
= F7[2(V, Vjy) +vViVjy + yV,V;v]

= 2F V0, V,y) +vLy + yLo. (7.33)
Also as V(yv) = (V(y)v +yV(v)) then

(Vu,V(yv)) = (Vo,V(y)v) + (Vov,yVu)
= v(Vu,V(y)) + y(Vv, Vo)

=v(Vuv,V(y)) + yVoV,v. (7.34)
As a result of (7.34), we can write

2V, V() = %(W, V(yv)) — i—yvivvjv. (7.35)
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By substituting (7.35) into (7.33)

... [2 2
L(yv) = FY ;(Vv, V(yv)) — —yvivvjv +vLly + Lo

—wly+ Lo+ FiZ <vv V(yv)) — FUFvavju. (7.36)
Therefore from (7.36) and (7.32)

% (yv — cat) =L(yv) — F9 = (VU V(yv)) + Fij%}—yvivvjv - yFijhz?hki v
— ZQF”VWV v+ hpy(v,w) ™" — ¢
= L(yv) — F7= (Vv V(yv)) — yFijhfhki v+ hpy(v,w) ™' — ¢y
because py = (v, w)
= L(yv) — F9Z <Vv V(yv)) - yF"jhl?hm- v+h—cy

= L(yv —cot) — F9 = <Vv V(yv — cot)) — yFijhfhki v+ h—cs.

At a maximum we have L(yv — cot) < 0 and V(yv — cot) = 0. Since the zero order

term is non positive then

0
Py —(yv — cot) < L(yv — cat) — F7= <Vv V(yv — cat)).

By the result of Hamilton [34] for almost every ¢, we have

d

— max(yv — cot) < 0.

at e (y 2t)
Therefore,

mj\?x(yv — cot) < < maxyv =: ¢4,
then
Yv — Cot < ¢y,

and

yv < ot + 4 < T + ¢4 <
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For the following Proposition we need to assume 0 < ¢5 <y < R.

Proposition 7.2. If we assume v < vy on the initial surface My, then

max v < cg(n, cs, R, vp).
t>

Proof: Using the Neumann boundary conditions at = 0 and * = a, we will
consider equivalently the evolution of periodic surfaces M, defined along the whole
7, axis. We assume that the product u?v attains a maximum, denoted by K, on
M, for t; > 0. We need to prove at this maximum point that (2 - L)(y*v) <0 if
K is large enough.

From Lemma 3.6 and Lemma 7.4 we have

%v =Lv— F”hkh v+ (n - )UF22 207 FYV, 0V, (7.37)
y?

and

ot y

We need that aa—ytz = Qy% to compute the next equation

Q( %) = ov Oy
ot VU T 5 TV
ov oy
_ .27
=Yg TV

= ¢ {Ev — F”h?h;m- v+ (n—2>vF22 - 21;_1F”V¢21Vjv]

Y

)

+v [QyF”V Vy — 2y( F2 4 2yhpy]

o —1) . o
= > [Lv — F”hfhki v+ (n—2>vF22 — 2v1F”Vijv]
Y
—1
+v [2yF”V Vy — 2y< )F22 + 2yhv™ 11 . because py = (v,w) =v*
Y
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% (yQU) =y Lu — yQFijhfhki v+ (n— 1)1}F22 — Z%QFijViijv
+ 02y FIV, Vg — 2v(n — 1) F? + 2hy
=y’ Ly — y2Fijh§hki v+ (n—1)wF? - Q%Fijvivvjv
+ v |FIV,V,y? = 2F9VyV,y| — 2v(n — 1)F? + 2hy
because FV,V,y? = FIV,[2yV,y] = 2F9V,yV,y + 2yFIV,Vy
2

= y*Lv +vLly® — yQFijhfhki v — Q%F”Vivvjv

— FINyV,y —v(n — 1)F? + 2hy. (7.38)
We also need

L (y%) = FijViVj (yzv) = F9V, [v2yVy + y°V 0]
= FY [2Viy(Vy)v + v2yV,Vy + 2yV,oVy + 2yViy Vv + 3>V, V0]
= [ 2V,y(V y) +2yV,;V, y|v + FijViijjf + FijvinVjv
+y*FIV, Vv
= (FijViijz)v - FijViijgf + FijvinVjv +y*Lv

— vLy? + 2F (V, Vy°) + y* Lo, (7.39)
Also as V (y*0) = (V(y?)v + ¥?V(v)) we have

(Vu,V (y*0)) = (Vu, V(y*)v) + (Vo,y* V)
= v(Vo, V() + y*(Vv, Vv)

= v(Vv, V(y?)) + y* VoV, v. (7.40)
As a result of (7.40), we can write

2(Vu,V(y?)) = %(V@, V(y*v)) — %ﬁvivvjv. (7.41)
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By substituting (7.41) into (7.39)

2 2y
L (y*v) = vly* + F¥ ;<VU, V(y*v)) — %Vivvjv +y*Lv

.2 2P
— Ly’ + 2Ly + FZ(Vo, V(yPv)) — F”%Vivvjv. (7.42)
v

Therefore from (7.42) and we have (7.38)

) .2 P o
a(y%) =L (y*v) — F”;(VU, V(y*v)) + 2F”%Vivvjv — yQF”h;?hkj v

2 ... .
— 2L PV V0 — 20V, V,y — v(n — 1) F2 + 2hy
v

= L(y*v) — F”;(Vv, V(y*v)) =y F7RhS by v

— FINyVy —v(n — 1) F? 4 2hy. (7.43)
Similarly as in [43], we throw away y2F" hfhkj v. We have now
— (y*v) < —v(n — 1)F? 4 2hy. (7.44)

We need to show that f 2 is bounded below at the maximum.

From first order term condition at maximum V; (y*v) = 0, where is v = /1 + u2

we have
1 ZICL‘I
2uu,v + uQ—& =0,
2 /1+u2
2 1+u§—i—u&:0,
V14 u?
2 Uz

_|_

which can be written in terms of curvatures as
2k0 — k1 = 0,
S0 2K9 = K. Since f2 is homogeneous of degree zero we have
2 (Kiy Koy ko) = 2 (269, Ko, .o ke) = f2(2,1,...,1).

131



Because f2 is a strictly positive function, see Conditions 1 iii), in particular f2(2,1,...,1) =
C > 0 where C' is an absolute constant.

Now, at a maximum K of the product y?v; in particular, v > % at this point,
since ¢5 <y < R. We also have 0 < h < ¢a(n, ¢5) (see Proposition 7.1).

We deduce that % (y*v) < 0 at the maximum point provided

2R3cy(n, c5)

K > .
(n—1)C
Therefore
2R3cy(n, c5)
2 b Skl g 74
max (v'v) < =~
and

max v < max
t>0

2R3cy(n,c5) R*vy
(n—1CE" & )

7 Application of the Sturmian theorem

Sturmian theorem will be used to show that the zeros of u,, are discrete and non-

increasing.

Lemma 7.10. Assume M, to be a smooth surface solving (7.24). Assume in addition
that u(x1,t) > ;¢ > 0, fora < x; < bt € (0,T), T < T. Then the set Zi(uz,) =
{r1 € R : ugy(xy1,t) = % = 0} is a discrete set in [a,b], for allt € (0,T"). Moreover

the number of zeros of ug, 1S a nonincreasing function of time.

Proof: Differentiating (6.5) with respect to x we find that u, satisfies

0 Ou 0 Ou

oor  dx ot

0 du um
_ Y JJ
- 1+(8x1> h+F ZF

1 S 1 (n —1)F? 2F1
——(1 2 22 T :m:h 1 oy Yzax r x 2
2( +ui) 2 2ugu +(1+u§)u - ” u (1+u%)2u u’
_ Fll (n_ 1)F22 2F11
—(1 2 71 T a:xh T oy Yzxx 5 Wx T T 5 \9 Yz 2
(1+u)= uzu ~|—(1+u§>u + 5 U (1+u2)2uu
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By differentiating with respect to x we find that

gy ﬁ Ju,
ot Ox Ot

1 - _ _
= [—5(1 + ui)732umumuzum + (1+ ui)%umum +(1+ ui);uzumm} h
Fn F11

(n — 1)F22 (n — 1)F22 9
+ (1+u§)u (1+Ui)2u Uz Uzgr + 2 U 3 u
1 1 Jall!
— 20— S —d——— cUrzUzry 8—r——"— 203
(T e e Ty
1 2 2 1 ) 1
= | — U, + Uy, T ———UUsaa | N
(1+u2)? Vit = O+ @)
F11 Fn (n - 1)F22 (n . 1)F22 ,
Fut 5 1 Jat! )
B 2(1 + u?g)2um - muxumumx + SWMEUJM'
Let n = u,, then
on 1 2 2 1 ) 1
Fr BT n+ Ug)e | h
ot | (1+ud): Vit JOtw)
i 1 (n _ 1)F22 (n . 1)F22 ,
tarat  rap Tt T e TR e

F11 11

3 2 3
e T araptt

on 1 6 1 N h
ot (T+u2) TR el ey S
N h 2 N N (n—1)F? o
— u —_—
T Y FE AT L+
i 2 9 (”_1)F222

Because h is bounded as in Section 5 we may apply Sturmian theorem similarly as

an unconstrained case, see Lemma 6.1. 0]
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Lemma 7.11. (Convergence of zeros of uy,). The limits

limo;(t) =4(T)  and  limx;(t) = x;(7T),

t—T t—T

exist.

Proof: because we have bound on h the proof is a repetition of Lemma 6.2
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Chapter 8

Appendix

1 Homogeneity
Function f is homogeneous of a positive degree « if

f(kr) =k f (),

for any £ > 0. Euler’s theorem for a smooth homogeneous function of degree « is

very useful and states that

and this is because

0f() = s ) = Lo = 3 A

ds ds — Ok,
2 F homogeneous of degree a > 1
For speed function f(ky,...,k,) homogeneous of degree o which means f(kr) =
k® f(k) differentiating f respecting to k;

of aof o1

e = Z ayi(k“)’”"i = ak® 1 f(k). (8.1)
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Euler’s theorem for (8.1) at k =1 imply

. = X gy, = s, (82)
Differentiating (8.1) again
‘92f Z (kk)kik; = ol — D2 (k), (8.3)
31/18@/3
evaluate (8.3) at k =1
g% = Z %(@mm = ala—1)f(k). (8.4)
In our case where & = (K1, ks ..., kn) = (K1, (n — 1)k2) (8.4) gives Euler’s theorem

for the second derivative of the homogeneous function f of degree a as follows

Pf 2 22,2
3_/12:f 24 2(n—1)f* ﬁlmg—f—Zf
v 1,7=2
= U2 4 2(n — 1) fPRikg + (n — 1)2 2242
= a(a —1)f(k). (8.5)

3 Interchange of two covariant derivatives

The Riemann curvature tensor can be written in terms of Gauss equation
Riji = hixhj — hihjy,
for standard interchange of second covariant derivatives of two tensor we obtain
ViVihy; — ViVihi = Riiimg"" hj + Riijmg™" I (8.6)
and the Codazzi equations are

Vihg = Viha = Vi,
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using Codazzi equations we have

ViVihi; = Vi Vihy,

and then

ViVihi; = ViVl
= Vinhlj + Rkilmgmnhn]’ + Rkijmgmnhnl from (86)
= ViVl + hialim g™ by — B it g™ By + PP g™ oy

— hmhijg™ " hyy . from Gauss equation
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