“Lalhoun

Institutional Archive of the Naval Pastgraduate School

Calhoun: The NPS Institutional Archive

Faculty and Researcher Publications Faculty and Researcher Publications Collection

1951-12

A Critical Study of the Circuit Concept

Chaney, Jesse Gerald

American Institute of Physics

JOURNAL OF APPLIED PHYSICS, Vol. 22, No. 12, 1429--1436, December, 1951
http://hdl.handle.net/10945/50766

goals of open government and government transparency. All information contained

m“ KN DK herein has been approved for release by the NP5 Public Affairs Officer.

LIBRARY Dudley Knox Library / MNaval Postgraduate School
411 Dyer Road / 1 University Circle
Monterey, California USA 93943

ﬂ‘“‘: D U DLEY Calhoun is a project of the Dudley Knox Library at MPS, furthering the precepts and

hitp://www.nps.edu/library



ol

UNITED STATES W

NAVAL POSTGRADUATE SCHOOL

(W,

A CRITICAL STUDY OF THE CIRCUIT CONGEPT

ee-BY---

JESSE GERALD CHANEY
PROFESSOR OF ELECTRONICS

REPRINT NO. 17




Reprinted from JourNAL oF AppLieEp PHYSsIcS, Vol. 22, No. 12, 1429-1436, December, 1951

Copyright 1951 by the American Institute of Physics
Printed in U. S. A.

A Critical Study of the Circuit Concept

JEssE GERALD CHANEY*
United States Naval Postgraduate School, Annapolis, Maryland}

(Received May 23, 1951)

From Maxwell’s equations, an expression for the complex power associated with a wire circuit is formu-
lated and broken into a complex input power and a complex power into the external fields associated with
the circuit, the latter including the radiated power. From these powers, the internal and external im-
pedances of the circuit are obtained such that the current is not required to be everywhere in time phase
within the circuit. This concept is extended to coupled circuits, bringing out some of the relations between
some conventional methods for obtaining the driving point impedance of antenna arrays. The theory does
not require the current distributions to be postulated, but in practical applications such a postulate becomes
necessary unless the solution is obtained by a method such as the integral equation method. The resulting
circuitry may readily be reduced to that for lumped elements. A more critical study of the impedance for-
mulas is given in the appendix, based upon the reciprocity theorem which is derived therein,

THE CIRCUIT COMPLEX POWER

ONSIDER a circuit formed by a wire of radius a
containing a slice between positions b and ¢ (Fig.
1). Positions d and e may or may not coincide. The
steady-state form of Maxwell’s equations, along with
Ohm’s law, are postulated within and exterior to the
wire, that is, B
v-H=0, v-E=p/

VXH=i+juweE, (1)
VXE=— jupH,
i=akH.

The solutions for E and H are given in terms of the
retarded vector potential 4, with

21 _
=—~fie(ru)dV, ro=|F1—Ts|, e(ra) =€ *2/ry, (2)
4ndy

being a solution of
[(V4+FIA=—1, k=w(ue)i=2x/\. 3)
Thus, since

po=4m(10"7) henries/meter,
e=1/36w(10"%) farads/meter,
no=(1o/ €0)*= 1207 ohms,
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F16. 1. Open or closed wire circuit.

* Professor of Electronics.
t Recently moved to Monterey, California.

for unity relative permeability and dielectric constants,
defining the operator deltil by

OL1=0[v(v- »+#I ]
E and H are given by

H=vVXA4,
4
_ 1 i N0
E=—V(V-A)—juped=—QA.
Jwey jk

Now, denoting the complex conjugate by the super-
script ¥,

v 1
- f BeidV=— f |2V =W, s)
2 v 20’

in which V is the volume of the wire and W, is the
time average power loss within the wire. Since
=V X H*+ jwehi*
and Sy N et -
V- (EXH*)=H* VXE—E-VXH¥*
substitution into (5) yields

1 1 .
—fE-?“dV=—f[jwe|E|2+E-VXE*]dV
2 v 2 '

1 _ i 1p. _ _
=—f[fw€lElz—jquHI’]dV—-fEXH*‘dS,
2 v 2 s

or

Wa=jol|Us| ~|Ual1- [P-d5,  ©
S

where |Ug| and |Upy| are the peak energies stored in
the electric and magnetic fields within the wire, re-
spectively, and P is the complex Poynting vector.
Hence,

P-d§

8

WA\,= —Re
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and

jm[lUHI—lUEI]=ImfP-dS. )
s
Thus, by writing = _
P= P0+ Pr)
the resultant field £ may be broken into two components
E=-E-0+-E'l)
such that
Wi =g k=
2J s
and

1 = Sy e
—-fE;-?"dV=jw|:]UH|—IUal]-l—fP,-dS 9
2J 8

=jol| Un|— | Us| H+-W.

with W, being the complex power input to the wire
and with W, being the complex power into the external
fields associated with the circuit. The time average
power radiated from the circuit is given by Re[W,].
In other words, Eq becomes the applied field, or that

ar
A
/ a2
d 3",

Fic. 2. Unit length volume of wire with vector directions.

component of B originating outside the wire. which is
required for maintaining

|Un| — | Ug| = constant,

as required for a steady-state condition, and E; becomes
the induced field, or the component of E which arises
from the currents and charges within and on the wire
itself. The induced field is given by

1
e S P f Wrmd?V, (1)
7k 4wy

where V is the volume of the wire itself, whereas E,
may or may not be given by a simila1 expression. For
example, if the applied field arises from another circuit
within the neighborhood, E, will be given by a vector
potential integrated over the volume of that circuit.
But in this case, due to the interaction of the circuits,
E, also will be a function of the current in the given
circuit. However, here it will be postulated that E,
is supplied by a slice generator inserted between ter-
minals b and ¢ such that if

1=10f(P) for bZ<P<Lq,
=1 for ¢<P<},
then
1= 1p_
—'onI*dV= s Eo':o*dV’,
v 44

2 2 SR
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with ¥’ being the volume of the slice and with P being
a position within the circuit.
If the applied voltage V, is defined as

b 1 i,
Vo=—f Eo‘d7_'=¢b=="¢nr "¢=;,_;M’ (12)
! Jwe
then
B |~ 1 =
Wu=—on'T*dV=—'—f Ey- iV’
2Jy 2Jy:

1 b .
=_-f Eo(fzo*-ds)-df-,
2 ¢ S

or the complex power input becomes
Wo=3Volo*, Io=fzo'ds', (13)
s
it being tacitly assumed that Ey is cross-sectionally
constant within the slice generator.
Thus, the input impedance becomes

Zo=2110/ | Io|2=Vo/I,. (14)
But from (8) and (10),
R 1.
Wo=—fE-i*dV——fE,~-Z*dV
2 v 2 14
ipn - N
=-f[ -Z*+]—<>A-?"]dV. (15)
2k k

THE INTERNAL IMPEDANCE

Now the complex power input density W per unit
length at each position on the circuit where t5£0, re-
quired to overcome the ohmic loss and to supply the
reactive power due to the current through a cross
section at that position, may be found by postulating
the current and fields to extend one meter axially con-
stant, with no retardation, within a right circular
cylinder of radius e, and with a direction @. equivalent
to that of the wire at such a position, integrating over
this volume and dividing by one meter of length. Since
(Fig. 2)

AV =rdedr(1)=dS’,
dS: a-rdl(l) = drad¢)

over the unit length volume, from (8) and (9),

S o g 5 &
W01="fEn'?"dV= —fP'dS+fPr'dS
2 |4 S 8

1 _ —
o f 2 XE* 484 W,
2Jg

- o 1
Wo—Wrn= —EfE,aH¢a*d,Xd¢'d,dS
S

2r
= %Ezuf H¢c*ad¢,
0
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or since
.. 1p, .
W= jol | Uni| = | Um| 1~ f B, tdS'~0,
S’

Wor=1E,o(2raH 45*). (16)

But since .S’ is the cross-sectional surface,

dwaH f Ao di= f VX *- 45

.
= f [1—ﬂ]ﬁ-ds'zf,‘,“ an

g

and hence if the internal impedance per unit length of
wire is defined as

Z;=E./I., (18)
substitution of (17) and (18) into (16) yields
Wo=3Z;|1.|% (19)

To find I,, first form the wave equations within
the unit volume from (1), replacing E by (1/¢)3, that
is, write ',

VXi=—jwucH

&) Jwe
VXH= (1—}-—)2%2.
a

Then, since V-t=0 through this volume,

— VXV Xi=Vi=juuol,

(20)

or assuming the current is symmetrically distributed

in azimuth,

d*, 1d.,
+———jwpo,=0.
dr? r dr

(21)

The solution of (21) in terms of the Bessel functions
for an imaginary argument is

L[ 5*(v2/8)r]
= lp—————— b= . (22)
Io[j*(V2/8)a] (m fuo)?
Integrating over a cross section for I,
2 2wadi,, Ber'(V2a/6)+j Bei'(V2a/6) 23)
* 7 V8 Ber(VIa/5)+j BeilvZa/d)
Hence,
tea V2R, Ber(V2a/8)+j Bei(V2a/$) 24)
T aI,_J 2ma Ber'(VZa/8)+ 4 Bei’(\/fa/é)’
with
1
R,=—=(nfu/o).
ad
At high frequencies,
Zi=R,/2ma(14j), (25)
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and at very low frequencies,

Zi=(1/d%)+ j15k. (26)

THE INPUT IMPEDANCE

Returning to (15), since the current has been postu-
lated continuous through the slice generator of negli-
gible thickness, by writing

I-de=I,f(P)dl,
substitution from (19) yields

_ d 60m -
Wo=%Z.-iIo|2f |f(P)|2dl+j7f<)A-I*dV, @7
e v

with 4 given by the integration of the retarded current
over the volume of the wire with the exception of the
cross section included in the element *dV.

Now write,

T ook ize(le) 2
fOAL dV=f° f = dVa |-t dVl,
v vikvve

Vi=V,=7,

(28)

in which the subscripts are introduced for distinguishing
between the operations to be carried out at two dif-
ferent positions along the wire.

Furthermore, write

128V 3= 19d.S2dFs= (12 db_gta)df"z,
0dV,=udSdr = (Zl ¢ de)dﬁ.

But df, and df; also should actually be integrated
cross sectionally along with ©; and t. However, if
ka1, they may be assumed essentially independent
of their radial positions. Nevertheless, the question
arises as to where their radial positions should be chosen.
Choosing both positions along the same path is equiva-
lent to postulating an infinitely thin wire and yields an
infinite reactance. The conventional choice assumes
one path along the axis and the other along the surface
of the wire. If this is done, since t; is a function of posi-
tion two whereas the differentiations required by the
operator (O, are to be performed at position one,

(29)

f()A-?*dV
14

-t £ ([ )

X (j;lzl* : dSl) Oile(ra)dr]-diy
|

Io 2
41rl fi- f P fPY*O[elra)dra]-dFr.  (30)

By selecting df, along the axis of the wire with df,
along the inner periphery, substitution from (30) into
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U AL )
e Py ;Fa d
T =Ty
f Pg dT4 ¢

! ))

FiG. 3. Two indirectly coupled circuits.

(27) yields
o d 15
Wa=izi Ll § AP a1l

d d
X-f; f f(Pz)f(Pl)*oIEe(le)df'zj.df-h (31)

from which it is possible to write an input impedance.
However, if the path selections were reversed, the ex-
pression for the complex power would become

- d 15
WumiziLil* § B Dl

4 pd
xf f f(P)f(Po)*O ol e(rig)diy]-dfs.  (32)

It may be demonstrated that,!
<> l[e(le)df‘z:] -dfy = <> 2[6(712)‘17-:1] i d?"e, (33)

which is the reciprocity theorem for the electromotive
force and a current moment. Hence, it becomes ap-
parent that unless the current distribution function
becomes real, the two different selections seemingly
yield different expressions for the complex power. To
remove this seemingly paradoxical result, the final form
for the complex power will be taken as the arithmetic
mean of the powers for the two different choices. That is,

W=3(Wit+Wa), (34)

or if f, is the spatial root-mean-square current dis-
tribution and / is the length of the circuit, it follows
from (14), (33), and (34), that since

(P f(P)*+ f(P2) f(P1)*]

N =Re[ f(P1) f(P2)*]=Re[ f(P2) f(P1)*], (35)
then
30 d d
Zo=lZ.-f,,.2+j—; f f Re[ f(P1)*f(P2)]
X <> 1[8(1’21)(17-'2] . dfl. (36)

COUPLED CIRCUITS
For two indirectly coupled circuits, such as for two
open wire antennas (Fig. 3), the field applied to circuit

1 J. G. Chaney, “On the generalized circuit theory as applied to
antennas and radiating lines,” U. S. Naval Postgraduate School,
Research Paper No. 1 (March, 1951).

JESSE GERALD CHANEY

one now consists of that applied from the slice generator

plus that supplied from the currents and charges in

circuit two. In other words, the resultant field &,
becomes

E1=E01+E12+Ei1, (37)
with
I - b toe(ra)
Bo=—01An, A= f “dV,.  (38)
k Vo 47!'
Similarly, T Y
E:=Ey+Ea+Ei, (39)
with
I T » t1e(r12)
E21='j“<>21121, A21=f —dV,. (40)
jk vi 4w

Letting W, and W, represent the complex powers
of circuits one and two, respectively, and using the
additional subscripts three and four, respectively, for
indicating the order of path selections within the in-
dividual circuits, '

Wm:%zﬁlexm?[[oxlz
15
+J‘k—|1m|2_£ffl(1’1)*f1(?3)
15
X O 1le(rs)ds]- d7"1+j—k‘(101*102)

Xfffl(})l)*_ﬁ(f’!)o WLe(ra)dia]-dfy, (41)

W24=%Zizl2f2m2|102|2

15
+]’k—|Iozl z‘f;‘-{fz(Pz) fz(P4)

15
X O ale(ran)dre]- df'z‘i‘]'; (TorLo2™)

X ﬁff 2(P2)*f1(P1) O o e(r12)diy]-da.  (42)

Multiplying (41) by 2/Is* and (42) by 2/I¢*, a pair
of mesh equations is obtained as follows:

I Ol[z‘lllf x#‘f‘j?fﬁf 1(P1)*f1(Ps)

30
X0 ,[e(ru)dﬁ]-dh]-i-f oz[]‘; f f; F1(P)*fo(Ps)

X 01[6(f21)d7"z]'d7"1]= Voi (43)
Im[j? $ & 1Pon®0 Lot on

30
+Io,[z;,zzf,., -+ ]; }{ _f Sa(P2)*fo(Py)

X <> 2[6(1‘42)(17-'4] . dfl] =V (44)
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or
IOlzla+IOZZﬂ/= VOI
IOlZ2ll+ IOZZM i V02-

(45)

Again, inspection reveals that the self impedances
are a function of the path selections and that the
mutual impedances are asymmetric in the subscripts.
But the reciprocity theorem? requires that

Z21=ZI2-

In other words, the two current distribution functions
are not mutually independent. Hence, the final forms
of the equations again will be taken as the arithmetic
means of the equations formed by the different orders
of path selections, along with the interchanging of
Zs' and Z1y' in one set. Thus,

IDI% (Z13+Zal)+102%(212,+Z21’) = VOI,

L ST I B b 2= Vg, O
or
101Z11+ IO2Z12 == VOI,
InZo+TonZon= Voo, e
with
30
Zn= Z‘lllfm2+j;ffReU1(Pl)*fl (Pa)]
1 3
30 X <> 1[e(r31)di‘;:| L di'l,
Zyo=Zighf Zmz'l'ij fRe[fz(P 2)*f2(P4) ]
2 4
X <> 2[8(1’42)(17-'4] . d7_'2,
30
Zn=Zn'-‘f;ff]zer_fl(l’l)*fz(f’z)]
2
X <> 1[8(7’21)(17—'2] B d7-'1. (48)

The circuit equations already formulated hold for any
frequency provided the radius is small in comparison
with the circuit length and provided k2«1, and also,
provided the circuit is within an isotropic medium and
due cognizance is taken of the values of u and ¢, the
latter having been taken above for free space. However,
it is suggested that in cases where proximity effect
should be considered, the actual path should be re-
placed by the centroidal current path. This would be
equivalent to changing the radius of the wire, or in the
mutual case, to slightly changing the spacing of the
wires.

LUMPED ELEMENTS

If the current fails to vanish at the ends of a wire,
Zy in (36) contains a transfer capacitative reactance,
which may be illustrated by postulating

f(P)=1, e<P<d
f(P)=0, d<P<e

|e=ikma| =1,

(49)

2 A. G. Clavier, Proc. Inst. Radio Engrs. 38, 1, 69 (1950).
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Thus

30 4 ,d
];f f Oile(ra)drs]-dr,
1 4 pd dry
~— ffvl(vl-—)-dﬁ
Jwegdm e e To1
. d 4 dfy- diy
+]wuof f . (50)
. L} ] 41]‘)’21
Since

dfq 1 1 1
Vl' — (Vl—‘) 'd‘l-'2+"—V1‘d7-'2= = (Vz—“) 'df"z,

721 721 721 Ta21

and since Neumann’s formula appears within the last
term,

30 d d diy
j—ffol(—)-dn
kJe r21

1

o 1. 1
f Vl '—'——) 'df'r‘!‘ij
Jwegdmd ¢ Ta1 Ta

1 1 1 1 1 )

=- (—___—"I“_" +.7‘*’L

]weo41r Tdd Tde Ted 7ee

2r 1 »1 1
=_[__(__ _)]+ full (s1)

Jjoldmeg\a 14,

2 L (52)
=""‘+j"~’ y

jwC

where

1. 1 (1 1 )

C 4r € \Q T4,
is the elastance of a spherical capacitor having an inner
radius equivalent to the radius of the wire, and an
outer radius equivalent to the distance between the
ends of the wire. Two such capacitors appear in series
since the integration passes twice around the circuit
(Fig. 4).

If the circuit includes lumped elements, or con-
centrated R, L, and C, then R and L will appear merely
by choosing the proper values of ¢ and u over the re-
sistor and inductor, respectively. However, due to the
presence of the capacitor, the peak energy stored within
the internal electric field of the circuit now exceeds
that stored within the electric field contained within
the wire itself. But the expressions for the complete
power W implies that all the energy of the electric
field within the circuit itself must be within the wire.
Hence, the reactive power of the capacitor must be
subtracted from W;. Thus, if V' now represents the
volume within the capacitor, W, must contain the
additional term — jw(e/2) fv | E|%dV’. For example, for
a capacitor formed by two parallel plates of area S
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VR E=

Fic. 4. Equivalent end capacitor.

and separated a distance s, inserted between terminals
d and e,

jwe & e chlz
Al EdV’=—]——-—=—%JwClV [2
2 Jy, 2y
1 (juCV)(—juCV *) 1 [Lof(d)[Ie*f(e)*]
2 ol 2 jwC
BF e 69
2juC
in which

C=Se/s, fe=f(d)=](e).

Since the current has been postulated continuous
through both the generator and the capacitor, if the
axial dimensions of the resistor and the capacitor are
excluded from /, the input impedance Z, becomes

| fe|?

Zo=R|f,|*+
o=R|f| o

+1Z fn*

i f G ROEIIEII0 LeetiriTar, (9

with jwL for the inductor given by the integration of the
last term over that portion of the circuit forming the
inductor. Thus, for a circuit having f(P)=1 and | kra|
«1, Z, reduces to

1
Zo=R+j(wL— —)+zz.-, (55)
wC

diy-diy
L=u f f -
1J2 4g7rye

It becomes apparent that antenna circuits may be
thought of in the same manner as low frequency lumped
network circuits. Of course, in practice, the impedance
formulas will require an a priori assumption of current
distributions, which is sufficient for many engineering
purposes, but not too accurate for certain broad band
types of antennas. This method of finding the driving
point impedance of an antenna array when postulating
sinusoidal currents in open wire antennas is commonly
referred to as the Carter circuit method.?

with

3 P. S. Carter, Proc. Inst. Radio Engrs. 20, 1004 (1932).

JESSE GERALD CHANEY

OTHER CONVENTIONAL METHODS

It is quite interesting to note how some of the more
conventional methods for finding antenna impedances
and radiation resistances appear from the original for-
mulation of the complex power expressions.

Suppose the antenna is well constructed so that the
internal impedance is negligible with respect to the
radiation or intrinsic impedance. Then, from (15),

1p_ 1rrm
: f By vhdV=—- f By, (56)
2Jy 2Jy
or from (13) and (14), this is frequently written
1 -
7t f Bi-vdv
| Zo|*
1 gkl
=— fE;-I*dl. (57)
| Zo|?

Upon substituting from (10), this becomes the con-
ventional method of taking the self impedance as the
mutual impedance between the axis and an element on
the surface, or if the paths are both chosen along the
axis, it becomes the induced emf method for finding the
radiation resistance R, as

1 e ..
R.=Re O A Trae . (58)
[ 7o|? k :
Also, since within the wire,
VX H*~*, (59)
1 = =
R,=—Re[ f E.--va*dV]
| Zo|2Jv

1 L
= Re[ f V-(ExH*)dV]
[Lo]? Ly

1 — e S
110!2&[ j; ExA -dS], (60)

which is the Poynting vector method for finding the
radiation resistance.

Another interesting concept following from Z;~0
and the resulting equation,

E_=Eo+.E_i=0,

is that the Poynting vector integration over the surface
of the wire vanishes; that is, the power flow into the
wire balances the power flow outward through the
surface of the wire. But from (8), (9), and (56),

Py-dS/= f Py-ds, (61)
S

Sr
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with S’ being the surface enclosing the gap and with
S being the surface enclosing the wire. Hence, it is
frequently concluded that the radiation from an an-
tenna actually occurs at the gap.

Also, there is no conflict between the integral equa-
tion method for finding the driving point impedance of
an antenna array and the circuit concept considered
herein. For, consider the complex power density as
given in (27) with the last term again taken as in (57).
In other words, now let Wy be the total power density
per unit length with /s'E;-t*dS’ replaced by E;-I*,
that is, B _

W01=—%Z,'|I|2—%E¢'I*. (62)
Integration along the wire with the current constant
through the infinitely thin slice yields

o L Fr L o g
W01=§f (Z(I—E.')*I*dl,

18t 177 o o s
_Ef EDIO*-d7‘=§f (Z:I—E;)-I*dl. (63)

Then, since _the right member includes the slice, the
expression Z,/—FE; may be assumed to vanish along
the wire with a discontinuity in the scalar potential of
d»— . existing at the gap. This, for a straight cylindrical
antenna, yields the following differential equation in
the vector potential 4,

or

(0°4 :/0z%)+ kA .= jweZiT ., (64)
which is the equation usually obtained in the integral
equation method by matching the external field to the
internal field at the surface of the wire.4

By the integral equation method for finding the
driving point impedance, an @ priori current distribu-
tion is not postulated, and the mutual impedance of
two antennas otherwise unaltered varies within the
presence of other antennas. This variation in the mutual
impedance also theoretically occurs in the Carter cir-
cuit method, for the current distribution functions are
not assumed independent and the mutual impedances
are subjected to the reciprocity theorem. However, in
numerical applications using the circuit method, the
current distribution is postulated a priori, which causes
the mutual impedances to remain unaltered within the
presence of other antennas. This approximation usually
is sufficiently accurate for multiple arrays to more than
offset the increased difficulty and approximations en-
countered in the integral equation method of deter-
mining the solution.

However, the theoretical circuit equations developed
herein hold true even if the exact current distributions
are first determined by some method such as the in-

4R. King and C. W. Harrison, Jr., Proc. Inst. Radio Engrs. 31,
10, 548 (1943).
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tegral equation method, thus relating the integral equa-
tion concept to the more corventional circuit concept.

APPENDIX

Let 72 be the radius vector from a point P; to another distinct
point P; within a three-dimensional space, and let y(rs1) be a
function twice differentiable, then Chaney’s identity may be
stated,!

A1+ Vi[ V1§ (ra)@s]=as Vo[ V2 Y (ri)di], (65)

where @; and @ are any two unit vectors at points P, and P,
respectively, where the subscripts on the vector operators indicate
the points at which the differentiations occur, and where

Fla=—fa, ru=|ful.

From (65), it immediately follows that
-ﬂ—olozfz(Pz) O1le(ra)die]-diy
L3
== T0ofo(P) Oale(ri)d]-df,  (66)
Jawk

where To:f2(Pa) is the current at P, where

e(riz) =e"ikrafrqy,

o=V[v-+#], k=2r/A.

The left member of (66) gives the emf acting within a circuit
element at P; due to a current moment at P,, and the right mem-
ber gives the emf acting within a circuit element at P; due to the
removal of the current moment from P, to P,. Hence, Eq. (66) is
an analytic statement of the reciprocity theorem.

Also, from (66),

and where

f 3.—01' 02f2(P2) 0 1[e(rn)di]-diy
2 Ik

= fﬂlo:fz(Pz) O2Le(riz)di ] -drs.  (67)
, Tk

The left member of (67) gives the resultant emf at P, due to all
the current in circuit fwo and the right member gives the total
emf that would act around circuit fwo if each current moment of
{wo were at P,.

From (67),

M }{ f FUPY P oiLelran)die]-dfs
M }[ f F(PYSPr) 0L elra)dri]-dfa. (68)

Now, the left member of (68) gives the additional complex
power which must be supplied by the generator of circuit one be-
cause of the presence of circuit fwo, provided the current in one
is maintained the same as it was before circuit fwoe was moved
into place. However, this is physically impossible because the cur-
rent distribution in one is actually altered by the presence of cir-
cuit fwo. The right member of (68) gives the complex power re-
sulting from considering each current element of fwo removed to
each point of one and finding the emf around fwo corresponding to
each position of one, and then assuming this emf is acting at the
corresponding point in one. In short, the right member transforms
circuit fwo into circuit one.

A reversal of the order of the above integration yields,

15101102 fffl(Pl)fz(Pn)*()z[a(ru)d"l] -dfs
Mﬂ*_ff SP)f2(Po)* 0:[e(ria)drs]- dis.

(69)
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Fig. 5. Curvilinear rectangles.

Thus, from (68) and (69), each generator sees its own circuit
plus the other circuit transformed into its own circuit. Indeed, it
might be stated that it is this transformation which causes the
current distributions to alter in such a manner as to bring about
an equality of the two mutual impedances.

Now consider the applied voltage to exist only in circuit fwo
at position Pgs. The voltage at a point Py, is given by the negative
left member of (67). If the circuit element at Py, is replaced by
the applied voltage Vs, as far as the circuits are concerned, this
is equivalent to interchanging the emf in the elements of Py; and
Pya. Hence, from (66), the current at Pp; becomes the same as
the current that formerly existed at Po;. Thus, one obtains the
system of equations,

VESVATE F (VAT =0
InZa~+TwZ2 —Vy=0 (70)
InZyz +In'Zy—V2=0
InZo FIa'Zn =0

for which a necessary and sufficient condition for their having a
solution is that? Zy3=2Z,).
The equality of Z;; and Zj, requires that

fffl(Pl)*fz(Pz) O1[e(ra)diz]-di
1J:
=fffl(Pl)fZ(Pz)*02[6{7’12”7‘1]-di‘g.
1J 2

In terms of arc lengths, by letting
df1=d§1, df‘z=d§2, dl-dg=cos[0(sl, Sz)],
e(riz) = g(s1, s2) =g(s2, 1) =erar),

Eq. (71) may be written as

()

L gels —g
fo e A Pat cost s, s,

352051

2 ol = g%
= f Sl e[ stk cos Jgts, sadsidss, (72)
(1] 0

which may be interpreted as integrations over curvilinear rec-
tangles (Fig. 5). Since

Sils) falsa)*= [fi(s1)*fa(s2) I*
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Fi16. 6. Curvilinear square.

and

__32 _az
k2 cos6 | g(sz, 1) = | ——— -k cos@
[aslas,+ cos ]g(Sz 51) [aszas1+ cos ]g(s;, 51),

it follows that the current distribution functions must be such that

Lol
; —9? -
j; A Sils1)*fa(s2) [6:16S2+k2 coso]g(Sg, 51)dsqds,

1 12 —
= AI; ﬁ ReUl(Sl)*fz(Sz)][m-i-kz COS9]g(Sl, Sz)d&ld&. (73)

The retention of only the real part of the product current func-
tions in (36) may similarly be justified. Here, the functional forms
are the same. Letting

Sls)*f(s2) =uls, 52) +v(s1, 52),
the integral of (31) may be written

4 [
A= f f JPO*f(P2) 01l e(ra)diz]-diy

Y gt
- *
_J; J; 1) f(s2)|:6ﬁas2+k2 coso]g(sl, sdduads

or
A= (f +f )EuCSu s2)+ju(sy, 52) ]
Si S

—&
2
X [ aslas{"k coso]g(sl, sa)dsadsy, (74)

where S is the surface below the diagonal of the curvilinear
square and S is the surface above the diagonal (Fig. 6).

Integrating simultaneously over positions symmetric with re-
spect to the diagonal and considering

Sls2)*f(s1) =ulsy, 52— ju(sy, 52),

—a
A= 2];11;(:1, s2) [651 asg+k’ coso] g(s1, s2)dsadsy

d d
= f f RBU(Px)*f(Pz)]O 1[6(’21)d7"z:|' dry. (75)
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