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Abstract The sub-grid scale probability density function equation is rearranged in order
to separate the resolved and sub-grid-scale (sgs) contributions to the sgs mixing term.
This allows modelling that is consistent with the limiting case of negligible sub-grid
scale variations, a property required for applications to laboratory premixed flames. The
new method is applied to the Cambridge Stratified Swirl Burner for 6 operating condi-
tions, 2 isothermal and 4 burning, with varying degrees of swirl and mixture stratification.
The simulations are performed with the Large Eddy Simulation (LES) code BOFFIN in
which the modelled pdf transport equation is solved using the Eulerian stochastic field
method. Eight stochastic fields are used to account for the influence of the sub-grid
fluctuations and the chemistry is modelled with a reduced version of the GRI 3.0 mech-
anism for methane involving 19 species and 15 reaction steps. The simulated velocities
for both the isothermal and burning cases show good agreement with the experimental
data. The measured temperature and major species profiles are also reproduced to a good
accuracy.
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1 Introduction

Legislation governing pollutant emissions has promoted a development trend away from
high temperature stoichiometric combustion towards lean premixed combustion. This mode
delivers lower temperatures and complete combustion, resulting in lower emissions of, for
example carbon monoxide and oxides of nitrogen. Time and space requirements on such
combustion devices may pose constraints that influence the premixing of the fuel and
oxidiser, resulting in an inhomogeneous mixture prior to combustion; this may lead to com-
bustion taking place under partially premixed conditions. In the absence of non-premixed
combustion this may also be referred to as stratified combustion, where the equivalence
ratio of the mixture exhibits a spatial gradient.

In order to further develop such systems it is important to investigate the fundamen-
tal properties of stratified combustion in simple test cases such as the stratified V-Flame
[1–3] and gain the ability to accurately predict the behaviour of flames under these condi-
tions, as their properties remain relatively poorly characterised and understood compared
to other combustion regimes [4]. Findings from such studies have shown deviations from
homogeneous systems with increased lean flammability limits, increased variations in burn-
ing velocity, higher flame propagation rates along with increased flame wrinkling and
flame thinning. However, typical gas turbine combustion chambers for example feature
complex geometries with a range of turbulent flows and physical conditions and gen-
erally use swirl as a means of improving mixing, as well as stabilising and shortening
the flames.

The Cambridge Stratified Swirl Burner [5, 6] provides a flame series that allows for the
numerical investigation of flames operating at laboratory conditions closer to those of an
industrial configuration, while providing detailed experimental data against which to val-
idate models. Large eddy simulation is now a practical tool for modelling the interaction
of turbulence and chemistry and previous numerical investigations into the non-swirling
flames of the Cambridge Stratified Swirl Burner have been conducted, using various
flamelet approaches, by amongst others [7] and [8]. The flames considered, while tur-
bulent, have relatively low Reynolds numbers with the consequence that sgs fluctuations
are often negligible over substantial regions of the flames. In these circumstances it is
necessary that any model behaves correctly in the limit of sgs variations approaching
zero, the so-called DNS limit. The present work utilises the sub-grid scale probability
density function (pdf ) approach, which is rearranged so that the resolved and sgs contribu-
tions are separated. This allows the unclosed terms to be modelled so that they approach
zero as the sgs fluctuations approach zero such that the pdf approaches a Dirac delta-
function, i.e. the DNS limit. The resulting closed form of the pdf equation is then solved
using the Eulerian stochastic fields, which has been implemented in the block-structured
finite-volume code BOFFIN-LES. The pdf and stochastic field method do not involve
any assumptions related to any particular combustion regime and the method has pre-
viously successfully been applied to a range of non-premixed, partially premixed and
fully premixed flames including, for example, auto-ignition [9], the Sandia Flame Series
[10], spark ignition [11], partially premixed combustion [12] and recently to an industrial
gas-turbine [13].

The aim of the present work is to numerically investigate the influence of mixture strati-
fication on turbulent swirling flames and further validate the pdf equation / stochastic field
method in the context of premixed stratified combustion.



Flow Turbulence Combust (2016) 96:965–985 967

2 Large Eddy Simulation and the Stochastic Field Method

The filtered continuity and Navier-Stokes equations and the filtered form of the trans-
port equation for any scalar, φα such as enthalpy or species’ mass fraction are derived by
applying a density weighted ‘top-hat’ filter resulting in the following:

∂ρ̄

∂t
+ ∂ρ̄ũi
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The sub-grid scale (sgs) stress, defined as τij = −ρ̄(ũiuj − ũi ũj ) is closed using a dynamic
version of the Smagorinsky model [14]:
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volume and the parameter Cs is obtained through the dynamic procedure of Piomelli and
Liu [15]. As with the viscous stress the isotropic part of the sgs stress is adsorbed into the
pressure.

The main difficulty in LES of combustion processes is the closure of the filtered chem-
ical source term appearing in Equation (3). For this it is possible to use a one-point joint
filtered pdf for all the scalar quantities required to describe the reaction. The transport
equation of such a pdf provides a means of describing the temporal and spatial varia-
tion of the scalars one-point statistics and has the advantage that the chemical source
term appears in closed form. Using the filtering operation and following Gao and O’Brien
[16] unweighted and density weighted sgs (or filtered) pdfs for the Ns scalar quanti-
ties needed to describe reaction (the number of species considered plus enthalpy) can
be defined:
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= ∏Ns

α=1 δ (ψα − φα (x, t)) is a fine-grained pdf and ψ represents the

phase or sample space of the scalar quantities φ. Providing the filter in Equation (4) is
positive definite then the pdf, P describes the probability of ψ < φ ≤ ψ + dψ arising
within the filter ‘volume’. An exact evolution equation for this quantity can then be derived,
e.g. [16–18], from the appropriate conservation equations by standard methods.

The flames to be considered in the present study have relatively low Reynolds numbers
and sgs fluctuations can be very small or zero in some regions of the flow. In these circum-
stances it is important that the sgs-pdf behaves correctly in the limit of small and zero sgs
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fluctuations. For this reason the derivation and modelling of the evolution equation for P is
considered further in the present paper and the exact equation for P̃ is thus written in the
form:
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where σ is the Prandtl or Schmidt number, assumed constant and equal and where the influ-
ence of sgs fluctuations on the viscosity, μ have been neglected. It is worth noting that P̃

like the Dirac delta function, δ(. . . ) is a generalised function, defined only in terms of its
integral properties; the terms in Equation (5) are defined only when written in integrated
form. In Equation (5) the resolved contributions to the advection and the sgs molecular dif-
fusion/mixing terms have been added to both sides of the equation with the consequence that
the rhs of the equation involves contributions from sgs fluctuations only; identically zero if
sgs variations are zero, i.e. the variations in all relevant quantities over the filter volume are
negligible. The final term on the rhs of the equation, the diffusive mixing term, approaches
zero as the variation in the φ’s over the filter ‘volume’ become linear. The shape of the pdf
in this latter limit and with velocity and density constant over the filter ‘volume’ depends
on the choice of filter. For the ‘top-hat’ filter presently used the pdf becomes uniformly
distributed between the minimum and maximum values arising at the ‘edges’ of the filter
‘volume’. In the DNS limit where the governing equations are solved without approxima-
tion the filtering operation has negligible influence and the pdf reduces to the fine-grained
pdf.

The lhs of the equation involves only known terms whereas the rhs requires modelling
in LES. This separation of terms is common practice for the advection term but to date it
does not seem to have been applied to the diffusive mixing term. A further consequence of
the approach is that the P̃ equation becomes exact in the limit that sgs variations are zero.
For example the equation for the second moment of a scalar becomes:
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The right hand side of equation (5) is approximated by a simple gradient closure directly
analogous to the Smagorinsky model:
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where σsgs is a constant turbulent Prandtl/Schmidt number assigned the value 0.7, [19].
The final term in equation (5) represents sub-grid scale mixing and describes the effect
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of molecular diffusion on P̃ (ψ). In the present work the Linear Mean Square estimation
(LMSE) closure [20–22] is adopted. Thus the final term in equation (5) is replaced by:

Cd

τsgs

Ns∑
α=1

∂

∂ψα

[(
ψα − φ̃α(x, t)

)
ρP̃ (ψ)

]
(7)

It is to be noted that the LMSE model does not satisfy the limiting property of approaching
zero as the variation in the φ’s over the filter volume become linear; the construction of
such a model appears difficult and is beyond the scope of the present paper. Also the model
for the sgs diffusive mixing term should be such that the pdf collapses instantaneously to
a Dirac δ-function in the limit of the sgs variations approaching zero, i.e. in well resolved
regions of the flow or where the DNS limit is achieved. In this limiting case the time scale
τsgs should tend to zero. The sgs viscosity provides a measure of sgs fluctuations and this
can be used to ensure the desired limiting behaviour. A dynamic model is used to determine
Cs and a zero value of this implies no sgs variations. Thus analogous to [12] a modified
time scale is employed:

τsgs = ρ
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)
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whereR is a sgs turbulence Reynolds number defined as μsgs/μ. This modified time scale
has the desired limiting behaviour τsgs → 0 as μsgs → 0 with the consequence that the
pdf will tend towards a Dirac δ-function. The model provides increased micro-mixing in
regions where the sgs fluctuations are small although the modification becomes effective
only if the sgs viscosity is comparable with or small compared to the molecular viscosity.

The closed form of equation (5) describing the evolution of the pdf with closures (6)–
(8) is solved using the Eulerian stochastic field method, [9]. P̃ (ψ) is represented by an
ensemble of Ns stochastic fields for each of the N scalars namely ξn

α (x, t) with 1 ≤ n ≤ Ns ;
1 ≤ α ≤ N . In the present work the Itô formulation of the stochastic integral is adopted and
the stochastic fields thus evolve according to:
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where dWn
i represents increments of a vector Wiener process, different for each field but

independent of the spatial location x. This stochastic term has no effect on the first moments
(or filtered values) of ξn

α but exerts a strong influence on the shape and ‘width’ of the
pdf. It is worth noting, that unlike earlier formulations, the stochastic term now depends
only on the sub-grid viscosity and is thus zero in the event of no sub-grid variations. The
Wiener process is approximated by time-step increments ηn

i

√
dt , where ηn

i is a {−1, +1}
dichotomic random vector. The solutions of equation (9) preserve any bound properties of
the scalar in question as the gradient of the scalar will tend to zero as the value of the scalar
approaches extrema values, [23] and therefore the stochastic contribution will tend to zero.
The solutions for each field will satisfy all the mass conservation and bound properties of
the modelled pdf equation (5). For each field, for example, the species mass fractions will
remain positive and will sum to unity. For a large number of fields the filtered value of the
stochastic term will tend to zero. The solutions of the stochastic field equation (9) form an
equivalent stochastic system (both sets have the same one-point pdf, [24]) smooth on the
scale of the filter width. All the moments resulting from the stochastic differential equations
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and from the direct solutions of the modelled form of equation (5) will be identical. All of
the moments of the scalar fields were obtained by averaging over the stochastic fields as
appropriate. For example all first moments were obtained from:

φ̃α = 1

N

N∑
n=1

ξn
α (10)

A form similar to Equation (9) is proposed in [25]. A Reynolds decomposition is applied
to the exact equation for P̃ , thus effectively separating out the turbulent contribution to
diffusive mixing. While the proposal of [25] is consistent with an entirely laminar flow
when extended to LES, it does not ensure that the pdf collapses to a Dirac delta function in
any region of a turbulent flame where the flow becomes laminar, i.e. where sgs fluctuations
become negligible.

3 Cambridge Stratified Swirl Burner and Computational Setup

The burner configuration under investigation is the Cambridge Stratified Swirl Burner. The
results of the experiments are reported in [5, 6, 26]. The burner consists of a central bluff
body surrounded by two concentric annular channels and a co-flow assembly to prevent
entrainment of ambient air. A schematic of the burner is shown in Fig. 1, including the
approximate location of the flame brush indicated by the dashed lines. Each annulus sup-
plies a stream of premixed methane/air mixture, the equivalence ratios of which can be
varied. The average equivalence ratio is maintained at φavg = 0.75. The outer annulus can
additionally introduce swirl with different degrees of swirl to flow ratio (SFR). The SFR is
defined as the ratio of flow rate passing through the swirler passage to the axial flow rate.
The flow in the outer annulus has a mean velocity of Uo = 18.7m/s, in the inner annulus
of Ui = 8.7m/s and the co-flow air of Uco = 0.4m/s. The Reynolds numbers based on
these velocities and the annuli exits are Reo = 11500 and Rei = 5960 for the outer and
inner annuli respectively. The burner is unconfined and the flame is stabilised at the central

Fig. 1 Schematic of the Cambridge Stratified Swirl Burner geometry
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Table 1 Stratification-ratios and swirl-flow-ratios for different operating conditions

Case φinner /φouter SFR

cSwB1 isothermal 0.0

cSwB3 isothermal 0.33

SwB1 0.75/0.75 = 1.0 0.0

SwB3 0.75/0.75 = 1.0 0.33

SwB5 1.0/0.5 = 2.0 0.0

SwB7 1.0/0.5 = 2.0 0.33

bluff body. The Damköhler number is estimated, [27] to be between 0.89 and 1.24 and the
Karlowitz number between 93 and 215. Under these conditions the flame falls into the thin
reaction zone regime. The configurations investigated in the work presented here are the
non-swirling and highly swirling, premixed and moderately stratified cases, the operating
conditions of which are summarised in Table 1.

Extensive velocity, temperature and mass fraction measurements are available at incre-
ments of 10mm above the burner exit. Velocity measurements were obtained with Laser
Doppler Anemometry (LDA) as well as Particle Image Velocimetry (PIV), while Rayleigh
and Raman scattering line measurements provide the temperature and major species respec-
tively. Flows involving an annular bluff body are sensitive to the alignment of the ducts
and even minor deviations can result in asymmetric flow behaviour. This is reflected in the
measured profiles and was also reported in [7].

The computational domain used includes 25mm of the annuli upstream of the bluff body
in order to better capture the flow conditions at the burner exit. The domain extends 300mm
downstream of the bluff body in the axial direction and 200mm in the radial directions. The
mesh used, slices of which are shown in Fig. 2, consists of approximately four million nodes
divided into 163 blocks, resulting in an average mesh spacing of about 0.3mm in the vicinity
of the bluff body. The boundaries consist of two inlets (three if the large, low velocity coflow
is included), zero-gradient outflow conditions, adiabatic and Neumann no slip conditions
with a wall function at the bluff body and annuli walls and free slip conditions on all other
boundaries.

To characterise the inflow conditions a digital inflow generator is used to model the effect
of the turbulence at the inner and outer annuli exits of the burner. Experimental velocity

Fig. 2 Slices through the computational mesh
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Fig. 3 Comparison of axial (U), radial (V) and tangential (W) mean and rms (u,v,w) velocities for the
isothermal, non-swirling case, cSwB1



Flow Turbulence Combust (2016) 96:965–985 973

0 10 20 30

0

10

20

U mean @ 2mm

0 10 20 30
−2

0

2
V mean @ 2mm

0 10 20 30
0

5

10

15
W mean @ 2mm

0 10 20 30

0

10

20

U mean @ 10mm

0 10 20 30
−2

0

2
V mean @ 10mm

0 10 20 30
0

5

10

15
W mean @ 10mm

0 10 20 30

0

10

20

U mean @ 30mm

0 10 20 30
−2

0

2
V mean @ 30mm

0 20 40
0

5

10

15
W mean @ 30mm

0 10 20 30

0

10

20

U mean @ 50mm

0 10 20 30
−2

0

2
V mean @ 50mm

0 20 40
0

5

10

15
W mean @ 50mm

(a) Profiles of mean velocity components

0 10 20 30
0

2

4

u rms @ 2mm

0 10 20 30
0

2

4

v rms @ 2mm

0 10 20 30
0

2

4

w rms @ 2mm

0 10 20 30
0

2

4

u rms @ 10mm

0 10 20 30
0

2

4

v rms @ 10mm

0 10 20 30
0

2

4

w rms @ 10mm

0 10 20 30
0

2

4

u rms @ 30mm

0 10 20 30
0

2

4

v rms @ 30mm

0 20 40
0

2

4

w rms @ 30mm

0 10 20 30
0

2

4

u rms @ 50mm

0 10 20 30
0

2

4

v rms @ 50mm

0 20 40
0

2

4

w rms @ 50mm

(b) Profiles of rms velocity components

Fig. 4 Comparison of axial (U), radial (V) and tangential (W) mean and rms (u,v,w) velocities for the
isothermal, highly swirling case with SFR = 0.33, cSwB3
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Fig. 5 Instantaneous snapshots
(top halves of individual images)
and mean shots (bottom halves of
individual images) of methane
concentration of the four burning
cases. From left to right, top to
bottom: SwB1: premixed,
non-swirling, SwB3: premixed,
swirl-flow-ratio = 0.33, SwB5:
stratification ratio
= 1.0/0.5 = 2, non-swirling and
SwB7: stratification ratio
= 1.0/0.5 = 2, swirl-flow-ratio
= 0.33 (a) SwB1

(b) SwB3

(c) SwB5

(d) SwB7
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measurements at 2mm above the bluff body are imposed on the generated turbulence and
applied to the domain inlets. No turbulence was added to the co-flow. A detailed description
of the method can be found in [28]. The species’ concentrations at the inlets are assumed
to be homogeneous. A detailed augmented reduced version of the GRI 3.0 mechanism, [29]
with 15 reaction steps and 19 species is employed for the chemistry. For the burning cases
eight stochastic fields are utilised to represent the sgs contributions. The simulations are
initialised with a single stochastic field and a spark model is used to initiate combustion,
after which the simulations are allowed to settle before switching to 8 stochastic fields and
eventually gathering statistics over the duration of at least 2 full domain flow through times
based on the averaged inlet velocity of the inner annulus.
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Fig. 6 Comparison of axial (U), radial (V) and tangential (W) mean and rms (u,v,w) velocities for the
stratified burning, non-swirling case, SwB1
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4 Results and Discussion

Results for the mean and fluctuating velocities of both the isothermal and burning cases as
well as temperature and major species for the burning cases are presented at three measure-
ment locations downstream of the bluff body: 10, 30 and 50 mm. The isothermal results
also include a comparison of data at 2mm downstream of the bluff body.

Figures 3 and 4 compare simulation results (solid line) with experimental data (crosses)
for all mean and fluctuating velocity components of the isothermal non-swirling, cSwB1,
and highly swirling, cSwB3, cases. A small under prediction of the swirl is observed in
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Fig. 7 Comparison of axial (U), radial (V) and tangential (W) mean and rms (u,v,w) velocities for the
stratified burning, swirling case, SwB3
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Fig. 4, likely due to loss of angular momentum by inclusion of part of the annuli. The results
show good agreement for both cases and serve to support the choice of inflow conditions
and mesh spacing.

Figures 6, 7, 8, 9 show mean and fluctuating velocities for the four burning cases SwB1,
SwB3, SwB5 and SwB7 respectively. For both non-swirling cases, SwB1 and SwB5, the
axial velocities are reproduced well, including the recirculation zone in the wake of the bluff
body. The radial velocities (V) are slightly over-estimated at the furthest downstream loca-
tion, which will be reflected in the scalar measurements. For the swirling cases, SwB3 and
SwB7, the simulated tangential velocities (W) are slightly too low compared to measured
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Fig. 8 Comparison of axial (U), radial (V) and tangential (W) mean and rms (u,v,w) velocities for the
stratified burning, non-swirling case, SwB5
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Fig. 9 Comparison of axial (U), radial (V) and tangential (W) mean and rms (u,v,w) velocities for the
stratified burning, swirling case, SwB7

values, likely due to the above mentioned choice of inlet conditions, while the simulated
axial velocities in the burned mixture behind the flame front are somewhat too high. Overall,
the trends and magnitudes are captured well and good agreement with the experimental data
is achieved for both mean and fluctuating velocities. Any discrepancies will be discussed
further in relation to the temperature and species results.

Figure 5 shows sample simulation results comprising instantaneous snapshots of methane
concentration on the top half and mean shots on the bottom half of each individual image.
The images are taken from a plane through the burner centre line. The top left image shows
the premixed, non-swirling case, SwB1. The effect of swirl can be seen in the images to
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the right and the effect of stratification in the lower images. The fuel/air mixtures entering
the domain are assumed to be homogeneous and downstream of the burner exit mixing
of the outer annulus stream with the co-flow can be seen for all cases and mixing of the
inner and outer annuli streams for the stratified cases. Combustion first takes place at the
equivalence ratio of the inner (lower velocity, richer) stream, before the flame interacts with
the shear layer and stratified mixture formed by the equivalence ratio and velocity gradients
of the annuli streams. In this region, starting at ∼30mm, ‘back- supported’ burning from
high towards low equivalence ratios takes place. High temperatures and increased presence
of radicals and higher levels of turbulence from the outer annulus stream result in higher
burning velocities supporting combustion into the lean mixture. Further downstream the
flame interacts predominantly with the leaner mixture. Swirl increases the residence time,
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Fig. 10 Comparison of mean and rms temperature for all burning cases at 10, 30 and 50 mm
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shortens the flame and the same observations made for the non-swirling flames can be made
closer to the bluff body.

In the region behind the bluff body the flow is well resolved with instantaneous ratios
of sgs to molecular viscosity μsgs/μ, not presented here, of less than 0.5 for the isothermal
cases. For the burning cases there is no sgs viscosity contribution due to re-laminarisation
caused by the increase in molecular viscosity of the hot reaction products. The stochastic
field method relies on the sgs viscosity for both the stochastic and the micro-mixing terms
and in well resolved or laminar regions with diminishing sgs viscosity needs to recover
the laminar flame propagation characteristics. The rearranged pdf equation and the scaling
of the sgs diffusive mixing term similar to that proposed by [12] provides a means way of
achieving this at low viscosity ratios.
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Fig. 11 Comparison of mean and rms methane for all burning cases at 10, 30 and 50 mm
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Figure 10 compares the simulated profiles of mean and rms temperature with measure-
ments for all burning cases. For the non-swirling cases, SwB1 and SwB5, agreement with
the experimental results is good at the lower measurement location, whilst the simulated
spreading rate is slightly too high at the downstream locations, mirroring the axial veloc-
ity results. For both swirling cases, SwB3 and SwB7, the spreading rate is well reproduced,
however the temperature of the hot products close to the burner centre line is too high at
all locations, which is in line with the higher axial velocities. Figures 11, 12, 13, 14 com-
pare mean and rms profiles of CH4, O2, CO2 and CO for all cases. As expected the same
observations made for temperature are evident for the species. Experimental profiles were
measured across half of the burner at 30mm and across the entire burner at 10mm and 50mm
measurement locations. Agreement with the experimental data is improved when compar-
isons are made with both sides of the measurements profile taken across the entire burner,
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Fig. 12 Comparison of mean and rms oxygen for all burning cases at 10, 30 and 50 mm
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Fig. 13 Comparison of mean and rms carbon dioxide for all burning cases at 10, 30 and 50 mm

thus taking some account of the asymmetry of the measured data. The simulations show the
mixture to be fully burnt in the cases of the swirling flames, SWB3 and SWB7 whilst the
mean O2 mass fractions are too low with the CO2 and temperatures being too high. This
suggests that mixture is somewhat too rich (although fuel lean) the in the simulated flames
compared with the measurements. Mixture fraction measurements would be needed to con-
firm this. For the flame SWB7 the simulated mean CO mass fractions in the central region
are also too high, probably for the same reason. For the non-swirling case SWB5 the sim-
ulated mean CO levels are lower than those measured in the central region, although the
reasons for this are unclear. Heat losses by conduction close to the bluff body and radiative
heat transfer have been ignored in the present simulations, although the influences of these
on the flames are expected to be very small.
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Fig. 14 Comparison of mean and rms carbon monoxide for all burning cases at 10, 30 and 50 mm

5 Conclusion

The LES-pdf method with the stochastic field solution method with a reduced yet still
detailed chemistry scheme has been applied to the premixed and moderately stratified, non-
swirling and swirling flames of the Cambridge Stratified Swirl Burner. A modified version
of the pdf equation is used to ensure that the method is consistent with the limiting case
of negligible sgs variations, an essential feature if measurements in low Reynolds num-
ber laboratory flames are to be reproduced. The simulated velocity fields and profiles are
in excellent agreement with measured data for the isothermal and burning cases both with
and without swirl. For the flames the overall agreement with measured profiles of O2, CO,
CO2 and CH4 mass fractions and temperature is good with maximum values being well
reproduced by the simulations. There are some local discrepancies in the central regions of
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the two swirling flames, which, it is suggested, arise because the simulated mixture strength
is too rich, although fuel lean, in this region. The flames studied all have relatively low
Reynolds numbers and so the inclusion of more accurate transport properties (differential
diffusion) may alleviate this and improve matters further.
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