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“The quaternion born, as a curios offspring of a quaternion of parents, say of geometry,
algebra, metaphysics, and poetry ... I have never been able to give a clear statement
of their nature and their aim than I have done in two lines of a sonnet addressed to
Sir John Herschel:

“And how the one of Time, of Space the Three,

Might in the Chain of Symbols girdled be.”
It is not so much to be wondered at, that they should have let me to strike out some new

lines of research, which former methods have failed to suggest.”

Sir William Rowan Hamilton



Abstract

Advances in sensor technology have made possible the recoding of three and four-
dimensional signals which afford a better representation of our actual three-dimensional
world than the “flat view” one and two-dimensional approaches. Although it is straight-
forward to model such signals as real-valued vectors, many applications require unam-
biguous modeling of orientation and rotation, where the division algebra of quaternions

provides crucial advantages over real-valued vector approaches.

The focus of this thesis is on the use of recent advances in quaternion-valued signal
processing, such as the quaternion augmented statistics, widely-linear modeling, and
the HR-calculus, in order to develop practical adaptive signal processing algorithms in
the quaternion domain which deal with the notion of phase and frequency in a com-
pact and physically meaningful way. To this end, first a real-time tracker of quaternion
impropriety is developed, which allows for choosing between strictly linear and widely-
linear quaternion-valued signal processing algorithms in real-time, in order to reduce
computational complexity where appropriate. This is followed by the strictly linear
and widely-linear quaternion least mean phase algorithms that are developed for phase-
only estimation in the quaternion domain, which is accompanied by both quantitative
performance assessment and physical interpretation of operations. Next, the practical
application of state space modeling of three-phase power signals in smart grid man-
agement and control systems is considered, and a robust complex-valued state space
model for frequency estimation in three-phase systems is presented. Its advantages over
other available estimators are demonstrated both in an analytical sense and through
simulations. The concept is then expanded to the quaternion setting in order to make
possible the simultaneous estimation of the system frequency and its voltage phasors.
Furthermore, a distributed quaternion Kalman filtering algorithm is developed for fre-
quency estimation over power distribution networks and collaborative target tracking.
Finally, statistics of stable quaternion-valued random variables, that include quaternion-
valued Gaussian random variables as a special case, is investigated in order to develop

a framework for the modeling and processing of heavy-tailed quaternion-valued signals.
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The inner-product

The cross-product

Statistical expectation operator

Conditional expectation of y given z

The cross-covariance operator, Ryy = E[xy?]
The covariance operator, Cyx = E[xx!]

The 4, j, and k quaternion impropriety measures
Real component of a quaternion/complex number
Imaginary component of a quaternion/complex number
i-imaginary component of a quaternion number
j-imaginary component of a quaternion number
k-imaginary component of a quaternion number
For all

Equal by definition

Approximately equal

Proportional to

Gradient operator

Partial differential operator

Total differential operator

The a prior: estimate of x%

The a posteriori estimate of x{

Discrete time index

Number of signal dimensions

Sampling interval

Sampling frequency

System frequency

Estimate of system frequency

Phase incrementing element

The probability distribution function of X

The cumulative distribution function of X

The uniform distribution on [z,y)



Chapter 1

Introduction

1.1 Overview

In contrast to digital filters with constant coefficients that are only optimal for those
signals that they are specifically designed for, adaptive filters do not require any as-
sumptions on the signal generating procedure and can operate optimally even in non-
stationary environments [1, 2]. This has firmly put adaptive signal processing at the
heart of statistical signal processing research since the 1950s with adaptive signal pro-
cessing being used in a wide range of applications such as channel equalization, echo can-
cellation, magnetic resonance imaging, navigation instrumentation, radar, and sonar [1-
3]. Moreover, in recent years an increasing amount of computational power has become
readily available with lower purchasing and running costs than ever before, which has
in turn paved the path for the deployment of adaptive filtering solutions for problems
of growing complexity. In this chapter, a survey of those areas in adaptive signal pro-
cessing that are relevant to the work in this thesis is presented. This helps clarify the
motivations and contributions of the work in this thesis, which are summarized at the

end of this chapter.

1.2 Signal processing in R

The introduction of the recursive least squares (RLS) in the 1950s, mainly credited to
Plackett [4], can be seen as the starting point of adaptive signal processing research in
its modern form. The RLS algorithm is based on recursively finding the coefficients
(weights) of a filter in a manner that minimizes a weighted summation of squares of an
error measure. The use of this weighted summation of error measure squares however,
makes for fast convergence rates on one hand and high computational complexity on the

other. Although much research has been devoted to developing computationally efficient
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and fast versions of the RLS algorithm since its introduction [5-8], the computational
complexity of the RLS algorithm remains as its major drawback when it comes to real-
time signal processing applications. To this end, in 1959, Widrow and Hoff introduced
their least mean square (LMS) algorithm [9, 10] while conducting research on adaptive
pattern classification [9]. The LMS algorithm attempts to find optimal filtering coeffi-
cients by recursively updating the coefficients at each interval based on the gradient of
the mean square error. A simple to implement and computationally efficient algorithm,
the LMS has become the most well-known and widely used signal processing algorithm
with many variants aimed at improving its performance including a class of linearly
adjusted step-size LMS algorithms [11], the normalized least mean square (NLMS) algo-
rithm that normalizes the input signal to guarantee convergence [12], and the generalized
normalized gradient descent (GNGD) algorithm that adjusts the adaptation gain in a

non-linear fashion [13, 14].

Approximately one year after the introduction of the LMS algorithm, Rudolf Kalman
introduced his renowned Kalman filtering algorithm [15], based on the properties of con-
ditional Gaussian random variables and linear processes which promptly found appli-
cations in the primary guidance, navigation, and control system (PGNCS) that guided
the Apollo spacecrafts [16]. Since then, the framework has been expanded to cater for
non-linearity in the form of the extended and unscented Klaman filters [17, 18], where
the former linearizes the dynamic system equations around the current mean using the
first-order Taylor series expansion whereas the later relies upon sigma-point lineariza-
tion techniques. The Kalman filter and its non-linear variants have not only become the
main stay of most navigation systems [16, 19-21], but also have found applications in
areas such as finance, target tracking, robot vision, wireless communication, and neural
networks [22-27].

For the Kalman filter to operate optimally, two conditions must be satisfied [28,
29]; the covariances of the observational and state evolution noise must be precisely
established, which has resulted in specialized algorithms devoted to adaptive estimation
of noise characteristics in the 1970s [29], and the underlying system model must be
known, which has resulted in the introduction of dual Kalman filtering algorithms [30-
32]. In essence dual Kalman filters implement two Kalman filtering algorithms with
feedback, one employs the estimates of the system parameters in order to update the
estimates of the process and the other employs estimates of the process to update the

estimates of the system parameters.

Although signal processing in R has proven to be advantageous in a wide range of
diverse applications extending from spacecraft navigation to finance, there are scenarios
where it becomes necessary to use higher dimensional algebras. For instance, rotations
in two and three-dimensional spaces can be presented in R? and R? using vector algebras;
however, it becomes computationally expensive and analytically complicated to extract

useful information from these matrices, such as the plane of motion, angle of rotation,
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and the speed of rotation (or rotation frequency). Furthermore, in a large number
of applications, as will be discussed in Section 1.3 and Section 1.4, the complex and
quaternion fields offer the dimensionality necessary to model the underlaying signal
directly in the multi-dimensional domain that they naturally reside in, resulting in more

elegant and efficient signal processing solutions.

1.3 Signal processing in C

Invention is often times motivated by necessity and the invention of the complex field

is no exception to this rule. Since the 8!

century mathematicians were interested in
finding the roots of an arbitrary polynomial, most notably one can point to the work of
Khwarizmi that provided a general solution for polynomials of up to the second degree
with positive roots. However, the need for a number field beyond R became pressing in
the 16*" century when a number of notable mathematicians, such as Niccolo Tartagila
and Girolamo Cardano, where working on a closed form solution for polynomials of third
and fourth order [33]. Rafael Bombelli, in his work on the roots of cubic polynomials
introduced the symbol v/—1 and showed that in order to solve the roots of such polyno-
mials it is necessary to perform calculations in C [33]. Regarded as “the most remarkable
formula in mathematics” by Richard Feynman, the utmost notable development regard-
ing the use of complex numbers in engineering applications is the formula put forth by
Euler, ¢ = cos(f) + isin(#), that allows for a convenient presentation and a framework

for analysis of two dimensional rotations, oscillation, and traveling waves [34-36].

In all fields of electrical engineering, complex-valued modeling of electrical compo-
nents, circuits, and filters provides a simple mathematical framework for solving the
differential equations that govern their behavior, allowing for speedy analysis of their
performance [37, 38]. Therefore, most developments in these areas have taken place in
the complex domain highlighting the need for complex-valued adaptive signal process-
ing techniques. Hence, there has been a concerted effort to adapt real-valued algorithms
for dealing with complex-valued signals. In 1975, Widrow presented the complex least
mean square (CLMS) algorithm [39], which is a straightforward extension of the LMS
algorithm to the complex field. The same approach has been taken in order to extend
a number of real-valued signal processing techniques to the complex domain [3, 40-42],
where often the covariance, E[xx'], is replaced with its complex dual, E[xx], using
the Hermitian operator instead of the transpose operator [43, 44]. Although a zero-
mean real-valued Gaussian random variable is fully described by its covariance, this is
not the case for zero-mean complex-valued Gaussian random variables as the covari-
ance does not describe the inner-relation between the real and imaginary components
of a complex-valued random variable [33, 43, 44]. In the case of complex-valued ran-
dom variables, in order to fully describe the second-order information the covariance

should be considered simultaneously with the pseudo-covariance, E[xx’] [33, 43, 44].
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In order to better illustrate this fact, the heat map of the histogram of four different
zero-mean complex-valued Gaussian random variables with unit variance is shown in
Figure 1.1. Notice that although all four complex-valued Gaussian random variables are
unit variance, the dependence structure of their real and imaginary components differs

significantly.

Figure 1.1: Heat map of the histogram of four zero-mean complex-valued Gaussian
random variables with unit variance and differing pseudo-covariances.

In 2008, Javidi and Mandic introduced their augmented complex least mean square
(ACLMS) algorithm [45, 46], that can exploit the full second-order statistical information
of complex-valued signals. This was achieved by employing the CR-calculus [47, 48] and
the augmented complex statistics [49], where the complex-variable and its conjugate are
treated as two different variables. The analysis indicates that the ACLMS outperforms
the CLMS for complex-valued signals with a non-vanishing pseudo-covariance [33, 43, 44,
46]. The framework has also been deployed for optimal state space filtering of complex-
valued signals by Goh and Mandic in order to develop an augmented extended complex
Kalman filter (AECKF) [50], which since has been followed by a class of augmented
Kalman filtering algorithms in [51, 52].

The Clarke transform [53] has been used for a long time in order to map the three-
phase voltages onto the complex domain to simplify circuit analysis of three-phase power
systems. More recently, augmented complex-valued signal processing techniques have
been used for adaptive frequency estimation in three-phase power systems [54]. This

is achieved by exploiting the Clarke transform to incorporate the information from all
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the phases and then employing the ACLMS or the AECKF to estimate the funda-
mental frequency of both balanced and unbalanced three-phase power systems [54-58].
Nonetheless, current algorithms can only model harmonic components as noise; in addi-
tion, their performance degrades when the three-phase systems is experiencing faults'.
These issues are addressed in Chapter 5, where a new frequency estimator based on
widely-linear complex-valued state space signal processing techniques is developed, its

performance quantized, and compared to previous frequency estimation methods.

Although complex numbers have been instrumental in new developments in power,
communications, and electrical engineering, mostly because of the platform they provide
for solving differential equations, complex numbers lack the dimensionality necessary to
model the actual three-dimensional world. For example, when dealing with three-phase
power systems using the Clarke transform will lead to partial loss of information during
faults. Therefore, it would be more elegant and analytically more appropriate to process

these signals in the quaternion domain. This is further elaborated on in Section 1.4.

1.4 Signal processing in H

First introduced by Hamilton [59], quaternions are a four-dimensional skew field and
can be seen as the extension of complex numbers, where the imaginary component
itself is three-dimensional. Since their introduction, quaternions have seen extensive
use in physics, aerospace, and computer graphics [60-64] for describing orientation and
rotation in three-dimensional spaces, due to their underlying division algebra and their
natural ability to model three-dimensional data as pure imaginary quaternions [60—63].
In comparison to rotation matrices and vector algebras, quaternions present a more
concise and computationally efficient representation of three-dimensional rotations that
allows to avoid problems associated with gimbal lock [60], resulting in accurate and
mathematically tractable solution with fewer constrains than those obtained by vector

algebras in R>.

In signal processing applications, quaternions have only come to prominence since
the 1990s finding applications in processing of colored images [65-67], owing to their
four-dimensional nature, and in attitude estimation for aerospace control systems [62],
owing to their ability to model three-dimensional rotations. However, due to the lack
of a suitable mathematical framework, most signal processing algorithms developed for
quaternion-valued signals have taken the approach of essentially transforming quater-
nions into a vector of quadrivariate real-valued components [62-64, 68], where most
advantages of quaternions such as their division algebra and their underlying physi-
cal interpretation are lost. Suitable tools for developing rigorous signal processing al-

gorithms, such as the HR-calculus [69, 70], the augmented second-order statistics of

LA three-phase system that does not have balanced voltage phasors in its main frequency component
is referred to as operating under fault conditions or experiencing a fault.
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quaternions [71], and the quaternion fast Fourier transform [72, 73], have only recently
been developed sparking a resurgence of quaternions in signal processing with signal
processing algorithms that are derived directly in H proving advantageous in kernel

learning [74], wind profile forecasting [75], and bearings-only tracking [76].

1.4.1 Augmented second-order statistics of quaternions

At around the same time Took et al. [71] and Via et al. [77, 78] revisited the second-
order statistics of quaternion random variables establishing a mathematical framework
for exploiting the full second-order information of quaternion-valued signals. This was
achieved by considering the quaternion signal and its rotations around the three axes of
the imaginary quaternion subspace simultaneously. Similar to the augmented complex
statistics [49], it is shown that the standard covariance only partially explains the second-
order statistics of quaternion-valued signals as it does not reveal any information about

the dependence structure of the real-valued components of quaternion-valued signals.

The dependence structure of the real-valued components of a quaternion-valued
signal is revealed by the cross-covariance between the quaternion-valued signal and its
rotations around the three axes of the quaternion imaginary subspace, hereafter referred
to as pseudo-covariances [71], which has in turn allowed for the establishment of the
widely-linear model and its optimal “Wiener type” solution for conditional minimum
mean square error (MMSE) estimation in the quaternion domain [71]. In addition, it
has been shown that the widely-linear model can be simplified reducing computational
complexity of adaptive signal processing algorithms if the quaternion-valued signal has

two or three vanishing pseudo-covariances [77, 78].

1.4.2 The HR-calculus

One major stumbling block when it comes to developing adaptive signal processing al-
gorithms in the quaternion domain has been the restrictiveness of the Cauchy-Riemann-
Fueter condition for quaternion differentiability, that can only accommodate for con-
stants and linear functions [79]. Therefore, in 2010 and following along the same path
as the CR-calculus [47, 48], the HR-calculus was developed by Janhanchahi, Took, and
Mandic [69, 70, 79]. The HR-calculus establishes a duality between H* and R* by
rotating the imaginary part of the quaternion-valued variable around the axes of the
quaternion imaginary subspace, much like the augmented quaternion statistics, result-
ing in a framework for calculating the derivatives of quaternion-valued functions directly
in the quaternion domain [69, 70, 79]. The sections of the HR-calculus that are relevant

to this thesis are explained in detail in Chapter 2.
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1.5 Motivation and contributions

Although a great deal of research has been carried out on signal processing in H, practi-
cal quaternion-valued signal processing algorithms dealing with the notion of phase and
frequency in the quaternion domain are still lacking. Motivated by the recent devel-
opments in quaternion-valued signal processing and the natural ability of quaternions
to model three-dimensional rotations, we focus on quaternion-valued signal processing
algorithms dealing with the concept of phase and frequency in the quaternion domain.

The contributions of this thesis are summarized as follows:

e A novel real-time tracker of quaternion impropriety is developed. This allows to
track the dependence structure between the real-valued components of quaternion-
valued random variables in real-time, that in turn provides useful information on
selecting between widely-linear, semi-widely-linear, or strictly linear versions of

adaptive signal processing algorithms and reducing computational complexity.

e A quaternion-valued phase-only estimator is developed for adaptive estimation
of the phase of quaternion-valued signals. The work includes both a qualitative
performance assessment and a physical interpretation of the operations of the

developed algorithm.

e Although a number of strictly linear and widely-linear complex-value signal pro-
cessing algorithms for adaptive frequency estimation in three-phase power systems
have already been introduced; However, the performance of these algorithms de-
grades rapidly in crucial moments when operating under fault conditions. To this
end, a widely-linear complex-valued frequency estimator for three-phase systems
that can outperform its counterparts in addition to having consistent performance

under both nominal and fault conditions is developed.

e It is shown that mapping the three-phase signal onto the complex domain leads
to partial loss of information when operating under fault conditions; therefore, a
quaternion frequency estimator for three-phase systems that can accommodate for
the three-phase signal without loss of information is developed. The developed
frequency estimator not only outperforms its complex-valued counterparts, but
also provides a platform for adaptive estimation of the system voltage phasors.
Finally, the framework is expanded to account for the presence of harmonics in

the power system.

e The work on quaternion state space estimators is expanded to the distributed
setting with the development of the distributed quaternion Kalman filter. The
performance analysis of the developed algorithm indicates that it operates in an
unbiased fashion. In addition, the mean square error performance of the developed

algorithm is quantified.
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e Most of the research surrounding quaternion-valued signal processing is concen-
trated around Gaussian random variables, due to their stable property. In order to
develop a framework for modeling and processing of heavy-tailed quaternion-valued
signals, the statistical analysis of quaternion-valued random variables through the
characteristic function is considered, which allows a particle filtering algorithm
for adaptive processing of elliptically contoured stable quaternion-valued random
variables, that include quaternion-valued Gaussian random variables as a special

case, to be proposed.

1.6 Organization of thesis

In order to better clarify our contributions, an overview of those areas in adaptive signal
processing that are relevant to this thesis was presented in Chapter 1. In Chapter 2,
the theoretical background which forms the mathematical foundations of this thesis, in-
cluding the HR-calculus and the augmented second-order statistics of quaternion-valued
random variables, are presented so that the reader can better understand the work

conducted in this thesis and included in the following chapters.

In Chapter 3, a novel algorithm for tracking quaternion impropriety in real-time is
developed and its performance under different degrees of impropriety is analyzed. In
Chapter 4, adaptive phase estimation of quaternion-valued signals is considered, where
a quaternion phase only estimator is developed, its performance analyzed, and its op-
eration explained from a geometric point of view. Frequency estimation in three-phase
power systems is looked into in Chapter 5, where a complex-valued adaptive frequency
estimator that can outperform its complex-valued counterparts, account for presence of
harmonics, and has consistent performance under nominal and fault conditions is devel-
oped. Frequency estimation in three-phase power systems is considered in the quaternion
domain in Chapter 6, in order to incorporate all the available information in the voltage
recordings and estimate the system voltage phasors. In Chapter 7, a distributed quater-
nion Kalman filtering algorithm with applications to smart grid and collaborative target
tracking is developed and its mean and mean square error performance analyzed. In
Chapter 8, the generality of quaternion-value stable random variables are considered in
order to establish a framework for modeling and processing of heavy-tailed quaternion-
valued signals. Finally, the work is concluded in Chapter 9, where the contributions of

this thesis and recommendations for potential future work are summarized.



Chapter 2

Background

2.1 Overview

In this chapter the mathematical foundations of signal processing in C and H, such as
the analyticity and differentiability of complex and quaternion-valued functions and the

augmented statistics of complex and quaternion-valued random variables, are revised.

2.2 Analyticity and differentiability in C

Consider a complex-valued function f(z) = f.(2,,2;) + if;(2r, 2;), where z € C with £,

and f; denoting the real and imaginary parts of f, whereas the real and imaginary parts

of z are denoted by z, and z;. The derivative of fis given by
of flz+ Az) — f(2)

= lim

—_— 2.1
0z  Az—0 Az (2.1)

where if for a given point on the complex plane, z = zg, the limit in (2.1) exists and
is independent of the direction taken, then f is said to be differentiable at z = zy. In
addition, in the complex domain, the function f is differentiable at z = zy if and only
if the partial differentials of f. and f; exist and satisfy the Cauchy-Riemann conditions

given by [80]

of,  0f; 4 o, 0f
0z, 0z an 0z, 0z

Moreover, if f admits the Cauchy-Riemann conditions in some neighborhood of z = zg,

then fis infinitely differentiable at z = zg, can be locally expanded in a power series, and
is referred to as analytic [80]. However, the functions encountered in signal processing
applications are often not analytic. One such example is f = 22* = 22+ z?, which is used
as the cost function of the CLMS and ACLMS algorithms [45, 46] and is not analytic at
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any point on the complex plane, that is with the exception of z = 0. Hence, the Cauchy-
Riemann conditions constitute a very strict structure on differentiable complex-valued

functions.

In the context of the CR-calculus [81], f: C — C is considered as a bivariate function
h(z, ) = [f.,if;]T, where the total differential of h is given by

dh :%dzr + @dzi
8Z7~ 822‘ (2 2)
_8zr Zp Zazr Zp 82’1‘ Z3 Zazi Zi

where, after some tedious mathematical manipulations and applying the transforms
dz, = (dz +dz")/2 and dz; = (dz — dz")/2i

the expression in (2.2) can be simplified to give [81]

1 /0h  dh 1/0n  8h\ .,

Now, by slightly abusing the mathematics, considering z and z* as “algebraically”
independent! variables, results in f{z,,z;) 2 f(z, 2*), where the total differential of f is
given by

_of of

df = adz + 9o dz". (2.4)

It follows from comparing the expressions in (2.3) and (2.4) that
o _1for or
9z 2\ 9z, Zc’?zi

of 1 (of L of

0z* 2\ 0z Zazi

where 0f/0z is referred to as the R-derivative whereas 0f/0z* is referred to as the R*-

derivative [81]. In addition, since z and z* were considered as “algebraically” indepen-

dent, the partial derivatives 0f/0z and 0f/0z* can be calculated in the same fashion as
for real-valued multi-variate functions with z and z* being considered as different vari-
ables, resulting in 0z/0z* = 0 and 0z*/0z = 0, which is the reason behind referring to z
and z* as “algebraically” independent. Note that if the Cauchy-Riemann conditions are
satisfied, then 9f/0z* = 0 and the total derivative of f will be equal to its C-derivative,
o0f/0z [81].

!Although z and z* are essentially the same variable, treating them as different variables provides a
platform where the two degrees of freedom inherent in complex numbers can be accommodated for.
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2.3 Augmented estimation in C

It has now become generally accepted that for a complex-valued random variable, x,
the standard covariance, E[xx], does not fully describe its second-order statistical
information [33, 82]. The full description of the second-order statistical information of a
general complex-valued random variable is only possible through the augmented complex
statistics, where the complex random variable, x, is augmented with its conjugate, x*
to give the augmented random variable as x% = [x!,x"]7 [33]. Now, the augmented

covariance matrix can be expressed as

CX RXX

_ a,aH1 _
Cxa = E[x*x*7] = RY Cl

where E[-] represents the statistical expectation, while Cx = E[xx!] is the standard co-
variance and Rxx = F[xx'] is referred to as the pseudo-covariance [33]. It now becomes
apparent that the standard covariance can fully describe the second-order statistical in-
formation of only a spacial class of complex-valued random-variables that have vanishing
pseudo-covariances, for which the probability distribution is rotation invariant and are
referred to as second-order proper?; however, for a general complex-valued random vari-
able both the covariance and the pseudo-covariance are required to fully exploit their

second-order statistics [33].

In order to introduce the optimal second-order estimator for complex-valued signals,
first we must revisit the real-valued MMSE estimator that estimates y conditional to

observation z, given by

y = Ely|z]

where 3 is the estimate of y. For zero-mean and jointly Gaussian z and y the optimal

solution is the strictly linear estimator given by
j=h"x

where h is a vector of coefficients and x is a vector of past observations referred to as
the regressor. Now, in the case where x and y are complex-valued, the MMSE estimator
should be expressed in terms of the real and imaginary components of x and y [33],
which yields

U = Elyr|zy, 2] +i Elyi|x,, ©4] (2.5)

Yr Yi

2In the literature the phrases “second-order proper” and “second-order circular” are often used inter-
changeably [33, 43, 44, 83]; However, in this thesis we will refer to complex or quaternion-valued random
variables with vanishing pseudo-covariances as proper. In addition, the words “second-order” are often
dropped as Gaussianity is assumed.
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where upon replacing x, = (x + 2*)/2 and z; = i(z* — x)/2 we have
§ = Elyr|z, z*] + iEyi|z, 27].

Therefore, the optimal MMSE estimator for complex-valued zero-mean and jointly Gaus-
sian x and y becomes

~ _ 1.H H_ *

g=h"x+g"x (2.6)

where h and g are complex-valued coefficient vectors. From Section 2.2, recall that
Ox/dxz* = OJx*/0x = 0, which results in the estimator in (2.6) being referred to as
widely-linear, due to the fact that it is linear with respect to both x and x*. In addition,

the estimator in (2.6) can be rearranged into a more elegant representation as

gl |h" gH||x
g* - gT hT x*
—_—  ——

S,a Wea xa

where y* and x® are the augmented estimation and augmented regressor vectors, while
W¢ is the augmented weight matrix. Since the widely-linear estimator uses the regressor

vector in its augmented form, it is equivalently referred as the augmented estimator.

The augmented statistics of complex-valued signals and the CR-calculus have been
exploited in [51] to introduce a class of augmented complex Kalman filtering algorithms
including the AECKF. To better explain the operations of the AECKF, consider the
evolution sequence of the complex-valued augmented state vector {x%,n = 0,1,2,...},

given by

where f,,(+) is the state evolution function at time instant n and {v%,n =0,1,2,...} is
the augmented state evolution noise sequence. In Kalman filtering, the objective is to

track x%, in real-time, through noise corrupted observations that are expressed as
Yo = hn(x5) +wyy

where y? and h,(-) are the augmented observation vector and observation function
at time instant n, while {w%,n = 0,1,2,---} is the augmented measurement noise
sequence. Hereafter, at each time instant, the observation and state evolution functions
are approximated as f,(x%) ~ A%x% and h,(x%) ~ H%x%, where A% and H? are the
Jacobian matrices of f,,(-) and hy,(-), obtained through the framework of the CR-calculus.
The augmented state vector sequence can now be tracked using the AECKF given in
Algorithm 1, where Cpa and Cyae denote the augmented covariance matrices of vj,
and w¢, while )Ei|n_1 and fcf”n represent the a priori and a posteriori estimates of x%,
whereas Mgmfl and MfL‘n are estimates of the augmented covariance matrices of the a

priort and a posteriori state estimation error vectors.
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Algorithm 1. AECKF [51]

Initialize with:
’Egm = E[x{]
6o = E[(x5 — Ex§)(x§ — Exg)"]

Model update:

)A(gﬂn—l =Iy ()A(Z—Hn—l)

“ra _AanNgQ aH
Mn|n—1 _An n—1|n—1An +CV%

Measurement update:

~ ~ -1
Gy =M, H (HGN, (HEY 4 Cuy )

n nln—1 nin—1

(v = Balx20)

sa 3 a
X _Xn|n71 +G

n|n n
v ?L\n :(I - G?LHZ)MZM—I

2.4 Quaternion algebra

The skew-field of quaternions is a four-dimensional, non-commutative, associative, di-
vision algebra. A quaternion variable ¢ € H consists of a real part, R(q), and a three-
dimensional imaginary part or pure quaternion, J(g), that is also referred to as the
vector part due to the fact that it comprises three components 3;(q), 3;(q), and 34(q);

hence, ¢ can be expressed as
q =R(q) + 3(q) =R(q) + Si(q) + 3;(q) + Sk(q)
=qr + ¢ + jqg; + kq

where ¢,,qi,qj,q. € R. The unit vectors 7, j, and k are the orthonormal basis for the

quaternion imaginary subspace and obey the following product rules

ij =k, jk=1iki=j,
i2 =52 =k* =ijk=—1.

The product of q1,¢2 € H is given by

712 =R(q1)R(q2) + R(q1)S(g2) + R(g2)S(q1)+

(2.7)
S(q1) x I(g2) — (3(q1), (g2))

where the symbols ‘(-,-)” and ‘x’ denote the inner and cross-products, respectively.
Moreover, notice that due to the cross-product in (2.7), the quaternion product is non-

commutative unless g; and go have parallel imaginary components.
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The involution of ¢ € H around ¢ € H is defined as ¢¢ = (g¢ ™! [84] and can be seen
as the quaternion equivalent of the complex conjugate, as the real-valued components

of a quaternion number, ¢ € H, can be expressed using involutions as [69, 71, 79]

1 . A 1 ) ,
o= (1+d+d+d")  a=p (a+d - - )
4 44 (2.8)
q:i(q—q“rqj—qk) qzczi(q—qi—qj+qk) |
vy 4k '
Furthermore, in the case that (? = —1 the following expressions hold true
(¢°)" =(a")*
¢(¢°) =4¢ (2.9)
(4°)* =g.
The quaternion conjugate is also an involution and is defined as
¢ =) =) = (¢ +d +¢" ~q) (2.10)

while the norm of ¢ € H is given by

la| = Vaa* = /@ + ¢ + @ + 4
J

whereas the quaternion inverse can be written as ¢~! = ¢*/|q|. In addition, V{q1,q2} € H

the following properties hold

lq1g2| =|q1]|q2]
a| _lal
@| el

(192)" =q547 .-

In a similar fashion to complex numbers, a quaternion ¢ € H can alternatively be

expressed by its polar presentation, given by [72]

q = |qle®” = lq| (cos(8) + &sin(6))

where
S(q) S (g)]

= —= and 0 = atan <> .
S(q)l R(q)
Moreover, it is straightforward to prove that the sin(-) and cos(-) functions can be

expressed as

1 1
sin(f) = % (efa - €_£9) and  cos(f) = B (ege + 6_59> (2.11)
where ¢2 = —1. Note that to express the sin(-) and cos(-) functions in their polar from,

asin (2.11), £ can be replaced with an arbitrary normalized pure quaternion number [72].
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2.5 Three-dimensional rotations

The theorem of rigid-body rotations put forth by Euler states that the attitude of a
body after having foregone any sequence of rotations is equivalent to a single right-
hand rotation of that body by an angle 6 about an axis n parallel to the direction
that is unchanged by the rotation [60, 61]. Traditionally three-dimensional rotations
are represented using rotation matrices, where a rotation of 8 degrees around the unit

vector n = [1z, 1y, n:]"
the pre and post-rotation coordinates of the rigid-body, whereas the rotation matrix R

is expressed as u’ = Ru with the vectors u and u’ representing

is given by

R:

cos(0) + 12 (1 —cos())  namy (1 —cos(6)) — nzsin(6)  nen. (1 — cos(6)) + nysin(0)
NyNe (1 — cos(f)) + n.sin(f)  cos(f) + 175 (I —cos(d))  mynz (1 —cos(f)) — ngsin(6)

N2z (1 — cos(8)) — nysin()  n.my (1 — cos(0)) + nesin(@)  cos() + n? (1 — cos(6))
(2.12)

while the relation between the pre ans post-rotation coordinates can more conveniently

be represented as
u’ = cos(f)u +sin(h) (n x u) + (1 — cos(#)) nn' u (2.13)

with the expression ‘n x u’ denoting cross-product of the vectors n and u [61]. It now
becomes apparent that in addition to giving a counterintuitive depiction of the rotation
operation, extracting the parameters 6§ and n from R is a computationally expensive

and an inconvenient affair.

Modeling the pre-rotation Cartesian coordinates, u = [u, uy, u;]7, as a pure quater-
nion given by gy = iuz + juy +ku.; then, the post-rotation coordinates can be calculated

through the involution

= (o) o (2 o 2) o (3)

where gy = iul, + ju’y + ku/, represents the post-rotation coordinates, while ¢, = in, +
jny + kn., with the rotation fully characterized by (cos(6/2) + gusin(6/2)) = e?/2,

much like the Euler formula that models two-dimensional rotations.

The advantages of modeling three-dimensional rotations employing quaternions as

compared to rotation matrices are summarized in the following [60, 61, 85, 86]:

e The rotation matrix, R, requires nine variables to express a rotation, whereas its
quaternion equivalent, e??/2 only requires four variables when modeling the same
rotation, which reduces both memory requirements and memory access time by

more than half.
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e A rotation matrix must satisfy the conditions RR” = I and det(R) = 1; there-
fore, the need might arise to calibrated the rotation matrix after many rotations
have been performed, due to finite precision of computer calculations, which is
computationally expensive, whereas no such operation is required when modeling

rotations with quaternions [85].

e Expressing a sequence of rotations applying the roll, pitch, and yaw angles, a
degree of freedom is lost when one of the angles reaches 7/2. However, this is not

the case for quaternions where only the angle and the axis of rotation are required.

e [t is straightforward to produce smooth interpolations of rotations when they are

modeled with quaternions allowing for higher quality computer graphics [86].

2.6 The HR-calculus

The Cauchy-Riemann-Fueter condition for differentiability in H, given by [79, 85]

of ﬂ af of
8q,,+8qz+]8 +kak 0

pose a severe restriction on the class of quaternion-valued differentiable functions, as
it only accommodates for constant or linear functions in H. This has been a major
stumbling block in the derivation of quaternion-valued signal processing algorithms, as
in most adaptive signal processing techniques the aim is to minimize a cost function of

an error measure which is typically a real-valued function of quaternion-valued variables.

One elegant solution to this problem is the HR-calculus [69, 70, 79, 85]. In the

context of the HR-calculus, a quaternion function f{q) : H — H represented as

fq) = i (ar, @, 45, ar) +ifi(ar, @i, a5 ar) + 6 (ar, @, 055 ax) + kL (ar, gis @5, Q)

in a format similar to that of the CR-calculus, is expressed as a quadrivariate function
g = (£, if;, jf;, kfy]T with the total differential

dg :gfi dg, + gidqz + %d% + gfgd%
:gz:d%“ + ng dg, +]ng dg, + k:gf':d
gf} dg; +z§2 dg; -I-]ggj dg; + k’gg’jd ~ (2.14)
+ gf dg; + ng dg; —I—jgf] dg; + kgfl;d qj
gi gf dgy, +J§f dg + kgé];qu-
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Exploiting the expressions in (2.8) yields
1 i Lk 1 i |k
dg, = (dg+dd' +d¢ +dd") == (dq+dq —dg’ — dd)
2.15)
1 S . (
R —Adq J_ A,k — 7 k
dg; 1 (dq dq' +d¢’ —dg ) dqgy, oy (dq d¢' — d¢? + dg )

where substituting (2.15) into (2.14) and after some tedious mathematical manipulations

we have

dg_l((?g g 8g kag)d 1<8g .8g . 0g 8g>dqi

dg, ' 0q; 8q] Iqx,
1/0g .0Og ag 8g> Sl <8g 8g 8g 8g> k

- + —— + k= )d¢ +~ —k dq”.
(8% Za(h 8% o, ) T T 1 !

Now, through considering ¢, ¢*, ¢, and ¢* as “algebraically” independent variables®,
the total differential of f(q., i, q;, qx) = f(q,¢%, ¢’ ¢%) is given by
of of

df= ——d
8 q

iy Of G, 9t
0q' 4 0q’ 1 gk

dq* (2.17)

where by comparing the expressions in (2.17) and (2.16) it follows that

[ 9fa, qa}qj,q"') i L i - —k Of(ar,9i,9;,9k )
'd T oqr

ofla.q".a’,.9") 11 =i ok If(ar,9:,9;,9k)

Sl =7 Oty otz ) (2.18)

(a.9°,.9%,9%) 401 &+ —j k qr,9i,9;,9k
9q7 9q;

Mla,9’,a7,q") 1 i § —k| |2Men9i9.9k)
dqk _ day,

which are referred to as the HR-derivatives. In addition, the real-valued components of
q € H can alternatively be expressed as

: <—q* _qi* _|_qj +qk*)

q :1 (q*_|_qi*_|_qj*+qk*> g :i
" Y4
1
k

1

%=1 (~a"+a" =" +¢") @ =1 (~a" +d" + ¢ — g™

resulting in

1 . . 1 v .
dgr = (dq* +dg™ + dg’* + dq’“*) G =1 (—dq* —dg™ +d¢’ + dq’“*)
1 , 1 A .
dg; = 1 ( dg* +dg™ — dg?* + qu*) % =1 <—dq* +dg™ + d¢”* — dq"”*)

3Note that although ¢, ¢', ¢, and ¢* are essentially the same variable, similar to the format in the
CR-calculus, they are considered as “algebraically” independent in the context of the HR-calculus as a
method for accommodating for the four degrees of freedom inherent in quaternion numbers.
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where following the same procedure described for the derivation of the HR-derivatives,

leads to the HR*-derivatives that are given by

[ of(a*,q™,a7*,q"") ] df(ar,9i,9;5,9%)

oa* 1 4 j k
0q” J dar
oflq*,q™*,q*,q"*) . Of(ar,9:,9;,9%)
oq™ B 1 1 4+ —5 —k — aa (2 19)
Ofia*.a™.a’™a") | T 4 [ _; i —k 3f(qr,gi,q]-,qk) : :
oq7*. q;
ofla" 9™ a’".q"") 1 —i —j k| |2fanaias.ae)
gk~ J dqr

It is important to note that due to the non-commutative nature of quaternions, the
placement of the three imaginary unit vectors (i, j, and k) has been consistently kept
to the left hand side and hence the expressions in (2.18) and (2.19) are referred to as
the left derivatives. Similar results can be obtained by placing the three imaginary unit

vectors on the right hand side, known as the right derivatives [85].

Out of all the derivatives of f, of particular interest to signal processing applications

is the conjugate derivative given by

af_l(af_|_z‘af+'af+kaf>
o 4\dq,  '0q ’og " oq

which indicates the direction of the maximum rate of change in fand therefore presenting

the HR*-derivatives as the gradient operator that is [85].

[ofla,a’,a’,a")] Af(ar,qi,q;,9x)

oa 1 i 5 ok s
ofa,9’,a’,q*) 11 i = —k Oflar,qi,49;.,9k)
% -
an*f: 8? i ok = = of( 8(.’1 L) | T VT
ofla,q’,9’,9") 401 - § —k qngqu,qk
g7 qaj
ofla.q" .9’ ,.9%) 1 —i —i K 9f(ar,9i,9;.9x)
J
L 9gF* oqy,

The gradient operator can be applied to convex real-valued functions of quaternion-
valued variables to find the direction of steepest-descent and to calculate the first-order

Taylor series expansion of a quaternion-valued function at ¢ = qo € H given by [85, 87]

(g) ~ flgo) + A (Ve fl oo )

aH _ aH

where Aq*H = g qg

2.7 The augmented quaternion statistics

Similar to the case of complex-valued random variables, which were discussed in Sec-
tion 2.3, the standard covariance of a quaternion-valued random variable, q, given by
Cq = E[qu ], does not reveal any information on the dependence structure or power

differences between the real-valued components of q and thus only partially describes
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the second-order statistical information of q. A full description of the second-order
statistics of a general quaternion-valued random variable is only possible through the
augmented quaternion statistics [71]. In order to account for the entire second-order
information of quaternion-valued random variables, a one-to-one relation is established
between the quaternion-valued random variable and the vector of its real-valued com-
ponents, [qf,q?,qu,qg]T, through exploiting the expressions in (2.8), that is given

by [71]

q I da g4I kI q-
i I O —jI —kI i
R v 4 (2.20)
q’ I I 451 —kI q;
q” I —iI —jI kI q
N—_——
q“ A

where due to the fact that q has been augmented with its involutions around the i, j,

¢ is referred to as the augmented quaternion vector, while A provides a

and k axes, q
mapping from R*" to H*V the inverse of which is given by A~! = %AH . The augmented

quaternion covariance matrix now becomes

R R

Cq qui* qu* qqk*
Cq = Elq"q*] = q'q q q'q’ q'q” (2.21)
quq* quqi* qu quqk*
quq* quqi* qu}q]* qu

where V¢, ¢’ € {1,4,j,k}, Rye
also straightforward to prove that C
R;qk’w quqk* = R;qj’” and quqk*
matrix is a Hermitian matrix and can also be presented as

o = Elq¢q¢"] = Rgcqi’* and Cyc = Elq*q*]. Tt is

CH.. moreover, it can be shown that Ry =
q(7 ’ q°q
= Rfl q* Therefore, the augmented covariance

q¢ =

R R

Cq quz* qu* qqk*
I . ;
C qui* qu R;qk* R:lqj * 2.99
q* — RH RiH C Rj ) ( : )
qu* qqk* q] qqi*
H iH JH
qu’“* quj* qui* Cyr

Notice that the complete second-order information within the augmented covariance
qqi*, the

, and the k-pseudo-covariance Rgyqr+. It is now clear that the

matrix is contained in the standard covariance, Cgq, the i-pseudo-covariance, R
J-pseudo-covariance, quj*
standard covariance can only fully describe the second-order statistics of a quaternion
random variable with vanishing pseudo-covariances referred to as second-order proper.
Furthermore, a quaternion random variable is referred to as second-order i-proper if
it has vanishing j and k-pseudo-covariances. The second-order j and k-properness are

defined in an analogous way.
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Now, consider the MMSE estimation of the quaternion-valued variable, y, condi-
tional to the quaternion-valued observation, x. Akin to what was stated for complex-
valued random variables in Section 2.3, for quaternion-valued random variables the
MMSE estimator has to be expressed according to the real-valued individual compo-

nents of  and y; therefore, the MMSE estimator is given by

§ = Elyr|xr, xi, x5, o3] +i Elyi|a,, x5, 25, 11

Ir Yi

+ j Ely;lr, xi, x4, x) +k Elyg|x,, xi, xj, v -

U5 Ik

The mapping in (2.20) is now exploited to replace the real-valued components of x using
the quaternion involutions resulting in
§ =Ely-|v, 2,27, 2" + iElyi|w, 2", 27, a"]

+jBlyjle, o', 27, 2*] + kElyelz, o', 2, 7).

Therefore, for quaternion-valued, zero-mean, and jointly Gaussian x and y, the solution

is now given in the form of the widely-linear estimator
§ =hx +gllx! + uflx) + viixk = wollxa (2.23)

H — [nH gl ul vH

where h, g, u, v, and w® g, u v are vectors of quaternion-valued coeffi-

cients, while x is the regressor vector. The optimal augmented weight vector, wg,,, that

minimizes E [\y - Q\Q] is now given by wi, = (E [xa’x“H])fl E [x%y*] [71, 77, 78] and

referred to as the Wiener solution.

2.8 The widely-linear quaternion LMS algorithm

A widely-linear quaternion least mean square (WL-QLMS) algorithm for adaptive fil-
tering of quaternion-valued signals has been introduced by Took and Mandic in [70, 88].
This has been achieved by considering the widely-linear model in (2.23) in its adaptive

formulation, given by

Jn = hiIx, + gllx), + ullx] + v}

where the coefficients are updated at each time instant in a steepest-descent fashion

*

according to the gradient of the cost function .J,, = |&,|? = e,ef,

where ¢, = 9, — Y.
The gradient of J,, with respect to h is calculated through the HR-calculus, as J,, does

not admit the Cauchy-Riemann-Fueter conditions, and is given by

Viedn = (Vm&n) 6; +én (vh;ﬁg;)
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with Ve, = X5, whereas using the expression in (2.10) yields

2 2 2 9 | T 2 %m

Hy, i Hh*j Hyyxk Hiy 1
Vh;6; = vh: (X{l{hn) — th (Xn n X, ny x;, _ x;,, hY i
The gradients Vs dJn, VurJn, and VyrJn can be calculated in a similar fashion and

therefore the updates of the coefficient vectors are given by [70, 88]
h, 1 =h, — p | x,¢,, — §5nxn Sn+1 =8n — U | X,,&5, — §5nxn

. 1 .
* *
Uyl =Uy — [0 (xflsn — §5nX¥L Vptl =V — u | X5y, — §5nxn

where 1 € RT denotes the adaptation gain.

Although the WL-QLMS is optimal for both second-order proper and improper
quaternion-valued signals, if x and y are jointly proper, then the widely-linear model in
(2.23) can be simplified into a strictly linear model given by 7 = hffx, mitigating the
need for calculating g, u, and v [77, 78]. In addition, if x and y are jointly i-proper,
then the widely-linear model in (2.23) can be simplified into a semi-widely-linear model

7
noy

given by § = hffx + gfx! | mitigating the need for calculating u and v [77, 78], with
analogues semi-widely linear models defined for the case where x and y are jointly j and
k-proper. Thus, tracking the statistical information in the pseudo-covariance matrices
in real-time can lead to significant reduction in computational complexity without loss
in performance, not only in the case of WL-QLMS, but also in a variety of quaternion-

valued adaptive filtering algorithms [70, 77-79, 85, 87].

2.9 The augmented quaternion Kalman filter

Although a wide range of Kalman filtering algorithms for dealing with quaternion-valued
signals have been developed [63, 89-92], the lack of an all inclusive mathematical frame-
work has tied these filtering algorithms to the specific applications that they were de-
signed for. In addition, these Kalman filtering algorithms are not inherently quaternion-
valued as in most cases they transform quaternions to their real-valued vector represen-
tation and process the signal in R*. However, the augmented quaternion statistics in
conjunction with the HR-calculus have led to the development of a class of quaternion
Kalman filters [87] that are suitable for the generality of quaternion signals, are not tied

to any specific application, and are directly derived in the quaternion domain.

In a similar fashion to what was described for the AECKF in Section 2.3, consider
this time the quaternion-valued augmented state vector evolution sequence {x%,n =
0,1,2,...} given by
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where f,,(-) and v are the state evolution function and augmented state evolution noise
at time instant n. Recall that the objective is to track x% in real-time; however, only

noisy observations of the augmented state vector are at hand that can be modeled as
Yo = bn(X3) + @y,

where y&, h,(-), and w? are the augmented observation vector, the observation function,

and the augmented observational noise vector at time instant n.

For the sake of simplicity, hereafter we shall approximate the state evolution and
observation functions in a widely-linear fashion as f,,(x%) ~ A%x% and h,(x%) ~ H¢x
through applying the HR-calculus, with A% and H? denoting the Jacobian matrices of
f,(-) and hy,(-). Then, the trace of the augmented covariance matrix of the a posteriori
estimation error vector at time instant n is minimized through implementing the aug-
mented quaternion Kalman filter (AQKF) that is given in its information formulation
in Algorithm 2, where C, o and Cga denote the augmented covariance matrices of v,
and w¢, while f‘fqnq and fcflm represent the a priori and a posteriori estimates of x,
whereas M?,
n|n—1
and a posteriori state estimation error vectors. [85, 87].

and MZ\n denote the augmented covariance matrices of the a priori

Algorithm 2. AQKF [87]

Initialize with:
igm = BE[xg]
M, = E[(x§ — E[x§))(x§ — E[x§)"]

Model update:

oa _ AQGa

Xnln—1 = Anxn—l\n—l

‘ra A aQNgFO aH
Mn\nfl - AnMnfl\nflAn + CU%

Measurement update:

A1 A1 -1
a _ a aH a
nin — Mn|n—1 + Hn Cw;‘lHn
a _ n\fa aH ~"1
G2 = M2, HC,

sa  _ sa af,a _ praga
Xnln = Xnjn—1 + GTL (yﬂ nxn\n—l)

From Algorithm 2, notice that the AQKF uses the state and observation vectors
in their augmented formulation. In addition, in order to incorporate their full second-
order statistical information, the augmented covariance matrix of the state evolution and
observation noise vectors are required to implement the AQKF. Although this approach
is optimal for the generality of quaternion-valued signals, it might impose an excessive

amount of computational burden on the processing unit when handling large state and
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observation vectors. In order to reduce the computational complexity of the AQKF, the
efficient implementation of the AQKF based on the structure of augmented covariance
matrices are proposed in [85, 87|, where it is also shown that the widely-linear model
can be simplified when it comes to processing three-dimensional data modeled as pure

quaternions, which can further reduce the computational requirements of the AQKF.
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Real-Time Tracking of

Quaternion Impropriety

3.1 Overview

An algorithm for tracking the degree of quaternion impropriety in real-time is developed.
This is achieved through exploiting the ¢, 7, and k-pseudo-covariances that make possible
the introduction of an impropriety measure as the MMSE solution for estimating the
quaternion involutions along the 7, 7, and k axes from the quaternion random variable
itself. The performance of the developed real-time quaternion impropriety tracker both
in the mean and mean square error (MSE) sense are analyzed allowing to establish con-
vergence bounds and quantify the effect of the degree of impropriety on the steady-state
performance of the developed real-time quaternion impropriety tracker. The concept is

verified through simulations on both synthetic and real-world data.

3.2 Introduction

The quaternion widely-linear model is based on augmenting the quaternion random vari-
able with its involutions along the 4, j, and k axes [69-71, 77-79]. Therefore, quaternion-
valued signal processing algorithms established on the quaternion widely-linear model
have four times as many parameters as their strictly linear counterparts. However,
as was discussed in Section 2.8, in instances when the signal is proper, widely-linear
quaternion-valued signal processing algorithms can be simplified in order to reduce their
computational complexity without negatively effecting their performance [77, 78]. In
addition to reducing computational complexity, the higher number of updates that have
to be calculated in widely-linear algorithms result in a higher gradient noise in gradient-

based learning methods and slower convergence rates. Thus, it becomes essential to

45
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identify the degree of impropriety of a signal in real-time, in both detection and estima-
tion applications, so that the instants when a non-stationary signal changes its statistic

can be identified and an estimator that best suits the signal can be selected.

The properness of complex-valued random variables has been extensively stud-
ied [33, 43, 83, 93-95] with an impropriety measure introduced and its effect from a
geometric stand point investigated in [93]. However, In contrast to complex-valued
random variables, properness of quaternion-valued random variables has not yet been
thoroughly addressed. The approach taken in [96] is based on the probability distri-
bution function (pdf) and considers quaternion properness as the invariance of the pdf
under specific rotations. The concept was taken further in [97], where the condition for
quaternion properness was considered as invariance of the pdf under rotations around

any axis and for any angle that is
V6 € [0,27) and & € H such that €2 = —1 then Pg(q) = Pg (esaq) :

In [71], a quaternion-valued Gaussian random variable is defined as proper if it has
vanishing pseudo-covariances. Three different types of quaternion properness based on
vanishing of three different pseudo-covariances were defined and their impact on the
quaternion widely-linear model and quaternion-valued signal processing techniques were
analyzed in [77, 78]. In addition, an algorithm for measuring each type of impropri-
ety based on the Kullback-Leibler divergence between multivariate quaternion-valued
Gaussian distributions has been proposed in [98]. However, an algorithm for tracking

quaternion impropriety of non-stationary signals in real-time is still lacking.

In this chapter, we introduce a novel algorithm for real-time tracking of quaternion
impropriety based on quaternion-valued adaptive filtering. This is achieved through in-
troducing three impropriety measures established on the ¢, 7, and k-pseudo-covariances
and illustrating that each impropriety measure is the MMSE solution for estimating the
involutions of a quaternion random variable along the i, j, and k axes from the quater-
nion random variable itself. For rigor, the performance of the developed impropriety
tracker is analyzed in order to establish convergence conditions and quantify the effect
of the degree of impropriety on the steady-state performance of the developed impropri-
ety tracker. Finally, the performance of the developed real-time quaternion impropriety
tracker is verified through simulations on both synthetically generated and real-world

data recordings.

3.3 Quaternion impropriety measures

The properness of a quaternion-valued random variable reflects the dependence structure
of its real-valued components, that is the ratio of signal powers and/or correlation be-

tween the real-valued components of the quaternion-valued random variable. Therefore,
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quaternion properness can be related to the properness of the projection of a quaternion-
valued random variable on the six complex planes denoted by 1-i, 1-j, 1-k, -7, i-k, and
Jj-k, where “1” represents the real axis [71, 77, 78]. Thus, measuring the complex impro-
priety, defined as the ratio between the pseudo-covariance and the covariance, in these
six planes reveals the complete dependence structure of the real-valued components of

a quaternion-valued random variable and hence provides a measure of its impropriety.

The structure of the quaternion covariance and pseudo-covariances are given in
Table 3.1, from which notice that the six complex impropriety measures, corresponding
to the six mentioned complex planes, can be extracted from the i, j, and k-pseudo-
covariances. Thus, similar to the approaches in [71, 77, 78, 99], we can now define the
following three impropriety measures, pc = {pi, pj, pr} , for quaternion-valued random

variables
pi = C7'Ryy- = (Elgq*]) " Elaq™]
pj = Cy Ry = (Elgq")) ™" Elgg™] (3.1)
pk = C ' Rygrs = (Elgq™)) ™ Elgq™]

which in essence represent the correlation between the quaternion valued random vari-

able ¢ and its involution around ¢ € {i,j, k}, normalized by the signal power, C, =
Elqq*].

Table 3.1: Structure of the quaternion covariance and pseudo-covariances.

| | R{} L S | S | Se{-}

Cy Cq. +Cy + Cy; + Cy, 0 0 0
qu"* qu + C i qu — C‘]k 0 2(RQ7‘qj — RQiQk) Q(RQqu + RQin)
quj* qu - qu‘ + ng‘ _ CQk Q(RQT(H + Rq]'%) 0 Q(RQqu - qu‘qg')
qu’“* Cq’V‘ — qu‘ — ng‘ + qu 2(RqTq¢ — ng'%) 2(Rqrqj + qu‘%) 0

3.4 Tracking quaternion impropriety in real-time

Consider the problem of finding the optimal linear mapping that relates the quaternion-
valued random variable ¢ to its involution ¢¢ with ¢ € {i,j, k}. This mapping can be

formulated as
¢ = hjpq

where applying the conjugate operator and multiplying both sides by ¢ gives

qu* = qq*hopt- (3.2)

The closed form solution for A,y can now be found through taking the statistical expec-

tation of the expression in (3.2) which yields

hopt = (Elqq™)) ™! Elgq*). (3.3)
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Note that the expression in (3.3) is not only the p; impropriety measure, but also the
MMSE or Wiener solution for estimating the (-involution of ¢ form itself, that can be
formulated as

¢ = h*q

which minimizes E [|e|?] = E [|¢° — ¢|?], where ¢¢ denotes the estimate of ¢°. However,
finding the Wiener solution requires knowledge of the true statistics of the signal that
in general are not available. Moreover, applying block based estimators for finding the
Wiener solution is rather inadequate for on-line applications, specially when dealing with
non-stationary signals with fast changing statistics, or in applications where it becomes
important to capture incidences that the signal changes its statistics. Thus, an adaptive

impropriety estimator is required.

The definition of the impropriety measure as the optimal Wiener solution for esti-
mating ¢¢ from ¢ permits the application of the strictly linear quaternion least mean
square (QLMS) adaptive filter, used here in its iQLMS [100] formulation, to track the
impropriety measure in real-time. The operations of such a real-time quaternion impro-
priety tracker are summarized in Algorithm 3, where ¢ € {3, j,k} and the adaptation
gain is denoted by u € R*. As the QLMS algorithm uses instantaneous estimates of the
signal statistics, the filter coefficients never reach their optimal values in the absolute
sense and therefore it becomes important to analyze the contribution of the bias and

variance of the parameter estimates to the total MSE.

Algorithm 3. Real-Time Quaternion Impropriety Tracker

For each time instant n = 1,2, ...

Estimate the (-involution of q:
G, = hndn
Calculate the estimation error:
en = g5 — 45

Update the impropriety estimate:

hn—i—l = hn + anE:L
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3.5 Performance analysis

In order to understand the behavior of the proposed quaternion impropriety tracker, in

the sequel, we shall analyze the behavior of the weight error given by

€n = hn — hopt- (34)

3.5.1 Mean error behavior

In order to find a bound on the adaptation gain which insures unbiased operation of the
developed quaternion impropriety tracker, the statistical expectation of the weigh error
at each time instant must be expressed in a recursive fashion. To this end, notice that

from Algorithm 3 we have

hott — hy = gqng;;. (3.5)
In addition, replacing (3.4) into the error ¢ = qg* — qhy gives
5: = qg,* - q;ﬁn + q;hopt- (36)

Now, substituting (3.6) into (3.5) yields

M * *
€Ent+l — €n = §Qn(%€ - qnhn)

that can be rearranged to give

€nt1 = €n + gqnqn* - gqnq;'len - ganZhopt- (3.7)

Taking the statistical expectation of (3.7) and replacing hgy with the expression in
(3.3), we arrive at the recursive expression for the statistical expectation of the weight

error that is given by
Blens] = Eleal (1~ 5 Elangy]).

It now becomes apparent that the statistical expectation of the weight error converges
to zero for

)1 ~ L Elgg)| <1

2

so that the allowable range for the adaptation gain becomes

O<p< (3.8)

4 4
Elagngy]  Cq,

Note that the algorithm will operate in an asymptotically unbiased fashion, if the

selected adaption gain satisfies the condition set in (3.8). Furthermore, it is important
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to note that the convergence condition in (3.8) indicates that convergence in the mean

is not influenced by the degree of impropriety of the input signal.

3.5.2 Mean square error behavior

In steady-state operating conditions the variance of the weight error is given by

Blenti€hii] = Ellent1’] = Bllen + Sanehl?]

where upon substituting e, = ¢ — @ hn = & — q*(en + hopt) We have

Bllensal’) = Blen + 5 an (a5 = dien + hop)) ']

Assuming that the adaptation gain meets the condition set in (3.8) and the algorithm
converges in the mean, it is reasonable to consider that in the steady-state hp1 =~ hy,
so that Ele,] ~ 0, which yields

2
Bllen1?] =Bllenl?) (1 + Z-E[10.:4:"] = 1Elgags))
2

+ 'uz (EUann*IQ] + E[‘qnq;’Q]E“hopt’Q]) (3.9)

2
K *
- 7E [%(ang*tht%%)] :

Finally, in steady-state operating conditions it is also reasonable to assume that FE [|en+1 |2] R

E[|en|?], which allows the expression in (3.9) to be simplified into

o
Efle, 2] = X - 3.10
Ly Elgnas] — Y E[lana;|?] (3.10)
where
X =B Jaaa5" 2] + Blangi ) B [hoptl?] = 2B | R(0naS Hiutyan)
(3.11)

:E[

For the algorithm to converge in the mean square sense the steady-state weight error

Cx * 2
qndp — annhopt ‘

variance, as expressed in (3.10), needs to remain positive and bounded. From (3.11)

notice that y € R*; therefore, E[ \vn|2} is positive and bonded if and only if

Elgngy]

O<pu<4 (3.12)
E||gna;|?]

Furthermore, in Appendix A it is shown that

02
Ellang; ] = =3 3+ 1oil* + os + lon]?) (3.13)
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Therefore, replacing (3.13) into (3.12) allows the mean square convergence condition to

be expressed as
8
O<p< : (3.14)
Can B+ |pil® + |pil* + | px]?)

From the expression obtained for the mean square error in (3.10) and the mean
square convergence condition in (3.14), observe that the mean square behavior of the
developed quaternion impropriety tracker is dependent on the degree of impropriety, as

the terms y and E [|qnq;§|2} contain impropriety information.

3.6 Simulations

In this section the performance of the developed quaternion impropriety tracker is val-
idated through simulation on synthetically generated signals and real-world wind data
recordings. In addition, the developed quaternion impropriety tracker is applied to track

the degree of channel diversity in communications systems based on Alamouti coding.

3.6.1 Synthetically generated data

First, the impropriety tracking ability of the developed algorithm is demonstrated on a
synthetically generated signal constructed from three segments of zero-mean unit power
white quaternion-valued Gaussian noises with changing pseudo-covariances, and hence
impropriety measures. The developed quaternion impropriety tracker was applied to
track the degree of impropriety of the signal with 4 = 0.1. The absolute values of
the quaternion impropriety measures for the data segments with different impropri-
eties together with their estimates is shown in Figure 3.1. Observe that the developed
quaternion impropriety tracker produced accurate impropriety estimations for various
types of impropriety. In addition, the degree of impropriety arising from one of the
pseudo-covariances did not affect the steady-state performance or convergence of other

impropriety measures.

To further illustrate the ability of the proposed impropriety tracker and analyze its
mean square error performance, we considered zero-mean unit power white quaternion-
valued Gaussian noise with changing p; only. The j-impropriety measure, p;, was set to
0.65 for the first segment, 1 for the second segment, and 0.3 for the third segment. In
Figure 3.2, 100 realizations of the estimate of p; and their average are shown, demon-
strating that the proposed algorithm produces unbiased estimates and that convergence
is not affected by the degree of impropriety, which verifies the analysis in Section 3.5.1
and Section 3.5.2. Moreover, observe that the steady-state variance of the impropriety

tracker depends on the degree of impropriety.
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Figure 3.1: Absolute quaternion impropriety measures for synthetically generated Gaus-
sian data (in red) and its quaternion impropriety estimates (in blue).

1, -
True value—— [ Estimates
0.8 1
0.6] 1
a—
0.4

0.2 :

ol Average of estimates |

0.5 1 1.5 2 2.5 3

4

Sample number

Figure 3.2: True value of p; (in red) plotted alongside 100 realizations of its estimate
(in light green) and the average of the estimates (in blue).

3.6.2 Real-world wind data

The quaternion-valued wind data comprised of the wind speed measured in the north,
east, and vertical directions as the pure quaternion part and the ambient temperature

as the real part!. The recorded wind signal exhibits a high degree of impropriety, as

'Note that the same representation for wind data has been successfully used in [75, 79] for wind speed
and atmospheric temperature prediction.
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seen in the scatter diagram in Figure 3.3. Figure 3.4 shows the impropriety measures of

the recorded wind signal with the adaptation gain set to p = 0.1.
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Figure 3.4: Absolute value of the estimated impropriety measures of quaternion-valued

wind data.

3.6.3 Communication channel estimation

A multiple-input-multiple-output wireless communication system based on Alamouti

coding [101] was considered, where the coding scheme is given by

yi | _ hi —hj 51
Y2 ha R} 52

while y; and gy are two consecutive complex-valued received signals, s; and so are two

4| ] (3.15)

w2

consecutive complex-valued transmitted signals, h; and he are complex-valued channel
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gains between each transmit antenna and the receiver, whereas w; and wy represent

complex-valued noise terms.

Using the Cayley-Dickson representation, two complex numbers can be combined

into a quaternion, giving the quaternion form of the Alamouti code as [99, 102]
Y=HS+W

where Y = y1 + yoj, H = h1 + hoj, S = s1 + s9j, and W = wy + wyj. The impropriety
of the channel can be used to analyze its diversity and to establish whether any phase
information can be extracted from the received signal [103]. To illustrate this point, the
structure of the ¢, j, and k-pseudo-covariances of H are given in Table 3.2. Note that
the entire joint second-order statistical information of h; and hs can be extracted from
pseudo-covariances of H.

Table 3.2: Structure of the pseudo-covariances of the quaternion-valued Alamouti com-
munication channel.

’ H 1-¢ component ‘ j-k component ‘
RHHZ* Chl — Ch2 2Rh2h1j

Ry || Bpyny + Rpgns (Rhgh’l‘ - Rhlh;)j
Rypre | Ruiny — Buohy | (Bung + Ragny) J

For the first segment (0 to 2.5 seconds) the two complex valued channels in (3.15)
were independent, one was circular complex and the other was improper complex with
a complex impropriety measure of 0.8. For the second segment (2.5 to 5 seconds) both
channels were complex circular and had a cross-correlation of 0.4. Figure 3.5 illustrates
the ability of the proposed impropriety tracker to successfully track the changes in
channel statistics, where the adaptation gain was ¢ = 0.01 and the channel was measured

every 5 milliseconds.
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Figure 3.5: Channel impropriety measure estimation of an Alamouti communica-
tion system.
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3.7 Conclusion

A real-time tracker of quaternion impropriety has been introduced. This has been
achieved based on the MMSE linear estimation of the involutions of a quaternion ran-
dom variable along the ¢, j, and k-axis from the quaternion random variable itself.
Convergence conditions in the mean and mean square sense have also been obtained.
The analysis has shown that the proposed algorithm produces unbiased estimates and
that the mean behavior of the algorithm is not affected by the degree of impropriety.
However, the steady-state variance of the proposed algorithm does exhibit strong de-
pendence on the degree of impropriety. The analysis has been verified using simulations

on both synthetic and real-world data.



Chapter 4

A Quaternion Adaptive
Phase-Only Estimator

4.1 Overview

Quaternions have proven to be advantageous for modeling three-dimensional rotations
in a number of applications and are now considered a favored alternative to rotation ma-
trices. However, despite their natural ability to model phase, when it comes to adaptive
phase-only estimation tasks, quaternions remain underutilized. This issue is addressed
in this chapter through the introduction of the widely-linear quaternion least mean phase
(WL-QLMP) algorithm and its strictly linear counterpart, the quaternion least mean
phase (QLMP), for adaptive phase-only estimation of quaternion-valued signals. This
is achieved through the derivation of an adaptive phase-only estimator that updates
the weights of the adaptive filter at each time instant according to a cost function of
the phase error in a steepest-descent fashion based on the HR-calculus. A quantitative
assessment of the performance of the developed algorithm is conducted, the physical
interpretation of the operations of developed algorithm is provided, and the concept is
validated in a number of practical applications including body-motion tracking and the
estimation of the fundamental frequency of a three-phase power system under different

operating conditions.

4.2 Introduction

The WL-QLMS and its strictly linear dual are the two initial algorithms in quaternion-
valued signal processing, which are based on the minimization of the MSE, a real-valued

function of quaternion variables [69, 70, 75, 79, 85]. However, in many applications

56
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involving three and four-dimensional signals, phase is particularly important as the am-
plitude information could be corrupted, such as in cases when the signal experiences
real-valued multiplicative noise. Moreover, the amplitude information may not be es-
sential, such as when modeling three-dimensional rotations. To illustrate this point,
recall from Section 2.5, that if the pre-rotation Cartesian coordinates, u = [uy, uy, THE
is modeled as a pure quaternion given by qu = u, + ju, + ku., then the post-rotation
coordinates of ¢y by an angle of # around the unit vector i can be calculated through

the involution

o G e ) e R I

-~

S ¢!

where qy = iul, + juy + ku’, represents the post-rotation coordinates, while ¢ = in, +
Jny + kn.. Note that the amplitude of ¢ has no bearing on the outcome of the rotation
expressed in (4.1) as the only parameters defining the rotation are 6 and 7. In such
scenarios, the optimization task is to minimize a measure of the phase error, indeed
amplitude variations may even have a detrimental effect on the performance. However,

such phase-only estimation algorithms for quaternion-valued signals are still lacking.

The direct application of the model in (4.1) results in a non-linear estimator; how-

1

ever, replacing ¢~ with its real-valued components gives

Gu = $quR(s™H) +5quSi(s ) + 5quS;(s ) + squSk(s )
which can be rearranged into a more elegant representation given by
_ _ _ 1T
g = <[R(<T),Bi(¢™H), S5, B¢ H] @ =<y (4.2)

where ¢ = §[§R(§71),%i('fl),%j@*l),%k(Gfl)]T, a form consistent with the widely-

linear model (see Section 2.7).

In the complex domain, phase estimation is preformed by the least mean phase
(LMP) [104] and the least mean magnitude phase (LMMP) [105] adaptive filtering al-
gorithms. The LMP algorithm employs the phase error cost function, and has shown
superior performance compared to the CLMS algorithm when used for channel equaliza-
tion in communications applications [104]. The LMMP algorithm decomposes the MSE
into the amplitude and phase errors, and was implemented for channel equalization in
the presence of Doppler shift induced by physical motion and in array processing, out-
performing the CLMS algorithm in both applications [105]. Based on complex-valued
widely-linear modeling, the widely-linear least mean phase (WL-LMP) algorithm was
proposed in [56] for real-time estimation of the fundamental frequency in a three-phase

power system, where it outperformed conventional frequency estimation methods for
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unbalanced power systems. The WL-LMP algorithm was also shown to be less sensitive

to amplitude variations, a desirable property of phase-only estimators.

In this chapter, the complex-valued LMP algorithm is generalized to the quaternion
domain and the widely-linear setting, in order to provide a rigorous quaternion adaptive
phase-only estimator. To this end, the WL-QLMP adaptive filtering algorithm for both
second-order proper and improper quaternion-valued processes is introduced. In addi-
tion, a convenient geometric interpretation and stability analysis is also provided. The
performance of the proposed WL-QLMP and QLMP are validated over two practical
case studies, tracking the rotation of the limbs of an athlete while performing Tai-Chi
movements, and in estimating the fundamental frequency of a three-phase power system

under different operating conditions.

4.3 The quaternion least mean phase estimator

The polar representation of a quaternion number is given by ¢ = |¢|e¢?, where ¢ is the
normalized projection of ¢ onto the imaginary subspace of H. Given that £ and the real
axis are orthogonal and &2 = —1, the real axis along with ¢ define a two-dimensional
plane in H, which is isomorphic to the complex domain and includes ¢. In this subspace,
0 is the angle between the real axis and g. Consequently, £€0 uniquely describes the

orientation of ¢; thus, we consider £0 as the phase of the quaternion variable q.

Recall from Section 2.7, that the quaternion widely-linear estimator allows us to
estimate the process y through a widely-linear estimator § = w®” q?, where w® and q*
are respectively the weight vector and augmented observation or regressor vector. The

phase error of the estimation at a time instant n is then given by
en = §gu0pn — Eynbyn- (4.3)
The phase-only cost function now becomes
In = engy = 1§59, — gyneyn|2 (4.4)
while the steepest-descent weight vector update is given by
Wiyt = Wy — 1VwasJn (4.5)

where 1 € RT denotes the adaptation gain.

In order to be able to implement the proposed quaternion phase estimator the
gradient of the cost function, Vya=Jy, is calculated next, where for the sake of simplicity
in presentation, time indices are dropped. From (4.3), observe that the phase error is a

pure quaternion; therefore, e = —¢* and J = —&2. As the cost function is a real-valued
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function of quaternion variables, by employing the HR-calculus the gradient of the cost
function becomes
VwarJ = —(Vyare)e — e(Vyare) (4.6)

where

Vare = (Vagar£g)05 + (Ve ). (4.7)

Considering that &; and 6; are functions of R(7), I(9), I(y*), and [I(y)|; for the
sake of simplicity and compact representation, we next calculate these gradients before
calculating the gradient of the cost function, Va+J. The gradients of the real and

imaginary parts of ¢ are given by

1 ~ ~ %k a a
Vo R(§) =5 Vwer (§+97) = waa*(qu +q*w)
1 aH q° ax’ ax’ axk  ax
5 wa*< (w +w o +w W ))
Lt
—21 4
(4.8)
A~ ]' ~ A% ]' a a a a
vwa*\s<y) :§vwa* (y — ) = §VW‘“‘ (W Hq —q HW )
_1 aH a an a* j a*k ax
—2vwa*<w q® — 5 (W +w™ L w™ _w ))
_1 a_‘_} ax
24 T4
while, considering that J(y*) = —(y) yields
ox(* Y 1 a 1 ax
Ve 3(§7) = = Vwer3(9) = 54" — 4™ (4.9)
Now, through substituting |3(7)| = /(7)) (y*), the gradient of |I(y)| becomes
~ < n Vwa*d(ﬂ) %*(@) +%(y) Va3 (y)
:_(vw“*\y(g))% ?Q) - %Q)) (Vwa*‘s(:&)) (4 10)
2[3(9)]
_ R (Vwe3(9) S(@) + (Vwar3(9) - 3(9))
[S(9)]

where Vyax3(7) and Vya-3*(9) are given in (4.8) and (4.9), respectively.

Considering that |J(y)|, R(9) € R, application of the HR-calculus to compute the

gradient of 0; gives

Va0 =

1
14 (5@
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where . )
~ ;Avw‘“‘ R(y
"G e )

and the terms Vya-R(§) and Vya«|3(9)| are respectively given by (4.8) and (4.10). In

the same fashion, the gradient of §; is given by

VW”‘*

Vwa3(7) A< 1 >
Vo by = ~ 25 o0y (W ——— 412
1= 5o O\ Vv ) (4.12)
where
Voo e = Ly e [3(9)
YIS - BOE ™

2 <

and the terms Ve $(7) and Ve |S(7)| are respectively given by (4.8) and (4.10).

Finally, the gradient of the cost function can be calculated by replacing (4.11) and
(4.12) into (4.7), to obtain the closed-form expression

Gt == [(T20 _ g5 T DO

SG)] )P
R2(@) [ Vwes [SE)] oyt Vwer R()
o (T g | s
Ve (1 Ve S0
[( |%<y>(y)‘“(y) |%<L;>|(2y 1)
Aﬁz(g) Vwa*‘%(?;)‘ S(4 Vw“*%(?])
TG < Ry O ﬂ

where the terms Ve« R(y) and Vyyax

3(g)| and are given in (4.8) and (4.10).

Note that in cases where the system can be modeled in a linear fashion that is
y = h'lq, by replacing w® with h and replacing q® with q in (4.6) through to (4.13),
the strictly linear QLMP can be obtained using the same procedure. In addition, if
the objective is to track the bearings of an object in three-dimensions, the signal is
most conveniently modeled as a pure quaternion resulting in § = 7/2. Therefore, &,, =
(&5 — &) /2 which leads to the gradient of the cost being simplified into

e (G = I R
RLRIC R

where 72 /4 is essentially an scaling factor and can be incorporated into the adaptation

gain, resulting in a more computationally efficient algorithm without loss of performance.
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4.4 Geometric interpretation

Consider the estimates of the phase of the reference signal y,,, before and after the weight

vector update respectively given by ¢, = wiHq? and Unjnt1 = wgflqﬁ. The phase

estimation improvement achieved in this way can be quantified as
. . . H
Agp = Ynln+1 = Ynjn = (Werl - W?L) qu

while replacing wi | —wi = —uVarJ,, = p(Vwaren)en 4 pen(Vwarey) obtained from

the expressions in (4.5) and (4.7) yields

H
A~ H a a
Ayn =—p (vw%* Jn) q, = M((vw%*gn)gn + 5n(vw%*5n)> q,

=2u (%(Vw%*sn)%(sn) + R(Vwaren)S(en)
. (4.15)
(Ve R(n) — (S(Vagrn) - %(en») o

H
_2M<<vw%*5n)5n — (Vwaren) x €n) ap-

Furthermore, from substituting Vyase, = (Vwa+&g, )05, + &5, (Vwar0y,) into the expres-

sion in (4.15) we have

H
Agn :2#9?% ((ng*ﬁyn)En - (ng*gyn) X 5n> qg
(4.16)

H
+2p (fﬁn(vw%*%n)en — (&5, (Vwarby,)) ¥ €n> qr.

In order to quantify the improvement in the estimate of the phase when using the
estimate obtained after the weight vector has been updated, we shall split the term Ay,

as expressed in (4.16), into two parts, the angle-only term, given by

H
Aﬁn = 2/.L<§Qn (VW%*ng)sn - (&gn (VW%*OQH)) X €n> qu (417)

Vs I8

and the unit vector term, given by

H
26, = 20 03, (Vo 65,020 — 03, (Vo) <20 ) (1.18)

Voas I

where it can be shown that the terms Vyax Jg and Vyax JS are the gradients of the cost
function, J,, if &;,, and 6;, were treated as constants. Therefore, the term in (4.17)

reduces the error of the angle estimate while treating the unit vector as a constant, the
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geometric view of which is illustrated in Figure 4.1, whereas the term in (4.18) reduces
the error of the unit vector estimate while treating the angle as a constant, the geometric
view of which is illustrated in Figure 4.2. Together, these two terms form the basis for

phase estimation in the quaternion domain.

> R{}

Figure 4.1: Geometric interpretation of the angle update in quaternion phase estima-
tion. The desired signal, v,, and its angle, 0, are shown relative to their phase-only
estimates both before the weight vector update, {Z}nlmg.@nm}v and the after weight
vector update, {Jnn+1,05,,,,}- The direction of —uVya- J? and A#,, as presented
in (4.17) are also illustrated. The unit circle is shown in light blue as a visual reference.

Sk}
A S{yn}

———

3l{} Eﬁnm

Figure 4.2: Geometric interpretation of the unit vector update in quaternion phase
estimation. The desired signal, y,,, is shown relative to the unit vector of the phase-
only estimate both before weight vector update, £, . and after weight vector updates,
Ednnyq- Note that here AL, = —pVya- JE. A unit circle centered around the origin in
the plane containing &5, and &g, ., is shown in light blue as a visual reference.
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4.5 Stability analysis

The phase estimation errors before and after the weight vector update operation are
respectively given by
Enln =Egjn 0 — Euly
Enlnt1l ZEgu i1 Ognpnss — Euly
the aim is to find the range for the adaption gain, p, that ensures continuous learning
that is \5n|n+1]2 < \5n|n]2. To this end, consider the The first-order Taylor expansion of

|enint1]? around |e,,|* given by

‘€n|n+1‘2 = |€n\n|2 + <Vw%* 5n|n\2 . Awg> (4.19)

where Awj, = wi, | — wi.. From the expression (4.5) we have Awj = —uVyaJ, =

€n|n‘2 that upon replacing into the expression in (4.19) yields

eain|”)

_va%*

2
Enpn - Vg

|5n\n+1|2 = ‘5n|n‘2 - <ng*
(4.20)

2
= [entn]” — 1| Twge lempal| -

Through substituting the expression in (4.6) into (4.20) we have

‘En|n+1‘2 = ‘€n|n‘2 — M ‘(vwa*gn\n)gnm + gn\n(vwa*5n|n)|2

= ‘€n|n‘2 - 4“ ‘En|n§R(vW’”En|n) - <€n\n : %(vwa*gn\n)HQ

where considering that <£n|n . %(vw“*€n|n>> € R and that ¢, R(Vwaey,) lies solely in

the quaternion imaginary subspace gives

|5n\n+l ’2 = ‘€n|n‘2 - 4:“ ‘En\n}Q ‘%(vwa*gnm)’z - 4M ‘€n|n‘2 ‘%(vwa*gn\n)‘Q

=[ennl” (1 = 14 |Vwrenal”) -

Therefore, in order to ensure contentious learning of the developed quaternion phase-only

estimator, |€n‘n+1\2 < \5n|n|2, it suffices to grantee that
2
1= 4p [ Varenn’| <1
resulting in the following bound for the adaptation gain

O<pu< ! |2-

2 ‘Vwa*é"n‘n
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4.6 Simulations

In this section, the performance of the developed quaternion phase estimator is validated
through simulations in practical applications. The QLMP is implemented for tracking
rotations of an object in the three-dimensional domain and for estimating the main
frequency of three-phase power systems. In addition, the WL-QLMP is implemented for

tracking the limbs of a person performing Tai-Chi movements.

4.6.1 Synthetically generated three-dimensional data

In this section we consider unit amplitude three-dimensional signals modeled as pure
quaternions. The objective is to track the rotations that the signal undergoes from the
point of view of an observer at the origin, a classic problem encountered in attitude
estimation and bearings-only tracking. In this scenario, since the observer is at the
center of the coordinate system, the rotation vector, 1, will always be normal to plane
of motion that encompasses the center of the coordinate system, the pre-rotation position
of the object, and the post-rotation position of the object. Thus, (¢y-qu) = (¢n-qw) =0,

and the quaternion rotation model expressed in (4.1) yields

o= (o (2) i (2) s (2) i (1)
O ) R N
(o) o (2) o

Therefore, considering the expression in (4.21), in these scenarios, the rotation can be
tracked using the QLMP where the filter coefficient is given by

0 AN
h = (cos <2> + qnsin <2>> = ¢nf

from which the axis and angle of rotation can easily be calculated and are given by

an = é(ln(h)) and 0 = |3 (In(h))|. (4.22)

In the first simulation, the performance of the developed quaternion phase only es-
timator was validated using synthetically generated signals with unit amplitude. The
signals were set to oscillate in a randomly selected plane of the quaternion imaginary
subspace with frequency of 20 Hz. The signal was considered to be corrupted by addi-
tive white Gaussian noise (AWGN) with signal to noise ratio (SNR) of 35 dB and the
sampling frequency was considered to be 1 KHz. The QLMP, QLMS, and a real-valued
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quadrivariate LMS were implemented in order to track the signal. This experiment was
repeated 100 times. The MSE performance of the QLMP is shown alongside the MSE
performance of the QLMS and the real-valued quadrivariate LMS in Figure 4.3. In
addition, the signal from one realization of the experiment and its estimates obtained
through implementing the QLMP, QLMS, and real-valued quadrivariate LMS is shown
in Figure 4.4. Observe that the developed QLMP algorithm not only converged faster,
but also achieved a lower steady-state MSE.

0 \,\,\ﬁ\ |
Quadrivariate LMS

0 100 200 300 400 500 600 700 800
Sample number

Figure 4.3: MSE performance of the developed QLMP algorithm compared to that of
the QLMS and real-valued quadrivariate LMS, when tracking an object oscillating in a
randomly selected plane of the quaternion imaginary subspace.

In the second simulation, the tracking ability of the QLMP algorithm is demon-
strated, where the QLMP algorithm was implemented to track the changing axis and
angle of rotation of an object rotating around the center of the coordinate system. Fig-
ure 4.5 shows the instantaneous rotation angle and its estimate, whereas the rotation
vector and its estimate are shown in Figure 4.6. Note that the QLMP accurately tracked

both the rotation vector and rotation angle.

4.6.2 Power system frequency estimation

Since their introduction, analytical signals have been an integral part of spectral analysis
of real-valued signals. In essence, analytical signals are complex-valued signals with
one-sided Fourier transforms, generated by adding a real-valued signal to its Hilbert
transform, where the phase contains the spectral information of the real-valued signal.
However, in circumstances where the signal of interest is complex-valued employing the
Hilbert transform in the complex domain, due to the limited dimensionality of complex
numbers, will lead to the loss of the information contained in the negative part of the
spectrum. Therefore, in order to fully characterize complex-valued signals, the concept

of analytical signal has been expanded to the quaternion domain in [72, 73] to present a
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Figure 4.4: Tracking a pure imaginary quaternion-valued signal with unit amplitude
through implementing the developed QLMP algorithm (in red), the QLMS algorithm
(in blue), and the real-valued quadrivariate LMS (in dark green).
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Figure 4.5: Rotation angle estimation of a pure imaginary quaternion-valued signal
with unit amplitude through implementing the QLMP algorithm.
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Figure 4.6: Estimates of rotation vector, a pure imaginary quaternion-valued signal
with unit amplitude, obtained through implementing the QLMP algorithm.

quaternion-valued representation for complex-valued signals with one-sided quaternion
Fourier transforms and it has been shown that the spectral information of the complex-
valued signal is contained in the phase of its quaternion-valued representation. Based on
these developments, we next present a simple method for estimating the main frequency

component of three-phase power system signals.

For spectral analysis of three-phase power systems, the Clarke transform is used to
map the three-phase voltages onto the complex domain, where in general they are shown
to trace an ellipse [56]. The Hilbert transform of the output of the Clarke transform,
Up, with respect to the imaginary unit ¢ € {7, 7, k} given by H(v,), is used to construct

the phase-only signal
Sn - Un +7HC(’UTL) .
[vn + He(vn)]

The instantaneous frequency of the system is now given by

_i Sn—i—l
(S

where fs represents the sampling frequency, and §n+1 is the estimate of S, 1 obtained
using the strictly linear QLMP (for details on implementation of the Hilbert transform
see Appendix B).
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In the first experiment, the proposed algorithm was used to estimate the fundamen-
tal frequency, f = 50 Hz, of a three-phase power system where fs = 1500 Hz and it was
assumed that the measurements were corrupted by AWGN with SNR of 50 dB. The
system was operating under balanced (nominal) conditions for the first 2 seconds, then
it was forced into unbalanced operating condition by an 80% reduction in the amplitude
of one of its phases, which continued for 2 seconds, and for the last 2 seconds one of
the phases of the three-phase power systems experienced a 1 Hz amplitude modulation
given by 1+ 0.2sin(2rATn). Figure 4.7 shows the system frequency and its estimate

along side the frequency estimation error performance of the proposed method given by
en=1"Jn—Jn

where f, and fn represent the system frequency and its estimate at time instant n. Note
that the proposed method accurately tracked the frequency of the power system under
both balanced and unbalanced conditions. In addition, unbalanced operating conditions
and amplitude modulation did not significantly effect the frequency estimation error

performance of the proposed method.
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Figure 4.7: Frequency estimation for balanced and unbalanced three-phase power sys-
tem; frequency and its estimation (top), squared error |e,|? = | fn — fn|2 (bottom).
The system is balanced for the first two seconds, is unbalanced for the next two second
seconds, and experiences an amplitude modulation on one of its phases for the last two
seconds.
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The performance of the proposed algorithm was also investigated for the case where
the power system has a rising (cf. falling) fundamental frequency, a typical case where
power generation is higher (c¢f. lower) than consumption, while operating under unbal-
anced condition caused by an 80% reduction in the amplitude of one phase. Figure 4.8
shows the system frequency and its estimate along side the frequency estimation error
performance of the proposed method, verifying that the proposed algorithm can accu-
rately estimate the fundamental frequency of the system. In addition, it is important
to observe that form Figure 4.8, it becomes apparent that the developed QLMP algo-
rithm can track the phase information of quaternion-valued signals even in incidences
when the phase is experiencing rapid changes. Finally, note that in three-phase power
systems frequency changes at much lower rates than is considered in this simulation and
the rates selected are to show the performance of the algorithm under extreme or worst

case scenarios.

—Frequency estimate
---True frequency

- -‘Fallin‘g frequency
—Rising frequency

n

20log(l€,|)

-1001
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Figure 4.8: Frequency estimation for a power system experiencing frequency change at
the rate of 2 Hz/s; frequency and its estimate (top), squared error |e,|* = |fn — fn|2
(bottom).
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4.6.3 Body-motion tracking

The WL-QLMP was next used in a one-step-ahead prediction setting in order to track
the rotations of limbs of an athlete preforming Tai-Chi movements. The data were
recorded using four accelerometers, which measured the three Fuler angles «, 3, and
v, as shown in Figure 4.9, these angles respectively represent the roll, pitch, and yaw
within the range [, —7|. The Euler angles can be transformed into rotation matrices;
however, these matrices contain singularities when one of the Euler angles approaches

+7, the phenomenon known as the gimbal lock.

Figure 4.9: Inertial body motion sensor setting: fixed coordinate system (blue), sensor
coordinate system (red), and Euler angles (green). The “N” axis is used as a visual
guide to indicate the yaw angle.

In order to make the data suitable for processing! each angle was converted into a

quaternion using the following transformations

o — (cos(a), sin(a)) — 'z
B — (cos(B),sin(B)) — eI (4.23)
v = (cos(’y),sin(’y)) ek

where each term represents the roll, pitch, and yaw rotations in the three-dimensional
space respectively. The three quaternion terms obtained in (4.23) were combined into

one quaternion given by
a= () (%) () (4.24)

which represents the total rotation. As the mapping in (4.23) is invertible, the resulting
quaternion in (4.24) preserves the dynamics of the recorded signal. Figure 4.10 shows
the recorded yaw angle measurements containing discontinuities and its corresponding

continuous transformation in (4.23) which is ready for processing.

'The recorded angles are unsuitable for processing in their original form as they contain discontinuities
around +7r.
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Figure 4.10: Recorded yaw angle measurements with discontinuities at +m (top) and
its contentious transform (bottom).

The WL-QLMP algorithm was considered in a one-step-ahead prediction setting to
track body rotations. In Figure 4.11, the estimates of the absolute value of the phase of
the body motion signal obtained by the WL-QLMP algorithm are shown alongside those
obtained through a real-valued quadrivariate approach, where the quaternion-valued
body motion signal was considered in its vector representation and the real-valued LMS
algorithm was employed to track the signal. Notice that the WL-QLMP algorithm has a
significantly better performance than that of the quadrivariate algorithm. The individual
components of the phase of the quaternion-valued body motion signal are shown in
Figure 4.12, which confers that the proposed WL-QLMP can be used to accurately track
the rotations of an object moving in three-dimensions. In addition, from Figure 4.11 and
Figure 4.12 observe that the WL-QLMP and the quadrivariate algorithm implemented
to track the body motion signal seem to lose track of the signal during the terminating
samples. This is mostly due to the sudden change in the body motion signal statistics
or in other words the person performing the Tai-Chi movements coming to a standstill

at the end of experiment.

N w
T

—
Tt

|Phase| (radian)

y X
Quadrivariate— " v T True value
L L

100 200 300 400 500 600 700 800 900 1000
Sample number

Figure 4.11: Absolute value of the phase of quaternion-valued body motion signal
employing the WL-QLMP algorithm and a quadrivariate approach.
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Figure 4.12: Phase estimation for recorded body-motion signal employing the WL-
QLMP algorithm.

4.7 Conclusion

The WL-QLMP adaptive filter has been introduced for the unified processing of three
and four-dimensional phase-only signals. The WL-QLMP has been shown to account
for both second-order proper and improper four-dimensional data represented as full
quaternions. The performance of the algorithms has been analyzed, a geometrical in-
terpretation of the operations of the proposed algorithms has been presented, and con-
vergence conditions have been established. Furthermore, the proposed algorithm has
been validated in a number of practical applications including frequency estimation in

three-phase power systems and body-motion tracking.



Chapter 5

A Non-Linear Complex-Valued
Frequency Estimator for

Three-Phase Power Systems

5.1 Overview

In this chapter, frequency estimation in three-phase power systems is considered from
a state space point of view in order to develop a robust and fast converging algorithm
for estimating the fundamental frequency of three-phase power systems in real-time.
To this end, the Clarke transform is used to incorporate the information from all the
phases into a complex-valued signal; then, a complex-valued widely-linear state space
estimator that can accurately estimate the fundamental frequency of both balanced and
unbalanced three-phase power systems is designed. Furthermore, it is shown that the
framework can be extended to account for harmonic contaminations in the system. For
rigor, the performance of the developed frequency estimator is quantified and compared
to that of its counterparts. The performance of the developed algorithm is validated
through simulations on both synthetic data and real-world data recordings, where it is
shown that the developed algorithm outperforms both standard linear and the recently

introduced widely-liner complex-valued frequency estimators.

5.2 Introduction

The components of the power grid are designed to operate optimally at a given nominal
frequency [106]. Large deviations from the nominal system frequency adversely affects
the components of the power grid [106-108], such as compensators and loads, resulting

in harmful operating conditions that can propagate throughout the network and cause

73
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stability issues. Thus, making frequency stability one of the most important factors
in power quality [106]. Therefore, accurate frequency estimation is a prerequisite to

ensuring frequency stability of the grid and maintaining optimal operating conditions.

The importance of frequency estimation in power grids has motivated the introduc-
tion of a variety of algorithms for this purpose, including frequency estimation techniques
based on the use of phase-locked loops [109, 110], recursive Newton-type frequency and
spectrum estimation algorithms applicable to three-phase power systems [111, 112], ap-
proaches based on the least squares and least mean square algorithms [113, 114}, a Fourier
transform based method for estimating the main frequency in three-phase power sys-
tems [115], and an adaptive notch filter for direct estimation of frequency and its rate
of change in three-phase power systems [116]. In particular, approaches based on the
Kalman and extended Kalman filters have been shown to be advantageous [117-119], due
to their ability to model observational noise. Although a great deal of research has been

conducted in this area, there are shortcomings that are summarized in the following:

e Frequency estimation techniques based on phase-locked loops and notch filters are
computationally intensive; in addition, in the case of phase-locked loops, dedicated

hardware is also required.

e Frequency estimation techniques that use block based estimators, such as the least
squares and the Fourier transform, are not adequate for signals with rapidly chang-
ing statistics such as those encountered in power systems that are starting to

experience a fault or are recovering from one.

e In many incidences [111, 113, 117, 118], the frequency estimator only uses voltage
measurements from a single phase and cannot fully characterize three-phase sys-
tems, especially during crucial moments when one or two of the phases encounter

a sudden drop in voltage or short circuit.

e Frequency estimators based on standard complex-valued linear models [114, 119]
are shown to experience large oscillatory errors at twice the frequency of the system

when the three-phase system is operating in an unbalanced fashion [116, 120].

In order to introduce a robust frequency estimator for three-phase power systems,
the Clarke transform and widely-linear modeling of complex-valued signals have been
used in [57, 121], where an algorithm based on the ACLMS adaptive filter has been
presented. In addition, the model has been employed in its state space formulation in [58,
122] to introduce a frequency estimator based on the AECKF filter that outperforms
its ACLMS based counterpart, due to the fact that it can account for observational
noise. Although these algorithms perform significantly better than their strictly linear
counterparts, their performance deteriorates when the power system is operating under

fault conditions.
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In this chapter, frequency estimation in three-phase power systems is considered
from a new perspective. The analysis shows that the output of the Clarke transform of
a balanced three-phase system comprises a positive sequence only; however, when the
three-phase system is operating under fault conditions the output of the Clarke transform
comprises both a positive and a negative sequence element with the same fundamental
frequency. This is used to design a widely-linear state space model that accounts for the
presence of the negative sequence and can operate optimally under both balanced and
unbalanced operating conditions. The resulting frequency estimator is computationally
efficient, unbiased, and has consistent performance regardless of operating conditions.
Furthermore, we show that the framework can be extended to account for the presence

of the main harmonic components of the power signal.

5.3 Three-phase power systems

The instantaneous voltages of each phase in a three-phase power system are given by [53]

Van =Vancos2nfATN + ¢q p)

2
Vb,n :%,RCOS(QWfATn + ¢b,n + ?ﬂ-) (51)

Ve,n :‘/::7nCOS(27TfATn + Pen + 4%)

where V,, ,, Vi, and V., are instantaneous amplitudes, ¢4, @b, and ¢, are instan-
taneous phases, f is the system frequency, and AT = 1/fs is the sampling interval with
fs denoting the sampling frequency. The Clarke transform, given by [53]

Van| = g 1 _% _% Ubn (52)
Yg,n 0 @ _§ Ve,n

maps the three-phase power system onto a new domain where they are represented by
Up = Va,n + JUg, while in most practical applications v, is ignored and only serves
the role of making the Clarke transform reversible. When the three-phase system is
operating under blanched conditions that is V,, = V,,, = V,,, = Ve and ¢gp = dpn =

Gen = Gn, it is straightforward to show vg, = 0, which in turn results in

3 .
vn:\/;vnez(waATn—H;Sn) (53)

that can be expressed by employing the first order linear autoregressive model

— ez27TfAT,Un 1

2 fAT

where the term e is referred to as the phase incrementing element.
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The expression in (5.3) shows that when the three-phase power system is balanced,
vy, is consisted of only a positive sequenced element; hence, it will trace a circle on the
complex plane making the distribution of v, rotation invariant or proper. Moreover,
under balanced operating condition the frequency of the system can be estimated by
standard linear complex-valued Kalman filters employing the state space model given in

ei2TrfAT

Algorithm 4, where ¢, = is the phase incrementing element [119].

Algorithm 4. Complex Linear Frequency Estimator (CLFE) [119]

State evolution equation:

|:SOA n:| |: Spn—Al :| v,
Un Pn—1Un—1
Observation equation:

v =[0 1] [‘f”] +wn

Un

Estimate of frequency:
. S(In(gn)
12 AT

The power system is designed to operate optimally at its nominal frequency and
under balanced conditions; nonetheless, in practice, a wide range of phenomena, such
as voltage sags, load imbalance, and faults in the transmission line, will lead to unbal-
anced operating conditions in three-phase power systems [107, 108]. When experiencing

unbalanced operating conditions [121]

v, = A, TfAT+On) | B o—i2nfATn+¢n)

with
A _\/é (Va,n + %,n + ch,n)
" 6
B _\/6 (2Va,n - ‘/b,n - VYC,n) Z\/i(%,n - ch,n)
e 12 B 4 ’

where the authors in [121] have considered all phase shifts to be equal to ¢,, for the sake
of simplicity. Therefore, v,, comprises both a positive and a negative sequenced element

and will trace an ellipse in the complex plane, making the distribution of v,, improper.

In order to accommodate both balanced and unbalanced systems, it has been shown

that v, can be expressed by employing the first order widely-linear autoregressive model

*
Uy = hp_10p_1 + In—1V,_1
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where h,, and g, are the linear and conjugate coefficients respectively [121]. The funda-
mental frequency of both balanced and unbalanced three-phase power systems can now

be estimated by a AECKF employing the state space model given in Algorithm 5 [122].

Algorithm 5. Complex Widely-Linear Frequency Estimator
(CWLFE) [122]

State evolution equation:

hn hn—l
9n In—1
QA}Z — hn—lﬁn—l j‘ gn—lﬁzfl + V?L
hn n—1
9n In—1
L0y, ] LA 1001 + 951 On—1]
Observation equation:
B
dn
vl |00 1 0 0 O] [0, o
[v;;]_[o 000 0 1| |p|T%n
9n
L0, ]

Estimate of frequency:

j= arcsin (—iS (hy, + an))
e 2r AT

with

ap = —S (hn) + 1/ $? (hn) =+ ’gn‘Q

Note that for a balanced three-phase system h,, = e'27/AT

and g, = 0; thus, under
balanced operating conditions Algorithm 5 and Algorithm 4 will essentially operate akin
to each other with the exception that Algorithm 4 cannot account for the presence of
improper observational noise, due to its underlying linear model. However, observe that
in Algorithm 5 the system frequency is calculated as a function of the filter coefficients,
hy and g,, which not only increases the computational complexity of the algorithm, but
also has a detrimental effect on its performance especially when the system is operating
under unbalanced conditions. To address these issues, a novel complex-valued state
space model for frequency estimation in three-phase power systems is presented that

has consistent performance under both balanced and unbalanced operating conditions.
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5.4 Frequency estimation using the positive and negative

sequence elements

From the expression in (5.1) and (5.2), after some tedious mathematical manipulations,

the output of the Clarke transform for a general three-phase system can be expressed as
vy, = A pcos(2m fATR) — Ag psin(27 fATn)
where {A7,,Ag,} € C and are given by

A[,n :\/gva,ncos(¢a,n) + (%)%,ncos((éb,n +

W)y cos(be+ )

_ ( \/6
2 . V3 —1 . 2
AQ,n :\/gva,n51n(¢a,n> + (“/:/é)w,nsnl((bb,n + ?ﬂ-)

_(i\/§+1
V6

Now, substituting the sin(-) and cos(:) with their polar representations yields

2
=)
41

)Vc,nSin(¢c,n + 4%)

AI,” AQJZ 2 fATn AI,” AQvn —i2nfATn
vn = (57 = ) (R 5 )e
1}:; U

where v, has been decomposed into two counter rotating elements, v with only a
positive and v, with only a negative sequenced element. The two counter-rotating

elements can be modeled individually by employing the linear recursive models

v = 2T ATy T and v, = e PTIATY, = (5.4)

where the phase incrementing elements of the positive and negative sequence elements

are complex conjugates of each other. Therefore, v,, can be expressed using the widely

e ”’iﬁ] H 5.5)

*
Upn—1 Un-1 “n

linear model given by

2rfAT represents the phase increment coefficient. A geometric interpreta-

where ¢, = ¢
tion of the output of the Clarke transform, v,, for both a balanced and an unbalanced
three-phase power system that is experiencing an 80% drop in the amplitude of v, and
a 20 degree shift in the phases of vy, and v, is shown in Figure 5.1; in addition, in
Figure 5.2, the positive and negative sequence elements of the unbalanced three-phase

power system are illustrated.
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a) Geometric view of system voltages (p.u.) b) Phasor representation (p.u.)
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Figure 5.1: Geometric view of the output of the Clarke transform, v,, for both a
balanced and an unbalanced three-phase power system: a) geometric view of the output
of the Clarke transform, b) phasor representation.
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Figure 5.2: Geometrical view of the distribution of v, in dark green “x”, v, in red
“*7 and v in blue “0” for an unbalanced three-phase power system experiencing an
80% drop in the amplitude of v, , and a 20 degree shift in the phases of vy, and ve .

Note that v, = v, + v, .



Chapter 5. A Non-Linear Complez-Valued Frequency Estimator for Three-Phase
Power Systems 80

Note that in the widely-linear model given in (5.5), the positive and negative se-

quence elements, v;" and v, , need to be known in order to estimate the phase incre-

n
menting element, ¢,. However, this is not the case as only observations of the output
of the Clarke transform, v,, are at hand. Although a dual Kalman filtering approach
can be taken to simultaneously estimate ¢, and the system model parameters, v,” and
v,, , in order to simplify our approach and develop a more accurate and computationally
efficient frequency estimator, by taking into account that the phase increment elements
of v} and v, are complex conjugates of each other, a widely-linear state space model
for v, is presented in Algorithm 6, where the fundamental frequency of the system can

be estimated directly from the phase increment element, which is modeled as a state.

Algorithm 6. Complex Non-Linear Frequency Estimator (CNLFE)

State evolution equation:

Pn Pn—1
Uﬁ wn_lvf{_l
=T e
Spn SOn—_li_
v On—1Vn_1
K [Pn—10, 74 ]
Observation equation:
o
U
vyl (001 1.0 0 0f|ov, a
[v;;]_[o 0001 1|y n
v
Loy,
Estimate of frequency:
. S(n(p)
12 AT

5.5 Harmonic contamination

The ever increasing presence of loads with non-linear voltage-current characteristics,
that is loads that draw a non-sinusoidal current from a sinusoidal voltage source such as
compensators, inverters, direct current converters, and electric motor drives, results in
distortion of the current and/or voltage signals from their desired sinusoidal shape [123].
In power engineering, these distorted voltage and current signals are mathematically
dealt with through the framework of the Fourier theory that states: a periodic wave

can be represented in terms of a summation of sinusoidal waves with frequencies at
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integer multiples of the fundamental frequency, referred to as harmonics. Since frequency
estimators, such as the CLFE and CWLFE presented in Algorithm 4 and Algorithm 5,
are designed for perfect sinusoidal wave forms, harmonic contamination is a major cause

of error in these frequency estimators.

In a similar manner to that explained in Section 5.4 for the main component of the
signal, the m'™ harmonic component after passing through the Clarke transform can be

expressed in the form of
Unm = A1 pmcos(2rmfATN) — Ag p msin(2em fATn)

with {A7n,m, Agnm} € C and given by

AI,n,m :\/gva,n,mcos(gba,n,m) + (Z.\/g\/é_l)%,n,mcos (¢b,n,m + 2771‘)

3
iv3+1 47
- ( \/6 )‘/c,n,mcos (¢c,n,m + ?)

2 , iv3 —1 , 2
AQ,n,m :\/;Va,n,msul(gba,n,m) + (T)Vb,n,msul(qsb,n,m + ?)

V341 , A
- (T)‘fcm,msnl ((Z)c,n,m + ?) .

where {Ven.m, Ven,ms Venm }» denote the instantaneous amplitudes of the m™ harmonic
voltages and {¢q n,m, Ganm, Panm} are the instantaneous phase shifts of the m™ har-

monic voltages.

In this section, two methods for dealing with harmonic contamination in three-
phase power signals is presented. The first approach simply considered harmonics as
noise components of the observed signals. The second approach takes advantage of the
flexibility of the developed CNLFE, presented in Algorithm 6, to incorporate the main

harmonic components as part of the signal.

5.5.1 Harmonics as noise

In most three-phase power distribution systems adequate provisions are put in place
to reduce the spread of harmonics, due to their negative effect on the life span and
efficiency of power grid components; in addition, the amount of harmonics that con-
sumers are allowed to create is strictly regulated [106, 123]. Therefore, under conditions
where the harmonic components of the signal is limited, it would be reasonable from a
computational complexity point of view to simply account these harmonics as the noise

component of the signal.
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The covariance of the m™ harmonic component of three-phase power signal modeled

as noise is given by

E [vnymv;’;,m] =F [A[,nijOS(27TmfATTL) ;n7mcos(27rmfATn)]
+ E [Agnmsin(2rm fATn)AG , msin(2rm fATn)]
— E [Arnmecos(2rmfATn)AY ,, . sin(2rm fATn)] (5.6)
— E [A} , meos(2mm fATn)AQ p msin(2mm fATn)]

MMMF+MWWF
9 9

whereas its pseudo-covariance can be formulated as

1
E [Un,mvn,m] :§E [A%mm + A§7n7mCOS(47TmfAT7”L)]
1

+-F [A2 e Aé7n7mcos(47rmfATn)]
2 (5.7)

— 2E [Apmeos2rm fATR)AQ pmsin(2mrm fATn)]
A? A2
_ I,nm + nm

2 2

From the expressions in (5.6) and (5.7), note that if the three-phase voltages of the m'"

harmonic component are balanced; then

V2 + Vb?n,m + V2

a,n,m c,n,m

E [Upmvy ) = and E [VmUn.m] = 0.

th

However, this is not the case when the three-phase voltages of the m'" harmonic are

not balanced, leading to an improper observational noise!. This furtherer validates
our approach in using complex-valued widely-linear modeling as the information in the
pseudo-covariance cannot be exploited through standard linear complex-valued modeling

of the three-phase power system.

5.5.2 Harmonics as part of the signal

Although, from a computational complexity point of view, it is convenient to model har-
monic components of the signal as noise, this approach compromises the performance
of frequency estimators as the energy of the section of the signal considered as obser-
vational noise rises rapidly with increase in harmonic contamination. In addition, it is
important in harmonic mitigation applications to be able to account for the presence of
the major harmonic components. Therefore, it is prudent to model the major harmonic

components as part of the signal.

Tt is most likely that the three-phase voltages of the major harmonic components, such as the third
and fifth-order harmonics, be unbalanced, even if the system is operating under balanced conditions [123].
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In contrast to the state space parameters in Algorithm 5, the state space parameters
in Algorithm 6 have an intuitive physical interpretation, which allows for the framework
to be extended to include the main harmonic components in the three-phase power
system if necessary. For instance, a state space model taking into account a harmonic
at m times the main frequency of the system is given in Algorithm 7, where v:; m and

U, denote the positive and negative sequences of the m'™ harmonic component.

Algorithm 7. CNLFE With Harmonic Contamination (CNLFE-WHC)

State evolution equation:

©n @n—i
vr—iL_ Pn—1Vp_1
_ * —
Uy, (pnflinfl
m
U?L_,m SOn—l,Un—l,m
va?,m SOn—l,U;—l,m a
* = * +v,
Spn Spn—_li_
+% * *
Up Prn—-1Yn—1
— —%
Un* Pn—1V,_1
+ +
Un,;kn SO:;Tlvn—l,m
—% m *
Un,m _Son—l n—1,m
Observation equation:
©n
vy
U,
Jr
Un,m
vn_01111000001);7m+wa
vl 1000000 1 1 11 wr "
v
v,
—+*
Un,m
—%
_Un7m_
Estimate of frequency:
: _ S (In(pp)
" 2T AT

Note that the CNLFE-WHC frequency estimator presented in Algorithm 7 requires
more processing power as compared to that of the CNLFE presented in Algorithm 6;
however, it accounts for the presence of the m'™ harmonic allowing the measure, x,, =
‘v,t m‘Q + ‘v:{ m‘Q, to be used to detect its presence. In addition, considering the m!"
harmonic as part of the signal provides for a lower variance observational noise and

better estimates of the main frequency of the system.
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5.6 Performance analysis

In terms of computational complexity, the newly developed CNLFE presented in Algo-
rithm 6 and its counterpart, the CWLFE presented in Algorithm 5, are implemented
using the AECKF, have state vectors of similar lengths, and have identical observational
vectors; however, the CWLFE in Algorithm 5 estimates the system frequency through
a complicated function of the state vector elements, resulting in higher computational
complexity. In addition, the CWLFE can only model harmonic components of the signal
as observational noise, whereas it was shown in Section 5.5.2 that in the framework of
the CNLFE, the flexibility is available to model the harmonic components of the signal
as either observational noise or as part of the signal, dependent on the application and
processing power available. In this section, the performance of the CNLFE developed
here and presented in Algorithm 6 is quantified and compared to that of its counterpart,
the CWLFE presented in Algorithm 5, as a bench mark.

The AECKF filter provides an unbiased estimate of the augmented state vector along
side an estimate of the augmented covariance matrix of the state vector estimation error.
In this setting, the estimate of the phase incrementing element of the CNLFE can be

modeled as

On = Pn + Up

where ¢, is the estimate of the phase incrementing element at time instant n and u,, is a
zero-mean complex-valued Gaussian random variable representing the estimation error,
the second-order statistics of which are also estimated by the AECKF. The estimate of
the system frequency obtained by the CNLFE can now be expressed as

;S (In (o))

Jn = 2TAT

Making the assumptions that the sampling interval, AT, is small enough to ensure
R(pn) = cos(2nfAT) > R(uy), results in In(-) being situated in its analytical region.
Furthermore, assuming that |p,| = 1 > |u,|, allows In(-) to be approximated by its

first-order Taylor expansion around ¢, which yields

;o S(In(pp +u,)) 1 Up
I == oeAT mmar S \ e+

S (In(pn)) L (un) I (un
= TionaT et \o, ) TV amars\ o, )

Taking into account that F[u,] = 0, the statistical expectation of fn, as expressed

in (5.8), is given by

P 1 o (un\] _ IS Eluy] B
Elfal = I+ A7 E [J (wn)} =+ z’27rAT\y< i, ) =/ (5.9)
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indicating that the developed CNLFE produces unbiased estimates of the system fre-
quency. In addition, the MSE of the estimates of the system frequency can now be

formulated as
ST NS B S A P Rupun \
s [(f" f> ] - [4(7TAT)2\$ <s0n>}  8(rAT)? <§R< v2 ) Cu”)
where replacing 2 = cos(4n fAT) + isin(4r fAT) yields
. 2 -1 Rupu,\
o) | = (2 () )

:8(_A1T)2 <COS(47TfAT)§R(Runun) +sin(4r fFAT)S(Ry,u, ) — Cun> .
(5.10)

Now, taking into account that the system frequency in three-phase power applications

is usually close to 50 Hz or 60 Hz whereas the sampling frequency is on the order of ten
to twenty times larger, it is reasonable to assume cos(4r fAT) ~ 1 and sin(4n fAT) ~ 0;

therefore, from the expression in (5.10) we have

. E %2(un) C3(un
s [(f" - fﬂ N S(WZT)Q (C“” - 8Q(R“"“”)> - 4E7TAT)2} N 4(7TLT))2' (5:11)

Note that from the expressions in (5.9) and (5.11) it becomes apparent that the developed
CNLFE is unbiased and its steady-state MSE is not directly dependent on the operating

conditions of the three-phase system.

Recall that the estimate of the system frequency at time instant n obtained by the

CWLFE is given by
~arcsin (—iS (hy, + ay))

In = ITAT

an = =S (hn) + /32 (hn) + |gnl” (5.13)

while replacing the expression in (5.13) into the expression in (5.12) yields

P 1 : %) 2
fn= 5 A Aresin < i\/32(hy) + |gnl )

where it is important to note that —iy/S2(hy) + |gn|> € Rt. The estimates of h, and
gn, obtained by the AECKF can be modeled as

(5.12)

with

~

hy,, =h, + Up,
In =gn + Ug,,
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where ﬁn and g, are estimates of h,, and g,, while uy, and ugy, are zero-mean complex-
valued Gaussian random variables representing the estimation error of h,, and g,, respec-
tively. Therefore, the estimate of the system frequency obtained by the CWLFE can be

expressed as

; 1 : ,
fn =g Agaresin (—Z\/C\‘s?(hn +up,) + |gn + ugn|2>

1
arcsm (—Z\/ S2(up, ) + 23 (ha)S(up, ) + gnl® + |ug, |* + 2§R(gnugn)>

T or

where assuming that |hy,| > |up, | and |gn| > |ug,| and approximating the square root

function using its first-order Taylor expansion around $2(hy,) + |gn|* yields

; 1 23 (hy, 2R
" 207/ 2 (hn) + |gn|”
Now, approximating arcsin(-) around —i\/32(hy,) + |gn|? with its first-order Taylor series

expansion allows the estimate of the system frequency to be expressed as

P 1
fn ZQWATarCSin <—z’ 32(hy,) + gn\2>

2 (un, ) +23(hn)S(un,) + |ug,|” + 2R(gnug, )

z47rAT\/1 —32(hy) — |gnl \/ )+ |gn (5.14)
i 2 (up,) + 23(ha)S(up, ) + Jug, |* + 2%(gnugn)_
4T AT/ 1= 52(h) — |9/ 2 (hn) + gl

The statistical expectation of fn, as expressed in (5.14), is now given by

B [92(un, )] + 2B [3(hn)S(un, )| + B [[ug, | + 2B [R(gnug,)]
4rAT\1 - 92 (hy) — |gal <\/<‘2 ) + lgn| )

where considering that that uy, and u4, are zero-mean yields?

Elfal = f +

A Cuy = Cun,
Blf) = f+ g S0n) : (5.15)

47TAT\/1*% — |gnl” (\/C‘2 +|gn>

Therefore, the CWLFE cannot guarantee unbiased estimates of the system frequency

regardless of the operating conditions of the three-phase system.

2Once again, note that iy/S2(h,) + |gn|* € R; therefore, E[f,] as expressed in (5.15) lies in R.
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The MSE of the estimate of the system frequency, as expressed in (5.14), can be

formulated as

E [(%2(%”) + 28(h)S(un, ) + |ug, |* + 2%(%%”))2]

b [(ff") } T 16(xAT) (1—%2(hn) — Ignl2) ]%2(hn)+ \gnl2] -

Now, assuming that the sampling frequency is much higher than the system frequency
results in (1 - 32(hy) — | gn|2> ~ 1; furthermore, considering the terms $2(uy,) and
|ug, |? to be small compared to 23 (hy,)S(up, ) and 2R(gnug,) allows the expression in

(5.16) to be simplified into

. [(f - fn>2] _ B[S (hn)S(un,,)] + E [R2(gnug,)] (5.17)

4 (TAT)? ‘s?(m) + \gnﬂ

Regarding the expressions in (5.16) and (5.17), it is important to make the following

three remarks:

1. The expressions in (5.16) and (5.17) are dependent on h,, and g, and hence on the

operating conditions of the three-phase system.

2. For a constant h,,, the expressions in (5.16) and (5.17) are minimized when g, = 0,

which gives

" [(gQ(uhn) + 23 (ha)S(up, ) + |“9n’2>1 E[3%(

N2 ~ ha)]
E{(f - ) } T AT (- ) [ A(ATY
(5.18)

3. From comparing the expressions in (5.11) and (5.18), it becomes apparent that
the CNLFE achieves a smaller steady-state MSE than that of CWLFE, that is
assuming both algorithms achieve the same accuracy on their state vector estimates
or B [3%(un)] = E [32(up,)].

5.7 Simulations

In this section, the performance of the newly developed CNLFE is validated and com-
pared to that of the CLFE and the CWLFE in different experiments involving practical
power grid scenarios. In all experiments the sampling frequency was fs = 1 kHz and the
voltage measurements were considered to be corrupted by white Gaussian noise with

SNR of 40 dB.
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5.7.1 Synthetically generated data

In the first experiment, the three-phase system was considered to be initially balanced,
then suffered a fault resulting in a voltage sag characterized by an 80% drop in the
amplitude of v, , and 20 degree shifts in the phases of v, and v.,, the voltage pha-
sor plot of which is shown in Figure 5.1. Furthermore, the frequency of the system
experienced a step jump of 2 Hz. The fault lasted for a short duration and the system
returned to balanced operating conditions and its nominal frequency once more. The
estimates of the system frequency obtained through employing the CLFE, CWLFE, and
CNLFE are shown in Figure 5.3. Observe that the CLFE could only accurately estimate
the system frequency during balanced operating conditions whereas the CWLFE and
CNLFE were able to track the system frequency during both balanced and unbalanced
operating conditions. Moreover, a closer examination of the transient behavior of the
CWLFE and CNLFE is made in Figure 5.4. Notice that both when the three-phase
system was starting to experience the voltage sag and was recovering from the voltage
sag, the CNLFE outperformed the CWLFE in terms of convergence rate and had a
better dynamic behavior, that is the CNLFE had less overshoot and undershoot.
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Figure 5.3: Frequency estimation for a three-phase power system experiencing a voltage
sag and a 2 Hz jump in frequency from 0.667 to 1.334 seconds. The performance of the
CLFE is shown in the top graph while the performance of the CNLFE and CWLFE
are compared in the bottom graph.
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Figure 5.4: Transient behavior of the CWLFE and CNLFE when the three-phase power
system experiences a voltage sag and a 2 Hz step jump in frequency: a) voltage sag
starting, b) voltage sag ending.

In order to further validate the performance of the CNLFE, in the next experiment

the unbalanced three-phase system that is characterized in Figure 5.1 was considered to

experience a rising (cf. falling) frequency due to mismatch between power generation

and consumption 0.5 seconds after the simulation started. The estimates of the system
frequency obtained through employing the CNLFE and CWLFE are shown in Figure 5.5.

Observe that both when the system frequency was constant and the system frequency

was changing, the CWLFE and CNLFE accurately tracked the system frequency, with
the CNLFE outperforming the CWLFE in terms of steady-state variance.
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Figure 5.5: Frequency estimation for an unbalanced three-phase power system experi-
encing a changing frequency at the rate of 10 Hz/s employing the CWLFE and CNLFE.

The steady-state MSE performance advantage of the newly developed CNLFE for
various SNR values is shown in Figure 7.7, where the steady-state MSE of the CLFE,
CWLFE, and CNLFE for both a balanced and the unbalanced three-phase system shown
in Figure 5.1 are compared. Notice that the developed CNLFE achieves a better MSE
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performance than the CWLFE and CLFE, verifying the analysis in Section 5.6. Fur-
thermore, unbalanced operating conditions did not have an effect on the steady-state
MSE performance of the CNLFE, a desirable characteristic for frequency estimators of

three-phase power systems and in agreement with the analysis in Section 5.6.
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Figure 5.6: Steady-state MSE performance analysis for SNR ranging from 20 dB to
60 dB: a) balanced three-phase system, b) unbalanced three-phase system.

The steady-state bias performance advantage of the newly developed CNLFE for
various SNR values is now investigated. In Figure 5.7, the steady-state bias performance
of the CNLFE is compared to that of the CWLFE and the CLFE for a balanced and the
unbalanced three-phase system characterized in Figure 5.1. Observe that the developed
CNLFE achieves a lower bias than the CWLFE and CLFE, verifying the analysis in
Section 5.6. It is important to note that for the unbalanced three-phase system the
CLFE produced estimates with around 1.7 Hz of bias regardless of the SNR of the

voltage measurements.
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Figure 5.7: Steady-state bias performance analysis for SNR ranging from 20 dB to
60 dB: a) balanced three-phase system, b) unbalanced three-phase system.
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In the next experiment, the effect of harmonics on the performance of the CNLFE
is considered. This is performed through the addition of a balanced 10% third harmonic
component to the unbalanced three-phase system used in the previous experiment at
t = 0.05 s. The system voltages and estimates of the system frequency are shown in
Figure 5.8. Notice that the proposed CNLFE achieved a smaller steady-state oscillatory
error than the CWLFE; furthermore, when the proposed CNLFE was used in its modified
format, CNLFE-WHC, the frequency of the system was estimated accurately regardless

of the presence of the third harmonic component.
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Figure 5.8: Frequency estimation for an unbalanced three-phase power system contam-
inated with a 10% third order harmonic: a) three-phase voltages, b) estimates of the
system frequency.

5.7.2 Real-world data

The performance of the developed CNLFE is now evaluated in a more practical setting
using real-world data recorded at a 110/20/10 k.V. transformer station. The REL 531
numerical line distance protection terminal, produced by ABB Ltd, was installed in the

station and was used to record the “phase-ground” voltages.
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In the first simulation using real-world data, the three-phase system appeared to be
operating in a balanced fashion for the first 5 seconds, then experienced a severe voltage
sag at approximately 5.05 seconds after recoding started which lasted for around 80
milliseconds. The recorded data and the estimates of the system frequency are shown
in Figure 5.9. Observe the CLFE and the CWLFE lost track of the system frequency
during the voltage sag whereas the CNLFE was able to track the system frequency

during the voltage sag and showed outstanding performance.
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Figure 5.9: Frequency estimation during a sever real-world voltage sag: a) three-phase
voltages, b) estimates of the system frequency.

In the second simulation using real-world data, the three-phase system suffered a
voltage sag approximately 2.5 seconds after recording started. The recorded data and
the estimates of the system frequency are shown in Figure 5.10. Notice that once again
the newly developed CNLFE achieved a better steady-state variance as compared to the
CWLFE and CLFE.
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Figure 5.10: Frequency estimation during a voltage sag using real-world data recording;:
a) three-phase voltages, b) estimates of the system frequency.

5.8 Conclusion

Frequency estimation in three-phase power systems has been considered and a unified
approach for estimating the fundamental frequency of both balanced and unbalanced
three-phase systems based on the positive and negative sequence elements in the out-
put of the Clarke transform has been presented. The output of the Clarke transform
consists of only a positive sequence when the three-phase system is balanced; however,
when the three-phase system is unbalanced, a negative sequence is also present in the
signal, which compromises the performance of standard strictly linear estimators. The
newly developed CNLFE accounts for the presence of the negative sequence element in
the output of the Clarke transform and operates optimally under both balanced and
unbalanced operating conditions. Furthermore, it has also been demonstrated that the
framework can be easily extended to account for the presence of harmonics. The per-
formance of the developed algorithm has been quantified and extensively tested using
synthetic and real-world data where it was shown to outperform the strictly linear CLFE
and the recently introduced widely-linear CWLFE, especially during critical moments

when the three-phase system was experiencing a fault and/or harmonics.



Chapter 6

A Quaternion Joint Frequency
and Phasor Estimator for

Three-Phase Power Systems

6.1 Overview

In this chapter, a novel frequency estimator for three-phase power systems based on
quaternion-valued state space modeling of three-phase power system signals is developed.
Modeling the voltage measurements from all the phases of a three-phase power system as
a quaternion-valued signal allows for the full characterization of the three-phase power
systems. In addition, the components of the state space model are designed in a manner
that permits the extraction of the voltage phasor information of each phase. To this end,
an approach for estimating the voltage phasor information of three-phase power systems
is also developed. For rigor, the performance of the developed frequency estimator is

quantified and a framework is introduced for dealing with harmonic contamination.

6.2 Introduction

The need for rigorous frequency estimation techniques in power distribution systems
was discussed in Section 5.2; however, this need becomes even more pronounced when
considering current trends in smart grid technology that in addition to having to cater
for an ever increasing unpredictable power consumption, incorporate distributed power
generation based on renewable energy sources, such as solar and wind [57, 121, 122].
In this setting, the wide-area grid is divided into a number of self contained sections
called micro-grids, with some micro-grids becoming independent in power generation

and disconnecting from the wide-area grid for prolonged lengths of time, referred to as

94
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islanding. Perfect synchrony in frequency and voltage phasors is required to connect
micro-grids and manage islanding; consequently, many smart grid control and manage-
ment techniques are dependent on accurate estimation of frequency and voltage phasors

under both balanced and unbalanced operating conditions.

For more than 50 years, the Clarke transform has formed the backbone of three-
phase power system analysis, providing a complex-valued representation of three-phase
power systems that allows for the use of the well defined complex-valued mathematical
framework for analyzing the behavior of the three-phase power grid [53]. However,
as was explained in Section 5.3, the Clarke transform can only truly represent all the
information in a three-phase power system that is operating in a balanced fashion, as
in essence the Clarke transform is a two-dimensional representation of a signal that is
by nature three-dimensional. To this end, quaternions are employed in order to model
the voltage measurements of thee-phase power systems directly in the three-dimensional

space where they naturally reside, mitigating the need to use the Clarke transform.

In this work, a novel frequency estimator for three-phase power systems is derived
based on quaternion-valued state space adaptive filtering. Furthermore, an insight to
the physical interpretation of the elements of the state space vector is provided and
exploited to estimate the voltage phasors of each phase. The resulting estimator can
fully characterize three-phase systems, operates optimally under both balanced and un-
balanced conditions, and eliminates the need to use the Clarke transform. Finally the
performance of the developed algorithm is quantified and the developed algorithm is
validated through simulation using both synthetic data and real-world data recordings

where it is shown that it can outperform its complex-valued counterparts.

6.3 The quaternion frequency estimator

The three-phase voltages are combined together to generate a quaternion-valued signal

with a vanishing real component given by
dn = iva,n + jvb,n + kvc,n (61)

where all the elements of g, have the same frequency. Therefore, analytical geometry
dictates that ¢, traces an ellipse in a two-dimensional subspace (one plane) of the three-
dimensional imaginary subspace of H. This is shown in Figure 6.1, where the system
voltages of a balanced and an unbalanced three-phase system are presented alongside a

plot of their voltage phasors.
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a) System voltages b) Balanced phasors
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Figure 6.1: Geometric view of the system voltages, g,, and the corresponding phasor
diagrams of a balanced and an unbalanced three-phase system: a) system voltages, b)
phasor representation of a balanced three-phase system, ¢) phasor representation of an
unbalanced three-phase system. Solid red lines represent an unbalanced system, while
dashed blue lines represent a balanced system.

In order to simplify our analysis and without loss of generality a new set of imaginary

units, {¢, ', ("}, are defined such that
=" J¢"=¢ "¢=¢". (6.2)

The ¢’ and ¢” imaginary units are designed to reside in the same plane as ¢,, which
results in ¢ being normal to this plane. An arbitrary ellipse in the ¢’-¢” plane can then

be expressed as
qn = (Apsin(2r fAT + ¢¢r ) + (" Bpsin(2r f AT + e 1) (6.3)

where {A,, B,} € R, are instantaneous amplitudes and {¢¢ ,,, ¢¢v } € [0,27) are in-
stantaneous phases. The expression in (6.3) can be rearranged using the expressions in

(6.2) to give

Gn = (Ansin (27TfATn + gbg/,n) + (Bpsin (27TfATn + gbgu,n)) ¢ (6.4)
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Given that ¢(? = —1, upon replacing the sin(-) and cos(-) functions with their polar

representations, as given in (2.11), the expression in (6.4) yields

Gn :(eC(QWfATnJr(bC/‘n) B e*C(2TI’fATn+¢</,n)) (ﬁ)gl
% (6.5)
—+ (GC(QTFfAT’VL‘F(bg//,n) _ e—C(Qﬂ'fATTL-‘r(ﬁCN’n)) (%)g/

Factoring out the terms e¢7/AT™) and ¢=<Cm/ATR)  the expression in (6.5) can be

rearranged to give

GC(qjC/v”)An n GC(qjC"’”)Bn) ,

at

_ —C(2nfATn) (e“%m)An @) ) ;
2¢ 2

qn

where ¢, has been divided into the two counter-rotating signals ¢ and g, , which can

be expressed by the corresponding first-order quaternion linear regressions

q;lF = e<(27rfAT)q:{_1 and q, = e_C(QﬂfAT)qg_l. (6.6)

The geometrical interpretation of system voltages and the counter-rotating elements, for

an unbalanced three-phase system, is illustrated in Figure 6.2.

S .
s >,
— +
-, qn
o » Center

3} (p-u)

Figure 6.2: System voltage, g,, positive sequenced element, ¢,", and negative sequence
element, ¢, of an unbalanced three-phase system suffering from an 80% drop in the
amplitude of v, , and 20 degree shifts in the phases of v, and v .

Taking into account the linear regressions in (6.6), where the phase incrementing

element of ¢ is the quaternion conjugate of the phase incrementing element of ¢, ,

a state space model for ¢, is proposed in Algorithm 8, where ¢, = ™A v, is
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the state evolution noise, and w, is the observation noise. Note that the developed
quaternion frequency estimator in Algorithm 8 can be implemented using the strictly
linear quaternion Kalman filter. In addition, if the observation and state vectors are
considered in their augmented formulation!; then, Algorithm 8 can be implemented
using the AQKF which in turn will allow improper observational noise to be accounted

for, albeit at the cost of an increase in computational complexity.

Algorithm 8. Quaternion Frequency Estimator (QFE)

State evolution equation:

Pn+1 Pn
G| = |endt | +vn
Unt1 Onln
Observation equation:
©n
dn = [0 1 1] qr—t + wn
In
Estimate of frequency:
N S (1 S
R LBl
2r AT 2r AT R(on)

6.4 Phasor estimation

Through applying simple mathematical manipulations, the expression in (6.1) is rear-
ranged to give
qn = Arpcos(2n fATR) — Ag psin(2rw fAT'n) (6.7)

where A7, and Ag , are given by

2 4
A],n :Z.Va,ncos(d)a,n) + jVL,nCOS(%,n + ?ﬂ) + ch,nCOS(Cbc,n + ?Tr)
(6.8)
4j 47

AQ,n :iVa,nSin(gba,n) + j%,nSin(qbb,n + 3 ) + k‘/c,nSin(Qsc,n + ?)

'In this setting, considering that the observation, ¢, has a vanishing real component we have ¢, =
—qi — ¢, — ¢*. Therefore, ¢, is not linearly independent from ¢, ¢/, and ¢¥; hence, ¢, need not to be
included in the augmented observation vector which takes the form ¢% = [¢%, ¢7,, gfL}T. The same applies
for the state vector as ¢;7 and ¢, also have vanishing real components.
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Replacing sin(-) and cos(-) functions in the expression in (6.8) with their polar repre-

sentations, gives

_ M(e(@ﬂfATn) n e—(CQWfATn)) + M(e(@wmm) _ e—(waATn)) (6.9)

I = —5 %
where

CZ A[,n X Aan .

[Arn X Agnl

From the expressions in (6.7) and (6.8), it becomes clear that Ay, and Ag , consist
of the real and imaginary components of the voltage phasors; thus, the problem of
estimating the voltage phasors of the three-phase system is reduced to estimating Az,
and Ag . In Appendix C, a deterministic relation is established between the state vector
elements of the developed QFE and the voltage phasors. In addition to a deterministic
relation between the state vector elements of the QFE and three-phase voltage phasors,

an adaptive approach can also be taken for estimating the voltage phasors.

From the expression in (6.7), notice that A7, and Ag, can be estimated through
demodulating the quaternion-valued signal g,. To this end, the state space model in
Algorithm 9 is proposed, where ¢, and ¢;,, that are elements of the state space vector
of Algorithm 8, are combined together to generate the observation signal in order to
prevent the observational noise, resulting from measurement inaccuracy, harmonics, and
other irregularities, from affecting the phasor estimates. Note that in Algorithm 9, the
observation equation is dependent on the signals sin(27 fATn) and cos(27 f ATn), which
are generated recursively using sin(27 fAT) and cos(27 fAT) that in turn are extracted
from ¢, = e?™fAT = cos(2n fAT) + (sin(2r fAT). The phasor estimation process is
illustrated in Figure 6.3.

Algorithm 9. Quaternion Adaptive Phasor Estimator (QAPE)

State evolution equation:
AI n:| |:AI n1:|
’ = ’ + 1 %4
L\Q,n Agn—] "
Observation equation:
gt +q, = [cos(2n fATn) sin(2rfATn)] [ I’"} + wp

Sinusoidal Signal Generator (SSG):

aeramn) = e e [teerstta )
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Figure 6.3: Schematic of the proposed quaternion frequency and phasor estimator.
The quaternion frequency estimator (QFE) presented in Algorithm 8 and quaternion
adaptive phasor estimator (QAPE) presented in Algorithm 9 with its sinusoidal signal
generator (SSG) are shown.

6.5 Performance analysis

The developed QFE is implemented using the AQKF, presented in Algorithm 2, which
produces unbiased estimates of the state vector and an estimate of the covariance matrix
of the state vector estimation error. Therefore, the estimate of the phase incrementing
element of the QFE can be modeled as

On = Pn + Un

where ¢, is the estimate of the phase incrementing element at time instant n and w,
is a zero-mean quaternion-valued Gaussian random variable representing the estimation
error, the second-order statistics of which are also estimated by the AQKF. The estimate

of the system frequency obtained by the QFE can now be expressed as

atan <‘%(£Z)‘> = 27r1ATatan <‘%(‘P”) + %(u”)’> : (6.10)

In = 0 a7 ™™\ R Rn) + R(tn)

Assuming that the sampling frequency is sufficiently high so that cos(2w fAT) ~ 1 and

the variance of the noise element, wu,, is much less than one, we have
R(pn) + R(uy) = cos(2r fAT) + R(uy) =~ cos(2m fAT). (6.11)

Furthermore, considering that $(¢,) = (sin(2nfAT), the expression () + S(uy,)]

in (6.10) gives

() + S(un)l =v/(3(pn) + S(un)) (3(5) + 3(u3))

=1/sin? (27 FAT) + | (un) |2 + 2R (CS(uy)) sin(27 fAT)

(6.12)
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where the square root function in (6.12) can be approximated by its first-order Taylor

expansion around sin?(27 fAT) to give

S (un) ’2

1S(pn) + S(un)| = sin(2r fFAT) + R((S(un)) + sin(27 fAT)

(6.13)

Now, replacing (6.13) and (6.11) into the expression in (6.10) yields

;1 sin(2r fAT)  R(CS(un)) 1B (un) |2
o= e (e raT) * emion AT * BT eraTy) - O

Again assuming the sampling frequency is sufficiently high and the variance of the noise
element, u,, is much less than one, allows the atan(-) functon in (6.14) to be approxi-

mated by its first-order Taylor expansion to give

RCS(un)) | [S(un)?

An = : 1
In= It =0rar T 3fmAT? (6.15)
Taking the statistical expectation of the expression in (6.15) yields
E [ f, } =f+ M (6.16)
" 8f(rAT)? '

In addition, after some tedious mathematical manipulations the MSE of the frequency

estimates obtained by the QFE can be expressed as

: 2] E[R(CSa)?] | ElSua)l'] | E[RCS(un))|S(un)l?]
E [(f"_f) } ST AAT? | T ef@AT T T 8fATE

From the inequality R(¢CS(uy)) < |S(uy)|?, we have

E [RCS @) < E[S@))l'] and B [RECS(w)S(n)l?] < B [|S(un)]'] .
(6.18)
Now, replacing the inequalities in (6.18) into the expression (6.17) allows an upper bound
to be established for the MSE of the frequency estimates obtained by the QFE that is
given by

) [(f" ) fﬂ =" <4<wiT)2 + ety 8f(7r1AT)3> (6:12)

where k= E [|S(un))|*] which, using the framework established in Appendix A, can be

expressed as

3|Cs(um® + IR (un)si(un) |+ 1B ()39 (un)|* + |Rs(un)gk(un)\2_

AN 5

The expressions in (6.16), (6.17), and (6.19) show the effect of operating conditions, such

as observational noise and system frequency, on the bias and MSE performance of the
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developed QFE. The performance of the QFE is compared to that of its complex-valued
counterparts in a more practical setting in Section 6.7 using simulations on synthetically

generated data and real-world data recordings.

6.6 Harmonic contamination

In Section 5.5, two methods for dealing with harmonic contamination were presented,
accounting harmonics as observational noise and dealing with harmonics as part of the
signal. However, as it was mentioned in Section 5.5 and indicated by the analysis in
Section 6.5, accounting harmonics as observational noise, leads to a performance loss in
both bias and MSE performance. Although the harmonic components can be incorpo-
rated into the state space model of the QFE, this approach leads to a computationally
complex algorithm that requires the inversion of relatively large quaternion-valued ma-
trices. Theretofore, in this section a method for adaptive cancellation of the major

harmonic components of the three-phase power signal is presented.

Taking the same approach as in Section 6.3, the m™ harmonic component of the
three-phase power signal, denoted by ¢y, ,, can also be divided into two counter-rotating
elements so that gnm = ¢\, + 4,,,, with

m A - — —Sm A -
q;;m = €< (2mn f T)q:—l,m and G = € Cm (2mm f T)qn—Lm (620)
where (;, is a unit quaternion designed to be normal to the plane that contains ¢y, ,, and

(2, = —1. Therefore, the evolution of the m™ harmonic component of the three-phase

power signal can be modeled as

Pn+1,m Pn,m
Giim | = |PnmGhm | TVnm (6.21)
q;—i—l,m (P:L,mqam
Xn+1,m fn,mz;n,m)

where X, m = [©n+1,m, q;H o Qg1 m]T and f, () are the state vector and state evolu-

tion function of the m'™

harmonic component at time instant n, while v,, ;,, denotes the
state evolution noise. In this setting, if the fundamental system frequency, f, is known,
the m'™" harmonic component of the three-phase power signal can be tracked using the

constrained Kalman filter in Algorithm 10, where the transform

eCm 2mn fAT

k 0 O Pn.m
q;—Jrl,m =10 10 q:[ﬂ,m (6.22)
q;—i—l,m 0 01 qg—l—l,m

/
xn,m Tn,m Xn,m
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with CodmmfAT
m&TT (e
K= € and Cm — J(‘Pn,m)

Pn,m 1S (en,m)|
is used to constrain the state vector estimates to those with phase incrementing elements
at m times the fundamental frequency of the system, while A7 | is the Jacobian matrix
of fm and a5, = >, HX}, _,,, gives the estimate of the augmented observation
vector, q%, that accounts for the main component of the signal, that is m = 1, and

harmonic components for which x¢ is available?.

nnl

Algorithm 10. Quaternion Harmonic Estimator (QHE)

Initialize with:
)28|0 m E[ ]
O|0 m =F [(XO m E[X/g,m])(x/g,m - E[Xg,m])H]

Model update:

/

%0 _ oa
n\n 1,m — In m(xn 1\n—1,m>
a aH
nln—1,m — A Mn 1|n—1 mAn,m + CU%,m

Measurement update:

~ —1 ~ -1 —1

a _ a aH a

nln,m Mn\n—l,m +H Ccd%,mH

a . aH ~1

Gs,, =M, HYC,

sa __sa a a aga
Xn\n,m - Xn\nfl,m + Gn,m <qn § :H Xn|n1,m>

vm

Implement constraint transform as given in (6.22):

~ I
x4 =T¢

Sa
nln,m n,mXn|n,m
Update the augmented covariance matriz of the error:

‘ra’ _ aH
nin,m — T M Tn,m

nln,m

Now, the harmonic components of the three-phase power signal can be dealt with
through cooperation between a number of AQKFs, one of which estimates the fun-
damental frequency of the system whereas the other AQKFs use the estimates of the
fundamental system frequency to calculate the m'™ harmonic component of the sig-
nal, which is in turn utilized to cancel the effect of the m'" harmonic component in
the observation of the AQKF that is estimating the fundamental system frequency of

the three-phase power system. In Figure 6.4 a schematic of the proposed method is

It is important to note that if estimates of the state vector of the m' harmonic component of the

three-phase power signal is at hand; then, its voltage phasors can also be obtained through implementing
the QAPE developed in Section 6.4.
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shown, where the modified quaternion frequency estimator (MQFE) estimates the main
frequency of the systems whereas the quaternion harmonic estimator (QHE) estimates
the m™ harmonic component of the signal. In addition, a schematic illustrating the
operations of the MQFE is shown in Figure 6.5, where the harmonic components of the
signal for which estimates of their state vectors, fcfl,‘n’m, are obtained through the QHE
are adaptively canceled in the observed three-phase power signal by deducting the term
> vm Hafczlm_l’m’ from the observational signal before implanting the QFE that was

developed in Section 6.3 for adaptive frequency estimation.

three-phase > MQFE > f,
voltages main frequency [€—2
.
L]
.
L}
QHE P
9 [~
m™ harmonic |e_s
: ",
. AN
" . AN
\ L
AN state sharing Line

measurement sharing Line

Figure 6.4: Schematic of the proposed technique for dealing with harmonics showing
the QFE that estimates the main frequency of the system and the QHE that estimate
the m'™ harmonic component of the signal and its contribution.

MQFE
three-phase 5| g2 — Z HOXY QFE fn
voltages o 5 measurement
A sharing line
state
sharing line

Figure 6.5: Schematic of the operations of the modified quaternion frequency estima-
tor (MQFE). The harmonic components of the signal for which estimates of their state
vectors, f{len ms are available through the QHEs are used to adaptively cancel their

effect in the observational signal by deducting the term 3" H“xn‘n_1 m
observational signal before implementing the QFE for frequency estimation.

> from the
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6.7 Simulations

In this section, the performance of the developed QFE is assessed and benchmarked
against those of its strictly linear and widely-linear complex-valued counterparts in a
number of experiments involving practical power grid scenarios using both synthetically
generated data and real-world data recordings. In all experiments the sampling fre-
quency was fs = 1 kHz and the voltage measurements were considered to be corrupted
by white Gaussian noise with SNR, of 40 dB.

6.7.1 Synthetically generated data

In the first experiment, the three-phase system was considered to be initially operating
at its nominal frequency of 50 Hz and in a balanced fashion, then the system suffered
a fault characterized by an 80% drop in the amplitude of v,, and 20 degree shifts
in the phases of v, and v.,; in addition, the frequency of the system experienced a
step jump of 2 Hz. The fault lasted for a short duration and the system returned to
balanced operating conditions and its nominal frequency once more. The estimates of
the system frequency obtained through implementing the CNLFE, CWLFE and QFE
are shown in Figure 6.6. Observe that all of the algorithms could accurately estimate
the system frequency with the QFE achieving a lower steady-state variance than its
complex-valued counterparts. Moreover, a closer examination of the transient behavior
of the CNLFE, CWLFE and QFE is made in Figure 6.7. Notice that both when the
three-phase system was starting to experience the fault and was recovering from the
fault, the QFE outperformed the CWLFE in terms of convergence rate. Furthermore,
the estimates of the system voltage phasors of the three-phase power system obtained
trough implementing the QAPE, developed in Section 6.4, are shown in Figure 6.8.
Notice that the developed algorithm accurately tracks the voltage phasors of the system.

60~
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Figure 6.6: Frequency estimation for a three-phase power system experiencing a short
fault and a 2 Hz jump in frequency from 0.667 to 1.334 seconds. The performance of
the QFE is shown along side those obtained by implementing CWLFE and CNLFE.
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a) Fault starting b) Fault ending
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Figure 6.7: Transient behavior of the QFE, CNLFE and CWLFE when the three-phase
power system experiences a fault and a 2 Hz step jump in frequency: a) fault starting,
b) fault ending.
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Figure 6.8: Voltage phasor estimation for a three-phase system experiencing a short
voltage sag from 0.667 to 1.334 seconds implementing the QAPE. The amplitude of the
voltage phasors are shown in the top graph and the phase angles of the voltage phasors
are shown in the bottom graph.

In the second experiment, a three-phase system operating under unbalanced con-
ditions caused by an 80% drop in the amplitude of v,, and a 20 degree shift in the
phases of vy, and v., (as shown in Figure 6.2), which experiences a rising (cf. falling)
frequency due to mismatch between power generation and consumption 0.5 seconds af-
ter the simulation starts was considered. Figure 6.9 shows the estimates of the system
frequency obtained through implementing the developed QFE. Observe that the QFE
accurately tracked the system frequency phasors both when it was constant and when

it was changing. In addition, the estimates of the system voltage phasors are shown in
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Figure 6.10. Note that the proposed QAPE was able to accurately track the voltage
phasors of the three-phase power system both when the system frequency was constant

and when the system frequency was changing.
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Figure 6.9: Frequency estimation for an unbalanced three-phase power system experi-
encing changing frequency at the rate of 10 Hz/s employing the QFE.
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Figure 6.10: Voltage phasor estimation for an unbalanced three-phase system with
changing frequency through implementing the newly developed QAPE. The amplitude
of the voltage phasors are shown in the top graph and the phase angles of the voltage
phasors are shown in the bottom graph.

In the third experiment, the effect of harmonics on the performance of the QFE was
considered. This was performed through the addition of a balanced 10% third harmonic
component to the unbalanced three-phase system used in the previous experiment at
t = 0.5 s. The estimates of the system frequency obtained through the QFE using
the framework developed in Section 6.6 are shown in Figure 6.11. In addition, voltage

phasors estimates of the main frequency component of the three-phase power system
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obtained through the QAPE are shown in Figure 6.11. Notice that the proposed algo-
rithm accurately estimated the system frequency and its voltage phasors regardless of

the presence of the harmonic component.
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Figure 6.11: Frequency estimation for a three-phase system operating under unbalance
conditions in addition to suffering from a 10% third harmonic from ¢ = 0.5 s onwards.
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Figure 6.12: Voltage phasor estimation for a three-phase system operating under un-
balanced conditions in addition to suffering from a 10% third harmonic from ¢ = 0.5 s
onwards. The amplitude of the voltage phasors are shown in the top graph and the
phase angles of the voltage phasors are shown in the bottom graph.

The steady-state MSE performance of the newly developed QFE, for various SNR
values and for both a balanced and the unbalanced three-phase system shown in Fig-
ure 6.2, is shown alongside the MSE performance of the CLFE, CWLFE, and CNLFE
in Figure 6.13. Notice that the QFE achieves a smaller steady-state MSE than that of

its complex-valued counterparts.
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a) Balanced system b) Unbalanced system
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Figure 6.13: Steady-state MSE performance analysis for SNR ranging from 30 dB to
60 dB: a) balanced three-phase system, b) unbalanced three-phase system.

The steady-state bias performance of the newly developed QFE for various SNR
values is now investigated. In Figure 6.14, the steady-state bias performance of the
QFE is compared to that of the CNLFE, CWLFE and the CLFE for both a balanced
three-phase system and the unbalanced three-phase system characterized in Figure 6.2.
Observe that the developed QFE achieves a lower bias than the CWLFE and CLFE.
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Figure 6.14: Steady-state bias performance analysis for SNR ranging from 30 dB to
60 dB: a) balanced three-phase system, b) unbalanced three-phase system.

6.7.2 Real-world data

The performance of the developed QFE is now assessed during a voltage sag using real-
world data. The recorded data and the performance of the QFE is shown in Figure 6.15,
where the frequency estimates obtained through the CWLFE are provided for compar-

ison. Notice the QFE showed outstanding performance both during nominal operating

conditions and during the voltage sag. Furthermore, The performance of the proposed
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QAPE is shown in Figure 6.16, where the root mean square (RMS) of the voltage phasors

are displayed as base-line truth.

a) System voltages

Amplitude (p.u.)

Time (s)
b) Estimates of the system frequency

bW
"U.U.U, IRURR A " \ \‘\“\‘ LAAVAVA AT
Lt42.8 CV\:'rI._;E ‘ ‘ 511 — 512 53

Time (s)

Figure 6.15: Frequency estimation using real-world data recording during a voltage sag:
a) system voltages, b) estimates of the system frequency obtained through implementing

the QFE and CWLFE.
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Figure 6.16: Voltage phasor estimation using real-world data recording during a voltage

sag implementing the QAPE. The

amplitude of the voltage phasors are shown in the

top graph and the phase angles of the voltage phasors are shown in the bottom graph.
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6.8 Conclusion

A novel algorithm has been developed for joint estimation of the fundamental frequency
and voltage phasors of three-phase power systems. The proposed algorithm exploits
the multidimensional nature of quaternions to make possible the full characterization of
three-phase power systems in the three-dimensional domain where they naturally reside
and eliminates the need for using the Clarke transform, allowing the components of the
designed quaternion-valued state space vector to be used for joint adaptive estimation of
the system frequency and voltage phasors. The performance of the proposed algorithm
has been assessed in a number of scenarios using both synthetically generated and real-
world data, where it has shown outstanding performance and outperformed its complex-

valued counterparts.



Chapter 7

A Distributed Quaternion

Kalman Filter

7.1 Overview

Most of the research surrounding adaptive distributed signal processing is conducted
in the real and complex domains, whereas in many real-world applications the data
sources are three-dimensional by nature, offering an opportunity for quaternions in terms
of convenience of representation and mathematical tractability. In this chapter, we
expand the concept of distributed Kalman filtering to the quaternion domain in order
to develop a robust distributed quaternion Kalman filtering algorithm for data fusion
over sensor networks dealing with three-dimensional data. For rigor, the mean and mean
square behavior of the algorithm is analyzed. Finally, the developed algorithm is used to
estimate the main system frequency in power distribution networks and for collaborative

target tracking.

7.2 Introduction

In recent years, sensor networks have been used in a variety of applications, such as
collaborative target tracking, distributed fault detection, control of unmanned aerial
vehicles, and automated vehicle guidance technology [124-134]. In these applications,
algorithms based on Kalman filtering have proven to be advantageous offering better
accuracy and faster convergence rates due to their underlying state space model that
accounts for observational noise. In addition, owing to the low implementation cost
and computational efficiency that distributed estimation and tracking techniques offer,

as compared to their centralized counterparts, distributed signal processing algorithms,

112
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have proven to be suitable for real-time implementation, computationally efficient, scal-
able with the size of the network, and robust to link failure [130-132].

In light of the advantages that quaternion-valued signal processing algorithms of-
fer, we expand the framework of quaternion-valued Kalman filtering to the distributed
setting in order to develop a truly distributed quaternion Kalman filter applicable for
frequency estimation in three-phase power distribution networks and collaborative tar-
get tracking, where quaternions offer the dimensionality necessary to model such signals
directly in the multi-dimensional domain that they originate from. The distributed
quaternion Kalman filter is developed through decomposing the operations of the cen-
tralized quaternion Kalman filter in such a fashion that they can be performed locally

by the individual nodes (sensors) of the network.

The performance analysis of the developed algorithm shows that it operates in an
unbiased fashion. Moreover, in order to establish the effects of correlated observation
noise in the network on the performance of the developed algorithm and quantify its
mean square performance, a recursive expression for the augmented covariance matrix of
the estimation error at each node is derived. The performance of the derived distributed
quaternion Kalman filter is illustrated in smart grid applications for estimating the
fundamental frequency of three-phase power distribution networks and for collaborative
target tracking in a bearings-only scenario, where each sensor in the network can only

observe the bearings of the target.

7.3 The distributed quaternion Kalman filter

Consider a set of sensors denoted by N that are interconnected in a network and let
the neighborhood of a node to be the subset of nodes that communicate with the
node, including self-communication. Organizing all observations made by different nodes
throughout the network in the column vector
Yeorn = i YNl
where yj, , represents the augmented observation vector at node m at time n and |V
denotes the number of nodes in the network, allows the augmented state vector sequence
to be estimated by the centralized augmented quaternion Kalman filter (CAQKF) given
in Algorithm 11, where
gol,n = [H(ll,q;w S 7H|L_1/€|,n]T

a

is the column block matrix of the augmented observation functions with HF, ,, repre-

senting the observation function at node m and at time instant n, while Cya is the
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augmented covariance matrix of the column vector of the combined augmented obser-
vational noises given by
a _ aT al 1T
wcol,n - [wl,m ce 7w|,/\/’\7n]
with wf, ;, denoting the observational noise at node m and at time instant n, whereas

A? represents the augmented state evolution function time instant n.

Algorithm 11 . Centralized Augmented Quaternion Kalman Filter
(CAQKF)

Initialize with:
5‘8|0 = E[x{]
Mg, = E[(x§ — E[x§])(x§ — E[x§])"]

Model update:

%@ aga
n\n 1= nxnfl\nfl
a A anNgxO aH
nln—1 — Ay n—l\n—lAn + CV%

Measurement update:

~ a,1 -1 a
njn T Mn|n 1+ Hcol nCwZol,n col,n
-1
a
Gn Mn|anol nCw

col,n

K0 — %0 a %4
Xn|n n|n 1+G (ycol,n_Hcoln nin— 1)

Although the CAQKF is optimal in the sense that it incorporates all the available
information in the network, its operation requires inversions of large matrices and trans-
fer of all observation vectors to the central node, which burdens the central node with
communication traffic and heavy computations. However, assuming that the observa-
tional noise at one node is uncorrelated with the observational noise at other nodes in
the network, leads to a block diagonal ngolm and therefore the a posteriori augmented

state vector estimate can be expressed as

A?L|n = n|n 1t Z Mn|n w (yin - ?nAfﬂn 1) (71)
vieN

Furthermore, the a posteriori augmented state vector estimate in (7.1) can be alterna-

tively calculated by the summation
= loly (7.2)
o= 1, 2

where

~ -1 ~
d)?,n = $L|n 1 + ‘N|Mn|n Cwﬁn (yla,n - ?,nx(rlﬂnfl) : (73)
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From the CAQKF, in the formulation presented in Algorithm 11, assuming uncorrelated

observation noise throughout the network we have

A 1 A1 H —1
?L\n = MZ|n71 + Z H?,n CwﬁnH?,n (74)
vieN

Now, substituting (7.4) into (7.3) yields

¢;l,n = )A(gl\n—l + G?,n (Y?,n - znizm_l) (75)
where Gﬁn is given by
-1
. 1 [ . »
?,n = (M%M—l + Z Hgn,ncw‘}n’anm,n> Hﬁn ‘N|Cw?n (76)
vmeN

Note that, with the assumption that the network is connected!, G{, in the formu-
lation given in (7.6) can be obtained in a distributed fashion through the summation

of local parameters H C_.

mon w%’nHa ; in addition, taking into account that }Acle ,, can be

mon
obtained by averaging local estimates, ¢y, allows the operations of the CAQKF to be
approximated in a distributed fashion through implementing the distributed augmented
quaternion Kalman filter (DAQKF) in Algorithm 12, where N denotes the set of nodes
in the neighborhood of node [. The DAQKF implemented at a node is optimal in the
neighborhood of that node in the scene that it operates akin to a CAQKF that combines

all the information available to the nodes in its neighborhood.

7.4 Performance analysis

In order to analyze the mean and mean square performance of the developed algorithm,
in this section, the error of the augmented state vector estimates is expressed in a
recursive manner. The difference between the true augmented state vector and the
local estimate at node [ and at time instant n is given by €, = X5 — @i, which can

alternatively be expressed as

a _ a Sa a a a sa
6l,n =Xp Xl,n\n—l — Yin (yl,n - Hl,nxl,n\n—l) : (77)
Replacing yi, = Hj,x, + ), and G?,n\n—l = xp — X?,n|n—1 into the expression in
(7.7) yields
a a a a a a
€ln = (I - Gl,n l,n) el,n\n—l - l,nwl,n’ (78)

LA network is referred to as connected if there exists a path between any two given nodes in the
network.
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Algorithm 12 . Distributed Augmented Quaternion Kalman Filter
(DAQKF)

For node 1 = {1,--- ,|N|}:
Initialize with:

’A‘Zo\o = E[xg]
My = E[(x§ — Elxg])(x§ — Elxg)"]

Model update:

oa aga
xl,n\nfl A nXln— 1jn—1

ra _ aH
Ml,n\n—l - Aan,n—1|n—1An + CV%

Measurement update:

Sra~! a
Lnln — ln\n 1 + Z Hmn w;ln nHm,n
VYmeN,
a
Iln — l nln n ’M‘C

d)l n = n\n 1t Gl n(yl n H?,nf(;l,nm—l)
Information sharing:

1. Share ¢f, with neighboring nodes.

2. Share H} C Hl ', with neighboring nodes, only if it has changed
compared to the previous time instant.

Estimate fusion :

X njn = Z P,

Vme/\/'l

Furthermore, substituting

into the expression in (7.8) gives

e?,n = (I - ;l,n ;I,TL) A%G?,nfl\nfl + (I - ?,n ?,n) V?,n - ?nw?n' (79)
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Now, consider the difference between the true augmented state vector and its esti-

mate obtained at node [, given by

6?‘,n|n :Xﬁn ‘M Z ¢ - | | Z egz,nm (710)

VmeN; H ymen

where replacing (7.9) into (7.10) gives a recursive expression for the augmented state

vector estimation error as

1
e?,nln = N Z (I - G%%HH?VL,”) gLEZ%,n—l\n—l

VYmeN;
1 ) ) 1 (7.11)
+ m Z (I - Gm,nHm,n) m,n 7‘ Z Gmn m,n-
W vmen; YmeN;
From Algorithm 12, we can now substitute
Ge He =M  HY A CL. H
m,nrtm,n m,n|n m,n mi~ws, Ftmn
Pm,n
into (7.11) to yield
a 1 ‘ra a_a
€lnin :m Z (I - m,n|an,n) Anem,n—1|n—1
ey (7.12)
1 ra a .
g 2 (NP v - w S Gl
W vmen; W vmen;

7.4.1 Mean error behavior

Taking the statistical expectation of the expression in (7.12) allows the mean error
behavior of the DAQKF to be formulated as

E[Ezmn] :Wll’ Z (I_ y (rln,n|nP )A E[ m,n—1|n— 1]

vYmeN;
1 ~
+ o7 Z <I - MZ@,anﬂ) E[ m,n Z G ]
|M| YmenN, ’M VYmenN,

where considering that vy, , and wj, . are quaternion-valued zero-mean Gaussian ran-
k) k)

dom vectors results in

a 1 ‘ra
E[el,nm] - |M| VZEN (I - Mm,n ) A E[ m,n—1|n— 1] (7'13)
meN;

Therefore, given that Ym € N : 0|0 = E[x{], the expression in (7.13) indicates that
the DAQKF operates in an unbiased fashion.
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7.4.2 Local mean square error behavior

Given the error of the augmented state vector estimates in the formulation in (7.12),
the augmented covariance matrix of the augmented state vector estimates at node [ and

time instant n can be expressed as
Ce?ynln =k [Ein‘nﬁzﬁn] = Sl’ngnilsl{{n + Rl7nVan{{” + QlﬂanQl{{n (714)

where the expressions

T *
_ aTl al al aTl
E,=F Hel?nn, .. ’€|N\,n\n:| [Elmln’ .. ’GINM\N} ]
T *
_ aT aT aT aT
W =F Hw17n,...,wN|7n} |:w1’n7...,wlN|’n:| :|

represent respectively the state estimation error and the observation noise cross-covariances

between all nodes in the network, whereas

Cug -+ Cug
T T 1*
vn:EHygﬁn, N .,y@va
Cua -+ Cypa
while "
04171A;11H <I — M(ll,n|nP17n)
~ H
S, = 1 OzLQAgLH (I_Mg,nmPQ:”)
"M :
oA (T-Me, P "
L N IN]mnt N]n
- ~ H - H
o (T- M7, Py
~ H
R L | o (T Mg, )
M :
~ H
Ky (I - anmew,n) ]
— 1 a a a
Ql,n _W [al,lGl,nvaLQG?,n’ T 7041,\N|G|M,n}
with

0, otherwise.

1, ifmenN
Qlm =
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Therefore, from the following standard assumptions in steady-state Kalman filtering
analysis [130, 135]:

1. the state evolution function and observation functions for all the nodes in the

sensor network are time invariant, i.e.

Al = A%and Vie N: H},, > H} asn — o0

2. the state evolution and observation noises are stationary, i.e. the covariance ma-

trices V,,, and W,, become time invariant, or equivalently

Vo= Vand W, > W asn —

1
3. the matrix pairs VI € N : {A% HY, } are detectable and the matrix pair {A?, CJa}

is stabilizable

it follows that for all nodes in the network, M?nm becomes time invariant resulting in the

matrices {S;,,, Rin, Qin} also becoming time invariant and therefore CG? ,, converges.
) ; ) ,nln

Finally, from Algorithm 12 and the expression in (7.14), notice that the correlation
between the observational noise at different nodes in the network does not have an effect
on Sy, Riy, and Q ,; in addition, Tr(Cein‘n) is linearly dependent on Tr(Ql’anQl{{n).

Hence, for a constant value of Tr(W,), Tr(cfz”nm) is minimized (¢f. maximized) when

the observational noises at different nodes are uncorrelated (cf. fully correlated).

7.4.3 Global mean square error behavior

From the recursive expression of the augmented state vector estimation error given in
(7.12), the state vector estimation error augmented cross-covariance between all nodes

of the network, &,, can be formulated in a recursive fashion as

En = Sn€n1SHE + R VRE + 0,0, 08 (7.15)
where
Sl,n Rl,n Ql,n
S’/L: 7Rn: 7a‘ndQTL:
SiNn Rnvn Qv

Then, if convergence conditions in Section 7.4.2 are satisfied, i.e. V,, = V and W,, — W,

as a result of local convergence, matrices {S,, R, Q,} become time invariant, that is

lm §,=S8, lim R, =R, and lim 9, = Q
n—oo n—oo

n—oo



Chapter 7. A Distributed Quaternion Kalman Filter 120

and &, in (7.15) converges, that is, &, — £ as n — oco. Therefore, the expression in

(7.15) simplifies to a quaternion-valued discrete time Lyanpunov equation given by
£ =8EST + RVYRH + QwWoH. (7.16)

Invoking the duality between R and H established using the expressions in (2.8) and
through decomposing the quaternion-valued matrices in (7.16) into their real-valued

components, the closed form solution to the equation in (7.16) can be obtained as
-1
Vec(EHR) = (z —SHR g, SHR> Vec (AHR) (7.17)

where A = RVRHT + QWO and T is an identity matrix with the same number of rows
as SR @ SHR while
& =& =& =&
SHR _ E & =& &
E & & =&
& =& & &

with SHR and AR defined analogously.

7.5 Confidence measure

Note that the DAQKF, in the formulation presented in Algorithm 12, assumes that
all the nodes in the network are estimating the same augmented state vector sequence;
however, in many applications this assumption may not hold true. For example, in a
three-phase power distribution network faults can change their characteristics as they
propagate throughout the network due to the presents of fault mitigation devices, such
as compensators. Therefore, in these applications, it becomes necessary for a node to
identify other nodes in its neighborhood that are estimating the same augmented state
vector sequence. To this end, based on the results of the performance analysis presented
in Section 7.4, we introduce a confidence measure that allows each node to decide weather
or not the local augmented state vector estimate from a given neighboring node offers a

valid update for its own augmented state vector estimate.

Let x}', and xy, , denote respectively the augmented state vectors of nodes | and m
at time instant n. Considering that eﬁn‘n_l =X/, _&ann—l; from Algorithm 12, eﬁn|n_1
is a zero-mean quaternion-valued Gaussian random vector with the augmented covari-
ance matrix Mﬁnm_l. Therefore, from (7.11) and considering that wj',, is a quaternion-
valued zero-mean Gaussian random vector, €, = xj,, — ¢, will also be a zero-mean
quaternion-valued random vector, the augmented covariance matrix of which is given by

Ce = (I- G, Hf,) M (- Gy Hy,)" +Gf,Cup GIIL (7.18)

Inttn l,njn—1 Iin
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A measure of difference between the observation at node m and its predicted value

given the local estimate at node [ can now be defined as

r((ll,m) :Hgn,n(ﬁ?;n - Yﬁm
=Hj, ,, (¢f, — X.) — @i, (7.19)

70 a a a a
_Hm,nAX(l,m)n - Hm,nel,n - wl,n

where Al‘((ll m) denotes the difference between the augmented state vectors at nodes [
and m at time instant n. In addition, from the expression in (7.19), note that () 18
also a quaternion-valued Gaussian random vector with the augmented covariance matrix

= H;,,Ce HilL + Cup, (7.20)

a
r(l,m

and mean vector H, nAx‘(ll ) where Cee is given in (7.18). In cases where nodes
) ) n sn

[ and m are estimating the same augmented state vector sequence; Axl(ll,m)n = 0 and
hence HZz,nAX((lz, my, = - Therefore, the Mahalanobis distance d = r?lﬁl)C;é . 0 m)
can be used as a confidence measure to indicate if I() ) IS an outlier (¢f. not an outlier)
for a zero-mean quaternion-valued distribution with the augmented covariance matrix
Cr((ll,m) indicating that the local estimate at node [ offers an invalid (c¢f. valid) update
for the augmented state vector estimates at node m given the measurement yy, .

7.6 Simulations

In this section, first the steady-state MSE performance of the developed DAQKF is
examined through a generic distributed Kalman filtering example, where the goal it to
validate the performance analysis in Section 7.4. Then, the newly developed DAQKF, is
applied for frequency estimation in power grids, where nodes in the power distribution
network that are operating under similar conditions cooperate to improve their estimate
of the system frequency. In addition, the DAQKEF is applied for collaborative target
tracking, where each node in the network can only observe the bearings of the target
and the DAQKF is exploited to force a consensus on the state of the target that accounts
for observations at all the nodes in the network. Note that unless stated otherwise, the

network of 20 nodes shown in Figure 7.1 was used for simulations.

In all simulations, akin to current real and complex-valued distributed Kalman fil-
tering approaches [127, 128, 130, 131], the assumption was made that communication
between the nodes is immediate (without time delay). In particular, in the case of fre-
quency estimation in power distribution networks, the additional assumption was made
that the phase shifts between the observed signal at different locations are negligible, a
reasonable assumption as usually sensors are distributed over a small area, for example

a micro-grid.
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Figure 7.1: The network of 20 nodes used for simulations. Nodes are marked by red
“*¥7 and connections are shown with blue lines.

7.6.1 Steady-state performance evaluation

In order to validate the theoretical analysis in Section 7.4, the dynamic system charac-

terized through the following state space equations

[1 1

Xy =

VieN: 01
yl,n:[l 0] xn"‘wl,n

0.5

|

] Xn—1 +
(7.21)

was considered, where v, is a unit variance quaternion-valued zero-mean Gaussian
second-order proper (circular) noise and wy ,, are improper quaternion-valued zero-mean

Gaussian noise with the following second-order statistics

C, ke = —0.0075.

Cul,n

=0.0325, R i« = —0.0075, R i« = —0.0075, and R
n Wi n n W] pW Wi n

L “i n¥ln

The developed DAQKF was implemented over the network in Figure 7.1 to track the
state vector through observations given in (7.21). The steady-state MSE performance
of all nodes in the network obtained through simulations and the theoretical framework
in Section 7.4 are shown along side the steady-state MSE performance of the CAQKF
in Figure 7.2. Note that the DAQKF achieved an MSE performance close to that of
the centralized approach obtained through implementing the CAQKF. In addition, the
steady-state MSE obtained through simulations followed those obtained through the

theoretical framework in Section 7.4, which verifies the work in that section.
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Figure 7.2: The steady-state MSE performance of all nodes in the network implementing
the DAQKF and CAQKEF.

7.6.2 Smart grid

In the first set of simulations, the three-phase system was considered to be initially
operating at its nominal frequency of 50 Hz in a balanced fashion. Then, the system
suffered a fault resulting in unbalanced operating conditions characterized by an 80%
drop in the amplitude of v, , and 20 degree shifts in the phases of vy, and v.,; further-
more, the frequency of the system experienced a step jump of 0.5 Hz. The fault lasted
for a short duration and the system returned to its balanced operating condition and
its nominal frequency. In Figure 7.3, the estimates of the system frequency obtained
through the QFE, that was developed in Chapter 6, implemented using the newly devel-
oped DAQKF and the traditional AQKF are shown alongside each other. Note that the
estimates of the system frequency obtained through implementing the QFE using the
DAQKF have significantly lower steady-state variance as compared to those obtained
through implementing the QFE using the AQKF.

50.6 :
Il QFE-DAQKF

. Il QFE-AQKF
T'504 —True frequency}
=
(6]
c
$50.2
o
o
L

50

0 0.5 1 1.5 2

Time (s)

Figure 7.3: Frequency estimation using the QFE implemented through the newly de-
veloped DAQKF and the traditional AQKF. The estimate of the system frequency
obtained through implementing the QFE by the DAQKF are given in blue and the
estimates obtained through implementing the QFE by the AQKF are given in red.
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In the second set of simulations, the three-phase system experienced a rising (cf.
falling) frequency at the rate of 1 Hz/s due to a mismatch between power generation
and consumption. In addition, it was assumed that the three-phase system was operating
under the same unbalanced conditions characterized in the first simulation. The esti-
mates of the system frequency obtained through the QFE implimented using the DAQKF
and AQKF are shown in Figure 7.4. Observe that the QFE implemented through the
newly developed DAQKEF accurately tracked the system frequency and achieved a lower
steady-state variance as compared to the QFE implemented through the AQKF due to

cooperation between nodes in the network.

50.5

I QFE-AQKF ]
I QFE-DAQKF
—True frequency

Frequency (Hz)
(€]
o

49'50 0.1 0.2 0.3 0.4 0.5

Time (s)

Figure 7.4: Frequency estimation for an unbalanced three-phase system with changing
frequency at the rate of 1 Hz/s. The estimate of the system frequency obtained using the
QFE implemented through the newly developed DAQKEF are in blue and the estimates
obtained using the QFE implemented through the AQKF are given in red.

In the third set of simulations, frequency estimation using real-world data recorded
from two neighboring nodes in a power distribution network was considered. The
recorded data are shown in Figure 7.5, where both nodes suffered a fault 0.1 second
after recording started, although Node-2 recovered, Node-1 continued to operate in an
unbalanced fashion. The estimates of the system frequency both when the proposed
confidence measure was in use and when the proposed confidence measure was ignored
are shown in Figure 7.6. Observe that the developed method was able to detect that
the nodes are operating under different circumstances and isolated their local estimators

preventing bias in the estimated frequency.
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Figure 7.5: Voltage recordings from two neighboring nodes in a real-world power dis-
tribution network.
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Figure 7.6: Frequency estimation in a power distribution network using real-world data
from two neighboring nodes. The estimates obtained using the QFE implemented the
AQKF and the DAQKF, both when the proposed confidence measure was in use and
when it was ignored, are shown.

The MSE performance of the QFE, implemented through both the AQKF and the
newly developed DAQKF, is compared to that of its complex-valued counterparts the
CLFE and the CWLFE (see Section 5.3) in Figure 7.7. Notice that the quaternion
frequency estimator not only outperformed its linear and widely-linear complex-valued
counterparts, but also the unbalanced operating conditions had no significant affect on
the performance of the quaternion frequency estimator, a desirable characteristic for fre-
quency estimators in three-phase systems. In addition, employing the developed DAQKF
for implementing the QFE resulted in a further reduction of the MSE as compared to
the case where the QFE was implemented using the AQKF.
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Figure 7.7: MSE performance of the QFE implemented through both the AQKF, QFE-
AQKF, and the developed DAQKF, QFE-DAQKF, are compared to its complex-valued
counterparts: a) balanced three-phase system, b) unbalanced three-phase system char-
acterized by an 80% drop in the amplitude of v, ,, and 20 degree shifts in the phases of
Uy and Ve p.

7.6.3 Collaborative target tracking

In this section, we consider the problem of tracking the position of a maneuvering target
where the sensors can only measure the bearings of the target. Commonly referred to
as bearings-only tracking, this problem is often encountered in passive radar or sonar
tracking applications. Since none of the nodes have access to the range of the target,
arriving at a unique solution using only the information available to one node is not
possible. A solution to this problem is given in [87] using a quaternion Kalman filter
that combines the observations of two sensors in order to locate the target through tri-
angulation; however, the results are computationally expensive and are not expandable

for implementation over sensor networks.

Taking into account that the developed DAQKF operates akin to a CAQKF that
has access to observations from its neighboring nodes, in the solution designed here,
the proposed DAQKF is implemented in the sensor network where the diffusion of local
estimates is exploited to force the nodes to consent to a unique solution, based on
observations of all nodes in the network. The state vector of such a distributed Kalman

filter is given by
iTn + JYn + kzn

1Tn + JUn + kZn
with {2, yn, 2n} and {Zyn, Yn, 2, } denoting the location and speed of the target on the

X, Y, and Z axis. The augmented state evolution function is a block diagonal matrix,
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A¢ = block-diag(A), with A given by

1 AT
0 1

where AT denotes the sampling interval. The state involution noise is in the form
v, = Bin,

where B® = block-col(B) is a block column matrix with

3 (AT)*
AT

while n¢ is a general zero-mean quaternion-valued Gaussian noise. The bearings of the

target as measured at sensor [ in the network now becomes

1T + JYn + kzn — le
Yin =

= = ; + wi,
|2xn+]yn+kzn_le| "

where L, denotes the location of sensor [, while w; ,, represents the observational noise.
Finally, it is important to note that since three-dimensional data has been modeled
as pure quaternion signals, the state evolution and observation noise sequences are aslo
pure quaternions and hence improper quaternion-valued random variables, which further
emphasizes the importance of considering the state evolution and observation functions

in their augmented formulation in these applications.

The network shown in Figure 7.1 with its nodes distributed uniformly inside a
24 x 24 x 24 cube was used to track a target moving inside the cube through bearings-
only measurements. The sampling interval was set to AT = 0.04 s, whereas 7, was a

zero-mean quaternion-valued Gaussian noise with the following statistics

C,, =10, R, .. =33 R, . =-33 and R, .. = —3.3.

Vn

while the observational noise for node all nodes the network was selected as a zero-mean

quaternion-valued Gaussian noise with C,, , = 0.0001 and pseudo-covariances given by

i« = —0.000033, R
n wy

Wi nWy

i+ = —0.000033, and R, r = —0.000033.

w Wi,nWr o,

N ln

The estimate of the location of the target at a node in the network is shown in Figure 7.8.

Note that the proposed algorithm accurately tracks the location of the target.
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Figure 7.8: Collaborative target tracking using bearings-only measurements. Position
of the target and its estimates on the X, Y, and Z axis are shown in the top three
graphs, while the bottom graph shows the location of the target and its estimate in the
three-dimensional space.

7.7 Conclusion

A distributed quaternion Kalman filter has been developed for distributed sequential
state estimation in sensor networks. This has been achieved through decomposing the
operations of the centralized quaternion Kalman filter in such a fashion that they can

be performed by individual nodes in the network so that the final state vector estimate
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can be obtained by averaging local estimates calculated at each node. The proposed
algorithm differs from existing diffusion Kalman filtering techniques in that it does not
require mixing coefficients for averaging local estimates and that the proposed algorithm
takes into account the effect of diffusing local estimates on the a posteriori estimate of the
augmented covariance matrix of the state vector estimation error. The performance of
the developed algorithm has been analyzed and a recursive expression for the estimation
error has been derived. Finally, the developed algorithm has been used for estimating the
fundamental frequency of three-phase power distribution networks and for collaborative

target tracking where each sensor can only observe the bearings of the target.



Chapter 8

The Augmented Quaternion
Characteristic Function and
Filtering of Quaternion Stable

Random Signals

8.1 Overview

In recent years, quaternion-valued signal processing has proven to be advantageous in
a number of engineering applications. However, these applications have also revealed
that in many scenarios, in order to accurately model the underlying physical signal,
it is important to include heavy tailed non-Gaussian elements. Classified using their
characteristic functions, a-stable random processes, that indeed include the Gaussian
case, have proven to be a useful tool in statistical modeling of heavy tailed random signals
due to their stable property and the generalized central limit theorem. In this chapter,
we first investigate the properties of the characteristic functions of quaternion-valued
random variables, such as the link between the characteristic function and circularity;
then, the adaptive filtering of elliptically-contoured quaternion-valued stable random

processes is considered where a quaternion-valued particle filtering algorithm is proposed.

8.2 Introduction

In most applications assuming a Gaussian model for the signal is justifiable as it often
leads to computationally efficient and analytically tractable signal processing algorithms.
However, there are many applications ranging from finance to engineering where the ob-

served data and/or noise exhibits sharp spikes and therefore their resulting distribution

130
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does not decay as fast as the Gaussian case [136-139]. In these applications, outliers
cannot be dealt with as mistakes, since they constitute an integral part of the signal. For
modeling these types of signals, random processes with stable distributions that admit a

generalized version of the central limit theorem have proven to be a useful tool [138, 139].

A real-valued random vector, X, is defined as «a-stable if and only if for any m > 2
there exists a € (0, 2] such that

XD 4oy xm) = /e x (8.1)

where {X(l), e X(m)} are independent copes of X and their summation is equivalent in
distribution to that of m!/® X [138]. In the real-valued univariate case, a-stable random

variables admit characteristic functions in the form of [13§]

By(s)= [ecsx] _ cCas—s|*(1-nBsign(s)f(s,))

where
1 s5>0
t 2 1
f(s,a) = 2n(om/ ) af and  sign(s) =< 0 s=0
Zlog(ls]) a =1
4 -1 s<0

whereas (2 = —1, while y > 0, 0 < o < 2, and —1 < 3 < 1. With regards to real-valued

univariate random variables the following remarks can be made [137-139]:

1. As the parameter v increases the distribution of X becomes increasingly dispersed.
This is akin to the effect of variance on Gaussian random variables; indeed, when

«a = 2 the random variable X is Gaussian and its variance is given by 27.

2. The parameter S controls the skewness of the distribution of X, where § = 0
provides for a symmetric distribution about the center a, whereas > 0 (cf.
f < 0) result in a random variable that is skewed to the right (cf. left) with the

direction of skewness reversed for the special case of @ = 1.

3. The shift parameter, a, shifts the distribution of the random variable to the right
(cf. left) if a > 0 (¢f a < 0) akin to the effect of mean in Gaussian random
variables; indeed, for the case that o > 1 and § = 0, then, a is the mean of the

random variable.

4. The parameter, «, is referred to as the characteristic exponent and controls the
heaviness of the tails of the density function. A small positive value of « indicates
severe impulsiveness, and thus tails are heavier, while a value of «a close to 2
indicates more Gaussian type behavior. A value of a =1 (¢f. o = 2) corresponds
to the Cauchy (cf. Gaussian) distribution.
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The so-called stable property of a-stable random variables and the generalized cen-
tral limit theorem, which states that if a limit exists for a sum of independent identi-
cally distributed (i.i.d) random variables, then this limit must be a stable distribution,
makes a-stable random variable the ideal candidate for modeling heavy tailed random
processes, where mostly symmetric a-stable (SaS) random variables have become pop-
ular [138, 140, 141] due to the fact that their characteristic function simplifies into

®x(s)=FE [ecsx} =elsI%, (8.2)

Notice that the characteristic function in (8.2) only has well defined derivatives of all
orders at s = 0 when a = 2; therefore, from the class of stable random variables only
the Gaussian case has mean, variance, and higher-order statistical moments, whereas
in general, a-stable random variables, excluding the Gaussian case, only have moments
of order less that « [137]. Thus, signal processing techniques based on minimizing the
second-oder moment of an error measure, such as the LMS and NLMS algorithms, do
not fair well when applied to the generality of a-stable random variables. To this end,
extensions based on adaptively minimizing the p'" order moments of a given error mea-
sure, with p < «, have become popular due to their computational efficiency [142-144].
However, the main drawback of these techniques is lack of a convergence bound on
their adaptation gain. Although rigorous convergence analysis for steepest-decent algo-
rithms employing first, second, and forth order of the absolute error measure exist [145];
these results were obtained under the assumption that the signals of interest have finite

variances and are not expandable to the case of stable random signals.

In the real-valued univariate case, stable distributions are now mostly accessible
as there are reliable techniques to compute their densities, distribution functions, and
estimate their parameters based on empirical characteristic functions and fractional
moments [138, 146]. However, due to the complicated dependence structure of their
components, the body of work regarding stable complex and quaternion-valued random
signals is limited. In this chapter, characteristic functions of quaternion-valued random
variables are considered from a geometric point of view, their link to statistical moments,
and the design of elliptical quaternion-valued random variables. Then, adaptive filtering
of elliptically distributed quaternion-valued stable random signals is investigated, where

a quaternion-valued particle filtering algorithm is proposed.

8.3 Characteristic functions of quaternion-valued random

variables

With the exception of some special cases, such as the Cauchy and Gaussian distribu-

tions, in general, a closed form expression for the pdf of stable random variables dose not
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exist, resulting in stable random variables being classified using their characteristic func-
tions. Therefore, statistical analysis of quaternion-valued random variables is considered
through the application of their characteristic functions. In this section, characteristic
functions of quaternion-valued random variables are considered and their link to sta-
tistical moments of quaternion-valued random variables is investigated. Moreover, the

results are exploited for the design of circular quaternion-valued random variables.

8.3.1 The augmented quaternion characteristic function

Consider the quaternion-valued random vector @ where the joint statistical information
of the real-valued components of @ can fully be describe through their joint characteristic

function given by
®q(sr,si,sj,s1) = E |:€C(S1TCIT+S,LTQ7;+S]TQ]'+S£QI€):| (8.3)

with ¢ € H such that (2 = —1. Now, following the same approach as the HR-calculus
and through exploiting the transformation in (2.8) the characteristic function in (8.3)

can be expressed directly in the quaternion domain as
Bga(s?) = E [e@S“HQ“)} (8.4)

where s = s, +is; + js; + ks,. Note that in (8.4) the quaternion random vector must
be used in its augmented form and therefore the expression in (8.4) is referred to as the

augmented quaternion characteristic function (AQCF).

8.3.2 Geometric interpretation of the AQCF

Considering the expressions in (2.8) it can be shown that s*¥ q® has vanishing imaginary
components'; therefore, the transformation e(%Squa), for a given value of s € HV, maps
the quaternion random vector onto the perimeter of a unit circle in the 1-¢ plane of HY
that is centered around the origin and hereafter is referred to as “the unit circle”. Thus,
if the quaternion random vector, @, has a positive mass at q, in the distribution of the
random variable e(%squa), this mass will appear at an angle of isaH q® from the real
axis on the perimeter of the unit circle in the 1-¢ plane. This is equivalent to taking
the distribution of the real-valued random variable %saH q® and warping it around the
unit circle in the 1-¢ plane; hence, F [e(%squa)] will represent the center of mass of such
a “warped-around” distribution. Regarding the geometric interpretation of the AQCF

the following five notable remarks can be made:

"'Note that s*"q* = (s"q) + (qu)i + (qu)j + (qu)lc =4R(s"q) e R
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1. Note that as a result of the transform e(i5*79") being bounded, lying on or within
the unit circle, the AQCF is guaranteed to exist for all values of s € HY regardless
of the distribution of Q.

2. Note that if the quaternion random vector has a symmetric distribution?; then, its
corresponding AQCF will have a vanishing imaginary component as the center of
mass of its corresponding warped-around distribution will only lie on the real line.
Following the same logic, if the distribution of a given quaternion random variable
is symmetric along a line, its corresponding AQCEF will have vanishing imaginary

component along the same line.

3. In the degenerate case where all the weight of @ is concentrated at one point, the
center of mass for e(i5°79%) lies exclusively on the perimeter of the unit circle. In
this case, the AQCF is given by ®ga(s®) = cos(%squ“) + Csin(is“Hq“) that rep-
resents a periodic function, where the principal direction of periodicity is parallel
to the mean vector; however, it is important to note that a random quaternion

variable with a purely periodic AQCF is not necessarily degenerate.

4. Considering that a quaternion random vector @, with mean vector g can be
decomposed into @, = @ + @ where @ is a zero-mean random vector; therefore,
the AQCF of @, is given by ®qa(s®) = e(%saHga)q)Qa(s“) which in essence is
the AQCF of @ modulated by e(%saHga), the AQCF of the degenerate quaternion

random vector with all its mass concentrated at p.

5. Considering the inherent duality between the AQCF and the joint characteristic
function of its real-valued components, established in (8.3) and (8.4), it can be

traced that |®ga| — 0 as ||s®||2 = oo.

6. At s = 0 we have s*q® = 0 resulting in ®ga(0) = E[e(?)] = 1 regardless of the
distribution of Q.

In order to clarify the above mentioned remarks, the real and imaginary components
of the AQCF of the degenerate distribution Pga(q = %(1 +i+k)) =1 is shown in
Figure 8.1. Note that both the real and imaginary components are periodic with their
principal direction of periodicity along a vector passing through the origin and 1+ i+ k;
hence, there are no changes in the AQCF with respect to changes on j-axis. The AQCF
of a non-circular quaternion Gaussian random variable is shown in Figure 8.2 and the
AQCF of the same non-circular quaternion Gaussian random variable with o = 1+i+ k&
added as mean is shown in Figure 8.3, where the modulations introduced as a result of
the mean can clearly be observed; in addition, the AQCF of the zero-mean quaternion
Gaussian random variable has a vanishing imaginary component as its distribution is

symmetric whereas the introduction of a mean results in an imaginary component that

2A random quaternion variable is referred to as symmetric if its distribution is symmetric along any
straight line passing through the origin.
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has the same amplitude envelop as the real component, but is modulated by a wave that

is /2 out of phase with that modulating the real component.

a) The real componet of the AQCF
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Figure 8.1: Heat map of the AQCF of the degenerate distribution Pge(g = %(1 +
i+ k)) = 1 showing variations of the AQCF in six orthogonal planes of H: a) the real
component of the AQCF, b) the imaginary component of the AQCF.

8.3.3 The relation between the AQCF and statistical moments

Consider the AQCF in the formulation given in (8.4), where replacing the exponential

with its power series representation yields
Cm ( aH )

Pg:(s")=E [e(%S“Hq“)] =F
m=0
q“] _x

aH
4

S (Squa) 2
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Figure 8.2: Heat map of the AQCF of a zero-mean non-circular quaternion-valued
Gaussian distribution showing the real component of the variations of the AQCF in six
orthogonal planes of H. Note that the AQCF of this random variable has a vanishing
imaginary component.
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Figure 8.3: Heat map of the AQCF of a non-zero-mean non-circular quaternion-valued
Gaussian distribution showing variations of the AQCF in six orthogonal planes of H:
a) the real component of the of the AQCF, b) the imaginary component of the AQCF.
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The HR-calculus can now be employed to calculate the first-order derivatives of ®ga,

where from the expression in (8.5) we have

a(I)Qa(Sa) :6¢Qa(sa) aSqua _ = Cm+1 (Squa)mqgl
ds*C1 gstHqr  9s*¢ (4m+H)m!
m=0 8.6)
q“ s Mg (sq)” °
— 1 | _ 1| ~ -7 ...
—E[<4] E{mq] Bl

with ¢; € {1,14, 4, k} and when evaluated at s* = 0 gives

qu :|
—E |2
sa=( |:C 4

which is the involution of the mean of the random variable @ around {; multiplied by

>C1
s2=0 ‘

In addition, in a similar manner, it can be shown that

1 q*¢ (8 0®ge(s?)

0P Q° (Sa)
Os*C1

¢/4; therefore, we have

_ (4 924 (")
Elq] = <C T osa

0P ga(s?)
Os

)*C1
s4=0 ‘

PPqga(s’) 0 [0Bge(s)\ 0 0P o (s) 9s*Hq*\ 9s*H
O0s*C10s*2  Js*1 Ds*C2 - OsaHga \ gseHqe  Os*C2 Os*G1

s2=0

The second-order derivatives of ® g« can be expressed as

(8.7)

where (1,2 € {1,4, 7, k} and upon replacing (8.6) into (8.7) gives

0*® ga(s?) S =" (g™, o
Os*C19s*C2 =E mZ:o (4m+2)m) arar

that when evaluated at s = 0 yields

02® a(s?)

—1 T
G e |, ~ 167 [a°a"]

ga—g 16

which is the cross-correlation between gt and g% multiplied by ((/4)2. Therefore, fol-
lowing the same procedure, the augmented covariance matrix of ) can now be expressed

as
0*® ga(s?) 1 1
2B - EBlq*q] = ——Cqe. 8.8
95205 | ,_, 32 la"a"] = 35Cq (8:8)

Note that all higher order statistics of @ can be found analogously.
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8.3.4 The relation between the AQCF and circularity

Consider a quaternion-valued random vector, @, with i.i.d components, where from (8.4)

and (8.3) it is straightforward to show

P ga(s) = Pq,(sr)Pq,(s) P, (s;) g, (sk)

moreover, making the assumption that ®ga(s*) = g(d), where g(-) : R — C and

d= \/sZGTsT +sI'Gys; + szstj + S{Gksk (8.9)

results in

dg(d) _ Og(d) od _ 0®q,(s)
ds,  0d 0s,  Os,

Through straightforward mathematical manipulations the expression in (8.10) gives

20, (s1)B0, (5)) P, (st). (8.10)

O0g(d) Grs, _ 0®q,(sr)
o0 a4~ 0s.  20(s)®q,(s))®q,(sk) (8.11)

where making the assumption that G, is positive definite and dividing both sides of the
expression in (8.11) by g(d) yields

dg(d) 1 sb' 0®q, (s)

T

od dg(d) sI'Gys, 0s,

: (8.12)

Note that the right hand side of the equation in (8.12) is only dependent on s, whereas
its left hand side is dependent on d, a function of {s,, s;, s;j, si}; therefore, the right

hand side of the equation in (8.12) can only be a constant resulting in

1 1 I 0®q (s
0g(d) 1 dln(gld) _( s, Q.(sr) (8.13)
od g(d) od sI'Gys, Os,
where solving the differential equation in (8.13) gives®
g(d) = e(5%). (8.14)

Note that the AQCF given in (8.14) is of a form consistent only with the AQCF of
quaternion-valued Gaussian variables. Indeed in Appendix D, it is shown that assuming
the pdf of @ exists and has i.i.d real-valued components the resulting distribution will
be circular if and only if the real-valued components of @ are Gaussian random variables
with the same diagonal covariance matrices. Furthermore, notice that the derivatives of

the AQCF with respect to the real component were used here; however, the same results

3Note that the boundary conditions of the differential equation in (8.13) are set by the fact that for

a general quaternion-valued random vector, @, we have ®qa(s*)|a_, = 1.
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can be obtained by employing the derivatives of the AQCF with respect to any of the

real-valued components of the quaternion-valued random vector.

8.3.5 The design of quaternion circular random variables

In order to provide a better insight into circular quaternion-valued random variables
and to obtain tools for simulations, a procedure for generating circular quaternion-
valued random variables is presented in this section. For the sake of simplicity the work
is limited to the univariate case; however, the framework can easily be expanded for

generating quaternion-valued random vectors.

Consider a quaternion-valued random variable of the form @ = RU where R is a
real-valued non-negative random variable and U is quaternion-valued random variable
with uniform distribution on the surface of the unit hypersphere in H that is independent
of R. The AQCF of ) can now be expressed as

@Qa(sa) _ E [e%sﬂan] _ E [e%TSGHuG} _ / f e%TSaHuadFUa(ua)dFR(T) (815)
0 U

where the symbol fU” denotes the integral on the unit hypersphere in H, while Fym (u®)
and Fr(r) represent the cumulative distribution function (cdf) of Uand R. Since R and
U are independent, the expression in (8.15) yields

®ga(s?) = /OOO P o (rs®)dFp(r)

furthermore, U is a quaternion-valued circular random variable and therefore its AQCF
takes the form ® ga(rs®) = ¢(r|s|) where ¢(:) : R — R, resulting in

@Q4¢%:Am¢@mmﬁmm. (8.16)

Therefore, circular quaternion random variables with AQCF of the form in (8.16) are at
hand. In addition, note that the AQCF of @, as expressed in (8.16), is only a function of
|s| indicating that quaternion-valued circular random variables have circular symmetric

AQCFs.

8.3.6 The HC interpretation and (-circularity

In some scenarios it becomes useful to consider a quaternion ¢ € H as the combination

of two complex numbers whereby

q= (g +iq) + (g; +iq)j
z1€C z0€C
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which is referred to as the Cayley-Dickson presentation [99, 102]. The joint augmented

complex characteristic function of Z; and Z3 is now given by
B35 5(s1,55) = B [el30475e7e8) |

where {z¢,z¢,s%,s¢} € C?. After some mathematical manipulations, the AQCF of

Q1.; = Z1 + Zsj can be formulated as
o, (s)=E [e(i(s?SIQ?_i))}

_ T _ T
where s{; = B[s1, s2,57,83]", af; = Blz1, 22, 2], 23], and

10 0 g
10 0 - 1
B-— 7 with ZBH =B
01 —j 0 2
01 5 0

Now consider a quaternion random variable such that Q1; = Z1Uj.j, where Z; is a
random complex variable in the 1-7 plane and Uy_; is a uniform distribution on the unit
circle in the 1-j plane. Note that since Uy.; is uniformly distributed on the unit circle in
the 1-j plane, the distribution of ()1.; will be invariant under rotations along the j-axis.

After some mathematical manipulation the AQCF of ()1.; can be formulated as
Bqe (s9) = E [e(%(s‘f.’fq‘f.i))] _B [e(z’@] (8.17)
where
§=R(s1q1 + s202)
=R <8>{21’U:1_jr + sézlul_j) (8.18)

= (s1,21, + s1,21,) wnj, + (82,21, + 52,21,) U,

~~

S 55
with s = s, 4s;j. Furthermore, assuming Z; and Uj_; are independent allows the AQCF

of @Q1.; as given in (8.17) to be rearranged into
By, (57) = E [ )| = B @y (s7)] = Bl6(]s)]. (8.19)

where |s| can be expressed as

o] = /B2 (s120) + R2 (s27). (8.20)
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Therefore, if the quaternion random variable is j-circular its AQCF will take the form

presented in (8.19). In addition, for such random variables, we have

V0 € [0,27) : By (s°) =F [e@%(s*q))] _E [e(@‘f(s*qej‘)))]
-F [e(g&e(szlul,jefe))] - B [e(gﬁ(s*e_jezlq))}

—F [e(cm(weﬂ’)ﬂm»} = ®qa (")

with s’ = se??. Therefore, @Q%_i(sa) is invariant under rotations along the j-axis*. Note
that samples of an j-circular random variable can be generated by multiplying random
samples of z; with cos(f) + jsin(6) where 6 ~ U[0,27). Moreover, in this work, the
quaternion domain is split into two complex pains along side the j-axis, similar results
can be obtained by splitting the quaternion domain along side any of the imaginary axis

or indeed along any line in the quaternion domain.

8.4 Quaternion-valued stable random variables

Considering the definition given in (8.1) and by extension, here we define a quaternion-
valued random variable as a-stable if its real-valued components are jointly a-stable and
therefore it is straightforward to show that such a quaternion-valued random variable
also admits the stable property in (8.1). Furthermore, if a quaternion-valued random
variable, @ is a-stable and has a symmetric elliptical distribution; then, from classical
results in [138], the joint characteristic function of its real-valued components takes the
form

®o(sy,si,S5,8L) = e_(%[S“Sivsj=Sk}Z[STvSiijvSk]T)% (8.21)

where X is a semi positive definite matrix dictating the elliptical shape of the distribution
and hereafter is referred to as the covariation matrix. Note that for the case that o = 2
the characteristic function in (8.21) is that of a multivariate Gaussian distribution with
¥ denoting its covariance matrix. In addition, using the transformation in (2.8) it is
trivial to show that the AQCF of quaternion-valued a-stable random variables with

symmetric elliptical distributions takes the form

B = o (57 Bens)? (8.22)
where .
R G S | S G S |
I il 41 —kI I il 41 —kI
Sgo = - R >N I
16 |1 1 41 —kI I 1 4T —kI
Q) D ) I il —jT kI

“Note the same conclusion can be drawn from the expression in (8.20) and (8.19).
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Once again, note that for the special case o = 2 the AQCF given in (8.22) is that
of a zero-mean quaternion-valued Gaussian distribution with the augmented covariance

matrix X ga.

Hereafter, in order to allow for mathematically tractable solutions, we focus on the
case of quaternion-valued a-stable random variables with symmetric elliptical distribu-
tions, hereafter referred to as quaternion a-stable random variables for brevity. This

class of stable random variables admit the following®:

e Let G be a zero-mean quaternion-valued Gaussian random vector with augmented
covariance matrix X ge and A a univariate real-valued positive random variable
such that ®4(s) = Ele*?] = e~151°”*; then, the AQCF of the random variable
Q = VAG is given by

P ga(s?) =E 6CS“H(\/Eqa)m] = E[E [ensaH(ﬁqa)M ]
(8.23)
a/2
:e_(f%?@Q“) with @Qa = SaHEGasa.

The expression in (8.23) implies that each quaternion a-stable random variable is
composed of a zero-mean quaternion-valued Gaussian random variable that dic-
tates its covariation matrix and a real-valued a/2-stable random variable that
dictates the o parameter. Furthermore, note that in the case where the underly-
ing zero-man quaternion-valued Gaussian random variable is circular; then, ¥ge
is diagonal and the distribution of @ will be circular as well, while the real-valued
components of @ are identically distributed, but not independent, which confirms

the results in Section 8.3.4.

e Note that for a quaternion-valued a-stable random variable its AQCF in the for-
mulation given in (8.22) is non-differentiable at s* = 0 for @ < 1 and only has
finite first-order derivativeness at s* = 0 for 1 < a < 2; therefore, @ = 2 is the
only case where such random variables have closed form second-order statistics
that are obtainable through the framework set in Section 8.3.3. This comprises
the performance of conventional adaptive filtering algorithms that are based on

second-order statistics. This, issue is addressed in the next section.

8.5 Adaptive filtering

Consider the problem of finding the optimal widely-linear mapping that relates the

quaternion-valued random variables x* and y“, which can be formulated as

vy = Wex" (8.24)

5Most of the proofs have been omitted as they closely follow those of the real-valued vector case
presented in [138].
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In the case where {x% y®} are zero-mean and jointly Gaussian, multiplying both sides
by x* yields
yox*H = Wexox*H (8.25)

where the optimal solution in the MMSE sense referred to as the Wiener solution (see
Chapter 2 and [71]) can now be obtained through taking the statistical expectation of

the expression in (8.25) which gives

w? E [anaH] (E [Xax“H})il. (8.26)

opt =

However, the solution given in (8.26) is only optimal for the Gaussian case and cannot be
generalized for the entire quaternion-valued a-stable random variables. In this section,
the optimal filtering solution for the generality of quaternion-valued a-stable random

variables is derived and then adaptive solutions are investigated.

8.5.1 The optimal filtering solution

Given the widely-linear mapping in (8.24) and considering x* and y* to be quaternion-
valued a-stable random variables with symmetric elliptical distributions®; their joint

AQCEF can be expressed as

(I)Ya7Xa(SZ’ Sg) =F |:6%(S$Hya+ngxa):| (827)

where upon replacing y* = W in (8.27) we have

Pye xa(sy,sy) =F [ei(SZHW“st;HX“)} =FE [eﬁ((SZHW“rSZH)X“)] , (8.28)

Now, considering the formulation in (8.22) for the AQCF of such random variables, the
joint AQCF of x% and y® is given by

Pya xa(sy,sy) = Px(sy W +57) = ¢~ (30vaxa)? (8.29)

where

eY’l,X“ = (SZHWa + S;H) dixe (WCLHSZ + Sg)

=st WS xa W st + 50T WS xa s + 537 Txe W 5% + 507 S xast!.
N—— D N——

Yvya Yyaxa Y xavya
a
:|:SaH SGH} Eya Eana Sy .
Y r ZXaYa EXa Sg

Eya’xa

(8.30)

5In incidences where the filtering of a-stable random variables is considered it is implicitly implied
that o > 1, so that conditional exceptions E[y|z] exist and are finite.
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From the expression in (8.30), note that Xy xa is in fact the Hessian matrix of @ ya_xa;

therefore, the optimal filtering solution can be expressed as
-1
Wi = Xxaye (Bxe)
where Y xaya and X xe are elements of the Hessian matrix of

@

(-)Ya’Xa = < — 32In (q)Y‘l,X’l(SZv Sg)) )

In most cases, however, applying block based estimators for finding the optimal fil-
tering solution is computationally complex and rather inadequate when dealing with

non-stationary signals. Thus, adaptive approaches are required.

8.5.2 Steepest-descent algorithms

Although @y xa can be evaluated from empirical estimation of @y« x« using sam-
ples of the signal; however, obtaining the Hessian matrix of @y« xa« through numerical
methods is computationally inefficient. Moreover, applying block based estimators is
rather inadequate specially when dealing with non-stationary signals. Therefore, follow-
ing the approaches in [142-144], an adaptive approach is next investigated. To this end,

consider the widely-linear mapping in (8.24) in its adaptive formulation, given by

Jn = By Xy + g, + i x), +vxg = wilxp
the coeflicients of which are updated at each time instant in a steepest-descent fashion
minimizing the cost function J = E ||y — y|P] = E[|¢|P] in its instantaneous form given
by

[NJiS)

I = ’5n|P = (enep)

where €, = ¥y, — 9, and 1 < p < . The gradients of .J,, can be calculated through the
HR-calculus and is given by

D 3p _
2 = —Z§‘€n|p 2e,x

ax
n -

Vg dn = Vg (€n€})
Therefore the update of the weight vector can be expressed as
Wit = Wi+ plenlP e x (8.31)
where 1 € RT represents an adaptation gain.

Considering the wight error given by €], = wg,

(8.31), the evolution of the weight vector error can be expressed as

. — wg and the update equation in

a — a p—2 ax
€1 = €p :U’|5n’ EnXp
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aTl

where replacing €, = U, — yn = €' x? and after some mathematical manipulations we
have

en =€ (I- ,u|€n|p_2Xf'LXZH) . (8.32)

The expression in (8.32) gives the mapping of the weight vector error from one time
instant to the next; therefore, for the weight vector to converge the transform has to be

a contracting one, which gives a bound for the adaptation gain as

1
< .
M= e, 2T (xaxaH)

(8.33)

Note that for the special case where o = 2 and p = 2, the update equation in (8.31)
simplifies to that of the WL-QLMS; in addition, selecting y = Tr(x%x%H) results in the
normalized WL-QLMS algorithm. However, regarding the general case where 1 < o < 2

the following statements can be made:

e The condition p > 1 ensures the cost function J,, = |e, [P is convex and differen-

tiable for all values of &,.

e If the input and output of the filter are jointly a-stable; then, ¢ is a quaternion-

valued a-stable variable with a-stable real-valued components. Furthermore,
b
J = Bllel) = B |(? + &} + 2 +e1)*| < Bller 1+ Blll?] + E (1571 + B [lexl?).

Therefore, the condition p < a will ensure that E [|e.|P], E [|e;|P], E[|e;[P], and

E [|e|P] exist and hence the cost function is bounded.

e Since g, = €21'x%, for a given weight vector error at time instant n, sharp increases
in ||x%|]2 will result in a rise in |e,| and a fall in |, [P~2; thus, the presence of the
term |e,[P~2 in the weight vector update equation in (8.31) helps to regulate the
adaptation step-size when dealing with heavy tails. This is shown in Figure 8.4,
where the WL-QLMS, normalized WL-QLMS, and a steepest descent algorithm
with p = 1.1 are implemented to estimate the weight vector of an autoregressive

process of length 4 that is driven by a proper quaternion-valued 1.9-stable noise.
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a) Amplitude

w
o

Amplitude
N
o

—_
o

0 1000 2000 3000 4000 5000
Sample number
b) Weight vector error
_5 T T

—WL-QLMS
—Normalized WL-QLMS
— Steepest—decsent p=1.1

2000 3000 4000 5000

0 1000
Sample number

Figure 8.4: Estimation of the weight vector of an autoregressive process of length 4
that is driven by a proper quaternion-valued 1.9-stable noise: a) amplitude of the
autoregressive process, b) weight vector estimation error.

8.5.3 The augmented quaternion particle filter

Although the steepest-decent approach is a computationally effective method for pro-
cessing a-stable random signals; however, lack of convergence bounds, limits their use.
In order to present an inclusive framework for processing a-stable random signals the

augmented quaternion particle filter is next derived. To this end, consider the general

widely-linear state space model given by

a __Aaa a
Xn _Anxnfl + v,
a
n

Yo =Hpxp + wp

where x and y¢ are the augmented state and observations at time instant n, while v¢

and w? represent the state evolution and observation noise.

Taking the conventional particle filtering approach [147, 148], the AQCF of the state

a — a a 141 3 a —
vector sequence x§., = {x§,...,x%} conditional on the observation sequence yf{.,, =
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{y{,...,¥%} can be expressed as

CeaH
By ye (s7) = /D 55" X Pya (Xt ly i )X,
Xa

{m}

~ {m}4“HSn
M {m}Z €

Dom=1Wn =1

where Pxg (x§.,|y{.,) denotes the probability of the augmented state vector sequence

X{.n» conditional to the augmented observation sequence y{,,, whereas Dxa —denotes
a{ m} {m}

the domain of X§.,, while x{.,, " and w,  are independent particles drawn from the dis-
tribution of X§.,, or its importance function P(x§.,|y{.,,), and their associated weights
given by

Pxg, (X6.0)Pye,, 1xg, (V1 lX00)

P(xG..l¥1.0)

wimt (8.34)

Assuming that the current state is independent from future observations and that

the importance function is selected to be factorisable so that

7)(ngn—&—l |y(11:n+1) = P(ngnb’%zn)P(X?L—s—l |X8:'m Y%:n—s—l)

allows the weights to be updated sequentially as

i) Pygolvnﬂ\xgﬂ (ygol,n+l‘xz+l)PXa+1|X (x %H’X%)w{m}
n

w1 X . - (8.35)
i P(Xn+1|X0:n’ yl:nJrl)

where distribution Pxa  |xa (x5 1[x7) is determined by the state evolution function.

Furthermore, if the distribution of X§.,, is approximated to be elliptically contoured,

it can be fully described through the mean estimate given by

m a{m}
o Z imix (8.36)

M

Zm 1 Wn, m=1
and covariation matrix estimate that is calculable from the widely-linear regression
2

sy s = (=32l (xy (s))" (8.37)

where

o Z (mp o § (7 (6.7 = Plxga]) )

M
Zm 1 Wn

In addition, it can be shown that the AQCF of the state vector at two consecutive time

®xg, (s") =

instances are related according to

@XZ+1 (Sa) —-E |:64Cl( aHACLx +S‘1H ) _ @X?L (A?LHSG)@V%

— (55" AL ExS]) (555" AL S xg AnHs®) (555 Spas®)



Chapter 8. The Augmented Quaternion Characteristic Function and Filtering of
Quaternion Stable Random Signals 148

Therefore, the covariation matrix of X}, can be found through the widely-linear regres-
sion 2
(0%
saHEXgLHs“ = ((s“HAfZZ]X%Alesa)a/2 + (saHEV%s“)a/z)

while E[x? ] = A E[x;]. This allows to propagate the state vector statistics without
the need to manipulate large number of particles. The operations of such an particle

filtering algorithm are summarized in Algorithm 13.

Algorithm 13. Augmented Quaternion Particle Filter (AQPF)

Initialize:

{m}

Draw samples xg{m} and assign weights w; =~ using P(xg).

At each time instant:

1. Sample from the importance density P(x§.,,_;|y{.,_;) and assign
weights through (8.34).

2. Track samples through the state evaluation function.
3. Reassign weights through (8.35).

4. Approximate the distribution of X§., with that of an elliptically
contoured a-stable distribution with mean and covariation matrix
given in (8.36) and (8.37).

5. Draw particles from a quaternion-valued elliptically contoured a-
stable distribution with the mean and covariation matrix calcu-
lated in the previous step to be propagated to the next stage.

As an example, consider the quaternion-valued dynamic system characterized in

discrete time through the state space equations

11
Xn:() 1Xn—1+

0.5
1

Un

where v, is a zero-mean unit variance second-order proper Gaussian noise, while w,, is

a zero-mean elliptically distributed 1.5-stable noise with the covariation matrix

13 3 3 3
3 13 3 3
oo =
3 3 13 3

3 3 3 13
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The AQPF was implemented in order to track the state vector. The estimates of the state
vector element that is observed through the observation function is shown in Figure 8.5,
while the estimates of the state vector element that is not observable are shown in
Figure 8.6. Note that despite the presence of a heavy-tailed 1.5-stable observation noise,
the AQPF was able to track the state vector.

\—True value-- -Estimates\

=50 =
D)
% 50 100
Sample Sample
300 ‘ 200
_. 200t —
;';,_ ~=, 100
100} =
0 = 0 < ’
0 50 100 0 50 100
Sample Sample

Figure 8.5: State vector estimation in presence of 1.5-stable observation noise. The
estimates of the state vector element that is observed through the observation function
are shown.

—True value - - -Estimates

2 50 100 % 50 100
Sample Sample

Figure 8.6: State vector estimation in presence of 1.5-stable observation noise. The
estimates of the state vector element that is not observable through the observation
function are shown.
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8.6 Conclusion

The augmented quaternion characteristic function was revised and its properties from
a geometric point of view and its link to statistical moments were investigated. In
addition, adaptive filtering of quaternion-valued a-stable random variables with sym-
metric elliptical distributions was considered. The contributions of this chapter can be

summarized as follows:

e The link between the AQCF and different types of circularity was investigated
establishing a structure for the AQCF of circular and (-circular quaternion-valued
random variables and a framework for sample generation. furthermore, it was
established that for the case of quaternion-valued random variables with i.i.d com-

ponents, circularity happens only in the Gaussian case.

e The statistical manipulation of quaternion-valued a-stable random variables was
considered, where an optimal filtering solution was derived through the use of the
AQCEF. In addition, adaptive filtering of quaternion-valued a-stable random signals
was investigated, where the augmented quaternion particle filter was introduced

for sequential state estimation of quaternion-valued a-stable signals.



Chapter 9

Conclusion

9.1 Conclusion and contributions

Motivated by the recent developments in quaternion-valued signal processing and their
natural ability to model three-dimensional rotations; in this thesis, quaternion-valued
signal processing algorithms dealing with the notion of phase and frequency in the
quaternion domain with practical applications in smart grids, target tracking, and track-
ing the rotations of objects in the three-dimensional space were developed. The use of
quaternions in these applications where the underlying signal is three-dimensional by
nature, has allowed for the derivation of signal processing algorithms that in addition
to having a rigorous physical interpretation, can account for all the information in the
signal and outperform their complex or real-valued counterparts. The contributions of

this thesis are summarized in the following:

1. Although widely-linear adaptive filters are optimal for the generality of quaternion-
valued signals, they can be simplified into strictly linear adaptive filters in cases
where the signal is proper, significantly reducing computational complexity. To
this end, a novel real-time tracker of quaternion impropriety was developed which
allows to identify the degree of impropriety of a signal in real-time, so that the in-
stances when a non-stationary signal changes its statistic can be identified and an
estimator that best suits the signal can be selected. The work includes comprehen-
sive theoretical analysis of the mean and mean-square behavior of the impropriety

tracker, which are verified through simulations.

2. Adaptive phase-only estimation of quaternion-valued signals was considered and
a class of quaternion phase estimators was developed. This was achieved through
updating the weights of the adaptive filter at each time instant according to a
cost function of the phase error in a steepest-descent fashion. The performance of

the algorithms was analyzed, and a geometrical interpretation of the operations of

151
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the proposed algorithms was presented. The developed phase-only estimator was
used in a number of practical applications for estimating rotations in the three-
dimensional space, where it showed superior performance as compared to that of

real-valued quadrivariate algorithms based on the application of rotation matrices.

3. A widely-linear complex-valued frequency estimator for three-phase power sys-
tems that can outperform its complex-valued counterparts in addition to having
consistent performance under both nominal and fault conditions was developed.
For rigor, the performance of the developed frequency estimator was quantified
and compared to that of its counterparts. Finally, the analysis was confirmed
through simulations on both synthetic data and real-world data recordings, where

the developed frequency estimator showed outstanding performance.

4. Quaternions were used for frequency estimation in three-phase power systems,
where the multidimensional nature of quaternions allowed a state space model
for the three-phase power signal to be developed that incorporates voltage mea-
surements from all phases of the power system without the need for using the
Clarke transform. In addition, the state space model was designed such that its
elements could be applied for the estimation of the system voltage phasors. The
performance of the developed frequency estimator was quantified and compared to
that of traditional frequency estimators established on complex-valued algorithms
through simulations, where it was shown to achieve a lower steady-state mean

square error.

5. A fully distributed sequential state estimator for quaternion-valued signals was
developed. This was achieved through decomposing the operations of the central-
ized quaternion Kalman filter in such a fashion that they can be performed in a
distributed manner. The performance of the developed algorithm was analyzed
establishing a recursive expression for the estimation error. The developed algo-
rithm was implemented for estimating the fundamental frequency of three-phase

power distribution networks and for collaborative target tracking.

6. Having established that quaternion-valued random variables with i.i.d compo-
nents, circularity happens only in the Gaussian case, a structure for the augmented
quaternion characteristic function of circular and (-circular quaternion-valued ran-
dom variables and a framework for generating samples from such distributions was
established. In addition, statistics of quaternion-valued a-stable random variable
was considered, leading to an expression for the optimal filtering solution when
dealing with zero-mean elliptically contoured a-stable random signals with az > 1.
Furthermore, adaptive filtering of quaternion-valued a-stable random variables
was investigated and the augmented quaternion particle filter was introduced for

adaptive filtering of non-Gaussian quaternion-valued signals.
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9.2 Future work

The research into quaternion-valued signal processing has brought to light a number of

new directions that are worth pursuing. These directions are as follows:

1. Fly-by-Wire Systems: The introduction of automated flight control systems has
made possible aircraft designs that sacrifice aerodynamic stability in order to in-
corporate stealth technology into their shape and/or operate more efficiently. One
of the most important tasks of such systems is to track and control the pitch, roll,
and yaw angles of the aircraft in real-time. Given the natural ability of quater-
nions to model rotations, the opportunity arises to develop a rigorous integrated

quaternion-value flight control system.

2. Power System Analysis: For more than 50 years three-phase power systems have
been analyzed through complex-valued mathematical techniques; however, this is
a compromised approach as complex numbers lack the dimensionality necessary
to represent three-phase power signals. Therefore, the opportunity arises to de-
velop a quaternion-valued framework for modeling the power grid and analyzing

its performance.

3. Distributed Filtering of a-Stable Random Signals: The particle filter is the only
adaptive filtering algorithm applicable to the generality of a-stable random sig-
nals; however, its computational burden remains as its major drawback when it
comes to real-time implementation. Given the popularity that sensor networks
and distributed signal processing has gained, distributing the computational load
of the particle filter among agents of a network can be seen as a practical technique

for addressing the computational complexity of particle filters.
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Appendix A

Proof of Equation 3.13

Given a quaternion-valued zero-mean Gaussian random variable ¢ = ¢, +iq; + jq; + kqu;

then, R~ can be expressed as

R, = Elg¢™] =Elqrq;) + Ela;a;] — Elgja;) — Elarar]
+2J (Elgra;] — Elaiqr]) + 2k (Elgrqr] + Elg;6))

(A1)
=Cy, +Cy, — qu = Cqx
+2j (RthIj B qu’%) + 2k (Rqﬂlk + Rq]'qz') :
Moreover, from the expression in (A.1) we have
|Ryqi-|* =C; + Cj, + Co + Co +2C,,Cy, +2C,,Cy,
o 2CQTC‘]j =204, Cyy, — 2CQkCQj —2C4,Cy, (A.2)

+ 4Rgrqj + 4R2 - 8R’]T‘]j RQiQk

qiqk
2 2
+ 4Rqqu + 4R(h‘¢]j + 8RQT¢Ik RlIilIk :

|2 and | R, |?

Furthermore, the expression for |R, can be formulated in an analogous

qj* qqk*

manner as

‘quj* ’2 :Cgr + Cl?i + C(?j + C‘?Ic B 2C‘11"C‘h + QquCq]'
- 20%« CtIk - 20%‘ ng‘ + 20%‘ CQk - 20%‘ C%

2 2 (A.3)
+ 4R‘1r‘1i + 4Rq_7'Qk + 8R(1T(Ii RQij
2 2
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2
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In addition, taking into account that Cy = E[qq*] = Cy, + Cy, + Cy; + Cy,, we have

2 2 2 2 2
Cql” = (qu +Cg, + qu + qu)
+2 (ququ + Cq, Cgy + Cq. Cyy + Cg, Oy + Gy C‘Ik) :

(A.5)

On the other hand E []qq*ﬂ =F [

2
@ +q + q]z + q,%‘ ], which after some tedious

mathematical manipulations can be simplified to give

E[lag"] =3 (C2 + €2 + €2 + C2,)

2
+ Rl]j Ak

2 2 2 2
+4 (R, + R, + R, 4R

qrqk q:4;

) (A.6)
-2 (Cq’V‘ qu‘ + CQ'I‘qu + quc% + qu‘ ng‘ + CQj C‘]k) :

Now from comparing the expressions in (A.2), (A.3), (A.4), and (A.5) with the expression
in(A.6) it becomes clear that

5 =2 3+ ol + sl + k)

. 3’0 ’2+’R i|2+’R j‘2+|R k‘2 CQn
E [|qq ‘2] _ q a9 qq qq¢"l Man



Appendix B

Implementation of the

Quaternion Hilbert Transform

A general ellipse in the i-j plane is given by
qn = 1Acos (2m fATn + ¢1) + jBsin (2w fATn + ¢2)

where {4, B} € R are arbitrary amplitudes and {¢1, ¢2} € [0,27) are arbitrary phases.

The Hilbert transform of ¢, with respect to the imaginary unit k is given by
Hi(gn) = tAksin 2n fATn + 1) — jBkcos (2n fATn 4 ¢2) .
Using simple mathematical manipulations the following signal is constructed
Sp = qn + Hi(qn) = (iAek‘pl — jBek“”) ek2mf AT

It can be shown that g
n+l 6k27rfAT' (Bl)

S
The proof for the case of Hilbert transforms with respect to ¢ and j-axis follows similarly.
Notice that it was assumed that the amplitude of .S, does not change significantly over
one time interval; thus, in (B.1) S, and S,,4+1 can be normalized. For the purpose of
simulations, the Hilbert transform was implemented using a finite impulse response filter
with 30 taps.
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Appendix C

Deterministic Relation Between
Voltage Phasors and the State
Space Elements of the QFE

({3

Without loss of generality phase “a” is selected as the reference for the phasor angles,

i.e. it was assumed that ¢, , = 0, which yields

4 4
?) + k‘Vc,nCOS(ch,n + —

2 4
§7T> + kV, psin(den + g).

AI,n = Z.Va,n + j%,ncos(¢b,n +

AQ,n = j‘/b,nSin(d)b,n +

From the expression in (C.1), notice that multiplying ¢, by v, gives
1 1 1 .
GnVan = §AI,nVa7n + 5A17nVa7ncos(47rfATn) - §AQ7nVa7nsm(47rfATn). (C.2)

Thus, A7, V,n can be calculated by passing ¢,,vq.n, as expressed in (C.2), through a low
pass filter (LPF) which can be expressed as

2ana,n _>_> Rn = AI,nVa,n

It was assumed that ¢, , = 0; therefore, it follows that

Ay = __fn (C.3)

—’i%i(lﬁn)

Taking into account the expression in (6.9) and applying tedious mathematical ma-
nipulations it can be shown that

Jr:

A n A n n — A n A n —((2m n
@ (i_&%(@ﬁﬂ) and g7 — (i+&>e (C2fATn) (1 .4)

2 2¢ 2 2¢
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From the expressions in (C.4) we have

lar 12 = 1an I* = [A 1l AQn|R(A1nAQC)

where A7, = A1y /|Arn| and A\gn = Agn/|Agn|. Considering that ¢ in normal to A7,
and A, yields
AI,n)\Q,nC = ()‘I,n : )\Q,n)C - (>\I,n X )\Q,n)c

pure quaternion Sin(¢I,Q)

where ¢7 ¢ is the angle between A7, and Ag ,; therefore,

4 [* = lan |* = =[ALnl|AQnlsin(¢r,q)- (C.5)

Furthermore, using analytical geometry it can be show that

AI,n X AQ,n = ‘AI7TL|‘AQ7n’Sin(¢I,Q)<

. . 2m
:va,annSln(? + ¢c,n - ¢b,n)

4 (C.6)
- jVa,nv'c,nSin(g + ¢c,n)
2
+ kVa,anb,nSin(?ﬂ- - (bb,n)
and therefore replacing (C.5) into (C.6) yields
Ok +12 —12 1
—iS(kn)
(C.7)

— g, ((Iqil2 - IQJIQ)C) (_7,;(,<;n)>

where ¢ can be obtained through (¢,)/|S(on)|-



Appendix D

The Relation Between the PDF

and Circularity

Although the approach based on the AQCF presented in Section 8.3.4 is general, as
the AQCF is guaranteed to exist for all quaternion-valued random variables and the
AQCF of SaS random variables confined to the format given in Section 8.4, for the sake
completeness, akin to approaches to symmetricity in R [149], the relation between the

pdf of quaternion-valued random variables and circularity is investigated in the sequel.

Consider a quaternion-valued random vector, @, with i.i.d components, the pdf of

which exits and can be expressed as
Pqe(q") = Pq, (ar)Pq,(ai) Pg,(a;) P, (ar) = 1)

where [ is given by

= \/qTTGrqr +4q] Giq; + 4] Gjq; + q] Grak (D.1)
and f(-) : R — R. Making the assumption that f{-) and Pg_ are differentiable yields

Ofl) _ ofl) ol dPq (ay)
dqr Ol dq,  Oqr

Pq,(ai)Pg,(a;)Pg, (ak)- (D.2)
Through straightforward mathematical manipulations the expression in (D.2) gives

ofl) Grq,  OPq, (ar)
o 1 0qr

Pq,(ai)Pg,(d;)Pg, (dk)- (D-3)

Now, making the assumption that G is positive definite and dividing both sides of the
expression in (D.3) by (1) yields

o i) ofGrqy  Ogy '
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Note that the right hand side of the equation in (D.4) is only dependent on g, whereas
its left hand side is dependent on [, a function of {q,, q;, q;, qi}; therefore, the right

hand side of the equation in (D.4) must be a constant resulting in

of) 1 dm(f)) _( a 9Pq,(ay)
o fyy ol (Q?Grqr 0q, )l (B-5)

5

where solving the differential equation in (D.5) gives

fld) = aez” (D.6)
with @ € RT selected such that
| Portatiiat =1 (D7)

Q

where Dga is the entire domain of @, in order to grantee that the expression in (D.6) is
a pdf. Substituting (D.1) into (D.6), using the transform in (2.8), and selecting a such
that the condition in (D.7) is satisfied yields

o Faigar
(x2/ )N \/det(G)

where G is a 4N x 4N block diagonal matrix given by

fd) = (D.8)

~1
where G = (GT_I + G+ G;l + G,;l) .

o o o 0
o o Q) ©
2| =

o ) o o
N o o o

Note that the distribution in (D.8) is a Gaussian distribution with augmented covariance
matrix G~'. In addition, if G, = G; = G, = Gy = VI, where ¥ € RT, in the
expression in (D.8), f(d) will simplify into a circular Gaussian distribution. Therefore,
if the components of @ are i.i.d, the resulting distribution is circular if and only if
the real-valued components of @ are Gaussian random vectors with the same diagonal

covariance matrices.



