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We explore the asymmetric sequential Landau-Zener (LZ) dynamics in an ensemble of interacting
Bose condensed two-level atoms coupled with a cavity field. Assuming the couplings between all
atoms and the cavity field are identical, the interplay between atom-atom interaction and detuning
may lead to a series of LZ transitions. Unlike the conventional sequential L.Z transitions, which are
symmetric to the zero detuning, the LZ transitions of Bose condensed atoms in a cavity field are
asymmetric and sensitively depend on the photon number distribution of the cavity. In LZ processes
involving single excitation numbers, both the variance of the relative atom number and the step slope
of the sequential population ladder are asymmetric, and the asymmetry become more significant for
smaller excitation numbers. Furthermore, in LZ processes involving multiple excitation numbers,
there may appear asymmetric population ladders with decreasing step heights. During a dynamical
LZ process, due to the atom-cavity coupling, the cavity field shows dynamical collapse and revivals.
In comparison with the symmetric LZ transitions in a classical field, the asymmetric LZ transitions
in a cavity field originate from the photon-number-dependent Rabi frequency. The asymmetric
sequential LZ dynamics of Bose condensed atoms in a cavity field may open up a new way to
explore the fundamental many-body physics in coupled atom-photon systems.

PACS numbers: 03.75.Lm, 42.50.Pq, 32.80.Qk, 03.75.Be

I. INTRODUCTION

bias and atom-atom interaction, the resonant tunneling

The great achievements in manipulating and probing
ultracold atoms in a cavity offer a new platform for ex-
ploring many-body systems and their dynamics. Up to
now, the strong atom-cavity coupling has been experi-
mentally demonstrated in several laboratories by using
an atomic Bose-Einstein condensate (BEC) [1-6]. The
BEC-cavity experiments can be used to study the cou-
pled atom-photon system with both large and small atom
and photon numbers ﬂ—@] The BEC-cavity system pro-
vides an ideal platform for exploring exotic many-body
quantum effects, such as quantum phase transition ﬂﬂf
], many-body quantum entanglement ], precision
measurement |16, ﬂ], and many-body quantum dynam-
ics [22, 23]. On the other hand, as an important fun-
damental problem, the many-body Landau-Zener (LZ)
tunneling with BEC had attracted much attention for a
long time . However, the many-body LZ tunnel-
ing in BEC-cavity system, in particular, how the cavity
field affects the LZ dynamics of atoms, is still unclear.

Due to the atom-atom interaction, the many-body
LZ tunneling is very different from the single-particle
one. The sequential LZ tunneling induced by interac-
tion blockade have been found in Bose-Josephson sys-
tem (BJS) [28, [29], Bose-Hubbard ladder [30] and spinor
BEC within optical superlattices M] For an example, in
a BJS M], due to the interplay between inter-mode
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and interaction blockade take place @, ] There ap-
pears a population ladder indicating a series of interac-
tion blockade. The variance of the relative population
would exhibit several peaks representing the single-atom
resonant tunneling. Due to the fixed Josephson coupling
in such a BJS, the step slopes of the ladder and the reso-
nant tunneling peaks are symmetric about the zero bias
(which corresponds to the zero detuning).

In a BEC-cavity system, due to the quantization na-
ture of the cavity field, the picture of the sequential LZ
dynamics may have significant differences. In compari-
son with the BJS, the Rabi frequency in a BEC-cavity
system acts the role of the Josephson coupling. Unlike
the Josephson coupling, the Rabi frequency is no longer
fixed and it is proportional to the square root of the
cavity-photon number @] In the case of few photons,
as the photon number changes in the LZ process, the
Rabi frequency dramatically changes when the detuning
is tuned. Furthermore, if there is no sufficient photons
to excite all the atoms to the upper level, an incomplete
sequential LZ process would occur. Thus, in addition to
the atom-atom interaction and the detuning, the photon
number also plays an important role in the LZ process
of the BEC-cavity system. Simultaneously, during the
time-evolution, the atoms may also have an influence on
the cavity field. Therefore, it is of great interest to in-
vestigate: (i) how the sequential LZ dynamics is affected
by the cavity field? and (ii) how the cavity field changes
during such a LZ process?

In this article, we study the LZ process of an ensemble
of interacting Bose condensed atoms trapped in a cavity.
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In the framework of second quantization, the BEC-cavity
system can be described by a modified Tavis-Cummings
model with an additional nonlinear term determined by
atom-atom interaction [23,[37]. If the initial cavity field is
described by a Fock state, the BEC-cavity system only in-
volves a single excitation number. In the adiabatic sweep-
ing of the detuning, the interplay between the detuning
and the atom-atom interaction results in the asymmet-
ric sequential LZ transitions, in which the atoms absorb
or emit photons one by one and the sequential LZ tran-
sitions are asymmetric. If the initial cavity field is de-
scribed by a coherent state, the BEC-cavity system will
involve multiple excitation numbers. Different from the
case of single excitation numbers, in the asymmetric se-
quential LZ process, the atoms may no longer absorb en-
tirely one photon for every population step. The amount
of absorbed /emmited photons becomes less than one and
it gradually decreases even in the adiabatic limit. During
the LZ process, the cavity field is no longer a coherent
state and its intermittent collapse and revival appear.

This article is organized as follows. In Sec. [, we de-
scribe the model and give its Hamiltonian. In Sec. [TI], we
investigate the asymmetric sequential LZ process involv-
ing single excitation numbers. In Sec.[[V] we consider the
atoms initially coupled with a coherent cavity field, and
then study the asymmetric sequential LZ process involv-
ing multiple excitation numbers. We derive an analytical
formula for sequential ladders of the photon number and
the relative atom number. The adiabaticity conditions
for the sequential LZ transitions are also analytically es-
timated. An intriguing findings of fractional steps are ob-
served when the average number is small compared with
atom number. In addition, we analyze the effects of the
cavity photon loss on the sequential LZ dynamics. The
phenomena of collapse and revivals of the cavity field are
also revealed. Finally, in Sec.[V] we give a brief summary
and discussion.

II. MODEL

We consider an ensemble of Bose condensed atoms oc-
cupying two different hyperfine levels and trapped in an
optical cavity [1, ). The sketch is shown in Fig. [l The
atoms are coupled with a cavity mode, in which one atom
in the lower level may absorb a photon and jump to the
upper level, or may be taken from the upper level into
the lower level with a photon emitted. Assuming that
the coupling fields are spatially uniform and the atom-
atom collision do not change the internal states. Each
atom identically couples with a single-mode cavity cavity
field @] Therefore, the system obeys a second quantized
Hamiltonian within a single-mode approximation (in the

FIG. 1. (Color online) Sketch of interacting Bose condensed
atoms trapped in an optical cavity. Each atom is identically
coupled to the cavity mode with coupling strength g/v/Ng.
Here, the frequencies of the cavity field and the atomic tran-
sition are denoted by w and wo, respectively. The detuning is
0 = w —wo and the effective atom-atom interaction is charac-
terized by FE..
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where w is the frequency of cavity mode, N, = N3 +
N, = ZA7$ZA7T+(A)IZ;¢ is the atom number, Fjy; is the hyperfine
energy of the atoms in state |j), G;; is the atom-atom
interaction energies of state |j), G4, is the atom-atom
interaction energy between states | 1) and | |), and ¢
is the homogenous coupling strength between the cavity
mode and the Bose condensed atoms.

Regarding all the atoms as spin-1/2 particles, one can
define the angular momentum operators as

. : 2
5 (2)
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The system has two good quantum numbers: the atom
number N, and the excitation number N, = afa + Ny =

ata + J. + fo | satisfying the commutation [N, H] =
0 and [N, H| = 0. Here, when the excitation number
is much larger than the atom number, i.e., N, > N,,
it corresponds to the large excitation number condition,
which is close to the classical field limit. While if the
excitation number is comparable with or smaller than
the atom number, i.e., N, < Ng, it refers to the small
excitation number condition. The quantization of cavity
mode would make a difference with a classical field and



the photon number may affect the properties of the whole
system. We will carefully compare the results under large
and small excitation conditions in the following.

Since N, and N, are conserved quantities, the con-
stant terms O(N,) and O(N2) can be eliminated and
the Hamiltonian becomes

” E. - g
H = woJ, +wala + =°J2 +
wo wa'a 5 \/m

where Ji = J, + zjy are the raising and lowering op-
erators of atoms, the atomic transition frequency wg =
Eot — Eoy + 3(No — 1)(G4+ — Gyy), and the effective
atom-atom interaction F, = G4+ + G| — 2G4,. Further,
shifting the zero point of the Hamiltonian (Bl), one can
get

@i +ay), (5)

with the detuning § = w—wyq. According to the last term,

for fixed g and N, the Rabi frequency is proportional to

the square root of photon number (i.e., Q « y/n), which

is changeable with respect to the state of cavity field.
The state of the system can be expanded as

|"/J> = ch,m|n7m>7 (7)

where n is the photon number of the Fock state, m =
(Ny — N})/2 is the relative atom number and C,, ,, are
the coefficients of basis |n, m). Due to the conservation of
excitation number, when N, < N,, the number of bases
can be reduced to N, + 1, the state of the system can be
expanded as

Ne N
) =D N INe =1, == +1). (8)
=0

While for N, > N,, only N, + 1 bases are enough, and
the state of the system can be expanded as

Ng N
a

) =D N INe =1, ="
=0

+1). 9)
Here, C;¥* in Eq. () and (@) denotes the coefficient with
N, —1 photons and [ atoms populating in the upper level.

III. LANDAU-ZENER PROCESS INVOLVING
SINGLE EXCITATION NUMBERS

Firstly, we consider the system with fixed single ex-
citation numbers and study the static properties of the
system in small and large excitation number conditions.
Starting from Hamiltonian (), we choose atom number
N, = 10 and investigate the situations with excitation
numbers N, = 5, N, = 10 and N, = 1000. Here, the sys-
tem state |¥) can be expressed according to Eq. () or

Eq. @). We vary § from negative detuning to positive de-
tuning and obtain the corresponding groundstates. The
detuning ¢ tends to populate the atoms into the upper
level while the repulsive atom-atom interaction (E. > 0)
tends to populate the atoms equally in both levels. For
far negative detuning, i.e., w < wp, d — —o0, the ground-
state is | Ne, —%), which corresponds to that all atoms
are in the lower level and the photon number equals to
the excitation number N.. For far positive detuning,
ie, w > wy, d — oo, the form of groundstate is re-
lated to the excitation number. When N, > N,, the
groundstate is |[N. — N, &2), which is the state that all
atoms occupy in the upper level and the photon num-
ber becomes N, — N,. When N, < N, it becomes
|O,—% + N.), where only a portion of atoms occupy
in the upper level and no photons remain. In other re-
gions of detuning, the groundstate depends sensitively
on the parameters g, § and F.. For better revealing the
properties of the system, the expectations of photon num-
ber (n) = (y|ataly) and the half relative atom number

(N} — N)/2 = (4| J.|1), and the variance of relative
atom number Var(Ny — Ny) = 4((J2) — (J.)?) for the
groundstate are calculated and shown in Fig.

A. Asymmetric sequential population ladders

There appear a series of ladder-like steps for the half
relative atom number. These sequential population lad-
ders are induced by the atom-atom interaction. The steps
become steeper and the plateaus get more smooth when
the atom-atom interaction becomes larger. The height of
every step equals exactly 1. For every step, one of the
atoms in the lower level can absorb one photon and be
excited to the upper level. The appearance of sequential
population ladders is similar to the interaction blockade
observed in the Bose-Josephson junctions ﬂﬁ, @] For a
two-component Bose-Einstein condensate linked by clas-
sical Raman fields, the competition between detuning
and nonlinear interaction will result in a sequential pop-
ulation ladder for the relative atom number, where the
slopes of the steps are exactly symmetric about § = 0.

However, for the two-state Bose condensed atoms cou-
pled with a quantized cavity mode, the number of the
photons make the shape of the ladders significantly dif-
ferent. When the excitation number is smaller than atom
number N, < N,, the structure is totally asymmetric
since there are not enough photons to excite all the atoms
and the population ladder ceases to increase when there
are no photons inside the cavity, see Fig. 2 (a). In the
situation of N, = 10, the step slopes of the population
ladders are also no longer symmetric about § = 0. For
the same magnitude of detuning |4, the step slope under
negative detuning —d is always less sharper than the one
under positive detuning +9.

The asymmetry of the step slopes comes from the
changing Rabi frequency during the sequential LZ pro-
cesses. Adiabatically sweeping the detuning from nega-
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FIG. 2. (Color online) Static properties of the system involving single excitation numbers. The top, middle and bottom rows
correspond to the cases of Ne = 5, Ne = 10 and N = 1000. The left and right columns represent the expectations of half
relative atom number (Ny — N)/2 = (J.), and variance of relative atom number Var(Ny — N|) = 4({J2) — (J.)?) versus

detuning, respectively. Here, N, = 10 and g = 1.

tive to positive, the photon number decreases downstairs
from N, to 0. Therefore, the Rabi frequency €2 is get-
ting smaller. The sharpness is determined by the ratio
between Rabi frequency and the atom-atom interaction
O/ E,., where the smaller 2/ E, corresponds to the sharper
step slope. Specially, when the photon number decreases
to zero, the Rabi frequency vanishes, and no transitions
would happen. Since the photon number under nega-
tive detuning —¢§ is always larger than the one under
positive detuning 446, the step slopes of the ladder for
(N4 — N)/2 is asymmetric about ¢ = 0. The first and

the last step slopes have the biggest difference because
they respectively correspond to the largest and smallest
photon number, see the insets of Fig. [ (¢). While for
other pairs of step slopes, the difference is smaller.

As the excitation number increases, the photon num-
ber difference under —§ and +9 becomes less dramatic
and the Rabi frequency € tends to be uniform. For large
excitation number N, = 1000, the step slopes of the lad-
der become almost symmetric about 6 = 0, see the insets
of Fig. @2l (e). This is because when the photon number
is extremely large compared with the atom number, the



cavity field can be treated as a classical field with fixed
complex number, and the sequential behaviors would re-
turn to the symmetric one in a BJS.

B. Asymmetric variance of relative atom number

For further investigation, we look in the variance of rel-
ative atom number Var(Ny — Ny). There are a series of
peaks for Var(Ny — N, ). The locations of the peaks cor-
respond to the locations of the step slopes in the ladder
of (N4 — N})/2. The stronger atom-atom interaction E,
induces sharper and narrower peaks, which is consistent
with the sharpness of the step slopes. When N, = 5, the
peaks are completely asymmetric. There appear several
peaks when § < 0 and no peaks for § > 0, see Fig.[2 (b).

The asymmetry is also obvious for N, = 10, see
Fig. @ (d). The total structure is asymmetric about
0 = 0. The width and height of first and the last peaks
are totally different. The last peak is much sharper than
the first one, which is in accordance with the situation
of the step slopes of population ladder. The plateaus
in the ladder of (N34 — N;)/2 indicate the interaction
blockades. In the regions of the plateaus, the system
is approximately in the state |n,m) with definite photon
number and relative atom number. Therefore, the vari-
ance of the relative atom number are suppressed. The
resonance peaks are caused by the quasi-degeneracy be-
tween the two states |[N. — k + 1,—%e + k — 1) and
INe — k,—8e + k) with k = 1,...,min(N,, Ne) in the
neighboring plateaus. In the intermediate region of the
step slopes, the superposition of these two states leads to
Var(N4 — N|) increasing dramatically. One can treat the
atom-photon coupling term as a perturbation @, ] and
obtain the locations of the peaks with §/F. =+ 1/2 for
l={=N,/2,—N,/2+1,...,N,/2 — 1}, which is in agree-
ment with the numerical results.

More importantly, since the Rabi frequency becomes
weaker when the photon number decreases, the rela-
tive atom number also shows asymmetric properties.
When the Rabi frequency decreases, the perturbation
term becomes smaller, and the two neighboring states
|INe —k+1, —%—I—k—l) and | N, — k, —% + k) are closer
to degeneracy. Therefore, the variance of the relative
atom number would appear narrower and sharper peaks
at the degeneracy location. While for large excitation
number, the asymmetry becomes much smaller. Under
N, = 1000, the structure of the variance Var(Ny — N|)
become more symmetric about § = 0, see Fig. 2 (f).

The set of peaks that indicate the single-atom reso-
nance transition can be used to design the single-atom
device. For this system, varying the photon number in
the cavity can adjust the sensitivity of the response and
the atom-atom interaction need not be too strong, which
can be promising for application in sensitive detection
and high-precision metrology.

IV. LANDAU-ZENER DYNAMICS INVOLVING
MULTIPLE EXCITATION NUMBERS

In the following, we consider the ensemble of interact-
ing Bose condensed atoms coupled with a cavity field in a
coherent state. The coherent state of photons is natural
and it is easy to be prepared in experiments. We sweep
the detuning to investigate the LZ dynamics of the sys-
tem. Initially, the atoms are all prepared in the lower
level. The cavity field is a coherent state, which is the
eigenstate of annihilation operator a and can be written

o2 n . .
as la) = e 2 Y %|n>, with |a|? being the aver-
age photon number of the coherent state. Therefore, the
initial state of the whole system can be expressed as

No, Na
=la,——") = Z wn, |Ne, _7>7 (10)
Ne=0

which involves multiple excitation numbers with wy, =

2
_lal® Ne

e A,
VN
the system state W(t) obeys the Schrodinger equation,

During the sweeping, the time-evolution of

01v()
ot

= H ()] (2)), (11)

where H (t) is the Hamiltonian () with time-dependent
detuning d(¢). The system state can be expanded as

B = Y w, (Z O +z>> ,
N=0 l

(12)
where C}¥*(t) is the time-dependent coefficient of the ba-
sis in subspace with N, excitation number. There are
N, subspaces with different excitation numbers and the
bases of each subspace depend on the excitation num-
bers. Each subspace with different /N, is orthogonal and
decoupled with others. Therefore, the dynamics in each
subspace is independent and we can deal with the time-
evolution problem individually and then sum up together
according to the weight factor of each subspace wy,. In
addition, the average excitation number of the system is
always conserved and equals the initial average photon
number.

In our calculation, we fix the atom number N, = 4,
coupling strength ¢ = 1 and atom-atom interaction
E. = 100. Meanwhile, the detuning § is linearly swept
according to d(t) = dp + St with the initial detuning
dop < 0 and the sweeping rate g = @, where 7 is
the total sweeping time. Here, we use [ to character-
ize the non-adiabaticity of the sweeping. The smaller
sweeping rate [ refers to a slower sweeping of detuning,
which means more probability staying in the instanta-
neous ground state when the LZ process occurs. The
properties of LZ dynamics with multiple excitation num-
bers may differ according to the distribution of the ex-
citation numbers which is related to the average photon
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FIG. 3. (Color online) Dynamical evolution of the half relative atom number, variance of relative atom number and photon
number. The atom number N, = 4 and the initial cavity field is in a coherent state with average photon number |o¢|2 =4 and
|a|? = 25. The detuning is linearly swept according to §(t) = o + Bt. The black solid lines are the adiabatic limit and other
lines are numerical results with different sweeping rates 5. In order to ensure the initial detuning is large enough, we choose

0o = —3FE. with E. = 100 for calculation.

number of the initial coherent state. Here, for initial co-
herent states, we choose the average photon number to
be |a|? =4 and |a|? = 25.

A. Asymmetric sequential Landau-Zener dynamics

The evolution of the photon number, the variance of
relative atom number and the half relative atom number

versus the detuning §(¢) for different sweeping rates g
are shown in Fig.[Bl The three observables of the evolved
state can be respectively calculated according to

(n(®) = (EOlatal¥(B) = (Ve = Dy, CF- (O,
el
: (13)
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For |a|? = 4, where the average photon number equals
the atom number, the population ladder for half relative
atom number coincides with the one in adiabatic limit
when the sweeping rate is sufficiently small (e.g., 8 = 2),
see Fig. B (a). When the sweeping becomes fast (e.g.,
B = 10), the population ladder oscillates and the heights
of the steps become less obvious. The sequential LZ
transitions gradually disappear when the non-adiabatic
effect is strong enough for extremely fast driving (e.g.,
B = 100). For |a|? = 25, where the average photon num-
ber is much greater than the atom number, the sequential
LZ dynamics versus the non-adiabatic effect is similar,
see Fig. Bl (b). However, it does not require such slow
driving to attain its adiabatic limit (e.g., 8 = 20 is slow
enough while for |a|? = 4 is not). That is because when
the average photon number increases, the Rabi frequency
as well as the gaps of the avoided energy level crossings
become larger. The analytical analysis for adiabaticity
condition is given in the next subsection.

The variances of the relative atom number for small
and large |a|? are very different, see Fig. 3] (¢) and (d).
For the adiabatic sweeping with |a|> = 25, the variance
Var(N4+—N,) is similar to the one with large single excita-
tion number shown in Fig. 21 (f). While for the adiabatic
sweeping with |a|* = 4, the variance Var(Ny — N|) ap-
pears two peaks for the first and second LZ transitions
and then shows a ladder-like structure with unequal step
heights. If the sequential LZ transitions for small N, are
incomplete, the atomic state is a superposition state of
different m = (Ny — N})/2 and the corresponding vari-
ance Var(Ny — N|) becomes large. Thus, as the detuning
increases, the systems is dominated by the incomplete
sequential LZ transitions for small N., and the atomic
number variance changes from peaks to ladder-like steps.
While for large |a|?, the atomic state in every subspace
changes synchronously and the variance would appear a
series of peaks due to the quasi-degeneracy.

When taking the non-adiabatic effects into account,
the variances change dramatically. For both |a|? = 4
and |a|? = 25, under a very slow sweeping, the variances
approach to their adiabatic limits. Under intermediate
sweeping, the atomic state becomes a superposition state

of different m = (N+ — N})/2 after every LZ transitions.
As the LZ transitions occur sequentially, more different
m = (Ny—N;)/2 components accumulate and induce the
variance Var(Ny — N|) to increase in ladder-like steps
(e.g., the blue dash-dotted lines in Fig. Bl (¢) and (d)).
While for the fast sweeping, the system states hardly
follow the instantaneous ground state and change slightly
and the variances change more smoothly.

More interestingly, the sequential population ladders
for small average photon number exhibit another kind of
asymmetric property. The heights (but not the slopes) of
the steps are obviously unequal and become fractional,
see Fig. B (a) and (e). For |a|? = 4, even though in
the adiabatic limit, the height of each step is less than
one and different with others. The relative atom popula-
tion ladder increases upstairs with the height of the steps
gradually becomes smaller and smaller. The 4 photons
on average could not be entirely absorbed by the 4 atoms
even after 4 times of LZ transitions.

In contrast, for |a|? = 25 in adiabatic limit, the popu-
lation ladder of half relative atom number increases up-
stairs with the each step’s height equals nearly one, which
is similar to the LZ process with single excitation num-
bers shown in Fig. 2l The coherent state with large av-
erage photon number can be approximately treated as a
classical field. When the average photon number is large
enough, the initial atoms in the lower level could grad-
ually absorb the photon one by one through every LZ
transitions, , see Fig. Bl (b) and (f).

It is worth to mention that, when 0(¢) is swept adiabat-
ically to 0, the evolved atomic state becomes a twin Fock
state, in which the populations in upper and lower levels
are exactly equal ((Ny — Ny) = 0) and the variance of
the relative atom number Var(Ny — N} ) = 0. The atomic
twin Fock state is a highly entangled state that can be
used to implementing quantum metrology @, ] In our
system, preparing the initial atomic state into |— %) and
the cavity photon field into a coherent state with large
||, an atomic twin Fock state can be generated via an
adiabatic linear sweeping from negative detuning to zero.
This offers a new scheme for quantum state engineering
on highly entangled state preparation.

B. Analytical analysis for sequential Landau-Zener
dynamics

To explore the sequential LZ dynamics, we derive an
analytical formula for ladders of the photon number and
the relative atom number. In our model, the whole
Hilbert space can be divided into several decoupled sub-
spaces and we can investigate the dynamics individually
in every subspace and finally sum up together. For a sub-
space with excitation number N, and atom number N,,
it would respectively occur N, and N, times of LZ transi-
tions for N, > N, and N, < N,. The k-th LZ transition
happens between the states [N, —k+1, —% +k—1)and

|N. — k,—Z + k) with k = 1,...,min(N,, N.). There-
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fore, the sequential LZ transitions in a subspace can be
treated as a sequence of conventional two-level LZ tran-
sitions. In a conventional LZ transition of a sweeping
rate § with the minimum gap A for its avoided energy
level crossing, and starting from its ground state at time
t — —o0, the probability of finding the system remaining
in the ground state at time t — 400 is given by the LZ
formula [41], 49),

T 2
P(AB) =1 - exp(—%» (16)

By applying the conventional two-level LZ formula to
each avoided energy level crossing, the probability of
staying in the instant ground state at k-th LZ transition

reads

n(ay)

P(Aﬁe,ﬂ)zl_exp 2ﬁ

(17)

where A denotes the minimum gap of the k-th LZ tran-
sitions, which corresponds to the energy gap at oy /E. =
—(No +1)/2 + k with & = 1,2,...,min(N,, N.). The
k-th minimum gap is proportional to the atom-photon
coupling term of the Hamiltonian (@), and it can be ex-
pressed in the form of

A]]ZS_29\/k(Na—k+1)(Ne—k+1)' a8)

Nq

By applying the LZ formula (I7) one by one, we can ob-
tain the final probability of staying in the instant ground
state after k times of LZ transitions, which is given as

k

Py, x(8) = [[ P(&)", B). (19)

=1

For every LZ transition, the probability of remaining in
the ground state also corresponds to the probability of
absorbing one photon. From this point, we can figure
out the heights of every population steps of the photon
number during the sweeping. The height of the k-th step
equals exactly Py, x(3). Therefore, the photon number
of the plateaus in the ladder can be obtained analytically,

Ne,§ <6
No — YommtNd py o (B), 0 <6 < Grga
N, — SN py(8),6 > by,

(20)

Correspondingly, the half relative atom number can be
expressed as

(n)n, =

(Nt — Ny,
2
—%, 6 < 01
= Mo b N py(8),0, <6 <Ok (21)

=0
Moy ymintNeNe) Py a(8),8 > O,

where §;, = [—(N,+1)/24+ k] E. and the index k =
1,2,...,min(N,, N.). Given a sweeping rate (3, one can
figure out the population ladders analytically. In Fig. [
we plot the population ladders of photon number for
N. = {1,2,...,10} under sweeping rates § = {10,100}.
The dashed lines are the numerical results while the solid
lines are obtained analytically according to Eq. 20). It
is obvious that, the analytical population ladders are
well consistent with the numerical ones. Since the min-
imum gap Ay increases with excitation number N, it
needs slower driving for smaller N.. For fast sweeping
B = 100, the step height decreases obviously when N,
changes from 10 to 1. While for slow sweeping 8 = 10,



the step heights for most N, approach to 1. Therefore,
for small |a|?, the dominated N, is small and requires
slower sweeping to access the adiabaticity condition.

By summing up the results of all subspaces, the average
photon number and the half relative atom number of the
system are given as

(n) = > wk, (M., (22)

Ne=0
and
(N+ =Ny (Nt = Npw.
% = Z w%ﬁ%, (23)

N.=0

In our system, the adiabatic condition can be estimated
approximately according to

. 2
[mink (A\ka|27m1n(\oc|2,Na)+l)}
> 2
2p

For |a|? = 4, B < 1; for |a|? = 25, 8 < 21. This estima-
tion can be confirmed by the comparison with numerical
calculations, see Fig. Bl

One of the interesting findings is the appearance of
fractional steps in population ladders for small |a|? even
under adiabatic sweeping. This peculiar phenomenon re-
sults from the property of coherent state with few average
photon number. The initial coherent state is a superposi-
tion of infinite Fock state including the vacuum state with
different weight coeflicients wy,. For small N, there is
no sufficient photons to excite all the atoms to the upper
level, and this incomplete sequential LZ process would
contribute to the fractional steps if the weight coefficient
wy, is non-ignorable.

Below we give an analytical explanation for the frac-
tional steps. When the sweeping is adiabatic (8 — 0),
all Py, x(8) — 1 and so that the average photon number
in subspace of N, becomes

(24)

Ne, o< 51
N, — min(k, N,),

(n)x, = b <
N, —min(N,, N,), 6 >

§<dp (25
S,

According to Eq. ([22), the average photon number of the
system can be obtained,

Zﬁﬁzo w]2\[CNeu RS 61

Zﬁc:k w12\/c (Ne - k)v 51@ < o< 5k+1 (26)
E})VOe:Na wJ2Ve (Ne - Na)a o > 5Na,

(n) =

Using the condition that Y3 _jw}, Ne = |af?, we can
simplify Eq. (28] to

jaf? =k = SN Lo wh, (Ne = k), 0 <8 < 6pi
|a|2 — Ny — Z%:;é wjzvﬁ(Ne = Ny),6 > 6w,
(27)

From Eq. (1), we can further obtain the k-th step height
of the photon number (as well as the relative atom num-
ber),

k—1
he=1- " w}.. (28)
Ne=0

As a result, for small |af?, the weight coefficients w3,
of small N, are dominated, which leads to the fractional
steps. For example, |a|? = 4, wi = 0.0183, w? = 0.0733,
w3 = 0.1465, and w3 = 0.1954 and we can get hy =
0.9817, ho = 0.9084, hs = 0.7619 and hy = 0.5665. The
results are the same with the numerical findings. While
for large |o|?, the weight coefficients w3, of small N, are
nearly zero, and the height of every step equals 1. Since
the total excitation number of the system is conserved,
the explanation is also valid to the relative atom number.

C. Dissipative Sequential Landau-Zener dynamics

In cavity QED experiments, the system would suffer
decoherence induced by the escape of photons out of the
cavity or the decay of the atoms without emitting pho-
tons , ] These decoherence effects may affect the
sequential LZ transitions. In this subsection, we mainly
discuss the effect of dissipation (cavity photon loss) on
the sequential LZ dynamics. During the sweeping, the
cavity photons may escape from the cavity and the total
excitation number would no longer be conserved. There-
fore, it is necessary to describe the system state by a
reduced density matrix p = |¥)(¥|, where the bases of
|¥) include different total excitation numbers and differ
from the ones in Eq. (I2)). The sequential dynamics under

cavity photon loss can be characterized by the Lindblad
master equation [4345]

% — i [H(), p] + Li[o], (29)
with

K A RN AT A
L.[p] = 5 (2apaT — aTap - paTa) ) (30)

where k is the cavity photon loss rate.

In our calculation, the reduced density matrix of the
system is broken up into different density matrices pu,
in subspaces. Then we solve the master equation (29)
independently and calculate the observable expectation

by <ON6> =1Tr (OpNe) and sum up together according

to (O) = wy, (On.). The time-evolution of photon num-
ber and half relative atom number under dissipation for
|a|? = 4 are shown in Fig.

For k = 0, it returns to the ideal case, where the total
excitation number is conserved. For x > 0, the influ-
ences of the dissipation become obvious when the sweep-
ing rates getting smaller. Given 5 = 100 and 8 = 10, the
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FIG. 5. (Color online) The sequential LZ dynamics under cavity phton losses. The influences of damping rates s on the photon
number and the relative atom number under different sweeping rates § are shown. Here, the parameters are chosen as N, = 4,

la?| =4, g =1, and E. = 100.

influences of dissipation are very small and the sequential
LZ dynamics are almost unchanged, see Fig. [l (a)-(d).

When the sweeping becomes slower, the total evolution
time becomes longer and more photon losses accumulate.
For 8 = 2, which approaches to the adiabatic limit for
|a|? = 4, although the cavity photon loss decreases the
photon number, it only changes the step heights of the
fractional ladders slightly, see Fig. [l (e). The cavity pho-
ton loss affects the ladder of the half relative atom num-
ber gradually, but the step heights shrink only a little
during the whole processes, see Fig. H (f).

It is shown that, the cavity photon loss may also af-
fect the sequential population ladders. Obviously, the
sequential population ladders will disappear if the lost
photons is large compared with |a|?. However, if the lost
photons is small compared with |«|?, which may be real-
ized in the strong coupling regime @, @], the fractional
steps of half relative atom number can still be observed.
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D. Collapse and revivals of cavity field coherence

We further investigate how the coherence of the cavity
field varies during the LZ processes with different sweep-
ing rates. Since the evolution of each photon Fock state
will accumulate a phase dependent on the photon num-
ber, the phase differences between different Fock state
will also play an important role during the LZ dynamics.
In order to study the effect of this phase difference dur-
ing the evolution, a common quantity to measure is the
expectation of the photon filed annihilation operator @]

(a(t)) = (w(D)alP(?))
=3 VN —lwy, o, CY T )CN(),(31)
Ne,l

which well describes the coherence of the cavity field.
The coherence of the photon filed (a(t)) versus the evo-
lution time ¢ with different sweeping rates 3 are shown in
Fig.[d (a) and (b). The dynamical behaviors of (a(t)) are

much different with the ones of photon number (n(t)).

When |a|? = 25, for very fast sweeping 8 = 100, the
coherence of the cavity field (a(t)) changes slightly. For
modest sweeping 8 = 1, (a(t)) oscillates in ladder shape.
For slower sweeping 8 = 0.1, {(a(t)) drops dramatically
and remains zero when passing through all the LZ transi-
tions. However, for very slow sweeping 3 = 0.025, (a(t))
drops rapidly to zero when the first LZ transition hap-
pens and begins to increase and oscillate after the second
LZ transition. Finally, the coherence remains a certain
value after all the LZ transitions. This is some kind of
collapse and revivals of the cavity field coherence due to
the long time accumulated phase difference between dif-
ferent Fock state components of the coherent state.

The changes of the cavity field coherence for |a|? = 4 is
similar with the one of |a|? = 25. For fast sweeping, the
coherence of the photon filed {a(t)) changes slightly with
small oscillations. For modest sweeping, (a(t)) oscillates
in a downstairs ladder-like shape. For very slow sweep-



ing, the coherence of the cavity field (a(t)) first collapses
and then revives. It drops quickly at the first LZ transi-
tion point and oscillates a lot afterwards until all the LZ
transitions finished. However, for |a|? = 4, the coherence
of the cavity field seldom decreases to zero and the os-
cillations are more dramatic compared with the ones of
|a|? = 25.

The coherence of the cavity field will tend to a steady
value after all the LZ transitions and the final coherence
(a(c0)) depends on the sweeping rate. Below the de-
pendence of (a(o0)) on the inverse sweeping rate 1/4 is
shown in Fig. [ (c) and (d). Obviously, the final coher-
ence of the cavity field versus the inverse sweeping rate
also exhibits the behavior of collapse and revivals. For
|a|? = 25, with fast sweeping, the collapse occurs as the
difference between different Fock state grows leading to
a destructively interference. With slower sweeping, the
coherence drops to death and remains zero for a wide
range. For much slower sweeping, the phase differences
grows back in phase and the coherence gradually begins
to revive. However, the revival will oscillate and finally
cease for extremely slow sweeping. While for |a|? = 4,
the coherence changes more rapidly. The final coherence
of the cavity field drops dramatically at first but revives
quickly and then begins to oscillate in disorder around a
modest range. It may be seen that, the cavity field coher-
ence for small average photon number would not exhibit
obvious collapse and revivals, which is different from the
one for large average photon number.

V. SUMMARY AND DISCUSSIONS

In summary, we have explored the novel phenomena of
asymmetric sequential LZ dynamics in an ensemble of in-
teracting two-level Bose condensed atoms trapped in an
optical cavity. The features of Bose condensed atoms in a
cavity with small photon number are extremely different
from the ones with large photon number. For relatively
small photon number, the interplay between the detun-
ing and the atom-atom interaction leads to asymmet-
ric sequential LZ transitions. There appear asymmetric
interaction blockade and single-atom resonance tunnel-
ing when the LZ process involves only a single excita-
tion number, which is mainly due to the photon-number-
dependent Rabi frequency. The single-atom resonance
may be used to design high-precision devices and sensi-
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tive detectors.

Instead of an initial Fock state, considering an initial
coherent cavity field with small average photon number,
an asymmetric population ladder with unequal fractional
height steps is observed. The asymmetric sequential LZ
dynamics of the system are also studied. We derive an
analytical formula for sequential population ladders. The
adiabaticity conditions for the sequential LZ transitions
are analytically estimated. An intriguing findings of frac-
tional steps are also explained. In addition, we analyze
the effects of the cavity dissipation on the sequential LZ
dynamics. On the other hand, the state of the cavity field
changes dramatically during the time-evolution process.
The behaviors of collapse and revivals of the cavity field
coherence are revealed.

Further, for an initial coherent state with large aver-
age cavity-photon number, the sequential LZ dynamics
in a cavity approach to the one in a continuous laser
field. Starting from all atoms in the lower energy level,
the atoms can absorb photons one by one in the sequen-
tial LZ process if the detuning is swept sufficiently slow.
When the detuning is swept to zero, an atomic twin Fock
state can be generated. In addition, the photon state
is no longer a coherent state and its coherence changes
dramatically. This may be associated to the generation
of photon-deleted coherent states ], which is totally
non-classical. Similarly, if one sweeps the detuning oppo-
sitely, and the atoms are initially in the upper level, there
would be the phenomenon that the atoms emit photons
one by one during the sequential LZ process. This may
be related to the creation of the photon-added coherent
states M] Different from most previous schemes which
add or subtract only a single photon, our this scheme
can add or subtract desired number of photons by dy-
namically controlling the detuning. This indicates that
it may provide a new tool for preparing non-classical pho-
ton states and also may be applied to demonstrate the
bosonic commutation relations [48 [50].
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