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Random Fisher matrices arise naturally in multivariate statistical analysis and understanding the properties
of its eigenvalues is of primary importance for many hypothesis testing problems like testing the equality
between two covariance matrices, or testing the independence between sub-groups of a multivariate random
vector. Most of the existing work on random Fisher matrices deals with a particular situation where the
population covariance matrices are equal. In this paper, we consider general Fisher matrices with arbitrary
population covariance matrices and develop their spectral properties when the dimensions are proportionally
large compared to the sample size. The paper has two main contributions: first the limiting distribution of
the eigenvalues of a general Fisher matrix is found and second, a central limit theorem is established for
a wide class of functionals of these eigenvalues. Applications of the main results are also developed for
testing hypotheses on high-dimensional covariance matrices.

Keywords: central limit theorem; equality of covariance matrices; large-dimensional covariance matrices;
large-dimensional Fisher matrix; linear spectral statistics

1. Introduction

For testing the equality of variances from two populations, a well-known statistic is the Fisher
statistic defined as the ratio of two sample variances. Its multivariate counter-part is a random
Fisher matrix defined by

F:=BB;', (1.1)

where B; and B, are p-dimensional sample covariance matrices from two independent sam-
ples, say {&;,1 <k <n1} and {5,,1 < £ < ny} with population covariance matrices X and
¥,, respectively. Fisher matrices, especially their eigenvalues, arise in many hypothesis testing
problems in multivariate analysis. Examples include the test of the equality hypothesis X1 = X»
where the likelihood ratio (LR) statistic can be written as a functional of the eigenvalues of a
Fisher matrix, see Bai ef al. [2]. In multivariate analysis of variance (MANOVA), the test on the
equality of means is reduced to a statistic depending on a Fisher matrix which is a functional
of the “between” sum of squares and the “within” sum of squares (Anderson [1], page 346). In
multivariate linear regression, the likelihood ratio criterion for testing linear hypotheses about
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regression coefficients is expressed as a functional of the eigenvalues of a Fisher matrix (Ander-
son [1], page 298). To test the independence between sub-groups of a multivariate population, the
LR statistic is a functional of a Fisher matrix defined by sub-matrices of sample covariance ma-
trices (Anderson [1], page 381). Fisher matrices appear also in the canonical correlation analysis,
see Yang and Pan [26] for a recent account.

This paper concerns the high-dimensional situation where the population dimension p is large
compared to the sample sizes n and n;. It is now well understood that classical procedures as
those presented in Anderson [1] become impracticable or dramatically lose efficiency in high-
dimensional data. For example, the deficiency of the Hotelling’s T2 statistic has been reported
in Dempster [12] and Bai and Saranadasa [3]. Regarding hypothesis testing on one population
high-dimensional covariance matrix, many recent works appeared in the literature, see Ledoit
and Wolf [13], Srivastava [23], Srivastava et al. [24] and Schott [18,19], among others. About the
equality of two population covariance matrices, please see Bai et al. [2], Cai, Liu and Xia [10], Li
and Chen [14] and Zheng, Bai and Yao [29] among others. For two-sample tests on covariance
matrices, Cai, Liu and Xia [10] and Li and Chen [14] use some ad-hoc distance measures to
avoid the corresponding Fisher matrix, particularly when p > n where the Fisher matrix is indeed
undefined. However, all these works are not scale invariant and require some regularities of the
population covariance matrix, for example, Cai, Liu and Xia [10] requires the sparsity condition,
and Li and Chen [14] requires that the eigenvalues of the population covariance matrices are not
dominated by a few of them. Therefore, tests defined by Fisher matrices are still important ones
in multivariate analysis. Furthermore, Zheng, Bai and Yao [29] presented an example showing
that tests defined by F' matrices has larger powers than the method of Li and Chen [14] in a few
cases, after corrections using random matrix theory.

In the literature from random matrix theory and assuming that the dimension grows to infinity
proportionally to sample sizes, the convergence of the eigenvalues of a Fisher matrix to a limiting
distribution has been studied under the equality of two population covariance matrices by several
authors, see e.g. Wachter [25], Bai [5], Bai ef al. [9], Pillai [16], Pillai and Flury [17], Silver-
stein [20] and Yin et al. [27]. As an important contribution of the paper, we establish a limiting
distribution for the eigenvalues of a general Fisher matrix with arbitrary population covariance
matrices. Regarding central limit theorems for linear spectral statistics (or LSS), Chatterjee [11]
establishes the existence of a Gaussian limit assuming that the populations are Gaussian. How-
ever, he does not provide explicit formulae for the asymptotic mean and asymptotic covariances
of the Gaussian limit. A closely related work by Bai and Silverstein [7] establishes a CLT for
spectral statistics of a general sample covariance matrices of form B; T, where B is a sample
covariance matrix and T, is a non-random Hermitian matrix. This CLT is later refined in Pan
and Zhou [15] where the original restriction on the values of the fourth moments of the popula-
tion components is removed. However, the CLT in Bai and Silverstein [7] cannot cover spectral
statistics of a Fisher matrix through simply replacing T, by B, ! for the reason that the centering
term of this CLT would thus become a random term without an explicit expression. To overcome
this difficulty, Zheng [28] establishes a CLT for LSS of a Fisher matrix which has a non-random
and explicit centering term. In particular, the components of the observations {§;} and {»;} can
have an arbitrary fourth moment. To our best knowledge, this is the only CLT reported in the
literature for LSS of a Fisher matrix. However, this CLT has a severe limitation with the assump-
tion that the population covariance matrices are equal that is, X1 = X,. Although the derivation
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of this CLT is complex and highly nontrivial, it has a small impact on the statistical problems
mentioned above where the population covariance matrices X; can be arbitrary and not neces-
sarily equal. Specifically, for the test of the equality hypothesis “X| = X,”, this CLT enables us
to find the distribution of the LR statistic under the null hypothesis, but not under the alternative
“X1 # X7, that is, the asymptotic test size of the test can be found by this CLT but not the power
function.

The main contribution of the paper is the establishment of a central limit theorem for linear
spectral statistics {Wy} of a general Fisher matrix where the population covariance matrices X;
are arbitrary. Under this scheme and as a preparatory step, we also establish a limiting distribu-
tion for their eigenvalues and give an explicit equation satisfied by its Stieltjes transform. Due
to the fact that the population covariance matrices are arbitrary, the proofs of these results have
required several new techniques compared to the existing literature on the central limit theory al-
though the general scheme remains similar to the one used in Bai and Silverstein [7], Zheng [28].
A significantly different tool used here is another CLT reported in Zheng, Bai and Yao [30] for
random matrix of type S~!T p Where S is a standard sample covariance matrix (with i.i.d. stan-
dardised components) and T, a nonnegative definite and deterministic Hermitian matrix. These
two papers are related to each other but focus on different random matrices.

The paper is organized as follows. In Section 2, we first introduce the asymptotic scheme and
the technical assumptions used, and then establish the limiting spectral distribution of the eigen-
values. Section 3 presents the CLT for linear spectral statistics of general Fisher matrices which
is the main result of the paper. Section 4 gives two algorithms for approximation of the limit-
ing spectral density, the asymptotic mean and covariance functions involved in the new CLT. In
Section 5, applications of the main results are proposed for hypothesis testing and confidence in-
tervals about high-dimensional covariance matrices. Technical lemmas and proofs are postponed
to the Appendix B.

2. Limiting spectral distribution of large dimensional general
F -matrices

Following Bai and Silverstein [7] and Zheng [28], we will impose the following structure on the
observation model. Assume that the samples can be expressed as

& =Q1Xy, 1 <k<ny; ne=Q2Y.y, 1<t <ny,
where the observation matrices

X=Xp,....Xp)=Xjk:12j=<p, 12k =<nyp,
Y =X1....¥Yp)=Fj:1<j<p,1<£€=<ny),
are the upper-left corners, of size p x n1 and p x n», of two independent arrays of independent

random variables {X i, j,k =1,2,...} and {Yji, j,k =1,2, ...}, respectively, and Q; is any
square matrix such that Q;Q; = X;, i = 1,2 where * denotes the (complex) adjoint of a matrix



CLT for eigenvalue statistics of large Fisher matrices 1133

(i.e., transpose and conjugate). The corresponding sample covariance matrices become

| . 1
B, :n—Z§k§Z=Q181Q*, w1th51=n—ZX.kak, 2.h
D=1 D=t
1 ny 1 n
Br=--D meni=Qu$2Q5  withS;= -3 V.Y 22)
= =1

Because F = B]B;1 has the same eigenvalues as S1T;’1/2S;1Tp,1/2 where T, 1/ = Q;lQl,

we can define as well the Fisher matrix to be F := S 1T;1 /282_ lT,,,l 2. It is also noticed that
obviously, the matrix Sy should be invertible (almost surely) so that in our asymptotic analysis,
we will assume ny > p for large p and n5.

Throughout the paper, the empirical spectral distribution (or ESD) of a complex p x p matrix
A is the probability measure FA(x) = p~! le 83, where {1 j};’ | are the eigenvalues of A,
and §, denotes the Dirac mass at a point a. We consider the following assumptions.

Assumption [A]. The two double arrays {Xyi, i,k =1,2,...} and {Yyi, i,k =1,2,...} consist
of independent but not necessarily identically distributed random variables with mean 0 and
variance 1.

Assumption [B1]. For any fixed n > 0 and when ny,ny, p — 00,

1 P ni 1 p na
mp D EBIX P Lyx =g i ] = 0. map O CE[Y Py s gm] > 0. (23)
j=1k=1 j=1k=1

Assumption [B2]. If the two arrays are either both real, we then set the indicator k = 2; or
both complex, we then set k = 1, with homogeneous 4th moments: E| X ji |4 =14« 4+ B¢ +o(1),
E|ij|4 =1+« + By +o(1). Moreover, for any fixed n > 0 when ny,nz, p — oo,

1 p ni 1 p n
— Y > E[IX il Iyx =0y ] = 0 — Y S E[Yil Iy =i ] = 0. 24)
P "2P jii=

In addition, EX%k = o(nl_l), EYIZk = o(nz_l) when both arrays {X jx} and {Y«} are complex.
Assumption [C]. The sample sizes n1, ny and the dimension p grow to infinity in such a way that
Yny i=p/n1—> y1 € (0, +00), Yy :=p/n2— y2€ (0, 1), (2.5
where Sy has the inverse matrix S, I
Assumption [D]. The matrices T, =T /ZT;,l o are non-random and nonnegative definite

Hermitian matrices and the sequence {T )} is bounded in spectral norm. Moreover, the ESD
H), of T, tends to a proper probability measure H when p — 00.
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Table 1. Notations for distributions, Stieltjes transforms (S.T.) and linear spectral statistics (LSS) of ran-
dom matrices

Matrix ESD/S.T. LSD/S.T. LSS

F:SIT;’l/zsz_lTp,lﬂ Un(x)/mn(2) Uy (x)/my(2) Un(f):ff(x)dUn(X)
Uy(f) = [ f(x)dUy(x)
X*T% | 08) ' Tp 10X/ m) Up(x)/my(2) Uy(x)/my(2)

Here mn(2) = [ 722 dUn(x), my(2) = [ 115 dUy(x), my(2) = [ 715 dUL(x), my(2) = [ 71 dUy(x), f is an ana-
lytic function, Up(f) = p~—! Zf=1 f(xf) with the eigenvalues {,\?}ﬁ.’:l of F and Uy, (x) is obtained by substituting
Yn = (Yny, Yny) fory = (y1, y2) in Uy(x).

The assumptions (2.3) and (2.4) are standard Lindeberg type conditions which are necessary
for the existence of the limiting spectral distribution for F, and for the CLT for LSS of F, respec-
tively. Moreover, under these conditions, the variables {X;;} and {Y;x} can be truncated at size
Np/P (mp | 0) without altering asymptotic results.

The following notations are used throughout the paper:

n=(ng,ny), Yo = Vnys Vo), y=(1,¥2), h? =y 4+ y2 — yiy2.

In the sequel, the limiting results will be investigated under the regime (2.5) that will be simply
referred as n — co. Some useful concepts are now recalled. The Stieltjes transform of a positive
Borel measure G on the real line is defined by

mg(z)E/idG(k), zeCt={z:2€C,3(z) > 0}. (2.6)

This transform has a natural extension to the lower-half plane by the formula
mg(z) =mg(z)  forzeC™ ={z:2€C,3(z) <0}.

In addition to F, we will also need several other matrices. Table 1 contains the notations used in
the sequel for the characteristics of these matrices: ESD, LSD, the associated Stieltjes transforms
and LSS.

The matrices F and X*T;’l /252_ I »,172X/n1 are companion matrices each other sharing same
nonnull eigenvalues so that we have

mn(z) = -

l —
Zy"‘ + Y, mn(2), 2.7)

1=y
my(z) = i + yimy(2). (2.8)

Furthermore, when X = X, that is, T, =1, it is well-known that the LSD Uy of F and its
Stieltjes transform my(z) can be found on page 79 of Bai and Silverstein [4]. As a first result of
the paper, we prove the existence of Uy and one of its characteristics for general Fisher matrix F
where T, is a Hermitian matrix.
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Theorem 2.1. Under Assumptions [A], [B1], [C] and [D], The Fisher matrix
F= SIT;,l/zsz_lTpJﬂ

has a non-random LSD Uy. Moreover, Uy is characterized by the fact that the Stieltjes transform
my(z) of its companion measure U, is the unique solution to the equation

m <
O(mo)@ o, + Mmoz),  zeC*, 2.9)

where mgy(z) = my, (=my(z)) and m,, (z) satisfies the equation 7 = —(m,, @)+ y [+
m,, ()" dH ).

The proof of this theorem is given in Appendix B.1.

Remark 2.1. If the Assumption [B1] in Theorem 2.1 is strengthened to [B2], following Bai and
Yin [8], after truncation, one can show that with probability 1, S; is invertible. However, under
the Assumption [B1], there may be a small portion of eigenvalues of B, equal or tending to zero.
In this case, Theorem 2.1 remains true if S, ! is understood as the Moore—Penrose generalized
inverse of Sj.

Remark 2.2. For a given z € C", the equation (2.9) has a unique solution mg such that
J(mp) < 0.

In fact by Silverstein [21], my(z) is the unique solution to the equation

t=m— 4y / 280 (x) (2.10)

my(z) 14 xmy(z)’

subject to the condition that Ns(l MRS ny (2))3(z) > 0. Here, G, denotes the limiting spectral

distribution of the random matrix T 1252 I p.1/2-

In the sequel, for brevity, the notations my(z) and my(z) will be simplified to m(z) and m(z),
or even to m and m, respectively, if no confusion would be possible. We will use the notation
Gy"2 that is obtained by substituting y,, = p/n for y; in G,.

3. CLT for LSS of large dimensional general Fisher matrices

We consider a centered version of the LSS
p
PlUn(F) = Uy (D] =D F () = p / f(x)dUy, (x) 3.1)
j=1

with the eigenvalues {A?};’:l of F. Note that (3.1) is translation-invariant in f, we may assume
f(0) = 0. Due to the exact separation theorem (see Bai and Silverstein [6]), with probability
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one, for large enough 7 ; and p, the possible point mass at the origin of Uy will coincide exactly
with that of Uy,. By Theorem 1.1 of Silverstein and Choi [22], Uy has the continuous density
uy except x = 0. Therefore, we can restrict the integral (3.1) to their continuous components on
(0, 00), that is,

p
p[Un(f) - Uyn(f) Z f (AF>0) / f(x)uyn(x) dx, (3.2)
j=l1

where uy, (x) is the density of Uy, (x).

Regarding the central limit theory on linear spectral statistics of random matrices, it has been
well known (Bai and Silverstein [7], Pan and Zhou [15], Zheng [28]) that the mean and co-
variance parameters of the limiting Gaussian distribution depend on the values of the fourth
moments of {X ;x} and {Y;r}. When these moments match the Gaussian case, that is, 8, =0 or
By =0 in Assumption [B2], the limiting parameters have a simpler expression. Otherwise, they
have a more involved expression that depends on other limiting functionals of sample covariance
matrices. More specifically, if By # 0, we will need the existence of the following limits

1< /2 e
;Z E[e/T} 1,8, /*D}'S, 7T, 1 06
- 172 -1 2 —la—1/2 3.3)
X € [T* 1/2S (m(z)S / T, S / p) SZ / Tp,l/ze,‘|82]—>hm1(z),
—ZZeT S_I/Z[ED ]Sy 127 1 e
np 17292 1j %1 p.1/2¢%i
1 1
= (3.4)
X egT’;JﬂS;l/z[E Dlj (22)]S; 1, 1/2ez =5 hy1(21.22).
where E; denotes the conditional expectation given X.1, ..., X.; and S;, and if 8, # 0, we will
need the existence of the limits
1< Ee! -1 , -1 -1
5 Y E€(m(2)T,+82) e €(m()T,+82)  Tp(m@T, +m@moI,) e
i=1
’ 1 (3.5)
-1 -1
— Zze Ej(mGz)T,+S2,) ei-€Ej(m(z)T,+S2;) e
mp T io 36

P hy(—m ), —m @),

where E; denotes the conditional expectation given Y.1, ..., Y.;. Here

n
Spj=S:—nm5,  Di@=) yiri—d,  Di@=Di@—y;r}
i=1
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and e; denotes the ith vector of the canonical basis of C? where 7;
—1/2g-1/2

n; 2851 PT, X .
The following CLT is the main result of the paper.

=n;l/2Y.j and y; =

Theorem 3.1. Under the Assumptions [A], [B2], [C] and [D], assume that the limits (3.3)—(3.4)
exist whenever By # 0, and the limits (3.5)—(3.6) exist whenever By # 0. Let fi,..., fs be s
functions analytic in an open domain of the complex plane that enclosed the support interval
[c1, c2] of the continuous component of the LSD Uy. Then, as n — o0, the random vector

{p[Un(f)) = Uy, (fD]. 1< j<s}

converges weakly to a Gaussian vector (X, ..., X y,) with the mean function
-1 h? - dH(1)?
EXfr= *"4_% f(z)dlog(— _n, f H—mo((Z)) )
‘ T Je Y2 2 mpz
2) Gomor 4HO)
258 2?m* @) - hm (2)
il f@ ) ;
4y C ﬁ _ ﬂ . (1 ft+n10(4 dH(t))
2 »2 yom (~
1= f(ter(;)( ))2 dH (1)
3.7
K —1 m (Z)dH(t)>
+— z)dlog( 1 — Sl b
i fﬁ:f( ) g( 2| G+ mo())?
Byy2 m* (2)mg(@hma (=m~ (2))
+ 5 ~7§f<z> @) D dz,
_ 0
L=y [ mar 4H®
and the covariance function
Cov (X, ij)
Bxyi 9% [z1zam(z)m(z2)hy1 (21, 22)]
- xy2 7§ 7§ fiz1) fj(z2) - dzidz
r Je, Je, 0z1 022
K Ji(z1) fj(z2)
— T3 dmo(z1) dmo(z2) (3.8)
42 ?il ?gcz (mo(z1) — mo(22))?

,3,
—ﬁfé fczfi(Zl)fj(Zz)

y 32 [m(z1)mo(z1)m(z2)mo(z2)hy, (—m =1 (z1), —m ™1 (22))]
071022

dzi1dza,

where the contours C, C1 and Cy all enclose the support of Uy, and Cy and Cy are disjoint.
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Similar to CLT’s developed in Bai and Silverstein [7], Zheng [28], all the limiting parameters
depend on contour integrals using the associated Stieltjes transforms. Some specific examples of
calculations of such integrals can be found in these references.

When T),’s are diagonal, we find explicit expressions for the limiting functions %,,;(z) and
hyj(z1,22), j =1,2. This in turn simplifies the expressions of limiting mean and covariance
functions in the CLT. Two propositions about /,,;(z) and h;(z1, z2) are given in Appendix A.
In this case, the limiting mean and covariance function in Theorem 3.1 are simplified as follows.

Theorem 3.2. Under the conditions of Theorem 3.1 and assuming that the matrices T)’s are
diagonal, we obtain that as n — 00, the random vector

{p[Un(f)) — Uy, (f)]. 1< j <5},

converges weakly to a Gaussian vector (X, ..., X y,) with the mean function

(2 _n Uon g aony

2
2 . mg(z)
L= Gy 4H O

K —1 m3(z)dH(t)
t ami ﬁf@)dl"g(l‘” (t+m0(Z))2>

Bxyi 12
T ff( )U T+ mo@)? dH(t)}dmO(Z)

/ss?g ( mo(z)de) (_ m3<z>dH<t>>
F@ @ +mor ) U T2 |

and the covariance function

COV(Xfi,ij)

:_szf fiz1)(z2) dmo(z1) dmo(z2)
4= Je, Je,

(mo(z1) —mo(22))?

_ Pt By
4r?
t?dH (1) }
i i d d ’
xyil izf (“)f’(“)[ (+moGn) G +maGz)? | MO Ao

where the contours C, C1 and Cy all enclose the support of Uy, and C1 and Cy are disjoint.

Remark 3.1. The contours in Theorem 3.1 and Propositions A.1-A.2 are taken in the z space.
In this case, the contours can be arbitrary provided that they enclose the support of the LSD Uy.
Since the integrands are functions of mg, thus the integrals can be taken in the mq space using
the change of variable z — mg(z).
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Remark 3.2. When T, is an identity matrix, (A.3) and (A.4) are the same as (3.6) and (3.7) in
Zheng [28]. That is, Theorem 3.2 in Zheng [28] is a special case of Theorem 3.2 in this paper
whenT, =1,.

4. Evaluation of the asymptotic parameters EX f,
Cov(Xy, X J.) and the limiting density uy(x)

Notice that practical applications of Theorem 3.1 or Proposition A.l1 require the knowledge
of the limiting spectral density uy(x), the asymptotic mean EX s and covariance function
Cov(X, X¢;). In particular, the last two functions depend on some non trivial contour integrals.
In the simple case where T, =1, and for simple functions like f(x) = x/ or f(x) =log(x), an-
alytical results can be found exactly, see Zheng [28]. However, this is a very particular case and
for general population matrices or more complex functions f, such exact results are not avail-
able. In this section, we introduce some numerical procedures to approximate these asymptotic
parameters while deliberately place ourselves in the context of practical applications with real
data sets. In such a situation, the sample sizes and dimension of data (n1, ny, p) are given and
the empirical spectral distribution H), of T, =T, 12T},  , is known. In this section, we denote
the eigenvalues of T, simply by {Ao}p | so that H,(¢) = p! Z/ 1 (A°<t)
concrete application situation, the LSD H is never known and we need an estimate of H. A very
reasonable and widely used estimate of H is indeed just H,.

Notice that the parameters uy(x), EX s and Cov(X s, Xf;) all depend on the Stieltjes trans-
form mo(z). By (2.9), we have

However in such a

h*mo(z) yi
= + —mo(2).
JH
V=14 y, [ DD y)

That is,

h? v\
mo(z) =Z< 0 + —> s
w=l+y [HEGD - »

which leads to numerical approximations of m(z). Choose so(z) be the initial values of m(z)
and iterate for k > 0 the above mapping

h* i\~
Sk+1(2) = Z( + —) 4.1
=14y [ S »

until convergence and let s;(z) be the final values. Define the approximate value for mq(z) be

sk (2).
Next, the limiting spectral density uy(x) can be approximated as follows.
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Remark 4.1. By Theorem B.10 of Bai and Silverstein [4], we have

1 dH (1) 1 _1
= — ~ - 4.2
i) mo(z) yz/ t+mo(z) mo(z) 2P Z /\0 + mo(z) @2
and
uy(x) = %yl 81_1)1})1+ 3 (m (x + 81)) 4.3)

where {)‘9}?:1 are the eigenvalues of T ,.

The following remark will give a simplified form of the asymptotic mean function EX  and
asymptotic covariance function Cov(X s, X ¢;).

Remark 4.2. In Proposition A.1, assuming that T,’s are diagonal, then by (A.3)-(A.4) and (1.7)
in Bai and Silverstein [7], the mean and covariance functions have the alternative expressions

-1 h2 (1 -y mo(z) dH(t))z
EX; = —'(4—,?5 f'@ 10g<— 2 / f+mo((7)) )dz
' T JC »2 y2 mo z
2 [ oy 4H®
(1 C mo(z) dH(t))d
t+mg(z))?
) ( 0(2)) -, 2 4
0
B o | Gomp AHO- U [ g dHO?
h2 _n m2 (2)m§(2) _ mi(2)
)72 Y2 - f m%(z) d]-](t))(l YZf (t+m0(l))2 dH([))
2] Fmp@n?
tdH(t) ) 2
/3yY2¢ 2) mo(z) | (t+mo)z (—1+» ft+r$1oz(z) dH(t)) .
2ni Je m2dH () n (Z)m ) -
1=y [ 22— n 0
(14+mg) (Vz 2, vl (,+m0(; - H(t))
and
Cov(Xy, ij)
m(y)
/ff(x)f (»lo ‘ Y dxdy 4.5)
m(y)
/3xy1+ﬁyyzj£?§ , , [ 12dH(t) }
- i i dzi1dzs.
4r2 Ti@I @ [ @ @+ motay |44 42

Combining Remarks 4.1 and 4.2, we now describe the general procedure to approximate the
limiting spectral density uy(x), the asymptotic mean and covariance functions.
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(C1 _S’C) (CZ+£7C)
(c1—€/2./2) C‘““T“r G (c2+€/2,5/2)
G ©
(¢1,0) (c2,0)

>

(C1 _8/21_C/2) (CZ+£/21_§/2)

(c1-&-0) Contour C, (cz+&-C)

Figure 1. Contours used to approximate the asymptotic mean and covariance.

Algorithm 1: Approximating the limiting spectral density uy(x). Cut the support set [c1, c2] of
the LSD of the Fisher matrix F into a mesh set as

(c2—c1)j

i=o0..... kb
x }

A= {z.,' =xj+ei,xj=c1+

where ¢ is a small step size, e.g. 1073. By (4.1), we obtain mq(z;) with z; € A. By (4.2), we
obtain m(z;) with z; € A. Then by (4.3). let

1
uy(xj) = —3(m(z;)), (4.6)
Y= ( J )
which is an approximation of the density uy(x;). Then we have

2

K
ff(x)uy(x)dx% Kcl ;f(xz)uy(xz). 4.7

Algorithm 2: Approximating the asymptotic mean function (4.4) and covariance function (4.5).
Step 1. Choose two disjoint contours C; and C, both enclosing the support [cy, c2] of uy as
depicted on Figure 1 where ¢ and ¢ are small numbers, for example, ¢ = ¢ = 1073,
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Step 2. Let K1, K> be large integers, e.g. 103. Then C; and C; are cut into a grid set as

2ck
Al:{Zk:Cl_5+<§_L)i’k:07~--,1{17
K

(cp—c1+28)j . .
ZKi+j = Cl —S+K—2]—§1,J =0,..., K>,

2¢k .
IK | +Ky+k =C2+ €+ —C‘I‘K— Lk=0,...,K;
1

(cp—c1+28)j . .
VK +K+j=C+e—————+¢i,j=0,..., Ko,

£ ¢ tky,
= =c]— — = — = k=0,....K
A {Zk c1 2+(2 K1>l’ o Ky,

(c2—c1+e)j ¢, .
ZK1+]—C1—§+TJ §I,J=0,...,K2,

B ¢ ckY.
K4tk =C+ =+ —=+ > )L, k=0,..., Ky,

e (a—c1+8)j
DK K+ =+ 5 —

g, .
~i,j=0,...,Ky¢.
3 X +211 2}

Step 3. By (4.1), we obtain mq(z). By (4.2), we obtain m(z;). Then the mean and covariance
functions are approximated by

2K 42Ky —1 mo(z ;) 2
EX N~ 1+22 3| fiz)lo h_z_ﬂ,(l—yzfz+mo(jz>dH(t)) (Zie1—27)
f 4 — h 37708 20 q_ fMdH(t) o ’
= 2 (t4mo(z)))?
k—1
4
2K +2K,—1 2
N mo(Zj)dH(t)> ]
X R zi)log| 1 — ——— | (Zj11 — 27
;O [f( ) g( 2 | Crmoe )G )
—ﬂgyl (4.8)
b1
mo(z;)
X2K1+§(2 1 s|:f( )fmdl'](l) (= 1+)’2ft+m0(/z )dH(l)) (Z]+1—Zj):|
~ 2j
- m2(z))m3(z;) m(z;)
= (F-s—m - 2] Gmopr 4H®)

y2 m2(z ;)
_ 0 I
! yzf (t+mo (2 )2 dH®)
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) Y2
+ ﬂ)y
21
— tdH(t (z;)
e mo(z)) [ (z+m0(i ))>3 (= 1+YZf,_mOZ(’Zi) dH(1))*(zj+1 —2))
X Ry ;
/ZO S f(Z] f mo(z/)dH(t) (E n ﬂz(z_/)m(z)(z_;) )
/= tmoz)? 2 » w2 )
1=y2 [ 4(t+,,?0(7]j)>2 dH(t)
and
Cov(X g, X¢,)

m(x) —m(y)

m(zr) —m(zy)

K>
K ;
~ ) E : I(k#l)m(fi/(ZK1+k)fJ{(ZK1+l) log )(CZ - Cl)z/Klz 4.9)

k,1=0
2K +2K,—1

x ) 2dH - —
Byt By 3 fﬂ[f/(mk)fj(zzz)/t (1) @1k+1 — 210 (22,041 Z2l):|,

4z e (1 + mo(z1x)) (t +mo(z2k))

where zx, 1k € A1, zk,+1 € A2, zix € A1 and 297 € A; and Iy = 1 is an indicator function.

5. Applications to high-dimensional statistical analysis

In this section, we introduce two applications of the theory developed in the paper to two high-
dimensional statistical problems.

5.1. Power function for testing the equality of two high-dimensional
covariance matrices

First, we consider the two-sample test of the hypothesis that two high-dimensional covariance
matrices are equal, that is,

Hy:X1=%, vs. Hj:X¥|#X). 6.1

By Zheng, Bai and Yao [29], the likelihood ratio test statistic for (5.1) is

p

P
T = Zlog(yzvl + ynAi) — Z

i=1

YN,

— ™ logi; —log(yw, + ynn),
le+ ™, g VN, )

where ;s are eigenvalues of a Fisher matrix AB~! with

ni

1 & - -
Zzl/z(xk—X)(Xk )"z B:EZZQ/Z(Y,;(—Y)(Y.,C—Y)T):é/2
=1
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where N; =n; — 1 and yy;, = p/N; fori =1, 2. Under Hy and as n — oo, we have

H,
=v(f)” l/2[ — P Py, () =m(H] S N O, 1), (5.2)
where f(x) =log(yn, + yn,X) — ™, +yN logx, Fle N, (f), m(f) and v(f) are
h? YN YN yn, (1= yNy)
Fyyi oy, (f) = lo L 2 —log(1 — yw,)
NI YN YN, £ yn YNy + YN,) g :
le(l - yNz)
— ————log(1 — yn,),
yNz(yN1 + yNz) ?
2 log(1 — log(1 —
m(f) |:10g _ YN, Og( yN1) _ YN, Og( yNz)
YNy + YN, YN, T YN, YN| T YN,
YN YN, (Bx YN, + ﬂyYNl):|
(yn, +yn,)? '
2 2 2 2
u(f) = 7log(l YN,) — 710g(1 yN,) +2log ———.
(YN Ty 2)2 : (y N, T+ 2)2 : YN, + YN,

Then the critical region at the test size o = 0.05 is

{Ta> 1.640(H) >+ p- Fyy yn, (F) +m()}.

By Theorem 3.1 in this paper, under H; we have

VT[T = p Fly L (D =m' (N] B NO, ),

where m (f) and v (f) can be approximated by (4.8) and (4.9), and F’ yN N (f) by

& 10° .

1 _ L C—c _ (c2—c1)J

Fyy oy () = /q f@uy@)dx ~ =5 Z;f(xj')uy(%')a Xj=at+—
]=

and uy(x;) is computed by (4.6). Since
T = 1.640(f)"2 + p- Fyy .y, () +m(f)
& VNP [Ta—p-Fyy (D —m'())]
= v (NTVP[L640(N2 + p - Fyy g, () +m(f) = p - Fyy 0 () =m' ()],
then the power function of the test is
1= @' (NHV2[1.640() 2+ p - Fyy yn, () +m(f)

1 1 (5.3)
=P Fyy () =m (D)),
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- ©

Power function

I I I I I I
1.0 1.1 1.2 1.3 1.4 1.5

Parameter ¢

Figure 2. Power function is for (5.3) in the testing problem (5.1) by numerical methods (4.7), (4.8) and
4.9).

where ®(-) is the standardized normal distribution function.

To show the feasibility of the proposed numerical methods (4.7)—(4.8)—(4.9), we plot the power
function (5.3) for the testing problem (5.1) in the Gaussian case where p =300, n; = 600, np, =
6000, X is the identity matrix and X, = diag(l,...,1,c,...,c) with the parameter ¢ = 1.00,
1.05,1.10, 1.15, 1.20, 1.25, 1.30, 1.40, 1.50 and the number of ¢ in X, being p/2. The numerical
power function (5.3) for the testing problem (5.1) is plotted in Figure 2. Moreover, we compare
the true values with numerical values of F YN YN (f),m(f),Cov(f) in Table 2 in the case of
¥ | = X,. These values are very close each other and the proposed numerical methods perform
well.

Table 2. True values and numerical values of three parameters Fle, N, (f) m(f),v(f) where a-3e =
a-1073

True values of Numerical values of
Fyy,ony () m(f) v(f) Fyy, amy () m() v(f)
y1 =0.2, yp =0.02 9.775-3¢ 10.111-3e 0.376-3¢ 9.772-3e 10.151-3e 0.382-3¢

y1=03,y=0.03 15.269-3¢ 16.151-3e 0.918-3e 15.264-3e 16.232-3e 0.938-3e
y1=04,y,=0.04 21.282-3e  23.101-3e 1.790-3e 21.274-3e  23.254-3e 1.835-3¢
y1=05,y=0.05 27.998-3e  31.657-3e 3.121-3e 27.931-3e  31.562-3e 3.199-3e
y1 =06,y =0.06 35449-3e  41.186-3¢ 5.050-3e 35.429-3e  41.730-3e 5.239-3e
y1=05,y=05 170.085-3¢  199.063-3¢ 110.863-3¢ 169.899-3e  202.7326-3¢ 117.783-3¢
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5.2. Confidence interval of 6 in T ,(0)

As the second application, we consider T, =T, (0), that is, T, is determined by the parameter
6 which takes values in an interval [a, b]. We are interested in the confidence interval for the
parameter 6. Then using the fact

(NP Ta—pFD, L (D= (H]BNO,D,

we will give a method to determine the confidence interval of the parameter 6.

First, cut [a, bl as A3 ={0; =a + (}’_T“)/, j=0,..., N} where N is a large integer, for exam-
ple, 103, Giving 6}, thatis, T j. T,(6;) and using Algorithms 1-2, we obtain m? (f)=EXy,
ve-f(f) = Cov(X s, Xr) and FYICl»YNz (f), j=0,...,N. Then the confidence interval of 6 is
[6L, 6y ] where

o =min{6; : v’ ()T (Ta—p- Ff§l oy, (F) = m% (f)) < 1.64}
and

v =max{6; : v ()" (Ta—p- ng'l,yNz(f) —mb(f)) < 1.64}.

6. Concluding remarks

In this paper, we have considered a general Fisher matrix F where the (high-dimensional) popula-
tion covariance matrices X1 and X, can be arbitrary and not necessarily equal. First the limiting
distribution of its eigenvalues has been found. Next and more importantly, we establish a CLT
for its linear spectral statistics. This CLT is unavoidable in many two-sample statistical problems
with high-dimensional data. Besides, this CLT extends and covers the CLT of Zheng [28] which
is related to standard Fisher matrices.

An important and unsolved issue on the developed theory is about the evaluation of the lim-
iting mean and covariance function in the CLT. These functions have a very complex structure
depending on non-trivial contour integrals. In the special case where the matrices X5 'y are
diagonal, we have proposed some simplifications though the obtained results are still complex.
In Section 4, we have devised some numerical procedures to approximate numerically these
asymptotic parameters. The advantage of these procedures is that they depend on the observed
data only. However, the accuracy of these procedure is currently unknown. A precise analysis of
these procedures or finding other more accurate procedures for the approximation are certainly a
valuable and challenging question in future research.

Appendix A: Two propositions about /., (z) and h,,, ,(z1, 22)
when T ,’s are diagonal

Here, we develop an important special example where the matrices T),’s are diagonal. In this
case, the explicit expressions for the limiting functions A, (z) and hy;(z1, z2), j =1, 2 are given.



CLT for eigenvalue statistics of large Fisher matrices 1147

Proposition A.1. In addition to the assumptions of Theorem 3.1, assume that the matrices T)’s
are diagonal. Then, the limits (3.5) and (3.6) exist and equal to

ha (—m ™' (2)) = — dH (1), (A1)

1 / t
m3(z) J (t+my(2))?

hvz(—m_l(m), —m_l(zz)) A2
1 (A.2)

= d
m(z1)m(z2) J (t 4 mg(21))(7 +m(z2))

H().

Consequently, the same conclusions as in Theorem 3.1 hold where the last term of EX ¢ in (3.7)
is simplified to

mo@)dH0)> ( B mg@)dHa))
4m?§f(z)( C L) dlog(1—y; TR (A.3)

and the last term of Cov(Xy,, Xf_/) in (3.8) is simplified to

4]‘[2 o Jo, i(21)]j(22 (l+m0(Z1))2(t+m0(Z2))2 0(Z1 0(z2), .

where each of the contours C, C| and Cy encloses the support of Uy, C1 and C are disjoint and
mo(z) =m,, (—m(z)).

Proposition A.2. In addition to the assumptions of Theorem 3.1, assume that the matrices T s
are diagonal. Then (B.64) and (B.66) exist and equal to

mg(2)

s <t+mo(z>>* dH(1)

hm1(2) = — m2@) (A5)
0
1= § GHmer 4HO
and
hy1( ) ! a dH (1) (A.6)
1&1,22) = . .
h zZizom(z)m(z2) J (t +mo(z1)(t +mo(z2))
Consequently, the same conclusions as in Theorem 3.1 hold where
By Z2m*(2) - hmi (2)
— 5. P @ ;
i Je 2w (1~ P05 dH (1))
»2 »2 o yzmg(z)
1= (t+mg(2))2 aH®) (A7)

. Bxy t?
~ 2mi faf (Z)U (t+mo()? dH(t)} Aot
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and

x 0 hoi @1,
_ By yg yg £ () [1zomzmG)ho @22,
1 2

4m? 921022 s
_ B : , t2dH(t) :
S fél féz fi); (Z2)|: (t +m0(11))2(f+mo(Z2))21|dmO(Zl)dmO(ZZ)'

Appendix B: Proofs

B.1. Proof of Theorem 2.1

Let
o0

()—/OO L a6, ()—/ L 46,0
snzz—o g fmith s)’ZZ—O P A

be the Stieltjes transforms of the ESD G, (¢) and LSD Gy, (¢) of random matrix T’; 1 /252_ I'x
Tp,1/2, respectively. Let

myz(z)=/o I%Zdez(t), (B.1)

which is the Stieltjes transform of the image measure of Gy, by the reciprocal transformation
At 1/1 on (0, 00). It is easily checked that the Stieltjes transforms are

1 1
My (@) === = —55,(1/2). (B.2)

Similarly, consider the image measure and the associated Stieltjes transform

11
My, (2) = T Z—zsnz(l/z). (B.3)
Let
1 _
My, () = == 4 yamyy 2. (B.4)

then by Theorem 2.1 of Zheng, Bai and Yao [30], we have

fo ! +yz/M (B.5)

my (z) t+m,(z)

where H (t) is the LSD of T, In fact, we have

1 1 1
myz(z)=—z—z—zsy2(l/z) or L% =1+ yzsy,(2).
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By Silverstein and Choi [22], we have

_ b 1dGy, () 1 B
T m(z)+y1/1+tm(z)_ m(Z)erlmm( m(z)). (B.6)

So by (B.4) the above equation reduces to

h? Y1

=————+=—m, (-m(2)), B.7)
m@)-y2 n )

here h2 = — y1y,. Wri =m, (—m(z) = =2 19O Replacing z b

where /i~ = y1 + y2 — y1y2. Write mo(z) = m (=m(2)) = 5575 +v2 | 1550 - Replacing z by

_)72
—m(z), equation (B.5) becomes

@=-—tn @ B.8)
_m Z —_ — . .
- mo(z) ol mo(z)
Therefore, equation (B.7) reduces to
h2mo(2) 1
7= + —mp(2). (B.9)
(2)dH(1)
ya(=1+y [HEECSE) - 2

The proof of Theorem 2.1 is then completed.

B.2. Uniqueness of the solution to equation (2.9)

Rewrite (2.9) as

h? 1 dH (1)
_ _4H@) B.10
Vi —me@ . mo@ ”2/ PR (B-10)

and denote mq(z) = m,(z) + im;(z), where m,(z) and m;(z) are real. Comparing the imaginary
parts of both sides of (B.10) and then dividing m;, we obtain

h?(y2v — yim;) 1 dH (1)
- = = s—n | ———. (B.11)
mi|y2z — yimol Imol £ + mol
Noting the fact that m; < 0, we have
1 dH (t h?
— - / ()2> S (B.12)
Imo [t +mol=  |y22 — yimo|

Now suppose that m| 7 m are two roots to the equation (B.10) with negative imaginary parts.
Making difference of (B.10) with m and m, we obtain

h2y 1 / dH (1)
= - _ .
(y2z — yim) Gz — yimz)  mmy 22 ) (+mi)(+mo)

(B.13)
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Applying Cauchy—Schwarz to (B.13), then we obtain

’ 1 / dH(t)
mmy 2] G+ m)+mo)
1 (2/ dH (1) / dH (1) )1/2
mma| 2 2 ) i+l

>< 1 dH (1) )1/2( 1 dH (1) )1/2
“\mz ") irm 2 mal2 %) 1+ mal?

h2y
> .
[(y2z — y1m1)(y2z — y1m2)|

This contradicts the equation (B.13).
The proof of the uniqueness is done.

B.3. Some useful identities

Lemma B.1. Let my(z) = myz(—m(z)) where m(z) is the solution of (B.6), then we have the
following identities

2
1_y1/M_h_2_ﬂ_(l—f%dH(”) -
(I4+xm@)N*  »  » o :
L= [ Gl dH (1)
m3(2)(2)x2dGy, (x)
|:10g<h—2 o (1 —f—tyi",Z% dH(t))Z)]_ lfw 515
- m2 2 .
Y2 2 _ }Zmo (2)x2dGy, (x) 1o
! Gmorz 1) nf= (+xm(2)? ]
m3(2)(2)x2dG, (x)
<h2 (L dH(t))z)/ 2 iy (B.16)
Vv 2 - m2 2 .
»2 2 _ yamy _ (2)x dez(x>
I (t4+mg)? dH(1) I= f (I+xm(2))2
tm3 dH (1)
mydH@®)\] _ 22 @ f'"“—(3
0 (t4+mg)?
log|{ 1 -2 5 (B.17)
(t +myo) f mOdH(t)
(t-i-mo)2

mo(z)=L<l 2 ( L)) . (B.18)
m(z) m(z) S m)))’ 0 l_yzfmgdH(z)’

(t+mg)?

(m(2))2x2dGy,(x)  (m(2))?
(I+xm@)>  m()’

1 — )1 (B.]9)
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mg(2)t

mg(z)dH(t v [ s dH @)

(1 B S()dH( )) _ zm’(z) (t+mo(2))

(t +mo(2))> v/ my@dH @)
tmo@)?

(B.20)

where mo(z) = dsz(Z) and m'(z) = dzm(z)

2
Proof. By (B.1), we have m’y2 () = 0°° % where ’ denotes the derivative with respect
to z. So by (B.4) we have
2
x°dGy,(x) , 1—y 1 1 ,
———=m,, (—m(7)) = — . + —-m, (—m(2)), B.21
(14 xm(z2))? » (@) 2 o (m@)* » ., (-1 () 2D

where m/, (—m(z)) = ds_m(s)‘é?m instead of 4m.,

(—m(z)). By (B.21), we have

(m(2))*x*dGy,(x) _ h* yl(ﬂl(Z))z_yz( m(z))

1— — (B.22)
T 0 me? T w ¥
Differentiating both sides of (B.5) and then replacing z by —m, we obtain
! 1 dH(t) - (B.23)
=|—-— (—m). .
mg 2 (1 +mo)? Mt
This equation, together with (B.8), (B.22) and (B.23) imply that
2 2 2 _ ymo 2
dG, h a dH (1))
o [ B e N S @y
xm(z yamg
m 2 f (z+m0)2 dH (1)
Differentiating both sides of (B.7) with respect to z, we obtain
2
1 /
=———=m'(2) — —=m, (—m(2))m'(2).
y2(m(2))? 2 m,, (~m()
This implies that
: »2(m(2))?
m(z) = 5 ,
h* = y1(m(2))*m}, (—m(z))
or equivalently
2 2m@)?
_—. B.25
y1 (m(z)) ( m(z)) = e (B.25)
So by (B.22) and (B.25), we have
2 ZdG 2
1=y (m(2))°x7dGy,(x)  (m(z) (B.26)

(I4+xm(z)? m' ()
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Differentiating both sides of (B.8), we have

/ —m/mé
my=-——">5 —- B.27)
mydH (1)
f (t+m0)2
So we have
(z)
L [M@AHM 2m/(z)y 2 e dH )
(t +mo(2))? - f my@dH @)
(t+mo ()%

So by (B.24) and (B.26), we obtain (B.15). By (B.27), we have the conclusion (B.17). By (B.2)

and (B.4), we have
1 » B 1
mO(Z)_m(z)<l m(z)s”< m(z)))

The proof of the lemma is completed. ]

In the sequel, for brevity, sy, (z) will be denoted as s(z) if no confusion would be possible.

B.4. Proof of Theorem 3.1

B.4.1. Deriving CLT of general Fisher matrix

Following the same techniques of truncation and normalization given in Bai and Silverstein [7]
(see lines -9 to -6 from the bottom of page 559), the assumptions can be simplified as the follow-
ing:

I X jkl < np/P, 1Ykl < np/P, for some n, — 0, as p — o0;

EXjx=0,EYjy=0and E|X;x|>=1, E|Y;x|*=1;

EIXjx|* =14« +B:+o(1) and E|Yj|* =1+« + By +o(1);

For the complex case, EX?k = o(nl_l) and Eszk = o(nz_l).

We have
n1[my(2) = my ()] =ni1[my(2) = mP 92 )] + 01 [mOm-G2) @) — my (2)],

where m 92} (z) and my (z) are the unique roots with imaginary parts having the same signs

as that of z to the following equations, see equation (2.10),

1 1dGy, (1) 1 / 1dGy,, (1)
=——F7 | ——————— and z=—— o .
‘ mn1-Gm) *om / 1+ tmm -G} : My, o l+tm,

The proof follows two steps and we unify the real and complex cases with the indicator nota-
tion k.
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Step 1. Consider the conditional distribution of
ni[my(z) —mPmGrl ()] (B.28)

given .3 = {all S,}. In the proof of Theorem 2.1, we have proved that G,, converges to G,.
Using Lemma 1.1 of Bai and Silverstein [7], we conclude that the conditional distribution of

nj [m (z) — y"l "2}(2)] = p[mn(z) — m{y”l’G”2}(z)]

given .5 converges to a Gaussian process M (z) on the contour C enclosing the support [a, b]
of the LSD Uy of Fisher matrix. Moreover, its mean function equals

yi [ m@)3x?[1 +xm(2)] 72 dGy, (x)
— 1 [ m2(@)x2(1 + xm(2)) 2 d G, (x) ]2
y122m3(2) - h1 (2)

2(2) ’
yl f {li;nm(z)}2 dez(x)]

E(M10173) = (e = D

(B.29)

+ﬁx

where h,,1(z) is the limit of

sy Py (s, T e

1

-

E[e

< |-

1
XQ;{S;I/ZTI/Z} ( (Z){ 1/2} 1T1/2+I ){S—I/ZTI/Z}el|S2]

1

which is obtained through replacing S, 12 by S, 1/ 2T;,/ Zin (6.40) of Zheng [28]. The conditional
covariance function of the process M (z) equals

Cov(Mi(z1), M1(z2)|-%2)
=K-< m'(z)) -m'(z2) 1 )
(m(z1) —m(z2))* (21 —22)?
x 9 ho1 (21,
_ B 7§ ?{ £ f(z2) [z1z2m(z1)m(22)hv1 (21, 22)]

472 071022

dz1dz,

where hy,1(z1, z2) is obtained through replacing Sz_l/2 by S;l/zT}/Z in (6.41) of Zheng [28].

It is remarkable that these limiting functions are independent of the conditioning .%, which
shows that the limiting process M (z) is independent of the limit of the second part below.

Step 2. Now, we consider the limiting process of

ni [ﬂ{ynl Gml(z) — my, (Z)] — p[m{yn, Guml(z) — My, (Z)] (B.30)

By (B.1), we have

1 t 1
71=——4 Yny / dey@ (t) =——+ Yny ~myn2 (_myn(Z)). (B31)

m}’n mYn
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On the other hand, m Oy Gnal g the solution to the equation

1 t-dGy,(t
S —— ()

_m{)’annz} 141t ,m{y”pan}
and
1 tdGp, (1)
= _m{ynl,an} + Yn, / 141 'm{y""G"Z} 32
1 oy / 1dGpy(1)  1dGyy (1) oy /th,,z(z) '
m{ynl »an} m 1 + tm{ynl aan} 1 + tmyn m 1 + [myn ’
where
t
——dG,,(t) = — .
/ L+1-my (2) na (6) = i (=my, ()
Taking the difference of (B.31) and (B.32) yields
0= _ 1 +Ly / 1dGp, (1) _ldan(t)
m{)’nl aan} myn 1 1+ tm{)’nqunz} 1+ [my,l
t-dGp, (1) f t
o — = - f ——dG,, (1).
o / Trom, ) T, 00
That is,
o mWni- O} my, , / (mn- G} myn)tZ dG,, (1)
my, - mOmCnl (4 Gy (14 tmy )
+ y}’l] {mnz(_ﬂyn) - mynz (_ﬂy“) }'
Therefore, we obtain
ny - [mPnOnl (@) —my (2)]
=y, - m{y’ll 7an}’/n ) ni [mnz(_myn) - m}‘;12 (_myn)] (B.33)
no—= —¥n 1 myn,m()'nlyan)tsznz(t)
—omf (Itmyy )-(Lm P12
_ —m{y’ll ‘an}m p[mnz (_myn) - m)’nz (_myn)]
- —¥n q f myn‘ﬂb'nlyan)tsznz(t) ’
I g )-(em POl

We then consider the limiting process of

p —1 —1
p[mn2 (_myn (Z)) - m)’nz (_ﬂyn (Z))] =- (my (Z))2 |:S"2 <my (Z)) - s)’nz (my (Z) >:|
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by (B.3). Noticing that for any z € C\ R, my () > m(z), the limiting distribution of

[ <‘ 1 ) < >}
< —V¥n (Z) n _“lyn (Z)
( Yn (Z)) ! _l (Z ) Syllz m (Z) '

From now on, we use the notation g(z) = —1/m(z). By Theorem 2.2 of Zheng, Bai and
Yao [30], we conclude that

is the same as that of

—pg* (@) s, (2(2) — sy, (2)].
converges weakly to a Gaussian process M2 (-) on z € C with the mean function

» f 4128 (@@ dH (1)
E(Mz(z)) —(k—1)- —tm(2)—1-y28(2)s(g () (B.34)
(1— yzf [4+y28(@)s(g@NIPdH (1) )2
[—tm(z)—1—y28(2)s(g())]?

ﬂyyz[l + ¥28(2)s(g@) P hma(g(2))

1—y f [lt;,(vm(z)v(g(z))]de(t) ’ (B.35)
m(2)—1-y28(2)s(g ()1
and covariance function Cov(M>(z1), M2(z2)) equaling
) ) B{g(m)lal{tylz/iz(gs)‘;g(m)l} 3{g(zz)l;{tylz/gm(z(iis)fg(zz))l}
cs s (Z2)<{g<zn[1 12805 EN] — g Gl + 283 (GNP
1
lgtan - g(Zz)]Z) (30

(1 + y28(z1)s(g @)1 + y28(22)s(g(22))hv2(g(21), §(22))]
a(=1/m(z1)) 3(=1/m(z2))

for z1, 22 € C, where H (t) is the LSD of T,,. Here we have used the fact that the limits /,,,2(z)
and hy2(z1, z2) in (3.5)—(3.6) exist whenever 8, # 0. Since

+ Byy2g>(z1)8%(z2)

1 f myn(z) . mb’nl’an}tz dan([) / thZ(Z) dez (1)
Aty @) (U OO " T meP

2
almost surely, this limit equals % by (B.26). Then by (B.33) we obtain that

mi[mPm Ol (@) —my (2)],
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converges weakly to a Gaussian process
M3(2) = —m'(2)Ma(2),

with the mean function E(M3(z)) = —m’(z2)EM>(z) and covariance functions

Cov(M3(z1), M3(22)) = m'(z1)m'(z2) Cov(M2(z1), M2(22)).
Since the limit process M1 (z) of

ni - [my(2) — mPm-nl(g)]

is independent of the ESD of §;,,, we know that

{n1 - [ma(x) = mPG2) @], ny - [mP-Gn) @) — my ()]}

converge to a two-dimensional Gaussian process (M1(z), M3(z)) with independent components.
Consequently, ny - [m,(z) — my (z)] converges weakly to M4(z), a Gaussian process with mean
function

y1 [ m3 @)X+ xm(2)] 72 dG, (x)

E(Ms(2)) =K —1)- B.37
(Ma@) = & = D T o x2( T xm () 4G, T B3
3 -h
+ B, - yiz? mx (j)(z) m1(2) (B.38)
v [ 1+y2g(2)5(g(Z))]3dH(l)%
— (e — D’ [—1m(z2)—1—y28(2)s(g(z)] B.39
(e = Dm (@) (1 =y [ LE08@sEEDEIH®D ) (B39
[—tm(z2)—1—y28(2)s(g(2))]*
_B ,mz(z)yz[l+yzg(Z)s(g(z))thz(g(z)) (B.40)
T Ly e@se@IPdHG '
[—tm(2)—1—y28(2)s(g(2))]*

and covariance function

Cov(My(z1), M4(z2))

—- ( m'(z1) m'(z2) )+ﬂ . 9 [z1z2am(z1)m(z2)hy1 (21, 22)]
(m(z1) —m(z2)? (21 —22)2 * 321022
Mg [1+y28(z1)s(g(z1)]} 9{g(z2)[1+y28(z2)s(g(z2))]}
o{—1/m(z1)} o{—1/m(z1)}

TRE R ) e G (g — g G + 1285 GEN])

—kg'(z1)g (52)m

*[(1 4 y28(z1)s (g2 (1 + y28(z2)s(g(22))h2(8(21), £(22))]
d(=1/m(z1)) 9(=1/m(z2))

+ Byy28'(z1)8 (z2)
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*[z1z2m(z1)m(z2)hv1 (21, 22)]

(z1 — 22)? Py 021022 ¢ )
3{g(11)[;{+y12/g(z(1)‘;gg(m))]} B{g(zz)[;r}iz/g(z(z)igg(m)]}
+xg'(z1)8' (22) e —ma (B.42)
{gD1 + y28(z1)s(g(zi))] — g(z2)[1 + y28(22)s(8(z2)1}?
+ Byy28'(z1)8(z2)
(B.43)

y O*[(1 + y28(zD)s (gD (1 + y28(22)5(8(22))hu2(g(21), 8(22))]
d(=1/m(z1)) 9(=1/m(z2)) '

B.4.2. Simplifying the mean expressions (B.37) to (B.40) and the covariance expressions
(B.42)—(B.43)

Recall that mg(z) = m,, (—m(z)). By (B.15), we have

mo(z) 2
(1- ny H»m()(z) dH (1)

dlog(C — 2.

1y, m?(2)x? 2 md ()
(B.37) = - bn [1+xm (@)1 4Gy () _(K_l) 2f<r+mo< a2 AHO
T 2(2) '
ylfa’ix;é))z dGy, (x)]? 2 dz
By (B.14), we have
(B.38) = f hmi (2) . 2@ hm @)
. — MX .
22m3 @17 - [T =y [ lifm((g dez(x)] ey - ft+m°2dH(l>)z
SRR ) (,yf,noo)z dH (1)
By (B.17) and (B.18), we have
1y () . t1+y28(2)s(e@)IP dH () mo(z)de
(B.39)=— (e = Dm'@) - 72 f [—tm(z)—1—y28(2)s (g(2)]? _ K= 1 dlog(l =y f ([-‘,—mo(z))Z
) A=y [1+y28(2)s(g (NP dH (1) )2 2 dz
Y2) Eim@)—1-y:8@s )P
We have
(BAO) = Bl (2 )yz[l +08@sEIPhnE@) __y )y2m3(2)m3(2)hmz(g(z))
’ r= — f [1+y28(@)s(g@DIPdH (1) v m(z) dH ’
[im@) 1285 Q)P L=y [ mor dH

By (B.18) we have

gz 1+y28(z1)s(g(z1)]} 9{gz)[1+y28(z2)s(g(z2) 1}

/ / {—1/m(z1)} A{—1/m(z1)}
B.42) =
(BA42) = kg )8 ) S e s (e (@) — 8@l + 28 (2203 GNP
1 omo(z1) dmo(z2)

=K
(mo(z1) —mo(22))> 9z 922
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and

B L, m(z)mo(z)m(z2)mo(z2)h2 (g(21), 8(22))]
B.43)=Fyyela)e (22) D1 /m(z1) 3= 1/m(z2)

So we obtain

_—ljg fiz)-(B.37)dz
2ri Je

h2 1— M0 d H (1))?
(z)dlog(— o U=» Frmy ®) ) (B.44)
Y2 1— ny de(f)
2 mo@) 1 H (1))2
e T o e e I
oy [ G AH®)
1 _ B _ y122m3(2) - h1 (2)
—%?gfz(z)-(B%)dz = ( )E T - /[ﬂgw([))z dz, (B.45)
Py
1 -1 2()dH
_%?M(z).(s.w)dz:—’;m %fi(Z)dlog(l—YZ 7’(7;05; (Z)()ID
¢ 0 (B.46)
< mo(Z)dH(t)>dZ
(t +mo(2))?
1 3 hm2(g(z
- f £i(2) - (BAO)dz = 2’3 . % fiom' () 2% (Z)monifzz) 289 4. Ba7)
¢ 1_y2f (tJr,,(:O(Z))Z dH(t)
for the mean function and
47T2§£ jg fi(z1) fj(z2) -B.ADdz
X 3 hv )
,3 i ?gffl(zl)ff( 2 [lezm(zgm(zz) 121, 22)] dz1dzs (B.48)
71022

:3xyl

fff(zl)f (z2) - [z122m(z1)m(22) - hy1 (21, 22) | dz1 d 22,

471255 f fi(z1) fj(z2) - (BA2)dz

fiz) fj(z2)
T~ an? d d B.49
42 il iz (mo(z1) — mo(22))? mo(z1) dmo(z2) ( )
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—iégf %Lﬁ&ﬂﬁ@ﬂbﬂmdm)—mdmﬂdmdm,

4n2?§ ?g fiz1) fi(z2) - (B.A43)dz
92 hy ’
ﬂyy2 f}gﬁ(zﬂfx( ) [m(z1)mo(z1)m(z2)mo(z2)hv2(g(21), g(22)]

021022

(B.50)
dz1dzp

for the covariance function where 7> = y; + y» — y1y2. The respective sums lead to the mean
and covariance functions of the theorem.

B.5. Proofs of Propositions A.1 and A.2

B.5.1. Some lemmas

. —~1/2
Write n; = ﬁy'j andy; = \/Ln_IS2 / T, 12X}, then

ni np
Di@) =) y;¥;—7, Dy(x) = n;n}+2T,.

= =1
Let S1; =81 —y;¥% 82 =S2 — 0,07, D1j(2) =D1(2) — y;77}, D2j(2) = D2(2) — n;77,
Diji(z) = Du(Z) —Yi¥i> and Do ji(2) = D2 (2) — ny . Moreover, Let B1(z) =

1 1
i(z : 7)) = — and 1 Z)= — .
Bj(z) = s Bljo (@) DG, B2j (2) ETSAE

1
lJr;/_’;Dl’jl @y;’

l+11*D J@m;’

Lemma B.2. Under the conditions of Theorem 3.1, in hy,,1 and hyy, the matrix Dl_l(z) can be
replaced by —z_l{m(z)Sz_l/zT S_l/2 + I,,}_l.

Proof. Let K = —%’fl‘”sg 127 »Sy /2 and let e; denote the ith vector of the canonical
basis of C”. For any non-random M (p x p) with bound operation norm (M will be I, and
m(z)T;’l/ZS;lT,,,l/z +1,, in application), we have (K — zI‘,,)_1 - Dl_l = 271:2 dj where d; =

1 2 3
dj ~|—dj +dj and

=(K- zIp)’lyjijl_j1 (ﬁj + zm(z)),

1 _ _
5 1 1/2 1/2 1
@:—m@ﬁ—@0<hﬁ_a% 1,8, )

1
3 —1 -1 -1
d} = [(K—z1y) K({Dy; —=D).

ny —
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Then, we have

2
E

ny
Y €T .S, 2aiMs, AT, e
j=2

(B.51)

ni
<E[Y T ,8; 2K —z1,) "y ;75D (B) + im(@)MS; °T, 1 pei| =o(1)
j=2

because, with S1; = Z;":z YV

nj
—1/2 — 2
EY |eT% S, K- 21,)7y)]
=2

=Ee[T} | ,S, *(K—21,) " "S11 (K — 2L,) '8, T, 1 e

_ - 2
= Kv z}eﬁ(T;,l/zsz 'T,.1) e[ =0(1)
and since B; + zm(z) = 0, (1) and by the control convergence theorem, we have

ni

EY |yiDMS; *T, 1 i (B + zm(2) [
j=2

ni

—1/2 — — —1/2
=E) €T}, S, /M*Dljl*yjyj.Dlles2 T, 1€ x 0,(1)
j=2

_ —-1/2 —-1/2
= v 2(Ee[T% | »S, /*M*S|1MS; T, 1 2€;) x o(1) = o(1).
Furthermore, we have

ni
—1/2 —1/2 2
EY |eT: S, / d?MS, T, 1 el
j=2

ny
—1/2 , e—1/2m «—1/2\1—Inga—1/2 2
ZZE|CQTZ,1/252 / (K —zlI)) I(Vjﬁ —ny’'s, / T,S, / )D]leSZ / Tp,12€i

j=2

(B.52)

K & —1/2 la—1/2 la—1/2
< = D BT 8, F(K—alp)7's, Y Sy Ty 10

s

T,S, /?(K* —z1)~

—-1/2 — -1/2 —1/2— -1/2 —
x €T | »S; *M*D*S; 1,87 /> D MS;*T,, 1 pe; = O(n7")
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and

—-1/2 —1/2 —-1/2 —-1/2
> BT 58, PdiMS, AT, 1 peie T | 08, PMEARS, T, 1 e
J1#j2

ny

—1/2 1 —1/2 —-1/2 1
Z Ee;T;,lﬂsz (K —zlp) (yjlyjl - _S TS, )Dlmzyn
Ji#]2

(B.53)
1 —1/2
X)’;lejljleljz(jl)Msz Tp,l/2eie§T;,1/2sz Mﬂl/l(/z)DumV

12y a=1/2\a—1/2 2 _1
x y;leljljz (yjzyjz - _S T, S )SZ Tp128i- |Zm(Z)| = O(nl )

because

i . 120 =172\ -1
E e;T;J/zSz (K—zIp) (yjlyjl - _S T,S, )Dljljz

2
1 ~12
XY ¥ D1 BLaGnMS, Ty 1 e

E||eT 1/28 2K =20 718, T, )

2
><|| 5128y DT v LD BuoMS; Y pl/zei”

2
E||T 128 DTy Ly iDL BbGoMSy T, e |

K —1/2 —1/2 —1/2 —1/2xg=1/2 -3
1

The two estimates above imply that

ST S, PaiMS, ATy, 1 pe = 0, (n 7). (B.54)

We can similarly prove that

n 2
1/2 —1/2

E Ze;T 1/2S / d3MS2 / Ty 126

2
ZeT 1287 (K= z1,) KDy yiDIMS) 2T, e B | (B.5S)

1
_2
m

= O(nl_z).



1162 S. Zheng, Z. Bai and J. Yao
Therefore, the matrix D]_1 (z) can be replaced by
(K _ ZIp)il — _Zfl (m(z)*sz_l/szsz_l/z + Ip)*]

in hy,p and Ay
The proof is completed. |

Define my and mt as follows

m- = [ ————an0.  m-o= [ ——aH0. B30

o= T2 Ty T ¢

Lemma B.3. For any 3(z) # 0, the equation (B.56) has a unique solution myy(—z) such that
Imm(—2)3I(z) <Owhere M=1orM=T.

Proof. We only need to prove the lemma for M = 1. Without loss of generality, assume that
J(z) = v > 0. At first, comparing the imaginary parts of both sides, we obtain

—tv+ yomyp(=z) Yyamp2(—=2)

—) 2 —_ )2
mlz(—z)=/ [Toym z)|2 dH(t)</ |1+y2m1(1 Bl _dH (),
Itz + I+yamy(—2) | Itz + 1+y2m1(*1)|

where mj2(—z) < 0 is the imaginary part of mj(—z). Therefore, we have

2
) —_ 12
WEmi I gy < 1. (B.57)
1z 4+ |2
1+yomp(—2z)

Suppose that the equation (B.56) has two solutions m| # my with J(my) < 0, k = 1, 2. Then
making difference of (B.56) and dividing both sides by m| — m>, we obtain

_w»
. / (I+y,m)(+yzm2) dH(1).

1 1
(tz + I4+y2m ez + 1+y2m2)

Using Cauchy—Schwarz to the above equation and then using (B.57), we obtain a contradiction.
The proof of the lemma is completed. ]

Lemma B.4. Define m,, (z) = yamr(z) — I_Z# Then, we have

1
m = —yZZWlT(Z) + (1 — y2) = —Zmyz (Z) (B58)

Moreover, m,, (2) is the same as that defined in Theorem 2.1.
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Proof. By the second equation of (B.56), we obtain

t
mT(—z)=/—ldH(t)
12+ Thmi—n

1

1 1 ml(—Z)
= ] dH(t)=—— —————.
Z Z(l +y2m1( 7)) 1z + THom <D z  zl+yimj(=2)

Then we have m = ypzm7(—z) + (1 — y). Thus, we obtain

1

m =—yuzmr (@) + (1 —y) = —zm,, (2).

This implies (B.58). Moreover, replacing (B.58) to (B.56), we obtain

S Y L

my (2) t+m, (2)

where the equation has the unique solution. Then m,, (z) is the same as that defined in Theo-

rem 2.1.
The proof is completed.

I,

m, then we have

Lemma B.5. Defining K(z) =

ny

(K@) +2T)) " = Sy +2T,)~" Zd (2) = Zd @ (B.59)
where jj (z) = Jll @)+ czlz.(z) + 37 (z), and by symmetry, c?j (z) = cfjl (z) + J?(Z) + 6313 (2)

~1 _ ~ -
dj(z) = (K(z) + 2T ) n;j "/D2/ (z)<,32/ @ - 1+ yzml(—Z)>’

dj(z) = ;(f((z) +2T )‘l(n L )])—41 )
! I+ yomi(—2) P U gy P )2
&) =ny' (K@) +2T,) " K(2) (D3] (2) — D3 (2)

and
dj () =D3} @m;n} (K@) + T,) " <ﬁ2,-(z) - ;)
1 + yomy(—2z)
1
1+ yomy(—z) Dy

1

o 1 ~ _
&) = (z)(n,n, - >(K(Z)+zT,,) :

B =n;" (03} ()~ D3 @)K (K@) +2T,)
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Assuming that T, ’s are diagonal, we have
)
D €T | pd )Ty 0e >0, as k=123
j=1
for any random matrix A with bounded non-random norm
)
> €T HAT,dN ()T, 106 >0, as.k=1,3,
j=1
and for any non-random nonnegative definite matrix B with bounded norm
na
> €T BT, d; ()T, 1060 >0, as.
j=1

Proof. We have D;'(z) = (zT), +$2)! and K(z) = I,. We write

1
I+yamy(—2)

n
Dy(2) - (zT, + K@) => ;05 —K(@).
j=1

Multiplying by (zT), + IN((z))*l on the left, D, ! on the right and using

7Dy (@) =1}D;} ()b,

(B.60)

(B.61)

(B.62)

we obtain the first equation of (B.59). And similarly we get the second equation of (B.59) by
multiplying (zT, + K(z))~! on the right, and D, ! on the left. At first, we derive a limit of
% tr(Dy ! (z)M), where M is a non-random p X p n.n.d. matrix of bounded operation norm and =
I, or T, in accordance of application. For fixed z = x + iv with v # 0 and any n;, we show
that %tr(D; 'M) is bounded. In fact, let ¢ ; and x; denote the eigenvalues and eigenvectors of

$;1°1,8; 172 and ul = X?SZ—I/ZMSZ‘I/ZXJ, we have

'—tr(D_lM)‘ —|1y i
2 pj:1 ztj+1
P 2
<il L<Etr(S£1M)§K<oo,

=P i 18 +z27D1 7 vl

for some constant K.

Therefore, for any subsequence {n/z} of {n,}, there is a convergent subsequence {n/z/ } such that

%tr(D; 1Tp) converges to some limit my, (—z) when n; runs to infinity along {n’z’}. Thus, to
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show that %tr(DZ_ lM) converges to m s (—z), we only need to derive an equation that m y(—z)
satisfies and that the equation has a unique solution with J(m s (—2))J(—2z) < 0. Without loss of
generality, we assume that %tr(Dz_lM) — myp(—z) as np — oo subject to p/ny — y2 € (0, 1).

Therefore, we have B, (z) — m
Similar to the proofs of (B.51)—(B.55), one can prove that for any i =1, 2, 3,

| I
=Y " tr(diM) = 0a5.(1).
P~
j=1
Therefore, from (B.59), one concludes that
1 t
ml(—z)=/1—dH(t), mT(—z)zfl—dH(t). (B.63)

Tom—o T ¢ Tomi—o 1 ¢

By Lemma B.3, the equation above has a unique solution of my(—z) subject to
I(mi(—2))I(=z) <0.

Hence, we have proved that 1 tr(Dy’ 1M) — mm(—z) with probability 1.
Furthermore, from (B.59), similar to the proofs of (B.51)—(B.55), one can prove that for k =
1,2,3,

ny
> €T pdi@T, 06 >0, as.
j=1

and for any random matrix A with bounded non-random norm k =1, 3,
ny
D €Ts AT, d} ()T, 1060 >0, as.
j=1

and for any non-random and matrix B with bounded norm

ny
> €T | BT, d7 ()T, 1060 >0,  as.
j=1

The proof is completed. U

B.5.2. Proof of Proposition A.1
By Lemmas B.4-B.5, we have

1 < _ _ _
_m(z);Zef/(m(z)Terszk) lej.ef,(m(z)Tp+S2k) lTp(TP+m}'2(_m(Z))Ip) 'e;
j=1

dH(t) + 0a.s.(1)

=—m

3 t
@f o, Cm@)



1166 S. Zheng, Z. Bai and J. Yao
and

1< -1 1

;Z (m(z)Tp +S2) e -€;(m(z2)T, —S2) e,

1
m(Zl)m(Zz)/(I+m ,(m(z1) (1 +m,, (—m(22)))

dH(t) + 0,5.(1).
That is, we have proved that

hm2(8(2)) = hma (—m ™' (2)) = —

1 t
m3(2) / C+mocy “HO-

ho(g(21), 8(22)) = o (—m ™" (z1), m ™ (22))
1
T om(zm(z2) J (4 moz) (¢ +mo(z2))

dH(1).

Then we obtain

y2Il + y28(2)s(g(@) P hm2(g(2))

_— f [1+y28(@)s (@) dH (1)
—tm(z)—1-y28(2)s(2(2))1?

(B.40) = —Bym'(z )

_ B’ @yl +y28@s(g@NP 1

_ U+ye@s@@)PdHE)  m3(z)
l=» —m()—1—y28(@)s@EDE

X / (t+m0(Z))3 a8

tmO(Z)
f (t+mo(2))3 dH(1)

v/ m3(2)dH (1)
(t+mo(2)?

_ B, mgdHON\F () m2dH )\
_7< e (r+mo)2)[og( e (l+m0)2>}

I[(1 + y28(z1)s(g )L + y28(22)5(8(22))hu2(8(21), 8(22))]
021022

2 mo(z1)mo(z2)
0% | ol hi ey 4H O

= _/3y 'ﬂ/( )

and

(B43) = Byy

= IByYZ

071022

2dH(@) 32mo(z1)mo(z2)
(t + mo(21))(t + mo(22))? dz10z2

= ﬁy)’Z
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We have

1
BAT) = —— _?{ f(@)-(B.40)dz
2mi

_&yg ( B m%(z)dH(t)> ( ~ mgdH(r))
=i f@Q1=» 1 me@)2 dlog| 1 —y, G o

and
1
(B.50) = —mjgffi(m)fj(zz) -(B.43)dz1dzs

2dH
ﬁ‘y2%¢f’(zl)f/(12)|: : (t) }dmO(Zl)dmO(ZZ).

(t +mo(21))% (1 +mo(z2))?

B.5.3. Proof of Proposition A.2

h,1 and hy; are the limits of

1< e
; ZE[C T* 1/2S 1/2])l ‘SZ 1/2Tp,1/2e,-

i=1

| 1/2 1/2 —1g—1)2 (B.64)

xeT), I/ZS D! (m(@)8; / Tpsz_/ +L,) S, / T).1/2€;|S2]
and
- 2
HZZ%TP 1287 B0 @S Ty e
j=li=1
(B.65)

—1/2
X eQT’;JﬂSz / [E Dl] (Zz)] 12 Tp 1/2€;.

By Lemmas B.2 and B.5, we have

1
vl(ZLZZ)——hm Ze,Tpl/z(m(m)T +82)" Ty 1 08
i=1

x € Tp 1/2(m(12)T +8S2)" 1Tp,1/2ei
_ 1
© z1izam(z)m(z2)
)

d
(mo(z1) +1)(mo(z2) +1)

H().
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By Lemma B.2, (B.64) reduces to

hpm1 = lim

14
1 —
Z 2% (T 1pmT, +82) 7 T 1 e

"BIH

x €T, | »(mT, + $2) 7 'Sa(mT, +82) 7' T, 1 2e;

p

o1 1 _
=lim ; Z[?(e;T;,]/Z(E(Z)TP + S2) lprl/zei)z (B66)
i=1="
m(z) o

-1
o s 12(m@Ty +82) " Ty 128
-1 -1
x €Ty 1 p(m@)Ty+82) Tp(m()T, +S2) Tp,]/zei:|-

In order to obtain the limit %,,;(z), we first prove

Z €; . T* 1/2d m(z))T d (m(z))Tp,l/ge,- =o0p(1). (B.67)
J1#2

Substituting the expressions of 512 and C]}Z into the left-hand side (LHS) of (B.67), we have

1 =\ -2
LHS of B.67) = Y m(z)*m§(2)€[T5 | ,D3 ("11”71 - EI> (m()T, +K) T,

J1#J2
1 -1
X ("jz'f;z — EIP>D2j2TP,1/2ei'

Then, (B.67) is equivalent to

'T* Dy « 1y T, +K)°T * 11 D;lT :

2 T2 (155, = 1) (T, + K) 7T, (mjn, = =1 )Dy; Ty e

J1#i (B.68)
=o0p(D).

Define a = Ty 10€;, B = (m(x)T, + K)_ZTP, Dy, =Dj, — 11]-217;2 and B (j) =
. ; P -1 . .
1+'I,1Dz,1, o . Noting that B3}, (j,) = m(z)mo(z) + O, (n, ), we have for any given j;

1 1
1
*D2/1/2”12”12D2/1/z (’7/1’711 EI>B<’71'2'772 - n_zl)Dzjljznjl ’7]1D2/1/2"‘:32]1(12)13212(11)

(B.69)
-0 ( 5/2)’
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—1

which follows from the easily shown facts that «*y; = O, (n;lp), n;, Dy e =0p (nz_l), and

n;Bn;, = OP(nz_l/z). From (B.69), we obtain that

1 1
* —1 —1 * * -1 —1
Z o (D2j1 - D2j1j2)<17j1 nj - EI>B<”j2”jz - EI> (D2jz - D2j1j2)a
#j

(B.70)
=0, (”_1/2)-

Furthermore, we have
*D—l * 1I B * 1I D—] *D—l L.
Doy o\ i = 7 1Bl = 1D 15 M5, D2, @B
— *])_1 * 1 1B * 1 I D—l * D—l o -5/2
=D\ iy _E j2Mj _n_z 21 i M, 2j1j2am(z)mo(z)+ "(n2 )
-2
= Op(”2 )

and by similarly defined D2, j, j; =D2j, j, — 1517,

*y—1 * 1 * 1 -1 * y—1 g
E| > @Dy, (’711 nj, — n—21>B<’7jz’712 “m I)Dzjljznjl 05,0, j,®
J1#)2
*y—1 * 1 * 1 —1 * -l
=D By (njmj, - n_zl B\ m,m), — n_21 D2ji i Wi D2,
J1#J2
J3FJj4

1 1
*y— 1% * y— Lk * * * —Ix y—1%
xo D2j3j4n13 "j3D213j4 ("14"./4 - n_21>B (”js Nj — EI>D2j3j4D2j3j4a

= > Ee«'Dy} L Y L 1 B
- 21 \ Wiy ny 0,1}, ns 21 T 150251,
J1sJ25J3,J4

disctinct

1 1
—1x% —1x% —1x%
X “*D2j3j47’1'3”73])2j3j4 ("14"74 - n_21>B* ("1'3 "73 - H_ZI)D21'3]'4“

= Y Ea«'Dy] o~ L) B(gont — S1)D! g DT
- 2jujo \ i M ny MM ny 21T i P2j1 o
J15J2,J3,J4

disctinct

1 1
—1x —Ix 1 _ L \p-ix —1/2
x 05*1)2]2/'31'4"]3 77;3 D2j3j4 ("14'7?4 15 I) B* ("13 ”73 ny I) D2j3j4a +0 (n )

—o(n").
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Finally, noting that

1 1 2
—1 ) _ 3
E a*DZJ'ljz (ﬂjl mj — EI>B<"J'2”;2 - H_ZI)DZJ'U'Z“ 0p(n~)
we obtain
EZ“*D_I >k—LIB *—LI D;! a2
212\ "M T U et DS
N#i2
(B.71)

=11l + 411, + 1113,

where

1 1
_ *y—1 * —1 2 _ —1
=) Ela*Dy ("jl nj, = H—ZI)B<’U2'772 - n—21>D2j,j2a| =0, ),
e

1 1
_ *y—1 * * -1
h= ) E«'D;, ('7/'1 Ll . I)B<"jz’7jz - EI>D2jljz°‘

J15J2:J3
distinct

1 1
sy— 1% * * -1
x oDy % ("jl Nj, — EI)B <"j3 U EI)Dzj]]g“

—ZEa*D—1 - ’f—iIB . *f—il D;! «
- 2j1j2j3 \ Wit Wy ny NjxMj, ny 2j1j2

J1:J2.J3
distinct
1 1
—1x -1 -1/2
x a*Dzjljs (”il "71 - EI)B* <"J'3 77;3 - EI>D2J1J3(¥ + 0(n2 )
-1/2
20(”2 )
and
;= Y Ea'D3} L « _ Li\p
3= € Dojiip\ Wi, 1 N1, P 2j1 2%
J1:J2,J3:Ja
distinct

1 1
*y— L * * * —1
xo D2j3j4 ("jz Nj, — EI>B <"j4 Nj, — n_ZI>D2j3j4a

1 1
_ *y—1 * .t - = -1
= Z E(ot Dzjljz(ﬂjlﬂjl n21>B<”J2"j2 n21>D2j|jza
J15J2+J3,Ja
distinct

—o*D;} =208 - L1)pT! a
2j1j2is \ in My ns 0,1, ny 2j1J2j3
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*D 1k n* LI B* Tt LI D71 o
2j3ja\ WisMj3 1o NjsMjy ny 2j3ja
—a*D5 " L) (a0 — L1)p5!
2j1J3Ja U ns jaT ja ns 2j1j3in®

1
2,02 - 1
=m"(2)mp(2) Z ( *DZJuz/z”n"nDZmzh ('711'711 EI)

J1sJ25J3J4
distinct

«B(n.1 — L1)D5!
n]z ”]2 ny 2j1j2a
+o*D; ]! o — 21)B (g0t — 215! D;!
212\ i i ny 1" ny ZJlsza"JSUJz 2j1j2j3®
2J|J3J4"JI"J1 2t "J%”/z ny jaM ja ny 2j3is®

1 1 _
*y— L * * * 1 —Lx 1/2
o D2/314 (”./3'71'3 o ZI)B <"j4'7j4 o n_21>D2/113j4n/1 "11D2111314“> + 0(n2 )
—-1/2
=0 (”2 )
In the derivation above, we have used the fact that once we change a D! with one more subscript,

the order of the error will increase O (n, Y 2). Finally, when all D~! factors have been changed

1 . .
to D, iinisia’ the expectation is zero.

Then, we begin to derive the limit 4,,;. By (B.66), (B.60), (B.61) and Lemma B.4, we ob-
tain

1 2
b1 (z) = lim — Z[ (€T 1 p(m(@Ty +82) " Ty 1)2€)

m(z) -1
~ 7 & T (m@T, +52) Ty e

-1 —1
X e;kT;’lﬂ(m(Z)Tp + Sz) T, (m(z)T,, + Sz) Tp,l/ze,'il

= lim — Z|: ,,1/2 K(m)+mTp}_lTp,1/zei)2

m(z) = —1
_z—ze? s Km) +mT,) Ty e

_ lod -1
x & | ;D7 (m)T,{K(m) +mT,} Tp’l/zel}
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m(z)
pz2

11mZeT 1205 H(m(2)Tp.1/2€;
i=1

ny
X Z eTT;,l/zDEI (m(z))Tp‘?jz'(ﬂ(Z))Tp,l/Zei
j=1
p

1 1 ~ _
:hm;ZI:Z_z(el*T;J/Z{K(m)+mTP} lprl/zel.)z
i=1

m(Z) ~ -1
T2 *T;I/Z{K(ﬂ)"'mTp} Tp.1/2€

= —1 = —1
X €T [ R () +mT, ) Ty (R () + T, ) Tp,mel}

m@) . ¢ -
g hmZe;“T;l/zD2 (m(2))Tp,1/26€i
: i=1

ny

x> €T | dy (m(2))Tpds (m()) T )1 26
J1:j2=1
_ mo(2) t>dH (1)
22m?(z) J (t +mo(2))3

14
m(z) . 1
- p2? hm;:e?T;l/zDz (m(2)Tp,1/2€i
i=

ny
X Y €T pds (mD)T,yd} (m(2) Ty 1 26
Ji,2=1

mo(2) 2dH (1) m(z) o
= T* | ,D;
2m2(z) ] (t+mo(2)?  p2? Ze p.1/2

H(m(2)Tp,1 06

ny

x m*@m @) Y ni(K(m@) +m@T,) " T, (K(m() +mT,) ',

j=1
x €T 1/2D2, (m(Z))ﬂ,ﬂ,Dzj (m(2))Tp,1/26€i
_ mo(2) *dH (1)
2m?(2) J (1 +mo(2))3

1 - _ ~ _
—m2()mi(z )y2 mz) mﬁtr(K(m(z))—l-m(z)Tp) 'T,(K(m(2)) +m)T,)""
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1

E

_ mp(2) 2 dH(t)

2m2(z) ) (t+mo2)?

pz i=1

m?*(2)mi(2)

t
dH
() G tmor O

P
x — lim ) " efTh | Dy (m()) Ty 1 28

x €T} 1 oD5; (m(2))82D3 ] (m(2)) Tp,1 e

mo(2) rPdH@)  »

22m?(z) J (t+mo(2)? m@) J ¢+ mo(2)?

dH(1)

1
X —hmZe T}, 1205 (m(Z))Tp,l/zei

pZ i=1

x €T | D! (m(2))82D5 ! (m(2)) T 1260

mo(2) PdH@®)  »

22m?(z) J (1 +mo(2))?

where

dH (1),

ml

m(z) J (t +mo(2))?

ny
YT Dy (m(@)n,15D; ] (m(2)T),1 28

ny
= ZeiT;,l/zDz_l(
j=1

ny
+ ) e oDy (m())n 05Dy (m(2)) T j2e -

j=1

ny
= ZeiT;,l/zDz_l(
j=1

ny

m(2)n;75D5 ! (m(2)) Ty 126

7iD} (m(2)m;
1+ yomp(—m(z))

m(2) 07Dy (m(2)) Ty 1 28,

+ 3 €T oDy (m(2)n;m3D5 ) (m(2) T e - _ymm@) g

j=1

np
J— . * -
= eT; D5
j=l

1+ yomi(-m(z)) *

(m(2))n;n5D; Hm(2)Tp,1)2€;

1173

P
—Z T% 1 oD (m(2)Tp.1 26 - €T | hD3 (m(2))S2D5 ] (m(2)) T 1 26
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yamy(—m(z))
1
[+ yami—m(zy TV

np
+ e oDy (m())n 5Dy} (m(2)) T e -
j=1

m(Z)mo(z)Ze’ 51205 (m@) 0, miDy ! (m(2)) Ty 106 + 0, (1)

and similarly we have

ny
D e | oDy (m(2)nwiD;} (m(2)) Ty 1 2e;
j=1

1 12

= omie 2T i+ 0,1
mz(z)m%(z)ge * 1205 (m@)n D5 (m()) Ty, 1 26 + 0, (1)

1
= m Tp12P2 (m(@)S2Dy ! (m@) Ty 001 +0p (D).
m o2

Then we have

mo(z) I (tde(t) m(z) dH (1)

2m%(z) ¢ (14mo(2))? . zzm(z)f (t+mo(2))3

a0 f e HO  1-y, ¢35 +”,’,§’(2))2 dH ()

hm1 = , (B.72)

where

Y2

1 d
* m(z) J (t+mo(2))?

H(t)

[m(Z)mo(z) +y / % dH (1)

m(z)mo(z)

_ o(Z) i|
& / G mo@r O

2
- mo;@dH(,)]

- 1=
m(z)mo(z) [ (t + mo(2))?

Because
(o) = — 1 n /‘ dH (1)
=@ T me@ 1

then we have

1 ()(Z) ’
= mo(z)( S / (1 + m(2))? dH(’)>m°(Z)'



CLT for eigenvalue statistics of large Fisher matrices

Moreover, we have

1175

h2
7= mo(z) (B.73)
2m(Z)
h2
_ mo(z) y1mo(z) (B.74)
2 =y24y2 [ sz dH®) 2
Therefore, by (B.73), we have
h2
1= y2m2(z)_ m'(z) + —mo(z)
m2(z)
:_(1—y2f(t+nfwdH(t)) h_z_& m2(z)m%(z) i (2)
m2(2)m2(z) 2 » _mp@ '
- 0 V=22 [ e 4H®
That is,
/ m?*(2)m(2)
mo(2) = n2 m2(z2)m3(2) m2(z)
pal et VAN _ 0\
(yz 2 md () A=y f (t4mo(2))? dH (1)
1-y Zf (t+l110(2))2 dH (1)
B.
(=1 +y2 [ oy dH @) B
__ Y2 ) Hmo@
Ry m@OmiE) e [ M@ '
(}2 2 1—_}’2/ /11(2)(2) , dH(t))(l Y2f (H—m()(z))z dH(t))
7 (t+mg(2))
Then by (B.72) and (B.75), we obtain
_.Bxyl ) 7@ sz3(2) “hm1(z)
i (1 [ 220%) 41 (1))
¢ w2 _ oy U7 g CHOF
y2 »2 yam2 (2)
=f (t+m(?(z))2 aH @)
2 2 2
0 f s m @6 - | Gmgy 4H O i
ami Je'T L aef ?3288 N E RN
)2 y2 f \zmo() dH®) »2 (t+mg (Z))Z
(+mg(2))?
By yg / &
= . ——dH®) |d .
2ri Je TOL o motays WO [ 4mo@
The proof is completed. (]
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We have
Bryi yg / 1
—dH®@) |d
i Cf(z) Tt Mm@ (t) | dmo(2)
2
ﬁxylygf f(t+mo(z>>‘ dH(’)'(_l +y2ftfr?1ﬁz<)z>dH(”) J
= Z.
e )
) O
}2[(l+m ()2 dH()
Because
i (2) = —m’(Z)mS(Z)
0 fmo(z)dH(t)
(t4mo(2))?
then we have
(2) 2
o= Tl s dH @)
- 2_xn m3 ()m§(2)
mo( )( 2 ; W2 dH(t))
2 (t+m0(z))2
Thus we obtain
<1 ; mg(z)dH(t))[log<1 , m%dH(t)ﬂ/
) i)
(t +mo(2))? (t + mo)?
dH (1)
(1, [mi@dH@ 2 @2 o
(t +mo(2))? v/ modH ) )
(t+m0)2
dH
2o [ <—1+yzf,f:,;z; any
|- zfmodH(tz) ﬁ n mg(Z):l—%(Z) )
(t4+mg) 2 - f 1710(4) dH ()
72 (t+mo(z))2
Then we have
ff(Z)( /mo(z)dH(t)>dlog(1_y /mé(z)dH(t))
(7 +mo(2)2 2] G+ mo@)? .76
tdH(t) 2 -
_ﬂyﬁf(z)yzm(’(z)fmmo)* (132 [ s dH®) iz
2ri Je fmodH(t) hz 1 m3(2)md(2) ) )
(f+m0)2 2 E n12(2)
I=» f (t+n?0(2))2 dH ()

So the proof of Remark 4.2 is completed
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