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A double-cylinder model incorporating confinement effects for the analysis of corrosion-
caused cover cracking in reinforced concrete structures 
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Department of Civil Engineering, The University of Hong Kong, Pokfulam Road, Hong Kong, PRC 
 
Abstract 
 

In this paper, a double-cylinder model with a consideration of concrete confinement effects is 

proposed to simulate reinforcement corrosion-caused cover cracking. The analytical model 

incorporates force equilibrium in both tangential and radial directions as well as volume 

expansion and deformation compatibility in the steel-rust-concrete interface. Confinement 

effects outside the cylinders are taken into account by comparing the numerical and available 

experimental results. Parametric studies are conducted to investigate the variations of the 

critical volume of consumed steel, critical expansive pressure and time to cover cracking. 
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1. Introduction 

 

    The corrosion of reinforcing bars in concrete has been identified as one of the major 

worldwide deterioration mechanisms for reinforced concrete (RC) structures [1, 2], which 

can significantly affect the serviceability, durability and strength of such RC structures [2]. 
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Damage to concrete due to corrosion-caused expansive pressure can lead to cracking and 

even spalling of the surrounding concrete. It is imperative, therefore, to understand the 

mechanism of corrosion-induced cover cracking and to provide a theoretical model for the 

structural integrity and lifetime analysis of RC structures. Moreover, in order to make 

appropriate decisions regarding the structural inspection, strengthening, repair, replacement 

and demolition of old RC structures, knowledge of the amount of reinforcing steel lost, the 

corrosion-caused expansive pressure and the remaining lifetime of such RC structures is 

essential.  

In recent decades, various analytical models [1-24] have been developed to simulate the 

corrosion of RC structures. Bažant [5] proposed a uniform-cylinder analytical model with a 

homogeneous linear elastic material to simulate reinforcement corrosion-induced cover 

cracking. The model was modified by Liu and Weyers [1] to account for a porous zone 

around the steel-concrete interface in which the corrosion products needed to be filled prior to 

the development of expansive pressure to the concrete cover. Based on this model, EI 

Maaddawy and Soudki [6] predicted the time from corrosion initiation to concrete cracking. 

Papakonstantinou and Shinozuka [3] further extended EI Maaddawy and Soudki’s model [6] 

to simulate all stages of RC corrosion, including corrosion initiation, crack initiation and 

propagation.  

     Tepfers [7] proposed a double-cylinder model in which the cylinder was divided into 

uncracked and cracked parts. Many researchers attempted to improve this model by taking 

into account the residual tensile strength in the cracked concrete. Wang and Liu [8-9] 

assumed that the concrete in the cracked cylinder was an isotropic linear elastic material with 
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an elastic modulus equal to that of the outer cylinder. Based on this model, Han et al. [4] 

examined the process of the degradation of flexural strength in RC concrete members caused 

by steel corrosion. Bhargava et al. [2, 10-12] postulated that the concrete in the cracked 

cylinder was an isotropic linear elastic material with a reduced elastic modulus compared to 

that of the outer uncracked concrete cylinder. Balafas and Burgoyne [13] proposed a double-

cylinder model based on the fracture mechanics theory to determine structural lifetime from 

corrosion initiation to cover spalling. Li et al. [14-15] assumed that the cracked concrete 

cylinder was an isotropic material with a reduced elastic modulus in the tangential direction. 

However, the stress continuity and strain compatibility conditions on the common boundary 

between the uncracked and cracked concrete cylinders were not satisfied in their model. 

Chernin et al. [16] extended the double-cylinder model by adopting a consistent stress-strain 

relationship for both uncracked and cracked concrete cylinders and ensured the continuity of 

stress and strain on the common boundary between the two cylinders. Kim et al. [17] 

developed a model to explore realistic mechanical properties of the corrosion layer, including 

the pressure-free corrosion strain and the stiffness of the corrosion layer, with the 

consideration of corrosion products penetrating into the concrete pores and cracks around a 

steel bar. Zhao et al. [18] derived a model using elastic mechanics to analyze uncracked 

concrete and damage mechanics with a gradually changing elastic modulus to simulate 

cracked concrete. Moreover, the effects of the corrosion products penetrating into concrete 

pores and cracks and the displacement in the rust-concrete surface were duly considered in 

their model. Shodja et al. [19-20] developed a nonlinear model in which the steel, rust and 

concrete were assumed, respectively, to be linear isotropic, power-law and nonlinear 
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anisotropic materials. Using this model, the volume ratio of the corrosion products inside the 

cracks to the volume of the cracks was determined. 

    In practice, reinforcing bars are usually placed near the concrete surface after providing 

codified nominal concrete cover to maximize the sectional moment capacity. For all the 

thick-walled cylinder models available in the literature [1-24], the size of the uncracked 

cylinder is equal to the distance measured from the center of the reinforcing bar to the nearest 

concrete surface that is the thinnest cover surface. All predicted results based on the thick-

walled cylinder models, such as the time to cracking, the corrosion-caused expansive pressure, 

the width of crack and the amount of consumed iron, are obtained by solely analyzing the 

concrete cylinders without considering the effects of confinement pressure provided by the 

concrete outside the cylinders; this can, however, restrain the expansion of concrete cylinders, 

reduce the tensile strains developed in the cylinders, and hence slow down the cracking 

process of the cover. Without considering this beneficial confinement effect outside the 

cylinder, the predicted life of cover would be underestimated. 

    In this study, a double-cylinder model is developed with the consideration of the 

aforementioned confinement effect together with other, unique, features including: (1) 

accounting for the residual tensile stress in cracked concrete, (2) considering the stiffness 

contribution from both reinforcement and corrosion products, (3) modeling the volume 

compatibility condition in the steel-rust-concrete interface, and (4) simulation of the 

continuity of stress and strain on the common boundary between the uncracked and cracked 

concrete cylinders. This model is capable of predicting the time to cracking, the corrosion-

caused expansive pressure and the amount of iron consumed during the corrosion-caused 
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cracking process. A numerical parametric study has been carried out to investigate the effects 

of the ratio of cover thickness to reinforcing bar diameter, tensile strength of concrete, 

mechanical behavior and chemical composition of rust, and the volume of corrosion products 

diffused into the cracks on the critical volume of consumed steel, critical expansive pressure 

and time to cover cracking caused by corrosion. 

 
 

2. The analytical model 

 

The reinforcement corrosion problem considered in this study is illustrated in Fig. 1a. 

When the reinforcing bar is placed below the mid-depth of the concrete section, cb and ct are 

the thicknesses of the thinner (bottom) and thicker (top) covers, respectively. In the figure, 

Prust is the expansive pressure caused by the deformation of the corrosion products, d0 is the 

thickness of the porous zone, D is the initial diameter of the reinforcing bar embedded in the 

concrete, r0 is the crack front and tc,e is the time to cover cracking for the actual case. The first 

analytical model, as shown in Fig. 1b, is the traditional model widely found in the literature 

in which the radius of the concrete cylinder is solely determined from the thickness of the 

thinner cover and is equal to D/2+d0+cb,0, where cb,0 = cb. Pc,0 is the confining pressures 

provided by the uncracked concrete cylinder and σθ,0(r) is the residual tensile stresses 

provided by the cracked concrete cylinder. The life of concrete cover predicted by this model 

is likely to be underestimated as the confinement pressure outside the cylinder is ignored.  

To yield a more accurate prediction, the second model, as depicted in Fig. 1c, with a 

cylinder radius equal to D/2+d0+cb,1 (cb,1≥cb,0), which is larger than or equal to that of the first 

model, is proposed. By comparing the time to cover cracking obtained from this model to the 
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available experimental results, the required size of the cylinder can be calibrated (details to be 

described in Section 4.1). The predicted results from this model, which used an enlarged 

concrete cylinder to account for the concrete confinement effects, are believed to better 

simulate real behavior. By comparing the predicted results (including cover thickness, 

volume of rust, corrosion-caused expansive pressure and time to cover cracking) obtained 

from the second model with those from the first model, a set of confinement adjustment 

factors (ψc, ψv, ψp and ψt all greater than or equal to 1) defined in Eqs. (1a) to (1d) can be 

obtained. Using this set of factors, the results of the parametric study (to be presented in 

Section 4.2) for the first model with a constant thickness of concrete covers (cb=ct) can be 

extended to more realistic results for sections with unequal thicknesses of concrete covers. 

b,1 b,0 1c cc cψ ψ= ≤                                                     (1a) 

rust,1 rust,0 1v vV Vψ ψ= ≤                                                  (1b) 

rust,1 rust,0 1p pP Pψ ψ= ≤                                                 (1c) 

c,1 c,0 1t tt tψ ψ= ≤                                                     (1d) 

where cb,1, Vrust,1, Prust,1 and tc,1 are, respectively,  cover thickness, volume of rust, corrosion-

caused expansive pressure and time to cover cracking of the second model, whereas cb,1, 

Vrust,0, Prust,0 and tc,0 are, respectively, cover thickness, volume of rust, corrosion-caused 

expansive pressure and time to cover cracking of the first model.  

 
 

3. Analytical solution of the model 

 

    In the present study, the analytical solution of the generalized model representing the first 

model when i=0 and the second model when i=1 will be developed. The analytical solution 
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for a generalized thick-walled cylinder model with a radius of bi = D/2+d0+cb,i (i=0,1) will be 

obtained first, as shown in Fig. 2. The concrete with an embedded bar can be modeled as a 

thick-wall cylinder [1-24] and the whole cracking process caused by corrosion can be divided 

into four stages: the free expansion stage, the stress initiation stage (see Fig. 2a), the partial 

cracking stage (see Figs. 2b and 2c) and the completely opened cracking caused by unstable 

cracking (see Fig. 2d). 

    The analytical solution is developed by considering the following conditions: (1) the force 

equilibrium in the tangential direction, (2) volume expansion in the steel-rust-concrete 

interface, (3) deformation compatibility in the steel-rust-concrete interface, and (4) the force 

equilibrium in the radial direction.  

 

3.1 Force equilibrium in the tangential direction  

 

    During the free expansion stage, a porous zone, which is caused by entrapped or entrained 

air that voids around the interface between steel and concrete, is assumed to exist [1]. The 

corrosion product can diffuse into the capillary voids in the cement paste [1, 2]. After the 

initiation of steel corrosion, the penetration of corrosion products into the porous zone of 

concrete and the formation of a corrosion layer at the steel/concrete interface proceed 

simultaneously [25-26]. While the corrosion products penetrating into the porous zone will 

not generate extra stresses to the surrounding concrete and the volume increase is 

compensated by a filling up of the porous zone.  

 

3.1.1 Stress initiation stage 
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    The expansion of the corrosion products at the steel/concrete interface is restrained by the 

surrounding concrete. Further production of corrosion products will develop an expansive 

pressure Prust,i on the concrete, as shown in Fig. 2a. Indeed corrosion and the distribution of 

corrosion products in corroded rebar do not occur uniformly in practice and non-uniform 

corrosion around the rebar is commonly found in real situations [18]. The non-uniform 

corrosion problem has been studied by finite element methods [27-31] or experimental 

method [32]. However, for the sake of simplicity, the porous zone around the steel bar and the 

expansive pressure exerted on the surrounding concrete are both assumed to be uniformly 

distributed in the tangential direction [1, 21] in this paper. 

    In this period, the linear elastic mechanics is employed to analyze the concrete cylinder. 

The stresses, strains and displacements of a thick-walled cylinder subjected to internal radial 

pressure can be expressed as [33] 
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where a=D/2+d0, νc is the Poisson’s ratio of concrete, Ec,ef = Ec/(1+φcr) is an effective elastic 

modulus of concrete, Ec is the elastic modulus of concrete, φcr is the creep coefficient of 

concrete, σr,i(r) and σθ,i(r) are the radial and tangential stresses, respectively, εr,i(r) and εθ,i(r) 



9 

are the radial and tangential strains, respectively, and ui(r) is the radial deformation. 

    It should be noted that, in the indoor accelerated corrosion tests, as the time to cover 

cracking caused by the corrosion of steel bar usually only takes a few months, the elastic 

modulus of concrete is unaffected by aging and can be treated as a time-independent material 

property, i.e. φcr=0.  

    Then, the tangential strain of concrete in the steel-concrete interface can be expressed as  

( ) ( ) ( ) ( )
2 2

rust ,
, c c 22 2

c,ef

1 1i i
i

i

a P ba
ab a Eθε ν ν

 
= − + + −  

                                     (5) 

Cracks start to occur when the tangential tensile strain at the steel-concrete interface has 

reached the ultimate tensile strain, that is 

( ), cti aθε ε=                                                            (6) 

where εct is the ultimate tensile strain of concrete, which can be obtained by Hooke’s law 

εct=ft/Ec,ef, where ft is the tensile strength of concrete. 

 

3.1.2 Partial cracking stage 

 

    The radial pressure increases with the increase of the corrosion products and, when the 

internal tensile stress in the tangential direction reaches the tensile strength of concrete, 

cracks are initiated from the steel-concrete interface and propagate towards the concrete 

cover surface. The smeared crack model is employed in this study and the average strains and 

stresses in the tangential direction are used in the formulation. The cracks in the concrete 

cylinder propagate along the radial direction and stop at r0,i (a<r0,i<bi) to reach a state of 

equilibrium. Thus, the thick-walled cylinder can be divided into two coaxial cylinders, the 

inner cracked one (a<r<r0,i) and the outer uncracked one (r0,i<r<bi), as shown in Figs. 2b and 
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2c. The uncracked concrete is considered as an anisotropic linear elastic material. The tension 

softening effect is considered in the cracked concrete cylinder in which the tangential 

stiffness reduces gradually from the concrete-steel interface to the inner wall of the uncracked 

cylinder. 

    The corrosion product-induced expansive pressure Prust,i is resisted by the confining 

pressure Pc,i developed in the uncracked concrete cylinder together with the residual tensile 

stress σθ,i(r) provided by the cracked concrete cylinder. Thus, the force equilibrium condition 

can be expressed as [8-9] 

( )0,

rust , c, 0, , dir

i i i ia
P a P r r rθσ= + ∫                                                  (7) 

    For the uncracked cylinder (r0,i≤r≤bi), the tangential force provided by the residual tensile 

stress σθ,i(r) is in equilibrium with the confining pressure Pc,i; hence 

( )
2 2

0, ,
, 2 2 2

0,

1i c i i
i

i i

r P br
b r rθσ

 
= + −  

                                                  (8) 

and the boundary condition is  

( ), 0, ti ir fθσ =                                                             (9) 

By equating Eq. (9) to Eq. (8), the confining pressure Pc,i provided by the uncracked cylinder 

can be obtained 

2 2
0,

c, t 2 2
0,

i i
i

i i

b r
P f

b r
−

=
+

                                                       (10) 

    Considering a bilinear softening behavior of concrete, as shown in Fig. 3, the relationship 

between the tangential stress and tangential strain of concrete under tension [34] can be 

expressed as 
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      Cracks start to occur when the tangential tensile strain at the steel-concrete interface has 

reached the ultimate tensile strain, εct. Further expansion of the corrosion products causes the 

tangential tensile strain of concrete in the steel-rust-concrete interface to change from 

εct<εθ,i(a)<ε1 to ε1<εθ,i(a)<εu. Hence, the partial cracking stage can be divided into the first 

partial cracking stage (εct≤εθ,i(a)≤ε1) and the second partial cracking stage (ε1≤εθ,i(a)≤εu), as 

shown in Figs. 2b and 2c, respectively.    

    The bilinear softening curve is used to describe the residual tensile strength of concrete as a 

function of a fictitious crack opening w. The coordinates of the fictitious crack opening w1 

and wu can be taken as σθ,i(r) = 0.15ft and σθ,i(r) = 0, respectively, in the softening curve [34]. 

Based on the previous test results [7, 35], w1 and wu are approximately equal to 0.03 mm and 

0.2 mm, respectively. In the present study, the corresponding strains ε1 and εu are calculated 

based on the characteristic crack-band width hc to account for the size effect so that εhc= w. 

Bažant and Oh [36] suggested that hc is approximately equal to 4da, where da is the maximum 

aggregate size, which is taken as 20 mm in this study. Therefore, ε1 = 0.000375 and εu = 

0.0025. 

 

3.1.2.1 First stage of partial cracking (εct≤εθ,i(a)≤ε1) 

    At the first stage of partial cracking, the tangential stress of concrete at radius r0,i is ft and 

the stresses of cracked concrete are less than ft. As the smeared crack model is employed, the 
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total crack openings can be obtained by integrating the exceedance of the average tangential 

tensile strain with the cracking strain along the tangential direction of the cracked cylinder. 

Hence, the total crack openings wi(r) at a ring with a radius r, can be expressed as 

( ) ( ), ct2π i ir r w rθε ε − =                                                       (12)  

    In order to calculate the tangential stress distribution in the cracked cylinder, we assume 

that wi(r) decreases linearly along the radial direction from wi(a) at r=a to 0 at r0,i. Thus, the 

total crack openings can be expressed as 

( )
( )( )0,

0,

i i
i

i

w a r r
w r

r a
−

=
−

                                                       (13) 

Equating Eq. (13) to Eq. (12), the strain of concrete in the cracked cylinder along the radial 

direction can be obtained 

( )
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                                                (14) 

Equating Eq. (14) to Eq. (11), the confining pressure caused by the residual tensile stress 

σθ,i(r) can be obtained 
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∫                              (15) 

    At the end of this stage, when σθ,i(a)=0.15ft, the crack opening is at r=a is w1,i(a) and the 

crack front is at r1,i, as shown in Fig. 4a. The radial distance resulting in the tangential stress 

in concrete decreasing from ft to 0.15ft is r1,i - a. 

 

3.1.2.2 Second stage of partial cracking (ε1≤εθ,i(a)≤εu)  

    In the second stage of partial cracking, we assume that the radial distance resulting in the 
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tangential stress of concrete decreasing from ft to 0.15ft is the same as that for the first stage 

of partial cracking (see Fig. 4) when the crack is continuously penetrating into the concrete. 

The continuity of stress and strain on the common boundary between the uncracked and 

cracked concrete cylinders is maintained. The total crack openings at radius r0,i-r1,i+a at the 

second stage of partial cracking and at radius a at the first stage of partial cracking are 

expressed in Eqs. (16) and (17), respectively. 

( ) ( )( )1, 0, 1, 0, 1, 1 ct2πi i i i iw r r a r r a ε ε− + = − + −                                    (16) 

( ) ( )1, 1 ct2πiw a a ε ε= −                                                (17) 

By equating the strains at radius r0,i-r1,i+a at the second stage of partial cracking and at radius 

a at the first stage of partial cracking, and using Eq. (17) and Eq. (16), one can have 
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    As shown in Figs. 2c and 4b, the cracked cylinder is divided into two parts: the inner 

cracked part (a≤r≤r0,i-r1,i+a) and the outer cracked part (r0,i-r1,i+a≤r≤r0,i). In order to calculate 

the tangential stress distribution in the cracked cylinder, it is assumed that the total crack 

openings wi(r) decrease linearly in the two parts, respectively, along the radial direction. 

Therefore, the total crack openings along the wall of the cracked cylinder can be expressed as 
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        (19) 

By equating Eq. (19) and Eq. (12), the strain of concrete in the tangential direction in the 

cracked cylinder can be obtained 
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By equating Eq. (20) and Eq. (11), the confining pressure developed by the residual tensile 

stress σθ,i(r) can then be obtained    
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        (21) 

 

3.1.3 Unstable cracking  

 

    As the expansive pressure increases, cracks propagate unstably through the cover when the 

value of the expansive pressure reaches the maximum value. Cracks would then appear on 

the surface of concrete cover (see Fig. 2d). 

 

3.2 Volume expansion in the steel-rust-concrete interface 

 

    In the stress initiation stage, the net volume of corrosion product Vnet,i which causes 

pressure on the surrounding concrete is summarized as follows 

net, rust , steel, porous,i i i iV V V V= − −                                            (22) 

where Vrust,i is the total volume of corrosion product, Vsteel,i is the volume of consumed steel 

and Vporous,i is the volume of corrosion product that penetrates into the porous zone. 
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    Once the internal tensile stress in the tangential direction exceeds the tensile strength of 

concrete, cracks will occur in the concrete cylinder. In the partial cracking or completely 

opened cracking stage, some rust will penetrate into the corrosion-caused cracks [17, 19, 25]. 

Then the net volume of corrosion product Vnet,i that generates pressure on the surrounding 

concrete becomes 

net, rust , steel, porous, crack,i i i i iV V V V Vλ= − − −                                   (23) 

where Vcrack,i is the volume of cracks and λ (0≤ λ) is a ratio defining the volume of corrosion 

products diffused into the cracks.  

    The ratio of volume of corrosion product Vrust,i to that of its original steel Vsteel,i is defined 

as β 

rust ,

steel,

i

i

V
V

β =                                                              (24) 

Depending on the level of oxidation, β may vary from 1.7 to 6.15 (for example, FeO=1.7, 

Fe3O4=2, Fe2O3=2.1, α-FeO(OH)=2.95, β-FeO(OH)=3.53, Fe(OH)2=3.6, γ-FeO(OH)=3.07, 

Fe(OH)3=4.0, Fe(OH)33H2O=6.15 [1, 37]). Furthermore, β can be expressed as 

rust , steel

rust steel,

i

i

M
M
ρ

β
ρ

=                                                       (25) 

where Mrust,i and Msteel,i are the masses of rust and the steel consumed to produce Mrust,i, 

respectively, and ρrust and ρsteel are the densities of rust and steel, respectively. 

    Liu and Weyers [1] have given the relationship between Mrust,i and Msteel,i as follows  

steel, rust ,i iM Mα=                                                          (26) 

where α is the ratio of molecular mass of steel to molecular mass of rust. As the molar mass 

of Fe is 55.85 g, O2 is 32 g and H2 is 2 g, it can be shown that the ratio α varies from 0.348 
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(Fe(OH)33H2O) to 0.778 (FeO) for the composition of rust products, as mentioned. 

    Liu and Weyer [1] obtained the mass of corrosion product Mrust,i as 

2
rust , cor0

2 0.098π dit

i
DM i t

α
×

= ∫                                               (27) 

where icor is the annual mean corrosion rate (μm/cm2) and ti is the corrosion time (years). 

     As the porous zone that is assumed around the steel bar and the expansive pressure exerted 

on the surrounding concrete are both assumed to be uniform [1], Vnet,i and Vporous,i can be 

determined as follows [2, 18] 

( )net, f , 0 f ,π 2i i iV d D d d= + +                                                  (28) 

 ( )porous, 0 0πiV d D d= +                                                     (29) 

    The ability of the porous zone (capillaries and air voids) to accommodate the corrosion 

products can prolong the time to damaging of the concrete cover, at least in the initial 

corrosion stage. Many researchers have attempted to determine the thickness of the porous 

zone d0 using numerical and experimental methods. Liu and Weyers [1] suggested that d0 

could be obtained through the difference between the numerical and experimental results and 

estimated d0 = 12.5 µm. Using a similar method, d0 was found to range from 20 µm to 120 

µm by various researchers [16, 38]. El Maaddawy and Soudki [6] took d0 to be in the range 

of 10 to 20 µm. 

    The volume of cracks Vcrack,i can be calculated by multiplying the total width openings by 

the depth of cracks in the first stage of partial cracking 

( ) ( )0,
crack, 2

i i
i

r a w a
V

−
=                                                        (30) 

    Similarly, Vcrack,i in the second stage of partial cracking can be obtained as  
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( )( ) ( ) ( ) ( )1, 0, 1, 1, 1, 0, 1,
crack, 0, 1,2 2

i i i i i i i i
i i i

w r r a r a w r r a w a
V r r

 − + − − + +
= + − 
  

                    (31) 

and Vcrack,i in the stage of completely opened cracking is given as 

( ) ( ) ( ) ( ) ( )1, 2, 1, 2,
crack, 2, 2,2 2

i i i i i i
i i i

w b r w a w b r w b
V b r a r

 − + − +
= − − + 
  

                     (32) 

    The ratio λ plays an important role in the prediction of the time to cover cracking and the 

amount of steel consumed [20]. However, the test data of λ is not available yet and different 

values have been proposed in the literature. Shodja et al. [19-20] compared the experimental 

and predicted results relating to the amount of consumed rebar and obtained λ = 0.33. They 

also found that λ was related to the material properties of concrete (such as the Poisson’s ratio, 

tensile strength, residual tensile strength and the initial elasticity modulus of concrete) and the 

chemical components of corrosion products. Wong et al. [39] found that a relatively large 

amount of rust could be transported through radial cracks. However, Ožbolt et al. [40] argued 

that this transport was very much dependent on the level of water saturation. Zhao et al. [25, 

41] observed that corrosion products did not fill the corrosion-induced cracks and they also 

found some corrosion products penetrated into the concrete on both sides of cracks. Some 

other researchers [17-18, 21] have assumed that the corrosion products could fill up all the 

space of cracks and adopted λ=1. In this study, λ is chosen as 0.45 in the subsequent analysis. 

 

3.3 Deformation compatibility and force equilibrium in the radial direction 

 

   To simulate the corrosion-caused cracking in RC structures, a two-phase mechanical system 

[22, 24], which is composed of corrosion products with non-corroded steel as one integrated 

phase (or a composite) and concrete as another phase, is employed. With the increase in 
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corrosion product, the corrosion products and non-corroded steel are combined together to 

form a steel-corrosion product composite, which can be regarded as a cylinder subjected to a 

restraining pressure Prust,i. 

    The compaction of the corrosion product layer due to the concrete restraining pressure [13, 

17] is considered in this study. When the porous zone has been fully filled with the corrosion 

products, the diameter of steel-corrosion product composites, Dr,i, under the compressive 

pressure caused by the surrounding concrete is  

r, 0 c,2 2i iD D d d= + +                                                     (33) 

where dc,i is the actual deformation in the radial direction of the steel-corrosion product 

composites at the steel-rust-concrete interface.  

     The tangential elongation of concrete in the steel-rust-concrete interface Lc,i can be 

expressed as 

( )c, , r, 02π π π( 2 )i i iL a a D D dθε= = − +                                   (34) 

in which εθ,i(a) is the tangential strain of concrete in the steel-rust-concrete interface and can 

be expressed as follows  

, c,( )i ia d aθε =                                                     (35) 

    Owing to the confinement effect, the free-expansion deformation df,i of the steel-corrosion 

product composite is reduced to dc,i, as shown in Fig. 5. Invoking the deformability 

compatibility at the steel-rust-concrete interface in the radial direction   

f , s, c,i i id d d= +                                                          (36)  

where ds,i is the deformation of the steel-corrosion product composite cause by the restraining 

pressure. 
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    For the cracked concrete, the radial stiffness is assumed to be the same as that of the 

uncracked concrete. Hence, the expansive pressure caused by corrosion can be obtained from 

Eq. (4) 

( )
( )

2 2
, ,

, 2 2 2 2

c i i c ef
rust i

i i c

d b a E
P

a a b b a ν

−
=

 + + − 
                                          (37) 

    At the same time, the steel-corrosion product composite is subjected to the same restraining 

pressure. Assuming that the composite is a linear isotropic material, the restraining pressure 

caused by the surrounding concrete leads to the deformation of the composite, ds,i, and the 

pressure can be expressed as [33] 

( )( )
s, s,eq,

rust ,
f , e,eq1

i i
i

i

d E
P

a d ν
=

+ −
                                                 (38) 

where Es,eq,i and νe,eq are the elastic modulus and the Poisson’s ratio of the composite, 

respectively. 

    In order to calculate the elastic modulus of the composite, the amount of consumed steel 

bar is given by [22, 24] 

steel,
1, 2

4
π

i
i

V
D

γ =                                                            (39) 

    In the stress initiation stage, the elastic modulus of the composite can be determined based 

on the volume fraction as [22, 24] 

( )
( )

1,
s,eq,

1, s 1, r

1 1
1

i
i

i i

E
E E
β γ

γ γ β
+ −

=
− +

                                          (40) 

where Es and Er are the elastic moduli of steel and corrosion product, respectively.  

    After the initiation of cracks at the steel-rust-concrete interface, some corrosion products 

would penetrate into the cracks; these corrosion products cannot generate pressure on the 

surrounding concrete and should be removed from the calculation of the elastic modulus of 
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the combination. Hence, the effective amount of consumed steel bar in the first stage of 

partial cracking can be expressed as 

( )( )steel, 0,
2, 2

4 2
π

i i i
i

V w a r a
D

β λ
γ

β
− −

=                                           (41) 

The effective amount of consumed steel bar in the second stage of partial cracking can be 

expressed as 

( )( ) ( ) ( ) ( )1, 0, 1, 1, 1, 0, 1,
steel, 0, 1,

2, 2

4 4
2 2

π

i i i i i i i i
i i i

i

w r r a r a w r r a w a
V r r

D

β λ

γ
β

 − + − − + +
− + − 

  =     (42)  

Furthermore, the effective amount of consumed steel bar in the stage of completely opened 

cracking can be expressed as 

( ) ( ) ( ) ( ) ( )1, 2, 1, 2,
steel, 2, 2,

2, 2

4 4
2 2

π

i i i i i i i i i
i i i i

i

w b r w a w b r w b
V b r a r

D

β λ

γ
β

 − + − +
− − − + 

  =       (43)  

In the stages of partial cracking and completely opened cracking, the effective elastic 

modulus can be calculated based on the volume fraction, as follows  

( ) ( )
1, 2,

s,eq,
1, s 2, r

1
1

i i
i

i i

E
E E
γ γ β

γ γ β
− +

=
− +

                                             (44) 

    The elastic modulus of corrosion product is an important parameter which may greatly 

influence the expansive pressure caused by steel corrosion in the analytical and numerical 

models. However, a wide range of elastic modulus of rust can be found in the literature. Caré 

et al. [42] found that the elastic modulus of rust was not constant but rather would increase 

with time. Hosemann et al. [43] developed nano-indentation tests on the rust samples and 

showed that the range of elastic modulus values was 70-100 GPa. Bhargava et al. [2, 10] took 

the effective elastic modulus of the steel-rust product composites as 210 GPa which is the 
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same as that of reinforcement. Lundgren [44-45] and Ouglova et al. [46] assumed that rust 

behaved like a granular material and its stiffness increased with stress level. In recent studies, 

Zhao et al. [47, 48] reported that the measured elastic modulus of naturally generated 

corrosion products varied from 48 GPa to 100 MPa. In this study, Er is taken as 80 GPa. The 

effects of variations of Er on the critical volume of consumed steel, the critical expansive 

pressure and the time to cover cracking for different tensile strengths of concrete will be 

presented in Section 4.2.4. 

 
 

4. Results and discussion 

 

4.1 Calibration of the confinement adjustment factors 

    By comparing the measured and predicted time to cover cracking, the confinement 

adjustment factors (ψc, ψv, ψp and ψt) corresponding to various cover thickness ratios ct/cb can 

be obtained. Table 1 presents the key experimental parameters of the selected test specimens 

[1, 49] for calibration of the time to cover cracking.  

    The numerical models have been established based on the theory described in Sections 2 

and 3 for calculating the time to cover cracking. As the measured time to cover cracking of 

the specimens was only in the range of 0.011-3.54 years, the effect of creep of concrete is 

ignored in this study. Hence, φcr is taken as zero in the model. For the specimens from Liu 

and Weyers [1], other parameters used in the model are listed as follows: Es = 200 GPa, Er = 

80 GPa, ρrust = 3600 kg/m3 [1], ρsteel = 7850kg/m3 [1], d0 = 16 μm [6], ε1 = 0.000375, εu = 

0.0025, λ=0.45, β = 3 [18], νc = 0.2 and νe,eq = 0.3. For the specimens from Vu et al. [49], the 

same set of parameters has been used, except d0 = 12 μm [6] and β = 3.5 [18].  
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    Table 2 shows the measured time to cover cracking tc,e with different ratios of ct/cb and the 

predicted results with different values of cb,1. The value cb,1 is chosen such that it leads to the 

best predicted time to cover cracking tc,1 when compared with the measured time tc,e. The best 

values of cb,1 are 41 cm, 61 cm, 75 cm, 38 cm and 40 cm for the ratios ct/cb = 7, 2.92, 1.86, 9 

and 9, respectively. The confinement adjustment factors subjected to different ratios of ct/cb 

were then determined, as shown in Table 3 and Fig. 6. As shown in the figure, the 

confinement adjustment factor ψc increases with the increase of ct/cb from 1 to 7. After that, 

ψc reaches its maximum of approximately 1.6. The other confinement adjustment factors (ψv, 

ψp and ψt) show similar increasing trends. However, they reach their maximum limit when 

ct/cb is approximately equal to 3. Based on these results, simplified relationships between the 

confinement adjustment factors and ct/cb are derived in Eq. (45). 

t
t b

b

t b
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    The present results indicate that the critical volume of consumed steel Vsteel, the critical 

expansive pressure Prust and the time to cover cracking tc are significantly affected by ct/cb 

when the ratio is less than 3.0. This is attributed to the fact that, the larger the cover thickness 
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ratio ct/cb, the higher the expansive pressure that can be resisted by the concrete and the 

longer the time required to cause cover cracking. 

 

4.2 Parametric study 

    The corrosion of RC structures can be influenced by various factors. In this section, the 

variations of smeared crack propagation, volume of consumed steel and corrosion-caused 

expansive pressure with time, respectively, for the traditional analytical model (ct/cb=1) are 

investigated. Furthermore, the ratio of cover thickness to reinforcing bar diameter, tensile 

strength of concrete, mechanical behavior and chemical composition of rust and λ on the 

critical volume of consumed steel, critical expansive pressure and time to cover cracking 

caused by corrosion are studied.  

 

4.2.1 Effects of time 

 

The variations of smeared crack propagation, volume of consumed steel and corrosion-

caused expansive pressure with time, respectively, are investigated in Fig. 7. Fig. 7a shows 

the smeared crack propagation with time. It can be observed that crack propagation is zero in 

the free expansion and stress initiation stages. When the tensile stress of concrete in the 

tangential direction in the steel-rust-concrete interface exceeds the tensile strength of concrete, 

cracks start to occur. Cracks propagate in the radial direction in the cylinder wall as time 

increases. Fig. 7b presents the volume of consumed steel, which increases with time. Fig. 7c 

displays the variation of corrosion-caused expansive pressure with time. As expected, in the 

free expansion stage, there is no expansive pressure on the surrounding concrete. It can be 

seen that the expansive pressure increases with time. This trend is in line with the work of 
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Balafas and Burgoyne [13]. When the expansive pressure reaches the maximum value, 

unstable crack propagation will happen through the whole cover to cause the cover failure as 

shown in Fig. 7. Zhao et al. [18] explained that as the steel corrosion grows after the free 

expansion, the expansion of corrosion products can cause energy accumulates in the concrete 

cover. When the energy of the concrete cover is greater than the energy required to lead the 

cover cracking, unstable crack propagation will happen to cause the cover failure. 

 

4.2.2 Effects of the ratio of cover thickness to reinforcing bar diameter  

 

    The effects of the ratio of cover thickness to reinforcing bar diameter, cb/D, on the critical 

volume of consumed steel, critical expansive pressure and time to cover cracking are shown 

in Fig. 8. The critical volume of consumed steel as a function of cb/D is shown in Fig. 8a. The 

figure shows that the larger the ratio cb/D is, the larger the critical volume of consumed steel 

will be. Such result is concurred with the analytical findings from Alonso et al. [51] and Vidal 

et al. [52]. Fig. 8b presents critical expansive pressure versus cb/D. It can be observed  that 

critical expansive pressure increases with the increasing of cb/D, which is in line with the 

work of Chernin et al. [16, 38]. Fig. 8c shows the effects of the ratio cb/D on the time to cover 

cracking, in which the corrosion rate is assumed to be 2.5μA/cm2. It is found that the time to 

cover cracking increase as the ratio cb/D increases. This finding is supported by the analytical 

result from Li et al. [14]. It is understandable that the larger the ratio cb/D is, the larger the 

critical volume of consumed steel and longer the time to cover cracking will be. 

 

4.2.3 Effects of tensile strength of concrete and type of corrosion product  
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    Effects of tensile strength of concrete and type of corrosion product on the critical volume 

of consumed steel, critical expansive pressure and time to cover cracking are investigated. 

Fig. 9a shows the effects of the tensile strength of concrete on the critical volume of 

consumed steel for different types of corrosion products. It can be seen that as the tensile 

strength increases, the steel loss to cause the cover cracking increase, which is in line with the 

work of  Zhao et al. [18]. It is also clear that the critical volume of consumed steel increases 

with the ratio of the volume of rust to the volume of consumed steel decreasing as mentioned 

by Liu and Weyers [1]. 

    Fig. 9b presents the effect of the type of corrosion products on the critical expansive 

pressure for different tensile strength of concrete. As observed, the variation of β has no effect 

on the critical expansive pressure. This is because the critical expansive pressure to cause 

cover cracking is controlled by the material properties of concrete and the geometrical 

properties of cover, but not the type of corrosion products. It is found that the critical 

expansive pressure increases with an increase in the tensile strength of concrete which 

concurs with the work of Zhao et al. [18]. This is understandable that higher concrete tensile 

strength can strength the bearing capacity of the concrete cover. 

The time to cover cracking as a function of the tensile strength of concrete for different 

types of corrosion products is shown in Fig. 9c. The figure shows that the larger the tensile 

strength of concrete is, the longer the time to cover cracking will be. This observation is 

supported by the work of Liu and Weyers [1] and Bhargava et al. [2, 10, 11]. It is evident that 

the time to cover cracking increases with the decrease in β. This is because more corrosion 

products are needed to cause cover cracking for a less value of β, which can prolong the time 
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to cover cracking. 

 

4.2.4 Effects of the elastic modulus of rust  

 

    Effects of the elastic modulus of rust on the critical volume of consumed steel, critical 

expansive pressure and time to cover cracking for different tensile strengths of concrete are 

studied here. Figs. 10a and 10b present the effects of the elastic modulus of rust on the 

critical volume of consumed steel and time to cover cracking for different tensile strengths of 

concrete, respectively. It can be seen that both the critical volume of consumed steel and time 

to cover cracking decrease dramatically as the elastic modulus increases from 0.1 GPa to 0.5 

GPa. After that, with an increase of the elastic modulus from 0.5 GPa to 200 GPa, the elastic 

modulus has almost no effect on the critical volume of consumed steel and time to cover 

cracking. This result generally concurs with that of Balafas and Burgoyne [53] in showing 

that an elastic modulus greater than 0.3 GPa would not affect the critical volume of the 

consumed steel and time to cover cracking. 

The critical expansive pressure versus elastic modulus of rust for different tensile strengths 

of concrete is shown in Fig. 10c. The variation of Er has no influence on the critical 

expansive pressure. This is because the critical expansive pressure necessary to cause cover 

cracking depends only on the material properties of concrete and the geometrical properties 

of cover, and not on the elastic modulus of corrosion products. 

 

4.2.5 Effects of λ  

 

    The effects of λ (the ratio defining the volume of corrosion products diffused into the 
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cracks) on the critical volume of consumed steel and time to cover cracking are shown in Figs. 

11a and 11b, respectively. It can be seen that the critical volume of consumed steel and time 

to cover cracking increase with that of λ. This is because more steel is needed to be consumed 

to generate the corrosion products to fill up the required space in a crack prior to cover 

cracking. It is noted that similar findings were also reported by Shodja and Kiani [19-20].  

 
 

5. Conclusions 

 

In the present study, a double-cylinder model is proposed with the consideration of the 

concrete confinement effect outside the cylinders, to simulate the cracking of cover caused by 

the corrosion of reinforcing bars. The analytical solution of this model is developed with the 

consideration of the following conditions: (1) force equilibrium in the tangential and radial 

directions, (2) volume expansion in the steel-rust-concrete interface, and (3) deformation 

compatibility in the steel-rust-concrete interface. Furthermore, the residual tensile stress in 

cracked concrete and the stiffness contribution from both reinforcement and corrosion 

products have been considered, and the continuity of stress and strain on the common 

boundary between the uncracked and cracked concrete cylinders is maintained. 

    Four confinement adjustment factors (ψc, ψv, ψp and ψt) are introduced to account for the 

confinement effects outside the concrete cylinder. Such factors have been calibrated through 

the available tests. It can be seen that all the confinement adjustment factors increase initially 

with the increase of the cover thickness ratio ct/cb and reach certain limits when ct/cb further 

increases. Furthermore, the cover thickness ratio is found to have a significant effect on the 

critical volume of consumed steel Vsteel, the critical expansive pressure Prust and the time to 
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cover cracking tm, and they all increase with that of ct/cb until this ratio reaches 3.0.  

    Furthermore, a numerical parametric study has been conducted and the effects of the ratio 

of cover thickness to reinforcing bar diameter, tensile strength of concrete, mechanical 

behavior and chemical composition of rust, and volume of corrosion products diffused into 

the cracks, critical expansive pressure and time to cover cracking caused by corrosion have 

been investigated in detail. 

    Finally, to apply the proposed model to solving practical problems, the following steps can 

be adopted:  

    1. The time to cover cracking, critical volume of consumed steel and critical expansive 

pressure for a thick-walled cylinder model with a radius of b0 = D/2+d0+cb,0, where cb,0 = cb is 

the thickness of the thinner cover, can be obtained from Section 3 or from corresponding 

cylinder-specimen test results;  

    2. Based on the ratio ct/cb, appropriate confinement adjustment factors (ψc, ψv, ψp and ψt) 

can be obtained from Eq. (45);  

    3. Using Eq. (1), the actual critical volume of consumed steel, critical expansive pressure 

and time to cover cracking of the RC structure can be determined.  
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Fig. 2. Double-cylinder cracking model: (a) the stress initiation stage, (b) the first 
partial cracking stage, (c) the second partial cracking stage, and (d) the complete 

cracking stage 
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 Fig. 1. The corrosion problem: (a) the actual case, (b) the traditional analytical 
model, and (c) the proposed analytical model 
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Fig. 6. Effects of ct/cb on ψc, ψv, ψp and ψt  
 
 
 
 
 

Fig. 5. Deformation compatibility 
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Fig. 7. Effects of time on: (a) smeared crack propagation, (b) volume of consumed steel, and 

(c) expansive pressure (D=16 mm, Er=80 GPa, β=3, λ=0.45, d0=16 μm, ft=3.3 MPa, c=51 mm) 
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Fig. 8. Effects of the ratio of cover thickness to reinforcing bar diameter, cb/D, on: (a) critical 

volume of consumed steel, (b) critical expansive pressure, and (c) time to cover failure 
(Er=80 GPa, β=3, λ=0.45, d0=16 μm, ft=3.3 MPa) 
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Fig. 9. Effects of tensile strength of concrete for different types of corrosion products on: 
(a) critical volume of consumed steel, (b) critical expansive pressure, and (c) time to cover 

failure (D=16 mm, Er=80 GPa, λ=0.45, d0=16 μm, c=51 mm) 
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Fig. 10. Effects of elastic modulus of rust for different concrete tensile strengths on: (a) 
critical volume of consumed steel, (b) time to cover failure, and (c) critical expansive 

pressure (D=16 mm, β=3, λ=0.45, d0=16 μm, c=51 mm) 
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Fig. 11. Effects of λ on: (a) critical volume of consumed steel, and (b) time to cracking  

(D=16 mm, Er=80 GPa, β=3, d0=16 μm,   ft=3.3 MPa, c=51 mm) 
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Table 1  
Basic experimental parameters. 

Unit D 
(mm) w/c fc  

(MPa) 
ft  

(MPa) 
Ec 

(GPa) 
cb 

(mm) 

ct  
(mm) 

icor 
(μA/cm2) 

tc,e 
(year) 

A [1] 16 0.42 31.5 3.3 27 25 175 3.75 0.72 
B [1] 16 0.42 31.5 3.3 27 51 149 2.41 1.84 
C [1] 16 0.42 31.5 3.3 27 70 130 1.79 3.54 

D [49] 16 0.50 20 3.06 22* 25 225 140.3 0.0110 
E [49] 16 0.58 42.3 3.76 30* 25 225 140.3 0.0111 
Note:  fc is the compressive strength of the concrete cylinder; tc,e is the time to cover cracking in the experiments; 
w/c is the water to cement ratio; * calculated value based on Ec=4600√fc recommended in ACI318-02[50]. 
 
Table 2  
Predicted and test results. 

Unit ct/cb tc,e (year) cb,1 tc,1 (year) (tc,1/ tc,e -1)×100 (%) 

A [1] 7 0.72 

25 0.58 -20 
35 0.63 -13 
41 0.72 0 
45 0.79 10 

      

B [1] 2.92 1.84 

51 1.42 23 
61 1.83 1 
70 2.30 25 
80 3.00 63 

      

C [1] 1.86 3.54 

70 3.10 -22 
75 3.55 0 
80 4.04 14 
85 4.60 30 

      

D [49] 9 0.0110 

25 0.0083 -25 
35 0.0102 -7 
38 0.0111 1 
45 0.0135 23 

      

E [49] 9 0.0111 

25 0.0086 -23 
35 0.0099 -11 
40 0.0112 1 
45 0.0129 16 

Note: (1) tc,e and tc,1 are, respectively, the measured and predicted time to cover cracking. 
          (2) Bolded figures correspond to the most accurate cover thickness. 
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Table 3  
Predicted results of ψc, ψv, ψp and ψt. 

Unit c2/c1 ψc ψv ψp ψt 

A 7.00 1.64 1.12 1.17 1.24 
B 2.92 1.20 1.14 1.14 1.29 
C 1.86 1.07 1.08 1.06 1.15 
D 9.00 1.52 1.16 1.20 1.34 
E 9.00 1.60 1.14 1.17 1.33 

 


