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Abstract: This paper considers the output consensus problem of high-order leader-following multi-
agent systems with unknown nonlinear dynamics, in which the delayed and sampled outputs of the
system are the only available data. The unknown nonlinear dynamics are assumed to satisfy the
Lipschitz condition and the interconnected topologies are assumed to be undirected and connected.
A distributed observer-based output feedback controller is proposed for the system to reach output
consensus. Both of the bounds of the allowable delay and sampling period are also obtained. Sta-
bility analysis shows that the considered systems are globally exponentially stable under the output
feedback controller. Finally, a simulation example is given to validate our theoretical results.

1. Introduction

The autonomy, distribution and coordination render the multi-agent systems have strong robustness
and reliability in solving practical problems. Its wide range of applications can be found in various
areas, including flocking, swarming, distributed sensor fusion, distributed coordination of mobile
robots, congestion control in communication networks, synchronization of dynamical networks,
and so on. The distributed coordination problem also attracted the attention of scientists in control
theory and many well known works have been done in the context of control theory, for example,
[1,2, 3,4, 5], to name just a few.

In the past decades, the related topics on consensus problems have been comprehensively fur-
ther studied in different situations, for example, consensus in networks with time-delays [6, 7, 8],
finite time consensus [9, 10, 11, 12, 13], consensus in stochastic networks [14, 15], quantized
consensus [16, 17, 18], and so on.

With the rapid development of intelligent instrument and digital measurement, the information
of modern control systems tend to be sampled and sent periodically furthermore through the digi-
tal communication channels. Thus, the consensus with sampled-data and time-delay is meaningful
research topic. The articles studying sampled-data systems mainly include: discrete-time models
[19, 20, 21], impulsive models [22, 23, 24], quantized models [16, 25], and time-delay systems
[26, 27, 28]. Most of the works mentioned above are concerned with state consensus. In prac-
tical cases, most real world systems are uncertain, and the full states of agents maybe unknown.
Therefore, output consensus has attracted numerous papers’ attention in recent years, such as,
[26, 29, 30, 31, 32]. Some representative works are summarized as follows. In [19], the authors
studied the multi-consensus problem and multi-tracking problem of second-order multi-agent sys-
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tems by using only sampled current and past position data, a necessary and sufficient condition on
gains and sampled period was given under directed topology. In [22], two kinds of impulsive dis-
tributed consensus algorithms which only utilize the sampled information were proposed to investi-
gate the distributed consensus problem for second-order continuous-time multi-agent systems with
sampled-data communication. In [27, 33], the authors studied the state consensus in multi-agent
dynamical systems with sampled-data, and distributed linear consensus protocols were proposed.
In [33], both the current and some past sampled position data were utilized to design consensus
protocols. While, using less information and saving energy, a protocol with more sampled data
and no current data was further designed in [27]. To the best of our knowledge, the studies on
the output consensus problem of multi-agent systems with unknown nonlinear dynamics and both
delayed and sampled data are rare.

In this paper, the output consensus problem of high-order leader-following multi-agent systems
with unknown nonlinear dynamics is considered. The only available data of the system outputs
is assumed to be sampled and delayed. The unknown nonlinear dynamics are assumed to satisfy
the Lipschitz condition, and the interconnected graphs of the multi-agent systems are assumed to
be undirected and connected. A distributed observer-based output feedback controller is proposed
for the sampled-data multi-agent systems to reach output consensus. The stability analysis is con-
ducted based on Lyapunov theory and algebraic graph theory, and shows that the error system is
globally exponentially stable. Finally, the bounds of the allowable delay and sampling period are
also given.

The contributions of this paper are mainly in three aspects. First, a novel distributed observer-
based output feedback controller is presented for the considered sampled-data multi-agent systems
to reach output consensus. Second, a sufficient condition is obtained to ensure the global expo-
nential stability of the considered systems. Finally, we give the bounds of the allowable sampling
period and time delays.

This paper is organized as follows. In Section 2, some preliminary results and model formu-
lation are presented, the related observer-based output feedback controller is also proposed in this
section. In Section 3, the main results are given and proved. In Section 4, an example is given to
illustrate the validity of the proposed design method. Finally, the paper is concluded in Section 5.

2. Problem Statement

For the multi-agent system, the information exchange among N agents can be conveniently de-
scribed by a simple and undirected graph G(V,E). V = {1,2,---, N} is the node set in which
each node can be regarded as the N agents, respectively. £ C V xV is the edge set, a pair (i,j) € £
if and only if (j,7) € &, and an edge (7, 7) in G means that agents ¢ and j can obtain information
from each other. The set of neighbors of node i is denoted by N; = {j € V|(i,j) € £,j # i}.
A path is a sequence of connected edges in a graph. If there is a path between any two nodes
of a graph G, then graph G is said to be connected, otherwise disconnected. To model the in-
terconnection relationship between N agents and the leader, we introduce another graph G on
nodes 0,1,2,--- , N, where 0 represents the leader agent. Obviously, G is a subgraph of G. Let
A = [a;;] € RV*N be the adjacency matrix of graph G, where a;; = 1 if (¢,7) € G, otherwise
a;; = 0. The index number between the ith agent and the leader agent is denoted by b;, where
b; = 1 if the leader agent is the neighbor of the ith agent, otherwise b, = 0. The degree matrix D
of graph G is a diagonal matrix with the ith diagonal element being |N;|. The Laplacian of graph
G is defined as £ = D — A, which is symmetric. Let H = £ + 3, and B be a diagonal matrix with
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diagonal elements by, bo, - - - , by.
We consider a multi-agent system consisting of N agents and a leader. The dynamics of the ith
agent,7 = 1,2,--- , N, are described by

{50 = duri) 1) + 300, 0
y'(t) = Ca'(t),
where
o1 -0 0
Ay = 001 b= 0 ,C =(1,0,---,0) ,
00 --- 0 1

a'(t) = (21(t), 25(t),- -, 2},(t))" € R™ is the position state of the ith agent, u'(t) € R is the

rn

control input of the ith agent, which will be designed later, f*(z'(t)) = (fi(z*(t)), fa(z'(t)), -

fi(z'(t)))" is assumed to be unknown and nonlinear with f° (z'(t)) = f& (2% (t), z5(¢), - - - xm(t)),
m=1,2,--- ,n,and y'(t) is the output of the system.

We assume that the leader-agent moves in R" and its underlying dynamics are described by
(1) = Az (1) + F60(0), o
yo(t) = C2°(t),

where 2°(t) = (29(t),29(t),--- ,22(¢))T € R" is the position state of the leader agent, and
F0(t) = (f2(2%(1)), f3(2°(2), -+ f(a®(2)))" is a vector function with f, (2°()) = [, (](t),
x9(t),- -, 22 (t)), which is also assumed to be unknown and nonlinear, and y°(¢) is its output.

Remark 1. From the linear system theory, if the linear system © = F'x + gu is controllable, then
it can be transformed into the Brunovsky controller form [34], that is the linear part of the system
(1). The system (1) is widely applied to some real world systems, such as two-link planar robots,
aircraft wing rock control systems and induction motor systems [35, 36, 37, 38].

In this paper, the output y(¢) of system (1) and 3°(¢) of system (2) are assumed to be sampled
at time instants ¢, and are available at ¢, + 7, where {¢;},k = 1,2,--- | 00, is a strictly increasing
sequence such that limy_,., t, = oo and 7, > 0, that is the sampled-data y*(¢;) and 3°(t;) are
available with a time-delay 7. The sampling interval [t;_1,t;) satisfies 0 < Tiin < £ — tp1 =
Ty < Thax forall k = 1,2, --- 00, where T}, is the length of the kth sampling interval, T}, =
min{7}} and T},.x = max{7}}. We assume that 7 is one of the upper bound of 7, that is 7, < 7,
and satisfy 7 < T.;,, which means that the sampled-data at time ¢; can be used before next
sampling time instant.

In this setting, the considered system (1) and (2) can be rewritten as:

[ @(t) = Ao’ (1) + [(a' (1)) + bu'(1),
yi(t) = Cai(ty),i=1,2,--- , N,

t € [ty + Thytrsr + Thr1), k =0, 4
‘/El(tk-‘rl + Tk‘-l—l) - llmt%(tk+1+Tk+1) xl(t)7

3)

and

(1) = on () + f(=°(1)),

(1) = Cat(y), "
€ [tk’ + Tkytk-‘rl + Tk-i-l) k > 07

\ O(tk+1 + Thi1) = hmt—>(tk+1+ﬂe+1) $O<t)'

ST ST
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Since the states of (3) and (4) are unmeasurable, an observer-based output feedback controller is
proposed as follows:

() = Ag@'(t) + Maej (8) + F (&t

(1) = Ao (t) + Mael(ty,) + f°(2°
Z(tk—i—l + Tk—i-l) - hmt—>(tk+1+’rk+1)
O(ths1 + Thg1) = hmt—>(tk+1+m+1) :
(t) = =KW 3 e ay(2'(t) — 27 (t
€ [tk + Tis tiy1 + Tig1), k = 0,

(1), 25(t)
2( ¢

®)

e R R

\

where 2%(t) = (2

i LN, el(ty) = 2i(te) — &4 (te), 7 = 1,2,--- N, 2°(t) =
(@9(t), 25(t),- -~ & =

0t

) = (1) , diag(i™, 11, )T, with [ > 1,
M = diag(l, 1%, - - ,I"), fz(fc’(t)) = (fi(@'(1)), f5(2°(1)), -, fu(@(@®)",i = 0,1,--- , N, and
f:n(i%t)) :fém(jﬁ( ) (t)v %(t)),m: 1727"' 7n' Rlxn and a = (aha??”' 7an>T

will be determined later.

Remark 2. From the literature, the consensus problem of multi-agent systems with sampled-data,
time-delay, or sampled-data and time-delay has been extensively studied in the past years. Most of
the existing literature are on state consensus problem. The papers on output consensus problem are
rare. We consider the output consensus problem of multi-agent systems with delayed sampled-data
and unknown nonlinear dynamics in this paper. To the best of our knowledge, for the considered
problem in this paper, no similar results appear in the existing literature. In this paper, a novel
distributed controller is proposed for the considered system to reach output consensus globally
exponentially. The essential difficulties to solve the problem are mainly in three aspects: firstly,
the construction of the distributed controller. The distribution of the controller is very important
in multi-agent systems, the design of distributed controller depends on the choice of the Lyapunov
function; secondly, the construction of appropriate Lyapunov function and auxiliary integral func-
tion to deal with the delayed sampled-data and derive the global exponential stability; thirdly, the
derivation of the sufficiency conditions guaranteing global exponential convergence. For this end,
some inequality techniques are applied to solve the considered problem and give both the bounds
of the allowable delay and sampling period.

Note that
lim T (t) = lim 7' (t),
t—}(tk+1+7’k+1)7 t—)(tk+1+7'k+1)+
and
lim T(t) = lim Z(t).
t—= (1 +Th+1) " t— (b1 +7k41) T

Therefore, (), 2'(t) are continuous in all of the time intervals [ty + 74, tpr1 + Thr1), kb =
0,1,2,--- 00, that is to say z(), 2'(t) are continuous in the time interval [t(, 00). Since €' (t;,) =
xi(t) — 2%(t1,), we have the sequence {€}(¢)},7 = 0,1,--- , N is also continuous in the time
interval [tg, 00).
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Definition 1. [39] Let 2% (¢) = z, 2% (¢t) = 2} ,i = 0,1,--- , N fort € [to — Tinax — T, to]. We call
that the system (3-4) is globally exponentially stabilizable , if there exists a system (5) such that
the system (3-4) and (5) satisfies || 21 (¢) — 29(t)|| < e "(||z]l, [20]]) and [|# () — 2} ()] <
e M=t (|| 28], |28 for any xf, 2§, where A > 0 and ¢ : R* — R* is a non-decreasing
function. Or, we call that system (5) globally exponentially stabilizes the system (3-4).

The control objective of this paper is to design distributed controllers u(t),7 = 1,2,--- , N,
such that the system (3) and (4) reach output consensus, that is, lim; . |y*(t) — y°(t)| = 0,7 =
1,2,---, N.

To proceed, some related assumptions and lemmas are given:

Assumption 1. Graph G is connected.

Lemma 1. [40] Laplacian matrix £ of graph G has at least one zero eigenvalue with 1y =
(1,1,--- ,1)T € RY as its eigenvector, and all the non-zero eigenvalues of £ are positive. Lapla-
cian £ has a simple zero eigenvalue if and only if graph G is connected.

Lemma 2. [41] For any positive definite matrix G € R™*", scalar v > 0, vector-function w :
[0,v] — R™ such that the integrations concerned are well defined, the following inequality holds:

LAww@ﬁkF({AVw@ﬁk]gfﬂlja&QTGw@ﬁk]

Assumption 2. The nonlinear functions fi(xy(t), z2(t), -+, z,m(t)) and fi(yi(t), ya(t), - Ym(t)),
m = 1,2,---  n, are assumed to be continuous in the time interval [¢y, o0) and satisfying the fol-
lowing Lipschitz condition

‘fi($1<t),l’2(t),--- )
< (i) =y ()] + |22(t) — yo(t)]| + -+ +

where [, > 0 is the Lipschitz constants.

3. Main results

In this section, we firstly derive the state estimation error system, then, a sufficient condition is
given to guarantee global exponential convergence of the consensus error. Since the systems are
continuous in the time interval [¢y, 00), so we can only consider a sampling non-switching time
interval [ty + 71, tx11 + Tie1), & = 0, in the following derivation.

From(3)-(5) we get the state estimation error system:

e(t) = Ape'(t) — Mael (ty) + fi,i=1,2,--- N, (6)
and
(1) = Ape(t) — Maed(ty,) + f°, (7)

where ¢f(t) = z(t) — #i(t), fi = fi(a'(t)) — fi(2(¢)),i=0,1,--- ,N.
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Let £i(t) = (£(t),eb(t), -~ i ()T, el () = %28 i = 0,1,--- ,Nym = 1,2,--- ,n, we
have

€Z<t) = ZA0€l<t) - lagzl(tk) + §l7z = 1727 e 7N7 (8)
and

0(t) = 1Ape(t) — la®(ty) + §°, )
where Ezl(tk) = 1'" (tk?) - iﬂl@k) = eli(tk:)a gz = (gla §27 7§n) 7gm l’{l T)? O’ 1’ o ’N'
. . . . t>:% 7/_1’27 7]\[,Weget

() = 1Ag2" (1) + la(e) (ty) — €%(t)) ln_lui(t), (10)
where g = (1,95, -+ .90)", @, = gir, = S, ((0) = S3.(2°(0)).
Let (?f) ()T, ()7, EV I, er(te) = (00t edltn), - eV (676 =
0,1,---, N, we get the matrix form of equation (8) and (9):
et) =1(Ing1 ® Ag)e(t) — ler(ty) ® a + g, (11)
where g = (g7, (gY)7T, -+, (GV))T, In11 is the (N + 1) x (N + 1) identity matrix.
Let z(t) = ((z1(@)T, (22(t)T, -+, (2N (t))T)T, we get the matrix form of equation (10) as
follows:
(1) = 0 oy u®b (12)
Z(t) = Z(IN & Ao)Z(t) + l(ﬁl(tk) — 1N X 51(tk)) ® a + g + lnj,

where 1y (tx) = (e1(t),€1(tr), -~ et ()", g = ((8")7,(82)", -+, (g™) )T u = (u!(t),u(1),
-, uN(t))T, Iy is the N x N identity matrix.

Theorem 1. Under Assumption 1 and 2, there exists an output feedback controller (5) such that
the multi-agent system (3)-(4) is globally exponentially stable, if there exist symmetric positive
definite matrices P and () satisfying

DIP+PD; < —rl, (13)
ATQ +QA) — 20 KTK < —rol , K = b7Q (14)
and [ satisfying
4nV/'NliAp 4nv/ NI
[ > max{1, 1, VNl i nv N Q}, (15)
™ T2
and
1 1
,I’max +7 < 3 Tmin T > ( = R (16)
Cgl C1 — Cy Cll
6
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32
where 1,75 are two positive constants, ¢; = min{ 87;‘1P7§§‘26}7CQ = ’Z_gl Kl = AP (12nEL1 +
_ 12nX2 +4/K3+4c3
8nayc3),c3 > max{4, — Pal c1y /S, = H% AU @ = max{a?}, |, = max{l 1,
—ap 1 - 0
Dl = : : o s S\P = )\max(P)aéP - )\min(P>75‘Q - Amax(Q>9 AQ - )\min(Q), in
—a,; 0 - 1
—a, 0 --- 0

which Apax(+), Amin(+) denote the maximum, minimum eigenvalues of a matrix, respectively.
Proof. For system (11) and (12), we consider two Lyapunov function candidates as follows
Vp =e(t)" (Iny1 ® P)e(t),
and
Vo=z2t)"(Iy ®Q)z(t).

Obviously, Vp and Vg are continuously differentiable at any time except for the switching time
instants. At a non-switching time ¢, we obtain the time derivatives of the two Lyapunov functions,
respectively.

Ve = le(t)' Iy @ (DY P+ PDy)Je(t) + 26(t)" (Iv 11 ® P)g

17
+2le(t) (In41 @ P)[(e1(t) — e1(t)) @ al, {17
and
Vo = —1z(t)"[(H @ bK)" (I © Q) + (In © Q)(H ® bK))2(1)
+H()' [(Iy ® A0)" (I © Q) + (In © Q) (Iy ® Ao)]z(1) (18)
+2lz(t)T(IN ®Q)m(ty) — In®@e(ty)] ®a
+22(t)"(Iy ® Q)g,
where £1(t) = (e9(t),e1(t), -, &7 (1))".
Due to the symmetricity of H, there exists an orthogonal matrix S such that
SHST =A= dlag{)\}iv )‘%I’ o 7)‘%}7
where A}, A%, -+ A\l are the N eigenvalues of H, let )\, denotes the minimum nonzero eigen-
values of the matrix H, and K = l_)TQ. Then we have
—12(t)" [(H @ bK)" (Iy ® Q) + (In ® Q)(H ® bK)]2(t)
= —12(t)"[(STAS @ bK)T (Iy ® Q) + (Iy ® Q)(STAS ® bK)] (1)
= () (ST @ L)[(A®bK) (Iy © Q) + (In © Q) (A ® bK)](S ® L,)(1) (19
—lz(t )T(ST R L)[(A@b"Q)T(In @ Q) + (In ® Q)(A @ Q)] (S ® 1,,)2(t)

= —202()" (ST @ I,)(A ® QThTQ)(S ® I,,)=(t)
< =202()" (In ® A Q7T Q) =(t).
From (18) and (19) we get:
Vo < 1z(t)"{In @ [ATQ + QAs — 2X Q7" Q] }2(t)

+202(t)" (In @ Q)[m(te) — 1y @ %(t)] ® a (20)
+22(1)"(In ® Q)7-
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From (13) and (14), we have
le(t) [Insr @ (DTP + PDy)]e(t) < —rle(t) e(t),
and
() {In ® [A§ Q + QA — 22,QTB0 QI}2(t) < —ral2(t) 2(2).
According to the inequality 2a”7b < a” Xa + b7 X ~1b, we obtain

2e(t) (Iny1 ® P)[(e1(t) — e1(tr)) ® d]
Lrile®)Te(t) + dnlan N (e (1) — e1(te) T (e1(t) — ex(t)) /1,

N

and
202(t)" (In ® Q) (&1 (tr) — Iy ® ¥(t)) ® a

ral=(0)] 2(8) + Andan V(e () — L © <207 E1(t) — Ly © 0(t)) fra
%rﬂZUQTZ@)*‘8nhﬁA%€@kV%(mQ/r}

NN

From the Lipschitz condition, we get
26(t)" (Inp1 ® P)§ < 2nVNiyhpe(t) e(t),
and
2:(t)" (Iy ® Q)§ < 20V Nl Agz(t)" 2(t).

Based on the Cauchy inequality and the Lemma 2, it follows that

gL (t) — i (k)P < t—tk IMEIBIRE B
ftk leb(s) — layel (ty,) + % 2ds
< 3z2<t —t) [ [E5(s)? + alel (ty)? + Bt (s)?)ds
< 3Pt — t)%ar€l (ty)?

+3l2(t - tk) j:; [52‘1<8)2 + 5%(8)2]d57i = 07 17 T >N7

that is

(e1(t) —er(te) (a1 (t) — ex(tn)) .
< 3Pt = t)?ane (te) Te(ty) + 312(t — i) [, [e1(s)Ter(s)
+e2(5)Teq(s)]ds.

From (17)-(27), we have

Ve < (=inil+ znmlms(w%(ﬁ e

| +12na1l3)\2 (t—tg) ftk S T 8 _|_€2< ) (s)]ds,
VQ < (——Tgl + 2n\/_l1/\Q)z( ) ( ) + 8nla1/\Q5(tk)T6(tk)/r2.
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Construct the following auxiliary integral function
t t
Vk = / / [e(s)Te(s) + z(s)" 2(s)]dsdp.
t—Tmax—T 14

We have ,
Vi < (Thax + 7')/ . [e(5)Te(s) + 2(s5)T 2(s)]ds.

The derivative of Vg is

t

Vi = (Tiax + T)[e()Te(t) + 2()T 2(t)] — / [e(s) e(s) + 2(s)" z(s)]ds.

t—Tmax—T

Let V() = Vp + Vg + [*Vg, we have

V) < (- glz+2n\/_z Ap 4 (Tnax +7)17)e(t) ()

+(=319l + 20V NUAg + (Tinax + 7)12)2(1) T 2(2)
+<1"a1{:” B 1 B e e (1)
+[12na1l)\ (t—ty,) — 7 ft - [e(s)Te(s) + 2(s)T2(s)]ds,

< (imw(szaXM)) e(t)Te(t) — (4ry — (Tuax + DIT (1)2(1)
(2R ¢ B0 e (1)

12na 32 (t tx)

H= -1 ft T [£(8) E(8) + 2(5) " 2(5)]ds,

S =25 (471 = T - DOWVe(!) = 55 (2 = (T 7))V 1)
_|_)\1 (12n)\2l:11(t tr)? 8n)\ all) ( )
+(12nA21 a1 (t—tg)/m)—1 VR(t).

Tmax+T7

4nV/Nlidp 4nvVNiidg }
1 ’ [

Because [ > max{1, [, T max +7 < é, we have

T2

12n)\Pa1 ,ﬂ+1 K1t/ K 2+4cll€1
\/ c1

Since ¢3 > max{% =

have

V() < —alVp(t) — alVp(t) — cilPVa(t) + calVp(ty)
< —CllV(t) + CQZV(tk)

Multiplying e“* on both sides of (28), we have

%V(t) + e 1tV (1) < eyl V (1),

661 It
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Integrating both sides of (29) from ¢, + 7 to ¢, we have

V(t) < eV (1 4 ) + 2V () — 2ol (g,
1 1

Note that £(¢) and z(t) are continuous in the interval [y, 00), we have

V(tk+1 +Tk+1) < e—cll(Tk+1+Tk+1—Tk)V(tk +Tk) _'_ C_2V(tk) _ %e—cll(TlﬁLl‘f‘TkJrl—Tk)v<tk)’ (30)

C1 C1
and
V(tpsr) < e TV () 4 1) 4 @V(tk) — ge*cll(T’vH*T’v)V(tk). (31)
C1 C1

From (30) and (31), we have

V(thsr + 7o) + p1V(tetr)
< (e—cll(Tk+1+Tk+1—Tk) 4 ple—c1l(Tk+1—Tk)>V<tk -+ Tk) (32)
+2[1+p1 — em el Tir1=me) (emerlmirn 4 5 )V (8),

where p; is a positive constant number.

Since co = %4. Then c3 > % implies that ¢c; > %L = cocg > 8y, 1€, 2 < L From
c3 c1 c3 c1 8
Toin — T > e > (, we can choose some p; > 0 such that
c1(e1—c2)l P
— & _ —Cll(Tk+1—Tk) —CllTk+1
m = max{ v [1+p1—e (e +p0)]} <1, (33)
and
. —c1 (T —T] —c1 (T 77 —T
UZ—I}Clgg{{ple WTer1=70) 4 g=C1l(Thot1+Tk41 k)}}<1‘ (34)
Let n = max{n;, 7> }. From (33) and (34), we have 0 < 1 < 1. Then, it follows that
Vitker + Tor) + p1Vtkar) < V(e + 7)) + o1V ()] (35)

Through the iteration for (35), we have
V(ty + 1) + iV (te) < 0V (to +70) + p1V (t0)).
Since 0 < 7 < 1, it is clear that the sequence {V'(t; + 7) + p1V (tx) } is convergent to zero, and
V(1) S V(te + 1) + o1V (t) <[V (to +70) + p1V ()]t € [tk + Thy ters + Thg).

Since for any ¢ > tq + 79, there exists & > 0 such that ¢ € [ty + 7%, tgr1 + Trr1). It follows that
to—m _ 1 L k. Then

Tmax+T

0

t—tg—
V(D) < nfeess Vit +70) + oV ()
+ —tg—T
= eTrrlax+T hln?’] Txrlgx+(7)'_1[v(t0 + 7_0) + plv(to)]

From the Definition 1, we get the system is globally exponentially stable. This completes the proof
of the theorem. U
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From Theorem 1, we have the following results which give the estimates of the allowable
sampling interval and time delays.

Corollary 1. There exists an output feedback control law in the form of (5), which globally expo-
nentially stabilizes the system (3-4), if there exist symmetric positive definite matrices P, () and a
constant [ such that (13), (14), (15) and

11 1 1 1 1 1 1 1 1 1

T<____7Tmax<_ _____ aTmin>_+____7 36
pgl(Cg C4) Cgl pgl(Cg 64) C4l pgl<63 64) ( )

(c1—c2)cr
c2

are satisfied, where py > 2, ¢4 = ,C1, Co, c3 and k1 are given in Theorem 1.

I€1+w/112+403l€1 ci(c1c2—k
Proof. From c3 > ;, we have cic3 — Cglil — ¢1k; > 0. Then ¢z < 1(cicg—r1) _

2¢2 K1
cl(g—; —1) = ey Therefore = — .- > 0. Since 2 < g and ¢y > 0, it is easy to check that the
conditions (36) imply that the conditions (16) are satlsﬁed The proof is completed. 0

Remark 3. This corollary does not give the maximum sampling interval and time-delay. The
maximum sampling interval and time-delay depend on the choices of a;, P, ().

Based on Theorem 1 and Corollary 1, an algorithm to set the design parameters is presented
as follows:

Step 1: Based on the interconnected topology, we construct the matrix A and calculate the
smallest eigenvalue of /1 which is denoted by A;

Step 2: We choose the appropriate values of a; such that the inequality (13) hold and get the
matrix P, Ap, Ap, then by solving the inequality (14) get the matrix Q, \g, Ag» and let K = b Q;

Step 3: We select [ such that the condition (15) is satisfied;

Step 4: Calculate ¢y, select p, > 2 and c3 such that c3 > max{4,

Kk1+4/ n1+4clﬁ1
20%

12nX%a
pal +C k141

1, c1

}, then calculate ¢, and c,.

4. Simulations

In this section, we give an example to validate our theoretical results. In the example, we consider
a multi-agent system consisting of four agents and a leader. The dynamics of the leader and the
followers are described by

#(t) = 25(t) + lo cos(t)a? (1),
9 (t) = Y (t) + Iy cos(t) (1),
3(t) = lo(sin(t)ad(t) + 2 cos(t)z(t)),

and
) = w5(t) + lo cos(t) (1),
| 1) = (1) + Iy cos(t)z(t),
(1) = ' + lo(sin(t)x5(t) + 2 cos(t)x3(1)),
respectively, where [ is a constant.
An observer-based output feedback controller is proposed as follows:

#(t) = 25(t) + layed (tr) + lo cos(t)29(2),
A0) = 25(0) + Pasel(t) + lcos(13(),
29(t) = Bazed(ty,) + lo(sin(t)29(¢) + 2 cos(t)23(t)),
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() = &5 (t) + layel (ty) + Lo cos(t) @ (1),
' L(t) = 25(t) + Pagel (tg) + lo cos(t)zh(1),
24(t) = u' + Baze (tg) + lo(sin(t) 25 (t) + 2 cos(t)24(t)),

where
w'(t) = KW ey aif(2°(t) — 27(1)) + bi(3(t) — 2°(¢))],

and W = diag(I3,1%,1)7.

Supposes that the interconnected topology is described as in Fig.1. We obtain that the largest
and smallest nonzero eigenvalue of H = £ + B are Ay = 2.618 and \,; = 0.382. By choosing
appropriate parameters of a = (ay, as,a3) = (4,4,4), and solving the inequality (13), we get the
solution P > 0, and Ap = 7.0042, \p = 0.2291. By solving the inequality (14), we get the positive

2.4841 2.5853 1.1440
definite matrix Q = | 2.5853 5.2780 2.8419 |, then K = b7Q = (1.1440,2.8419,2.9577),
1.1440 2.8419 2.9577
/_\Q = 8.4858, Ay = 0.6646. Simulation is conducted in 30s time, the initial states of the whole sys-
tem (3-4) are o = [1.5,2.6,0.82,3,1.31,3.27,3.44, 3.74,2.25,0.42, 1.14,4.57,0.76, 4.12, 2.69] 7,
and 7y = [3.13,1.46,2.16,0.07,4.92,0.84,0.53, 1.86,0.99, 2.45, 1.69, 4.76]”. Under the observer-
based output feedback control law (5), selecting parameter [y = 0.1,/ = 1.5. The sampling interval
T} and the time-delay 75 are given as 1, = 0.01s and 7, = 0.001s, respectively. The simulation
results are shown in Fig.2 and Fig.3. Fig.2 shows that the twelve components of the state esti-
mation errors €’ (t) = x! (t) — &% (t),m = 1,2,3,i = 1,2, 3, 4, converge to zero. Fig.3 shows
that the four components of the output error between the follower agents and the leader agents
Ti(t) = 24 (t) — 29(t),7 = 1,2, 3, 4, converge to zero.

Fig. 1: Connected graph

Remark 4. So far, the consensus problem of multi-agent systems with the sampled-data [22, 33],
sampled-data and time-delay [27, 28], nonlinear dynamics and time-delay [42, 43, 44] have been
reported in the literatures. All of the above mentioned literatures are on the state consensus. The
literatures on output consensus problem are summarized as follows:

cases 1: the leader-following systems with unknown nonlinear dynamics without considering
sampled-data and time-delay [30, 45, 46],
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Fig. 2: The state estimation error

Fig. 3: The output error

cases 2: the leader-following systems with unknown nonlinear dynamics and time-delay with-
out considering sampled-data [47],

cases 3: the leaderless systems with unknown nonlinear dynamics, time-delay and sampled-data
[48].

In this paper, the output consensus problem for leader-following multi-agent systems with un-
known nonlinear dynamics and delayed sampled-data is studied. The algorithm proposed in this
paper is more general.

5. Conclusion

This paper considers the output consensus problem of high-order leader-following multi-agent
systems with unknown nonlinear dynamics, in which the output data of the system are delayed and
sampled. A novel continuous observer-based output feedback controller is presented such that the
outputs of the system reach consensus exponentially. The connectedness of interconnected graphs
is required to guarantee the exponential convergence of the considered systems. Moreover, the
estimates of the allowable sampling period and time-delay were also obtained.
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