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Abstract

In this paper, we investigate the qualitative behaviors of three viral infection models with two types of 
cocirculating target cells. The models take into account both antibodies and latently infected cells. The 
incidence rate is represented by bilinear, saturation and general function. For the first two models, we 
have derived two threshold parameters, R0 and R1 which completely determined the global properties of 
the models. Lyapunov functions are constructed and LaSalle’s invariance principle is applied to prove the 
global asymptotic stability of all equilibria of the models. For the third model, we have established a set of 
conditions on the general incidence rate function which are sufficient for the global stability of the equilibria 
of the model. Theoretical results have been checked by numerical simulations.

Keywords: Virus infection; Global stability; Latently infected cells; cocirculating target cells; Lyapunov 
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1 Introduction

Mathematical modeling and model analysis of virus infection in vivo have attracted the interests of mathe-
maticians during the recent years. Such virus infection models can be very useful in the control of epidemic
diseases and provide insights into the dynamics of viral load in vivo. Therefore, mathematical analysis of the
virus infection models can play a significant role in the development of a better understanding of diseases and
various drug therapy strategies.Many authors have formulated mathematical models to describe the population
dynamics of several viruses such as, human immunodeficiency virus (HIV) (see e.g. [1]-[10]), hepatitis B virus
(HBV) [11]-[13], hepatitis C virus (HCV) [14]-[15], human T cell leukemia HTLV [16] and dengue virus [17], etc.
During viral infections, the host immune system reacts with antigen-specific immune response. The immune
system has two main responses to viral infections. The first is based on the Cytotoxic T Lymphocyte (CTL)
cells which are responsible to attack and kill the infected cells. The second immune response is based on the
antibodies that are produced by the B cells. The function of the antibodies is to attack the viruses [1]. In some
infections such as in malaria, the CTL immune response is less effective than the antibody immune response
[18]. Several mathematical models have been proposed to consider the antibody immune response into the
viral infection models ([19]-[24]). The basic model of viral infection with antibody immune response has been
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introduced by Murase et. al. [19] and Wang and Zou [21] as:

ẋ = λ− dx− β̄xv, (1)

ẏ = β̄xv − ay, (2)

v̇ = ky − cv − rzv, (3)

ż = gzv − µz, (4)

where x, y, v and z represent, respectively, the concentrations of uninfected cells, infected cells, free viruses and
the antibody immune cells. Parameters λ, k and g represent respectively, the rate of new uninfected cells that
are generated from sources within the body, the rate of free virus production and the proliferation rate constant
of the antibody immune cells. Parameters d, a, c and µ are the natural death rate constant of uninfected cells,
infected cells, free virus particles and the antibody immune cells respectively. Parameter β̄ is the infection rate
constant at which a target cell becomes infected via contacting with virus and r is the removal rate constant
of the virus due to the antibodies. Model (1)-(4) is based on the assumption that the infection could occur
and that the viruses are produced from infected cells instantaneously, once the uninfected cells are contacted
by the virus particles. Other accurate models incorporate the latently infected cells which are due to the delay
between the time of infection and the time when the infected cell becomes active to produce infectious viruses.
In [26], model (1)-(4) was extended to take into consideration both latently and actively infected cells as:

ẋ = λ− dx− β̄xv, (5)

ẇ = (1− α)β̄xv − (e + b)w, (6)

ẏ = αβ̄xv + bw − ay, (7)

v̇ = ky − cv − rvz, (8)

ż = gvz − µz, (9)

where w and y are the concentrations of latently infected and actively infected cells, respectively. Eq. (6)
describes the population dynamics of the latently infected cells and show that they are converted to actively
infected cells with rate constant b. The parameters e and a are the death rate constants of the latently and
actively infected cells, respectively. The fractions (1 − α) where, 0 < α < 1 are the probabilities that upon
infection, an uninfected cell will become either latently infected or actively infected. Model (5)-(9) it have been
assumed that, the HIV has one class of target cells, CD4+T cells. However, Perelson et al. in [25] have shown
that, HIV infects the macrophages in addition to the CD4+T cells. Recently, many efforts have been devoted
to study various mathematical models of HIV dynamics with two classes of target cells (see e.g. [3]).

Our primary goal of the present paper is to propose the global stability analysis of three viral infection
models with two types of target cells, CD4+T cells and macrophages taking into consideration the latently,
actively infected cells and antibody immune response. The infection rate is represented by bilinear incidence
and saturated incidence in the first and the second models, respectively, while it is given by a general function
in the third one. The global stability of the three models is established using Lyapunov functionals.

2 HIV model with bilinear incidence rate

In this section, we introduce an HIV dynamics model which describes two cocirculation populations of target
cells, CD4+ T cells and macrophages and takes into account the antibody immune response. We consider two
types of infected cells, the latently infected and actively infected cells.

ẋi = λi − dixi − βixiv, i = 1, 2, (10)

ẇi = (1− αi)βixiv − (ei + bi)wi, i = 1, 2, (11)

ẏi = αiβixiv + biwi − aiyi, i = 1, 2, (12)

v̇ =
2∑

i=1

kiyi − cv − rvz, (13)

ż = gvz − µz. (14)
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Here i = 1, 2 correspond to the CD4+ T cells and macrophages and β1 = (1 − ε)β̄1, β2 = (1 − εf)β̄2. The
model incorporates RTI drug therapy where in the CD4+T cells, the drug efficacy is ε and 0 6 ε < 1, while in
the macrophages the drug efficacy εf is reduced by a factor f and 0 < f < 1. All the parameters and variables
of the model have the same meanings as given in (5)-(9).

2.1 Properties of solutions

One can easily show that the non-negative orthant R8 ≥ 0 by model (10)-(14).
Proposition 1. There exist positive numbers Lj , j = 1, 2, 3, 4 such that the compact set Ω ={

(xi, wi, yi, v, z) ∈ R8 ≥ 0 : 0 ≤ xi, wi, yi ≤ Li, 0 ≤ v ≤ L3, 0 ≤ z ≤ L4, i = 1, 2
}

is positively invariant.
Proof. To show the boundedness of the solutions of system (10)-(14) we let Ti(t) = xi(t) + wi(t) + yi(t),

then
Ṫi(t) = λi − dixi(t)− eiwi(t)− aiyi(t) ≤ λi − ρiTi(t),

where ρi = min{di, ai, ei}, i = 1, 2. Hence Ti(t) ≤ Li, if Ti(0) ≤ Li, where Li =
λi

ρi
. Since xi(t), wi(t) and y(t)

are all non-negative, then 0 ≤ xi(t), wi(t), yi(t) ≤ Li, for all t ≥ 0, if 0 ≤ xi(0) + wi(0) + yi(0) ≤ Li, i = 1, 2.
On the other hand, let G(t) = v(t) +

r

g
z(t), then

Ġ(t) =
2∑

i=1

kiyi − cv − rµ

g
z ≤

2∑

i=1

kiLi − δ

(
v +

r

g
z

)
=

2∑

i=1

kiLi − δG(t),

where δ = min{c, µ}. Hence G(t) ≤ L3, if G(0) ≤ L3, where L3 =
1
δ

2∑
i=1

kiLi. Since v(t) ≥ 0 and z(t) ≥ 0, then

0 ≤ v(t) ≤ L3 and 0 ≤ z(t) ≤ L4 if 0 ≤ v(0) +
r

g
z(0) ≤ L3, where L4 =

gL3

r
.

2.2 Equilibria and biological thresholds

Let
◦
Ω be the interior of Ω.
Lemma 1. For system (10)-(14) we have (i) There exist only one uninfected equilibrium E0 =

(x0
1, x

0
2, 0, 0, 0, 0, 0, 0) ∈ Ω, when R0 ≤ 1.

(ii) There exist E0 and a chronic-infection equilibrium without antibody immune response E1 =
(x̃1, x̃2, w̃1, w̃2, ỹ1, ỹ2, ṽ, 0, ) ∈ Ω, when R1 ≤ 1 < R0.

(iii) There exist E0, E1 and a chronic-infection equilibrium with antibody immune response E2 =
(x̄1, x̄2, w̄1, w̄2, ȳ1, ȳ2, v̄, z̄) ∈ Ω̊, when R1 > 1.

Proof. The equilibria of (10)-(14) satisfy the following equations:

λi − dixi − βixiv = 0, (15)

(1− αi)βixiv − (ei + bi)wi = 0, (16)

αiβixiv + biwi − aiyi = 0, (17)
2∑

i=1

kiyi − cv − rvz = 0, (18)

gvz − µz = 0. (19)

Eq. (19) has two possible solutions z = 0 or v =
µ

g
. If z = 0, then from Eqs.(15)-(17) we get

xi =
x0

i

(1 + ηiv)
, wi =

(1− αi)βix
0
i

(ei + bi)(1 + ηiv)
v, yi =

(eiαi + bi)βix
0
i

ai(ei + bi)(1 + ηiv)
v, (20)

where x0
i =

λi

di
, ηi =

βi

di
, i = 1, 2. From Eq. (18) we obtain

(
2∑

i=1

(eiαi + bi)kiβix
0
i

aic(ei + bi)(1 + ηiv)
− 1

)
cv = 0. (21)
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We note that v = 0 is a solution for Eq. (21) which leads to the disease-free equilibrium E0 =
(x0

1, x
0
2, 0, 0, 0, 0, 0, 0). If v 6= 0, we have

2∑

i=1

Φi

1 + ηiv
= 1. (22)

where Φi =
(eiαi + bi)kiβix

0
i

aic(ei + bi)
. Equation (22) can be written as:

Av2 + Bv − C = 0, (23)

where
A = η1η2, B = η1Φ1 + η2Φ2 + (1− Φ1 − Φ2)(η1 + η2), C = Φ1 + Φ2 − 1

The solutions of Eq. (23) is given by

v± =
−B ±√B2 + 4AC

2A
.

We have A > 0, therefore if C > 0, then v+ > 0 and v− < 0. Let ṽ = v+, then from Eq. (20) we get

x̃i =
x0

i

1 + ηiṽ
, w̃i =

(1− αi)βix
0
i

(ei + bi)(1 + ηiṽ)
ṽ, ỹi =

(eiαi + bi)βix
0
i

ai(ei + bi)(1 + ηiṽ)
ṽ, i = 1, 2. (24)

Therefore, a chronic-infection equilibrium without antibody immune response E1 = (x̃1, x̃2, w̃1, w̃2, ỹ1, ỹ2, ṽ, 0)
exists when C > 0 or (Φ1 + Φ2 > 1). Now we are ready to define the basic infection reproduction number R0

as

R0 = Φ1 + Φ2 =
2∑

i=1

R0i =
2∑

i=1

kiβix
0
i (eiαi + bi)

aic(ei + bi)
.

If v =
µ

g
, then we obtain the chronic-infection equilibrium with antibody immune response E2 =

(x̄1, x̄2, w̄1, w̄2, ȳ1, ȳ2, v̄, z̄), where

x̄i =
gλi

gdi + µβi
, w̄i =

(1− αi)λiβiµ

(ei + bi)(gdi + µβi)
, ȳi =

(eiαi + bi)λiβiµ

ai(ei + bi)(gdi + µβi)
, i = 1, 2,

v̄ =
µ

g
, z̄ =

c

r

(
2∑

i=1

gkiβiλi(eiαi + bi)
aic(ei + bi)(gdi + µβi)

− 1

)
.

We note that E2 exists when
2∑

i=1

gkiβiλi(eiαi + bi)
aic(ei + bi)(gdi + µβi)

> 1. Let us define the antibody immune response

activation number as

R1 =
2∑

i=1

gkiβiλi(eiαi + bi)
aic(ei + bi)(gdi + µβi)

=
2∑

i=1

R0i

1 +
µβi

gdi

,

which determines whether or not a persistent antibody immune response can be established. Then we can write
z̄ =

c

r
(R1 − 1). Clearly R1 < R0.

Now, we show that E0, E1 ∈ Ω and E2 ∈ Ω̊. Clearly, E0 ∈ Ω. Let R0 > 1, then from Eq. (20) we have
x̃i < x0

i , then

0 < x̃i <
λi

di
≤ λi

ρi
= Li.

From Eqs. (10)-(12), we get
λi = dix̃i + eiw̃i + aiỹi.

Thus,

0 < w̃i <
λi

ei
≤ λi

ρi
= Li, 0 < ỹi <

λi

ai
≤ λi

ρi
= Li.
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Also, ṽ =
1
c

2∑
i=1

kiỹi <
1
c

2∑
i=1

kiLi ≤ 1
δ

2∑
i=1

kiLi = L3. Moreover, z̃ = 0, and then, E1 ∈ Ω. Let R1 > 1, then one

can show that 0 < x̄i < Li, 0 < w̄i < Li and 0 < ȳi < Li. Now we show that 0 < v̄ < L3 and 0 < z̄ < L4.

From Eq. (13), we have cv̄ + rv̄z̄ =
2∑

i=1

kiȳi. Then

cv̄ <
2∑

i=1

kiȳi ⇒ 0 < v̄ <
1
c

2∑

i=1

kiLi 6 1
δ

2∑

i=1

kiLi = L3,

rv̄z̄ <
2∑

i=1

kiȳi ⇒ 0 < z̄ <
g

rµ

2∑

i=1

kiȳi <
g

rδ

2∑

i=1

kiLi =
gL3

r
= L4.

It follows that, E2 ∈ Ω̊.

2.3 Global stability

Let us define the function F (s) = s− 1− ln s.
Theorem 1. The infection-free equilibrium E0 of system (10)-(14) is GAS when R0 ≤ 1.
Proof. Define a Lyapunov function W0 as follows:

W0 =
2∑

i=1

γi

[
x0

i F

(
xi

x0
i

)
+

bi

eiαi + bi
wi +

ei + bi

eiαi + bi
yi

]
+ v +

r

g
z, (25)

where γi =
ki(eiαi + bi)
ai(ei + bi)

, i = 1, 2. The time derivative of W0 along the trajectories of (10)-(14) satisfies

dW0

dt
=

2∑

i=1

γi

[(
1− x0

i

xi

)
(λi − dixi − βixiv) +

bi

eiαi + bi
((1− αi)βixiv − (ei + bi)wi)

+
ei + bi

eiαi + bi
(αiβixiv + biwi − aiyi)

]
+

2∑

i=1

kiyi − cv − rvz +
r

g
(gvz − µz). (26)

Collecting terms of Eq. (26) we get

dW0

dt
=

2∑

i=1

γi

[
di

(
1− x0

i

xi

)
(x0

i − xi) + βix
0
i v

]
−cv − rµ

g
z

= −
2∑

i=1

γidi
(xi − x0

i )
2

xi
+

2∑

i=1

ki(eiαi + bi)
ai(ei + bi)

βix
0
i v − cv − rµ

g
z

= −
2∑

i=1

γidi
(xi − x0

i )
2

xi
+

(
2∑

i=1

kiβix
0
i (eiαi + bi)

aic(ei + bi)
− 1

)
cv − rµ

g
z

= −
2∑

i=1

γidi
(xi − x0

i )
2

xi
+ (R0 − 1)cv − rµ

g
z. (27)

If R0 ≤ 1 then dW0
dt ≤ 0 for all xi, v, z > 0. Thus, the solutions of system (10)-(14) converge to Ω, the largest

invariant subset of
{

dW0
dt = 0

}
[27]. Clearly, it follows from Eq. (26) that dW0

dt = 0 if and only if xi = x0
i , v = 0

and z = 0. The set Ω is invariant and for any element belongs to Ω satisfies v = 0 and z = 0, then v̇ = 0. We

can see from Eq. (13) that 0 = v̇ =
2∑

i=1

kiyi, and thus yi = 0. Moreover, from Eq. (12) we get wi = 0. Hence

dW0
dt = 0 occurs at E0. From LaSalle’s invariance principle, E0 is GAS.

Theorem 2. The chronic-infection equilibrium without antibody immune response E1 of system (10)-(14)
is GAS when R1 ≤ 1 < R0.
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Proof. We construct the following Lyapunov function

W1 =
2∑

i=1

γi

[
x̃iF (

xi

x̃i
) +

bi

eiαi + bi
w̃iF

(
wi

w̃i

)
+

ei + bi

eiαi + bi
ỹiF

(
yi

ỹi

) ]
+ṽF

(v

ṽ

)
+

r

g
z.

Calculating
dW1

dt
along the trajectories of (10)-(14) we get

dW1

dt
=

2∑

i=1

γi

[ (
1− x̃i

xi

)
(λi − dixi − βixiv) +

bi

eiαi + bi

(
1− w̃i

wi

)
((1− αi)βixiv − (ei + bi)wi)

+
ei + bi

eiαi + bi

(
1− ỹi

yi

)
(αiβixiv + biwi − aiyi)

]
+

(
1− ṽ

v

) (
2∑

i=1

kiyi − cv − rvz

)
+

r

g
(gvz − µz) . (28)

Collecting terms of Eq. (28) we get

dW1

dt
=

2∑

i=1

γi

[ (
1− x̃i

xi

)
(λi − dixi) + βix̃iv − bi(1− αi)

eiαi + bi

βixivw̃i

wi
+

ei + bi

eiαi + bi
biw̃i − αi (ei + bi)

eiαi + bi

βixivỹi

yi

− bi (ei + bi)
eiαi + bi

wiỹi

yi
+

ei + bi

eiαi + bi
aiỹi

]
− cv − ṽ

v

2∑

i=1

kiyi + cṽ + rṽz − rµ

g
z. (29)

Using the value of x̃i given in Eq. (24) we get
(

2∑
i=1

γiβix̃i − c

)
v = 0. Applying λi = dix̃i + βix̃iṽ, we obtain

dW1

dt
=

2∑

i=1

γi

[ (
1− x̃i

xi

)
(dix̃i − dixi) + βix̃iṽ

(
1− x̃i

xi

)
− bi(1− αi)

eiαi + bi

βixivw̃i

wi
+

ei + bi

eiαi + bi
biw̃i

− αi (ei + bi)
eiαi + bi

βixivỹi

yi
− bi (ei + bi)

eiαi + bi

wiỹi

yi
+

ei + bi

eiαi + bi
aiỹi

]
− ṽ

v

2∑

i=1

kiyi + cṽ + rṽz − rµ

g
z. (30)

Using the equilibrium condition for E1

(1− αi)βix̃iṽ = (ei + bi)w̃i, αiβix̃iṽ + biw̃i = aiỹi, cṽ =
2∑

i=1

kiỹi =
2∑

i=1

γiβix̃iṽ,

ei + bi

eiαi + bi
aiỹi = βix̃iṽ =

bi(1− αi)
eiαi + bi

βix̃iṽ +
(ei + bi)αi

eiαi + bi
βix̃iṽ.

we have

dW1

dt
=

2∑

i=1

γi

[
− di

(xi − x̃i)2

xi
+ βix̃iṽ

(
1− x̃i

xi

)(
bi(1− αi)
eiαi + bi

+
(ei + bi)αi

eiαi + bi

)
− bi(1− αi)

eiαi + bi
βix̃iṽ

xiw̃iv

x̃iwiṽ

+
bi(1− αi)
eiαi + bi

βix̃iṽ − (ei + bi)αi

eiαi + bi
βix̃iṽ

xiỹiv

x̃iyiṽ
− bi(1− αi)

eiαi + bi
βix̃iṽ

wiỹi

w̃iyi
+

bi(1− αi)
eiαi + bi

βix̃iṽ +
(ei + bi)αi

eiαi + bi
βix̃iṽ

−
(

bi(1− αi)
eiαi + bi

+
(ei + bi)αi

eiαi + bi

)
βix̃iṽ

yiṽ

ỹiv
+

(
bi(1− αi)
eiαi + bi

+
(ei + bi)αi

eiαi + bi

)
βix̃iṽ

]
+ (ṽ − v̄) rz.

=
2∑

i=1

γi

[
− di

(xi − x̃i)2

xi
+

bi(1− αi)
eiαi + bi

βix̃iṽ

(
4− x̃i

xi
− xiw̃iv

x̃iwiṽ
− yiṽ

ỹiv
− wiỹi

w̃iyi

)

+
(ei + bi)αi

eiαi + bi
βix̃iṽ

(
3− x̃i

xi
− yiṽ

ỹiv
− xiỹiv

x̃iyiṽ

) ]
+ (ṽ − v̄) rz. (31)

We have xi, wi, yi, v > 0 when R0 > 1. Since the geometrical mean is less than or equal to the arithmetical
mean, the second and the third terms are less than or equal to zero. Now we show that if R1 ≤ 1 then ṽ ≤ µ

g = v̄.
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Using the steady state conditions for E1 we have
2∑

i=1

kiβiλi(eiαi + bi)
aicdi(ei + bi)(1 + ηiṽ)

= 1, then

R1 − 1 =
2∑

i=1

gkiβiλi(eiαi + bi)
aic(ei + bi)(gdi + µβi)

−
2∑

i=1

kiβiλi(eiαi + bi)
aidic(ei + bi)(1 + ηiṽ)

=
2∑

i=1

kiβiλi(eiαi + bi)
aidic(ei + bi)(1 + ηiv̄)

−
2∑

i=1

kiβiλi(eiαi + bi)
aidic(ei + bi)(1 + ηiṽ)

= (ṽ − v̄)χ, (32)

where χ =
2∑

i=1

kiβiλiηi(eiαi + bi)
aidic(ei + bi)(1 + ηiv̄)(1 + ηiṽ)

. It follows that, if R1 ≤ 1 then dW1
dt ≤ 0 for all xi, wi, yi, v, z > 0.

Thus, the solutions of system (10)-(14) limit to Ω, the largest invariant subset of
{

dW1
dt = 0

}
[27]. It can be

seen that, dW1
dt = 0 occurs at E1. Applying LaSalle’s invariance principle we obtain that E1 is GAS.

Theorem 3. The chronic-infection equilibrium with antibody immune response E2 of system (10)-(14) is
GAS when R1 > 1.

Proof. Consider the following Lyapunov function

W2 =
2∑

i=1

γi

[
x̄iF (

xi

x̄i
) +

bi

eiαi + bi
w̄iF

(
wi

w̄i

)
+

ei + bi

eiαi + bi
ȳiF

(
yi

ȳi

) ]
+v̄F

(v

v̄

)
+

r

g
z̄F

(z

z̄

)
.

Calculating the derivative of W2 along the trajectories of (10)-(14) we get

dW2

dt
=

2∑

i=1

γi

[ (
1− x̄i

xi

)
(λi − dixi − βixiv) +

bi

eiαi + bi

(
1− w̄ı̄

wi

)
((1− αi)βixiv − (ei + bi)wi)

+
ei + bi

eiαi + bi

(
1− ȳi

yi

)
(αiβixiv + bwi − aiyi)

]
+

(
1− v̄

v

)
(

2∑

i=1

kiyi − cv − rvz) +
r

g

(
1− z̄

z

)
(gvz − µz) .

(33)

Collecting terms of Eq. (33) we get

dW2

dt
=

2∑

i=1

γi

[ (
1− x̄i

xi

)
(λi − dixi) + βix̄iv − bi(1− αi)

eiαi + bi

βixivw̄ı̄

wi
+

ei + bi

eiαi + bi
biw̄ı̄

− αi (ei + bi)
eiαi + bi

βixivȳi

yi
− bi (ei + bi)

eiαi + bi

wiȳi

yi
+

ei + bi

eiαi + bi
aiȳi

]
− cv − v̄

v

2∑

i=1

kiyi + cv̄ − rvz̄ +
rµ

g
z̄. (34)

Applying λi = dix̄i + βx̄iv̄ , we get

dW2

dt
=

2∑

i=1

γi

[ (
1− x̄i

xi

)
(dix̄i − dixi) + βix̄iv̄

(
1− x̄i

xi

)
+ βix̄iv − bi(1− αi)

eiαi + bi

βixivw̄ı̄

wi
+

ei + bi

eiαi + bi
biw̄ı̄

− αi (ei + bi)
eiαi + bi

βixivȳi

yi
− bi (ei + bi)

eiαi + bi

wiȳi

yi
+

ei + bi

eiαi + bi
aiȳi

]
− cv − v̄

v

2∑

i=1

kiyi + cv̄ − rvz̄ +
rµ

g
z̄. (35)

Using the equilibrium conditions for E2

(1− αi)βix̄iv̄ = (ei + bi)w̄i, αiβix̄iv̄ + biw̄i = aiȳi, cv̄ + rv̄z̄ =
2∑

i=1

kiȳi =
2∑

i=1

γiβix̄iv̄,

ei + bi

eiαi + bi
aiȳi = βix̄iv̄ =

bi(1− αi)
eiαi + bi

βix̄iv̄ +
(ei + bi)αi

(eiαi + bi)
βix̄iv̄,

2∑

i=1

γiβix̄iv̄ − cv̄ − rv̄z̄ = 0,
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we have

dW2

dt
=

2∑

i=1

γi

[
− di

(xi − x̄i)2

xi
+ βix̄iv̄

(
1− x̄i

xi

)(
bi(1− αi)
eiαi + bi

+
(ei + bi)αi

eiαi + bi

)
− bi(1− αi)

eiαi + bi
βix̄iv̄

xiw̄iv

x̄iwiv̄

+
bi(1− αi)
eiαi + bi

βix̄iv̄ − (ei + bi)αi

eiαi + bi
βix̄iv̄

xiȳiv

x̄iyiv̄
− bi(1− αi)

eiαi + bi
βix̄iv̄

wiȳi

w̄iyi
+

bi(1− αi)
eiαi + bi

βix̄iv̄ +
(ei + bi)αi

eiαi + bi
βix̄iv̄

−
(

bi(1− αi)
eiαi + bi

+
(ei + bi)αi

eiαi + bi

)
βix̄iv̄

yiv̄

ȳiv
+

(
bi(1− αi)
eiαi + bi

+
(ei + bi)αi

eiαi + bi

)
βix̄iv̄

]

=
2∑

i=1

γi

[
− di

(xi − x̄i)2

xi
+

bi(1− αi)
eiαi + bi

βix̄iv̄

[
4− x̄i

xi
− xiw̄iv

x̄iwiv̄
− yiv̄

ȳiv
− wiȳi

w̄iyi

]

+
(ei + bi)αi

(eiαi + bi)
βix̄iv̄

[
3− x̄i

xi
− yiv̄

ȳiv
− xiȳiv

x̄iyiv̄

] ]
.

Thus, if R1 > 1, then x̄i, w̄i, ȳi, v̄, z̄ > 0. Using the relation between arithmetical and geometrical means, we

get
dW2

dt
≤ 0. Clearly,

dW2

dt
= 0 if and only if xi = x̄i, wi = w̄i, yi = ȳi and v = v̄. If v = v̄, then v̇ = 0 and

from Eq. (13) we have 0 =
2∑

i=1

kiȳi − cv̄ − rv̄z̄, which give z = z̄. Therefore,
dW2

dt
equal to zero at E2. The

global stability of E2 follows from LaSalle’s invariance principle.

3 Model with saturation functional response

In this section, we modify model (10)-(14) by taking into account the saturation functional response as:

ẋi = λi − dixi − βixiv

1 + σiv
, i = 1, 2, (36)

ẇi =
(1− αi)βixiv

1 + σiv
− (ei + bi)wi, i = 1, 2, (37)

ẏi =
αiβixiv

1 + σiv
+ biwi − aiyi, i = 1, 2, (38)

v̇ =
2∑

i=1

kiyi − cv − rvz, (39)

ż = gvz − µz, (40)

where σi > 0, i = 1, 2, is the saturation constant, and all the variables and parameters of the model have the
same definition as given in (10)-(14). We mention that the compact set Ω given in Section 2 is also positively
invariant with respect to system (36)-(40).

3.1 Equilibria

Lemma 2. For system (36)-(40) we have (i) There exist only one uninfected equilibrium E0 =
(x0

1, x
0
2, 0, 0, 0, 0, 0, 0) ∈ Ω, when R0 ≤ 1.

(ii) There exist E0 and a chronic-infection equilibrium without antibody immune response E1 =
(x̃1, x̃2, w̃1, w̃2, ỹ1, ỹ2, ṽ, 0, ) ∈ Ω, when R1 ≤ 1 < R0.

(iii) There exist E0, E1 and a chronic-infection equilibrium with antibody immune response E2 =
(x̄1, x̄2, w̄1, w̄2, ȳ1, ȳ2, v̄, z̄) ∈ Ω̊, when R1 > 1.

Proof. We let the right-hand side of Eqs.(36)-(40) equal zero, then we obtain the following:
Eq. (40) has two possible solutions z = 0 or v =

µ

g
.

If z = 0, then from Eqs.(36)-(38) we have

xi =
x0

i (1 + σiv)
(1 + ξiv)

, wi =
(1− αi)βix

0
i

(ei + bi)(1 + ξiv)
v, yi =

(eiαi + bi)βix
0
i

ai(ei + bi)(1 + ξiv)
v, (41)
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where x0
i =

λi

di
, ξi = σi +

βi

di
, i = 1, 2. From Eq. (39) we find

(
2∑

i=1

(eiαi + bi)kiβix
0
i

aic(ei + bi)(1 + ξiv)
− 1

)
cv = 0. (42)

Eq. (42) has also two possible solutions v = 0 or
2∑

i=1

(eiαi + bi)kiβix
0
i

aic(ei + bi)(1 + ξiv)
− 1 = 0.

If v = 0, then substituting it in Eq. (41) we get the disease-free equilibrium E0 = (x0
1, x

0
2, 0, 0, 0, 0, 0, 0).

If v 6= 0, we have
2∑

i=1

Ψi

(1 + ξiv)
= 1. (43)

where Ψi =
(eiαi + bi)kiβix

0
i

aic(ei + bi)
. Eq. (43) can be written as:

A1v
2 + B1v − C1 = 0 (44)

where
A1 = ξ1ξ2, B1 = ξ1Ψ1 + ξ2Ψ2 + (1−Ψ1 −Ψ2)(ξ1 + ξ2), C1 = Ψ1 + Ψ2 − 1

The solutions of Eq. (23) is given by:

v± =
−B1 ±

√
B2

1 + 4A1C1

2A
.

We have A1 > 0, therefore v+ > 0 and v− < 0 when C1 > 0. Let ṽ = v+, then from Eq. (41) we get

x̃i =
x0

i (1 + σiṽ)
(1 + ξiṽ)

> 0, w̃i =
(1− αi)βix

0
i

(ei + bi)(1 + ξiṽ)
ṽ > 0, ỹi =

(eiαi + bi)βix
0
i

ai(ei + bi)(1 + ξiṽ)
ṽ > 0, i = 1, 2.

Therefore, an endemic equilibrium E1 = (x̃1, x̃2, w̃1, w̃2, ỹ1, ỹ2, ṽ, 0, ) exists when C1 > 0 or (Ψ1 + Ψ2 > 1).
Now we are ready to define the basic reproduction number R0 as

R0 =
2∑

i=1

R0i =
2∑

i=1

Ψi =
2∑

i=1

(eiαi + bi)kiβix
0
i

aic(ei + bi)
.

If v =
µ

g
, then we obtain the chronic-infection equilibrium with antibody immune response E2 =

(x̄1, x̄2, w̄1, w̄2, ȳ1, ȳ2, v̄, z̄), where

x̄i =
(g + µσi)x0

i

g + µξi
, w̄i =

(1− αi)βiµx0
i

(ei + bi)(g + µξi)
, ȳi =

(eiαi + bi)βiµx0
i

ai(ei + bi)(g + µξi)
, i = 1, 2,

v̄ =
µ

g
, z̄ =

c

r

(
2∑

i=1

(eiαi + bi)kiβigx0
i

aic(ei + bi)(g + µξi)
− 1

)
.

We note that E2 exists when
2∑

i=1

(eiαi + bi)kiβigx0
i

aic(ei + bi)(g + µξi)
> 1. This equilibrium represents the state that both the

viruses and antibodies are present. Let us define the antibody immune response activation number as

R1 =
2∑

i=1

(eiαi + bi)kiβigx0
i

aic(ei + bi)(g + µξi)
=

2∑

i=1

R0i(
1 +

µ

g
ξi

) ,

which determines whether a persistent antibody immune response can be established. Then we can write
z̄ =

c

r
(R1 − 1). Clearly R1 < R0. Similar to Section 2.2, one can show that, E0, E1 ∈ Ω and E2 ∈ Ω̊
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3.2 Global stability

Theorem 4. The disease-free equilibrium E0 of system (36)-(40) is GAS when R0 ≤ 1.
Proof. We define a Lyapunov function W0 as:

W0 =
2∑

i=1

γi

[
x0

i F

(
xi

x0
i

)
+

bi

eiαi + bi
wi +

ei + bi

eiαi + bi
yi

]
+ v +

r

g
z. (45)

We calculate
dW0

dt
along the trajectories of (36)-(40)

dW0

dt
=

2∑

i=1

γi

[ (
1− x0

i

xi

)(
λi − dixi − βixiv

1 + σiv

)
+

bi

eiαi + bi

(
(1− αi)βixiv

1 + σiv
− (ei + bi)wi

)

+
ei + bi

eiαi + bi

(
αiβixiv

1 + σiv
+ biwi − aiyi

)]
+

2∑

i=1

kiyi − cv − rvz +
r

g
(gvz − µz). (46)

Collecting terms of Eq. (46) we get

dW0

dt
=

2∑

i=1

γi

[
di

(
1− x0

i

xi

)
(x0

i − xi) +
βix

0
i v

1 + σiv

]
− cv − rµ

g
z

= −
2∑

i=1

γidi
(xi − x0

i )
2

xi
+

2∑

i=1

(eiαi + bi)kiβix
0
i

ai(ei + bi)(1 + σiv)
v − cv − rµ

g
z

= −
2∑

i=1

γidi
(xi − x0

i )
2

xi
+

(
2∑

i=1

R0i

(1 + σiv)
− 1

)
cv − rµ

g
z

= −
2∑

i=1

γidi
(xi − x0

i )
2

xi
+ (R0 − 1)cv −

2∑

i=1

cσiR0iv
2

(1 + σiv)
− rµ

g
z. (47)

If R0 ≤ 1 then dW0
dt ≤ 0 for all xi, v, z > 0. Similar to the proof of Theorem 1, one can easily show that dW0

dt = 0
at E0. Then using LaSalle’s invariance principle, we can show the global stability of E0.

Next, we show that the endemic equilibrium E1 is GAS.
Theorem 5. The chronic-infection equilibrium without antibody immune response E1 of system (36)-(40)

is GAS when R1 ≤ 1 < R0.
Proof. We consider the following Lyapunov function

W1 =
2∑

i=1

γi

[
x̃iF

(
xi

x̃i

)
+

bi

eiαi + bi
w̃iF

(
wi

w̃i

)
+

ei + bi

eiαi + bi
ỹiF

(
yi

ỹi

) ]
+ṽF

(v

ṽ

)
+

r

g
z.

Calculating
dW1

dt
along the solutions of (36)-(40) we get

dW1

dt
=

2∑

i=1

γi

[(
1− x̃i

xi

)(
λi − dixi − βixiv

1 + σiv

)
+

bi

eiαi + bi

(
1− w̃i

wi

) (
(1− αi)βixiv

1 + σiv
− (ei + bi)wi

)

+
ei + bi

eiαi + bi

(
1− ỹi

yi

)(
αiβixiv

1 + σiv
+ biwi − aiyi

) ]
+

(
1− ṽ

v

)
(

2∑

i=1

kiyi − cv − rvz) +
r

g
(gvz − µz) . (48)

Collecting terms of Eq. (48) we have:

dW1

dt
=

2∑

i=1

γi

[ (
1− x̃i

xi

)
(λi − dixi) +

βix̃iv

1 + σiv
+

bi

eiαi + bi

(
− (1− αi)βixivw̃i

(1 + σiv)wi
+ (ei + bi)w̃i

)

+
ei + bi

eiαi + bi

(
− αiβixivỹi

(1 + σiv)yi
+

biwiỹi

yi
+ aiỹi

) ]
− cv − ṽ

v

2∑

i=1

kiyi + cṽ + rṽz − µr

g
z.
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Using the equilibrium condition for E1:

λi = dix̃i +
βx̃iṽ

1 + σiṽ
,

(1− αi)βix̃iṽ

1 + σiṽ
= (ei + bi)w̃i, aiỹi =

αiβix̃iṽ

1 + σiṽ
+ biw̃i =

eiαi + bi

ei + bi

βix̃iṽ

1 + σiṽ
,

cṽ =
2∑

i=1

kiỹi =
2∑

i=1

γi
βix̃iṽ

1 + σiṽ
,

ṽ

v

2∑

i=1

kiyi =
2∑

i=1

γi
βix̃iṽ

1 + σiṽ

yiṽ

ỹiv
, cv =

v

ṽ

2∑

i=1

γi
βix̃iṽ

1 + σiṽ
,

βix̃iṽ

1 + σiṽ
=

bi(1− αi)
(eiαi + bi)

βix̃iṽ

(1 + σiṽ)
+

(ei + bi)αi

(eiαi + bi)
βix̃iṽ

(1 + σiṽ)
,

we obtain

dW1

dt
=

2∑

i=1

γi

[ (
1− x̃i

xi

)(
dix̃i +

βix̃iṽ

1 + σiṽ
− dixi

)
+

βix̃iv

1 + σiv
+

bi

eiαi + bi

(
− (1− αi)βixivw̃i

(1 + σiv)wi
+

(1− αi)βix̃iṽ

1 + σiṽ

)

+
ei + bi

eiαi + bi

(
− αiβixivỹi

(1 + σiv)yi
+

biwiỹiw̃i

yiw̃i
+

eiαi + bi

ei + bi

βix̃iṽ

1 + σiṽ

)
− yiv

ỹiṽ

βix̃iṽ

1 + σiṽ
− v

ṽ

βix̃iṽ

1 + σiṽ
+

βix̃iṽ

1 + σiṽ

]
+ rṽz − µr

g
z.

=
2∑

i=1

γi

[
− di

(xi − x̃i)2

xi
+

βix̃iṽ

1 + σiṽ

(
−1 +

v(1 + σiṽ)
ṽ(1 + σiv)

− v

ṽ
+

1 + σiv

1 + σiṽ

)

+
bi(1− αi)
(eiαi + bi)

βix̃iṽ

(1 + σiṽ)

(
5− x̃i

xi
− xiw̃iv(1 + σiṽ)

x̃iwiṽ(1 + σiv)
− yiṽ

ỹiv
− wiỹi

w̃iyi
− 1 + σiv

1 + σiṽ

)

+
(ei + bi)αi

(eiαi + bi)
βix̃iṽ

(1 + σiṽ)

(
4− x̃i

xi
− xiỹiv(1 + σiṽ)

x̃iyiṽ(1 + σiv)
− yiṽ

ỹiv
− 1 + σiv

1 + σiṽ

) ]
+

(
ṽ − µ

g

)
rz

=
2∑

i=1

γi

[
−di

(xi − x̃i)2

xi
− βix̃iṽ

(1 + σiṽ)
σi(v − ṽ)2

(1 + σiv)(1 + σiṽ)ṽ

+
bi(1− αi)
(eiαi + bi)

βix̃iṽ

(1 + σiṽ)

(
5− x̃i

xi
− xiw̃iv(1 + σiṽ)

x̃iwiṽ(1 + σiv)
− yiṽ

ỹiv
− wiỹi

w̃iyi
− 1 + σiv

1 + σiṽ

)

+
(ei + bi)αi

(eiαi + bi)
βix̃iṽ

(1 + σiṽ)

(
4− x̃i

xi
− xiỹiv(1 + σiṽ)

x̃iyiṽ(1 + σiv)
− yiṽ

ỹiv
− 1 + σiv

1 + σiṽ

)]
+

(
ṽ − µ

g

)
rz. (49)

As the same proof of Eq. (32) we can show that (ṽ − v̄) = 1
ω (R1 − 1), where ω =

2∑
i=1

kiβiλiξi(eiαi + bi)
aidic(ei + bi)(1 + ξiv̄)(1 + ξiṽ)

. So, if R1 ≤ 1 then ṽ ≤ µ
g = v̄. We have xi, wi, yi, v > 0 when R0 > 1.

Since the geometrical mean is less than or equal to the arithmetical mean, then the third and fourth terms of
Eq. (49) are less than or equal zero, then if R1 ≤ 1 then dW1

dt ≤ 0 for all xi, wi, yi, v, z > 0. Clearly, dW1
dt = 0

occurs at E1. LaSalle’s invariance principle implies global stability of E1.
Theorem 6. The chronic-infection equilibrium with antibody immune response E2 of system (36)-(40) is

GAS when R1 > 1.
Proof. Define Lyapunov function W2 as:

W2 =
2∑

i=1

γi

[
x̄iF

(
xi

x̄i

)
+

bi

eiαi + bi
w̄iF

(
wi

w̄i

)
+

ei + bi

eiαi + bi
ȳiF

(
yi

ȳi

) ]
+ v̄F

(v

v̄

)
+

r

g
z̄F

(z

z̄

)
.

The time derivative of W2 along the trajectories of (36)-(40) is given by

dW2

dt
=

2∑

i=1

γi

[ (
1− x̄i

xi

)(
λi − dixi − βixiv

1 + σiv

)
+

bi

eiαi + bi

(
1− w̄ı̄

wi

) (
(1− αi)βixiv

1 + σiv
− (ei + bi)wi

)

+
ei + bi

eiαi + bi

(
1− ȳi

yi

)(
αiβixiv

1 + σiv
+ bwi − aiyi

) ]
+

(
1− v̄

v

) (
2∑

i=1

kiyi − cv − rvz

)
+

r

g

(
1− z̄

z

)
(gvz − µz) .

(50)

Collecting terms of Eq. (50) and using the equilibrium condition for E2

λi = dix̄i +
βx̄iv̄

1 + σiv̄
,

(1− αi)βix̄iv̄

1 + σiv̄
= (ei + bi)w̄i,

αiβix̄iv̄

1 + σiv̄
+ biw̄i = aiȳi, cv̄ + rv̄z̄ =

2∑

i=1

kiȳi,
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ei + bi

eiαi + bi
aiȳi =

βix̄iv̄

1 + σiv̄
=

bi(1− αi)
(eiαi + bi)

βix̄iv̄

(1 + σiv̄)
+

(ei + bi)αi

(eiαi + bi)
βix̄iv̄

(1 + σiv̄)
Eq. (50) becomes

dW2

dt
=

2∑

i=1

γi

[
− di

(xi − x̄i)2

xi
− βix̄iv̄

(1 + σiv̄)
σi(v − v̄)2

v̄(1 + σiv)(1 + σiv̄)

+
bi(1− αi)
(eiαi + bi)

βix̄iv̄

(1 + σiv̄)

(
5− x̄i

xi
− xiw̄iv(1 + σiv̄)

x̄iwiv̄(1 + σiv)
− yiv̄

ȳiv
− wiȳi

w̄iyi
− 1 + σiv

1 + σiv̄

)

+
(ei + bi)αi

(eiαi + bi)
βix̄iv̄

(1 + σiv̄)

(
4− x̄i

xi
− xiȳiv(1 + σiv̄)

x̄iyiv̄(1 + σiv)
− yiv̄

ȳiv
− 1 + σiv

1 + σiv̄

) ]

Thus, if R1 > 1 then xi, wi, yi, v and z > 0. Similar to the proof of Theorem 3, one can show that E2 is GAS.

4 Model with general incidence rate

In this section, we propose a viral infection model with latently infected cells and antibody immune response.
The incidence rate of infection is represented by a general function of the populations of the uninfected target
cells and free viruses.

ẋi = λi − dixi − fi(xi, v), i = 1, 2, (51)

ẇi = (1− αi)fi(xi, v)− (ei + bi)wi, i = 1, 2, (52)

ẏi = αifi(xi, v) + biwi − aiyi, i = 1, 2, (53)

v̇ =
2∑

i=1

kiyi − cv − rvz, (54)

ż = gvz − µz, (55)

where the function fi(xi, v) represents the rate of the uninfected target cells to be infected by the viruses.
Assumption A1 For i = 1, 2, function fi satisfies:
(i) fi(xi, v) is positive, continuous, and differentiable,

(ii)
∂fi(xi, v)

∂v
> 0 and

∂fi(xi, v)
∂xi

> 0 for any xi,v > 0. Furthermore,
∂fi(xi, 0)

∂v
> 0 for any xi > 0,

(iii) fi(xi, 0) = fi(0, v) = 0, for all xi > 0 and v > 0.
Assumption A2 For i = 1, 2, function fi satisfies:

(i) fi(xi, v) ≤ v
∂fi(xi, 0)

∂v
, for all v > 0.

(ii) d
dxi

(
∂fi(xi, 0)

∂v

)
> 0

4.1 Equilibria and biological thresholds

We define the basic infection reproduction number of system (51)-(55) as:

R0 =
2∑

i=1

ki(eiαi + bi)
aic(ei + bi)

∂fi(x0
i , 0)

∂v
.

The equilibria of (51)-(55) satisfy the following equations:

λi − dixi − fi(xi, v) = 0, (56)

(1− αi)fi(xi, v)− (ei + bi)wi = 0, (57)

αifi(xi, v) + biwi − aiyi = 0, (58)
2∑

i=1

kiyi − cv − rvz = 0, (59)

(gv − µ)z = 0. (60)

12



Equation (60) has two possible solutions, z = 0 or v = µ/g. When z = 0, we obtain two equilibria, the infection-

free equilibrium E0 = (x0
1, x

0
2, 0, 0, 0, 0, 0, 0), where x0

i =
λi

di
, i = 1, 2 and the infected steady state without

antibody immune response E1 = (x̃1, x̃2, w̃1, w̃2, ỹ1, ỹ2, ṽ, 0, ), where the coordinates satisfy the equalities:

λi = dix̃i + fi(x̃i, ṽ), (1− αi)fi(x̃i, ṽ) = (ei + bi)w̃i, αifi(x̃i, ṽ) + biw̃i = aiỹi,
2∑

i=1

kiỹi = cṽ. (61)

The other possibility of Eq. (60) z 6= 0 leads to v̄ =
µ

g
. Substitute the value of v̄ in Eq. (56) and let

Π(xi) = λi − dixi − fi(xi, v̄) = 0.

According to Assumptions A1, Π is a strictly decreasing function of xi. Besides, Π(0) = λi > 0 and Π(x0
i ) =

−fi(x0
i , v̄) < 0. Thus, there exists a unique x̄i ∈ (0, x0

i ) such that Π(x̄i) = 0. From Eqs. (57)-(59) we have

w̄i =
(1− αi)fi(x̄i, v̄)

(ei + bi)
, ȳi =

(eiαi + bi)fi(x̄i, v̄)
ai(ei + bi)

, z̄ =
c

r

[
2∑

i=1

ki(eiαi + bi)fi(x̄i, v̄)
aic(ei + bi)v̄

− 1

]
.

Thus w̄i > 0 and ȳi > 0, moreover, z̄ > 0 when
2∑

i=1

ki(eiαi + bi)fi(x̄i, v̄)
aic(ei + bi)v̄

> 1. Now we define the antibody

immune response activation number as:

R1 =
2∑

i=1

ki(eiαi + bi)fi(x̄i, v̄)
aic(ei + bi)v̄

.

Hence, z̄ can be rewritten as z̄ = c
r (R1 − 1). It follows that, there exists a chronic-infection equilibrium with

antibody immune response E2 = (x̄1, w̄1, ȳ1, x̄2, w̄2, ȳ2, v̄, z̄) when R1 > 1. Clearly from Assumptions A1 and
A2, we have

R1 =
2∑

i=1

ki(eiαi + bi)fi(x̄i, v̄)
aic(ei + bi)v̄

<
2∑

i=1

ki(eiαi + bi)
aic(ei + bi)v̄

∂fi(x̄i, 0)
∂v̄

v̄ <
2∑

i=1

ki(eiαi + bi)
aic(ei + bi)

∂fi(x0
i , 0)

∂v
= R0.

5 Global stability analysis

Theorem 7. Let Assumptions A1-A2 be hold true and R0 ≤ 1, then the infection-free equilibrium E0 for
system (51)-(55) is GAS.

Proof. Define a Lyapunov functional W0 as follows:

W0 =
2∑

i=1

γi


xi − x0

i −
xi∫

x0
i

lim
v→0+

fi(x0
i , v)

fi(si, v)
dsi +

bi

eiαi + bi
wi +

ei + bi

eiαi + bi
yi


 + v +

r

g
z.

Calculating
dW0

dt
along the trajectories of (51)-(55) as:

dW0

dt
=

2∑

i=1

γi

[ (
1− lim

v→0+

fi(x0
i , v)

fi(xi, v)

)
(λi − dixi − fi(xi, v)) +

bi

eiαi + bi
((1− αi)fi(xi, v)− (ei + bi)wi)

+
ei + bi

eiαi + bi
(αifi(xi, v) + biwi − aiyi)

]
+

2∑

i=1

kiyi − cv − rvz +
r

g
(gvz − µz)

=
2∑

i=1

γiλi

(
1− ∂fi(x0

i , 0)/∂v

∂fi(xi, 0)/∂v

)(
1− xi

x0
i

)
+ (R0 − 1) cv − rµ

g
z. (62)

Based on Assumption A2, the first term of Eq. (62) is less than or equal zero. Therefore if R0 ≤ 1, then
dW0
dt ≤ 0 for all xi, v, z > 0. Similar to the previous sections, one can show that E0 is GAS.
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Now we need to the following Assumption to proof that, E1 and E2 for the system (51)-(55) are GAS.
Assumption A3 Function fi(xi, v) satisfies the following:

(
fi(xi, v)
fi(xi, ṽ)

− v

ṽ

)(
1− fi(xi, ṽ)

fi(xi, v)

)
≤ 0,

(
fi(xi, v)
fi(xi, v̄)

− v

v̄

) (
1− fi(xi, v̄)

fi(xi, v)

)
≤ 0, xi, v > 0,

Theorem 8. Suppose that Assumptions A1-A3 are satisfied, E1 exists and R1 ≤ 1, then E1 for system (51)-(55)
is GAS.

Proof. We construct the following Lyapunov functional

W1 =
2∑

i=1

γi

[
xi − x̃i −

xi∫

x̃i

fi(x̃i, ṽ)
fi(si, ṽ)

dsi +
bi

eiαi + bi
w̃iF

(
wi

w̃i

)
+

ei + bi

eiαi + bi
ỹiF

(
yi

ỹi

) ]
+ṽF

(v

ṽ

)
+

r

g
z.

The time derivative of W1 along the trajectories of (51)-(55) is given by

dW1

dt
=

2∑

i=1

γi

[ (
1− fi(x̃i, ṽ)

fi(xi, ṽ)

)
(λi − dixi − fi(xi, v)) +

bi

eiαi + bi

(
1− w̃i

wi

)
((1− αi)fi(xi, v)− (ei + bi)wi)

+
ei + bi

eiαi + bi

(
1− ỹi

yi

)
(αifi(xi, v) + biwi − aiyi)

]
+

(
1− ṽ

v

)
(

(
2∑

i=1

kiyi − cv − rvz

)
+

r

g
(gvz − µz) .

(63)

Collecting terms of Eq. (63) we get

dW1

dt
=

2∑

i=1

γi

[ (
1− fi(x̃i, ṽ)

fi(xi, ṽ)

)
(λi − dixi) + fi(xi, v)

fi(x̃i, ṽ)
fi(xi, ṽ)

− bi(1− αi)
eiαi + bi

fi(xi, v)
w̃i

wi

+
(ei + bi)
eiαi + bi

biw̃i − (ei + bi)αi

eiαi + bi
fi(xi, v)

ỹi

yi
− (ei + bi)biwi

eiαi + bi

ỹi

yi
− ei + bi

eiαi + bi
aiỹi

]

− cv −
2∑

i=1

kiyi
ṽ

v
+ cṽ + rṽz − rµ

g
z.

Using the equilibrium condition for E1:

λi = dix̃i + fi(x̃i, ṽ), (1− αi)fi(x̃i, ṽ) = (ei + bi)w̃i, aiỹi = αifi(x̃i, ṽ) + biw̃i, cv =
v

ṽ

2∑

i=1

γifi(x̃i, ṽ),

cṽ =
2∑

i=1

kiỹi =
2∑

i=1

γifi(x̃i, ṽ),
ei + bi

eiαi + bi
aiỹi = fi(x̃i, ṽ) =

bi(1− αi)
(eiαi + bi)

fi(x̃i, ṽ) +
(ei + bi)αi

(eiαi + bi)
fi(x̃i, ṽ),

we obtain

dW1

dt
=

2∑

i=1

γi

[
dix̃i

(
1− fi(x̃i, ṽ)

fi(xi, ṽ)

) (
1− xi

x̃i

)
+

(
1− fi(xi, ṽ)

fi(xi, v)

)(
fi(xi, v)
fi(xi, ṽ)

− v

ṽ

)

+
bi(1− αi)
(eiαi + bi)

fi(x̃i, ṽ)
(

5− fi(x̃i, ṽ)
fi(xi, ṽ)

− w̃ifi(xi, v)
wifi(x̃i, ṽ)

− wiỹi

w̃iyi
− yiṽ

ỹiv
− vfi(xi, ṽ)

ṽfi(xi, v)

)

+
(ei + bi)αi

(eiαi + bi)
fi(x̃i, ṽ)

(
4− fi(x̃i, ṽ)

fi(xi, ṽ)
− ỹifi(xi, v)

yifi(x̃i, ṽ)
− yiṽ

ỹiv
− vfi(xi, ṽ)

ṽfi(xi, v)

) ]
+ r

(
ṽ − µ

g

)
z. (64)

From Assumptions A1 and A3, we get that the first and second terms of Eq. (64) are less than or equal
zero. Because the geometrical mean is less than or equal to the arithmetical mean, then the third and fourth
terms of Eq. (64) are less than or equal zero. Now we show that if R1 ≤ 1 then ṽ ≤ µ

r = v̄. This can be
achieved if we show that

sgn (x̄i − x̃i) = sgn (ṽ − v̄) = sgn (R1 − 1) .
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Applying Assumptions A1-A2, we have

(fi(x̄i, ṽ)− fi(x̃i, ṽ)) (x̄i − x̃i) > 0, (65)

(fi(x̃i, v̄)− fi(x̃i, ṽ)) (v̄ − ṽ) > 0, (fi(x̄i, v̄)− fi(x̄i, ṽ)) (v̄ − ṽ) > 0. (66)

Using Assumption A3 with xi = x̃i and v = v̄, we get

(fi(x̃i, v̄)ṽ − fi(x̃i, ṽ)v̄) (fi(x̃i, v̄)− fi(x̃i, ṽ)) ≤ 0

It follows from inequality (66) that

((fi(x̃i, v̄)ṽ − fi(x̃i, ṽ)v̄)) (ṽ − v̄) > 0. (67)

Suppose that, sgn (x̄i − x̃i) = sgn (v̄ − ṽ). Using the conditions of the equilibria E1 and E2 we have

(λi − dix̄i)− (λi − dix̃i) = fi(x̄i, v̄)− fi(x̃i, ṽ) = fi(x̄i, v̄)− fi(x̄i, ṽ) + fi(x̄i, ṽ)− fi(x̃i, ṽ),

and from inequalities (65) and (66) we get sgn (x̃i − x̄i) = sgn (x̄i − x̃i), which leads to contradiction. Thus,

sgn (x̄i − x̃i) = sgn (ṽ − v̄) . Using the equilibrium conditions for E1 we have
2∑

i=1

ki(eiαi+bi)fi(x̃i,ṽ)
aic(ei+bi)ṽ

= 1, then

R1 − 1 =
2∑

i=1

ki(eiαi + bi)
aic(ei + bi)

(
fi(x̄i, v̄)

v̄
− fi(x̃i, ṽ)

ṽ

)

=
2∑

i=1

ki(eiαi + bi)
aic(ei + bi)

(
1
v̄

(fi(x̄i, v̄)− fi(x̃i, v̄)) +
1
ṽv̄

(fi(x̃i, v̄)ṽ − fi(x̃i, ṽ)v̄)
)

.

From inequalities (65) and (67) we get sgn (R1 − 1) = sgn (ṽ − v̄). It follows that, if R1 ≤ 1 then ṽ ≤ µ
r = v̄.

Therefore, if R1 ≤ 1 then dW1
dt ≤ 0 for all xi, wi, yi, v, z > 0, where the equality occurs at the equilibrium E1.

LaSalle’s invariance principle implies the global stability of E1.
Theorem 9. Let Assumptions A1-A3 be hold true and R1 > 1, then chronic-infection equilibrium with

antibody immune response E2 for system (51)-(55) is GAS.
Proof. We construct the following Lyapunov functional

W2 =
2∑

i=1

γi

[
xi − x̄i −

xi∫

x̄i

fi(x̄i, v̄)
fi(si, v̄)

dsi +
bi

eiαi + bi
w̄iF

(
wi

w̄i

)
+

ei + bi

eiαi + bi
ȳiF

(
yi

ȳi

) ]
+v̄F

(v

v̄

)
+

r

g
z̄F

(z

z̄

)
.

We calculate the time derivative of W2 along the trajectories of (51)-(55) as:

dW2

dt
=

2∑

i=1

γi

[ (
1− fi(x̄i, v̄)

fi(xi, v̄)

)
(λi − dixi − fi(xi, v)) +

bi

eiαi + bi

(
1− w̄i

w

)
((1− αi)fi(xi, v)− (ei + bi)wi)

+
ei + bi

eiαi + bi

(
1− ȳi

y

)
(αifi(xi, v) + biwi − aiyi)

]
+

(
1− v̄

v

)
(

2∑

i=1

kiyi − cv − rvz) +
r

g

(
1− z̄

z

)
(gvz − µz) .

(68)

Collecting terms of Eq. (68) and using the equilibrium conditions for E2

λi = dix̄i + fi(x̄i, v̄), (1− αi)fi(x̄i, v̄) = (ei + bi)w̄i, aiȳi = αifi(x̄i, v̄) + biw̄i, cv̄ =
2∑

i=1

γifi(x̄i, v̄)− rv̄z̄,

cv =
v

v̄

2∑

i=1

γifi(x̄i, v̄)− rvz̄,
ei + bi

eiαi + bi
aiȳi = fi(x̄i, v̄) =

bi(1− αi)
(eiαi + bi)

fi(x̄i, v̄) +
(ei + bi)αi

(eiαi + bi)
fi(x̄i, v̄),
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we get

dW2

dt
=

2∑

i=1

γi

[
dix̄i

(
1− fi(x̄i, v̄)

fi(xi, v̄)

)
(1− xi

x̄i
) + fi(x̄i, v̄)

(
1− fi(xi, v̄)

fi(xi, v)

)(
fi(xi, v)
fi(xi, v̄)

− v

v̄

)

+
bi(1− αi)
(eiαi + bi)

fi(x̄i, v̄)
(

5− fi(x̄i, v̄)
fi(xi, v̄)

− w̄ifi(xi, v)
wifi(x̄i, v̄)

− ȳiwi

yiw̄i
− yiv̄

ȳiv
− vfi(xi, v̄)

v̄fi(xi, v)

)

+
(ei + bi)αi

(eiαi + bi)
fi(x̄i, v̄)

(
4− fi(x̄i, v̄)

fi(xi, v̄)
− ȳifi(xi, v)

yifi(x̄i, v̄)
− yiv̄

ȳiv
− vfi(xi, v̄)

v̄fi(xi, v)

) ]
(69)

Thus, if R1 > 1 then x̄i, w̄i, ȳi, v̄ and z̄ > 0. From Assumptions A1 and A3, we get that the first and second
terms of Eq. (69) are less than or equal zero. Since the arithmetical mean is greater than or equal to the

geometrical mean, then
dW2

dt
≤ 0. It can be seen that,

dW2

dt
= 0 if and only if xi = x̄i, wi = w̄i and v = v̄.

From Eq. (54), if v = v̄ and yi = ȳi then v̇ = 0 and 0 =
2∑

i=1

kȳi − cv̄ − rv̄z̄ = 0, which yields z = z̄ and hence

dW2

dt
equal to zero at E2. LaSalle’s invariance principle implies global stability of E2.

5.1 Special forms of the incidence rate

By using the Lyapunov direct method, we have established a set of conditions on fi(xi, v), i = 1, 2 ensuring the
global asymptotic stability of the equilibria of model (51)-(55). Now we introduce some forms of the incidence
rate and verify A1-A3.

(1) Bilinear incidence rate: fi(xi, v) = βixiv,

(2) Saturation functional response: fi(xi, v) = βixiv
1+ηiv

,

(3) Beddington-DeAngelis functional response: fi(xi, v) = βixiv
1+γixi+ηiv

,

(4) Crowley-Martin functional response: fi(xi, v) = βixiv
(1+γixi)(1+ηiv) ,

(5) Hill type incidence rate: fi(xi, v) = βix
n
i v

γn
i +xn

i
, where βi, γi, n > 0.

One can easily show that A1-A3 for the functions fi, i = 1, 2 given above.
Now we verify Assumptions A1-A3 for the function fi(xi, v) = βix

n
i v

γn
i +xn

i
, i = 1, 2. We have fi(xi, v) > 0 for all

xi > 0, v > 0, fi(0, v) = fi(xi, 0) = 0 and

∂fi(xi, v)
∂xi

=
nβiγ

n
i xn−1

i v

(γn
i + xn

i )2
,

∂fi(xi, v)
∂v

=
βix

n
i

γn
i + xn

i

=
∂fi(xi, 0)

∂v
.

Then, for all xi > 0, v > 0, we have ∂fi(xi,v)
∂xi

> 0, ∂fi(xi,v)
∂v > 0 and ∂fi(xi,0)

∂v > 0 if n > 0. Therefore Assumptions
A1 is satisfied. We have also

fi(xi, v) =
βix

n
i v

γn
i + xn

i

= v
βix

n
i

γn
i + xn

i

= v
∂fi(xi, 0)

∂v
,

d

dxi

(
∂fi(x0

i , 0)/∂v

∂fi(xi, 0)/∂v

)
= − nγn

i (x0
i )

n

(γn
i + (x0

i )n)xn+1
i

< 0,

then, Assumptions A2 is satisfied. Moreover,
(

fi(xi, v)
fi(xi, ṽ)

− v

ṽ

)(
1− fi(xi, ṽ)

fi(xi, v)

)
=

(v

ṽ
− v

ṽ

) (
1− ṽ

v

)
= 0.

Thus, Assumptions A3 is satisfied. In this case, R0 and R1 are given by

R0 =
2∑

i=1

ki(eiαi + bi)
aic(ei + bi)

∂fi(x0
i , 0)

∂v
=

2∑

i=1

ki(eiαi + bi)
aic(ei + bi)

βi(x0
i )

n

γn
i + (x0

i )n
,

R1 =
2∑

i=1

ki(eiαi + bi)fi(x̄i, v̄)
aic(ei + bi)v̄

=
2∑

i=1

ki(eiαi + bi)
aic(ei + bi)

βix̄
n
i

γn
i + x̄n

i

.
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6 Numerical simulations

In this section, we will perform some numerical simulations to confirm our theoretical results. Let us consider
model (51)-(55) with the incidence rate fi(xi, v) = βix

n
i v

γn
i +xn

i
, i = 1, 2. In Table 1, we provide the values of some

parameters of model (51)-(55) with the incidence rate given by the function fi. The effect of the parameter ε on
the dynamical behavior of the system will be discussed below in details.In order to investigate the theoretical

Table 1: The values of the parameters of model (51)-(55).
Parameter λ1 λ2 β̄1 β̄2 d1 d2 α1 α2 e1 e2 b1 b2 γ1

V alue 6.03198 0.03198 0.05 0.08 0.01 0.01 0.5 0.5 0.02 0.02 0.2 0.2 0.1

Parameter γ2 k1 k2 a1 a2 f r c µ g n ε

V alue 0.5 10 5 0.3 0.1 0.3 0.5 3 0.07 0.1 1 Varied

results involved in Theorems 7-9, we shall study the following cases:
Case (I): R0 ≤ 1. Choosing ε = 0.85 and using the data in Table 1, we have R0 = 0.899 and R1 = 0.641.

Since R0 < 1, then according to Theorem 7, the infection-free equilibrium E0 is GAS. Evidently, Figures 1-8
show that, the numerical results are consistent with the theoretical results of Theorem 7. We can see that, the
concentration of uninfected target cells tends to its normal value λ1

d1
= 603.198, λ2

d2
= 3.198, respectively, while

the concentrations of latently infected cells, actively infected cells, free virus particles and antibody immune
cells are decreasing and tend to zero. In this case, the treatment succeeded to eliminate the HIV viruses from
the blood.

Case (II): R1 ≤ 1. By taking ε = 0.40, we have R1 = 0.915 < 1 and E1 exists where E1 =
(601.504, 0.780, 0.038, 0.055, 0.054, 0.231, 0.565, 0.000). Based on Theorem 8, E1 is GAS. Figures 1-8 show that
the numerical simulations confirm our theoretical result presented in Theorem 8. We observe that, the trajec-
tory of the system will converge to the chronic-infection equilibrium without antibody immune response E1. In
such situation, the infection becomes chronic but without antibody immune response.

Case (III): R1 > 1.We choose, ε = 0.0. Then, we calculate R0 = 1.631 and R1 = 1.149 > 1, this means
that, E2 exists and it is GAS. From Figures 1-8, we can see that, our simulation results are consistent with the
theoretical results of Theorem 9. We observe that, the trajectory of the system tend to the chronic-infection
equilibrium with antibody immune response E2 = (599.699, 0.474, 0.079, 0.062, 0.111, 0.260, 0.700, 0.896). In this
case, the infection becomes chronic but with persistent antibody immune response. Figures 1 and 7 demonstrate
that, when R1 > 1, the antibody immune response is activated and it reduces the concentration of free virus
particles and increases the concentration of uninfected cells. In case (i) we calculate the critical drug efficacy
(i.e, the efficacy needed in order stabilize the system around the disease-free equilibrium). For system (51)-(55),
E0 is GAS when R0 ≤ 1 i.e.

εcrit
1 ≤ ε < 1, εcrit

1 = max
{

0,
R̄0 − 1

R̄01 + fR̄02

}
,

where, R̄0 = R0 |ε=0 and R̄0i = R0i |ε=0 , i = 1, 2. Using the data in Table 1, we have εcrit
1 = 0.7332. Also, in

case (ii) we can calculate the critical drug efficacy εcrit
2 = 0.2566.
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Figure 1: The evolution of uninfected CD4+T cells
for model (51)-(55).
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Figure 2: The evolution of uninfected macrophage
cells for model (51)-(55).
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Figure 3: The evolution of actively infected CD4+T
cells for model (51)-(55).
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Figure 4: The evolution of uninfected macrophage
cells for model (51)-(55).
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Figure 5: The evolution of latently infected
macrophage cells for model (51)-(55).
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Figure 6: The evolution of actively infected
macrophage cells for model (51)-(55).
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Figure 7: The evolution of free virus particles for
model (51)-(55).
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Figure 8: The evolution of antibody immune cells
for model (51)-(55).
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