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Abstract

In this paper, continuous observer is designed for a class of multi-output nonlinear systems with multi-rate sampled and
delayed output measurements. The time delay may be larger or less than the sampling intervals. The sampled and delayed
measurements are used to update the observer whenever they are available. Sufficient conditions are presented to ensure global
exponential stability of the observation errors by constructing a Lyapunov-Krasovskii function. A numerical example is given

to illustrate the effectiveness of the proposed methods.
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1 Introduction

Recently, the problem of design global convergent ob-
servers for nonlinear systems has made great progress.
For the observation of nonlinear systems, one can
use extended Luenberger observers (Zeitz, 1987),
normal form observers (Xia and Gao, 1988; Xia
and Gao, 1989; Bestle and Zeitz, 1983; Krener and
Isidori, 1983), Lyapunov based observers (Raghavan
and Hedrick, 1994; Thau, 1973), high-gain observers
(Gauthier, Hammouri and Othman, 1992; Gauthier and
Kupka, 1994), sliding mode observers (Haskara, Ozgiiner
and Utkin, 1998) and moving horizon/optimization
based observers (Michalska and Mayne, 1995). Among
these methods, high-gain observers play an important
role and can be used to a large class of nonlinear systems
with a triangular structure after a coordinate change.
New developments of high gain observers have been car-
ried out in various directions (Gauthier, Hammouri and
Othman, 1992; Praly, 2003; Deza, 1991; Deza, Bossanne,
Busvelle, Gauthier and Rakotopara, 1993; Andrieu,
Praly and Astolfi, 2009). For example, the result
of (Gauthier, Hammouri and Othman, 1992) is ex-
tended to a class of nonlinear systems where the non-
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linear terms admit an incremental rate depending on
the measured output (Praly, 2003). In (Deza, 1991),
the authors considered observer design for multi-input
and multi-output (MIMO) nonlinear systems. The re-
sult has been extended to a class of MIMO nonlinear
systems, in which interconnection between the blocks
are not allowed (Deza, Bossanne, Busvelle, Gauthier
and Rakotopara, 1993). Based on the observer normal
form, another extension for the multi-output systems
has been studied in (Rudolph and Zeitz, 1994). How-
ever, the nonlinearity of each block does not allow the
unmeasurable states of its own block. Semi-global ob-
server has been designed for nonlinear systems with
interconnections between the subsystems (Shim, Son
and Seo, 2001). The estimation errors can converge to
the origin in finite-time by using high gain observers in
conjunction with applications of geometric homogeneity
and Lyapunov theories (Shen and Xia, 2008; Shen and
Huang, 2009; Li, Xia and Shen, 2013).

It should be noted that the above results on observer
design are based on continuous-time analysis. How-
ever, for a networked control system, the output is
only available at discrete-time instants since it is usu-
ally transmitted through a shared band-limited digital
communication network. Therefore, observer design for
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continuous systems with sampled and delayed output
measurements has attracted the control community
wide attention. There exist three main approaches
to design observer for continuous systems with sam-
pled and delayed measurements, for example, discrete
time analysis based on a discretized model (Arcak
and Nesi¢, 2004; Barbot, Monaco and Normand-
Cyrot, 1999), continuous time analysis followed by dis-
cretization (Khalil, 2004; Nesi¢ and Teel, 2004; Nesi¢,
Teel and Kokotovié, 1999), and a mixed continuous
and discrete time analysis without discretization (Deza,
Busvelle, Gauthier and Rakotopora, 1992; Ahmed-
Ali and Lamnabhi-Lagarrigue, 2012; Raff, Kogel and
Allgower, 2008; Van Assche, Ahmed-Ali, Ham and
Lamnabhi-Lagarrigue, 2011; Nadri, Hammouri and
Grajales, 2013; Karafyllis and Kravaris, 2009; Ahmed-
Ali, Van Assche, Massieu and Dorléans, 2013; Zhang,
Shen and Xia, 2014). More specifically, two classes
of global exponential observers have been presented
for a class of continuous systems with sampled and
delayed measurements in (Ahmed-Ali, Van Assche,
Massieu and Dorléans, 2013). By using the same meth-
ods, exponential convergent observers were proposed
for nonlinear systems with sampled and delayed mea-
surements in (Ahmed-Ali, Karafyllis and Lamnabhi-
Lagarrigue, 2013). The observers designed in (Ahmed-
Ali, Van Assche, Massieu and Dorléans, 2013; Ahmed-
Ali, Karafyllis and Lamnabhi-Lagarrigue, 2013) are in
essence discontinuous. The authors in (Zhang, Shen
and Xia, 2014) proposed a continuous observer for a
class of nonlinear systems with sampled and delayed
measurements based on an auxiliary integral technique.
But a harsh condition is imposed on time delay, that
is the maximum delay must be less than the mini-
mum sampling interval as in (Ahmed-Ali, Van Assche,
Massieu and Dorléans, 2013; Ahmed-Ali, Karafyllis and
Lamnabhi-Lagarrigue, 2013).

In this paper, we address continuous observer design for
a class of multi-output nonlinear systems with multi-
rate sampled and delayed output measurements. This
paper is organized as follows. In Section 2, continuous
observers are presented for a class of multi-output non-
linear systems with multi-rate sampled and time delayed
measurements. In Section 3, an example is used to illus-
trate the validity of the proposed design methods. Fi-
nally, Section 4 concludes the paper.

2 Main results

In this section, we consider the following multi-output
nonlinear systems

{ (t) = Ax(t) + B(z(t), u(t)), (1)

y(t) = Ca(t) = [Cra'(t), -+ Crna™(t)]T,

where the state z(t) € R7”, the input u(f) € RP,

the output y(t) € R™, x(t) = [&'()7,---,a™(t) "7,
zi(t) € RM (1 < i < m) is the ith partition of the
state z(t); A = diag{A1, -, An}, A; is A; X A\; ma-
01---0
trix of Brunovsky form, that is A4; = SR ,
00---1
00---0
C = diag{cla"'acm}7 01 = [1707"'70]1><)\p and
B(‘T(t)vu(t)) = [bl(w(t)7u(t)) 7"'ﬂbm(x(t)ﬂu(t))—r]-r

in which the jth element of b’(-), b%(-) has the following
structural dependence on the states:

b (t) = b (! (t), - -- - (s ult)),

foralll <¢<mand1 < j < \;. Thus, b; is independent
of the lower states (%, -, 2% ) of the ith block and

the states of the lower blocks (z**!,.-. ™). The ith
block of the above system can be expressed as follows

&1 (t) = ah(t) + bi (e () s 2f (1) u(t)),

#, () = 24, (1) (2)

+bg\7~,—1 (x(t)[l,i—l]; x(t)%l,Aifl]; u(t)),
#(0) = By, ()05 20,5 ulh),

where x%(t) is the jth element of the ith block z*(t).
The abbreviation ()% = [z1(¢)T, -+, 2%(¢)T]T and
a(t)iy ;7 = [21(t), -, 25 (t)] " can be used to simplify the
notation. We assume that there are m sensors in m chan-
nels to sample the output y at sampling instants ¢}, and
tz,< thi (i=1,---,mand k = 0,1,2,---,00), where
{t.} (i =1,---,m) are strictly increasing sequences and
satisfy that limy_, o tj, = 0o. The sampled measures are
available at instants tj, + 7, (i =1,---,m), where 7}, > 0
(i =1,---,m) denote the transmission delay, which are
unknown but have an upper bound 7;. The nonlinear
terms b%(-) are assumed to satisfy the following global
Lipschitz conditions with Lipschitz constant [y > 0,

’b;(xl,-~-,xi_l;xﬁ,-~-,x§;u)
7b3’(:i'1a'"a*’iiil;iﬂif"a‘f;‘;u”
< (ot — 21| + |2y — 25| + - - 2 — 25]),

j
1<i<m,1<j<A.

Now, the explicit form of the ith block of the observer is
given as follows:

&(t) = & (t) + Liajei (t})



+b1 (@ () 2 (1) u(t)),

iy, o (t) =4 () + LY tad _yei(t])

b GO0 (),
= L?’axi ei(ti)

B, O 00 (),
Tty + Thyy) = lim,_ .- 25(t),

[ J
=12, At € [ty + T thyy +Tiy), k>0,

¥ (4)
zy, (1)

where & (t) = i} for t € [to.’ to + il (to,: té)7 i =
L---ymand j = 1,---, N, €4(t) = zi(th) — T4(t%),
Li >1and a: (1 <i < m,1 < j <)) are positive
real numbers, and will be given later. The definition of
global exponential stable observer for the system (2) is

given as follows.

Definition 1 We say that the system (4) is a global
exponential stable observer for the system (2), if there
exist a non-decreasing function N : Rt x RT — Rt
and a positive constant k such that |&(t) — z(t)]| <
exp(—r(t—to)) N ([lzoll, |Zoll) for any zo € R™, &9 € R™.

Remark 1 The outputs y; (i = 1,---,m) are transmit-
ted through m channels, respectively. We can use m sen-
sors to detect them. Therefore, although Té are unknown,
we can obtain the instant that the sampled data at in-
stantst is available. In other word, et (t}) is updated au-
tomatically whenever the sampled and delayed measure-
ment y;(t}) arrives.

From (2) and (4), the dynamics of the state error can be
obtained

t) — Liajei () + b5,

y ) Mol g o -
6?\,-—1(@ =€}, (t) —L; 1af\i_1ell(t;€) + 05,1
(1) = ~LYal, eh(1) + B,
) z
(tk+1 + Tk:+1) = llmtﬂt}c+1+ri+l_ €; (t),

J=1 N et + Tt + T, k>0,

or,

ei(t) = eb(t) — Liatel (t) + L; a1ftz é(s ds+b
ey (t) =eb (t) — L} 'l _yel(t)

+LA1 la)\ 1ftt él(s ds+b 0
el (t) = —L}aj el (t )—i—L’\ aj, ftz él(s)ds + b,

6;(t;’€+1 + T;%«Fl) = hmt—’tiﬂ““"i.;.f ez(t),
J=1 N, tE [t + ity +Tigq), k>0,

(6)

wheree = [¢! (1), -, e (0)T]T, €'(t) = [ef (1), -+,
ei(t) = @i(t) - ;() by = bl ()t 5 u(t))
=i (@O &) ut), (1<i<m, 1< j<N).

Next, we represent tk in (6) as

L=t—n(t), m(t) =t —th. (7)
Then,

0 <mit) =1 —th <ty + Thyr — 1 < ha,
where h; > 0. Our aim is to find the bounds of h; such
that the error system (5) is globally exponentially stable.

Remark 2 Note that lim,_;; i ei(t) = ei(thy +

Thi1), then €'(t) is continuous on [tj, + 7/, th 1 + Th 4]
On the other hand, the evolution process €i(ti) =
2y (th) — 24(th) is updated at instants ti, + 7}, whereas
the sampled measurement y;(t) is sampled at instants
tt . Therefore, the system (6) is continuous, delayed and
hybrid in nature. Similar systems have been investi-
gated in (Karafyllis, 2007a; Karafyllis, 2007b; Karafyllis
and Jiang, 2007; Ahmed-Ali, Van Assche, Massieu and
Dorléans, 2013).

Consider the following change of coordinates 52. =

k3

G, 1<i<m,1<j <\, where Ai = S\ A\ + 7,
L
(1<i<m,1<j<\). Then,
€1(t) = Liey(t) — Liaiei(t)
i [t .
+Lia1 ft—m(t) gi(s)ds + v 1
&\—1(t) = Lig}, (t) — Lia}, _,&i(t) ®)
7 t ) bl*i—l
+Liay, y fi_p 0 E1(5)ds + R
62)\(15) = —]}iaf\isl( )+ L; a)\ ft i 51( )ds
bi
i, i=1,,m
L

i

Now, we give the following result for the system (2).

Theorem 1 Consider the system (2) with the condi-
tion (3). If L; satisfy L; > max{l,l1,8)\1)\i11]§12,Li,1},
and az» >0(1<i<m,1<j<N) are given such that

e5, (O],



there exists a symmetric positive definite matriz P such
that

ATP+PA < —1I, ©)
and
h; <mm{ (3“1 1+aL2)’16L>\>\a7

(10)

y T,

,/(3+M)az

then, the system (4) is a global exponential sta-
ble observer for the system (2), where Ly > 1,
A = diag{A1, -, An}, P = diag{P1,---, Py}, A\, =
)\mln(-Pl); )\z = )\max(Pz); A= max{lfigm}{)\i}y a; =
maxi<j<x,}{(a5)?}, Pi, is the element of P; at the jth
line and rth column, p2 = maX{ISng,lgrg/\,-}{|Pf,r|}:

_ai 1.--0
(1<i<m),and A; =

—ai 01

—aj, 00

Proof: Consider the positive definite function
Vi(t) =e(t)Te(t) = Y1) T Pe'(1),
i=1

where e(i) = [e1(t) T, ---,e™ ()], €'(t) = [1(1),-
g5 (1)]7, (1 < i < m). Then, the derivative of V; (t) along
the system (8) is given by

Vi(t)ls) = 2oy [E9(t) T P (t) + €' (t) T Pé* (1))

=20 Lie'(t) T (A Py + PA;)E ()

+23°"  Li(ai, ab, - a/\ ft n(t sll(s)ds)Ps()
+221 127‘ 123 1 Al 1 J(t)PjZT

< =Y Let) T () + 4 Zizl Lit(t)Tel(t)
+4337", Li(af, ab,-- -, al )
X f;m(t) gt (s)dsP;Py(al,af, -, a} )T fttfm(t) gt (s)ds
2 Y ST S ek (1) P
X(Zh- 12“ S bl + Iek)
< - N (GLi— 23 hph)e' () € (1)
+43, Li)\i)\i @i ft_m(t) gt (s)ds)?.

Note that L; > {8} l1p5}. Then, we have

AVt < —5 S L' ()T (t)
+4300 ) LidiAias ft_m(t) gl (s)ds)>.

By Lemma 1 in (Gu, 2000), we have

t t
| / ¢ (s)ds [2< hy / £l (5)2ds. (12)
t—n;(t) t—h;

It follows from (11) and (12) that

Vil < =3 X1 Lie'(H) Te' (1)
+43°7 ) LidiA2azh; fthsl (5)%ds.

Consider the following auxiliary integral function

m bt
= Z / /éi(s)stdp,t >to+h,
i=1, % %
where h = maxi<;<mi{h;}. We have,
dVs m i m t .q
;t(t) =2y higi(t)? = 300, ft_m €{(s)?ds

m P[0 i2_4
<Y LZhi(3 4 XD)[eh(1)? + af el ()2
2 .
thiai” [, o €1(s)ds

228 —6
e1()?+Lie3 ()’ ++L; 1 eyt (5)?
2(Ai—2) ]

A8

i

Sy, € (s)%ds
< 2?1L2<3+M>2<1+a12>h ei(t)Te i(t)
+Zz 1112(3‘")‘z h2ft h; 51 )
POy 1ft By i(s )st t >ty +h,

and

ihl / ds. (14)

i=1 t—h;
Construct the following Lyapunov-Krasovskii function
V(t) = Va(t) + Va(t),t > to + h. (15)

From (13) and (14), we have

WV | gy < — (5= BN+ aiDhiLy)
xLie'(t) Tel(t) + 0 (AL N AZahy

+(34 Ai)ai’h2L2 — 2ds, t > to + h.

ft*hi 61 S
From (10) it follows that

d L _
—VI(t < -—=V(t),t >t h



where L = ming <;<p}{Ls}. Then, V(1) < exp(—%(t—
to — h))V (to + h), t > to + h. Since the nonlinear terms
in the system (2) and (4) satisfy the global Lipschitz
conditions (3), then, the solutions of (2) and (4) exist
and are continuous on [tg, tg+ h|. Therefore, there exists
a non-decreasing function N : RT x Rt — R* such that
. L 7 .

[12(t) = (1] < exp(=35(t = to — h))N([[zoll, |Z0]) for
any zg € R", &y € R™. Thus, the system (4) is a global
exponential stable observer for the system (2).

3 Numerical simulation

In this section, we use an example to show the effective-
ness of our high gain observer design for nonlinear sys-
tems with sampled and time delay measurements. Con-
sider the following multi-output nonlinear system (Shim,
Son and Seo, 2001):

Z1(t) = x2(t) + 0.01u(t),
do(t) = —x1(t) + 0.1(1 — 23 (1)) z2(t) + 0.122(t)u(t),
a3 (t) = wa(t) + 0.0l () x3(t) exp(u(t)),

() = —ws(

—x3(t) + 0.1(1 — 22(¢))24(t)
+ rmmmm ),
y1(t) = 21 (1),
yQ(t) = I3(t)7

where z(t) = (z1(t), z2(t), z3
form (3) with m = 2 and T
By (4

22(t) = (a3(), a (0))".

(t),24(¢))T, which is in the
1(t)t (x ()xg(t))T, and

), the observer is given by

T1(t) = @2(t) + 0.01u(t) + 3Ly (y1 (t) — 21 (¢
Bo(t) = —21(t) + 0.1(1 — 23(1))22(t) + 0.18
+2L3 (11 () — 21 (t4)),
telty+ 718, thiy +7h), k>0,
(tk+1 + Tk+1) = 1lmt—’ti+1+7£+f Z:(t), i=1,2,
23(t) = &4(t) + 0.0182(t)d3(t) exp(u(t))
+2La(ya(t7) — #3(t7)),
4(t) = —23(t) + 0.1(1 — 23(1))24(0)
+ ) + L3 (2) — a5(82)),
telti +77, i + 7o), k>0,

Ti(tir + Tipr) = hmtatiﬂwkﬂf (1), i = 3,4,

w)
(

2(t)u(t)

where t; = kTh — (1.1 - rand)Ty and t; = kT — (1.5 -
de)Tg7 rand is a random number in the interval [0, 1],
Tk and T denote the transmission delays, T} and T3
are two p051tlve real constants and will be given later.
By simple computation, P = diag{ Py, P>}, where P; =

—0.5695 1.1735 —0.5052 1.5124

Amax(P) = 1.7223, Apin(P) = 0.2963. The other pa-
rameters are given as: [ = 1.6, Ly = 40, Ly = 90.
T]i and T,? are simulated by random numbers in the in-
terval [0,1.571] and [0, 1.873]. From the condition (10),
we have hy = 3.3 x 107%s and hy = 1.5 x 107 5s. Let
T, = 1.0 x 107%s and T, = 0.5 x 10~ °s. Fig. 1 shows
the simulation results with the initial condition of ob-
server £(0) = [-10,—10,—10, —10]. The observer can
also work for Ty = T5 = 0.01s, the simulation results are
shown in Fig. 2.

0.8917 —0.5695 0.5062 —0.5052
Py = . Then

Fig. 2 Trajectories of the error states e;(t)(1 < ¢ < 4) with £(0).
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Fig. 3 Trajectories of the error states e;(t)(1 < ¢ < 4) with £(0).

4 Conclusion

In this paper, continuous observers were designed for
a class of multi-output nonlinear systems with multi-
rate sampled and delayed output measurements. The
time delay might be larger or less than the sampling
intervals. Sufficient conditions were presented to ensure
global exponential stability of the observation errors by
constructing a Lyapunov-Krasovskii function.
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