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Abstract. A Clifford A-algebra of a quadratic A-module (£, ¢q) i san as -
sociative and unital A-algebra (i.e. sheaf of A-algebras) associated with
the quadratic ShSetx-morphism ¢, and satisfying a certain universal
property. By introducing sheaves of sets of orthogonal bases (or simply
sheaves of orthogonal bases), we show that with every Riemannian qua-
dratic free A-module of finite rank, say, n, one can associate a Clifford
free A-algebra of rank 2". This “main” result is stated in Theorem 3.2.
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Introduction

Abstract Differential Geometry (ADG, in short) offers ways to circumvent
singularities, which arise in physics due to the inefficiency of the classical
differential geometry (CDG, viz. differential geometry of smooth manifolds)
when applied in the quantum domain (quantum field theory, for instance).
Mallios in [7] expounds on the entanglement of the notion of smooth manifolds
in the quantum domain. To remedy this undesirable shortfall of CDG, Mallios
suggests a sheaf-theoretic démarche. In this aziomatic setting, smooth mani-
folds are replaced by vector sheaves (i.e. locally free A-modules). See [4, 5, 6].

It is in this purely algebraic setting that we envisage to cast a look
at sheaves of Clifford algebras over a given sheaf A of unital and commu-
tative algebras. Sheaves of Clifford algebras over A are also called Clifford
A-algebras.

Clifford A-algebras are defined in a way to be a generalization of Clif-
ford algebras of quadratic vector spaces, but instead of considering arbitrary
quadratic free A-modules (£, ¢q) of finite rank (in the pair (£,q), £ is a free
A-module of finite rank and ¢ is a quadratic SET S-morphism sending the
underlying sheaf of sets of £ into the underlying sheaf of sets of A) we con-
sider Riemannian quadratic free A-modules (€,q) of finite rank; these are
quadratic free A-modules such that the g-induced A-bilinear morphism is



a Riemannian A-metric, viz. a symmetric positive definite A-bilinear mor-
phism, cf. [4, p. 318, Definition 8.2]. The motivation behind this restricting to
Riemannian quadratic free A-modules of finite rank lays in the fact that the
Gram-Schmidt orthogonalization process affords one with orthogonal gauges
of Riemannian free A-modules of finite rank, where the ordered algebraized
space (X, .A) is enriched with square root and satisfies the inverse-closed sec-
tion condition. See [4, pp, 335-340] and [10] for details on the Gram-Schmidt
orthogonalization process and its generalization to symplectic free A-modules
of finite rank, respectively.

Making use of techniques underlying the proof in [2, pp 294, 295, The-
orem VIII.2.B] that every quadratic vector space of finite dimension admits
a Clifford algebra, we show in Theorem 3.2, deemed to be the main result
of the paper, that with every Riemannian quadratic free A-module of finite
rank is associated up to A-isomorphism a Clifford free A-algebra of rank 2"
if the rank of the Riemannian quadratic free A-module is n.

Throughout the paper, the pair (X,.A), or just A, will denote a fixed
C-algebraized space, with X a topological space and A a sheaf (over X) of
unital and commutative algebras. We will assume that all sheaves encountered
herein are defined over the topological space X. On the other hand, we will
also mainly use the notation of [4]; thus, for instance, A-Modx will stand
for the category of A-modules with their respective A-morphisms.

1. Clifford A-Morphisms

In this section, we introduce Clifford A-morphims, a notion derived from the
classical one, viz. Clifford maps of quadratic vector spaces (cf. [2, p. 287-289)).

Definition 1.1. Let £ be an A-module and F : A-Modx — ShSetx the
forgetful functor of the category of A-modules into the category of sheaves

of sets. A morphism ¢ € Homgpsety (FI(E), F(A)) is called A-quadratic on £
if the following are satisfied:

(1) Given any open subset U of X and scalar A\ € A(U), define A €
Hom 40 (A(U), A(U)) = End ) A(U) ~ A(U) by

A(s) :== As,
for every s € A(U). Then,
qu © A= q° A= ev()\Q,q(—)) = €’UU()\27 qU(_))7

where ev € Homgpsety (F(EndaA) ® F(A),F(A)) (ev is called the
evaluation morphism) is given by

evp (1,) = ev(th,a) ==y (@) = Yu - a

for any open U C X and sections o € A(U) and ¢ € (End4.A)(U).
(2) The morphism B, € Homgpsety (F(E) ® F(E),F(A)), given by

By :=(qo+)—(qopri) —(qopra),



where pr;, + : F(E)BF(£) — F(&) are the i-th projection and addition
morphisms, respectively, is A-bilinear.

The pair (£, q) is called a quadratic .A-module.

We shall denote by
Quayy (Elu, Alv) (1)
the set of A|y-quadratic morphisms on E|y. The set (1) is an A(U)-module.
In fact, for any o € A(U) and ¢ = (qv)vov, open € Qu, (€lv, Alr), one sets
the following:
(a-q)v=alv - qv =a qv,
which thus provides the A(U)-module structure of (1). On the other hand,
it is readily verified that the collection (QA|U(5\U,A\U),J€,]) is a complete
presheaf of modules (the restriction maps are defined as follows: if
q € Qu, (€lu, Alv), then o (q) == (qw)vow, open). The sheaf generated
by this complete presheaf is called the sheaf of quadratic morphisms of &
and is denoted
Q(&,A) = Q(€).
Given an arbitrary A-bilinear form b on £, the morphism
@ :=bo A, (2)

where A is the diagonal A-morphism of £ (that is, for every open U in X and
section s in E(U), Ay (s) = A(s) := (s, 8)), is clearly a quadratic A-morphism
on &.

Let B(€) = L4 (€,€;A) be the A-module of A-bilinear forms (cf. [9]),
the ShSetx- morphism = : B(E) — Q(&) such that

Zu(d) == g, (3)

for any open U C X and section b € B(E)(U) := L34|U(5\U,€|U;A|U), where
gp 1s given as in (2), is clearly an A-morphism, with the sub-A-module A(E)
of skew-symmetric A-bilinear forms being the kernel of Z. On the other hand,
it is immediate that © : Q(£) — B(E), such that, for every open U C X
and section ¢ € Q(&)(U),

Ou(q) == By, (4)
is an A-morphism of Q(E) into the sub-A-module S(E) of B(E) of symmetric
A-bilinear forms.

Suppose now that the characteristic of A is not 2, that is the charac-
teristic of every individual algebra A(U), where U is an open subset of X, is
not 2. In the above A-morphism 0, let’s replace B, in (4) by the symmetric
A|y-bilinear form

1
by i= 5B, (5)
for every quadratic A|y-form ¢ € Q(E)(U). So, one has

by = 2{(ao+) — (gopm) ~ (gopr)}, (©



where pr; : Elu®E|ly — E|u (i = 1,2) is the i-th projection and, as expected,
+:&lu ®Elu — E|u is the addition A|y-morphism. Clearly,

bgoA=gq, (7)
with A the diagonal A|y-morphism on &|y.
Setting
~ 1
0= 5@,
one has

=o (:‘j = IdQ(g),

which implies that O is injective and Z surjective. Clearly, ImO C S &).
Conversely, for any symmetric b € B(E)(U), one has that =y (b) := ¢, = bo A
and

by = b.
Thus, if we consider Z[s(g), it is clear that

@ [e] E = Ids(g)
Hence, we have proved:

Proposition 1.1. Let (£, q) be a quadratic A-module, with A a sheaf of algebras
of characteristic other than 2. Then,

Q&) =5(8), (8)
within an A-isomorphism.
So, we come now to the following crucial notion.

Definition 1.2. Let (£, ¢) be a quadratic .A-module, and K an associative and
unital A-algebra. A sheaf morphism ¢ € Hom 4(€, K) is called a Clifford sheaf
morphism if
p? = ev(q,—) -1, 9)
where: (a) ev: Homy(E, A)BE — A is the evaluation A-morphism, namely
€y (¢7 S) = wU(S)a
for any open U in X and sections s € E(U), ¢ € Hom4(E, A)(U), and (b)

1 € Homspsetx (K, K) is the constant ShSet x-morphism 1y (t) = 1x ) for
every open W C X and section t € K(W).

For every open U C X and section s € £(U), (9) becomes
wu(s)2 = ()% :=q(s) - 1= qu(s) - Liy-

On the other hand, let us consider another section ¢ € £(U); then, we have

eu(s)eu(t) +eu(t)eu(s) =2bu(s,t) - Lew), (10)
where B

b:=0Ox(q).

We will call b the A-bilinear morphism induced by the quadratic A-morphism
q.



Remark 1.1. We shall assume throughout the paper the following: (a) the
characteristic of the sheaf of algebras A is not 2, (b) A-algebras K, targets of
Clifford A-morphisms, must not have zero divisors, that is, for any open set
U in X and nowhere-zero sections s,t € IC(U), the product section s -t = st
is nowhere zero, (c) if s € KK(U) is nowhere zero, then the annihilator of s is
trivially zero, that is

{a e AU): as=0} ={0}.

It follows from (10) and Remark 1.1 that ¢py(s) = 0 implies that
bu(s,t) = 0 for any ¢t € E(U). If ¢ is non-degenerate, the above condition
pu(s) = 0 implies that s = 0. Thus, any Clifford A-morphism of a non-
isotropic quadratic A-module is injective.

Assuming the notations of Definition 1.2, if £ is another associative and
unital A-algebra and ® € Hom 4 (K, £) a unital A-morphism, which means
that, for every open U C X, &y : K(U) — L(U) is an A(U)-morphism
of the associative and unital A(U)-algebras C(U) and L(U), so that, for all
sections s,t € KK(U),

Dy(st) = Py(s)Pu(t), Pu(lxw)) = lew),

then ®op € Hom (&, L) is a Clifford sheaf morphism. Indeed, for every open
U C X and section s € E(U),

(®v 0 w)(s)* = Qu(pu(s)Pulpu(s) = Pulpu(s)?)
=@y (qu(s) - lxw)) = qu(s)Pu(lcw)) = qu(s) - lewy-
Definition 1.3. A quadratic A-module (&, ¢) is called Riemannian if the ¢-

induced A-bilinear morphism b is a Riemannian A-metric, i.e., a strongly non-
degenerate A-valued inner product, which is symmetric and positive definite.

We recall (see [4, pp. 335-340]) that for any ordered algebraized space
(X, A) satisfying the inverse-closed section condition ([10]), i.e., every no-
where-zero section of A is invertible, and enriched with square root, i.e., every
nonnegative section of A has a square root, if (£, p) is a free Riemannian A-
module of finite rank n € N and

(51,...,50) C EU)" ~ EMU),

where U is open in X, is a (local) gauge of &, then there exists an orthonormal

gauge of £, obtained from (s1,...,s,), say,
(t1,...,tn,) CEWU)™
more accurately, t1,...,t, are such that

pu(tistj) = i,
forall 1 <i,5 <mn, and
[tla---;tm] == [81,...,87”],

for every 1 <m < n.
Hence, we have



Proposition 1.2. Let (X, .A) be an ordered algebraized space, enriched with
square root, and satisfying the inverse-closed section condition. Moreover, let
(€,q) be a Riemannian quadratic free A-module of rank n, IC an associative
and unital A-algebra, and ¢ an A-morphism of € into K. Then, ¢ is Clifford
if and only if

2

@U(ei) :qU(ei)-lK(U), 1= 1,...,TL (11)

and

vulei)pule;) +eule)pule) =0, 1<i#j<n, (12)
for any open U C X and orthogonal gauge (ey,...,e,) of (E(U),qu) =
(EU),by), where b= (by) xou, open 5 the g-induced Riemannian A-metric.

Proof. The condition is obviously necessary. Indeed, let us consider an open
subset U of X, and an orthogonal basis (eq,...,e,) of (£(U),qu). Clearly,
forany i =1,...,n,
eule)? = qules)  lican-
As for (12), one easily applies (10) and the fact that (eq, ..., ey) is orthogonal.
Conversely, for any open U C X and section s € £(U), with s =
S a'e;, we have

= [Zal@U(ei)] = (@) pu(e)’
[Z qu (e ] I = [Z QU(O‘iei)‘| Iew) = qu(s) - Ixw)-

= i=1

O

Remark 1.2. For the remainder of the paper, unless otherwise mentioned, any
pair (&, q) will denote a Riemannian quadratic free A-module of finite rank,
where the sheaf A of algebras satisfies the inverse-closed section condition and
is enriched with square root. In this context, if ¢ is a Clifford A-morphism
of (€,q) into K, then, for any orthogonal gauge (e1,...,e,) C EU)™ of £ on
an open U C X, pul(e;), for any i =1,...,n, is nowhere zero. Indeed, if b is
the Riemannian A-metric associated with ¢, then gy (e;) = by (e;, e;); since b
is Riemannian and e; is nowhere zero, therefore ¢y (e;) is nowhere zero.

In the same vein, we observe the following. As in [2, p. 288], we reduce the
number of terms in products over C(U) as follows: For a product

a=pu(e)pules,) - pule,), 1<p<n,
i) if i) > ix41, we interchange ¢y (e;,) and py(e;,,,) and multiply by
(—1): since
ou(€i,)eu (i) + Ui, )eu(eq) =0,
a does not change.

i1) if iy = ipy1, we replace @y (e, )ou(€i,,) = oulei,)? by qules,) -
lx - Here, as well, a does not change.



This process will ultimately yield the following expression:

a= /\SDU(ejl)‘PU(eJé) T @U(ejm)a
where A € A(U), and J = (1 < j; < j2 < -+ < jm < n) an increasing
sequence of indices.
As a convention, we let

pules) = pules)pules,) - pule;,)
where J = (1 <j1 <jo <+ < jm <n), and

vulep) = lxw)
for the empty sequence (). Clearly, the 2" elements ¢y (es) of K(U) lin-
early span the sub-A(U)-algebra L(U) of K(U), generated by 1lx(y) and
pu(E(U)) = p(€)(U). Thus, we have proved the following.

Theorem 1.1. Let ¢ be a Clifford A-morphism of a Riemannian quadratic free
A-module (€,q) of rank n into an associative and unital A-algebra KC. Then,
IC contains a generalized locally free A-module with maximum rank < 2™, and
containing the unital line sub-A-module and the sub-A-module p(E).

2. Clifford A-Algebras of Quadratic .A-Modules

Roughly speaking, a sheaf of Clifford algebras or a Clifford A-algebra of a
quadratic A-module (&, q) is a universal A-algebra in which we can embed &,
and such that the square A-morphism in the sought A-algebra corresponds to
the quadratic A-morphism on £. This loose definition of a Clifford .4-algebra
may be traced back to [3, p. 749].

Definition 2.1. By a Clifford .A-algebra of a quadratic A-module (£, q), we
mean any pair (C,p¢), where C is an associative and unital A-algebra and
we € Homu(E,C) is a Clifford A-morphism, which satisfies the following
conditions:
(1) C is generated by the sub-A-algebra ¢¢(€) and the unital line sub-A-
algebra 1¢ of C.
(2) Every Clifford A-morphism ¢ € Hom 4(&, K), where K is an associative
and unital A-algebra, factors through the Clifford .A-morphism ¢¢, i.e.,
there is a 1-respecting A-morphism ® € Hom 4(C, K) such that

p=2%Popc.

Since ®(pc(€)) = ¢(€), C is generated by its unital line sub-.A-algebra
and the sub-A-algebra ¢c(€), and ® is 1l-respecting, it follows that ® is
uniquely determined by the Clifford A-morphism . If we denote by

HomG (€, K)

the sheaf of Clifford maps, then ’Homgl(c‘,’,lC) is isomorphic to a subsheaf of
Hom 4(C, K). In fact, given any open subset U of X, let ¥ € HomG! (€, K)(U),
that is, ¥ € Homil‘u(€|U,lC|U). Since C = (C, ¢c) is a Clifford A-algebra of



(€,q), for any open V' C U, there is a Oy € Hom 41 (C(V),(V)) such
that Oy (l¢(v)) = lx(v) and Jy = Oy o (¢c)v. We contend that the family
© = (Ov)uov, open defines an A|y-morphism © € Homy, (Clv,Klv) =
Hom4(C,K)(U). Since, for any open V' C U, Oy € Hom 4v)(C(V),K(V))
and Oy (l¢(vy) = Li(vy, we need only to show that if (A)), (pf}) and (o))
are the families of restriction maps of the sheaves IC, £ and C, respectively,
then
Mooy =0y ody,

for any open sets U, V in X with V' C U. With no loss of generality, let
s € C(U), with s = (pc)u(e) for some e € E(U). Then, based on the diagram

below ke
E(V) c(U)
oS

C(V) 5= K(V)

U

)
AV

clearly, one has
(AV 0 O0)((ec)u(e)) = (A) o av)(e) = (av o pyy)(e)
= (Ov o (we)v o pv)(e) = (Bv ooy )((¢e)u (€)).
Next, for every open U in X, we denote by Hom 4, (C|v, K|v) the A(U)-

module consisting with A|y-morphisms ©, uniquely determined by Clifford
A|y-morphisms 9 € Homil‘U (&|lr, K|vr). Furthermore, let (al}) be the collec-

tion of restriction maps for the A-module Hom 4(C, K). The collection
(HomA\U<C|U7K|U)7ag) (13)

clearly determines a presheaf. Moreover, it is a complete presheaf. Indeed, if
U =U;e;U; and ©1, 65 € EomA‘U(C|U,IC\U) with

ap, (01) = 01y, = Oy, = oy, (02)

for every i € I, then, clearly, ©1 = ©,. Now, let (©;) € [[,.; Homu, (Clv, K|v)
such that, for any U;; = U; NU; # 0 in U = {U;, i € I}, one has

@i|Uij = ®j|Uij'

Then, since Hom 4|, (C|v, K|v) € Hom 4, (Clu, Kly) = Homa(C,K)(U), for
any open U in X, there is © € Hom4(C,K)(U) such that

eU,; :®i7

for every i € I. It follows that © is 1-respecting; in addition, since it is linear,
© € Homy, (Cly, Kly). Hence,

HomG! (€,K) = Hom4(C,K) € Homa(C,K),
where Hom 4(C, K) is the sheafification of the complete presheaf (13).




Condition (2) of Definition 2.1 could therefore be restated as follows:

or every associative and unital A-algebra K, Hom ,K) is isomor-
2') iati d unital A-algebra K, HomG'(€,K) is i
phic to a subsheaf of Hom 4(C, K).

Lemma 2.1. Let (C,¢c) be a Clifford A-algebra of a quadratic A-module
(€,q9). Then, (C',pcr) is also a Clifford A-algebra of (€,q) if and only if
there is an A-isomorphism ® : C — C' such that ® o pc = per.

Proof. Suppose (C’, pc/) is also a Clifford A-algebra. Then, there exist unique
A-morphisms ® : ¢ — C’ and ®' : ¢’ — C such that ® o p¢ = ¢ and
Do e = pe. Since &' o P o e = D' o per = ¢, the diagram

£ ¢

¥Yc
d'od

C

is commutative. But, only one 4-morphism exists making the above diagram
commutative; and clearly Idc does just that. As C is generated by ¢ (&) and
its unital line sub-A-algebra, ® o ® = Id¢. In a similar way, one shows that
® o0 ®' = Ide/, whence we see that @ is an A-isomorphism with ! = &’. [

Now, if ¢¢ is the Clifford A-morphism of a Riemannian quadratic free
A-module (€, q) into its Clifford A-algebra C = C(&, ¢), the A-morphism ¢/,
such that ¢’ := —¢, is another Clifford A-morphism of £ into C; thus there
exists an A-endomorphism II of (the unital A-algebra) C such that

H(lc) = ].(3, ITo Yc = QD/ = —@c. (14)

Clearly,

I2(1c) = 1¢, T2 o pe = @c; (15)
it follows that II is an A-involutive automorphism of C, called the principal
A-automorphism of the Clifford A-algebra C(&, q).

For every open U C X, let C(U) denote the sub-A(U)-module of the
A(U)-algebra T'(U,C) = C(U) consisting of the eigenvector sections of Iy for
the eigenvalue section +1 (cf. [9]). It is evident that C(U) is a sub-A(U)-
algebra of C(U), containing any product of any even number of nowhere-zero
sections in (pe)u(EU)):

(pc)u(s1)(we)u(se) -~ (ec)u(s2p)-

Conversely, if (e1,es,...,e,) is an orthogonal basis of £(U), reducing the
number of terms in any product

(pc)ulei)(ee)ules) - (pc)ules,),
as described in Section 1, does not change the parity of the number of terms
involved. Thus, C' (U) is linearly generated by the elements (¢c)y(er), with
J=(1<j1 < <jm <n) for an even m.
By letting U vary over the open subsets of X, the family (C(U), + \Y),
where (A := O'g|c+(U), with the (o) being the restriction maps for the
(complete) presheaf of sections I'C of the A-algebra C, forms a complete



presheaf of algebras on X. Indeed, let U = (U,)acs be an open covering,
and let s,t € C(U) such that

AT (8) = 80 = ta = 4 AT, ()

)
for every a € I. Slnce C+(U) CC(U), and C is an A-algebra, it follows that
s = t. Thus, axiom (S1) (cf. [4, p. 46, Definition 11.1]) is fulfilled. For axiom
(S2) (ibid.), let s, € C1(Uy), a € I, such that for any Uy,g = U, NUg # 0
in U, one has

U,
+)‘Uzﬁ(soé) = 8a|Ua[:f - S,B|Ua[3 = Jr)‘U [3(85)

Without loss of generality, suppose that

= (¢c)va (sa,1) - (pc)va (Sa2p)
and
sg = (pc)u, (sp.1) -~ (we)us (s8.29)
with sq1,...,8a,2p € E(Uq) and sg1,...,882 € E(Ug). It is evident that
there exists an s € C(U) such that

oy () = slu, = Sa,

for every o € I. Clearly, s is of the form

s = (ec)u(sy) - (c)u(ssy,) + -+ (wc)u(sk) - - (wc)u(sh,, ),

where for any i = 1,...,k, p; is an integer < n, and every st ..., sépi e EU).
Indeed, if s contains a product of an odd number of terms, then, for any U, €
U, slu, =84 ¢ C+(U). Thus, C; = (C(U), +AY) is a complete presheaf of
algebras. The sheafification of the presheaf C', denoted C; = SC, is called
the even sub-.A-algebra of the Clifford .4-algebra C.

Now, let C_(U) be the eigen sub-A(U)-module of C(U) for the eigen-
value section —1. Clearly, elements of C_(U) C C(U) are products of an odd
number of terms of (¢c)u(E(U)). One proceeds as above to show that pairs
(C_(U),-AY), where _\Y = O'g|c_(U)7 yield a complete presheaf. However,
we notice that every C_(U) is not an algebra; so the presheaf (C_(U), _\Y)
is not a presheaf of algebras, but a presheaf of modules instead. Its sheafifi-
cation, denoted C_, is called the sub-.A-module of odd products of C.

Definition 2.2. Let C be an A-algebra. The A-algebra C*, in which products
are defined to be products in C but in the reverse order, is called the opposite
A-algebra of C.

Specifically, let U be open in X and s,t € C(U); then, if x denotes
product in C*(U), one has

s*xt:=1s.

Now, considering still p¢ as a Clifford A-morphism of the Riemannian
quadratic free A-module (&, ¢q) into its Clifford A-algebra C, ¢, which we

10



denote by ¢5, as an A-morphism from & into C*, is again a Clifford A-
morphism. Thus, there exists a 1-respecting A-morphism 7 : C — C* such
that
T o pe = pe.

But, o ((¢c)u(s)) = (¢&)u(s) = (pc)u(s) for any open set U in X and
section s € £(U), and since 1¢ and ¢c(E) = p5(€) generate both C and
C*, it follows that 7 is bijective, hence, a l-respecting A-isomorphism of
C into C*. We conclude that 7 is the only .A-antiautomorphism, fixing the
sections of ¢ (€). As for any open U in X and sections s1,...,s, € E(U),
T ((pc)u(si) - (pc)ulsk)) = (we)u(sk) - (pc)u(si), it follows that 72 =
1, i.e., 7 is an A-involution.

Using sections, one easily sees that Il o 7 = 7 o II, which is the only
A-antiautomorphism of C sending sections of p¢(€) into their opposites. On
the other hand, Il o 7 is an A-involution and is called the conjugate of C.

3. Construction of Clifford .4-Algebras

We construct Clifford A-algebras mimicking the classical case, as presented
by [2, p. 294, Théoreéme VIII. 2. B]. Chevalley [1] and Lang [3] construct
(classical) Clifford algebras of modules (or vector spaces) by considering the
tensor algebra of the module (vector space) concerned. Since the problem is
universal in its nature, the two approaches result into isomorphic algebras.
For our approach, we first need the following.

Proposition 3.1. Let (£,q) be a Riemannian free A-module of rank n. For
every open U in X, let B(U) be the set consisting of all the orthogonal bases
of E(U). If, for every U, V € 7x with V C U,

oY BU) — B(V)

denotes the natural restriction, the collection B := (B(U),p%) determines a
complete presheaf of sets (of orthogonal bases).

Proof. That B is a presheaf is immediate. Now, let U be an open subset of X
and U = (U;);er a covering of U. Next, let s = (s!,...,s")and t = (t},...,t")
be bases of £(U), i.e. s,t € B(U), such that s|y, = t|y, for every i € I. More
explicitly, 87|y, = t/|y, for every i € I and j = 1,...,n. Since 57,/ € £(U)
(j=1,...,n), it follows that s/ = t7; thus, s = . Hence, axiom (S1) (cf. [4,
p. 46, Definition 11. 1]) is fulfilled.

For axiom (52) (ibid.), let s; € B(U;) such that, for every U; NU; =
Uij 75 (Z) in Z/[,

Si|\U;; = Sj Us;i-

Again, using the fact that I'(£) is complete, one has that there exists t* €
E(U) such that t*|y, = sk, k = 1,...,n. Therefore, t = (t!,...,t") is such
that t|y, = s;, @ € I. Clearly, ¢ is orthogonal. O
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Keeping with the notations of Proposition 3.1, we will call the sheaf
generated by B the sheaf of orthogonal bases of £, and will denote it by B,
ie. B=SB.

Theorem 3.1. Let (€, q) be a Riemannian quadratic free A-module of rank n,
C an associative and unital A-algebra, and oc € Hom4(E,C) a Clifford A-
morphism such that, given the sheaf of orthogonal bases ey := (ev 1, .- -, €un)
of €, the sheaf of sets, consisting of elements of the form

(pe)uleuv,s) = (vc)ulev)(ec)uleu,.) - - (ec)u(ev,,),

where J = (1 < j1 < ja <+ < jm < n), assuming that (pc)v(ev,p) = lew),
is a sheaf of bases for the underlying free A-module of C. Then, the pair
(C,¢c) is a Clifford A-algebra of (€,q).

Proof. In fact, let ¢ be a Clifford A-morphism of (£, ¢) into some associative
and unital A-algebra K. Moreover, let ® be an A-morphism of C into /C, given
by:
Py ((ee)ulen.s)) == pulev.s),
where
puleu,s) = ulev )pulev) - vulev,)
with J:=(1<j1 <jo <+ <jm<n).

We claim that ® is multiplicative and 1-respecting, hence an A-mor-
phism of the A-algebras C and K. To this end, it suffices to show that every
dy is multiplicative on ((we)v(ev,s))sep(1,), where I, = {1,...,n}.

Let us consider the product in C(U):

(pc)ulev,s) - (pc)ulev,s)
= (pc)ulev,) - (pc)ulev,,. ) (pe)ulev;) -~ (ec)ulev,;),  (16)

and the following product in IC(U):

(ev)(ev.) - (pu)(ev,sr)
= (eu)lev,jy) - (pv)leu,, ) (wu)levyy) - (eu)lev,)- (17)
The right-hand sides of (16) and (17) reduce to

(ec)ulev,s) - (we)ulev,r) = Mee)u(euv,r)
vulev,s) - vulev,s) = deoulev,L),

where L = (1 <1l; <ly <--- <l <n). Therefore, given J and J’:

Pu((pe)ulev,s)(ee)uleu,sr)) = Qu(Mee)u(ev,L)) = A2u((ec)u(eu,L))
= Xpu(ev.r) = eulev,.s)pulev.s) = Pul(ec)u(ev,s))Pul(ec)ulev,s));
furthermore, since ®v (lew)) = Pul(pc)ulevp)) = pulevp) = lkw), Pu is
an A(U)-morphism, taking C(U) into K(U). Hence, ® € Hom4(C,K) and is
1-respecting.
As C is generated by the sub-A-algebra p¢(€) and the unital line sub-
A-algebra 1¢ of C, then C is a Clifford A-algebra of (£, q). O
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Theorem 3.2. With every Riemannian quadratic free A-module (€,q), there
is an associated Clifford free A-algebra C = C(&, q); moreover, rank C = 2™ if
n = rank &.

Proof. Let B be a sheaf of orthogonal bases of £ = (£, q), and P the sheaf of
algebras of anticommutative polynomials over A, such that if p € P(U), for
some open U in X, then p is an anticommutative polynomial in ey, es,. .., €,,
where (e, e, ..., ey,) is a fixed orthogonal basis in B(U). If U and V' are open
subsets of X with V' a subopen of U, we fix orthogonal bases (e1,...,e,) and
(fi,..-, fn) in E(U) and E(V), respectively, in such a way that p¥(e;) =
eilv = fi, for every i = 1,...,n, where the {p¥} are restriction maps for the
(complete) presheaf of sections of £. Furthermore, we denote by 1p) = 1
mi1 _ ma2

the polynomial e7"e5"* ... en', where m; = 0, 7 = 1,...,n. On every open

U C X, define the product in P(U) as follows:
(ePreh> . ePn) . (eTel ... eln) = (—1)%i<s WPihtHa  oPntin, (18)

Moreover, still under the assumption that (e; ...e,) is the fixed orthogonal
basis of £(U), the section e]"'e5™ ...e" of P over U such that

W:{O%#J

1 ©1=7

is denoted e;. This notation ensures an identification of £ with a sub-A-
module of P. On the other hand, in every P(U), one has

€€ = —€;€; 7/7é _]

The product thus defined on every P(U) is associative, for one easily
shows that, by multiplying both members of (18) on the right by a polynomial

etes? ... el one obtains the following equality:
Z(Jipj + Zﬁ'(l’j +q;) = Z((Iz +ri)pj + Zri%
i<y i<y i<j i<j

For every i, 1 < ¢ < n, let qu(e;) := a; € A(U). Next, consider the
correspondence

U— C(U) CP), (19)
where C(U) is the free A(U)-module, with a basis consisting of the 2" sections
eftey? . ent,

where 0 < m; < 1 for every i. It is clear that the correspondence (19) together
with the restriction maps restricted to the C(U), where U runs over the open
subsets of X, yield a free A-module of rank 2. We will denote the free A-
module thus obtained by C = (C(U), \Y.). Let’s also consider the projection
A-morphism © € Hom 4(P,C), defined by:

mu(elteh? - ebr) = a%TlJ e a,LL%JefT6’277~ e
where (eq, ea,- - ,€,) is the fixed orthogonal basis of £(U),

L%J:max{er: xg%
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for every 1 < ¢ < n, and
pZ:2ll+ITl7 lZGZaZTZGZ7

viz. P; is the remainder of p; modulo 2.
Given sections f and g of the A-algebra P over an open subset U of X,
one has

mo(f - 9) = mu(mu(f) - mu(9)),
which is easily verified by taking f =el* ---el» and g = ef* - - - edn.
Finally, we define on the free A-module C the following multiplication:
if s,t € C(U), where U is open in X, then

sxt:=my(s-t).

* is associative; the proof of this fact may be found in [2, p. 295]. Hence, C is
an associative and unital free A-algebra, which contains €. Let’s denote by
te the inclusion £ C C. Since, for every open U C X and the corresponding
orthogonal basis (eq,- - ,e,) of E(U),

(te)ule)? = ai-lean

and

(e)ulei)(c)ules) + (e)ules)(ec)u(e) =0, 1<i#j<n,

the pair C = (C,t¢) is a Clifford A-algebra of (£, q), by virtue of Theorem
3.1. ]

References

[1] C. Chevalley, The Algebraic Theory of Spinors and Clifford Algebras. Springer,
Berlin, 1997.

[2] R. Deheuvels, Formes quadratiques et groupes classiques. Presses Universitaires
de France, 1981.
[3] S. Lang, Algebra. Revised Third Edition. Springer, 2002.

[4] A. Mallios, Geometry of Vector Sheaves. An Aziomatic Approach to Differen-
tial Geometry. Volume I: Vector Sheaves. General Theory. Kluwer Academic
Publishers, Dordrecht, 1998.

[5] A. Mallios, Geometry of Vector Sheaves. An Aziomatic Approach to Differ-
ential Geometry. Volume II: Geometry. Examples and Applications. Kluwer
Academic Publishers, Dordrecht, 1998.

[6] A. Mallios, On an Aziomatic Treatement of Differential Geometry via Vector
Sheaves. Applications. Math. Japonica (Plaza), Vol 48, No 1, 1998.

[7] A. Mallios, Quantum gravity and “singularities”. Note Mat. 25, n. 2, 2005/
2006, 57-76.

[8] A. Mallios, A-invariance: An Aziomatic Approach to Quantum Relativity. In-
ternat. J. Theoret. Phys. 47 (2008), 1929-1948.

[9] A. Mallios, P.P. Ntumba, Fundamentals for Symplectic A-modules. Affine Dar-
bouz Theorem. Rend. Circ. Mat. Palermo 58 (2009), 169-198.

14



[10] P.P. Ntumba, The symplectic Gram-Schmidt theorem and fundamental geome-
tries for A-modules. Czechoslovak Math. J. (in press)

15



	Clifford A-algebras of Quadratic A-Modules
	Abstract
	Introduction
	1. Clifford A-Morphisms
	2. Clifford A-Algebras of Quadratic A-Modules
	3. Construction of Clifford A-Algebras
	References




