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The present work presents a brief review of some of the notable contributions to

piston theory and of its theoretical basis. A generalized formulation of piston theory

is given, applicable to both local and classical piston theory. A consistent generalized

formulation of the downwash equation is given, accounting for arbitrary motion in

the plane of the airfoil. The formulation reduces to established downwash equations

through appropriate definition of the cylinder orientation. The theoretical range of

validity of Lighthill’s classical piston theory is examined, and the relative accuracy of a

number of approximate theories encapsulated by the formulation as applied to a planar

wedge is considered. The relative importance of higher-order terms in piston theory is

examined, with the significance of recent literature extending the fidelity of the first-

order term highlighted. It is subsequently suggested that current implementations of

local piston theory may be improved through the use of a first-order term of suitable

accuracy.
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a = speed of sound, m/s

Cp = pressure coefficient

Cpcyl = cylinder reference pressure coefficient

c = airfoil chord, m

c1, c2, c3 = piston theory coefficients

K = hypersonic similarity parameter, K = Mτ

k = reduced frequency, k = ωc
2U∞

M = Mach number

m =
√
M2 − 1

n′ = normal vector of the deformed / perturbed surface

ns = normal vector of the mean surface

p = pressure on piston surface, N/m2

p̂ = non-dimensionalized pressure

t = time, s

t̃ = time variable in the earth-fixed frame, s

U = flow velocity, m/s

Ub = local velocity of the airfoil surface, m/s

Ui = flow velocity in the i-coordinate, m/s

vi = perturbation velocity in the i-coordinate, m/s

v̄i = scaled perturbation velocity in the i-coordinate, m/s

w = downwash velocity, m/s

ŵ = non-dimensionalized downwash velocity

wc = convective downwash component, m/s

wd = dynamic downwash component, m/s

x = body-fixed coordinate parallel to the undisturbed flow, m

x′ = earth-fixed coordinate parallel to the undisturbed flow, m

x̄ = scaled body-fixed coordinate parallel to the undisturbed flow, m

x̃ = scaled earth-fixed coordinate parallel to the undisturbed flow, m

z = coordinate perpendicular to the undisturbed flow, m

α = angle of attack, rad

γ = ratio of specific heats

δ = local surface inclination relative to freestream, rad
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ε = maximum amplitude of oscillation, m

ζ = coordinate parallel to the cylinder, m

θ = cylinder inclination relative to the freestream-normal, rad

ξ = coordinate perpendicular to the cylinder, m

ρ = air density, kg/m3

τ = airfoil maximum thickness ratio

χi = ith-order contribution to pressure coefficient

ψi = ith-order contribution to pressure coefficient derivative

ω = angular frequency, rad/s

Subscripts

( )∞ = freestream quantity

( )cyl = cylinder reference quantity

( )p = perturbation quantity

( )s = quantity at local mean steady conditions

( )x = component in the direction of the undisturbed flow

( )z = component perpendicular to the undisturbed flow

I. Introduction

Piston theory has been used to refer broadly to a number of aerodynamic models which describe

the pressure on a point of a body through analogy to the motion of a piston in a 1-dimensional

cylinder. As a result, a number of flavours of piston theory exist, with variations in the basis of the

pressure equation and in the reference frame used; however, all the variations assume supersonic

flow at the point under consideration, with various limits of validity depending on the basis of the

theory. In all cases, piston theory provides a quasi-steady, point-function relationship between the

surface downwash and aerodynamic pressure at a point on a body. This renders piston theory a

computationally inexpensive aerodynamic model.

Interest in piston theory as a method for modeling unsteady aerodynamic loads, in particular for

aeroelastic analysis, rose in the 1950s [1–5]. The application of piston theory continued throughout

the 1960s, with increasing studies of the application to shells and cylinders [6, 7]. Literature on
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the application and further development of piston theory in later years is comparatively sparse -

this coincides with the increasing use of more computationally intensive aerodynamic calculations,

such as the finite volume, finite difference, and finite element methods. However, piston theory

enjoyed renewed attention in the 1990s, with the early implementation of piston theory with Euler

solutions in CFD [8] and with continued development of aeroelastic panel codes [9]. The 2000s saw

a marked resurgence in the interest in piston theory as a computationally inexpensive method for

modelling supersonic and hypersonic aeroelastic problems, with applications being found in aero-

servo-elasticity and aero-thermo-elasticity, with the further integration of piston theory with CFD;

recent literature highlights the continued application of piston theory in reducing the computational

cost of CFD for hypersonic aeroelasticity [10–15].

The recent renewal in interest in piston theory has led to the basic equations of piston theory

being broadly cited, whilst the theoretical basis of the formulation of the theory has received little

renewed attention. Furthermore, the variety of formulations which fall under the moniker of “piston

theory” may be a source of confusion for a reader unfamiliar with the method. In this paper, a

limited review of the developments in piston theory as applied to airfoils is given and the theoretical

basis of piston theory is reviewed; the application to shell structures is not considered. A generalized

formulation is put forward which is applicable to both classical and local piston theory, and which

is only limited in the assumption that a binomial expansion of the piston pressure equation in terms

of the dimensionless piston downwash exists.

II. Developments in Piston Theory

A. Lightill’s Classical Piston Theory

Piston theory was originally developed by Lighthill [1], on the basis of the extension of Tsien’s

hypersonic similitude by Hayes [16]. Lighthill formulated piston theory in terms of a “slab” of

fluid (oriented normal to the freestream velocity) being washed over an oscillating airfoil; the slab

remains perpendicular to the freestream as it moves over the body at the freestream velocity. This

formulation consequently modeled the effective velocity of the boundary of the fluid slab (i.e., the

local downwash) as including the convective rate of displacement due to the surface gradient in the
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freestream direction, as well as the time-dependent local surface velocity arising from airfoil motion.

In the notation of this paper, this was cast [1] as

w =

[
U∞

(
∂

∂x

)
+

(
∂

∂t

)]
z (1)

The airfoil surface was modeled [1] as a piston moving down the length of the “slab” into

undisturbed fluid. Provided the piston motion produced no shock waves, Lighthill suggested that

the piston pressure could be modeled by the insentropic simple wave formula:

p

p∞
=

(
1 +

γ − 1

2

(
w

a∞

)) 2γ
γ−1

(2)

Lighthill recommended the use of the third-order binomial expansion of the equation, given

in Eq. (3). The influence of entropy is of third-order in flow deflection; the series expansions of

the pressure equations for oblique shocks and Prandlt-Meyer expansions differ in their third-order

terms. Lighthill noted that the pressure given by third-order truncation, Eq. (3), was bounded by

results from Eq. (2) and from oblique shock theory; hence the third-order expansion of the simple

wave equation was deemed sufficiently accurate to use for both expansion and compression flows.

p

p∞
= 1 + γ

(
w

a∞

)
+
γ(γ + 1)

4

(
w

a∞

)2

+
γ(γ + 1)

12

(
w

a∞

)3

(3)

The assumptions inherent in the model were considered [1] to be a good approximation to the

flow physics, provided that the piston velocity did not exceed the speed of sound in the freestream.

The range of validity set by Lighthill was for piston motions conforming to Eq. (4), for Mach

numbers in the range of M ≥ 4. Lightill noted that enforcing the limits of validity allowed the

piston pressure to be modeled as dependent on only the instantaneous piston velocity, neglecting

the history of piston motion.

M∞
[
δ + 2k

( ε
c

)]
< 1 (4)

Lighthill’s original development of piston theory has been dubbed “classical piston theory”

(CPT). In CPT, both the steady pressure distribution (due to airfoil shape and mean incidence) and

the unsteady pressure distribution (due to airfoil motion and surface deformations) are computed.
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B. Further Developments of Classical Piston Theory

The widely cited review of piston theory by Ashley and Zartarian [2] summarises the work

of Hayes [16] and Lighthill [1], and considers the application to a number aeroelastic problems,

including airfoil flutter, wing flutter, and panel flutter. In the review by Ashley and Zartarian,

linearized piston theory as applied to “small motions of thin airfoils” was determined to be valid [2]

for any of the conditions listed in Eqs. (5 – 7).

M2
∞ � 1 (5)

kM2
∞ � 1 (6)

k2M2
∞ � 1 (7)

Whilst no extensions to the formulation of piston theory were made in the review by Ashley and

Zartarian [2], the applications of contemporary research were covered. This was shortly followed by

the work of Chawla [4], which was significant in conducting a parametric study of airfoil flutter at

high Mach numbers using piston theory.

The theoretical basis for piston theory was revisited by Bird [3], who noted that the limiting

assumptions on high Mach number and small airfoil thickness may be avoided in certain special flow

cases. Bird noted that the equations of motion of two-dimensional steady flow reduce identically to

those of one-dimensional unsteady flow when the velocity component of the flow in any direction

remains constant throughout the flow field. Examples of simple flows for which this condition arises

include an oblique shock over a planar wedge (velocity component parallel to the shock) and a

Prandtl-Meyer expansion around a planar corner. Bird noted that for these special cases, the piston

acts perpendicular to the direction of constant velocity, rather than perpendicular to the freestream

velocity, and provided an amendeded equation for the convective component of the piston downwash.

Of significance is Bird’s recommendation to define the cylinder orientation as perpendicular to the

surface - this recommendation was followed in many subsequent applications of piston theory.

Rodden et al [17] used third-order CPT to extract aerodynamic influence coefficients for an

aerodynamic modeling routine for swept wings. The formulation represented an extension of the

application of piston theory, with a sweep correction being introduced. Of particular interest is the
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generalized formulation of the equation for the pressure coefficient in CPT, first put forward by

Rodden et al [17] as:

Cp =
2

M2∞

[
c1

(
w

a∞

)
+ c2

(
w

a∞

)2

+ c3

(
w

a∞

)3
]

(8)

It was noted that both Lighthill’s CPT and Van Dyke’s second-order theory could be described

by Eq. (8), with the coefficients c1, c2, and c3 being defined by which theory was implemented.

Wood [18] reviewed methods for unsteady hypersonic flows, including CPT and hypersonic small

disturbance theory (SDT). Wood identified limitations in the validity of the theoretical basis for

CPT, where the assumed conditions of CPT did not match the physical flow conditions. Examples

included the large entropy gradients along the length of the cylinder, and the acceleration and

deceleration of the piston, which are not accounted for in CPT. The mathematical treatment of the

reduction of a n-dimensional spatial flow to unsteady flow in n − 1 dimensions is given [18] using

hypersonic SDT, with the differences and similarites between hypersonic SDT, Sychev’s SDT [19],

and CPT being reviewed.

Ericsson et al [20] considered the differences between CPT using simple-wave pressures, the

tangent-wedge method (which is equivalent to CPT using simple-wave expansion and oblique shock

compression pressures), and Newtonian impact theory. It was shown that the third-order term

in CPT has a pronounced effect on the aerodynamic derivatives relative to second-order CPT as

K → 1. Ericsson et al further showed that for the range 0.5 ≤ K ≤ 2.5, similar values of the

derivatives were obtained using all of the theories; it was suggested that the flutter boundaries

predicted by the theories should be similar.

The review by Liu et al [9] examined various formulations of the pressure equation in CPT.

Notably, the review by Liu et al was formulated upon the generalized equation for CPT originally

put forward by Rodden et al [17] as in Eq. (8), with the review by Liu et al collecting various

pressure equations upon which piston theory may be based. The coefficients c1, c2, and c3 varied

according to the pressure equation expanded. The review included the work of several authors, and

noted some of the differences in the third-order terms derived by various authors. The work of Liu

et al was further significant in the combination of CPT with supersonic lifting surface theory. The

unsteady three-dimensional influence on the wing surface pressures was given by the lifting surface
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theory, whilst local quasi-steady nonlinear thickness effects were modeled by third-order CPT.

Dowell and Bliss [21] recently extended first-order CPT through consideration of two-

dimensional unsteady potential flow in terms of Laplace transform analysis for simple harmonic

airfoil motions. The formulation is shown to reduce to first-order CPT in the limit of high Mach

numbers. Several formulations of the extended piston theory are offered by Dowell and Bliss, in

terms of arbitrary Mach number and reduced frequency. In the extended theory, the coefficient

of the downwash in the pressure equation is cast as a series in inverse powers of Mach number

(squared) and oscillation frequency, with integrations over the airfoil chord of the airfoil deflection.

The extended theory of Dowell and Bliss represents an extension [21] of the validity of piston theory

to lower Mach numbers (M ≤ 1.6).

Classical piston theory is a mature aerodynamic method. However, a number of formulations

exist, with differences in the coefficients used and in the definition of the downwash and the direction

of the piston action. The works cited here are representative of the main developments to CPT as

applied to airfoils.

C. Local Piston Theory

The essence of local piston theory (LPT) is the dynamic linearization of the flow about a mean

steady state. The mean steady flow field is computed by a suitable aerodynamic model, and the

perturbations from the mean steady state are computed using piston theory. As the pertubations are

small relative to the mean steady state, the local flow conditions are used for the cylinder conditions

in LPT, with inclinations to the local steady flow being modeled. The method was first suggested

by Morgan et al [5] towards the end of the 1950s as “local-flow piston theory”. Local-flow piston

theory was relatively sparsely used throughout the 1970s; the method received renewed attention in

the 1990s, with further implementation in CFD studies in the 2000s.

Morgan et al [5] suggested use of local flow conditions for the cylinder reference conditions in

piston theory. This was motivated by the inherent locality of piston theory — the piston pressure

is a point-function independent of the conditions at surrounding locations on the airfoil. In the

approach of Morgan et al, a computation using the exact oblique shock relations was made to
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determine the local flow conditions; these conditions were used in a CPT formulation to compute

both the mean steady and perturbation aerodynamic loads.

Yates [22] similarly used the steady flow conditions from shock-expansion theory in LPT. Yates

offered a formulation for the downwash on a rectangular diamond wing in pitch-plunge motion. A

clear definition of the application of LPT was given, with only perturbation motions modeled, and

with the cylinder oriented normal to the local mean surface. The variation of the flutter boundary

with angle-of-attack was studied by Yates for variations in Mach number and airfoil thickness.

Yates noted that the predicted trends of first-order LPT based on the simple-wave pressures (Eq. (2))

differed notably near shock-detachment from those of LPT based on Van Dyke’s second-order theory

due to the differences in formulation at the low local Mach numbers (Ms ≈ 1).

Ericsson et al [20] used first-order LPT to model the perturbation from steady inviscid flow

caused by viscous effects. The steady inviscid flow was calculated using CPT with tangent-wedge

coefficients; the viscous effects were modelled as a perturbation slope arising from the boundary

layer. This analysis was extended [20, 23] to modeling the effects of the dynamic boundary layer

thickness on the pressure derivatives from piston theory.

Hunter [8] applied LPT relative to an Euler computation of the mean steady flow to find small

steady and unsteady perturbations. A number of test cases were considered in comparison of the

LPT-Euler method with a full unsteady Euler solution and with CPT. Hunter found that the LPT-

Euler method gave good correlation with the full unsteady Euler solution for M∞ ≥ 1.5 for the

majority of the cases considered. This was achieved at a significant reduction in computational

cost.

Zhang et al [10] similarly utilized LPT with a steady Euler solution to compute unsteady aero-

dynamic loads on airfoils and on a three-dimensional wing. A comprehensive comparison between

CPT, LPT-Euler, and unsteady Euler was made for a range of circular arc airfoils, as well as for

a NACA0012 profile (to which CPT is not applicable). Zhang et al demonstrated that using LPT

relative to an Euler solution removed the limitations on surface geometry associated with CPT,

provided the perturbations about the mean steady Euler solution were small.

Whilst local piston theory is not a new method, the use of the method with CFD is a compari-
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tively recent approach which continues to be developed [24].

III. Theoretical Basis

A. Piston Analogy

The basis for piston theory lies in the hypersonic equivalence between steady flow in n spatial

dimensions and unsteady flow in n−1 spatial dimensions. This basis was estabilished by Hayes [16]

and was implemented as piston theory by Lighthill [1]. In particular, Lighthill noted that for

thin airfoils in high Mach number flows at small incidence, the gradients and velocity components

perpendicular to the undisturbed flow are large in comparison to the gradients and disturbances

to the velocity in the direction of the undisturbed flow. These are key assumptions in hypersonic

small-disturbance theory (SDT) (such as that of Van Dyke [25]). It may be shown [18, 25] that

hypersonic SDT effectively supports the assumptions made by Lighthill that the contributions to

the pressure from perturbations in the direction of the undisturbed flow may be neglected.

The exposition of hypersonic small disturbance theory by Van Dyke [25] gives an order of

magnitude analysis of the Euler equations. Wood [18] gives a simplified treatment, and also considers

Sychev’s [19] SDT. The approach of Wood in reducing the Euler equations is followed here, with an

emphasis on the transformations for a two-dimensional airfoil.

Consider the two-dimensional flow around a slender airfoil in a body-fixed reference frame z-x,

as depicted in Fig. 1. The velocity components are given as

Ux = U∞ + vx (9)

Uz = vz (10)

The Euler equations in two dimensions written in the z-x frame are then given by

∂ρ

∂t
+
∂ (ρUx)

∂x
+
∂ (ρUz)

∂z
= 0 (11)

ρ
∂Ux
∂t

+ ρUx
∂Ux
∂x

+ ρUz
∂Ux
∂z

= −∂p
∂x

(12)

ρ
∂Uz
∂t

+ ρUx
∂Uz
∂x

+ ρUz
∂Uz
∂z

= −∂p
∂z

(13)

∂s

∂t
+ Ux

∂s

∂x
+ Uz

∂s

∂z
= 0 (14)
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In order for the airfoil dimensions to be of the same order of magnitude, the airfoil is shrunk in

the x-direction, as depicted in Fig. 2, through the transform

x̄ = τx (15)

To bring the the perturbation velocities to the same order of magnitude [25], the following

transform [18] may be used

v̄x =
1

τ
vx (16)

As a result of the transformation, the velocity in the x-direction in the transformed z-x̄ plane is

also scaled as in Eq. (15). Noting the relationship between derivatives of the two planes, the Euler

equations as written in the z-x plane Eqs. (11 – 14) transform to the z-x̄ plane as

∂ρ

∂t
+ τU∞

∂ρ

∂x̄
+
∂ (ρvz)

∂z
= −τ2 ∂ (ρv̄x)

∂x̄
(17)

∂v̄x
∂t

+ τU∞
∂v̄x
∂x̄

+ vz
∂v̄x
∂z

+
1

ρ

∂p

∂x̄
= −τ2v̄x

∂v̄x
∂x̄

(18)

∂vz
∂t

+ τU∞
∂vz
∂x̄

+ vz
∂vz
∂z

+
1

ρ

∂p

∂z
= −τ2v̄x

∂vz
∂x̄

(19)

∂s

∂t
+ τU∞

∂s

∂x̄
+ vz

∂s

∂z
= −τ2v̄x

∂s

∂x̄
(20)

If terms of relative smallness τ2 are neglected, then the order of the flow problem has reduced

to one dimension, with Eqs. (17, 19 – 20) giving three equations in three unknowns (ρ, P , and vz).

If the transformation is made to a earth-fixed reference frame z-x̃ in still air, as depicted in Fig. 3,

the following relationships hold

t̃ = t (21)

x̃ = x̄− τU∞t (22)

It is evident that the local derivative ∂
∂t̃

in the z-x̃ reference frame consists of both a local

derivative as well as a convective derivative in the z-x̄ frame; from Eqs. (21, 22) it follows that

∂

∂t
=

∂

∂t̃
− τU∞

∂

∂x̃
(23)

Hence, the Euler equations in an earth-fixed reference frame for a two-dimensional airfoil under
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the assumptions of hypersonic small disturbance theory [25] are given by

∂ρ

∂t̃
+
∂ (ρvz)

∂z
= −τ2 ∂ (ρv̄x)

∂x̃
(24)

∂v̄x

∂t̃
+ vz

∂v̄x
∂z

+
1

ρ

∂p

∂x̃
= −τ2v̄x

∂v̄x
∂x̃

(25)

∂vz

∂t̃
+ vz

∂vz
∂z

+
1

ρ

∂p

∂z
= −τ2v̄x

∂vz
∂x̃

(26)

∂s

∂t̃
+ vz

∂s

∂z
= −τ2v̄x

∂s

∂x̃
(27)

Neglecting terms of relative smallness τ2, it is seen that Eqs. (24, 26 – 27) represent the unsteady

Euler equations for a one-dimensional flow perpendicular to the freestream. This represents the

mathematical basis for Lighthill’s physical interpretation of the flow as “slabs” of fluid (oriented

perpendicular to the freestream) being washed over the surface of an oscillating airfoil. The flow in

each “slab” is considered indepedent of the flow in adjacent slabs — the dependency on the axial

coordinate x is removed. Lighthill [1] described the slab of fluid as a one-dimensional cylinder of

fluid, with the airfoil surface acting as a piston to displace the fluid down the length of the cylinder.

It is important to note that this development of hypersonic SDT assumes small flow incidences;

this is in contrast to Sychev’s [19] SDT, which is applicable to slender bodies at large incidence

— here the small parameter is the transverse dimension of the body. Both the hypersonic SDT

of Van Dyke and the large incidence SDT of Sychev, yield a form of the hypersonic equivalence

principle (“law of plane sections” in Sychev’s work), or piston analogy; the steady flow in n spatial

dimensions is modeled by the unsteady flow in n − 1 spatial dimensions. However, important

differences in the formulation arise from the definition of the spatial dimension which is reduced,

and the terms which are neglected. In Sychev’s formulation, the reduction is made to unsteady flow

in planes perpendicular to the body axis (which is at large incidence); however, in piston theory, the

reduction is made to unsteady flow in planes perpendicular to the undisturbed velocity vector. In

terms of the piston analogy, it may be seen that the orientation of the cylinder plays an important

role.

The development of small-disturbance theories is summarized in the authoritative text of Hayes

and Probstein [26], with particular consideration given to the differences between hypersonic SDT

and the linearized slender body theory for compressible flows. Hayes and Probstein also considered
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the application of the hypersonic equivalence principle to unsteady flows, citing Lighthill’s [1] piston

theory, and noted that its applicability in hypersonic flows is dependent on the reduced frequency,

k, being small. Dowell et al [27], working from a unsteady potential flow formulation, noted that

first-order piston theory is obtained not only for small k at hypersonic Mach numbers, but is also

obtained in the limit of very large reduced frequencies for any Mach number. In both of these limits,

the piston theory formulation is obtained as a result of the contribution of spatial derivatives in

the direction of the flow becoming negligible relative to derivatives perpendicular to the flow. This

reduction in the spatial dimension of the problem is characteristic of the piston analogy, and has been

exploited in reducing the cost of computational fluid dynamics, as was noted in the introduction.

The resulting spatial locality of the flow renders the formulation similar to other aerodynamic models

at low order; this is elaborated on in [28].

B. Downwash Equation

A number of formulations of the downwash equation exist, which are as a result of differences

in the definition of the cylinder orientation and the direction of the piston action. Generally, the

formulations are approximately equivalent for small perturbations and small surface inclinations. A

variety expressions for the downwash with the corresponding cylinder orientations are noted here.

In the original formulation of Lighthill, the cylinder (and piston action) are perpendicular to

the undisturbed (freestream) velocity vector. This is reflected by the theoretical basis, in which the

motion is reduced to unsteady one-dimensional in the z direction (in the earth-fixed reference frame)

for a body passing through the cylinder at the reference speed Ucyl. In the cylinder (earth-fixed)

reference frame, the piston downwash is then defined as

w ≡ ∂z

∂t̃
(28)

Noting the relationships between derivatives in the various reference frames (through Eqs. (15,

22 – 23)), the following expression for the piston downwash is obtained in the original body-fixed

frame of the airfoil

w = Ucyl
∂z

∂x
+
∂z

∂t
(29)
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This is equal to the expression given by Lighthill in Eq. (1). The convective and dynamic

downwash components are cast, respectively, as

wc = Ucyl
∂z

∂x
= Ucyl tan δ (30)

wd =
∂z

∂t
(31)

Bird [3] noted that if the velocity component in any direction in a flowfield remains constant,

then the flow equations reduce identically to unsteady flow in a plane normal to the direction of

unchanged velocity — this may be viewed as the special, exact case of piston theory. Bird notes that

two special cases where this occurs are the steady planar oblique shock, and steady planar Prandtl-

Meyer expansion. For these cases, it may be shown that the Euler equations reduced identically to

one-dimensional unsteady flow in an earth-fixed frame with cylinder oriented normal to the oblique

shock or the line of constant velocity components. The axes for the oblique shock case are shown

in Fig. 4. As the special case requires a steady two-dimensional problem, the dynamic downwash

component is zero, and Bird [3] notes that the convective downwash component is given by

wc = U∞

(
sin δ

cos(θ − δ)

)
(32)

In Bird’s formulation, no assumption is made of the smallness of parameters in the flow problem,

as is made in the SDT formulation and in Lighthill’s CPT formulation. It is noted that for a cylinder

defined perpendicular to the freestream (θ = 0), the expression of Bird reduces to that of Lighthill in

Eq. (30). Bird [3] consequently recommended that the modeling of CPT for large deflections could

be improved by replacing the tan δ term in Eq. (30) with sin δ on the basis of Bird’s downwash

expression. From Eq. (32), it is evident that this is equivalent to defining the cylinder as acting

perpendicular to the surface (θ = δ) of the airfoil.

Bird’s recommendations are based on the approximation that the term θ − δ may be replaced

by the free-stream Mach angle. This results in the dimensionless downwash term being equivlaent

to the first-order term in Van Dyke’s second-order pressure equation, with tan δ replaced by sin δ.

It must be noted, however, that the definition of the cylinder as acting normal to the surface of the

airfoil is essentially a semi-empirical approximation.

Nevertheless, this approximation was widely implemented based on Bird’s recommendation,
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with several formulations of local piston theory (LPT) effectively being based on the cylinder act-

ing normal to the perturbed surface of the airfoil. This may be shown through consideration of

the downwash formulations used by Hunter [8] and Zhang et al [10]. The downwash equation of

Hunter [8], with the sign of the flow-induced term corrected, is given as

w = −Us · n′ + Ub · n′ (33)

The downwash equation of Zhang et al [10] is given through

w = Us · δn′ + Ub · n′ (34)

δn′ = ns − n′ (35)

Noting that for local flow ~Us · ~ns = 0, the flow-induced downwash components for no airfoil

motion (Ub = 0) of Eqs. (33, 34) are seen to reduce to

wc = −Us · n′ = Us sin δ (36)

with δ being the deflection of the perturbation surface relative to the mean steady surface.

Whilst the variety of downwash formulations resulting from different cylinder orientations is

evident, it should be remembered that the theoretical basis for the piston-cylinder analogy is the

reduction of steady flow in n spatial dimensions to unsteady flow in n − 1 dimensions. This may

be achieved through neglecting gradients of certain flow quantities in a particular directions in the

fluid equations of motion [1, 16, 21]. In the case of hypersonic small disturbance theory and CPT,

the approximations made define the cylinder to act perpendicular to the undisturbed (freestream)

flow. Bird’s approximation of the cylinder acting perpendicular to the surface of the airfoil is only

theoretically valid in the quasi-steady treatment of a tangent-wedge approximation.

C. Local Piston Theory

Consider an airfoil undergoing small perturbations about a mean steady state. The mean steady

position and inclination of the local airfoil surface are considered time-invariant; its trajectory in

time sweeps out a flat surface parallel to the local velocity at mean steady conditions. This is

depicted in Fig. 5. Perturbations in the relative position of the local airfoil surface in the cylinder
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and the local surface inclination are considered to vary in time. Their trajectories in time define

curved walls. The crux of local piston theory (LPT) is to model the local perturbation pressures

over the curved wall using piston theory. The cylinder reference conditions for the flat surface prior

to the curved wall are then given by the local mean steady flow conditions.

The basis for LPT follows from an adaptation of classical piston theory (CPT). In LPT, the local

mean steady flow at a point on an airfoil is considered to be the undisturbed flow; perturbations in

a direction perpendicular to the local mean flow sweep out a two dimensional perturbation surface

in time. The unsteady local perturbations relative to the mean steady state may be modeled using

piston theory, provided that the perturbation flow swept out in time meets the equivalent validity

conditions of Eq. (4), where δ and ε are measured relative to the mean steady surface (i.e. are

perturbation quantities).

D. Pressure Equation

The original pressure relation used by Lighthill [1] is that for the pressure on the face of a piston

moving at uniform speed, generating isentropic simple waves, which for arbitrary cylinder reference

conditions is given as

p

pcyl
=

(
1 +

γ − 1

2

w

acyl

) 2γ
γ−1

(37)

Lighthill deemed this formulation as suitable for the validity condition given in Eq. (4), i.e. for

piston motions that do not generate shocks.

As noted by Wood [18], the reduction of the dimension of the flow in hypersonic small distur-

bance theory does not directly yield the piston theory formulation — the Euler equations must be

subjected to a further set of simplifying assumptions together with isentropic gas relations in order

for Lighthill’s piston theory to be obtained. These include assumptions of constant piston velocity

and zero entropy gradients along the cylinder. Alternative formulations of the pressure equation

used in piston theory were introduced to circumvent the limitations of the isentropic simple wave

equation. For example, for compression flows, the equation for the pressure behind an oblique shock
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over an equivalent tangent wedge in hypersonic flow has been used

p

pcyl
= 1 + γK2


γ + 1

4
+

√(
γ + 1

4

)2

+
1

K2


 (38)

Ericsson et al [20] note that for flows ofK ≥ 1, Eq. (38) is equivalent to what was termed “strong

shock” piston theory. The use of the equation leads to a tangent-wedge approximation. Ericsson et

al further note that the tangent-wedge approximation yields more accurate results for the surface

pressure than the isentropic pressure relation for flow with K > 1.

The use of further pressure relations in a piston-theory formulation was investigated by Liu et

al [9]. The pressure relations typically vary from third-order terms and higher — this was noted by

Lighthill [1] and Liu et al [9] to be associated with the differences in flow physics between isentropic

expansion and shock waves (e.g. rotationality introduced by the shock wave). Further examples of

pressure relations include the use of Van Dyke’s second-order theory [29] and the pressure relation

derived by Dowell and Bliss [21] for potential flow with arbitrary reduced frequency and Mach

number.

The selection of the pressure equation used in the piston theory formulation effectively only

determines the coefficients c1, c2, c3, etc. used. That is to say, although the theoretical basis for

the pressure equations may differ, the equations yield an equivalent relationship between the piston

pressure and piston downwash, albeit with different coefficients. This has led to some ambiguity, as

various formulations with different validities have fallen under the broad term of “piston theory”. As

an example, the isentropic simple wave formulation of Lighthill is only valid in a small disturbance

formulation in the approximate range of 0.34 < K < 1, whereas the potential-flow basis for Van

Dyke’s formulation extends to lower values of K.

The pressure equations further vary in the parameter upon which the pressure is dependent: for

the simple wave formulation, the pressure is dependent on the velocity of the piston (perpendicular

to the undisturbed stream); for the tangent-wedge, Van Dyke, and other formulations, the pressure

is dependent on the surface inclination δ. The pressure formulations dependent on δ may only be

used in the form of Eq. (8) under limiting assumptions of small δ, such that δ ≈ sin δ ≈ tan δ, so

that the convective downwash approximation of Eqs. (30, 36) may be made.
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IV. Generalized Formulation

A. Generalized Pressure Equation

The unification of several formulations of classical piston theory (CPT) through the introduction

of a generalized pressure equation by Rodden et al (Eq. (8)) is extended here to include local

piston theory (LPT). As noted previously, the differences between CPT and LPT chiefly arise from

differences in the reference frame used; however, in both theories the piston-cylinder analogy is

used. The equation of Rodden et al may be extended through formulation in terms of the cylinder

reference conditions. It is assumed that the pressure equation upon which the piston theory is based

may be expanded in powers of the piston downwash as

p

pcyl
= 1 + γ

[
c1

(
w

acyl

)
+ c2

(
w

acyl

)2

+ c3

(
w

acyl

)3
]

(39)

The pressure coefficient is referenced to freestream quantities, and is therefore given by

Cp = Cpcyl +

(
pcylM

2
cyl

p∞M2∞

)
2

M2
cyl

[
c1

(
w

acyl

)
+ c2

(
w

acyl

)2

+ c3

(
w

acyl

)3
]

(40)

where

Cpcyl =
pcyl − p∞
1
2γp∞M

2∞
(41)

The extension to LPT offered by Eq. (40) requires generalization of the downwash expression,

w, to account for the differences in modeling betweeen various piston theories and between CPT

and LPT.

B. Generalized Downwash Equation

A generalized formulation of the downwash equation for arbitrary cylinder orientation and for

in-plane motion of the local airfoil surface is presented here, applicable to both CPT and LPT. The

downwash is considered as arising from a dynamic component and from a convective component.

The dynamic component represents the flow or body motion in the direction of the cylinder. The

convective component gives the downwash arising from local surface inclination relative to the

cylinder-normal. The nomenclature is defined in Fig. 6, with downwash defined as positive for

compression.
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The downwash equation is formulated in the ζ-ξ axes of Fig. 6b, in which the cylinder is oriented

at an angle θ relative to the freestream-normal (θ positive for inclination into the freestream). Note

that when applied to LPT, the perturbation surface is modeled: that is, the surface is defined by

z = zp, ζ = ζp. A wind-tunnel reference frame is used, with the observer and cylinder fixed in

space, and with the airfoil on a flexible mount, allowing general motion about a position of static

equilibrium. The downwash on the upper surface of the airfoil is given by

w = wc + wd (42)

where

wc =
(
Uξ − Ubξ

) ∂ζ
∂ξ

(43)

wd = −Uζ + Ubζ (44)

The flow and body motion components follow as

Uξ = Ucyl cos θ (45)

Uζ = −Ucyl sin θ (46)

Ubξ =
∂ξ

∂t
(47)

Ubζ =
∂ζ

∂t
(48)

The equations may then be rearranged to give

wc =

(
−Ucyl cos θ +

∂ξ

∂t

)
tan (θ − δ) (49)

wd = Ucyl sin θ +
∂ζ

∂t
(50)

Leading to the generalized downwash expression

w = Ucyl
sin δ

cos (θ − δ)
+
∂ξ

∂t
tan (θ − δ) +

∂ζ

∂t
(51)

The generalized equation may be shown to reduce to the downwash expression used in various

formulations of both CPT and LPT, using the appropriate assumptions in formulation given in

Table 1, and noting that ∂ζ
∂t ≡ Ub ·n′. In applying the generalized downwash expression to LPT, it

should be remembered that the perturbation surface is modeled.
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Thus, the generalized downwash formulation gives a consistent description of the downwash on

the piston surface for arbitrary cylinder conditions and orientation, and for arbitrary motion of the

body. The equation reduces to the established special cases in literature for both CPT and LPT.

V. Discussion

A. Limits of Validity

The generalized formulation presented here which gathers various aerodynamic methods which

have a formulation resembling that of Lighthill’s piston theory, extending the work of Rodden et

al [17] to include local piston theory. Whilst the formulations resulting from the various methods

may be expressed in a generalized form, the theoretical basis of the pressure equations differ and

must be evaluated before applying the method under consideration.

The theoretical basis of Donov’s [30] pressure equation lies in small perturbations from a char-

acteristics development of inviscid supersonic flows; thus, no limiting assumption is made regarding

Mach number, other than that the flowfield is everywhere supersonic. Donov’s formulation of the

pressure equation is in terms of a power series in δ. The error introduced through using the coeffi-

cients in a power series in terms of tan δ instead is negligible for small δ of approximately δ ≤ 10◦.

The physical basis of Lighthill’s [1] piston theory, in which he assumed that flow in the fluid

cylinders was independent between cylinders, has a mathematical foundation similar to Van Dyke’s

hypersonic small disturbance theory [25] (SDT). Lighthill’s pressure equation further limits the

validity to flows where the piston downwash is subsonic (K < 1). The lower limit on the value

of the hypersonic similarity K may not be immediately obvious in Lighthill’s formulation, as it

follows from Van Dyke’s order of magnitude analysis in hypersonic SDT. (It should be noted that

the coefficients from Van Dyke’s unified supersonic-hypersonic theory do not share the same lower

limit.) Van Dyke introduces [25] the non-dimensionalized quantities below, assuming that both have

bounded growth of O(1) as τ → 0 for fixed K:

w = τU∞ŵ (ŵ = O(1)) (52)

p = γM2
∞τ

2p∞p̂ (p̂ = O(1)) (53)

Lighthill’s pressure equation may then be recast in terms of the non-dimensionalized quantities
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as

p̂ =
1

γK2

(
1 +

γ − 1

2
Kŵ

) 2γ
γ−1

(54)

The behaviour of the function with γ = 1.4 and ŵ = 1 is shown in Fig. 7, and it is noted that

the assumption of p̂ = O(1) is violated in the limit as K → 0 and as τ →∞. If an approximate limit

is set to confine p̂ to be within order of magnitude of ŵ = 1, the function is limited to the range

0.336 ≤ K ≤ 8.38 for air (γ = 1.4). This is in agreement with Van Dyke’s more general formulation,

in which he notes that the reduction in flow dimension offered by hypersonic SDT breaks down in

the range of linearized supersonic flow [25].

Thus, Lighthill’s classical piston theory (CPT) is theoretically only valid in the range 0.336 <

K < 1 for Van Dyke’s assumption of O(ŵ) = 1. For the simple case of a wedge, the limit of an

attached oblique shock adds a third bound on the validity of Lighthill’s CPT in terms of δ and M∞.

The bounds of validity are shown in Fig. 8. Refering to the figure, the region above the shock-

detachment line may be divided into three regions (A, B, and C). Lighthill’s CPT is theoretically

valid in region B; region A represents flows in which supersonic SDT is more appropriate; region

C defines flow for which the Mach number of the perturbation down the cylinder length is greater

than unity.

The extended piston theory of Dowell and Bliss [21] is based on linearized supersonic potential

flow — however, in the limit of high Mach number, the extended theory tends to linear classical

piston theory. Thus, it may be expected that the extended theory shares the same upper limit of

validity of K < 1, whilst enjoying an extension of the lower limit into low supersonic Mach numbers

- in terms of Fig. 8, this represents an extension of the validity to include region A in addition to B.

In the discussion of the validity made thus far, no mention has been made of the reduced

frequency k of vibration. The reduced frequency gives a measure of the unsteadiness of the flow, as

it represents the ratio between the rate at which disturbances are introduced into the flow (through

structural vibration) and the rate at which they are washed downstream. In assuming that flows

in fluid cylinders are independent of one another, the influences are neglected. This renders piston

theory a quasi-steady theory — the aerodynamic loading is dependent on the instantaneous flow

field. In a similar sense, local piston theory is limited to perturbations about the mean steady state
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that are sufficiently small that the change in the mean flow field may be neglected relative to the

local perturbations. It is noted that the validity of piston theory in terms of reduced frequency

generally [9] appears in terms coupled with Mach number, such as kK < 1 or kM2 � 1. For flows

with significant unsteady effects, the validity of piston theory is limited to modeling very short

durations of flow, with successive updates of the reference “quasi-steady” state. A quantitative

treatment of the validity range of linear piston theory for small values as k, based in potential flow

analysis, is given in [28]; the treatment serves as a quantitative estimate of the validity range for

the extended piston theory of Dowell and Bliss [21] for small reduced frequencies.

B. Accuracy of Theories

The various aerodynamic methods covered by the generalized pressure equation of Eq. (40) are

identified by the coefficients c1, c2, and c3, and by the order of the equation. The relative merits

of one set of coefficients over another or the justification of higher-order theories is dependent on

the problem being analyzed — the accuracy and validity in part depend on the application. This

should be considered in the discussion that follows, in which the relative accuracy of the theories as

applied to flow over a planar wedge is considered; it can not be expected that Donov’s development

for planar flows can be extended with the same accuracy to three-dimensional flows, for example.

Consider the flow over a planar wedge, modeled in the sense of classical piston theory, with the

generalized formulation of Eq. (40) used to find the total pressure. The equation may be recast in

terms of the non-dimensionalized downwash of Eq. (52) into the hypersonic similarity parameter of

Cp
τ2

= 2
(
c1ŵK

−1 + c2ŵ
2 + c3ŵ

3K
)

(55)

It is noted that in general (for Van Dyke’s theory and for Donov’s analysis), the coefficients c1,

c2, and c3 are functions of M . For a cylinder orientation perpendicular to the freestream, it may

be shown that for the stationary wedge, ŵ = 1; the differences in ŵ for cylinder orientation perpen-

dicular to the surface are negligible for a wedge semi-angle of δ = 10◦. With this consideration, the

wedge surface pressure coefficient predicted by the various theories from Eq. (55) is shown in Fig. 9

for δ = 10◦ and ŵ = 1. The angle δ = 10◦ has been chosen for direct comparison with the similar

figure of Liu et al [9]. The error in the pressure predictions relative to exact shock results are shown
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in Fig. 10a, and the error in the slope prediction is shown in Fig. 10b.

It is well known that the wedge pressure coefficient becomes Mach independent for large K;

this is reflected in the exact shock results. However, consideration of the behaviour of Eq. (55)

in the limit of large K shows that Mach independence is only achieved if third-order terms are

discarded for large K, or if c3 is developed such that c3K = O(1) in the limit K →∞. The second-

order theories are seen to have the correct behaviour in the limit of large K. It is of interest to

note that, with the exception of Donov’s compression series, the theories tend to the corresponding

order of Lighthill’s classical piston theory in the limit of large K; these theories are all based

on the assumption of isentropic flow disturbances, where Donov’s compression series tends to the

hypersonic limit for oblique shocks. In considering the pressure prediction for flows with K < 1, it

is noted that for all the theories, successively better modeling is achieved through the inclusion of

higher-order terms. Physically, these higher-order contributions are from linear (second-order term)

and nonlinear (third-order term) thickness effects. It is noted that near K = 1, the contribution

from nonlinear thickness effects becomes important, whilst for small K (in the supersonic range),

linear thickness effects dominate.

The order of magnitude of contribution by the higher-order terms relative to the first-order

terms of the theories are compared in Fig. 11, with the nomenclature defined by recasting Eq. (55)

as

Cp
τ2

= χ1ŵ + χ2ŵ
2 + χ3ŵ

3 (56)

and introducing,

∂
(
Cp
τ2

)

∂K
= ψ1ŵ + ψ2ŵ

2 + ψ3ŵ
3 (57)

In contrast to Lighthill’s CPT, the contribution of the second-order term from Van Dyke’s [29]

theory to the slope is non-zero. (However, it should be noted that for the symmetrical wedge,

the second-order downwash contribution of any theory has zero effect on the damping-in-pitch.)

The third-order terms only begin to make an order-of-magnitude contribution at high K, in the

region of K > 0.8. Nonetheless, the contribution of the third-order term at high K is important

in correctly modeling the pressure derivative, as is noted from the difference in accuracy between
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Van Dyke’s second-order theory and Donov’s third-order theories (the theories are equivalent up to

second-order).

From this consideration of the contributions from the various order terms, the following gener-

alization regarding higher-order terms is made: the inclusion of second-order terms is important in

modeling the pressure for all K, but make no contribution to the modeling of damping; third-order

terms are important in modeling the effect of nonlinear thickness effects on the pressure slope, and

become increasingly important as K → 1.

Whilst the discussion thus far has been in terms of the application of CPT, important conclusions

may also be drawn for local piston theory (LPT). The LPT equivalent of K is Ms tan δp, and for

sufficiently small perturbations δp it is seen that the perturbation K may in turn be small enough

that the contribution from terms higher than first-order may reasonably be neglected.

A second implication for LPT is drawn from the relative performance in modeling of Van

Dyke’s [29] theory compared to Lighthill’s theory at small K. That is to say, the calculation of the

coefficient c1 at low K becomes important for accurate modeling. This suggests that LPT may be

further improved by utilising the coefficient c1 from Van Dyke’s theory or from the extended piston

theory of Dowell and Bliss; however, this would come at the cost of calculating the local Mach

number Ms on the surface of the airfoil. This, in turn, could serve as a useful check to investigate

regions of the flow (subsonic) in which LPT may be theoretically invalid.

VI. Conclusions

The generalized formulation of piston theory in terms of cylinder reference conditions put for-

ward in the present work offers a consistent approach to piston theory applicable to both local and

piston theory. The accompanying generalized formulation of the downwash equation in terms of

arbitrary cylinder orientation and arbitrary motion in the plane of the airfoil serves a dual purpose:

it highlights the subtle differences between implementations of piston theory in literature, whilst

giving a general basis from which the implementations may be derived. The review of the theoretical

basis for Lighthill’s classical piston theory provides a theoretical basis for the suggested lower limit

of validity as approximately K > 0.34.
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A comparison of the modeling accuracy of Lighthill’s formulation, Van Dyke’s formulation, and

Donov’s third-order formulations for a planar highlights the relative importance of the coefficients

used in piston theory, as well as the relative necessity of higher-order terms. It is shown that for

the static wedge, third-order terms only become important in the lower limit of K — that is to say,

as the shock-detachment Mach number is approached. When considering first-order piston theory

in the limit of small K, it is seen that the use of Van Dyke’s coefficient yields significantly better

modeling relative to the use of Lighthill’s first-order coefficient. Hence, considering the small value

of the perturbation K associated with local piston theory, it is suggested that local piston theory

may be further improved through using a first-order coefficient which is calculated for the local flow

conditions.

Acknowledgments

This paper was financially supported by ARMSCOR of South Africa through the Fluxion grant.

References

[1] Lighthill, M. J., “Oscillating Airfoils at High Mach Numbers,” Journal of the Aeronautical Sciences,

Vol. 20, No. 6, 1953, pp. 402–406.

[2] Ashley, H., and Zartarian, G., “Piston Theory — A New Aerodynamic Tool for the Aeroelastician,”

Journal of the Aeronautical Sciences, Vol. 23, No. 12, 1956, pp. 1109–1118.

[3] Bird, G. A., “Some Remarks on the Foundations of Piston Theory and Supersonic-Hypersonic Similar-

ity,” Journal of the Aerospace Sciences, Vol. 25, No. 2 ,1958, pp. 138-139. doi: 10.2514/8.7538

[4] Chawla, J. P., “Aeroelastic Instability at High Mach Number”, Journal of the Aerospace Sciences, Vol.

25, No. 4, 1958, pp. 246-258.

[5] Morgan, H. G., Runyan, H. L., and Huckel, V., “Theoretical Considerations of Flutter at High Mach

Numbers,” Journal of the Aerospace Sciences, Vol. 25, No. 6, 1958, pp. 371–381.

[6] Krumhaar, H., “The Accuracy of Linear Piston Theory When Applied to Cylindrical Shells,” AIAA

Journal, Vol. 1, No. 6, 1963, pp. 1448–1449. doi: 10.2514/3.1832

[7] Fung, Y. C., and Olson, M. D., “Comparing Theory and Experiment for the Supersonic Flutter of

Circular Cylindrical Shells,” AIAA Journal, Vol. 5, No. 10, 1967, pp. 1849–1856. doi: 10.2514/3.4315

[8] Hunter, J. P., “An Efficient Method for Time-Marching Supersonic Flutter Predictions Using CFD,”

M.S. Dissertation, Oklahoma State University, Stillwater, OK, 1997.

25



[9] Liu, D. D., Yao, Z. X., Sarhaddi, D., and Chavez, F., “From Piston Theory to a Unified Hypersonic-

Supersonic Lifting Surface Method,” Journal of Aircraft, Vol. 34, No. 3, 1997, pp. 304–312.

[10] Zhang, W. -W., Ye, Z. -Y., Zhang, C. -A., and Liu, F., “Supersonic Flutter Analysis Based on a Local

Piston Theory,” AIAA Journal, Vol. 47, No. 10, 2009, pp. 2321–2328.

[11] McNamara, J. J., Crowell, A. R., Friedmann, P. P., Glaz, B., and Gogulapati, A., “Approximate

Modeling of Unsteady Aerodynamics for Hypersonic Aeroelasticity,” Journal of Aircraft, Vol. 47, No.

6, 2010, pp. 1932–1945.

[12] McNamara, J. J., and Friedmann, P. P., “Aeroelastic and Aerothermoelastic Analysis in Hypersonic

Flow: Past, Present, and Future,” AIAA Journal, Vol. 49, No. 6, 2011, pp. 1089–1122.

[13] Crowell, A. R., and McNamara J. J., “Model Reduction of Computational Aerothermodynamics for Hy-

personic Aerothermoelasticity”, AIAA Journal, Vol. 50, No. 1, 2012, pp. 74–84. doi: 10.2514/1.J051094

[14] Yang, C., Li, G. S., and Wan, Z. Q., “Aerothermal-Aeroelastic Two-Way Coupling Method for Hyper-

sonic Curved Panel Flutter,” Science China Technological Sciences, Vol. 55, No. 3, 2012, pp. 831–840.

[15] Lamorte, N., and Friedmann, P. P., “Hypersonic Aeroelastic and Aerothermoelastic Studies Using Com-

putational Fluid Dynamics,” AIAA Journal, Vol. 52, No. 9, 2014, pp. 2062–2078. doi: 10.2514/1.J053018

[16] Hayes, W. D., “On Hypersonic Similitude,” Quarterly of Applied Mathematics, Vol. 5, No. 1, 1947, pp.

105–106. doi: 10.2514/2.2199

[17] Rodden, W. P., Farkas, E. F., Malcom, H., and Kliszewski, A. M., “Aerodynamic Influence Coefficients

from Piston Theory: Analytical Development and Computational Procedure,” Aerospace Corp., TDR-

169 (3230-11) TN-2, August 1962.

[18] Wood, B. M., “A Survey of Unsteady Hypersonic Flow Problems,” British Aeronautical Research Coun-

cil, C.P. 901, London, England, 1966.

[19] Sychev, V. V., “Three-dimensional Hypersonic Gas Flow Past Slender Bodies at High Angles of Attack,”

Journal of Applied Mathematics and Mechanics, Vol. 24, No. 2, 1960, pp. 296–306. doi: 10.1016/0021-

8928(60)90033-2

[20] Ericsson, L. E., Almroth, B. O., Bailie, J. A., Brogan, F. A., and Stanley, G. M., “Hypersonic Aeroelastic

Analysis,” Lockheed Missiles and Space Co. Inc., LMSC-D056746 (AD-A028 794), September 1975.

[21] Dowell, E. H., and Bliss, D. B., “New Look at Unsteady Supersonic Potential Flow Aerodynamics and

Piston Theory,” AIAA Journal, Vol. 51, No. 9, 2013, pp. 2278–2281. doi: 10.2514/1.J052088

[22] Yates, E. C., and Bennett, R. M., “Analysis of Supersonic-Hypersonic Flutter of Lifting Surfaces at

Angle of Attack,” Journal of Aircraft, Vol. 9, No. 7, 1972, pp. 481–489. doi: 10.2514/3.59019

[23] Ericsson, L. E., “Viscous and Elastic Perturbation Effects on Hypersonic Unsteady Airfoil Aerodynam-

26



ics,” AIAA Journal, Vol. 15, No. 10, 1977, pp. 1481–1490. doi: 10.2514/3.60814

[24] Han, H., Zhang, C., Wang, F., “An Approximate Model of Unsteady Aerodynamics for Hypersonic

Problems at High Altitude,” Chinese Journal of Theoretical and Applied Mechanics, Vol. 45, No. 5,

2013, pp. 690–698. (Abstract in English) doi: 10.6052/0459-1879-12-382

[25] Van Dyke, M. D., “A Study of Hypersonic Small-Disturbance Theory,” NACA Report 1194, 1951.

[26] Hayes, W. D., and Probstein, R. F., Hypersonic Flow Theory, Academic Press, 1959.

[27] Dowell, E. H. (ed.), et al, A Modern Course in Aeroelasticity, 4th ed., Springer, 2004.

[28] Meijer, M. -C., and Dala, L., “On the Validity Range of Piston Theory,” 16th International Forum on

Aeroelasticity and Structural Dynamics, IFASD-2015-004, 2015.

[29] Van Dyke, M. D., “A Study of Second-Order Supersonic-Flow Theory,” NACA TN-2200, January 1951.

[30] Donov, A. E., “A Flat Wing With Sharp Edges in a Supersonic Stream,” NACA TM-1394, 1956.

(Originally, Izvestiya Akademii Nauk SSSR, Seriya Mat., 1939, pp. 603–626.)

Table 1 Assumptions present in piston theory downwash formulations

Formulation Ucyl θ ∂ξ
∂t

∂ζ
∂t

Lighthill (1953) U∞ 0 0 −

Bird (1958) U∞ β 0 0

Hunter (1997) Us δ − −

Current work − − − −
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Fig. 1 Small disturbance theory axes: original body-fixed axes.
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Fig. 2 Small disturbance theory axes: transformed body-fixed axes.
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Fig. 4 Axes in Bird’s formulation for an oblique shock.
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Fig. 6 Basis for the downwash equation for: (a) Lighthill’s cylinder orientation (b) an arbitrary

cylinder orientation.
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Fig. 8 Validity bounds of Lighthill’s CPT.
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Fig. 9 Pressure coefficient predictions for semi-wedge angle 10◦.
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Fig. 10 Prediction error for semi-wedge angle 10◦ in: (a) pressure coefficient (b) pressure

coefficient slope.
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Fig. 11 Order of magnitude of contribution from higher-order terms relative to first-order for

semi-wedge angle 10◦ to: (a) pressure coefficient (b) pressure coefficient slope.
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