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ABSTRACT 

 

This paper aims to produce a dynamic model that is 

computationally fast to predict the response of the AMFC stack 

according to variations of physical properties of the materials, 

and operating and design parameters. The model is based on 

electrochemical principles, and mass, momentum, energy and 

species conservation. It also takes into account pressure drop in 

the headers, single cells gas channels and the temperature 

gradient with respect to space in the flow direction. The 

simulation results comprise temperature distribution, net power, 

polarization and efficiency curves. Therefore, the model is 

expected to be a useful tool for AMFC stack control, design and 

optimization purposes after adjustment and experimental 

validation. 

 
INTRODUCTION 

 

The technology of fuel cells has been widely studied as an 

alternative renewable energy in order to contribute to solve the 

problem of the world energy demand increase, and it is 

considered a form of clean energy generation [1-8]. The fuel cell 

operates through an electrochemical reaction between a fuel and 

an oxidant, producing energy and water [2]. In the case of the 

alkaline membrane fuel (AMFC) hydrogen is used as fuel, 

oxygen as oxidant and an aqueous solution of potassium 

hydroxide (KOH) supported by a cellulose membrane as the 

electrolyte, and platinum or platinum free (e.g., Ni-Co) based 

catalysts in the electrodes.  

Despite its advantages, fuel cell technology is still not widely 

used because there are obstacles to be overcome, such as the high 

cost of catalysts and manufacturing, difficulty in hydrogen 

production as well as its storage and distribution [1,2]. The 

alkaline membrane fuel cell (AMFC) is an alternative to reduce 

cost, compared to the proton exchange membrane fuel cell 

(PEMFC). 

Much attention has been given to modeling fuel cell systems. 

Such efforts include the fluid flows that supply the cells with fuel 

and oxidant, with the use of computational fluid dynamics 

(CFD), as described by [3, 4], who reviewed the status of three-

dimensional fuel cell modelling. 

Sommer et al. [5] developed a mathematical model for the 

single AMFC, where the simulation results comprise 

temperature distribution, net power and polarization curves. The 

model was experimentally validated. 

For practical engineering applications, stacks are necessary 

to reach higher power output. Vargas et al. [9] conducted a study 

to optimize the internal structure, single cells thickness, and the 

external shape of a PEMFC stack, so that net power is 

maximized. For that, the authors started from a mathematical 

model of a single fuel cell in the stack, proceeding to include the 

pressure drop experienced in the headers, and the gas channels 

of the cells. 

This paper extends the mathematical model and the 

numerical simulation of a single AMFC to alkaline membrane 

fuel cell (AMFC) stacks. Pressure drops in the headers and single 

cells channels are included in order to assess the AMFC stack 

net power output. 

 

MATHEMATICAL MODEL 

 

The AMFC stack is shown schematically in Figure 1. The 

stack is fed by two input headers, one carries fuel and the other 

carries oxidant, which are delivered individually to each fuel cell 

inside the stack. After the fuel and oxidant flows cross each cell 

in the stack, two output headers collect the used gases, and water 

which is produced by the reactions in the fuel cells. The stack 

produces electrical power, and a fraction of this energy is used 

to pump the fuel and oxidant across the AMFC stack, through 

the input and output headers and also through the gas channels 

in each cell. The model considers pure hydrogen as the fuel and 

oxygen as the oxidant.  

The single AMFC is divided into seven control volumes that 

interact energetically with one another and the external ambient. 
The model assumes the existence of a cooling channels system 

that irrigates the bipolar plates, and the cooling fluid (e.g., water, 

air) is kept at an average specified temperature, T∞, between 

single cells, and around the stack. 
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NOMENCLATURE 
A [m2] area 
Ac [m2] total gas channel cross-section area 

As [m2] fuel cell cross-section area 

Aw [m2] wall heat transfer area 
AFC  alkaline fuel cell 

AMFC 

B 

 alkaline membrane fuel cell 

dimensionless constant 
C  constant 

Ci [mol/m3] 

 

concentration of oxidized and reduced 

states, i=O,R 
CFD  computational fluid dynamics 

CVi  control volume i 
c [Kmol/kgK] specific heat 

cp [kJ/kgK] specific heat at constant pressure 

cv [kJ/kgK] Specific heat at constant volume 
D [m2/s] Knudsen diffusion coefficient 

Dh
 

[m] gas channel hydraulic diameter 

f  friction factor 
F [96,500C/eq] Faraday constant 

h [W/m2K] heat transfer coeficient 

 ii TH  [kJ/kmol] molar enthalpy of formation at temperature 

Ti of reactants and products 

 iiH 
~

 [kJ/kmol] dimensionless molar enthalpy of formation 

at temperature ϴi of reactants and products 
of  compound i 

io,a, io,c [A/m2] anode and cathode exchange current 

densities 
iLim,a,iLim,c [A/m2] anode and cathode limiting current 

densities  

I [A] current 
j [kgm2/s] mass flux 

k [W/mK] thermal conductivity 

k° [m/s] standard rate constant 
K [m2] permeability 

L [m] length 

Lc,Lt [m] gas channels internal dimensions 
Lx, Ly, Lz [m] stack length, width and height, respectively 

 m [kg] mass 

m  [kg/s] mass flow rate 

 M [kg/kmol] molecular weight 

 n [eq/mol] equivalent electron per mole of reactant 

n  [mol/s] molar flow rate 

N  dimensionless global wall heat transfer 

coefficient 

nc  number of parallel ducts in gas channel 
p [N/m2] pressure 

P  dimensionless pressure 

pa  precision limit of quantity a 
ps [m] perimeter of cross-section 

PEMFC  proton exchange membrane fuel cell 

Pr µcp/k Prandtl number 
q  tortuosity 

Q  reaction quotient 

Q  [W] heat transfer rate 

r [m] pore radius 
R [kJ/kgK] ideal gas constant 

R  [8,314kJ/kgK] universal gas constant 

hDRe   /huD  Reynolds number based on Dh 

t [s] time 
T [K] temperature 

u [m/s] mean velocity 

U  global wall heat transfer coefficient 
Ua  uncertainty of quantity a 

V [V] electrical potential 

VT [m3] total volume 
y  electrolyte solution mass fraction 

W  [J] electrical work 

W  [W] electrical power 

W
~

  dimensionless fuel cell electrical power 

netW
~

  dimensionless fuel cell net power 

pW
~   dimensionless required pumping power 

[.] [mol/l] molar concentration of a substance 
Greek Symbols 

α  charge transfer coefficient 

β [Ω] electrical resistance 
γ  ratio of specific heats 

δ  gas channel aspect ratio 

ΔG [kJ/kmol H2] molar Gibbs free energy change 
ΔH [kJ/kmol H2] molar enthalpy change 

ΔP  dimensionless pressure drop in gas 

channels 
ΔS [kJ/kmol] molar entropy change 

ΔT [K] temperature change 

ζ  stoichiometric ratio 
ηa, ηc [V] anode and cathode charge transfer 

overpotentials 

ηd,a, ηd,c [V] anode and cathode mass diffusion 
overpotentials 

ηohm [V] fuel cell total ohmic potential loss 

ϴ  dimensionless temperature 

µ [kg/ms] viscosity 

νi  reaction coefficient 

ξ  dimensionless length 
ρ [kg/m3] density 

σ [1/ Ωm] electrical conductivity 

τ  dimensionless time 
ϕ  porosity 

ψ  dimensionless mass flow rate 

Subscripts 
a  anode 

(aq)  aqueous solution 

c  channel or cathode 
cel  solid part of electrolyte 

dif  diffusion 

e  reversible 
f  fuel 

(g)  gaseous phase 

H2  hydrogen 
H2O  water 

i  substance or location in AMFC 

i  irreversible 
i,a  irreversible at the anode 

i,c  irreversible at the cathode 

j  location in AMFC 
KOH  potassium hydroxide 

(l)  liquid phase 

max  maximum 
memb  electrolyte membrane (solid and liquid 

parts) 

ohm  ohmic 
opt  optimal 

ox  oxidant 

OH-  hydroxide ion 
O2  oxygen 

ref  reference level 
s,a  anode solid part 

s,c  cathode solid part 

s  solid phase; single cell thickness 

sol  electrolyte solution 

w  wall 

wet  wetted 
0  nitial condition 

1,…,7  control volumes 

12  interaction between CV1 and CV2 
23  interaction between CV2 and CV3 

34  interaction between CV3 and CV4 

45  interaction between CV4 and CV5 
56  interaction between CV5 and CV6 

67  interaction between CV6 and CV7 

∞  ambient 
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Superscript 
°  standard conditions [gases at 1 atm, 25ºC, 

species in 

solution at 1 M, where M is the molarity = 

[(moles solute)/( liters solution)] 

~  dimensionless variable 

 

The total AMFC stack electrical power output results from the 

analysis of a single cell, which is the electrical power produced 

by a single AMFC multiplied by the number of cells in the stack. 

However, the required pumping power depends on the flow 

structure of the entire AMFC stack. 
 

Lz 

Lx 

Ly 

(H2)out 

(O2 + H2O)out 

Ls 

(O2)in 

(H2)in 

 

Figure 1 The configuration of the AMFC stack 

 

The mathematical model for a single AMFC was 

introduced in a previous study by Sommer et al. [5]. However, 

significant changes need to be implemented in the single cell 

model so that the stack response could be assessed. 

The single AMFC is divided in seven control volumes as 

shown in Figure 2, i.e.: fuel channel (CV1), anode diffusion layer 

(CV2), anode reaction layer (CV3), alkaline cellulose membrane 

(CV4), cathode reaction layer (CV5), cathode diffusion layer 

(CV6), and oxidant gas channel (CV7). 

The model consists of writing mass, energy and species 

conservation equations for each control volume, considering the 

chemical reactions on CV3 and CV5. All flow phenomena are 

considered, resulting on a time dependent internal flow model. It 

takes into consideration, in the balance of energy, the heat 

generated by the electrochemical reactions, and the potential 

losses. The heat generation is due to the heat of reaction, ohmic 

resistance throughout the fuel cell, and also by the activation and 

diffusion overpotential losses in CV3 and CV5. 

The solution of the differential and algebraic equations 

produces temperature and pressure profiles for each control 

volume, and polarization and power curves. The actual electric 

potential is obtained by subtracting the all overpotential losses 

from the reversible potential, i.e., activation (on the reaction 

kinetics), ohmic (electronic and ionic resistances) and 

concentration (mass transport). Such values are functions of the 

potential of the fuel cell or the total current (I), which have a one-

to-one relationship with each other. Once the external load 

determines the operating current of the fuel cell, in this work the 

total current of the cell is regarded as the independent variable. 

For the sake of generality, and for control and real time 

operation, a dynamic analysis is conducted. 

The problem variables, i.e., volume, temperature, pressure, 

mass flow rates, wall global heat transfer coefficient, heat 

transfer coefficients, thermal conductivities, areas, specific heats 

and time, were nondimensionalized in order to obtain a 

normalized solution to any possible AMFC stack architecture. 

The hydrogen mass flow rate results from a current (I), 

required by the external load as follows: 

 

𝑚̇𝐻2
= 𝑛̇𝐻2

𝑀𝐻2
=

𝐼

𝑛𝐹
𝑀𝐻2

         (1) 

             

where 𝑛̇ is the molar flow rate, M is the molecular weight, n is 

the equivalent electron per mole of reactant, I is the total current, 

and F is the Faraday constant. The mass flow of oxygen 

necessary for a single AMFC is 𝑚̇𝑂2
= 1/2𝑛̇𝐻2

𝑀𝑂2
 and 

so 𝑛̇𝑂2
= 𝑛̇𝐻2

. 
The fuel (hydrogen) enters CV1, and the oxidant (oxygen) 

enters CV7. This is seen in Figure 2. A balance of mass and 

energy applied to the CV1 states that: 

 
𝑑𝜃1

𝑑𝜏
= [𝑄̃𝑤1 + 𝜓𝑓(θ𝑓 − 𝜃1) + 𝑄̃12 + 𝑄̃1𝑜ℎ𝑚]

𝜃1,0𝛾𝑓

𝑃𝑓𝑛𝑐𝜉1𝜉𝑐𝜉𝑧
        (2) 

 

where 𝜃 is the dimensionless temperature, 𝑄̃𝑖 = 𝑄̇𝑖/𝑚̇𝑟𝑒𝑓𝑐𝑝,𝑓𝑇∞ 

the dimensionless heat transfer rate, 𝑄̃12 = ℎ̃1𝐴̃𝑠(1 − 𝜙2)(𝜃2 −

𝜃1), 𝑄̃𝑤𝑖 = 𝑁𝑖𝐴̃𝑤𝑖(1 − 𝜃𝑖), 𝑄̃𝑖𝑜ℎ𝑚 = 𝐼2𝛽𝑖/(𝑚̇𝑟𝑒𝑓𝑐𝑝,𝑓𝑇∞), 𝛽 the 

electrical resistance, 𝜃𝑖,0 the initial condition, 𝜙 the porosity, 

𝐴̃𝑠 = 𝐿𝑦𝐿𝑧/𝑉𝑇
2/3

, 𝜓𝑓 = 𝜁1𝜓𝐻2
, and 𝜁 the stoichiometric ratio 

which is assumed greater than 1 on both sides.  

The pressure drops in the gas channels, from the input 

headers to the output headers, are given by the pressure drops in 

a single cell only, because they are in parallel, as shown in Figure 

3. The resulting dimensionless expression for rectangular shaped 

gas channels, accounting for the flow directional change (90o at 

the cell inlet and outlet), contraction (inlet) and expansion 

(outlet), together with the ideal gas model, is the following:  

 

 2

i

j

f

i

jbebc

c

z

i

z
ii u~

R

RP

2

K

2

K
fP



































   (3) 

 

where i = 1, 7 and j = f, ox, respectively. Here 

  2/u~u~u~ out,iin,ii   is the gas dimensionless mean velocity in 

the channel, defined as   2/1

f TR/uu~  , f is the friction factor, 

Kbc and Kbe are the bending-contraction and bending-expansion 

coefficients, respectively. According to mass conservation, the 

flow dimensionless mean velocities in the gas channels are 

   f1cHf11 PA
~

/2/Cu~
2

 ,  2/CRu~
2Oox7ox7   
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 ox7cf PA
~

R/ , where    3/2

Tref

2/1

f Vp/mTRC   , and 

3/2

Ticcci V/LLnA
~

 , i = 1, 7, is the dimensionless total duct cross 

section area in the fuel and oxidant channels, respectively. 

The model also requires the evaluation of the friction factor 

and heat transfer coefficients in the gas channels.  For the laminar 

regime (ReD
h
 < 2300), the following correlations are used [10]:  

 4

i

3

i

2

iiDi 9564.07012.19467.13553.1124Ref
i,h

  

5

i2537.0  ;  3

i

2

ii

i

i,hi
119.5970.4610.21541.7

k

Dh
  

5

i

4

i 548.0702.2  , where ici L/L , for ic LL   and 

cii L/L , for ic LL  ; Dh,i = 2LcLi/(Lc + Li), 
i,hDRe  = iu

Dh,ii/i and i = 1, 7. The correlations used for the turbulent 

regime were [11] )102Re2300(  Re079.0f 4

D

4/1

Di i,hh
  ;

)10Re102(   Re046.0f 6

D

45/1

Di i,hh
  , for friction, and  

 
   1Pr2/f7.121

Pr10Re)2/f(

k

Dh

3/22/1

i

i

3

Di

i

i,hi i,h




 , for heat transfer with

)105Re2300( 6

D i,h
 , where Pr is the gas Prandtl number, 

cp/k.  

The overall fuel cell reaction and the mass balance for CV7 

yield 𝑛̇𝐻2𝑂 = 𝑛̇𝐻2𝑂,𝑜𝑢𝑡 = 𝑛̇𝐻2𝑂,𝑖𝑛 = 𝑛̇𝑂2
. Therefore, the mass and 

energy balances for CV7 state that: 

 
𝑑𝜃7

𝑑𝜏
= [𝑄̃7 + 𝐻̃𝐻2𝑂(𝜃6) − 𝐻𝐻2𝑂(𝜃7) + 𝜓𝑜𝑥

𝑐𝑝,𝑜𝑥

𝑐𝑝,𝑓
(𝜃𝑜𝑥 −

𝜃7)]
𝑅𝑜𝑥

𝑅𝑓

𝛾𝑜𝑥𝜃7,0

𝑃𝑜𝑥𝑛𝑐𝜉𝑐𝜉7𝜉𝑧
    (4) 

 

where 𝑄̃7 = −𝑄̃67 + 𝑄̃𝑤7 + 𝑄̃7𝑜ℎ𝑚, 𝑄̃67 = ℎ̃7𝐴̃𝑠(1 − 𝜙6)(𝜃7 −
𝜃6), and the dimensionless enthalpy of formation is defined as 

𝐻𝑖 = 𝑛̇𝑖𝐻𝑖/(𝑚̇𝑟𝑒𝑓𝑐𝑝,𝑓𝑇∞), in which the subscript i refers to a 

substance or a control volume. 

Hydrogen diffuses through CV1 and CV3, and oxygen and 

water vapor diffuse through CV5, CV6 and CV7. Therefore, the 

mass and energy balance for CV2 state that: 

 
𝑑𝜃2

𝑑𝜏
= [(𝜃1 − 𝜃2) +

𝑄̃2

𝜓𝐻2

]
𝛾𝑠,𝑎𝜓𝐻2

𝜌𝑠,𝑎(1−𝜙2)𝜉2𝜉𝑦𝜉𝑧
 (5) 

 

where 𝑄̃2 = −𝑄̃12 + 𝑄̃𝑤2 + 𝑄̃23 + 𝑄̃2𝑜ℎ𝑚, 𝑄̃23 = 𝑘̃𝑠,𝑎(1 −

𝜙2)𝐴̃𝑠(𝜃2 − 𝜃3)/[(𝜉2 + 𝜉3)/2], 𝜌̃𝑖 = 𝜌𝑖𝑅𝑓𝑇∞/𝑝∞, 𝛾𝑠,𝑎 = 𝑐𝑝,𝑓/

𝑐𝑣,𝑠,𝑎, and the subscript s,a and s,c mean the solid part of the 

anode and cathode, respectively.  

The mass balance for CV6, yields 𝑚̇𝑂2,𝑜𝑢𝑡
= 𝑚̇𝑂2,𝑖𝑛

= 𝑚̇𝑂2
 

and 𝑛̇𝐻2𝑂 = 𝑛̇𝐻2𝑂,𝑜𝑢𝑡 = 𝑛̇𝐻2𝑂,𝑖𝑛 = 𝑛̇𝑂2
. The mass and energy 

balances for CV6 state that: 

 
𝑑𝜃6

𝑑𝜏
= [𝑄̃6 + 𝜓𝑂2

𝑐𝑝,𝑜𝑥

𝑐𝑝,𝑓
(𝜃7 − 𝜃6) + 𝐻𝐻2𝑂(𝜃5) −

𝐻𝐻2𝑂(𝜃6)]
𝛾𝑠,𝑐

𝜌𝑠,𝑐(1−𝜙6)𝜉6𝜉𝑦𝜉𝑧
     (6) 

 

 

Figure 2 The internal structure of a single AMFC 

 

where 𝑄̃6 = −𝑄̃56 + 𝑄̃𝑤6 + 𝑄̃67 + 𝑄̃6𝑜ℎ𝑚, 𝑄̃56 = 𝑘̃𝑠,𝑐(1 −

𝜙6)𝐴̃𝑠(𝜃5 − 𝜃6)/[(𝜉5 + 𝜉6)/2], and  𝛾𝑠,𝑐 = 𝑐𝑝,𝑓/𝑐𝑣,𝑠,𝑐. 

Diffusion is assumed to be the dominant mass transfer 

mechanism in the diffusion and catalytic layers. As the friction 

of the substances with the pore walls is considered, the Knudsen 

flow is used to represent the fuel and oxidant mass flow [5], i.e., 

   6,2i,LDj
iinouti  , where the Knudsen diffusion 

coefficient is 

 





























 q

2/1

M

TR8
rBD , r the pore radius, 

 
the 

density, R  the universal gas constat, M the gas molecular 

weight, 
 

the porosity, q  the tortuosity [5], and B  a 

dimensionless coefficient.  

The output pressure of the diffusive layer, which is equal to 

the input pressure of the catalyst layer, is obtained using the ideal 

gas model, i.e., 6 ,2i
pD

LTRj
PP

i

iiii
in,iout,i 






 , where j2 = 

wet,3H A/m
2

  and j6 = 
wet,5O A/m

2

 , and A3,wet and A5,wet are the 

wetted areas in the porous catalyst layers. Note also that P2,in = 

Pf and P6,in = Pox. The average pressures in CV2 and CV6 are 

estimated as   6,2i,  PP
2

1
P out,iin,ii   

 

 

OH  
OH  

H2O H2O 

fuel (unreacted) oxidant (unreacted) 

Alkaline 

Membrane 

L8 L9 

  
)l(2)aq()l(2)g(2 OHOH2e2OH2O

2

1
   

  
  e2OH2OH2H )l(2)aq()g(2  

  
  )aq()aq()s( OHKKOH  

Ls 
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The wetted areas in the porous catalyst layers
 wet,3A  and 

wet,5A  are estimated by considering dual-porosity sintered metal 

electrodes, in which the average pore diameter is considered to 

be roughly the same order as the square root of the porous 

medium permeability [1]. In this consideration the pores are 

approximated as parallel tubes, i.e., 

   sj

2/1

jjjwet,j A 1KL4A   . 

CV3 is formed by the porous electrode, the fuel (hydrogen), 

and the electrolyte solution (KOH) that is present in the pores of 

the electrode. The electrons released by the oxidation of 

hydrogen in CV3 pass through an external circuit and participate 

in the reduction of oxygen in CV5. CV5 contains a porous 

electrode, oxygen and electrolyte solution. The hydrogen 

oxidation reaction (HOR) and oxygen reduction reaction (ORR) 

are written as follows:  

 

𝐻2(𝑔) + 2𝑂𝐻(𝑎𝑞)
− → 2𝐻2𝑂(𝑙) + 2𝑒−  (7) 

 
1

2
𝑂2(𝑔) + 2𝐻2𝑂(𝑙) + 2𝑒− → 2𝑂𝐻(𝑎𝑞)

− + 𝐻2𝑂(𝑙) (8) 

 

In CV3 and CV5, the mass of liquid contained in these 

control volumes is considered negligible compared to the solid 

mass of the electrode. CV3 and CV5 interact thermally with the 

adjacent control volumes by conduction, and with the ambient 

by convection, and generate heat through chemical reactions and 

irreversible mechanisms (ohmic resistance, activation and 

concentration overpotential losses). 

Sommer et al. [5] included heat generation due to losses by 

activation overpotential (ηa) and concentration (ηd,a), which had 

not been considered in the study of Vargas and Bejan [1]. 

The mass and energy balance for CV3 result in 𝑛̇𝐻2
=

𝑚̇𝑓/𝑀𝐻2
, 𝑛̇𝐻2𝑂 = 2𝑛̇𝐻2

, 𝑚̇𝐻2𝑂 = 2𝑛̇𝐻2
𝑀𝐻2𝑂, 𝑛̇𝑂𝐻− = 2𝑛̇𝐻2

, 

𝑚̇𝑂𝐻− = 2𝑛̇𝐻2
𝑀𝑂𝐻− and  

 
𝑑𝜃3

𝑑𝜏
= [𝑄̃3 − Δ𝐻3 + Δ𝐺̃3]

𝛾𝑠,𝑎

𝜌𝑠,𝑎(1−𝜙3)𝜉3𝜉𝑦𝜉𝑧
 (9) 

 

where, 𝑄̃3,𝑎𝑐𝑡 = 𝜂𝑎𝐼/(𝑚̇𝑟𝑒𝑓𝑐𝑝,𝑓𝑇∞), 𝑄̃3,𝑑𝑖𝑓 = 𝜂𝑑,𝑎𝐼/

(𝑚̇𝑟𝑒𝑓𝑐𝑝,𝑓𝑇∞),  𝑄̃3 = −𝑄̃23 + 𝑄̃𝑤3 + 𝑄̃34 + 𝑄̃3𝑜ℎ𝑚 + 𝑄̃3,𝑎𝑐𝑡 +

𝑄̃3,𝑑𝑖𝑓, and 𝑄̃34 = −(1 − 𝜙3)(𝜃3 − 𝜃4)2𝐴̃𝑠𝑘𝑠,𝑎𝑘𝑚𝑒𝑚𝑏/

(𝜉4𝑘𝑠,𝑎 + 𝜉3𝑘𝑚𝑒𝑚𝑏). 

Analogously, the mass and energy balance are applied to 

CV5, considering the chemical reactions 𝑛̇𝐻2𝑂,𝑖𝑛 = 2𝑛̇𝐻2𝑂,𝑜𝑢𝑡 =

𝑛̇𝑂2
, 𝑛̇𝑂𝐻𝑜𝑢𝑡

− = 2𝑛̇𝑂2
, so that 

 
𝑑𝜃5

𝑑𝜏
= [𝑄̃5 − Δ𝐻5 + Δ5]

𝛾𝑠,𝑐

𝜌𝑠,𝑐(1−𝜙5)𝜉5𝜉𝑦𝜉𝑧
  (10) 

where, 𝑄̃5,𝑎𝑐𝑡 = 𝜂𝑐𝐼/(𝑚̇𝑟𝑒𝑓𝑐𝑝,𝑓𝑇∞), 𝑄̃5,𝑑𝑖𝑓 = 𝜂𝑑,𝑐𝐼/

(𝑚̇𝑟𝑒𝑓𝑐𝑝,𝑓𝑇∞),  𝑄̃5 = −𝑄̃45 + 𝑄̃𝑤5 + 𝑄̃56 + 𝑄̃5𝑜ℎ𝑚 + 𝑄̃5,𝑎𝑐𝑡 +

𝑄̃5,𝑑𝑖𝑓, and 𝑄̃45 = −(1 − 𝜙5)(𝜃4 − 𝜃5)2𝐴̃𝑠𝑘𝑠,𝑐𝑘𝑚𝑒𝑚𝑏/

(𝜉4𝑘𝑠,𝑐 + 𝜉5𝑘𝑚𝑒𝑚𝑏). 

The AMFC electrolyte consists of a KOH alkaline solution 

supported by a solid inert cellulose membrane (paper). Equations 

(7) and (8) and the conservation of mass in CV4 require that 

2𝑛̇𝐻2
= 𝑛̇𝑂𝐻−,𝑜𝑢𝑡 = 𝑛̇𝑂𝐻−,𝑖𝑛 = 2𝑛̇𝑂2

, 2𝑛̇𝐻2
= 𝑛̇𝐻2𝑂,𝑖𝑛 =

𝑛̇𝐻2𝑂,𝑜𝑢𝑡 = 2𝑛̇𝑂2
. In CV4, the mass of fluid cannot be neglected 

in the thermal analysis, therefore the balance of energy applied 

to CV4 results in 

 
𝑑𝜃4

𝑑𝜏
= [𝑄̃4 + 𝐻̃𝑂𝐻−(𝜃5) − 𝐻̃𝑂𝐻−(𝜃4)+𝐻̃𝐻2𝑂(𝜃3) −

𝐻𝐻2𝑂(𝜃4)]
𝛾𝑚𝑒𝑚𝑏

𝜌𝑚𝑒𝑚𝑏𝜉4𝜉𝑦𝜉𝑧
    (11) 

 

where 𝑄̃4 = −𝑄̃34 + 𝑄̃𝑤4 + 𝑄̃45 + 𝑄̃4𝑜ℎ𝑚, 𝜌𝑚𝑒𝑚𝑏 = 𝜌𝑠𝑜𝑙𝜙4 +
𝜌𝑐𝑒𝑙(1 − 𝜙4), 𝑐𝑝,𝑚𝑒𝑚𝑏 = 𝑐𝑝,𝑠𝑜𝑙𝜙4 + 𝑐𝑝,𝑐𝑒𝑙(1 − 𝜙4), and 

𝑘𝑚𝑒𝑚𝑏 = 𝑘𝑠𝑜𝑙𝜙4 + 𝑘𝑐𝑒𝑙(1 − 𝜙4). 

Based on the electrical conductivities and geometry of each 

compartment, the electrical and ionic resistance, β (Ω), are given 

by: 

 

𝛽𝑖 =
𝜉𝑖

𝐴𝑠𝑉𝑇
1/3

𝜎𝑖(1−𝜙𝑖)
,  𝑖 = 1, 2, 6, 7 (𝜙1, 𝜙7 = 0) (12) 

 

𝛽𝑖 =
𝜉𝑖

𝐴𝑠𝑉𝑇
1/3

𝜎𝑖𝜙𝑖

, 𝑖 = 3, 4 𝑒 5   (13) 

 

For i = 3, 4, and 5, 𝜎𝑖 = 𝜎𝑠𝑜𝑙 . The conductivities of the 

diffusive layer (𝜎2) and (𝜎6) are the conductivities of the 

electrode carbon phases, and (𝜎1) and (𝜎7) are given by the 

electrical conductivity of the bipolar plates material. 

The dimensionless potential and overpotentials are 

nondimensionalized with respect to a reference potential 𝑉𝑟𝑒𝑓 , so 

that 𝑉̃𝑖 = 𝑉𝑖/𝑉𝑟𝑒𝑓  and 𝜂̃𝑖 = 𝜂𝑖/𝑉𝑟𝑒𝑓 . 

The actual potential (𝑉̃𝑖) supplied by a fuel cell results from 

the combination between the irreversible potential of the anode 

(𝑉̃𝑖,𝑎), irreversible potential of the cathode (𝑉̃𝑖,𝑐) and ohmic loss 

(𝜂̃𝑜ℎ𝑚), which occurs all across the fuel cell between CV1 and 

CV7, as follows : 

 

𝑉̃𝑖 = 𝑉̃𝑖,𝑎 + 𝑉̃𝑖,𝑐 − 𝜂̃𝑜ℎ𝑚   (14) 

 

𝜂̃𝑜ℎ𝑚 =
𝐼

𝑉𝑟𝑒𝑓
∑ 𝛽𝑖

7
𝑖=1     (15) 

 

In order to estimate the available power provided by a fuel 

cell (𝑊̃𝑛𝑒𝑡), it is necessary to subtract the pumping power 

necessary to supply the fuel cell with fuel and oxidant (𝑊̃𝑝) from 

the total power produced by the cell. Therefore, the AMFC stack 

net power output is given by: 

 

𝑊̃𝑛𝑒𝑡 = 𝑊̃ − 𝑊̃𝑝    (16) 

 

where, 𝑊̃ = 𝑉̃𝑖𝐼 is the total electric power produced by the fuel 

cell. The dimensionless pumping power 𝑊̃𝑝 is given by: 

 

𝑊̃𝑝 = 𝜓𝑓𝑆𝑓
𝜃𝑖

𝑃𝑖
Δ𝑃1 + 𝜓𝑜𝑥𝑆𝑜𝑥

𝜃7

𝑃7
Δ𝑃7   (17) 

 

where, 𝑆𝑖 = 𝑚̇𝑟𝑒𝑓𝑇∞𝑅𝑖/𝑉𝑟𝑒𝑓𝐼𝑟𝑒𝑓 , 𝑖 = 𝑓, 𝑜𝑥. 
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Next, the pressure drops in the input and output headers are 

calculated according to the schematic diagram presented in 

Figure 3. In the input headers, the mass flow rates of fuel and 

oxidant, 𝜓𝑓,𝑖𝑛 = 𝑛𝑠𝜓𝑓 and 𝜓𝑜𝑥,𝑖𝑛 = 𝑛𝑠𝜓𝑜𝑥, supply each single 

cell level with fuel and oxidant mass flow rates, 𝜓𝑓 and 𝜓𝑜𝑥, 

respectively. Therefore, the model assumes that the mass flow 

rates in the headers are distributed evenly to each single cell. In 

the output headers, each single cell delivers depleted fuel and 

oxidant mass flow rates, and the water mass flow rate produced 

by the electrochemical reaction,   f1 1  ,   ox7 1 , and 

OH2
 , respectively. Therefore, the fuel, oxidant and water mass 

flow rates in the headers vary according to each single cell level, 

and so do the flow mean velocities. As a result, the fuel and 

oxidant pressure drops in each segment of the headers adjacent 

to a single cell level “i”, and the water flow pressure drop in the 

oxidant output header are calculated by 

 

Δ𝑃𝑖,𝑘 = 𝑓𝑖,𝑘 (
𝜉𝑠

𝜉𝑣
+

𝜉𝑠

𝜉ℎ
)

𝑃𝑗

𝜃𝑖,𝑘

𝑅𝑓

𝑅𝑗
𝑢̃𝑖,𝑘

2   (18) 

 

Δ𝑃𝑤𝑎,𝑖 = 𝑓𝑖 (
𝜉𝑠

𝜉𝑣
+

𝜉𝑠

𝜉ℎ
) 𝜌̃𝑤𝑎𝑢̃𝑤𝑎,𝑖

2    (19) 

 

where 𝑘 = ℎ𝑓,𝑖𝑛 , ℎ𝑜𝑥,𝑖𝑛, ℎ𝑓,𝑜𝑢𝑡 , ℎ𝑜𝑥,𝑜𝑢𝑡 represents the fuel input 

headers (f) and oxidants (ox), fuel output headers and oxidant, 

respectively. In equations (18) and (19), in the input headers the 

temperatures are the known inlet fuel and oxidant temperatures, 

and in the output headers, the temperatures are temperatures of 

the fuel and oxidant exiting the single cell, calculated by the 

model, i.e., 𝜃1and 𝜃7, respectively. Here u~  is the dimensionless 

mean velocity, f is the friction factor calculated for laminar flow, 

with vhi L/L , for vh LL   and hvi L/L , for vh LL  ; 

Dh,i = 2LhLv/(Lh + Lv), or for the turbulent flow regimes, as 

described previously in the text. 

According to mass conservation, the dimensionless gas mean 

velocities in the headers at each single cell level “i” in the stack 

are given by     chfk,ik,i A
~

R/P/RCu~  , and for the water in the 

oxidant output header,   chh,iwai,wai,wa A
~

1~Cu~
out,ox

 , where k = 

hf,in, hox,in, hf,out, hox,out represent the input fuel and oxidant 

headers, output fuel and oxidant headers; 3/2

Tvhch V/LLA
~

 , is 

the dimensionless cross section area in the fuel and oxidant 

headers; 1k,i   for all headers, except in the oxidant output 

header, when 1k,i   since oxidant and water flow in the header. 

Additional power is required to pump fuel, oxidant and 

produced water to in and out of the headers shown in Figure 3. 

The dimensionless pumping power required for the gases at the 

fuel cell level i, and to the produced water out of the oxidant 

output headers, are given by: 

 

𝑊̃𝑖,𝑘 = 𝑆𝑗 [
𝜓𝜃Δ𝑃

𝑃
]

𝑖,𝑘
 , 𝑗 = 𝑓, 𝑜𝑥   (20) 

 

𝑊̃𝑤𝑎,𝑖 =
𝑆𝑓

𝜌̃𝑤𝑎
[𝜓Δ𝑃]𝑤𝑎,𝑖    (21) 

 

The total AMFC stack power available to use is therefore 

obtained from 

 

𝑊̃𝑛𝑒𝑡 = 𝑛𝑠(𝑊̃𝑠 − 𝑊̃𝑝) − ∑ ∑ 𝑊̃𝑖,𝑘 − ∑ 𝑊̃𝑤𝑎,𝑖
𝑛𝑠
𝑖=1

𝑛𝑠
𝑖=1𝑘  (22) 

 

 

Figure 3 Flow structure sketch of headers and gas channels in 

the AMFC stack 

 

where, 𝑘 = ℎ𝑓,𝑖𝑛 , ℎ𝑜𝑥,𝑖𝑛, ℎ𝑓,𝑜𝑢𝑡 , ℎ𝑜𝑥,𝑜𝑢𝑡. The objective function 

defined by equation (22) depends on the internal structure and 

thickness of each individual cell, and on the external shape of the 

AMFC stack. The mathematical model allows for the 

computation of the total net power of the AMFC stack, 𝑊̃𝑛𝑒𝑡. 

This is possible to achieve, once the physical values (Table 1) 

and a set of internal (1 = 2𝜉𝑏/𝜉𝑠 + ∑ 𝜉𝑖/𝜉𝑠 𝑒 𝜉𝑠
7
𝑖=1 ) and external 

(𝜉𝑦/𝜉𝑥 𝑒 𝜉𝑧/𝜉𝑥) geometric parameters are selected for the 

overall system. The maximum theoretical efficiency of AMFC 

stack is given by: 

 

𝜂𝑖 =
Δ𝐺̃3+Δ𝐺̃5

Δ𝐻̃3+Δ𝐻̃5
     (23) 

 

The actual first-law efficiency of the fuel cell stack is: 

𝜂𝐼 = 𝐸
𝑊̃𝑠

Δ𝐻̃3+Δ𝐻̃5
     (24) 

 

where, 𝐸 = 𝑉𝑟𝑒𝑓𝐼𝑟𝑒𝑓/(𝑚̇𝑟𝑒𝑓𝑐𝑝,𝑓𝑇∞). The second-law efficiency 

is defined as the ratio between the actual electrical power and the 

reversible electrical power, 

 

𝜂𝐼𝐼 = 𝐸
𝑊̃𝑠

Δ𝐺̃3+Δ𝐺̃5
     (25) 
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The net efficiency of the AMFC stack is 

𝜂𝑛𝑒𝑡 =  𝐸
𝑊̃𝑛𝑒𝑡

𝑛𝑠(Δ𝐻̃3+Δ𝐻̃5)
    (26) 

Table 1 Physical properties used to obtain the numerical 

solutions 

B = 0.156 [6] Rox = 0.2598 kJ/(kgK) 

cp,f = 14.307 kJ/(kgK) tref = 10-3 s 

cp,ox = 0.918 kJ/(kgK) Tf, Tox, T∞ = 298.15 K 

cv,f = 10.183 kJ/(kgK) Uwi = 50 W/(m2K), i = 1,7 

cv,ox =0.658 kJ/(kgK) Vref = 1V 

Iref = 1A αa = 0.76 

kf = 0.182 W/(mK) αc = 0.75 

kox = 0.0267 w/(mK) ζ1, ζ7 = 2 

kp = 0.1298 W/(mK)  µ1 = 8.96 x 10-6 Pa.s 

ks,a = ks,c = 0.1 W/(mK) µ7 = 20.7 x 10-6 Pa.s 

ksol = 0.571 W/(mK) ρsol = 1406.39 kg/m3 

k2, k6 = 4.2 x 10-14 m2 [7] σsol = 53.2 Ω-1 m-1 

k3, k5 = 4.2 x 10-16 m2 [7] σ1, σ7 = 7105.1   Ω-1 m-1 

pf = 0.127 MPa σ2, σ6 = 8570 1/Ωm 

pox = 0.134 MPa ϕ2, ϕ6 = 0.0085 

p∞ = 0.1 MPa ϕ3, ϕ5 = 0.172 

q = 2.5 ϕ4 = 0.71 

Rf = 4.157 kJ/(kgK)  

 

NUMERICAL METHOD 

 

Equations (2), (4), (5), (6), (9), (10), and (11) formulate an 

initial value problem for dimensionless temperatures, along with 

initial conditions. Dimensionless pressures are calculated for 

CV2 and CV6 with two algebraic equations as discussed in the 

paragraphs right after Equation (6). The unknowns are 𝜃𝑖 and 𝑃𝑖 , 

i.e., the temperatures of the seven control volumes, and the gas 

pressures at CV2 and CV6 outlets. Knowing the temperatures 

and pressures, it is possible to calculate the electric potential and 

the single and stack AMFC electrical and net power are 

calculated for any current level. 

Two numerical methods were used. The first method 

calculates the transient behavior of the system, starting from a 

set of initial conditions, then the solution is marched in time (and 

checked for accuracy) until a steady state is achieved at any 

current level. The equations are integrated in time explicitly 

using an adaptive time step, 4th-5th order Runge-Kutta method 

[12].  The time step is adjusted automatically according to the 

local truncation error, which is kept below a specified tolerance 

of 10–6. The second method is for the steady-state solution.  The 

time derivatives are dropped from Equations (2), (4), (5), (6), (9), 

(10), and (11). The system reduces to seven nonlinear algebraic 

equations, in which the unknowns are the temperatures of the 

seven control volumes. This system is solved using a quasi-

Newton method [12]. Convergence was achieved when the 

Euclidean norm of the residual of the system was less than 10–6.  

 

RESULTS AND DISCUSSION 

 

In this section, the mathematical model is used to investigate 

the response of the prototype of the AMFC stack, the 

temperature distribution and pressure drop. In order to illustrate 

the application of the mathematical model of AMFC stack, 

numerical simulations are performed.  

Figure 4 shows the polarization and net power curves 

obtained via simulation. The open circuit potential was equal to 

the reversible potential, since the mathematical model assumes 

that there are no losses due to species crossover between the two 

electrodes, and internal currents. Thus, the model allows for the 

separate verification of the contribution of the anodic and 

cathodic potential in the AMFC resulting potential. On the 

cathode side the oxygen reduction reaction occurs, which has a 

slower kinetics and higher overpotential losses than the anode, 

so the curves behave as expected, since they show that the 

cathodic potential is lower than the anodic potential. The 

behavior of the anodic potential curve indicates that potential 

losses due to charge transfer and diffusion are small, causing 

little anodic potential variation. It is also observed that the total 

AMFC stack power increases as current increases, although the 

power increase is not linear, and tends to be lower at higher 

currents. 

 

 
 
Figure 4 The AMFC stack polarization and power curves 

obtained numerically 
 

Figure 5 shows the AMFC internal temperature distribution. 

It is seen that the temperature increases as current increases in 

steps 5.0I
~
  from 1.0I

~
 . This is due to the heat generated 

by the electrochemical reactions and the potential loss (ohmic 

resistance and overpotentials - activation and diffusion). CV5 

shows a slightly higher temperature than CV3. This is due to the 

fact that it is the control volume in which the oxygen reduction 

reaction occurs, which releases more heat than the hydrogen 

oxidation, which occurs in CV3. The simulation results show 

that the temperature spatial distribution in the AMFC stack is 

nonuniform. Therefore, the commonly used fuel cell uniform 

temperature distribution is only valid for small current 

conditions. The electrodes exchange current densities and other 

fuel cell parameters are temperature dependent, therefore the 
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uniform temperature assumption could lead to large errors when 

calculating the fuel cell steady state and dynamic response. 
Figure 6 shows the power used to pump fluids through the 

AMFC stack headers as a function of current. The results show 

that the pumping power increases exponentially as current 

increases. This implies that the higher the working current in the 

stack, the greater the power loss due to pumping fluid through 

the headers. Although, quantitatively, such power loss could be 

different if the total mass flow rates in the stack headers were not 

distributed homogeneously to the single cells, qualitatively, the 

same effect on pumping power would be observed as current 

increased, and should be accounted for in any AMFC design. 
Figure 7 shows the efficiency of the AMFC stack as a 

function of current. It is possible to observe that the ideal 

efficiency 𝜂𝑖 hardly changes due to increasing current. The first-

law of thermodynamics and total efficiencies, 𝜂𝐼 and 𝜂𝑛𝑒𝑡, 

decrease as current increases. This decrease in efficiency is due 

to the increase of energy losses by diffusion, charge transfer, and 

ohmic overpotentials losses and losses due to increased fluid 

pumping power. 

 

  

Figure 5 The thermal response of the AMFC stack obtained 

numerically 

 

Figure 6 Pumping power consumption through the headers of 

the AMFC stack 

CONCLUSIONS 

 

In this work a dynamic mathematical model for an AMFC 

stack was developed, which considers the spatial dependence of 

temperature and pressure. The model is capable of assessing the 

AMFC stack polarization and power curves, and the pressure 

loss in the headers and cell gas channels. The proposed model 

needs to be validated experimentally, in order to be used reliably 

as an AMFC stack design, simulation, control and optimization 

tool. 

 

 

Figure 7 The AMFC stack efficiencies curves 
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