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Abstract

We study the degree-diameter problem for claw-free graphs and
2-regular hypergraphs. Let cfa p be the largest order of a claw-

free graph of maximum degree A and diameter D. We show that
D i D-2 j A/2)?
cfap < 1+257,(5) — ca T2 (5, where &) = 235 K 573,

for any D and any even A > 4. So for claw-free graphs the well-known
Moore bound can be strengthened considerably. We further show that
cfap > 2(A+2)% for A > 6 with A = 2 (mod 4). We also give an up-
per bound on the order of K7 ,-free graphs of given maximum degree
and diameter for p > 3. We prove similar results for the hypergraph
version of the degree-diameter problem. The hypergraph Moore bound
states that the order of a hypergraph of maximum degree A, rank k
and diameter D is at most 1+A S22 (A —1)""1(k—1)". For 2-regular
hypergraph of rank & > 3 and any diameter D, we improve this bound
to 1+23°0 (k—1)" — ¢ 202 (k — 1)7, where ¢, = 2’“,:2__215:'21. Our
construction of claw-free graphs of diameter 2 yields a similar result
for hypergraphs of diameter 2, degree 2 and any even rank k > 4.
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1. Introduction and results

The degree-diameter problem is to determine the largest order na p of a
graph of given maximum degree A and diameter D. It is well-known that the



number of vertices in a graph of maximum degree A and diameter D cannot
exceed the Moore bound Ma p = 1+A+A(A—=1)+...+A(A—-1)P~1. Bannai
and Ito [1] improved the upper bound and showed that na p < Ma p —2 for
any A, D > 3, and we have na p < Ma p —3if A > 4 is even; see [8]. There
is a slightly better bound if A = 3, since Miller and Pineda-Villavicencio
[11] proved that n3 p < Msp — 6 for any D > 5. A construction of Canale
and Gomez [4] gives the best known lower bound on na p for large A and
D. They showed that there is a constant Dy such that for each D > Dy
congruent with —1,0 or 1 modulo 8, and for infinitely many values of A, we
have na p > (:5:)P. For a survey on the problem we refer the reader to [12].

In this paper we study the degree-diameter problem for claw-free graphs
and hypergraphs. This is motivated by the observation that graphs whose
order is close to the Moore bound do not have small cycles, hence such graphs
have many claws. It is therefore natural to expect that the Moore bound can
be significantly improved if restricted to claw-free graphs, or more general to
graphs that contain no induced subgraph K ,. We show in Theorem 1 that
this is indeed the case, and we derive a bound that we term K ,-free Moore

bound:
Dp—onit
<1 (—> N 1
n<l+ ; P (1)

Our investigations focus particularly on claw-free graphs of even maximum
degree. Let cfa p be the largest order of a claw-free graph of maximum
degree A and diameter D. The special case p = 3 of (1), which we term
claw-free Moore bound, is the upper bound

cfap <142 ED: (%) 2)
i=1

which differs from the Moore bound Ma p by a factor of approximately
(%)D ~1. In Theorem 2 we show that claw-free graphs whose order is close to
this bound are underlying graphs of 2-regular, (% + 1)-uniform hypergraphs.

Having established this link between claw-free graphs and hypergraphs,
we consider the degree-diameter problem for 2-regular hypergraphs. Note
that hypergraphs are often modelled by bipartite graphs with the vertices
and edges of the hypergraphs as partite sets. This representation facilitates
structural analysis on the hypergraphs and relates the degree-diameter prob-
lem for hypergraphs to the degree-diameter problem for bipartite graphs.



The general degree-diameter problem for hypergraphs is to determine the
largest order of a connected hypergraph of given maximum degree A (the
maximum number of hyperedges containing any vertex), rank k& (the maxi-
mum number of vertices in any hyperedge) and diameter D. The well-known
hypergraph Moore bound on the order of such a hypergraph is

n < 1+AZ(A—1)i—1(k—1)i. (3)

The hypergraphs attaining the upper bound are called Moore geometries.
Moore geometries with k& = 2 are Moore graphs. Damerell and Georgiacodis
(6] and Damerell [5] showed that there are no non-trivial Moore geometries
for D > 5, and Fuglister [9, 10] proved the non-existence for diameters 3 and
4. Except for odd cycles, all Moore geometries have diameter D < 2, and
there are no known Moore geometries with D = 2 and k > 3, see [2].

The hypergraph Moore bound for 2-regular hypergraphs is n < 1 +
257 (k —1)". In Theorem 3 we improve this bound and show that the
order n of a 2-regular hypergraph of rank k£ > 3 and diameter D is bounded
by

D D—-2
n<142> (k=1 = Y (k—1)"
=1 i=1

where ¢, = 2’“,:2__2,5:21. So, unlike for graphs, where the Moore bound has

been improved only by a small constant, the Moore bound for 2-regular
hypergraphs can be improved significantly. As a corollary to Theorem 3 we
obtain the non-existence of Moore geometries of degree 2 of any diameter
and rank k > 3.

In the last section of the paper we give lower bounds on cfa p. These
are derived by taking line graphs of known constructions of large graphs of
given maximum degree and diameter. We also give a new construction of
claw-free graphs of diameter 2, degree A > 6, where A = 2 (mod 4), and
order %(A +2)%. We show that these bounds give rise to lower bounds for
the maximal order of 2-regular, k-uniform hypergraphs of given diameter.

Our notation is as follows. The vertex set of a graph or hypergraph G is
denoted by V(G), and the edge (for hypergraphs we sometimes use the term
hyperedge) set by E(G). We use n(G) for the number of vertices of G. We
write degy(v) for the degree of vertex v, i.e., the number of edges incident
with v, and the maximum degree is A(G). If G is understood then we often
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drop the argument or subscript G. The rank of a hypergraph is the largest
cardinality of its edges. If all edges have the same cardinality k£, then we
say G is k-uniform. Every hypergraph H gives rise to a graph on the same
vertex set, where two vertices are adjacent in G if some edge of H contains
them both. We say that in this case G is the underlying graph of H. The
diameter of a hypergraph is the diameter of its underlying graph. Let N(v)
be the neighbourhood of v. If GG is a graph and Uy, U, are two disjoint subsets
of V(G), then E(U;,U,) is the set of edges which have one end in U; and
the other end in U;. The graph G — Uy is obtained from G by removing the
vertices in U; and all edges incident with a vertex in U;. The subgraph of G
induced by U is denoted by G[U;].

K, and K, , stand for the complete graph on n vertices and the complete
bipartite graph with partite sets of cardinality m and n, respectively. If H is
a fixed graph, and if G’ does not have H as an induced subgraph, then we say
that G is H-free. A K, s-free graph is commonly referred to as a claw-free
graph. The independence number of GG and the complement of GG are denoted
by a(G) and G€, respectively.

Assume that G is rooted at a vertex v and that k € Ny. Then Vi (v) is
the set of vertices of G at distance exactly k£ from v. If v is understood, then
we often drop the argument v and write V. We also denote Ule Vi by V<p.
If u and w are distinct vertices of GG, and u is on a v — w geodesic, then we
say that w is a descendant of u, and that u is a predecessor of w.

2. Upper bounds

It is well-known that graphs of given maximum degree and diameter with
order close to the Moore bound cannot have small cycles, specifically tri-
angles. Hence the neighbourhood of every vertex is an independent set, so
such a graph contains many claws, or generally many induced subgraphs K ,,
for p < A. Theorem 1 below shows that for graphs that do not contain an
induced subgraph K, the Moore bound can be improved significantly. We
will call the bound in Theorem 1 the K ,-free Moore bound.

In our proofs we will make use of a slightly weaker form of Turan’s The-
orem (Theorem A) and its complement version (Corollary A). The Turan
graph T, ; is the complete s-partite graph of order n, whose partite sets have
cardinalities [%] or [%]. Note that |E(T, )| < (t—l)g, with equality only if
n is a multiple of s.



Theorem A. Let H be a Ky i-free graph of order n. Then |E(H)| <
|E(T,s)| < 5tn?, where |[E(H)| = *2tn? if and only if n is divisible by

s and H="1T,,.

Corollary A. Let H be a graph of order n and let a(G) < s. Then
|E(H)| > 5(%—1) with equality if and only if n is divisible by s and G =Ty, _.

The complement version of Theorem A implies that only graphs consisting
of two disjoint cliques have minimum size among the graphs of independence
number 2. The following lemma, which we will need in the proof of Theorem
2, gives a lower bound on the size of graphs of independence number at most
2 that are not the union of two cliques.

Lemma 1 Let H be a graph of order n and independence number at most
2. If V(H) cannot be partitioned into two sets, such that each set induces a
clique, then n > 5 and

n’_ if n is even,
E(H)| >4 5% o
=1 ifnis odd

Proof. Since V(H) cannot be partitioned into two sets, each inducing
a clique, the complement graph H¢ is not bipartite. Hence H¢ contains an
odd cycle. Among the odd cycles in H¢ let (', be one of minimum length .
Then C} is an induced cycle of H¢. We have k > 5 since otherwise, if k = 3,
the 3-cycle vertices would form an independent set in H, a contradiction to
a(H) < 2. This implies n > 5. Since C}, is an induced cycle in H¢, we have

[E(H [V (C)])| = k.
Since H® — V(C},) is triangle-free, by Theorem A,

(n—k)2—-1 . . .
E(HE — V(C)| < { —(n_4k)2 if n — k is odd,

— if n — k is even.

Since a vertex in H¢ — V(C},) cannot be adjacent to two consecutive vertices
of Cy, it has at most % neighbours on C}%. Hence,

[E(V(H® = V(Ci)), V(Cr))| < (n = k)5
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In total we obtain

|[E(H)| = |EHV(C))|+ [E(H = V(Cw)| + [E(V(H =V (C)), V(Ch))|
ko OB 4 (p — k)ESL if i — ks odd,
k4 k) +(n—k)5L  ifn—kis even.

It is easy to verify that the right hand side of the inequality is decreasing in
k. Substituting £ = 5 yields

2
. . — 241 ifniseven,
B(H) <§ & 2 . . .
T —5+3 ifnisodd,
which implies
2
o —1 if nis even,
E(H)|>4q 5 5 .. .
T — 1 ifnisodd.

|

Lemma 2 Let p > 3 and let G be a K -free graph of mazimum degree A,
rooted at a vertex v. Then |Va| < Z%?AQ.

Proof. Since G has no induced K ,, the graph G[V;] has independence
number at most p — 1. By Corollary A, we have |E(G[V4])| > l‘;—”(% —1).
Hence

Vol < [E(Vi,Va)| = > degg(u) — 2|E(G[VA])| — | E(Vo, VA))

ueVy

< WA - Wi - - wp = wi(a- B0 @

It is easy to verify that, subject to |Vi| < A, the right hand side of (4) is
maximized if [Vi| = A. Substituting this yields [V3| < EZ5A% O

Theorem 1 Let p > 3. Let G be a connected graph of order n, maximum
degree A and diameter D, which contains no K, as an induced subgraph.

Then
D p—2yi-1
T =



Proof. Let G be a K ,-free graph of degree at most A and diameter D,
rooted at a vertex v. From Lemma 2 it follows that |V5| < %A? Since G
is K p-free, we have a(G[N(z) N V;]) < p—2forall z € V,_4,2 <i < D.
This implies

o(GIVA) < Vial(p - 2).

As above, applying Corollary A to G[V;] we obtain

V| < Z degq(u) — 2[E(G[VI])| — [E(Vi-1, Vi)
ueV;
Vil
VA = Vil (s = 1) =
o= Y M
Vil

S . 5

A o e )
We now show that, for i = 1,2,..., D, we have |V;| < (g%f)i_lAi. The proof
is by induction on 7. For ¢ = 1,2 the inequality has already been shown, so
we assume that ¢ > 3. Denote the right hand side of (5) by f. We consider
two cases.
CASE 1: p=3.

Simple maximisation shows that f, as a function of |V;| attains its maximum
if |V;] = 2|V;_1|. Hence

IN

A|Vi_1]> A?

A
<2 (a - = = Vil
|‘/z+1| = 2 |‘/; 1|( 2|‘/;_1| |‘/; 1|

T4

CASE 2: p > 4.

f is increasing in |V;_;|. Moreover, since |V;| < A|V;_4|, f is also increasing
in |V;|. Hence

Vil
Viea] < M\(A—m>

— 2\ A (E=2)i-1AT o
(H) 1AZ<A— (Z?)i;Ai_l(p—Q)) = <§Ti> Az+17

as desired. O

We now focus on the case p = 3, i.e., claw-free graphs. Theorem 1 shows
that for a claw-free, connected graph of maximum degree A and diameter
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D, the order n can be bounded by

w123 (2)
i=1

We refer to this as the claw-free Moore bound. We improve this bound for
even A in two steps. In Theorem 2 below we show that every claw-free graph
of even maximum degree A and diameter D whose order is close to the claw-
free Moore bound is the underlying graph of some 2-regular, ( % + 1)-uniform
hypergraph. Then we improve the hypergraph Moore bound for 2-regular
hypergraphs in Theorem 3.

We call a vertex u partitionable if the neighbourhood of v can be par-
titioned into two disjoint sets such that each set induces a complete graph.
We call u equipartitionable if the neighbourhood of v can be partitioned into
two disjoint sets of equal cardinality such that each set induces a complete
graph.

Theorem 2 Let G be a connected, claw-free graph of order n, diameter D
and even maximum degree A. If

n> 1+2i (%) - 2@)[)_2,
=1

then G is A-reqular and every vertex of G is equipartitionable. Moreover, G

1s the underlying graph of some 2-reqular, (% + 1)-uniform hypergraph.

Proof. Let G be rooted at an arbitrary but fixed vertex v, which we will
determine later. For ¢ = 0,1,..., D we denote the ith distance layer, i.e., the
set of vertices at distance exactly ¢ from v, by V;.

Claim 1: Let v; € V;, 1 <i < D —2. If [N(v;) N V| = % + s, then v; has
in V;;o at most ATQ — 52 descendants if s > 0, and at most %2 descendants if
s < 0.

Let [N (v;) N Viy1| = £ —p. Then p > s. Since G is claw-free, and since v;
is adjacent to some vertex in V;_i, the set N(v;) N V;y;1 induces a complete
graph K A, Hence each neighbour of v; in V4 is adjacent to at most % +p

vertices in V; 5. Therefore, v; has at most

G- )~ () - 0
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descendants in V;yo. Clearly, (6) is at most (£)? — s? if s > 0 and (6) is at
most (5)? if s < 0.

As an immediate consequence of Claim 1 we obtain the following claim:
Claim 2: Let 1 <i < D — 2. Then |V;;5| < A72|VZ~|.
Claim 3: |V5] > A72—20r V3| > ATB—A—i—Q.

Suppose to the contrary that |V5| < %2 —2and |V5] < %3 — A+ 2. Then
Vo| < &2 94 4 Repeated application of Claim 2 yields that,
2 A

Ai AifZ AifB

Vil < gg =55 + 5y fori=2,3,...,D.
Summation over i = 2,3, ..., D yields
D
no= 1+ Vi

A
"
]
il
|
™
vo| >
LD
+
NE
vo| >
T

a contradiction to the hypothesis of the lemma.
Claim 4: Every vertex of G is partitionable.

Suppose to the contrary that G contains a vertex that is not partitionable.
Denote this vertex by v and root G at v. Then G[V;] cannot be partitioned
into two sets such that each set induces a clique. Since A is even, it follows
by Lemma 1 that A > 6 and the graph G[V]] has at least @ — 2 edges. Let
V1| = A — p. Then we bound |V5| as follows.

Vol < |BE(VL, Va)l (7)

< Z degg(u) — 2|E(G[Vi])| — [E(Vo, V1)|

ueVy

ViP5

< _ _ 2\ =
< MlA-2(S - 2) - Wil

A2 5 p?
- 2 AL 24,

2 HERRACE



which is at most %2 — 3 since p — %2 < % for any p.

We now show that |V3] < ATS — A + 2, which yields a contradiction to
Claim 3. If |[V3| < A —1, then |V3] < (A — 1)— < & —A—|-2 SO we assume
that [V4] = A. Let uy,us,...,ua be the nelghbours of v, and define s; by
IN(u;)NVey| = §+s; fori=1,2,...,A. We first bound Zle s; from below.
Since |V1] is even, by Lemma 1, the graph G[V;] has at least ATQ — 1 edges.
Hence

a 2 A2

A
3" IN(us) N V| = 2|E(GVA])] + A > 2<T . 1) A= +A-2
=1

On the other hand we have

A

i|N<Ui)ﬂV§1| =Z<§+si> :%Jrzsi-

i=1 =1

The last two inequalities imply Zle s; > A —2.

Let V| be the subset of V; containing those u; for which s; > 0. We may
assume that V' = {uy, ug, ..., ua } where A" < A. Clearly, Zz s> A—2.
From Claim 1 it follows that any vertex u;, where i = 1,2,..., A’ (where
i=A+1,A+2,.. A) has at most —2 —s? (at most A—2) descendants in V3.
Then |V3| < ATS—ZZ | S7. Since 2—1 12 > A —2, we have |V3| < %S—A—{—Q.
This, in conjunction with |V5| < % — 3 yields a contradiction to Claim 3,
and so Claim 4 follows.

From now on we will denote the two cliques in which a vertex u is con-
tained by C1(u) and Cy(u), and their cardinalities as ¢;(u) and co(u), respec-
tively. (If there is more than one way to partition the neighbours of u into
cliques then chose any.) Note that ¢;(u) + co(u) = degq(u) + 2.

Claim 5: For each vertex v € V; we have

U )N Vy cU ) N V.

zeVi—{u} zeVY

Suppose to the contrary that there exists a vertex u € Vi with (J,cy, N(2) N
Vo = Usery gy N(x)NVa. For i = 1,2, every vertex in Cj(v) —{v} is adjacent
to at least ¢;(v) — 1 vertices in V5 U Vi, and has thus at most A — ¢;(v) + 1

10



descendants in V,. We may assume that v € C;(v). Then, by our hypothesis,

Vol < (a(v) = 2)(A = ar(v) +1) + (c2(v) = D(A = a(v) + 1)

= Z(cl(v) — DA —c(v)+1) = (A —ci(v) +1).

=1

It is now easy to see that (co(v) —1)(A—ca(v)+1) < %2 and (c1(v) —2)(A—
c1(v)+1) < £(4 —1), implying that V5| < ATQ -2 < %2—2. We bound | V3|
as follows. Since every vertex in Vj is a descendant of a vertex in Vi — {u},
we have by Claim 2 that [V3]| < (A — 1)%2 < %3 — A + 2. These bounds on
|Va| and |V5] yield a contradiction to Claim 3, so Claim 5 follows.

Claim 6: There is no edge joining a vertex in C(v) — {v} to a vertex in
Ca(v) = {v}.

Suppose to the contrary that there exists an edge uw with u € C(v)—{v} and
w € Cy(v) — {v}. Without loss of generality we may assume that v € C4(u)
and v € Cy(w), so (C(u)UC) (w))NVa = 0. Then Cy(u) does not contain any
vertex in V3 —{u} since otherwise, if there was a vertex x € Cy(u)N(Vi—{u}),
every neighbour of u in V5 would also be a neighbour of z, contradicting
Claim 5. Similarly Cy(w) does not contain any vertex in V; — {w}. Hence
w € Ci(u), and so w is adjacent to every vertex in C}(u) and thus to every
vertex in V. This implies Cy(w) = V5 UV}, and so the neighbourhood of v
induces a clique. If now v has degree k, then every vertex in Vj is adjacent
to at most A — k vertices in V5. Hence

which is easily seen to be less than %3 —

diction to Claim 3. This proves Claim 6.

A + 2, and so we obtain a contra-

Since v is arbitrary, Claim 6 implies that the neighbourhood of every
vertex induces a graph isomorphic to the disjoint union of two complete
graphs. This yields the following claim.
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Claim 7: Let uw € E(G). If u € Cj(w) and w € Cj(u), then C;j(w) = C;(u).
Furthermore, if K is an inclusion-maximal clique of GG, then for each u € K
we have C;(u) = K for some i € {1,2}.

Claim 8: For all u € V and i € {1,2} we have ¢;(u) # 5.

Suppose to the contrary that there exists a vertex u with, say, ¢i(u) = %.

Then C4(u) forms a maximal clique of order £. We consider three cases.
CASE 1: There exists a maximal clique K of G of order %, such that every
vertex of K has degree A.

It follows from Claim 7 that for every w € K, we have C;(w) = K for some
i € {1,2}. We may assume that C;(w) = K for all w € K. Then each Cy(w)
is a clique of order % + 2. Choose v to be one of the vertices in K and root
G at v. For any vertex u € C1(v) — {v} we have [N(u) N V5| < £ + 1, and
for any u € Cy(v) — {v} we have |N(u) N V5| < £ — 1. Therefore,

v S wens (3 )G ) (oG- e

ueVy

Let u € Cy(v) — {v}. Every vertex in N(u) NV has at least £ 41 neighbours
in V7, U V5, and thus at most % — 1 neighbours in V3. Hence, u has at most
(£41)(5—1) descendants in V3. Now let u € Cy(v)—{v}. Then u is adjacent

to % + 1 vertices in VU Vi, and thus has at most ATQ — 1 descendants in V3
by Claim 1. Hence we obtain

Wil < @@ -3 1) +ew -5 1) =5 -a

This bound on |V3| together with the above bound on |V3| yield a contradic-
tion to Claim 3.

A

S contains a vertex of degree at

CASE 2: Every maximal clique of order
most A — 1 and a vertex of degree A.

Choose v to be a vertex of degree A which is contained in a maximum clique,
C1(v) say, of order %, and root GG at v. As in the previous case it follows
that || < &% — 2.

To bound |V3], we bound the number of descendants of the vertices in
Ci(v) — {v} and in Cy(v) — {v} separately. By Claim 2 every vertex in

Ci(v) — {v} has at most ATQ descendants in V3.

12



Now consider a vertex u € Cy(v). We show that u has at most %2 -2
descendants in V3. By Claim 7, Cy(v) = C;(u) for some i € {1,2}, we may
assume that Cy(v) = Ci(u). Then N(u) NV, C Cy(Vz) — {u}, and so u has
at most § — 1 neighbours in V. We consider two cases: (a) u has £ — 1
neighbours in V5, and (b) u has at most £ — 2 neighbours in V5.

In case (a), degu = A, Cy(u) — {u} C Vi, and Cs(u) is a maximal clique
of order %. By the defining condition of Case 2, Cy(u) contains a vertex of
degree at most A — 1, which thus has at most % neighbours in V3, while the

other £ — 2 vertices of C(u) — {u} have at most § + 1 neighbours in Vj.

Hence u has at most (5§ —2)(§ + 1)+ 2 = ATQ — 2 descendants in V3. In

case (b), if u has % — p neighbours in V5, where p > 2, then u has at most

(5 -p)(5+p) < %2 — 4 descendants in V3, as desired.
In total it follows that

VAl < (o)~ D5 b featr) - (S —2) =B a

This, in conjunction with the bound on |V3| yields a contradiction to Claim
3.

A

CASE 3: There exists a maximal clique of order 5, whose vertices all have

degree at most A — 1.

Choose a vertex v of such a clique, and root G at v. Let the clique of order
% be, say, Cy(v). Since deg(v) < A — 1, we have cy(v) < % + 1. Since each
vertex in Ci(v) — {v} has at most § neighbours in V5, and every vertex in
Cy(v) — {v} has at most A — c3(v) + 1 neighbours in V5, we have

V2l < (@1(0) = D)5 + (o) — (A — eafo) + 1),

A
DR

Now ¢;(v) = £, and since c»(v) < £ + 1, we have

A A AT A2 A A2
< |l—=1)]—4+ — = <
lVQl_(Z >2+4 4 2 7 4

Since each of the A — 1 vertices in V; has at most %2 descendants in V3 by
Claim 2, we obtain

A AP
Vil < (A-1)7< - —A+2
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The bounds on |V5| and |V3| contradict Claim 3. Claim 8 follows.
Claim 9: G is A-regular and every vertex of G is equitably partitionable.

Suppose to the contrary that G has a vertex v for which ¢;(v) # § + 1
or c5(v) # £+ 1. Root G at v. We may assume that ¢;(v) < e(v), so
c(v) < 241 If ¢i(v) = 2 + 1 then ¢1(v) = c2(v), contradicting the
choice of v. If ¢;(v) = £ then we have a contradiction to Claim 7, therefore
¢i(v) = £ + 1 — p for some integer p > 2, and thus c3(v) = £ + 1+ s for
some integer s < p. Consider u € V;. If u € Cy(v) — {v}, then u has at most
S + p neighbours in Vs, and if u € Cy(v) — {v}, then u has at most £ — s
neighbours in V5. Hence, since p > 2,

2

i< (3G (-G =5r-e<t 2

2 2 2 2 2 2
Now bound |Va|. If [Vi| < A—1, then by Claim 2, |[V3| < & —2% < &2 A4,
so we may assume that |[Vj| = A and p = s > 2. By Clalm 1, any vertex

in V(Ci(v)) — {v} (in V(Cy(v)) — {v}) has at most & (at most &° — p?)
descendants in V3. Thus

< (G0 s (G (B -r) =5 -Sr-r <5 -aq2

and we obtain a contradiction to Claim 3.

Claim 10: G is the underlying graph of a 2-regular, (% + 1)-uniform hyper-
graph.

Let K;,7=1,2,...,m be the (inclusion) maximal cliques of GG. Define H to
be the hypergraph on the vertex set V(G) whose hyperedges are the maximal
cliques K;,i=1,2,...,m of G. By Claim 7, each K; is of the form C;(u) for
some vertex u of G, and so H is 2-regular, and G is the underlying graph of
H. By Claim 9 we have |K;| = £ +1, so H is (5 +1)-uniform, as desired. O

Theorem 3 Let k > 3 and let G be a 2-regular, k-uniform hypergraph of

diameter D. Let ¢, 1= 2’22_2::21 Then

D D—-2
n<142> (k=1 =Y (k—1)"
=1 =0
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Proof. It suffices to show that for every real ¢ with 0 < ¢ < ¢;, we have

n<1+22 —1 —c

We prove this by contradiction. Suppose to the contrary that there exists a
2-regular, k-uniform hypergraph G of order n and diameter D with

>
m

(k: —1)4

M

=0

D—

n>1+2z —1) =) (k-1), (8)

=0

M

for some real ¢ with 0 < ¢ < ¢;.

Let GG be rooted at a vertex v which we will determine later. Every vertex
w of G is incident with exactly two hyperedges, which we denote by e(w)
and f(w), respectively. For the root v we assign the names e(v) and f(v) to
the hyperedges containing v in an arbitrary way. For w € V;,1=1,2,..., D,
we assign the names e(w) and f(w) such that e(w) always contains a vertex

in V;_;. Clearly such a vertex always exists. Hence e(w) C V;_; UV, and
flw) C ViUV or f(w) € V;UV;yy. This implies that, for all ¢ > 1,

Vinl < | U (Fw) = {w} < D 1f(w) = {w} = (k= DVil.  (9)

weV; weV;

This in turn implies that |V;| < 2(k — 1) for i = 1,2,..., D, and by summa-
tion over all i € {1,2,..., D} we obtain n < 1+23 2 (k —1)¢, which is the
Moore bound for 2-regular hypergraphs.

To improve this bound we need some further notation. Fori € {1,2,...,D}
we define B; to be the set of vertices u € V; for which |e(u) N V4| +
|f(u) N V;_q] > 2. Further let B} be the set of vertices u € B; for which
fu)NVi—y # 0 (and thus f(u) C V;—1 UV;), and let B! be the set of vertices
of B; for which f(u)NV;_; = 0 (and thus f(u) € V; UV;;1). Note that BY
is empty. Denote the cardinalities of B;, B and B! by b;, b and b}, respec-
tively. Clearly, b; = b, + b/. We further let B; = N[B] NV, Bl = N[B] ﬂ Vi
and B/ = N[B!|NV, fori € {1,2,...,D}, B="," B; and B =2,

Note that we are not assuming that these sets are nonempty. In the
next three claims of the proof we show that our assumption on the order
of G implies that the sets B; are so small that there exists a hyperedge
fcVp— Bp such that f has no ancestor in B. This in turn is used to

15



obtain a contradiction and to complete the proof of Theorem 3.
Claim 1: Let 1 <7< D —1. Then

D-1
n<1+22 — 1) = (k= 1)P(20 + b)) — bp.
= =1
Clearly, we have |V;| = 2(k—1)—b} = 2(k—1)—b,. Since for j € {1,2,...,D—
1} the vertices in B} have no neighbour in Vj,,, we have

Vin= |J (fwnVi).

uer—B;.

Since each f(u)N V4 contains at most k£ — 1 vertices, and since b4 vertices
in Vj 41 appear in two of the sets f(u) NVj41, we have |V 1] < (k—1)(|V;] —
b;) —b;+1. Repeated application of this inequality yields that, for 1 < j < D,

7j—1
Vil <2(k—1Y = (k=177 (b; + b) — by
i=1
Summation over all j € {1,2,..., D}, in conjunction with b; + b, = 2] + b,
yields

D j—1 D
n o<1 +2Z — 1 =S =1l ) = b
7=3 =1 j=1
D—1
< 1+22 1) = (k= 1)PT20, + V) — bp, (10)
=1
as desired.

Let F(B ) denote the number of vertices in V) which are descendants of
vertices in B.

Claim 2: F(B) < (2k —4) "2 0k — 1)~ + S P b (k — 1)P-

We bound the number of descendants of vertices in Bi for1<¢:<D-—1.
First consider the vertices in B]. For each u € B! both hyperedges, e(u)

and f(u) contain a vertex of V;_y, and no vertex of V1. Hence, |B]| <

b,(2k — 3). Since any vertex of B! — B! is adjacent to at most k — 1 vertices

16



in Viyy, there are at most b(2k — 4)(k — 1)P~¢ vertices in Vp which are
descendants of vertices in B!

Now consider the vertices in B/. BEach u € B/ has at most (k — 1)P~
descendants in Vp. We claim that for each neighbour w of u in B/ — B,
every descendant of w is also a descendant of w. Indeed, since u € BY,
we have f(u) C V; U V4. Each neighbour of u in e(u) N'V; is also in BY,
so w € f(u). Hence f(w) = f(u), and so N(u) N Vi1 = f(u) N Viyy =
f(w)NViyy = N(w) N Vg, as desired. Hence the descendants of vertices
in B! are descendants of vertices in B!, and so there are in total at most
b!(k — 1)P~% descendants of vertices in B” in Vp.

It follows from the above that the total number of descendants in Vp of
vertices in B; is at most (2k — 4)b,(k —1)P~ + b/ (k —1)P~*. Summation over
alli € {1,2,...,D — 1} now yields the claim.

Claim 3: F(B) < ¢(k —1)P~' — ¢ — (k — 2)bp.

From Claim 1 and our assumption |V (G)| > 142 Zi’;l(k—l)i—c Zif(k—l)i
we get that

D—2 D-1
ey (k=1)">) (k—1)P7"(2b, + V) + bp,
i=0 i=1
or equivalently,
D-1 . D=2 1 D1 1
E—DP70 < =N (k=17 ==Y (k—1)P7 — ~bp. 11
D B DN e D A T
Substituting the right hand side of (11) in Claim 2 yields
A D—1
F(B) < (2k—4) Z bi(k —1)P77 + Z b (k —1)P-
=1 )
D-2 D—-1 D—1
< (k—2)[c S (k- P - }—i—Zb;’(k‘—l)D_
i=0 i=1 =1
D—2



Claim 4: There exists a hyperedge f C Vp — Bp, such that no vertex in f
has an ancestor in B.

For any u € Vp — Bp, e(u) contains exactly one vertex of Vp_; and f(u)
contains only vertices of Vp — Bp. Let N be the number of hyperedges in
G[Vp — Bp]. In order to prove the claim, it suffices to show that N > F(B).
Clearly, N = |Vp — Bp|/k, so we first bound |V, — Bp| from below.

Since [V(G)] > 14232, (k — 1)) — ¢ 2%k — 1) and 320! V| <
1+ 23520k — 1), we get [Vp| > 2(k — 1)P — ¢ 02 (k — 1), Since
|Bp| < (2k — 3)bp, it follows that

D—2
Vb —Bp| > 2(k—1)"—¢) (k—1)" = (2k = 3)bp
=0

> 2(k — 1P —2¢(k — 1)P72 — (2k — 3)bp.

Considering the right hand side of the last inequality, we note that
2(k — 1P —2¢(k — P73 /k > c(k — )P
This follows from the fact that the equivalent inequalities
2k —1)P —2¢(k — 1)P72 > ¢(k — 1)P + ¢(k — 1)P

and
2—c)k—12—c(k—1)—2c>0

hold for our choice of ¢. Hence

Vb — By 2k — 3

N

> ¢(k—1)P71— bp > c(k—1)P71 = (k—2)bp > F(B),
the last inequality following from Claim 3 and the fact that ¢ > 0. This
proves Claim 4.

We are now in a position to complete the proof. By Claim 4 there exists
a hyperedge f C Vp, such that none of its vertices has an ancestor in B.

We show that for every vertex x € f there exists a unique vertex T € Vj at
distance D — 1 from x. Let x € f be arbitrary, and let v, x1,z9,...,2p_1, @
be a v — x path of length D, so x; € V; for « = 1,2,...,D — 1. Then
e(x;)NVi—y = {x;_1} since x; ¢ B, and f(x;) = e(x;4q) fori=1,2,...,D—1.
So every vertex on the v — x path has a unique neighbour which is closer to
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v, and so the v — w path of length D is unique, which implies that = := z;
is the unique vertex in Vi at distance D — 1 from x.

Now fix a vertex w € f. Without loss of generality we assume that
w € e(v).

We claim that for each u € V; there exists x € f such that T = u. First
let u € f(v). Consider a shortest u — w path P(u,w). Clearly, P(u,w) does
not contain v. Also, P(u,w) cannot contain vertex vp_1, since otherwise,
if P(u,w) contained vp_q, it would be of the form wuy, us, ..., uj, vj, V41, ...,
vp_1,w, where u; € V; for i = 1,2,...,7, uy = v and v; € V;,1 = 7,5 +
1,...,D —1. Now u; € e(v;) U f(v;), but since f(v;) has only vertex v; in
V;, we have u; € e(v;). But since e(v;) has only one vertex in V;_4, viz.
vj_1, we have, u;_; = v;_1, and so P is not a shortest path since v; and
u;_1 are adjacent, a contradiction. Therefore P(u,w) does not contain vp_j,
and so P(u,w) contains a vertex x € f — {w}. Hence P(u,w) has the form
Uy, ..., T, w, implying T = u, as desired. Now let u € e(v). Fixing a vertex
w' € f for which w’ € f(v) and applying the same argument as above, with
w’ replacing w, we show there exists x € f such that T = u. In total we
conclude that for each vertex in u € V; we have T for some z € f.

Hence the mapping = — T from f to V] is surjective, and so |f| > |V1].
But |f| = k and |Vi| = 2k — 2, which implies £ < 2. This contradiction to
k > 3 completes the proof of Theorem 3. O

Corollary 1 There are no Moore geometries of degree 2, diameter D > 2
and rank k > 3.

Theorem 4 Let A, D be positive integers such that A > 4 is even. Let

— (A/2)?
CIA = 2m Then
D . D—2 .
AN AN
cap <1423 (5) 4 (3)-
i=1 =0

Proof. We prove the result by contradiction. Suppose that there exists
a claw-free graph G of even maximum degree A > 4, diameter D > 2 and

order n, where
D : D—2 .
AN AN
”>1+2§;<5>‘*ﬁ2;(5)’
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and ¢, is as defined above. In order to show that G satisfies the hypothesis
of Theorem 2 it suffices to prove that

D—-2

D i D—-2 i D i
1230 (5) A (3) e (3) 2(5)

or, equivalently,
5 (é) D-2
, 2

R
i=0 \ 3
which is easy to verify for our choice of ¢,.

Hence, by Theorem 2, GG is the underlying graph of a 2-regular, k-uniform
hypergraph H, where k = % + 1. But then, since ¢ = ),

n(H) = n(G) > 142 le: (%)i—cg DZ_:Q (%) =142 i(k—l)i—ck S(k—ni,

a contradiction to Theorem 3. O

3. Lower bounds

In this section we obtain lower bounds on cfa p. In view of Theorem
2, underlying graphs of 2-regular, uniform, linear hypergraphs (or, equiva-
lently, graphs whose vertices are equipartitionable) are likely candidates for
large claw-free graphs of given degree and diameter. Note that graphs whose
vertices are equipartitionable are line graphs, because the neighbouhood of
every vertex of a line graph can be divided into (at most) 2 cliques. It also
follows that no vertex of a line graph has 3 neighbours such that all of them
are non-adjacent. Hence all line graphs are claw-free. We mainly consider
line graphs of known constructions to obtain lower bounds on cfa p.

Is is easy to see that the line graph of a connected graph of diameter D
has diameter at most D+ 1, and that it is at most D if the graph is bipartite.

Delorme [7] showed that for any A and D, there exists a bipartite graph of
order 2¢(2)P~1, where ¢ € {1,2,...,6} depending on D (for example ¢ = 6
if D =6 or 26 (mod 30)). Taking line graphs we obtain graphs of order
20(%)17 and degree 2A — 2. This yields the following lower bound on cfa p.
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Proposition 1 For any D and any even A there ezists a c € {1,2,3,4,5,6},
depending only on D, such that

A+ 2\D

CfA’ D Z 20( + ) .
From a construction of Canale and Gémez [4] we can get line graphs of
maximum degree A, diameter D and order at least 22(5£%2)” for infinitely

2.9
many values of A and D. Hence the above bound can be improved as follows.

Proposition 2 For infinitely many values of A and D we have

A
(s )

CfA,D > 4—0
For diameters D = 2,3,4 and 6 we obtain large claw-free graphs from
bipartite Moore graphs. For diameter D = 2, the bipartite Moore graphs
are the complete bipartite graphs with partite sets of order A. If A — 1
is a prime power, the bipartite Moore graphs of diameter 3 and degree A
are the incidence graphs of projective planes, and for diameter 4 and degree
A the graphs are called generalized quadrangles. For D = 6 generalized
hexagons exist if A — 1 is an odd power of 3, see [3]. The order of bipartite
Moore graphs of degree A and diameter D is m;—l_);_l]. Line graphs of
the bipartite Moore graphs of diameter D = 2,3,4 and 6 give the bound
cfarp > %[(%’)D — 1] where A" = 2A — 2.
Proposition 3 If (i) D = 2 and A is even, (i) D = 3 or 4, and £ is a
prime power, (iii) D =6 and % 1s an odd power of 3, then we have

tso> 322[(3)° 1]

We note that the above line graphs are underlying graphs of 2-regular,
uniform hypergraphs. Hence they also yield lower bounds on the order of
2-regular, uniform hypergraphs of given rank and diameter.

For diameter 2 we construct claw-free graphs that improve the bound in
Proposition 3.

Theorem 5 Let A > 6 such that A =2 (mod 4). Then cfas > (A +2)2
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Proof. We construct a A-regular claw-free graph G of diameter 2 and
order 2(A+2)? where A > 6, A =2 (mod 4). Let X be a set of order p > 2
and let Zs be the (additive) cyclic group of order 5. Let G be the graph with
vertex set V(G) = Zs x X x X, where vertex (a,z1,zy) is adjacent to the
vertices of the form

(CL,.Tl, ?Jl)’ (CL, Y2, IZ)) (CL - ]-7 y3)x1)7 or (CL + ]-7x27 94)7

where y; € X \ {22}, vo € X \ {21}, and y3,y4 € X. Clearly, the degree
of every vertex is A = 4p — 2 and the order of G is 5p* = £(A 4 2)%. The
neigbours of (a, z1,x2) can be divided into two cliques, one clique containing
the neighbours of the form (a, z1,y;) and (a — 1, y3, x;1), and the other clique
containing the neighbours of the form (a,ys, x2) and (a + 1, 22,y4). Hence,
G is a line graph and thus claw-free.

It remains to show that the diameter of GG is 2. We show that any two
different vertices (a,z1,%2) and (@', 2}, x5) are either adjacent or there is a
vertex v which is adjacent to both of them. If ¢’ = a, then v = (a, 2, x2) for
x1 # o) and xe # xh, and (a, z1, x9) is adjacent to (o, 2, x}) for zy = 2 or
xog =ah. If = a+1, then v = (a,z1,2)) for xy # 2, otherwise (a, z1, 22)
and (a/, 2], 2}) are adjacent. If ¢’ = a + 2, then v = (a,z2,2). The cases
a'=a—1 or a — 2 are analogous. Hence, cfa s > 1—56(A +2)% O

The graph constructed above is an underlying graph of a 2-regular, (% +

1)-uniform hypergraph of diameter 2. Hence we obtain the following corol-
lary.

Corollary 2 For every even integer k > 4 there exists a hypergraph of degree
2, diameter 2, rank k and order %kQ.

Open problems

In this paper we established bounds on the order of claw-free graphs of
given diameter D and degree A, where A is even. It would be interesting to
obtain similar results for odd A.

We established a connection between large claw-free graphs of given even
degree and diameter and 2-regular hypergraphs. Are there similar connec-
tions between large K ,-free graphs and (p — 1)-regular hypergraphs?

Much research has been undertaken on the construction of large graphs
of given degree and diameter. Is it possible to give constructions of large
hypergraphs of given rank, degree, and diameter?
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