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1 Introduction

The first appearance of quaternion distributions in the statistical literature from the real representation approach
is in papers of Kabe ([10], [11], [12]). Rautenbach [19] and Rautenbach and Roux (][20], [21]) also utilised the
representation theory in their papers, and more recently there is the refreshing contribution by Teng and Fang
[22].

This paper is set apart from the other recent papers in this field, in that the matriz-variate quaternion normal
distribution as well as the quaternion Wishart distribution are derived from first principles for the first time,
i.e. from their real counterparts, exposing the relations between their respective densities and characteristic
functions.

The paper is organized as follows: In Section 2 a collection of fundamental mathematical results are pre-
sented for use in later sections. This is included since the authors believe that it has didactic value. Section
3 is first devoted to a review on the derivation of the p-variate quaternion normal distribution, using the rep-
resentation theory. Armed with these results, the matrix-variate quaternion normal distribution is derived by
generalising this approach. The key idea in Section 4 is how the quaternion Wishart distribution relates to its
real counterpart. We conclude in Section 5 by showing that a simple quaternion hypothesis may be represented
with an associated real hypothesis, and thereafter derive an expression for the density function of Wilks’ statistic
in the case of quaternion Wishart matrices.

The results in this paper should therefore not be seen as corollaries of the work in real normed division
algebras (see for example [5],[6], [7], [13] and [14]), but the significant contribution that is made in the statistical

context, by using the real counterpart approach.

2 Mathematical Preliminaries

A number of useful theorems and other general results that are found in the literature will be discussed in this

section, and will be referred to frequently in subsequent sections.
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Let R denote the field of real numbers, and Q the quaternion (Hamiltonion) division algebra over R, respec-

tively. Hence, every z € Q can be expressed as
z =1+ 122 + jr3 + kxy,

where i, 7, and k satisfy the following relations:

P=2=k=—1ij=—ji=k, jk=—kj=iki=—ik=j

and where x1,x2, z3, x4 € R. The conjugate of a quaternion element is defined in a similar fashion to that of a
complex number, and is given by:

Z=1x1 —ixo — jr3s — kxy

Now let M, xp(R) and M, x,(Q) denote the set of all n x p matrices over R and Q, respectively. In the case
of square matrices, say p x p, this will be indecated by M,(R) and M,(Q) instead. Similar to the scalar form
above, any Z € M, ,(Q) may be rewritten as:

Z = [25],,, = X1 +1Xo + jX3 + kXy,
where z;; € Q, and X, Xy, X3, and X4 € M, »,(R). X is the real part of Z, and will be denoted by Re Z.
By setting n = 1, this reduces to the vector form in an obvious way.
We will denote the transpose of a matrix Z as Z'’ = Z . The conjugate transpose of Z is therefore given
nxp pXn
by

Z/ = [E;J}pxn

=X — X} — jX5 — kX,
and we say Z is Hermitian if Z’' = Z.

The vec operator is frequently used in expressions involving matrices of quaternions, see for instance Li and
Xue [14], and is defined as

vecZ = [Z1, ... 7Z;]/ € Mpx1(Q),

where Z, € Mpx1(Q),a =1,...,p are the columns of Z.

We will make use of the representation theory throughout this paper, and although quaternions may be
represented by real matrices in various ways, see for instance Teng and Fang [22], we will use the representation
employed by Kabe (for instance [10] and [12]) and Rautenbach [19]. Specifically suppose that
z =1 +ix9 + jrs + kxy € Q may be represented by zg € M4 (R), as

X1 —T2 —X3 —XT4
T2 X1 —T4 I3
4x4 I3 T4 T —ZX2
Ty —T3 T2 z1
Now, if n%p € M, xp(Q), i.e. the case where we have matrices with quaternion elements (or vectors by setting
n = 1), we have n%p = [zst] , Where zgy = 15t + 1Tost + jT3st + kst €Q,s=1,...,n,and t=1,...,p. By an

elementwise generalization of our representation of the scalar, to the matrix (or vector) form, we have

Tist —T2st —I3st —Td4st
L2st T1ist —T4st L3st
Zost =
4x4 T3st Tyst T1st —T2st

T4st —T3st T2st T1st



in other words, Z may be represented with the real matrix Zo as: Zg = [zZost]-
nxp 4nx4p 4dnx4p

Moreover, if we define the mapping

f( R ): Q VR € My,(R),Q € Q.

4px4p pXp

it was shown in Rautenbach [19] that f is a faithful representation. When . R4 € Myy(R) and f(R) =Q €
pxdp

M,(Q) then it will be indicated as R ~ Q.
For the proofs of the results in Lemma 1, see Rautenbach and Roux ([20],[21]) and Mehta [17].

Lemma 1 Suppose . R4 € Myp(R), Q € M,(Q) and R~ Q.
pxdp

PXP
1. R is symmetric if and only if Q is a quaternion Hermitian matriz.

2. R is orthogonal if and only if Q is symplectic.

st st st __ st

a;” —ay  —dg ay
st st st st
. . . . —_ a a —a a . . .
3. R is nonsingular with inverse R ~' = [rst] = 2t lt f 3 . if and only if Q is non-

iy o aff i a3

st st st st

Gy —ag ) ay

; l ith i =1 __ . st] _ [,st ;o st iast 4+ kaSt
singular with inverse Q ~° = [¢*'] = [a" + a3’ + jai' + kaf'].

pXp

4. There exists a symplectic matriz H such that: Q = HD\H™! = HD\H’ where Dy = (\y,.. . Ap) with
As = Asr +10+ jO0+ k0, s=1,...,p the real characteristic roots of Q.

5. If R is symmetric, then det R = (det Q)4.

6. Let g, = [bi1,b21,b31,ba1,. .. ,bipy bap, bap, bap] and g =[q1,...,qp) with qs = bys+ibos+ibss+kbas, s =
4dpx1 px1
1,...,p. Let R be symmetric, such that Q is quaternion Hermitian. It now follows that Q:)Rgo =7Qq.

7. R is symmetric positive definite if and only if Q is a positive definite quaternion Hermitian matriz.

From this it is clear that the eigenvalues of a Hermitian matrix are all real since they correspond to that
of the real associated, symmetric, matrix (for which they are repeated with multiplicity 4). Moreover, if the
eigenvalues are all positive, then the real associated, symmetric matrix are positive definite, and we may conclude
that the Hermitian quaternion matrix is a positive definite quaternion matrix. In other words, If Q € M,(Q) is
a Hermitian positive definite matrix, then its eigenvalues A;,s = 1,...,p are real and positive and there exists
a Hermitian positive matrix, written as Q% such that Q = Q%Q%, see Teng and Fang [22]. For more technical
results and a review on quaternion matrix algebra, see Zhang [23].

The trace operator is frequently used in the symplification of expressions, and although the multiplication
of quaternions is noncommutative, we may go about it as follows, see Zhang [23].

Let Re tr(A) =tr(Re A) for A € M,(Q), we have

Retr(A) = Lltr(A+A’)

)

Retr(AB) =Retr(BA) VA,Be M,(Q)

Moreover, if A = A’ € M,(Q), i.e. a Hermitian matrix, and using Lemma 1(4) then this becomes

Retr(A) = tr(A) = 3 Au,

a=1

where A1,..., A, are the eigenvalues of A.



We now define some concepts specifically pertaining to the development of the quaternion distribution theory,

and show how they interact with their real associated counterparts.

Definition 2 Let
Z :Xl +7;X2 "‘j&g + k14

px1
be a quaternion probability vector with real associated probability vector given by

Z, = [X}), X4, X5, X1]' .

4px1
A function fz(z) of the p quaternion variables zs = T15+1Tas +jT3s +kTas, s =1,...,p is called the probability
density function (pdf) of Z if
fz(2) = fz,(20)

where fz (zo) is the dp-variate real pdf of Z, .
4dpx1

Note, here we require the associated counterpart of Z to be Z,, and not necessarily Z; as defined earlier.

px1 4px1 4px4
This is due to the derivation of the quaternion normal distribution, which is discussed in Section 3.

The notion of an associated real probability matrix may be introduced in a similar fashion. Let Z =
nxp

X1 +1X9 4+ jX3 + kX4 be a quaternion probability matrix. The associated real probability matrix is given by

Zy = [X/17XI27X;a Xil] .

nx4p

Definition 3 Let Z = X;+1iXs+jX3+kXy be a quaternion probability matriz. The characteristic function
nxp
of Z is defined as

¢z(T) =FE [exp str (Z'T + ’:_["Z)] , (2)
where T =T1+4+1Ts+ jT3+ kT4 is a quaternion matrix and ¢ is the usual imaginary complex unit.
nxp

If we let V = Z'T + T'Z, say, then it follows that V' = TVZ 4+ Z'T = V implying that V is Hermitian and

hence, from (1), the characteristic function may be written as

$z(T) =FE [expiRetr (ZT+T'Z)] =E [exptRetr (Z'T)] (3)

In the case of a quaternion probability vector, Z = X; +iX, + j X5+ kX,, (2) reduces to
px1

L — —
é(t) = B |exp 5 (Z1+12)]. )
where t =t +ily + jis + ki, is a quaternion vector and ¢ is the usual imaginary complex unit. An expression
px1
for the characteristic function of Z in terms of Re tr can be derived in a similar fashion as in (3) and is given

px1

by
by(t)=E {expLRetr (ZIL)} )

The nature of the problem will determine the form of the characteristic function used in its derivation.

It now follows that

¢z(T) = E [exptRetr (X T + X5Ts + XT3 + X Ty)]



such that

$z(T) = ¢z,(To). ()

¢7,(To) is the characteristic function of the associated real probability matrix, Z, = [X/, X}, X35, X]] and
nx4p

further is Ty = [T}, T, T4, T)] a real matrix. It is therefore clear that the characteristic function of a

nx4p
quaternion probability matrix is equivalent to the characteristic function of a n x 4p-variate real probability

matrix. A similar result holds for the special case in which n = 1, yielding a quaternion probability vector.

3 The quaternion normal distribution

The p-variate quaternion normal distribution forms the basis from which the quaternion distribution theory is
further developed, and will be discussed in Section 3.1. We briefly note the univariate as a special case of the
p-variate quaternion normal distribution.

In Section 3.2 we derive the matrix-variate quaternion normal distribution using the real representation
thereof. We derive the probability density and characteristic function, and emphasise the relationship between

the quaternion and associated real cases.

3.1 The p-variate quaternion normal distribution

In this section the approach of Kabe ([10], [11], [12]), Rautenbach [19] and Rautenbach and Roux ([20], [21])
are followed in deriving the p-variate quaternion normal distribution. Although the results in this section 3.1
are in general not new, it is shown how they relate to those given by Teng and Fang [22], and with particular

emphasis on the quaternion and related real characteristic functions.

Definition 4 Let
X1 +1Xo1 + 5 X351 + kX

Xi2 +1Xoo + j X302 + kX4

X1y +iXop + jXsp + kXup

be a quaternion probability vector with real associated probability vector

!
ZO :[X117"'7X1an21a"'7X2p7X317"'7X3p7X417"'7X4p]l: [Xiy&éy&é?&é] .

4dpx1 1xp 1Xp 1Xp 1xp
Then, Z has a p-variate quaternion normal distribution if Z, has a 4p-variate real normal distribution.

Teng and Fang [22] used a different matrix structure for representing quaternions by matrices. They supposed
that Z =X, +1X, + j X3 + kX, may be represented by

px1

X, X, X, X, ]

px1 px1 px1 px1

—Klz Kll —Xlz; X;i

_ pX pX pX pX _

ZOO_ - 117X27X37X4

4px4 -X; Xy X, X, 4px1 4px1 4px1 4px1
px1 px1 px1 px1

X, X3 X, X
px1 px1 px1 px1




Thus the conjugate Z = X, —iXy —jX3 — kX, of Z may be represented as
px1 pXx1

Xy =Xy, —Xy; Xy

px1 px1 px1 px1

X, Xy X, Xy
7 _ px1 px1 px1 px1 _ * * * *
Zyy = = X1;X27X37X4
4px4 K3 _K4 K1 Kg 4px1 4px1 4px1 4px1

px1 px1l px1l pXx1l

X4 XB _12 11

px1 px1 px1 px1

From this it is clear that Z, = Y]. Teng and Fang [22] showed that any of the Y, s = 1,2,3,4 may be used
to arive at the same form of the probability density function for the p-variate quaternion normal distribution.
The covariance matrix 3 of Z relates to its real associated covariance matrix g, i.e. the covariance matrix

of Z,, in the following way:

/ b3 1 -3 i3
by = cov(Z,, 2! = Fl||(Z,— 7 — =1 2
4p><91p (—0 —O) |:(—0 EZ()) (—O EZ()) :| 4 2,5 24 21 _22
e - N, X (6)
~ 1 (2 + i3 + 83 + k3y)
~ leov(2.7))

where 37 is a real symmetric matrix, and 3o, X3 and X4 are skew symmetric matrices. Returning to the
PXp PXp PXP PXp

Y., s=1,2,3,4 defined by Teng and Fang [22], they showed that iCOV(Z, Z’) 2COV<XS,X;), s=1,2,3,4.
In order to apply the representation theory discussed in Section 2, i.e. by an elementwise expansion of the
quaternion probability vector, we now rearrange the components of the real associated probability vector as

follows:

Z; = [X113X213X313X413 cee 7X1pa X2p7X3p7X4py .
4px 1

The components of 4, and g are rearranged accordingly in forming K, and 3G respectively, and now yield

4px1 4px4p
the pdf of Z§ as
_1 e 2 1 N
faatei) = m) 300 aermiy oo {5 (a5 - 5) i (s - 5) | "
for zi; € B = {ES = [z11, 21, T31, Ta1, - - .,xlpa$2pa$3pa$4p]/ ;=00 < Ty, Tas, T3s, Tas < 00,8 = 1, ,p} :

Since fz, (29) = fz;(25) for all z; and corresponding z, we may use Z; as real associated probability vector
when deriving the pdf of Z.

Theorem 5 Let Z be a probability vector that has a p-variate quaternion mormal distribution, as given in
px1

Definition 4, with E[Z) = p and X = [0s] as giwven in (6). The pdf of Z ~ QN (p;u,X), is given by:
I S <t

fz(z) = 22P 2P (det 2)72 exp {—2 (ﬂ)/ »-! (g — H)} (8)

where z € B={z=[z,.. L2l 2 = Ty +iTas + jTas + kTas, —00 < Tyg, Tas, Tas, Tas < 00,8 = 1,... P}
Proof See Rautenbach and Roux [21].

Remark 6 1. Let tr(-) be the trace on My,(Q). Rautenbach and Roux [21] argued that the trace, as used by
Kabe ([10], [11], [12]) in simplifying the exponent of fz(z), is not allowed, because of the noncommutativity



property of quaternions, i.e. tr(AB) #tr(BA). However, from (1), and the fact that for a quaternion

random vector Z , we have 7'7 € R, and from Lemma 1 (6) we may write
px1

exp {Z/E*1Z} = exp {tr Re(Z/E*IZ)} = exp {Re tr (Zlﬁflz)} = exp {Re tr (E’lZ_Z/)} . (9)
2. Rautenbach [19] showed that

o) =277 (der D) P exp {2 () 37 (- u)}

with 3o as associated covariance matriz or

fa(2) = 20m 2 (det ) Pexp {2 (z - p) =7 EH) |

with 3o as the associated covariance matriz, which is obtained by using the representation used by Teng

and Fang [22] as discussed above.

Example 7 The pdf of the univariate quaternion normal distribution is obtained by setting p = 1 in (8), and

18 given by

2) =4r 2o ex —1 z— z—
ale) = dn e {5 FR - )| (10)

for 2 € B = {z =11 +ivy+ jaz + kxg, —00 < T1,T2,73,14 < 00} ,07 = var(Z) = var(Xy) + var(Xz) +
var(Xs) + var(Xy) and p = E[Z] = E[X1] +iE[Xs] + jE[X3] + kE[X4] are the variance and expected
value of the quaternion probability variable Z = X1 +iXo + jX3 + kX4 ~ QN (u,0?), respectively. Note that

o2 0 0 0
110 2.0 0
35=- 1 ~ o2
0 0 o7 O
0 0 0 o?
Theorem 8 The characteristic function of Z ~ QN (p;u,X), is given by:
px1 -
Loy -1 1,
0z(t) = exp 5 (HL+Ep) - Lot (11)

for every quaternion vector t and v the usual imaginary complex unit.
px1

Proof. See Rautenbach and Roux [21]. =
If we let v = B/i'i‘fﬁ then v/ = fﬁ—i—g’ﬁ = v, i.e. v € R, so that we can rewrite (11) in the form

1* x/ 4k 1 * * gk *
¢z(t) = exp {LRe (B't) - gz’zz} = exp {%’zo — 510/2020} = dz:(5),

so that (5) holds in the multivariate case.



3.2 The matrix-variate quaternion normal distribution

We now turn our attention to the derivation of the matrix-variate quaternion normal distribution by expanding
our results of the previous section. Once again our goal is to emphasise the relationship between the real
associated form and its resultant counterpart. In Theorem 10 the relationship between characteristic function

of the matrix-variate quaternion normal distribution and its real associated counterpart will be established.

Theorem 9 Let Z,,a =1,...,n be n probability vectors each having a p-variate quaternion normal distribu-
pXx1l

tion, as given in Definition 4. Now, suppose (fora=1,...,n, f=1,...,p) that

Z/

Zn Z1p ixp
L =1Zasl = = = 1Ly L)
, nx1 nx

Zﬁl Zﬁp ézn

1xp

i.e. the rows of Z are QN (p; MQ,E) distributed, o« = 1,...,n with dependence structure given by R not
_ nxn

X
necessarily equal to 1,,. It may be assumed without loss of generality that R is real-valued. Similarly, define

nxp
Then
Z)
nxl1
vecZ1 = ~ QN (np; vecu, X @ R)
npx
Zp)
nx1

nx1
1.e. a matriz-variate quaternion normal distribution where vecpu = :
npx1
Ep)
nx1

(denote % ~ QN (n xp;u, X2 R)).
nxp
Proof.

1. In order to apply the methodology set out in Section 3.1, we define the real associated probability vector

of Z(B) as
AT X1 + 1 X018 + 7 X318 + kX418
Z(ﬁ1> = = I
nXx
Zng Xing + 1 Xong + j X3ng + kXung
=Xp) +iX(2p) + 7 X(35) + kX 4p)
nx1 nx1 nx1 nx1

with associated real counterpart given by

Ziop) = | Xap)y X2y X3s)» Xap)

nx4 nx1 nx1 nx1 nx1



From this we now have

7 =

nxp

Zays s Zp)

nx1 nx1l

nx1 nx1 nx1 nx1 nx1 nx1 nx1 nx1

= l&n) T iX 01) T I X (51) +EX a1y Xap) T 1K (o) 57X () + /c&@p)]

from which the real associated matrix Zj of Z immediately follows as

nx4p nxp
Zy =[Xyap] = l&uw1(21)71(31>71<41>a T lumigm,&3;,),&(4,;)]
nx4p nx1 nx1 nx1 nx1 nx1 nx1 nx1 nx1

Zio1y -+ Z{op)

nx4 nx4

where vy =1,...,4, a=1,...,n, B=1,...,p. If we note that

Xp)
nx1
X(zf)
vecZ g = X
£(08) ’
Anx1 X (35
nx1
Xap)
nx1l
then we have
! 4nx1
veeZy = | Xiu1y, Xionys Xianys Xoany, -+ Xlapy Kiog) Xiapy Xy | =
4npx1 1xn 1xn 1xn 1xn 1xn 1xn 1xn 1xn x
veeZop)
4dnx1
~vec Z .
npx1
In a similar fashion, we can show that vecpuf ~ vecp.
4npx1 npx1
2. We can now rewrite the problem in terms of n real associated probability vectors as Zj,, o =1,...,n
4px1
each having a 4p-variate real normal distribution, as given in (7). The real associated quantity vecZ
4npx1
now has a density given by N (vecuf, 2§ ® R), i.e. a real matrix-variate normal distribution, where R

nxn
denotes the dependence structure of the rows of Z§ and is equal to that of Z and since R is real-valued.

3. Thus, the pdf of Z§ is given by:

* * —2n — *\— 2 1 *— * * — * *
fz; ( Ko 5 X R) = (2m) 72" det(R) ™" det (%) exp{—itr [20 ' (Zg _No)/R H(Zg _No)}}

nx4p 4dpxdp MXM
and by the isomorphic relations already established above the pdf of Z follows as

22np

Iz ( pn, X 5 €Xp {—2 Retr [E_l (m)/R_l (Z - u)] } (12)

’ R) - 2n, 2p
nxp PXP MXn w277 (det R)™ (det X0)

from which the desired result follows.



We now establish the relationship between the characteristic function of the matrix-variate quaternion normal

distribution and that of its real associated matrix-variate normal distribution.

Theorem 10 Let Z ~ QN (n x p; u, X ® R) as defined in Theorem 9 above. The characteristic function of
nxp
Z is given by
1
¢7(T) = exp Retr {Lﬂ/T — §2T’RT} (13)

where T € M, x,(Q) and where ¢ is the usual complex unit.
nxp

Proof. From (3) and (12) we have

~ 22np
¢z(T) =E [exp tRetr (Z/T)] - /772"1’ (det R)2p (det E)2n (14)

xexp{~2Retr 571 (Z=p) R (Z — p) — $Z'T| } dZ
where

! . . .
B ={Z = [za4] : 24 = @15t + iT251 + jT35t + kTast; —00 < T1st, Tast, Tast, Tast < 00,8 =1,...,n,t =1,...,p}is

the region of variability for Z. We can rewrite the argument of Re tr in the form

S (Z-p) R (Z-p) - %Z’T T Kz - (u n iRTE)) R (Z - (u+ iRTE))}

+3-! )

- N/
R <u + iRTE) R! (u + iRTE)

Noting the fact that 3 and R are Hermitian, that the conjugate of Re tr is again Re tr,and that according to

}

(1) the arguments of Re tr may be rearranged, (14) reduces to

A
65 (T) = exp Re tr {—221 Ry — (u + iRTE) R~! (u + iRTE)

1 _ -
=expRetr {Lﬁ’T - gET’RT} , as required.

|
Note that ¢7(T) = expRetr{1ff' T — {ZT'RT} = expitr {1p;' Ty — 35T RTG} = ¢z (Tp), satisfying
(5)-

4 The quaternion Wishart distributions

Is it possible to find the density function of the quaternion Wishart matriz from the real associated Wishart

matriz?

In this section, we derive the quaternion Wishart distribution from the real matrix-variate normal distri-
bution associated with the matrix-variate quaternion normal distribution by which it is defined. We once
again emphasise the link between the characteristic functions of the quaternion and real associated Wishart
distributions.

Kabe ([10], [11], [12]) derived the hypercomplex Wishart distribution directly from the hypercomplex normal
distribution using the @ generalized Sverdrup’s lemma. Teng and Fang [22] showed that the maximum likelihood

estimator 3 of ¥ followed a quaternion Wishart distribution. They used a Fourier transform on the results

10



given by Andersson[1] to yield explicit expressions for the probability density and characteristic functions of the
quaternion Wishart distribution. The non-central quaternion Wishart distribution was discussed by Kabe [12],
while Li and Xue [14] derived the singular quaternion Wishart distribution. More technical results, specifically
regarding Selberg-type squared matrices, gamma and beta integrals are found in the paper by Gupta and Kabe
[9].
Theorem 11 Let Z ~ QN (n x p;0,X ®1,,) (see Theorem 9). Then for n > p, W = Z'Z is said to have the
nxp
quaternion Wishart distribution with n degrees of freedom, i.e. W ~ QW, (n, %), with density function given
by
22np

= exp{—2Re tr(X! e n—2ptl
f(W)_QI‘p(2n)(det2)2n p{ 2R t(E W)}d t (W) , (15)

with W = W’ > 0 and where QT',, (-) is the multivariate quaternion gamma function, as given in [S].

Proof
Let W§ = Z§' Z; where Z§ ~ N (n x 4p; 0,3} ® I,,) is the real associated matrix of Z as given in Theorem
4dpx4p 4dpXnnXxX4p nxp

9. Let T = (t15), l,s =1,2,...,p where t;s = t;s and ;5 = t1;5 + itoys + jais + ktas. From (5) we have
dw(T) = dw,(To)
= det(Ty, — 2TETE) "%,
where T§ is the real associated symmetric vector of T Let Y§ = (Iyy — 2L2"6T3), then

4px4p

Yy = (Iyp — 20T53E) = Y and from Lemma 1 (1) Y is Hermltlan. Therefore,

dw(T) = det(Y)?"

= det (T, — £=T) ™"
Let S = —.T, using the definition of the quaternion Gauss hypergeometric function of matrix argument (see
[13]), we have
L 2 L2 —2 g1y~ 2n
det (Ip - 52T> = det(33) 72" det(8) 2" det (I, + 2518 7)
T o S (21),QC, (22815
= det(5%) " det(S) S -

k=0 kK

where QC,(+) is the zonal polynomial of the quaternion Hermitian matrix (see [8] and [13]). Using the inverse
Laplace transformation ([4], equation 4.13) and ¢QF¢(a; A) =etr(A), we have that

922p(p—1)

IW) = g " kzz
)

r | S—Sped
= 22" det(X 2"22 k'Q

2np

etr(WS) det (S) 2" QC,(—2% 28 1%2)dS

det(W)Q”‘Q(p‘l)‘lQCn(—QWE’l)
= oL@ det(2)~* det(W)Q"‘Q(p‘l)‘l 0QF o (—27"W)
p

and the desired result follows. |

Remark 12 What is the distribution of Z/Z, for Z a p-variate quaternion normal distributed probability
px1

vector, from the real representation perspective?

11



Rautenbach ([19], p 161) answered this question:
Let Z ~QN(p;0,1,). fV = Z'Z, then W = 4V ~ Xip (chi-squared distribution with 4p degrees of freedom)
px1

distribution. Also, if Z ~ QN (p;ﬁ, E) then 4 (Z _H)/ »-! (Z — H) ~ X421p (see [21]).

5 Applications illustrating the role of the quaternion normal distri-

butions in hypothesis testing

The reader is referred to the valuable contribution of Bhavsar [3] where asymptotic distributions of likelihood
ratio criteria for two testing problems are considered. In this section we show that a simple quaternion hypothesis
may be represented with an associated real hypothesis, and thereafter derive an expression for the density

function of Wilks’ statistic in the case of quaternion Wishart matrices.

5.1 Example: Quaternion hypothesis test for Hy, : =0, 3 known
Suppose that Z = X, +iX,+jX5+kX, ~ QN (2; 1, X) where p = [N17M2] =ty Fithy, —l—qu +k”x and
2x1 2%1
s _ of €11 +i€1o +J€13 + K1y
2x2 €11 —1€10 — J&13 — k€14 o3

is a positive definite Hermitian matrix. We are interested in testing the quaternion null hypothesis
Hopp: p=0, 3 known based upon a random sample, Z,...,Z,, against Hyy : 4 # 0, 3 known.

=n

In order to derive a test criterion for such a test, consider the following likelihood function

—2n

4n
L—(%) [U%UQ (511+§12+§13+§14)}

xexp{—2(0102 (€L +eL+E+8)) |03 2215— (215 — 111)

s=1

—2Rez (215 — p1) (§11 + 12 + 5613 + k€1y) (225 — o) + 07 Z z2s — Ha) (225 — Nz))] } .
s=1

s=1
IplaxL ]
The likelihood ratio criterion is given by A* = =2———_. Under Hy we have
mox L(p,3)

2n

max L (p, ) = (?)4 (o103 (511 + &+ £ +§14))

01

P{ 2 (o%0 (511 +§12+§13+§14))_1 (16)
X [U% i s#1s — 2Re E_:l Z1s (11 + €10 + §€13 + KE1y) 225 + 07 Z 225225] }

Rautenbach ([19], Theorem 6.3.2) showed that the maximum likelihood estimator of p is given by

p=21% 2z, = (avg z1,avg 29)" (where avg z; =average value of zj1,...2j,,j = 1,2)
t

12



max L (H’ E) =1L (g, E)

%)471 (0703 — (511 +§12+513+£14))72neXP{*2 (0f03 — (511 +§12+§13+§14)) '

Ja

n
X |03 3" (215 — avg 21) (215 — avg 21)
s=

n

2Re Z (215 — avg 21) (§11 + 0810 + §€15 + kE1y) (225 — avg 22)
TL

to? ; z,zzs——zwng) (295 — avg 22)] }
(17)

From (16) and (17) it now follows that

A :exp{ —2n (0102 (€l +EL+ &0+ 514)_ [ofavgziavg 21

—2Reavg 21 (&1 + i1y + j€15 + kE1y) avg 2o + odavg Zavg 2]}
=exp { —2navgz’ ¥ 'avg z} .

The null hypothesis, Hp1, is now rejected at the 100a% significance level, in favour of Hgy, if

exp { —2navg z’¥ " tavg z} < A}, where the constant A, is such that P [A* < X},|Ho1] = o. Thus, Hy; is rejected
if y=4navgz’E¥ lavg z > —2In\} = )\;. Under Hy; avg z ~ QN (2;Q, %E) and from Remark 12 it follows
that Y = 4navg Z/E_lavg Z ~ x3. Since P [y > Xg,l,a] = « the null hypothesis is rejected if y > Xg,l,a
where x3 ;_,, is the 100 (1 — o)™ percentile of x2.

An alternative approach in deriving a test criterion in this case involves the use of the real associated

probability vector of z. We know that 2§ ~ N (8 Ky *), i.e. a real multivariate normal distribution, where
8x1

Ky = (1115 Ha1s 315 Foars Has Hazs Hags foa) and
8x1

o1 0 0 0 . —&2 &3 —Cu
0 ‘7% 0 0 12 & € s
0 0 ‘7% 0 §13 Sua 1 12
0 0 0 ol & i3 &io &1
€1 & &3 & 03 0 0 0
€12 &n §a &3 O J% 0 0
€13 € & &2 O 0 o3 0
SV ST STR TR 0 0 o3

|

O *
I
s

The test criterion for testing H; : ES = 0, X§ known, against H}; : H; # 0, 3§ known, based upon a random
sample Z5;,...,Zg, of Z§ is given by

Yo=n (avg Zélﬁgfla\/g g;;) ~ X%

where avg Zj = [avg X11,avg Xo1,avg X351, avg Xy1, avg X9, avg Xoo, avg X3z, avg X42]' such that the null
hypothesis is rejected if yo > Xz2;,17a where X§,17a is the 100(1 — a)*" percentile of X2

From the above discussion it is once again clear that two different approaches exist in order to test Hop : pp =0
against H,; : p # 0 with 3 known. We may either conduct an analysis using quaternion quantities directly
with y or, by utilising the real associated quantity, g, as test criterion respectively. From this it is clear that

the quaternion hypothesis Hoi : 4 = 0 against Hy1 : g # 0 may also be expressed in terms of real quantities,

13



Le. Hgy :py =0 against Hgy : pg # 0.

5.2 Example: Wilks’ statistic

Let the rows of m)gp and n}ip be independently QN (p; 0, %) and QN (p; 1, ) distributed, respectively. From
Theorem 9 we know that X ~ QN (n; xp,0,X®1,,) and Y ~ QN (n2 X p; u, X ®1,,), and from Theorem 11 it
furthermore follows that A = X'X ~ QW,(n1,X) and B = Y'Y ~ QW,(na, X, Q) (the non-central quaternion
Wishart distribution with @ = X tup/, see [12]).

Wilks’ statistic
det (A)

~ det (A + B)
(with A and B as defined above) can be used as a likelihood ratio criterion for testing whether the matrix mean

p is equal to zero or not.

What is the corresponding density function expression for Wilks’ statistic in the case of quaternion Wishart
matrices?

Mehta [18] provides many useful results for quaternion random matrices, for instance, on p 282 the probability
density function for the determinant of a n x n random Hermitian matrix taken from the Gaussian unitary
ensemble is calculated. The present work proposes the distribution of Wilks’ statistic based on Meijer’s G-
function (see [16]) in a numerical feasible form. Since A is real according to Lemma 1(5) (also see Mehta [18],
p 284), the result follows similarly as that given in Bekker, Roux and Arashi [2].

From the definition of the non-central quaternion matrix-variate beta type I distribution (see [15]), it follows
that

B [det (U)h—l}
_exp{Retr(—29)}
o QBP(2?’L1, 2712)

/ det (U)"2"M72P et (I, — U)*™2 7T QF, (2(n1 + n2); 2n9; 21, — U)) dU

0<U=U’'<1,

_oxp {Rex(-20)} < 2(n1 +n2)) / h+2n1—2p 2ng—2p+1
B I, - 20(IL, —
QB (2n4, 2TL2 Z Z k! 2n2 det (U) det ( » U) QcC, ( ( » U)) dU

0<U=U’'<1,

where QB,(-) is the quaternion multivariate beta function (see [12]) and 1QF7 (-) is the quaternion confluent
hypergeometric function with a matrix argument (see [15]).
Let T = (I, — U), after applying equation (3.13) of [4] to the above expression, and then simplifying, we obtain

B [det (U)hil} _exp {Retr2n 20)} < ZZ QI'y(2(n1 +n2),~)QT,(2n1 + h — 1)(@0,{ (20)

! —
=0 = kQI‘ n1+n2)+h 1,/43)

p
From QT',(a) = 7?®~Y [] T'(a —2(a — 1)), Re(a) > 2(p — 1),(see [8]) the density function of A = det(U) is
a=1

uniquely determined by the inverse Mellin transform as given in ([16], Definition 1.8, p 23). Therefore,

ai,...,0p
by,... by

where a; = 2(ny +no—0)+k+1,1=1,...,pand b = 2n; —20+1,1=1,...,p, and G(-) is Meijer’s G-function
(see Mathai, [16], p 60).

) = SRR 557 g, o Lot o) g
1) k=0 & ’
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For © = 0, using the definition of the quaternion matrix-variate beta type I distribution (see [15]), the
distribution of Wilks’ statistic, under the null hypothesis, is given by

ai,...,0qp
bi,...,b,

where a; =2(ny +ny—0)+1,1=1,...,pand by =2n1 =20+ 1,1=1,...,p.

_ QIp(2(n1 +n2)) p,

Remark 13 Hotelling’s T? statistic is given by T> = nY' A=Y where Y ~ QN(p;0,X) and which is indepen-

px1
dently distributed of A ~ QW,(n,X). From Lemma 1(6) this is equal to nXS/A(;lZO where Y ~ N(4p; 0, %)
PXp apx1
(from Definition 4)and which is independently distributed of Ao ~ Wap(n,Xo) (from Theorem 11). Once
4dpx4p

again, this problem reduces to a problem in the real space, and familiar techniques and inference procedures in

the real distribution theory may be applied.

6 Concluding remarks

In this paper we focussed on the real representation of the matrix-variate quaternion normal distribution in
distribution theory. For the first time the quaternion Wishart distribution was derived from the real associated
Wishart distribution via the characteristic function. A simple quaternion hypothesis was represented with an
associated real hypothesis, and thereafter an expression for the density function of Wilks’ statistic in the case

of quaternion Wishart matrices was derived.
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