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Breakup reactions of 11Li within a three-body model
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We use a three-body model to investigate breakup reactions of11Li ( n1n19Li) on a light target. The
interaction parameters are constrained by known properties of the two-body subsystems, the11Li binding
energy and fragmentation data. The remaining degrees of freedom are discussed. The projectile-target inter-
actions are described by phenomenological optical potentials. The model predicts dependence on beam energy
and target, differences between longitudinal and transverse momentum distributions, and provides absolute
values for all computed differential cross sections. We give an almost complete series of observables and
compare with corresponding measurements. Remarkably good agreement is obtained. The relative neutron-
9Li p-wave content is about 40%. Ap-resonance, consistent with measurements at about 0.5 MeV of width
about 0.4 MeV, seems to be necessary. The widths of the momentum distributions are insensitive to target and
beam energy with a tendency to increase towards lower energies. The transverse momentum distributions are
broader than the longitudinal ones due to the diffraction process. The absolute values of the cross sections
follow the neutron-target cross sections and increase strongly for beam energies decreasing below 100 MeV/
nucleon.@S0556-2813~99!02103-2#

PACS number~s!: 25.60.Gc, 21.60.Gx, 21.45.1v
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I. INTRODUCTION

Large efforts are devoted to investigate the properties
halo nuclei@1,2#. In particular two-neutron halo nuclei hav
attracted a lot of attention with6He (n1n14He) and
11Li ( n1n19Li) as the most prominent examples. The
nuclei are also Borromean three-body systems, where
two-body subsystems are unbound@3,4#. The two neutrons
~the halo! are weakly bound to an ordinary nucleus~the
core!. The halo is spatially extended and the two neutro
have a high probability of being outside the core. The c
and halo degrees of freedom then approximately deco
and three-body models provide a good description of s
systems.

The most detailed properties of halo nuclei are obtain
by measurements of fragment momentum distributions
breakup reactions on stable targets@5–17#. The projectile
energy in these reactions is very large compared to the e
gies of the intrinsic motion of the nucleons in the core, wh
in turn is much larger than the binding energies of the s
tially extended halo particles. Such high-energy reactions
tempting to describe in the sudden approximation where
three-body binding is removed without disturbing the moti
of the constituent particles. The three halo particles conti
their motion independently without any further interactio
The resulting momentum distributions then reflect the m
tion in the initial halo bound state of the two neutrons a
the core. Thus the unchanged initial three-body wave fu
tion should describe the observed momentum distributio
The Fourier transform of the wave function indeed appro
mately reproduces the core momentum distribution@3,18–
22#. However, the calculated neutron distributions are s
nificantly broader than measured.

Improvements using Glauber theory are possible@23,24#,
PRC 590556-2813/99/59~3!/1272~18!/$15.00
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but the neutron distributions within this approach are o
reported for two-neutron halos in@24#, where the two-
neutron removal cross sections and the related momen
distributions are nicely described. However, an alternative
to improve the physically intuitive geometric picture esta
lished by the successful sudden approximation. The next
in such a description then amounts to instantaneous rem
of one halo particle~participant! while the remaining two
particles~spectators! continue to interact on the way to de
tection. This modification has only little influence on th
core momentum distribution but affects significantly the d
tribution of the lighter neutron. Several authors sugges
that this final state interaction between the spectators p
an essential role, especially when low-lying resonances
present@10,19,25#. Indeed computations then reproduce t
measured momentum distributions remarkably well when
final state interaction in a consistent calculation is precis
the same as in the initial three-body wave function@21,22#.
In addition the model also fairly well describes the invaria
mass spectra for the two-body system consisting of the c
and the remaining neutron.

This successful model requires, however, a better jus
cation. The sudden approximation assumes that the trans
amplitude is proportional to the overlap between initial a
final state wave functions and the momentum distributio
are simply proportional to the square of this overlap. T
participant-target interactions, implicitly used, are describ
as the schematic black sphere scattering where only abs
tion is considered. The obvious improvement is to use
phenomenological optical model to describe the interact
between the participant and the target@26,27#. The qualita-
tive improvement is then inclusion of elastic scattering
addition to absorption.

At the high energies, where these models mostly
1272 ©1999 The American Physical Society
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PRC 59 1273BREAKUP REACTIONS OF11Li WITHIN A THREE- . . .
tested, neutron elastic scattering is about three times sm
than neutron absorption@28#. However, the neutron momen
tum distribution is much broader for elastic scattering th
for absorption. The contribution from neutron scattering
therefore important. Whether the predictions would ag
with measurements still remains to be studied systematic
The first important step is to assume that the optical mo
describes the interaction between the target and the pa
pant whereas the spectators remain undisturbed by the t
but still continue their motion under the influence of the
mutual interaction. The complete three-body breakup re
tion is then described as a sum of these three indepen
contributions. We then neglect processes where two or th
halo particles interact simultaneously with the target@26,27#.

The three-body model is strictly only valid for structur
less particles. The effects of extended density distributi
for the constituent particles are small when the major par
the three-body wave function is outside the radii of all t
three particles. However, this requirement is usually
completely satisfied for halo nuclei. The model is then o
accurate for the outer part of the wave function. Furthermo
the spatial extensions of the particles and the target a
geometric configurations where more than one halo part
during the collision must get close to the target. These c
figurations should be excluded in the process. For o
nucleon halos this so-called shadowing effect is known
produce smaller absolute cross sections and narrower
mentum distributions@29–31#. For two-neutron halos the
shadowing effect was included through profile functions
sophisticated Glauber calculations of three-body fragme
tion reactions@24#. We account for shadowing by excludin
the participant wave function inside spheres around the
spectators@26,27#.

The model then consists of an initial three-body ha
state, reactions caused by the participant-target optical po
tial, a final state with two independent two-body system
i.e., the two spectators and the participant-target, and s
owing which excludes the wave function within spher
around the spectators. The differential cross sections are
products of the participant-target cross section and the sq
of the overlap previously used in the pure sudden appr
mation. The results from the successful sudden approxi
tion are essentially recovered, but the model now also,
the optical potential, contains dependence on beam en
and target, distinction between longitudinal and transve
momenta and also absolute values of all the cross sectio

The purpose of this paper is to investigate the brea
reactions of 11Li within the three-body model sketche
above. We shall show systematic computations of a num
of observables and predict or compare with measureme
The results are then all correlated as arising from the s
model with one set of parameters. In Sec. II we descibe
model and the method. In Sec. III we compare our res
with the available experimental information and select
interaction with corresponding shadowing parameters wh
best fits the experimental data. Section IV presents pre
tions for a number of observables including their energy
pendence. Finally Sec. V contains a summary and the c
clusions.
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II. MODEL AND METHOD

The spatially extended three-body halo collides with
relatively small target at high energy. Then the probabil
that more than one of the constituents interacts strongly w
the target is small. The differential cross sectionds is then
to a good approximation a sum of three termsds ( i ) each
describing the independent contribution to the process fr
the interaction between the target and the halo particlei. This
is the assumption used in the classical formulation fo
weakly bound projectile@32#. We neglect the binding energ
of the initial three-body bound state compared to the h
energy of the beam. The reaction is then described as t
particles independently interacting with the target as if ea
particle were free.

The process is described as removal of one particlei ~par-
ticipant! while the other two particlesj and k ~spectators!
both survive the reaction undisturbed~see Fig. 1!. The par-
ticipant is either absorbed~stripped! or elastically scattered
~diffracted! by the target. The final state then consists of tw
independent subsystems, i.e., the target plus participant
the two spectators. The interaction in the final state betw
the two spectatorsj andk must be the same as in the initia
three-body bound state. This consistency is previously o
reported in Refs.@21,22#.

We shall first show how to compute fragmentation cro
sections of two-neutron halo nuclei on light targets where
Coulomb interaction is negligibly small. We then briefly d
scribe how the wave functions in the initial and final sta
are constructed. Finally we give the various interactions u
in the calculations.

A. Cross sections

The masses and the coordinates and their conjugate
menta are denotedm, r, andp, respectively. The three hal
particles and the target are labeled by$ i , j ,k%5$1,2,3% and 0,
respectively. The relative coordinatesr jk , r0i , r i , jk , R and
R8, see Fig. 1, are defined by

r jk5r j2rk , r0i5r02r i ,

r i , jk5r i2
mj r j1mkrk

mj1mk
,

R[r0,i jk5r02
mir i1mj r j1mkrk

mi1mj1mk
,

FIG. 1. Sketch of the reaction and coordinates used. The ta
is labeled by 0 and$ i , j ,k% label the particles within the three-bod
projectile. Compare with Eq.~1!.



d

n
m

i
e

n

th

al

ti
ti

ci-
y

e
the
ub-

-
a

b

-
s
the
ing

et

ed
ro-

tic
nal
the

e

tion

e

ex-
gh

sion

1274 PRC 59E. GARRIDO, D. V. FEDOROV, AND A. S. JENSEN
R8[r0i , jk5
m0r01mir i

m01mi
2

mj r j1mkrk

mj1mk
. ~1!

The corresponding conjugate momenta are analogously
noted bypjk , p0i , pi , jk , p0,i jk andp0i , jk , i.e.,

pjk5
mkpj2mjpk

mk1mj
, p0i5

mip02m0pi

m01mi
,

pi , jk5
~mj1mk!pi2mi~pj1pk!

mi1mj1mk
,

P[p0,i jk5
~mi1mj1mk!p02m0~pi1pj1pk!

m01mi1mj1mk
,

p0i , jk5
~mj1mk!~p01pi !2~m01mi !~pj1pk!

m01mi1mj1mk
. ~2!

These momenta are related in the same way for the fi
states. We use primes to indicate the final state and
therefore add primes on all momenta in Eq.~2!. In particular
pjk8 and p0i8 are the relative two-body momenta andP8
[p0i , jk8 is the conjugate ofR8 in the final state.

We can now easily express the individual momenta
terms of three relative momenta and one absolute mom
tum, for examplepjk , p0i , p0,i jk and pi1pj1pk . This
would be natural for the initial state whereas it is more co
venient to use the beam momentum andpjk8 , p0i8 , P8 in the
final state. We shall work in the center of mass system of
projectile where the beam momentum is2p0 and pi1pj

1pk50. Using total momentum conservation,p085p02pi8
2pj82pk8 , we obtain the individual momenta in the fin
state as

pj85pjk8 2
mjP8

mj1mk
1

mjp0

m01mi1mj1mk
,

pk852pjk8 2
mkP8

mj1mk
1

mkp0

m01mi1mj1mk
,

pi852p0i8 1
miP8

m01mi
1

mip0

m01mi1mj1mk
,

p085p0i8 1
m0P8

m01mi
1

m0p0

m01mi1mj1mk
. ~3!

The process is described as a participant-target reac
and two undisturbed spectators, i.e., momentum conserva
dictates that

pj81pk85pj1pk , p081pi85p01pi . ~4!

In the rest frame of the projectilepj1pk52pi and pi
5pi , jk . Then Eq.~4! can be rewritten as

pi , jk5P82
mj1mk

mi1mj1mk1m0
p0 ,

p0i5
mi1mj1mk

mi1mj1mk1m0
p02

m0

mi1m0
P8. ~5!
e-
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Let us now first consider elastic scattering of the parti
pant i by the light target. We denote the initial three-bod
projectile wave function byC (JM)(r jk ,r i , jk), whereJ andM
are the total angular momentum and its projection on thz
axis. The final state outgoing distorted wave functions of
independent participant-target and spectator two-body s
systems are respectivelyfp

0i8 S
i8

(0i 1)
and fp

jk8 sjkS jk

( jk1)
, where sjk

5sj1sk ,S jk5S j1Sk andsi andS i are spin and projection
quantum numbers of particlei. The corresponding spin func
tions arexsiS i8

,xsjkS jk
, where we for convenience assume

zero spin target. The participant-target interaction isV0i ,
where we only consider a light target. A possible Coulom
interaction can then be neglected.

The transition amplitudeT( i ) of the process, where par
ticle i is elastically scattered by the target while particlej
andk are undisturbed, is most conveniently computed in
center of mass system of the three-body projectile. Us
momentum conservation we obtain

T~ i !5^fp
0i8 S

i8
~0i 1 !

fp
jk8 sjkS jk

~ jk1 !
eiP8R8uV0i uC~JM!eiPR&. ~6!

This amplitude basically factorizes into participant-targ
elastic scattering transition amplitudeT

S iS i8
(0i )

and the overlap

between initial and final states of the spectatorsMsjkS jkS i

(JM) ,

i.e.,

T~ i !5(
S i

T
S iS i8
~0i !

MsjkS jkS i

~JM! , ~7!

T
S iS i8
~0i !

5^fp
0i8 S

i8
~0i 1 !uV0i ueip0i r0ixsiS i

&, ~8!

MsjkS jkS i

~JM! 5^fp
jk8 sjkS jk

~ jk1 !
eipi , jkri , jkxsiS i

uC~JM!&. ~9!

In breakup computations, where only absorption is includ
in the sudden approximation, the transition amplitude is p
portional to the overlapMsjkS jkS i

(JM) , see@21,22#. This previous

approximation is therefore still valid provided the elas
scattering process can be neglected. If furthermore the fi
state interaction between the two spectators is neglected
overlap in Eq.~9! reduces to the Fourier transform of th
projectile wave functionC (JM). This is the approximation
used in the first attempt to understand these fragmenta
reactions@3,18–20#.

The differential diffraction~elastic scattering! cross sec-
tion is then given by

d9sel
~ i !5

2p

\

1

v

d~E0i8 2E0i !

2J11

3 (
MsjkS jkS i8

U(
S i

T
S iS i8
~0i !

MsjkS jkS i

~JM! U2

dn f
~ i ! , ~10!

wherev5p0 /m0 is the velocity of the target seen from th
projectile rest frame andE0i5p0i

2 /2m0i and E0i8 5p0i8
2/2m0i

are the relative energies of particlei and the target in the
initial and final states. We use here the nonrelativistic
pressions, since the optical model is nonrelativistic althou
obtained through a relativistic procedure; see the discus
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later in the paper. The reduced mass of particlei and the
target is here denotedm0i . Then energy conservation de
mands thatup0i u5up0i8 u. The density of final statesdn f

( i ) is
given by

dn f
~ i !5

d3p0i8

~2p\!3

d3pjk8

~2p\!3

d3P8

~2p\!3
. ~11!

The differential diffraction cross section in Eq.~10! can
now also be rewritten in factorized form. When the parti
pant i has spin 0 or 1/2 and the target has spin 0, we get
shown in Appendix A, the expression

d9sel
~ i !~P8,pjk8 ,p0i8 !

dP8dpjk8 dp0i8
5

d3sel
~0i !~p0i→p0i8 !

dp0i8
uMs~pi , jk ,pjk8 !u2,

~12!

where the first factor is the differential cross section for
participant-target elastic scattering process,

d3sel
~0i !~p0i→p0i8 !

dp0i8
5

1

v
2p

\

d~E0i8 2E0i !

~2p\!3

1

2si11 (
S iS i8

uT
S iS i8
~0i ! u2,

~13!

and the second factor is the overlap matrix element use
the original formulation of the sudden approximation for a
sorption@21,22#

uMs~pi , jk ,pjk8 !u2[
1

2J11 (
MsjkS jkS i

uMsjkS jkS i

~JM! u2, ~14!

which is normalized to one, i.e., gives unity after integrati
over pi , jk andpjk8 or equivalently, by use of Eq.~5!, overP8
andpjk8 .

We also consider the other process, where the particip
in the sense of the optical model is absorbed by the tar
We obtain analogously the corresponding differential
sorption~stripping! cross section in the same factorized for

d6sabs
~ i ! ~P8,pjk8 !

dP8dpjk8
5sabs

~0i !~p0i !uMs~pi , jk ,pjk8 !u2, ~15!

wheresabs
(0i ) is the participant-target absorption cross secti

The nine-dimensional differential cross section is now
duced to six, since the absorbed or stripped particle inh
ently is of no interest in the optical model description.

It is conceptually important to realize that the factoriz
tions in Eqs.~12! and ~15! are incomplete, sincep0i in the
participant-target cross sections is related toP8 or (pi , jk) in
Eq. ~14! via the momentum conservation in Eq.~5!. For high
energy reactions the factorization is in practice fairly ac
rate for two reasons. First the range ofp0i values is limited
to an interval around@mi /(m01mi)#p0 determined by the
size of the relatively small momenta in the motion of t
particles within the projectile; see Eq.~2!. Second the factor
arising from the participant-target cross section depends
weakly on energy for the large beam energies correspon
to this rather small range ofp0i values.

Computations of the fragmentation cross sections are
essentially reduced to computations of the overlap ma
-
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elementMsjkS jk S i

(JM) from @22# ~modified to account for shad

owing by omission of the unwanted configurations! and the
two-body elastic and absorption cross sections determine
the optical model phase shifts. A target with zero spin, e
an even-even nucleus like12C, and a neutron with spin 1/2
as the participant particle is of particular interest for ha
nuclei. We then have@33#

d3sel
~0i !~p0i→p0i8 !

dp0i8
5

d~E0i8 2E0i !

m0i
2 v

„ug~p0i ,u!u2

1uh~p0i ,u!u2
…, ~16!

sabs
~0i !~p0i !5

p

p0i
2 (

l 50

`

@~2l 11!2~ l 11!ue2id l
~ l 11/2!

u2

2 l ue2id l
~ l 21/2!

u2#, ~17!

whereu is the angle betweenp0i andp0i8 andd l
( j ) is the phase

shift of the partial wavel when the total angular momentum
is j. The functionsg andh are given by

g~p0i ,u!5
1

2ip0i
(
l 50

`

@~ l 11!~e2id l
~ l 11/2!

21!

1 l ~e2id l
~ l 21/2!

21!#Pl~cosu!, ~18!

h~p0i ,u!5
1

2p0i
(
l 51

`

~e2id l
~ l 11/2!

2e2id l
~ l 21/2!

!

3sinu
d

d~cosu!
Pl~cosu!, ~19!

wherePl is the l th Legendre polynomial.
The two contributions~stripping and diffraction or ab-

sorption and scattering! arising from the interactionV0i to
any measurable cross section is now obtained by integra
over the unobserved momenta in Eqs.~12! and ~15!. The
total cross section is given by the sum of both contributio
and the weight of each of them is directly dictated by t
optical potential. We shall compute individual as well
relative momentum distributions in the final state both alo
p0 ~longitundinal! and perpendicular top0 ~transverse!.

In addition to momentum distributions we shall also co
pute other observables like the invariant mass spectrum
the two particles in the final state. This mass is invaria
under Lorentz transformations and therefore independen
coordinate system. In particular, in the rest system for
particlesj andk the invariant mass reduces for the releva
small energies to the nonrelativistic kinetic energyEjk

5Ejk8 5pjk8
2/2m jk of this two-body system. Then the mome

tum variablepjk8 can be substituted byEjk by use ofdEjk

5pjk8 dpjk8 /m jk .
Another recently investigated observable is the angu

distribution of the relative momentum between the specta
j andk in a coordinate system with thez axis along the cente
of mass of their total momentum in the final state. The de
sive variable is then the angle betweenpjk8 and pj81pk85
2pi52pi , jk , where the latter vector is given in Eq.~5!. To
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compute this angular distribution we express the differen
cross sections as functions of2pi , jk and pjk8 and integrate
over all the variables except the angle between these
vectors.

The necessary integrations require variable changes in
description of the final state. The expressions in Eq.~3! pro-
vide useful identities for this purpose, i.e.,

d9sel
~ i !~P8,pjk8 ,p0i8 !

dP8dpjk8 dp0i8
5

d9sel
~ i !~P8,pj8 ,p0i8 !

dP8dpj8dp0i8
5

d9sel
~ i !~P8,pk8 ,p0i8 !

dP8dpk8dp0i8

5
d9sel

~ i !~P8,pjk8 ,pi8!

dP8dpjk8 dpi8
, ~20!

d6sabs
~ i ! ~P8,pjk8 !

dP8dpjk8
5

d6sabs
~ i ! ~P8,pj8!

dP8dpj8
5

d6sabs
~ i ! ~P8,pk8!

dP8dpk8
. ~21!

We have so far only considered the two contributio
coming from the stripping and the diffraction of particlei via
the interactionV0i . However, the reaction in question ma
also be a result of the other interactionsV0 j or V0k . These
cross sections are then simply added. Possible interfer
terms are neglected, since they in any case are smal
spatially extended projectiles. From Eqs.~12! and ~15! we
expect that the absolute values all are of the same orde
magnitude as the corresponding participant-target cross
tions.

B. Wave functions and shadowing

The initial three-body wave functionC (JM) of the projec-
tile is obtained by solving the Faddeev equations in coo
nate space@4#. We use the three sets of hyperspherical co
dinates (r,V i),V i5$a i ,Vxi ,Vyi%, where eachi is related to
a given Jacobi system; see@3,4#. ThenC (JM) is a sum of the
three Faddeev components, which in turn for each hype
diusr are expanded in a complete set of generalized ang
functionsFn

( i )(r,V i)

CJM5
1

r5/2(n
f n~r!(

i 51

3

Fn
~ i !~r,V i !, ~22!

wherer25/2 is related to the volume elementr5dr dV i with
the angular partdV i5sin2ai cos2aidaidVxidVyi .

These angular wave functions satisfy the angular par
the three Faddeev equations, i.e.,

\2

2m

1

r2
L̂2Fn

~ i !1Vjk~Fn
~ i !1Fn

~ j !1Fn
~k!![

\2

2m

1

r2
ln~r!Fn

~ i ! ,

~23!

where $ i , j ,k% is a cyclic permutation of$1,2,3%, m is a
normalization mass,Vjk is the two-body interaction betwee
particles j and k, and L̂2 is the r-independent part of the
kinetic energy operator. The analytic expressions forL̂2 and
the kinetic energy operator can, for instance, be found in@4#.

The radial expansion coefficientsf n(r) are obtained from
the coupled set of ‘‘radial’’ differential equations@4#
l

o

he

s

ce
or

of
c-

i-
r-

a-
ar

f

S 2
d2

dr2
2

2m„E2V3~r!…

\2
1

ln~r!

r2
1

15

4r2
2QnnD f n~r!

5 (
n8Þn

S 2Pnn8

d

dr
1Qnn8D f n8~r!, ~24!

whereV3 is an anticipated three-body potential and the fun
tions P andQ are defined as the angular integrals

Pnn8~r![ (
i , j 51

3 E dV Fn
~ i !* ~r,V!

]

]r
Fn8

~ j !
~r,V!, ~25!

Qnn8~r![ (
i , j 51

3 E dV Fn
~ i !* ~r,V!

]2

]r2 Fn8
~ j !

~r,V!.

~26!

The continuum wave functionfp
jk8 sjkS jk

( jk1)
describing the

two-body spectator system in the final state is expande
partial waves@22#

fp
jk8 sjkS jk

~ jk1 !
5A2

p

1

pjk8 r jk
(

j jkl jkmjk

ul jksjk

j jk ~pjk8 ,r jk!

3Yj jkl jksjk

mjk* ~V r jk
! (
ml jk

52 l jk

l jk

i l jkYl jkml jk
~Vp

jk8
!

3^ l jkml jk
sjkS jku j jkmjk&, ~27!

where^u& is a Clebsch-Gordon coefficient,Ylml
is the spheri-

cal harmonic andYj ls
m* (V r) is the angular wave function ob

tained by coupling orbitall and spins to the total angular
momentum and projectionj andm. The distorted radial wave
functionsul jksjk

j jk (pjk8 ,r jk) are obtained by solving the Schro¨-

dinger equation with the appropriate two-body potenti
When this interaction between the two spectators in the fi
state is neglected the expansion in Eq.~27! reduces to the
usual expansion of plane waves in terms of spherical Be
functions.

The participant-target interaction is described by the o
cal potential while the spectators remain unaffected. The
nite extension of the projectile and the target therefore
addition requires exclusion of configurations where the sp
tators pass the target too close to the participant. This co
sponds to black sphere models describing the spectator-ta
interactions. This so-called shadowing strictly requires
clusion of the initial projectile wave function in an infinitel
long cylinder with the axis along the motion of the partic
pant. However, such a cylinder depends on the dynamic
the reaction and omission of these events would be tec
cally difficult in large scale systematic computations. Inste
we approximate the shadowing by excluding spheres of
wave function where the participant is close to the spectat
This is much simpler and has also the appealing feature
major parts of the three-body wave function describing c
figurations, where the spatially extended particles are ins
the radii of each other, simultaneously are excluded. T
the contribution from densities, where halo and core nuc
ons overlap, decreases and consequently the possible u
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tainty due to the treatment of the Pauli principle must
diminished or perhaps completely eliminated@34#.

Thus we account for the shadowing effect by substitut
zero for the initial three-body wave functionC (JM) when the
distances between participanti and the two spectatorsj andk
are smaller than the shadowing parametersr nc

( i j ) and r nn
( ik) ,

respectively. Here we indicated that one neutron reacts w
the target while the core and the other neutron are specta
Instead of this sharp cutoff a smooth function, varying fro
zero at small distances to one at large distances, could e
be used to eliminate the unwanted geometric configuratio
The cutoff radii are in any case related to the sizes of ta
and spectators. With the core or nucleon as spectators a
sonable parametrization could then be

r nc5r 0AAt
2/31Ac

2/3, r nn5Ar 0
2At

2/31RN
2 , ~28!

where for simplicity we omitted the superscriptsi j and ik.
The mass numbers of target and core areAt and Ac(Ac59
for 11Li) and RN'1 fm is the sharp cutoff radius of th
nucleon. We choose the parameterr 0'1.26 fm, which is
adjusted to reproduce the few reported absolute value
two-neutron removal cross sections. This somewhat la
value ofr 0 may reflect a parametrization where the range
the nuclear interaction is included. The shadowing eff
substantially reduces the absolute values of the cross sec
@24,26#. This sensitivity in addition to the approximate n
ture of the treatment of shadowing indicates that the p
dicted absolute values are less accurate than desired. O
other hand, the shapes of the distributions are fairly inse
tive to the shadowing parameters although the effects
significant at the present level of accuracy.

C. Interaction parameters

The model described in the previous subsections ne
specifications of the interactions appropriate for the proc
under investigation. We shall here focus on the fragmen
tion of a 11Li( 9Li1n1n) projectile on a carbon target an
divide the parameters into five sets, i.e.,~i! the four two-body
interactions between neutron-neutron,~ii ! neutron-9Li, ~iii !
neutron-carbon,~iv! 9Li-carbon two-body systems, and~v!
the three-body interaction for the11Li three-body system.

The neutron-neutron interaction Vnn contains central,
spin-orbit, tensor and spin-spin interactions, i.e.,

Vnn~r !5Vc~r !1Vss~r !s1•s21VT~r !S121Vso~r !lnn•snn ,
~29!

wherelnn is the relative orbital angular momentum,S12 is the
tensor operator,s1 and s2 are the spins of the two neutron
andsnn5s11s2 . We assume Gaussian shapes for each of
radial potentialsV(r ). The parameters are adjusted to rep
duce the experimental low-energy neutron-neutron scatte
data fors andp waves. Different radial shapes and in gene
more elaborate potentials have previously been used in
present context. The results are essentially indistinguish
from each other provided the scattering lengths and effec
ranges remain unchanged. We shall therefore use the i
actions specified in@34#, where the correspondings and
p-wave scattering lengths and effective ranges also are gi
e
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The neutron- 9Li interaction is not very well known, al-
though several pieces of information are available. The lo
energy properties are almost exclusively determined bys and
p waves and we shall therefore only include these low
partial waves. The neutronp3/2 state is bound by about 4
MeV in 9Li and due to Pauli blocking this state is unava
able for the valence neutron. We are then left with thes1/2
and p1/2 states. The total neutron angular momentum of
for each of these states then couple to the9Li spin of 3/2
resulting in two pairs of spin-split states with angular m
menta 1 and 2 and parities corresponding tos and p states,
respectively.

The interaction in the present three-body calculations
determined by the low-energy scattering properties, which
turn determine positions and widths of resonances and
tual states. These positions are in fact the decisive prope
of the interaction and the parametrization of the force is
itself rather unimportant. We have therefore basically o
four parameters of physical importance, i.e., the four po
tions of thes and p states. Furthermore, the fragmentati
results are only sensitive to the statistically averaged p
tions of the s and p states, i.e., the spin-splitting, almo
unavoidable for the strong interaction, does not significan
influence the computed differential cross sections, see
next section. The relative position of thes and p states de-
termines thep2 content in the three-body wave function o
11Li. The s andp wave content are roughly believed to be
the same order as shown in both calculations a
interpretations of experimental fragmentation da
@10,14,18,21,22,24,35#. This amount ofp-wave admixture
strongly influences the fragmentation cross sections, wh
in addition also are very sensitive to the binding energy
equivalently to the radius of11Li.

Thus we have two crucial parameters (s andp-state posi-
tions! and two sensitive observables~three-body binding and
p-wave content!. However, this perfect match is upset b
additional experimental information, especially knowled
about ap resonance in the neutron-9Li system @14,36–39#.
As we shall see all three experimental constraints can only
reproduced simultaneously by use of a three-body inte
tion, which then is constructed to add the missing bind
energy in the three-body system.

We shall therefore first concentrate on the neutron-9Li
two-body system. We assume central, spin-spin and s
orbit terms in the neutron-core interaction, i.e.,

Vnc
~ l !~r !5Vc

~ l !~r !1Vss
~ l !~r !sn•sc1Vso

~ l !~r !lnc•sn , ~30!

wherelnc is the relative orbital angular momentum,sn andsc
are the intrinsic spins of the neutron and the core. As for
neutron-neutron interaction the radial potentialsV(r )
}exp(2r2/b2) are Gaussians, adjusted independently for e
partial wave.

We choose a large inverse spin-orbit strength to make
p3/2 interaction sufficiently repulsive to avoid any contrib
tion of this partial wave in the three-body wave functio
Furthermore we shall use a shallows-wave potential without
bound states. This automatically excludes the lowest P
forbidden neutron-cores-state from the three-body wav
function @3,34#.



vi

e
t

ra

th

th
av
h
.
e
-

t

ti
rg

th
V
e
he
-
n-
-

g

ng
c
l
a

w
ll

e-

er
he
g
fa

in
he

p

er

er

nd
th

a
-
n
e

To
ted
po-

he
ti-

e
t
t

the

ce
er-
ody
V
unt
by
be

ns,
y

rac-
r

tates
e

the

1278 PRC 59E. GARRIDO, D. V. FEDOROV, AND A. S. JENSEN
As an important constraint we shall use the ‘‘strong e
dence’’ for ap resonance at 538662 keV with a width of
358623 keV @38#. We then place the lowestp1/2 resonance
at 0.5 MeV with a width of 0.4 MeV consistent with th
experimental values. We choose rather arbitrarily the to
spin of this state to be 1. The range of the Gaussian inte
tion is in this way determined to beb52.55 fm. A different
range produces different widths of the resonances. We
continue again somewhat arbitrarily by placing the otherp1/2
resonance at 0.92 MeV. To get a potential at the limit wi
out a three-body potential we determine the statistically
eraged position of the twos1/2 states to be at 350 keV suc
that the experimental11Li binding energy is reproduced
This fixes the strength of thes interaction when we use th
same range as for thep interaction. Finally we use the spin
spin interaction to place the lowests1/2 state of total spin 2 a
an energy of 230 keV. This potential, labeled II, leads to
30%p-wave content in the11Li wave function. We could as
well have chosen the lowests1/2 state with total spin 1 at the
same energy of 230 keV. The results for such a poten
would be indistiguishable provided that the average ene
of the s1/2 states is the same@22#.

We could also have chosen a different position for
highestp1/2 state. However, a lower value than 0.92 Me
would place the twop1/2 states rather close. A higher valu
would require a lower statistically averaged position of t
s1/2 states, provided the11Li binding energy remains un
changed, and the resultingp-wave content then becomes u
reasonably small~below 30%! in disagreement with the frag
mentation data@10,14,24#.

We can now increase thep-wave content by increasin
the statistically averaged position of thes1/2 states while the
parameters for thep waves remain unchanged. The resulti
underbinding of11Li must then be compensated by an attra
tive three-body force. In this way we construct potentia
with 40% p-wave content. Again we could have chosen
different position for the highestp1/2 state while maintaining
a reasonablep-wave content between 35% and 40%. Ho
ever, a lower value would then require a lower statistica
averaged position of thes1/2 states and a repulsive thre
body force in order to get the correct11Li binding energy. A
higher value would require a rather high statistically av
aged position of thes1/2 states, i.e., close or even above t
statistical average of thep1/2 states. The freedom in choosin
the positions of the resonances and virtual states is in
limited.

The parameters of the potentials I and II are given
Table I along with thep-wave content and the energies of t
resonances and virtual states. The statistically averaged
sition of the two virtuals states in10Li is higher for potential
I than for potential II resulting in the correspondingly larg
p-wave content.

In Table I we also for comparison give the paramet
corresponding to the neutron-9Li interaction~called III! used
in @40,41#. The main difference compared to potentials I a
II is that the lowestp resonance is placed at 0.75 MeV wi
a width of 0.87 MeV. Maintaining thep interaction and in-
creasing thep-wave content to about 40% would require
statistically averaged position of thes states above the cor
responding average position of thep states. This is the reaso
for the choice of the slightly lower value of 0.5 MeV for th
-
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lowestp state. Potential I is a rather good starting point.
investigate the effects of spin splitting we also construc
the potentials IV and V, where the statistically averaged
sitions of thes andp waves are maintained. Then thep-wave
content and the11Li binding energy is also unchanged.

In conclusion, the neutron-9Li potential is already rather
severely constrained by existing data. The lowestp1/2 state is
experimentally determined to be around 0.5 MeV. T
ground state is ans state. The distance between the statis
cally averaged positions for thes1/2 and p1/2 states is deter-
mined by the requirement of about 40%p-wave content of
the neutron-core relative motion in the total11Li wave func-
tion. For example maintaining the11Li binding energy at
around 300 keV, thep-wave content around 40% and th
three-body force in potential I, ap1/2 average energy a
around 0.65 MeV would require thes1/2 average energy a
roughly the same value. If the lowestp1/2 state is at 0.5 MeV
the highestp1/2 state has to be above 0.72 MeV, because
p1/2 average energy otherwise would fall below thes1/2 av-
erage energy. In the same way, a lows1/2 state close to zero
requires the highests1/2 state below 1.7 MeV to avoid the
same inversion.

The three-body interactionis chosen asV3 exp(2r2/b3
2),

whereb352.50 fm and the strengthV3 is adjusted to repro-
duce the measured two-neutron separation energy for11Li,
i.e., 295635 keV. This additional force is necessary, sin
the two-body interactions reproducing all low-energy scatt
ing phase shifts lead to an underbinding of the three-b
system. For6He this deficiency amounts to around 0.5 Me
@41,42#. The idea is that the three-body force should acco
for the polarization of the particles beyond that described
the two-body interactions. Then all three particles must

TABLE I. Parameters for various neutron-9Li interactions. The
form is given in Eq.~30! and the radial shapes are all Gaussia
exp(2r2/b2), with rangesb52.55 fm and strengths denoted b
Vc

( l ) , Vss
( l ) , and Vso

( l ) with l 50,1 for s and p waves, respectively.
The strength parameter for the corresponding three-body inte
tion, V3 exp(2r2/b3

2) with b352.50 fm, are also given. The lowe
part of the table containsp-wave content in % in the11Li wave
function and the four energies of the resonances and virtual s
Es1/2

(1) , Es1/2

(2) , Ep1/2

(1) , and Ep1/2

(2) . All the energies and strengths ar
given in MeV, and the ranges in fm. All potentials are defined in
text except III which is from@40#.

I II III IV V

Vc
(0) 25.60 26.42 27.28 25.60 25.60

Vss
(0) 21.75 20.75 20.31 0.00 23.00

Vc
(1) 25.00 25.00 18.25 25.00 25.00

Vss
(1) 1.00 1.00 1.47 0.00 2.00

Vso
(1) 33.60 33.60 55.00 33.60 33.60

V3 23.75 0.00 0.00 23.75 23.75

p2~%! 40 30 20 40 40

Es1/2

(2) 0.24 0.23 0.14 0.58 0.09

Es1/2

(1) 1.49 0.62 0.25 0.58 2.37

Ep1/2

(1) 0.50 0.50 0.75 0.75 0.27

Ep1/2

(2) 0.92 0.92 1.60 0.75 1.13
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close to produce this additional polarization or modificati
of the intrinsic structure of the composite particles. Thus
three-body force must be of short range.

The importance of the three-body interaction is perh
seen most clearly in three-body continuum calculatio
where the resonance structure of the two-body subsyst
probably is decisive. The three-body force is designed
give the correct three-body binding energy while the tw
body interactions remain unchanged still reproducing
two-body structure. With the correct two-body interactio
the computed three-body continuum structure is much m
reliable @43#.

For theneutron-carbon interactionwe use nonrelativistic
optical potentials obtained from relativistic potentia
through a reduction of the Dirac equation into a Schro¨dinger-
like equation@44#. These phenomenological potentials in t
Schrödinger equation produce the same scattering data
obtained by use of the relativistic potentials in the Dir
equation@45#.

In particular for a carbon target the interaction used is
parametrization EDAI-C12@28# valid for a range of neutron
kinetic energies from 29 to 1040 MeV. The resultin
neutron-12C cross sections are shown in Fig. 2. For energ
above 150 MeV the cross sections are relatively weak fu
tions of energy and absorption is much more likely th
diffraction. The factorization of the fragmentation cross s
tions in Eqs.~12! and ~15! is then rather accurate at the
high energies.

At energies below 150 MeV the neutron-target cross s
tions increase dramatically. The factorization is then less
curate, but still a useful approximation. Furthermore, diffra
tion quickly dominates over absorption. The absolute cr
sections for fragmentation of11Li can then be expected t
increase with decreasing beam energy. The shapes o
distributions also should change from narrow~absorption! to
broad~elastic scattering! with decreasing energy. At interme
diate energies we can expect a mixture exhibiting a nar

FIG. 2. The total~solid!, elastic~dashed!, and absorption~short-
dashed! cross sectionss for neutron-12C reactions as functions o
the neutron laboratory kinetic energyTlab. The inset focuses on th
region of the minimum. The open and filled circles are experime
points from @46,47#, respectively. The curves are obtained in
optical model computation as decribed in@44# using the parameter
in @28#. We include 35 partial waves in the calculations.
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distribution with a relatively large broad background. The
predictions are simple consequences of the model, where
fragmentation cross sections essentially are proportiona
the neutron-carbon cross sections.

Thecarbon-9Li interaction is needed to estimate the cro
sections both when the9Li core is destroyed~absorped! and
the two neutrons detected and when the core is scatt
~diffracted! on the target. These cross sections are obtai
by a two-body computation of the carbon-9Li reactions using
the simple almost schematic optical potential defined in@48#
and described in@49#. In this model the beam energy depe
dence is introduced through the proton-proton and neutr
proton cross sections. Experimental data of these nucle
nucleon cross sections can be found in@50#.

In the calculation of the9Li- 12C cross section we assum
spin zero for9Li. We need around 150 partial waves to g
convergence. At a beam energy of 280 MeV/nucleon
computed elastic cross section is 419 mb and the comp
absorption cross section is 795 mb. This gives a total of 1
mb consistent with the results in@51#. These values are dra
matically reduced by the shadowing effect.

III. COMPARISON WITH EXPERIMENTS

The interaction parameters discussed in the previous
tion determine the structure of the three-body projectile. T
positions of the resonances and thep-wave content are the
crucial quantities. The reactions are described by
participant-target interactions and the cutoff radii taking t
shadowing effect into account. We previously used the cu
radii r nc5r nn53 fm @27#, which is consistent with the frag
mentation data for6He on carbon@26#. For 11Li fragmenta-
tion the neutron-neutron shadowing parameter should rem
the same, since the physical origin is unchanged. There
we user nn53 fm while we still maintain the neutron-9Li
shadowing radiusr nc as a parameter for adjustments with
rather narrow limits around the value obtained from Eq.~28!.
The radius of9Li is 0.9 fm larger than the radius of4He and
the value ofr nc is then expected to be about 4 fm for11Li. In
this section we shall compute different types of observab
as discussed in the previous section and use the experim
data to select a promising set of interactions and shadow
parameters. We shall only display results for potentials I
and III and omit the curves for potentials IV and V, which
all cases barely can be distinguished from those of I.

The two-neutron removal cross sections22n is known
experimentally for11Li fragmentation on a carbon target a
280 MeV/nucleon@14#. All events, where9Li is detected
after the fragmentation, contribute to this cross section.
cording to @14# three different reaction mechanisms lead
such a halo breakup. First electromagnetic excitation of
halo state into the continuum followed by decay of the
excited states. We shall neglect this process, since it is
pected to give a rather small contribution~less than 10 mb!
for a light target like carbon.

The second mechanism is the stripping of one of the h
neutrons by the target. This process is also called absorp
and the corresponding cross section is denoted bys22n

S . It is
fully described in our model via the imaginary part of th
neutron-target optical potential. On the other hand, we
glect processes where both neutrons are absorbed by the

l



ib
th
s

lo
ri

th
he
w
e
w
re

e
et
th
m
it
ls
h
b

nt
l a
re
a

in
ri-

tally
ce,

the
r to
n
al-

the
ed.
ate
s of
ro-
per

n

er-

ar-

s,

ous

on
o
I

a
rg
i

nd

ta-
c-

re

1280 PRC 59E. GARRIDO, D. V. FEDOROV, AND A. S. JENSEN
get and no neutrons appear in the final state. This contr
tion to the cross section is expected to be small, since
large spatial extension of the projectile diminishes these
multaneous reactions.

The third mechanism is the diffraction of one of the ha
neutrons. We also refer to this process as elastic scatte
and we denote the corresponding cross section bys22n

D . For
weakly bound systems and not too small beam energy
main contribution tos22n

D comes from processes where t
neutron after scattering on the target ceases to interact
the remaining two halo particles. This is precisely our mod
where the final state is described as two independent t
body systems and the interaction between them is igno
see Fig. 1.

In addition to these three mechanisms there must b
contribution (s22n

CD ) where the core is scattered by the targ
In Table II we give these computed cross sections for
potentials in Table I and different sets of shadowing para
eters. It is remarkable that the cross sections calculated w
out shadowing are virtually independent of the potentia
and furthermore clearly much larger than observed. T
computed values are reduced by roughly a factor of two
using the shadowing parametersr nc53.5 fm andr nn53 fm.
Then by neglecting the two-neutron absorption~not com-
puted! and the core diffraction processes the experime
numbers are reproduced within the error bars for the tota
well as for the stripping and diffraction cross sections. The
fore we should underestimate the experimental values
use the larger shadowing parametersr nc54 fm andr nn53
consistent with the parametrization in Eq.~28!.

TABLE II. Core diffraction (s22n
CD ), two-neutron removal cross

sections (s22n) equal to the sum of neutron diffraction (s22n
D ) and

neutron stripping (s22n
S ) computed for fragmentation of11Li at an

energy of 280 MeV/nucleon. The lowest part of the table is for
aluminum target whereas everything else refers to a carbon ta
The cross sections are in millibarns. The potentials and shadow
parameters are from Table I. The experimental data are from@14#
and @12# for carbon and aluminum, respectively. Potentials IV a
V produce the same values as potential I.

Int r nc r nn s22n
CD s22n

D s22n
S s22n

C 80620 200620 280630

I 0 0 88 146 437 583
II 0 0 88 146 437 583
III 0 0 89 145 436 581

I 3.5 3 63 68 204 272
II 3.5 3 65 72 215 287
III 3.5 3 65 76 227 303

I 4 3 52 61 184 245
II 4 3 55 65 195 260
III 4 3 55 69 207 276

Al 470680

I 0 0 107 358 901 1259
I 4 3 70 150 379 529
I 5 4 52 100 251 351
I 6 5 38 68 172 240
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However, the computed core diffraction contributions
Table II are not negligible, but for comparison with expe
mental values they should be reduced, since~i! a fraction
corresponds to elastically scattered11Li particles, ~ii ! the
large transverse momenta of9Li precisely obtained through
the scattering process to a large extent are experimen
excluded due to limitations in the large angle acceptan
~iii ! the shadowing by the core is probably larger than
shadowing by a neutron corresponding perhaps rathe
r nc55 fm andr nn54. Furthermore, the calculations rely o
rather uncertain optical model parameters. The effect is
most entirely confined to the absolute values while
shapes of the distributions only are marginally influenc
Using the complete factorization approximation we estim
the size of this cross section to be about 60% of the value
s22n

CD in Table II. If necessary it can be added at the app
priate places, but we shall in the remaining part of this pa
not include this process unless explicitly mentioned.

The radialneutron momentum distribution after neutro
removalin fragmentation of a 280 MeV/nucleon11Li projec-
tile on carbon is measured@10#. The variable ispr , where
pr

25px
21py

2 is expressed in terms of the projectionspx and
py of the neutron momentum along the two directions p
pendicular to the beam direction chosen as thez axis. In Fig.
3 we compare our calculations~suitably scaled! for different
potentials with the measured momentum distributions in
bitrary units. Without shadowing, shown in part~a!, poten-
tials I and III give too broad and too narrow distribution
respectively, whereas potential II with 30%p-wave content
reproduces the data. This result is consistent with previ
computations without shadowing and diffraction@21,22#.
With shadowing, shown in parts~b! and ~c!, we obtain as
expected narrower distributions. Variation fromr nc53.5 fm
to 4 fm is hardly visible showing a very weak dependence
the r nc shadowing parameter. Now potential III gives a to
narrow neutron momentum distributions while potentials
and II both reproduce the data.

The invariant mass spectrumof 10Li is independent of the
coordinate system and in the rest system of10Li the invariant
mass is~after subtraction of the rest masses! equal to the
total kinetic energyEnc of the neutron-9Li system@14,34#. In

n
et.
ng

FIG. 3. Radial neutron momentum distribution after fragmen
tion of 11Li on a carbon target at 280 MeV/nucleon. Core diffra
tion is not included. The experimental data from@10# is compared
with calculations using the potentials I~solid!, II ~short-dashed!,
and III ~long-dashed! in Table I. The shadowing parameters a
given in the figure. The optical model parameters are from@28#.
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Fig. 4 we compare calculations with experimental data
tained after fragmentation of11Li @14#. The experimental
distribution is given in absolute numbers and we comp
directly without any arbitrary scaling. We only include pr
cesses where the spectators form the detected10Li, i.e., we
neglect those neutron-core combinations where the neu
or the core have been through the scattering process.
latter contributions are relatively small, i.e., the core diffra
tion and half of the neutron diffraction cross sections. F
thermore the corresponding contributions from these par
pants are probably not fully included in the measuremen

The calculations without shadowing in panel~a! produce
for all potentials distributions with maxima much higher th
observed. With shadowing the maxima are reduced as sh
in panels~b! and~c!, which again are rather similar, but sti
potentials II and III both give too high peaks. Clearly th
best comparison is obtained for potential I and especi
with the shadowing in panel~c!. The discrepancies appear
a slightly too low-lying peak energy and a slightly too na
row peak. However, the response function of the dete
system is not accounted for and a more accurate compa
would shift the peak towards higher values, decrease
maximum value and broaden the peak@14#. Thus all defi-
ciencies may be improved in this way. In any case the
havior of the invariant mass spectrum is strongly influenc
by the properties of the low-lying resonances. For examp
narrow p resonance would produce a shoulder or a peak
the distribution at the position of the resonance. A broa
resonance would only show up as a larger cross section a
corresponding position. Thus a more detailed and more
curate comparison between computed and measured dist
tions would provide information about the neutron-core re
nance structure.

The radial neutron momentum distribution after cor
breakupof 11Li on a carbon target at 280 MeV/nucleon
also known experimentally for collisions where9Li is de-
stroyed@11#. The neutrons are detected in coincidence wit

FIG. 4. Invariant mass spectrum of10Li after fragmentation of
11Li on a carbon target at 280 MeV/nucleon. Only neutron and c
spectators forming10Li are included. The experimental data a
from @14#. The calculated curves in~a!, ~b!, and ~c! are obtained
with the same parameters as in Fig. 2. The maxima for the c
puted curves in panel~a! ~outside the figure! are around 500 mb
MeV, 650 mb/MeV, and 1000 mb/MeV for potentials I, II, and II
respectively. In panels~b! and ~c! the maxima for potential II are
430 mb/MeV and 400 mb/MeV, respectively. For potential III w
obtain instead 650 mb/MeV and 600 mb/MeV.
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charged fragment different from9Li. The contribution of
neutrons coming from the core is eliminated in the expe
ment by subtraction of the corresponding neutron momen
distribution obtained from the measured9Li-carbon reaction.

This distribution arises only from absorption, i.e., w
must compute the cross section in Eq.~15!, where the9Li
core is destroyed by the target while the neutrons conti
unaffected. For simplicity we assume complete factorizat
such that the9Li-carbon interaction only is necessary to pr
vide the absolute scale through the absorption cross sec
This is a very good approximation for large beam energ
The momentum distribution is then given by Eq.~14! and
therefore computed as described in@22#. The absolute cross
section is obtained afterwards by multiplication of the a
sorption cross section computed with the optical model
rameters in@48,49# to be 795 mb for a beam energy of 28
MeV/nucleon.

Both from Table II and Figs. 3 and 4 we found goo
agreement between theory and experiment with the ch
r nc54 fm andr nn53 fm for the shadowing parameters. F
core breakup reactions, where only the neutron-core shad
ing parameter is relevant, we therefore user nc54 fm in the
computation of the neutron momentum distribution shown
Fig. 5. The agreement between theory and experiment is
markably good in view of the simplicity of the model, whe
the interactions between the halo neutrons and all the f
ments from the core destruction have been neglected. In
trast to the other observables this reaction produces f
ments with approximately the same velocity as the h
neutrons and final state interactions beside that of the
neutrons could be significant. The two spectator neutr
could also be disturbed during such violent reactions.

The largerp-wave content arising for potential I gives
broader distribution closer to the data than the potential
and III. The comparison in Fig. 5 is then also supporting
choice of potentialI and a neutron-core shadowing parame
of 4 fm in the description of the fragmentation reactions
11Li on a light target.

e

-
FIG. 5. Radial neutron momentum distribution after co

breakup fragmentation of11Li on a carbon target at 280 MeV
nucleon. The calculations are for the interactions in Table I an
neutron-core shadowing parameter of 4 fm. The9Li-carbon inter-
action providing the absolute values is the optical model fr
@48,49#. The experimental data@11# in arbitrary units are scaled to
match the calculations.
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1282 PRC 59E. GARRIDO, D. V. FEDOROV, AND A. S. JENSEN
The transverse 9Li-core momentum distributionfor
breakup of 11Li on a carbon target at 280 MeV/nucleon
computed and shown in Fig. 6 for the potentials and sh
owing parameters in Table I. Detailed comparison with
data@12,15# requires folding of the computed curves with th
experimental beam profile resulting in a few MeV broad
curves@20#. Due to the large experimental errors this dist
bution is not very helpful in constraining the potentials a
shadowing parameters. However, we can still conclude
the agreement between theory and experiment is satisfac
for potential I.

In Fig. 6 we also show the experimental longitudinal co
momentum distribution on an aluminum target for two d
ferent beam energies. In the next section we shall show
the difference between longitudinal and transverse mom
tum distributions is rather small and the widths of the dis
butions are almost independent of the beam energy. The
ference between the transverse and longitudinal data in
6 can be explained by the use of a different target in
experiments. The aluminum radius is almost one fermi lar
than the carbon radius, the optical model parameters are
ferent and more important the shadowing parameters mus
larger for aluminum with the resulting narrower momentu
distributions as seen in Fig. 6. Still the tail of the distributi
is not reproduced. The theoretical prediction of the tw
neutron removal cross sections for fragmentation of11Li on
an aluminum target are shown in Table II. The parame
(r nc ,r nn)5(5 fm,4 fm) are consistent with Eq.~28! and
the corresponding two-neutron removal cross section is t
expected to bes22n'350 mb.

The conclusion of this section is that potential I with t
shadowing parameters (r nc ,r nn)5(4 fm,3 fm) for a car-

FIG. 6. Momentum distributions for the9Li core after fragmen-
tation of 11Li. Core diffraction is not included. The left hand side
the transverse distribution for a beam energy of 280 MeV/nucl
on a carbon target and the experimental data is from@12# ~filled
squares! and@20# ~filled triangles!. The calculations are for the po
tentials in Table I with (r nc ,r nn)5(4 fm,3 fm). The right hand
side shows the experimental longitudinal distribution for a be
energy of 468 MeV/nucleon~filled circles! and 648 MeV/nucleon
~open circles! on an aluminum target@15#. The calculations are for
an energy of 280 MeV/nucleon for potential I and the three set
shadowing parameters specified on the figure. The optical m
parameters are from@28#. All the computed distributions are scale
to the experiment.
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bon target gives an excellent agreement between theory
experiment for the observables discussed. This is a str
justification for the model and the method.

IV. BEAM ENERGY DEPENDENCE

We have now established a model with a set of para
eters successfully reproducing a variety of experimental d
i.e., potential I,r nc54 fm, r nn53 fm and optical model
parameters from@28,49#. In the remaining part of this pape
we shall only use these parameters and explore the co
quences of the model for a number of observables. Part
larly we shall in the following concentrate on the predict
energy dependence of various quantities in fragmentation
actions of11Li on carbon. The model only has a dependen
on the beam energy through the interaction between the
ticipant and the target. This interaction is described by p
nomenological optical models, which give absorption a
elastic scattering cross sections as functions of particle
ergy, see Fig. 2. These cross sections are decisive facto
Eqs. ~12! and ~15! and two-neutron removal cross sectio
must show the same energy dependence.

This is indeed seen in Fig. 7 where we show two-neut
removal cross sections as functions of the beam ene
These calculations do not include two-neutron absorpt
processes and processes where the core interacts with
target. The cross sections are clearly governed by the be
ior of the neutron-carbon cross section, with a minimum a
beam energy of around 250 MeV/nucleon. For larger en
gies we observe smooth increases towards a flat region.
smaller energies the cross sections increase rather dra
cally. The prediction is an increase by about 70% when c
bon and aluminum are interchanged as target. The comp
curves underestimate the latest experimental points@14#, as
expected due to the neglect of core diffraction. On the ot
hand, the older data are far below the calculations. Howe
at 30 MeV/nucleon total two-neutron removal cross sectio
are measured for targets of beryllium 0.4760.10 b and

n

f
el

FIG. 7. Two-neutron removal cross sections for11Li fragmen-
tation on carbon~thick curves! and aluminum~thin curves! as func-
tions of the beam energy. The cross sections from neutron strip
s22n

S ~short-dashed! and neutron diffractions22n
D ~long-dashed! are

shown along with the sums22n ~solid!. The shadowing parameter
are (r nc ,r nn)5(4 fm,3 fm! for carbon and (5 fm,4 fm! for alumi-
num, the interactions are potential I from Table I and the opti
model is specified in@28,49#. The experimental data are from
@8,14,5# for increasing energies for carbon and from@12# for alumi-
num. For@5,8# only the total cross section is given.
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PRC 59 1283BREAKUP REACTIONS OF11Li WITHIN A THREE- . . .
nickel 1.360.4 b@7#. This is in agreement with the compute
increase towards smaller beam energies.

The two-neutron removal cross sections can be separ
into a number of differential cross sections. We shall disc
the momentum distributions of the halo particles both re
tive to each other and individually with respect to the cen
of mass of the projectile. In addition we shall discuss
invariant mass of11Li and the angular correlation of th
emitted neutrons. These observables are in most case
experimentally available and our results are therefore mo
predictions.

In Fig. 8 we show the neutron momentum distributio
after fragmentation of11Li on carbon. When the participan
neutron is absorbed in the stripping process, the dete
neutron must be a spectator and then there is no differe
between longitudinal and transverse momentum distributi
in the rest frame of the projectile. When the participant n
tron is scattered by the target~diffraction! it receives addi-
tional momentum perpendicular to the direction of the bea
This process therefore contributes with a broader momen
distribution in the transverse than in the longitudinal dire
tion. The tail in the total neutron momentum distribution
then more pronounced for the transverse than for the lo
tudinal distribution. On the other hand, different tails do n
necessarily imply that the full width at half maximum
~FWHM! of the distributions also differs. The relative size
the stripping and diffraction contributions reflects the size
the corresponding cross sections in Fig. 7. The contribu
to the neutron momentum distribution from the core diffra
tion ~dotted line in the figure! is the same in the longitudina
and transverse directions, as expected because both neu
are spectators. This contribution of about 30 mb is not ad

FIG. 8. Longitudinal~thick! and transverse~thin! neutron mo-
mentum distributions in coincidence with9Li after fragmentation of
11Li on carbon at 280 MeV/nucleon computed in the rest frame
the projectile. The beam momentum is the reference direction.
short-dashed and long-dashed curves are the contributions to
total ~solid! from diffraction and stripping of the participant neu
tron. Core diffraction is shown separately as the filled circles. T
inset shows the total transverse neutron momentum distribution
the same reaction for different beam energies in the same unit.
standard set of parameters in Fig. 7 is used.
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in the figure to the total, but the total width would only b
marginally influenced.

The inset in Fig. 8 shows the transverse neutron mom
tum distribution for different beam energies. The shape
the distributions is essentially independent of the energy
to the approximate factorization in Eqs.~12! and ~15! at
these fairly high energies, see Table III. The compu
FWHM decreases slightly with an energy increase from
MeV/nucleon to 280 MeV/nucleon and remains then ess
tially constant at higher energies. In contrast, the maxim
or peak value for the momentum distributions changes c
siderably with the beam energy. The behavior of the pe
values, i.e., a sharp decrease, the passing of a minim
around 250 MeV/nucleon followed by a smooth increase
as expected similar to the variation shown in Fig. 2.

Instead of referring the neutron momentum distribution
the rest system of the projectile as in Fig. 8, we could refe
to the rest system of the spectator neutron-9Li system. Ac-
tually in this frame the neutron momentum is the relati
neutron-9Li momentum. This momentum distribution i
shown in Fig. 9, and it is identical to those of Fig. 8 for a
infinitely heavy core. In Fig. 9 we only include the domina
ing term arising from the spectator neutron and the long
dinal and transverse distributions are therefore identical.
neglected contribution is about half of the diffraction pa
The FWHM and the peak values for the curves in the in
are given in Table III. The FWHM is 37 MeV/c for all the
energies coinciding with the energy independent width of
stripping part in Fig. 8.

For comparison the neutron-neutron relative moment

f
e

the

e
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TABLE III. The maximum values in mb/~MeV/c! ~one-
dimensional! and mb/~MeV2/c2! ~radial! and the FWHM in MeV/c
as functions of beam energy in MeV/nucleon for various mom
tum distributions computed for fragmentation of11Li on carbon in
the rest frame of the projectile. Core diffraction is not included. T
subscripts', i , andr indicate transverse, longitudinal, and radi
distributions, respectively. For the radial distributions the FWHM
the width at half maximum multiplied by two. For the invarian
mass spectrum we give the maximum value in mb/MeV and
width in MeV.

Beam energy 50 100 280 500 700

n' max. 18.4 8.7 5.4 6.2 6.7
n' FWHM 42 41 39 39 39

ni max. 21.6 10.2 6.0 7.1 7.9
ni FWHM 42 41 39 39 39

(n-9Li)' max. 16.2 8.0 5.2 5.9 6.4
5(n-9Li) i FWHM 37 37 37 37 37

nr max. 2.7 1.3 0.9 1.0 1.1
'(n-9Li) r FWHM 31 31 31 31 31

(9Li)' max. 9.4 4.5 2.9 3.4 3.7
5(9Li) i FWHM 63 63 63 63 63

(10Li)' max. 12.3 6.0 3.9 4.5 4.9
5(10Li) i FWHM 49 49 49 49 49

inv. max. 998 488 317 361 394
mass FWHM 0.42 0.42 0.42 0.42 0.42
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1284 PRC 59E. GARRIDO, D. V. FEDOROV, AND A. S. JENSEN
distribution computed using the complete factorization
proximation is also shown in Fig. 9. The shape is in t
approximation energy independent and the scale is de
mined by the carbon-9Li absorption~core destruction! cross
section. For diffraction~core survival! we should multiply it
by about a factor 0.53 for a beam energy of 280 Me
nucleon.

The two-dimensional radial momentum distributions a
often used to increase the number of observed events.
variable is thenpr (pr

25px
21py

2) and integration of this mo-
mentum distribution overpx ~or py) gives the transverse mo
mentum. The results are shown in Fig. 10 for the case
Fig. 9. The widths and the peak values for the curves in
inset are given in Table III. We find the same qualitati
behavior as for the one-dimensional distributions. This va

FIG. 9. The neutron-9Li relative momentum distribution for the
cases in Fig. 8. The relatively small contributions from the neut
and core participants are not included and the longitudinal
transverse momentum distributions are therefore identical.
neutron-neutron relative momentum distribution computed for c
destruction using the complete factorization approximation is a
shown for an energy of 280 MeV/nucleon. The carbon-9Li absorp-
tion and diffraction cross sections are 795 mb and 419 mb, res
tively.

FIG. 10. The radial distributions of the spectator neutron-9Li
and the neutron-neutron relative momenta for the cases in Fig
-

r-

/

he

in
e

-

tion as well as the relative size of the stripping and diffra
tion contributions are again consistent with the result
Fig. 2.

The radial neutron momentum distribution analogous
Fig. 8 is almost indistinguishable from the results in Fig. 1
The cross section for the neutron-neutron momentum dis
bution corresponds to core destruction for a beam energ
280 MeV/nucleon. The core survival process is obtained
multiplication with the factor 0.53. The widths are ener
independent in this approximation.

The neutron momentum distribution is narrower than t
of the 9Li core due to the final state interaction. We show
Fig. 11 the computed9Li momentum distributions for the
same cases as in Fig. 8. The transverse distribution from
diffracted core is small and very broad due to the diffracti
process. The longitudinal distribution is as usual narrow
These contributions add about 30 mb to the total cross
tion while changing only marginally the shape of the to
distribution. They are not added in the figure where the to
distribution then only includes contributions from the partic
pant neutrons. The displayed longitudinal and transverse
mentum distributions are therefore identical, since the diff
ence between them is due to the diffraction process.
inset shows the core momentum distributions for differe
beam energies. The computed widths and the peak value
given in Table III. The behavior is again a reflection of th
results in Fig. 2.

The momentum distributions of9Li are not far from those
found in the simplest approximation described by the Fou
transform of the initial three-body wave function. Howeve
the neutron momentum distributions are strongly influenc
by the final state interaction. Instead the momentum distri
tion of the center of mass of10Li shown in Fig. 12 reveals
direct information about the neutron momentum distributi
in the initial three-body system. The process is remo
~stripping or diffraction! of one halo neutron by the targe
with the remaining10Li system as the two spectators. In th

n
d
e
e
o

c-

.

FIG. 11. The9Li momentum distribution for the cases in Fig. 8
The transverse and longitudinal contributions from the diffrac
core are shown separately, but not included in the total cross
tion. The longitudinal and transverse momentum distributions
therefore identical. The inset shows the distributions in the sa
unit for different beam energies.
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center of mass of the three-body projectile the momen
distributions of 10Li and the participant neutron are the
identical.

This observable is insensitive to the final state interact
where the opposite erroneously was postulated in@52#. On
the other hand, the sensitivity to the shadowing paramete
large@16,26#. Experimental data could then be very useful
check the validity of the shadowing parameters extracte
the previous section from the comparison between comp
momentum distributions and available experimental da
The final state momentum of the participant neutron does
enter in the measured momentum and the longitudinal
transverse10Li momentum distributions are therefore iden
cal. This can also be understood from the fact that the in
three-body momentum of the participant neutron does
have a preferred direction. The inset of Fig. 12 again sho
the variation of the distribution with the beam energy. T
behavior is the same as discussed in connection with
previous figures. The related key numbers are given in Ta
III.

The momentum distributions were recently supplemen
by an angular correlation measurement, where the observ
is the angular distribution of the relative momentum betwe
the detected neutron and the core in a coordinate system
the z axis along the center of mass momentum of
neutron-plus-core spectator system@17#. This observable is
shown in Fig. 13 for our standard case of11Li fragmentation
on carbon. In the computation we assumed thatu is con-
structed as the angle between the momentum of the cent
mass of the10Li spectator system and the relative mome
tum between9Li and the spectator neutron. The small co
tributions, where the neutron or the core in10Li are the scat-
tered participants, are not included in this figure, beca
they are small and furthermore almost completely exclu
in the experiment. An estimate of the shape and size of
of the neglected contributions can be found in@27#, where
both 6He and 11Li fragmentation are discussed.

The computations as always involve Eqs.~12! and ~15!.

FIG. 12. The momentum distribution for the10Li center of mass
for the cases in Fig. 8. The relatively small contributions from
neutron and core participants are not included and the longitud
and transverse momentum distributions are therefore identical.
inset shows the distributions in the same unit for different be
energies.
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The s wave alone produces a constant angular distributi
The p wave alone produces a distribution of the form
1a cos2 u, i.e., symmetric around cosu50. Forp waves with
the projectionm561 on the 10Li momentum,a is very
small and negative, whereasa for m50 is positive and of the
order one. In other words the variation in the angular dis
bution is almost entirely due to thep wave with projection 0.
If both s and p waves are present the distribution takes t
form 11a cos2 u1bcosu, i.e., becomes asymmetric due
mixing between these partial waves.

Thus our pronounced asymmetry arises from thes andp
mixing term, which dominates the angular variation, sin
the largest contribution from thes wave alone is constant. A
dominatingp wave would have produced a much more sy
metric distribution. Substantial deviations between measu
and computed distributions would indicate a selective re
tion mechanism emphasizing specific partial waves. T
shape of the angular distribution is independent of the be
energy as shown in the inset of Fig. 13. Only the absol
values of the cross section changes in accordance with Fi
The shape in Fig. 13 deviates slightly from that of@27# due
to the higherp-wave content.

The momentum distributions reveal properties of the i
tial three-body system and the reaction mechanism. The
variant mass spectrum of10Li after fragmentation of11Li on
a light target carry in addition information about the prope
ties of the two-body system. The computed spectrum
shown in Fig. 14, where we only included contributions fro
the spectator neutron, i.e., the invariant massEnc is con-
structed with the momentum of the spectator neutron e
when the participant neutron is scattered by the target. In
center of mass system of10Li the invariant mass is, apar
from the rest mass, simply the total kinetic energy of t
two-body system.

The spectrum must start from zero due to the phase sp
The very low-lying peak is a signature of a dominatin

al
he

FIG. 13. The distribution of the relative angleu in the rest frame
of the initial three-body system. The angleu is defined as the angle
between the center of mass momentum of10Li and the relative
neutron-9Li momentum. The reactions are the same as in Fig
The relatively small contributions from the neutron and core p
ticipants are not included. The inset shows the distributions
different beam energies.
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1286 PRC 59E. GARRIDO, D. V. FEDOROV, AND A. S. JENSEN
s-wave contribution. The height of the peak, not the positi
reflects the energy of the underlying two-body virtuals state.
In contrast, a dominatingp-wave contribution produces
peak at the energy of the corresponding two-body resona
In the present case thep-wave contribution is smeared out i
a region around 0.5 MeV. A narrowp-wave resonance would
show up as a peak in this invariant mass spectrum@22#. The
measured spectrum then indicates a low-lyings state and a
higher-lying p resonance with a moderate width, see F
4~c!, where the curve computed with potential I is the sa
as shown in Fig. 14 for a beam energy of 280 MeV/nucle
The contributions from stripping and diffraction as well
the energy dependence shown in the inset is consistent
the results in Fig. 2. The energy dependence of the p
heights and the widths are given in Table III.

As seen in Table III all the cross sections first decre
with energy and then after a minimum slowly increase aga
When the contribution from the scattered neutron is includ
the widths follow qualitatively the same pattern, althou
much less pronounced, and in particular they essentially
not vary for energies above around 200 MeV/nucleon. Wh
only the spectator neutron contributes the widths are ene
independent. This behavior disagrees with that of@20#, but is
on the other hand consistent with the experimental res
described in@13,15#.

In this comparison we implied that our FWHM is th
same quantity as the width~or G values! discussed in previ-
ous experimental papers. Although these quantities
strongly correlated this is not strictly true, since the FWH
precisely is defined as the full width at half maximum of t
computed distribution whereas the experimental width is
tained as the width parameter in a fitted function. This ea
shifts the emphasis from the small momenta in the calc
tions to the large momenta of the tail in the experimen
analysis. This could easily produce uncertainties of sev
MeV in the FWHM.

As we have demonstrated the distributions are more c
plicated than simple one-parameter functions. Compariso
our FWHM with published experimental widths could the
be rather misleading. The only safe procedure is to comp

FIG. 14. The invariant mass spectrum of10Li for the cases in
Fig. 8. The rest mass is subtracted. The relatively small contr
tions from neutron and core participants are not included. The i
shows the distributions for different beam energies.
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directly with the experimental data as we did throughout t
paper. On the other hand, then we immediately face
problem that the data too often include purely experimen
effects related to beam profile, acceptance range, resolu
and target thickness. It is therefore important to comp
with the properly interpreted data or alternatively to fold t
experimental effects with the calculated results.

V. DISCUSSION AND CONCLUSIONS

Fragmentation reactions of weakly bound two-neutr
halo nuclei provide detailed information about structure a
reaction mechanism of corresponding three-body syste
The three-body structure can be computed to the needed
curacy provided the interactions are specified whereas
reactions are much more difficult to treat propertly. Our a
is to understand and describe the principal features of
fragmentation observables qualitatively and quantitatively
an accuracy comparable with that of the experimental d
As an important step we have chosen to investigate11Li
considered as a three-body system in a physically simple
transparent model based on geometric properties and
nomenological interactions.

One main assumption is often the sudden approxima
where the reaction is instantaneous. The reaction time m
then be short compared to the intrinsic time scale of
relative motion of both the three halo particles and the nuc
ons in the target and the core. Thus the intrinsic motion m
be frozen during the collision or equivalently the beam e
ergy must be large compared to the three-body binding
ergy and the Fermi energy of the target and the core.
expected this approximation has successfully passed the
at high energies.

In the present model we do not directly use the sudd
approximation. We fully include the interaction between t
target and each of the halo particles by use of a phenom
logical optical model. The description of the interactions
then only limited by the validity range of the paramete
employed in the optical model. On the other hand then o
elastic scattering is described in details while all other p
cesses are included as absorption from the elastic chan
Fortunately this is precisely the level of information requir
in discussions of fragmentation reactions, because the ine
tic channels overwhelmingly produce different reacti
products or particles scattered outside the detection rang
the forward direction.

Furthermore we only include the interaction between o
halo particle~participant! and the target while neglecting th
interactions between the other two halo particles~spectators!
and the target. In addition we also neglect the interacti
between the spectators and the participant-target syste
the final state. The halo particles must then interact indep
dently with the target as three spatially correlated but non
teracting clusters of nucleons. The motion of the specta
must remain undisturbed by the participant-target interact
More precisely the two criteria for the validity of the mod
are that~i! the sum of the participant and target radii is le
than the halo radius and~ii ! the intrinsic velocity of the par-
tipant within the halo is much smaller than the velocity of t
projectile or perhaps better that the characteristic time for
intrinsic halo motion is much larger than the collision tim

-
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These main approximations are justified for weakly bou
and spatially extended halos colliding with a target with
energy per nucleon larger than the intrinsic kinetic energy
the participant within the halo, i.e., roughly the usual Fer
energy for nuclei although in principle unrelated to the Fer
energies of the nucleons within target and core. With th
approximations one halo particle can interact with the tar
without disturbing the motion of the other two. The tot
cross section is obtained by adding the contributions fr
the three possible participants. The sudden approximatio
reached when the optical model is reduced to a black sp
when the elastic scattering also is neglected.

The model is described for point particles and the nec
sary generalization to finite radii involves the concept
shadowing. We eliminate the geometric configurations in
three-body wave function where the spectators move in
shadow of the participant. The need for this correction ari
from the simplifying choice of treating the participant-targ
interaction properly while leaving the spectators untouch
in their initial state. If the spectators are close to the part
pant they would be either absorped or similarly scatter
However, these events contribute in the model computat
with the probability given in the initial wave function. Con
sequently we must omit those unwanted configurations.
other improved treatment with better final state wave fu
tions could directly take these effects into account.

To use the model we must specify the interactions and
shadowing parameters. Within the halo projectile we ha
the neutron-neutron and neutron-core interactions sup
mented by the three-body force. They are parametrized
Gaussians to reproduce the11Li binding energy, give a
neutron-9Li p1/2 resonance at 0.5 MeV with a width of 0.
MeV and finally to produce about 40% ofp2 configurations
in the 11Li wave function. These requirements are necess
to reproduce various experimental data. The only freed
left for the halo interactions is then the spin-splitting, arisi
from the two different couplings to the core spin of 3/2,
both thes1/2 andp1/2 states in the neutron-core system. T
related spin-splitting parameters influence neither the ab
data nor the fragmentation data. Good agreement with
data then indicates approximately correct statistically av
aged positions of thes and p states in10Li, i.e., 0.71 MeV
and 0.76 MeV.

The two-body interactions between halo particles and
get are described by use of the phenomenological op
model with parameters adjusted to reproduce the corresp
ing elastic scattering and absorption cross section data.
two shadowing parameters related to the sizes of halo
ticles and target are determined to reproduce both the a
lute two-neutron removal cross section and the momen
distributions after fragmentation.

We compute all momentum distributions related to fra
mentation of11Li on carbon. For the same reactions we a
compute the invariant mass of11Li and the neutron angula
distribution, which recently was measured for6He fragmen-
tation. These observables are in general consistent with
available measurements. When the neutron and core pa
pants are scattered they receive momentum transfer per
dicular to the beam and the transverse momentum distr
tions are therefore broader than the correspond
d
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longitudinal distributions. This is then a direct effect of th
diffraction mechanism.

The distribution for neutrons is relatively narrow due
the final state interaction, which affects the core less. T
distribution for the center of mass of the core-plus-neut
spectators is the broadest reflecting the extension of the
tial wave function. Increasing the shadowing parameters
crease the widths of the distributions. The invariant m
reveals information about the low-lying continuum structu
of the neutron-plus-core system. The large and very lo
lying peak is the signature of a low-lying virtuals state while
the shoulder indicates a low-lying and fairly broadp reso-
nance. The angular correlation of the emitted neutrons in
neutron-plus-core center of mass system is highly asymm
ric revealing thats andp relative neutron-core states rough
are equally populated in11Li.

The experimental data are available for several ener
and targets, but systematic high precision data given as fu
tion of energy for one target does not exist at the mome
We can compute absolute values of a number of differen
cross sections. However, in this paper we confined ourse
to the energy dependence of three-body observables for f
mentation on a carbon target with one excursion to an a
minum target. The distributions are essentially independ
of target, but the absolute differential cross sections incre
with target size. The scaling with target size seems to
somewhat larger than the square of the target radius.

The energy dependence for the given carbon targe
computed for a11Li beam of 50 to 900 MeV/nucleon. The
widths of the distributions are essentially constant abo
around 200 MeV/nucleon and slightly increasing towar
lower energies. The absolute values follow the participa
target cross sections. For neutrons this means a smoot
crease with energy above around 150 MeV/nucleon an
strong increasee towards lower energies. Furthermore
fraction contributes much less than absorption at ener
above 200 MeV/nucleon whereas the inverse is true for
ergies below 50 MeV/nucleon. This has the consequence
the widths of the transverse distributions are broader at
energies due to the domination of diffraction.

These predictions presuppose that the model is valid
the low energies and the energy dependence of the pa
eters are correctly included. The criteria for validity ind
cated relative neutron-target energies above around 20 t
MeV and perhaps even lower for very pronounced halo s
tems. The optical model parameters for the neutron-car
potential are adjusted to scattering data down to these e
gies, but the shadowing parameters are assumed to be
stant. These parameters have a strong influence on the a
lute values of the cross sections and a significant, but m
less pronounced, influence on the shapes of the distributi
The predicted widths could perhaps be systematic
changed by small amounts due to such possible energy
pendence.

In conclusion, we computed systematically essentially
observables for the11Li three-body fragmentation on a ca
bon target. The same consistent model is used through
Most of the computations are in agreement with availa
measurements. This strongly indicates that the reac
mechanism essentially is correctly described in the mo
The predictions are therefore useful as the unit for comp
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son with future experimental data. Detection of discrepanc
would then be significant and therefore also very sugges
of necessary improvements like, for eaxmple, different
pendencies of some of the parameters. The same cons
model for all observables is crucial at the present level
accuracy and understanding. In this connection it is wo
keeping in mind that treating11Li as a three-body system i
an approxomation and the intrinsic structure must be
avoidable at some point in the interpretation.
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APPENDIX: SPIN-1/2 SCATTERING
ON SPIN ZERO TARGETS

In Eq. ~8! we give the transition amplitude for the scatte
ing process between the participant particlei and the target.
u

Se

.

hi
s
e
-
ent
f
h

-

d

Assuming that particlei has spinsi51/2 and the target ha
spin zero, we can write the transition amplitude as@33#

T
S i ,S

i8
~0i !

52
2p

m0i
^xsiS i8

ug~u!1h~u!~n•s!uxsiS i
&, ~A1!

whereu is the angle betweenp0i andp0i8 ,s are the Pauli spin
matrices and the functionsg(u) andh(u) are given by Eqs.
~18! and ~19!, respectively. The vectorn is defined as

n5
p0i3p0i8

up0i3p0i8 u
, ~A2!

~n•s!5~n•s!†5S nz nx1 iny

nx2 iny 2nz D , ~A3!

which implies that (n•s)251.
We can then rewrite the key part of Eq.~10! as
(
MsjkS jkS i8

U(
S i

T
S iS i8
~0i !

MsjkS jkS i

JM U2

5
~2p!2

m0i
2 (

S i8S iS i9
^xsiS i

ug* ~u!1h* ~u!~n•s!uxsiS i8
&^xsiS i8

ug~u!1h~u!~n•s!uxsiS i9
& (

MsjkS jk

MsjkS jkS i

JM* MsjkS jkS
i9

JM

5
~2p!2

m0i
2 (

S iS i9
^xsiS i

uug~u!u21uh~u!u212Re@g~u!h* ~u!#~n•s!uxsiS i9
& (

MsjkS jk

MsjkS jkS i

JM* MsjkS jkS
i9

JM

5
~2p!2

m0i
2

„ug~u!u21uh~u!u2
… (
MsjkS jmS i

uMsjkS jkS i

JM u2, ~A4!

where we used that

(
S iS i9

^xsiS i
u~n•s!uxsiS i9

& (
MsjkS jk

MsjkS jkS i

JM* MsjkS jkS
i9

JM
50 ~A5!

as seen from Eq.~A3! and the fact that the matrix

B
S i ,S

i8
J

5 (
MsjkS jk

MsjkS jkS i

JM* MsjkS jkS
i8

JM
~A6!

is diagonal with identical diagonal elements@22#. Insertion of Eq.~A4! into Eq.~10! and use of Eqs.~11!, ~14!, and~16! then
immediately leads to Eqs.~12! and ~13!.
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