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The deleterious effects of nonlinear dispersion on squeezed light in two-photon devices when ab-
sorption losses are included have been analyzed making use of the variables called two-mode
quadrature-phase amplitudes. The uncertainties in the quadrature amplitudes have been computed
from a generalized Fokker-Planck equation. The dependence of squeezing on the nonlinear cou-
pling, the modulation (including the case of high modulations), the pumping phase (where nonlinear
dispersion causes an intensity-dependent shift in the minimum squeezing), and the absorption losses

have been studied.

I. INTRODUCTION

Levenson et al.! have experimentally demonstrated the
importance of nonlinear dispersion in the squeezing pro-
cess in parametric interactions. They have pointed out?
that the nonlinear susceptibility also causes an intensity-
dependent phase shift between the pump and the signal
and idler modes in two-photon devices. This effect can be
taken into account by means of an additional term in the
interaction Hamiltonian. Milburn et al.3 have presented
a unified treatment of two-mode squeezed-state genera-
tion in optical fibers. In this article we study the
influence of nonlinear dispersion on the uncertainties of
the two-mode quadrature-phase amplitudes by means of
new variables introduced by Caves and Schumaker.*

An intense laser beam at frequency 2{)—the pump
beam —that illuminates a suitable nonlinear medium will
be considered. The output light consists of pairs of
simultaneously emitted photons which excite pairs of
modes at frequencies {}+e€, where € < is a modulation
frequency. The annihilation operators for the two modes
are denoted by a , and a _, and satisfy the usual commu-
tation relations

lay,a_]=[a,,a" ]=0,

[a+,a1]=[a_,ai]=l . W
The free Hamiltonian for the two modes is given by

H,=#Q+eata, +#Q—e)ata_=Hy+H,,

Hp=#iQala, +ata_), (2)

HM=ﬁe(aT+a+—ata_) .

The Hamiltonian for an ideal two-photon process in
the Schrodinger picture (SP) can be written

#i, —2io— b2t —
H=H,+i(t)a,a_e 2tg=an gt g Q200

(3)

where «(?) is an arbitrary real function of time. The pro-
cess is characterized by the function x(7)e' ¢~ and
may be used to describe, for example, an ideal parametric
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amplifier.
We will take into account the effects of nonlinear
dispersion by means of the Hamiltonian:

Hp=#k'(a%a, +ala_), )

which represents a pump-induced phase shift of the side
bands.

The following variables,* called two-mode quadrature
amplitudes, will be used to describe squeezing in a two-
photon device in the SP:
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+ 206 ate i
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a,(t)=—i %) a,e'™
Q 172
+i me ate i

The commutator algebra of these amplitudes is
[ayall=[ana]]=e/0,
[a,a,]=0, (6)
[a,a3]=[a},a]=i ;

moreover, we will work in the modulation picture (MP),
which is an interaction picture where the free time depen-
dence at the carrier frequency (1 is transferred from the
states to the operators (the states retaining the remaining
free time dependence at modulation frequency ¢); the free
Hamiltonian for the two output modes [Eq. (2)] is in the
MP:

H,=H, , (7
and the interaction Hamiltonian [Eq. (3)]:
H,=%ﬁi;c(a+a,e72"P—a§ate2i‘f) . (8)

In terms of the two-mode quadrature-phase amplitudes
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the total Hamiltonian, including the nonlinear dispersion
term, has the form

H,+H, =hﬁ7[(e—ak')(ia¥a2—ia;al)
A2
+(k'—oelaja,+asay)] ,
H,=iﬁ§e*2"¢(a,++ia§)(al+ia2> 9)

—ihg—ez“‘(a —ia)a,—ia,) ,

where A, =[(Q+e€)/Q]'%, 0 =€/Q, and k =1ik/A A
We will include damping in the nonlinear material by

means of the usual term in the Hamiltonian,” and the

master equation for the reduced density matrix can be

written

a N
L4 [a;ral,p]+B[a;a2,p]+C[a£al,p]

at
t /2
+Dl[aa,pl+ 3 ,
d
where
A—z( N 72(0‘6 K')— 2& k —sin(2¢p) ,
1 i K .
B=i (ce—k')+— sin(2¢) ,
(Ao h ) 2 A4 M
1 . (10)
i K
= —(ok'—€)+— cos(2¢) ,
(A A ) 2 AA ¢
1
D=————(e—oxK )+— cos(2¢) ,
(Ao A )? 2 A, x, ¢
and the damping term of the master equation reads
S
—ag =y42a,pa’ —a'a,p—pala,
d
+2a _pa” —ata-p—pata_) , (11)

where 7, is the damping constant.

II. GENERALIZED FOKKER-PLANCK
EQUATION

The two-mode quasiprobability distribution (QPD) in-
troduced by Schumaker and Caves® will be used here.
Such distributions correspond to a j-ordered two-mode
displacement operator for the two-mode quadrature-
phase amplitudes «,,, which orders the two modes in the
single-mode sense (at and a, always appear to the right
of a; and a, in the case of antinormal ordering). Writing
Eq. (11) in terms of the two-mode quadrature-phase am-
plitudes in the modulation picture and performing an-
tinormal ordering in the former sense in Eqgs. (10) and
(11), we obtain the following Fokker-Planck equation for
the QPD P(glyéz):
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JP d 3]
— = | = +Ww + — 5
at agl lgl )é))P ag V7§1+W§)P+CC
+ 3 0,00
ij=1,2 agiagj

where

Vi=y,tietioksin(2¢)+k cos(2¢) ,
V,=k'"+k sin(2¢)—iock cos(2¢) ,
W, =—«"+ksin(2¢)—iok cos2g ,

Wy=y,+ie—ioksin(2p)—k cos(2¢) ,

and the diffusion matrix

1 —i
i1 |-

It should be noted that this diffusion matrix is indepen-
dent of the nonlinear coupling and has non-negative ei-
genvalues. This fact is a property of the employed j-
ordered two-mode displacement operator.®

Since we will be interested in the symmetrized prod-
ucts of the two-mode quadrature-phase amplitudes, it is
convenient to express Eq. (12) in terms of a QPD corre-
sponding to operators written in symmetric order
(Wigner QPD).® It has been shown’ that for symmetric
ordering the Fokker-Planck equation has the same drift
matrix as for antinormal ordering [Eq. (12)] and the
diffusion matrix is

(12)

1+o
i(l1—o)

—i(l—0o)

{+o (13)

D=y,

In order to study the noise properties of the output
light we have calculated the covariance matrix

)nm <<Sln5” >> <§m 7;> —<§m><5n> m n 1 27 by
means of standard methods.® For simplicity, a unitary
transformation £=U§&" has been performed, that diago-
nalizes the diffusion matrix:

i1
1Pl (14)

The average values in the new variables verify
(), =Y'(1){& )y where Y'(1) is the evolution matrix
determined by the equation Y(7)=A'Y'(1),Y'(0)=
The transformed drift matrix is

vqetilet+k') —ik(l+o)e

A= ik (1= e e

, (15)

Ve Tile—«k")

and after some algebra it is obtained that the matrix ele-
ments v, (texp[ —(y,+i€e)] are
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Kyt ' Kyt
yii(t)=cosh | —2i & inn |- ,
2 Kgq
L+ 172 ot
y’lz(t)=iKL 1 Z eX%sinh |- |,
] _
172 (16)
— . K, t
yél(t)z—iL i+0 e " 2%sinh |- | |
Kgq g
, kyt K . Kqt
Yy (t)=cosh |—— | +2i—sinh |— |,
Ka

where k; = (k> —4«x'?)!/2, It should be mentioned that if

k' =0, we recover the evolution matrix without nonlinear
dispersion.

On the other hand, it can be easily shown® that the co-
variance matrix satisfies

C'(H=Y'(C (Y (1)
+ [ Yoy ey ey wde . an
The results for the covariance matrix and its
transformed C(1)=UC'(1)U" are given in the Appendix.

If we assume that the initial state is a two-mode coherent
state, it is obtained as follows:

— 2 2 i 23172
(Y(CO) Y (1), =e 74 | L |1 - £ _ 3T | d'sin(29(1—07) 7]
4 Ka Ka Ka
2 ”2 I _2h\172
+L 1+ + 4" de'sin[2¢(1—07) ) cosh(k,t)
4 K2 K> K>
d d d
1 « 2\1/27¢;
———cos[2¢(1—0")""“Isinh(k,t) | ,
2 Kgq
2 2 24172 1%
_ ’ (3 — /
(Y()C©O) YT (),,=e T [l - T drsin2g(1—07) 7] ]
4 Ka Kq Kq
2 ) ‘e 212
+ 1 1+K_2+4K2 +4KKS“1[2¢(; o) ] cosh(k 1)
4 Kd Ky Kgq
1 « 2\1/27¢;
+ ——cos[2¢(1—0*)""“]sinh(k t)
2 Kq
II1. NOISE IN THE QUADRATURE-PHASE AMPLITUDES
It has been shown* that the noise in the quadrature phases is given by
([AE, (k,1)]*)=2Q(|Aa,,|?), m=1,2 (19)
where (|Aa,,|?) is the symmetrically order squares variance of the two-mode quadrature-phase amplitudes:
(lAa,, 1) =Ha,al, +ala,)—1(a, )% m=1,2. (20)
Thus, we are interested in the “reduced” spectral-density matrix:
2 = (Bay M)y =trlp(Aa,, A )y ] = @@} )y = (@, Ya]) @1)

and, in particular, in its diagonal elements =, =(|Aa,, |*). It has been also shown* that the uncertainties in o, and a,

verify the uncertainty principle:

< |Aa112>]/2( |Aa2|2>1/22 %H[apa;])‘:% .

(22)

Equation (22) describes squeezing since noise can be reduced below the zero-point level only by squeezing noise from
one quadrature phase into the other. Moreover, the only states that yield equality in Eq. (22) are two-mode coherent

states.

For an initial two-mode coherent state, and making use of the correspondence between density operators and
quasiprobability distributions® for symmetric ordering, the uncertainties in the two-mode quadrature-phase amplitudes

are obtained from (20):
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s,=(|8a,?)=e T4
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- __ 2\ 2 _
2—sin[2¢(1=07) 7] | () 54 sin[2(1—02)1/2]} "3 cos(V3kt)

3
_ . 1 2\1/27e
— L cos[20(1— o) 2 sin(V3ke) | +(1—e ety [[2o=U=07) Tsin(2@) | Vd
V3 3 3P +4y3
2y (0 —2(1—052)%in(2¢) _
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+ 51_n\/§_3g [ko —2k(1—a?)2sin(2¢) =2y ,(1—a?)*cos(2¢)] ,
(23)
_ : 212 . 2\ _
3,=(|Aa,?) =¢ 2yt 2+sm[2<p(31 0%)'"?] _ 0.5+sin(2¢)(1—0") cos(V3xt)
_ 212 _ _ 2172
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FIG. 1. Evolution of the uncertainties in the two-mode 0 8 16 2 32 40 48 56
Time (p sec)

quadrature-phase amplitudes 2, 2,, for k=1.75, curve a; 1.50,
curve b; 1.25, curve c¢; and 1.0, curve, d. The normalized values
of the other parameters were y,=5X10"* 0=0.28, and ¢=0.
Curves labeled (— — —) and (- - . -) correspond to fluctua-
tions with nonlinear dispersion.

FIG. 2. Dependence of the fluctuations on the modulation
oc=¢€¢/€. Curve a, 0=0.1; curve b, 0=0.6; and curve c,

o=0.9.
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FIG. 3. Dependence of the fluctuations on the input phase ¢.
Curve a, ¢ =0; curve b, p=20".

where we have made «'=«. The uncertainties when non-
linear dispersion is not considered («’'=0) are given in the
Appendix.

We have studied the evolution of the noise in the
quadrature-phase amplitudes along the nonlinear materi-
al for different values of the nonlinear coupling k, the in-
put phase @, the modulation o =€/, and the damping
constant. Special attention has been paid to the limiting
cases that can be studied within the model, i.e., high
modulations (o—1), and high losses; moreover, the
noises with and without nonlinear dispersion have been
compared. Usual data® in squeezing experiments by
parametric amplification have been employed in Figs.
1-4, where the parameters are given in normalized
values. It should be noted that the usual squeezing pa-
rameter'? s is k¢ /2 in our description.

The deleterious effect of nonlinear dispersion in the de-
gree of squeezing attained can be observed in Fig. 1,
where curves labeled (—. —. —.) are the fluctuations =,
when nonlinear dispersion is neglected. On the other
hand, the increase of the squeezing degree with the non-
linear coupling is also shown. The dependence of the
noises in both quadrature-phase amplitudes X, and =,,
with the modulation is given in Fig. 2. It is worth noting
that curves a and b correspond to o =0.1 and 0.6, respec-
tively, while curve ¢ corresponds to o =0.9; it is found
that deleterious effect of high modulations on squeezing
increases strongly from o =0.6.

The behavior of the reduced fluctuations amplitude
strongly depends on the input phase when nonlinear
dispersion is considered. We have found that for ¢=10°,
2, attains a minimum which depends on the nonlinear
coupling «, while the minimum is achieved at ¢ =0 when
nonlinear dispersion is neglected. This behavior is in
agreement with the results of Refs. 1 and 2. On the other
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Time (psec)

FIG. 4. Dependence of the fluctuations on the absorption
losses; curve a, y,=0.05; curve b, y,=0.2; curve ¢, y,=0.3.

hand, we have also studied the dependence of the fluctua-
tions on the damping constant and it has been observed
that the deleterious effect of the absorption losses strong-
ly increases from a certain value of y,; depending on the
nonlinear coupling, while for smaller values of the damp-
ing constant, the squeezing degree remains practically
constant; for example, for a value of the nonlinear cou-
pling k=1.25, this limit value for the absorption losses is
Y4 =0.1 (Fig. 4).

In summary, we have analyzed the deleterious effects
of nonlinear dispersion on the squeezing process in two-
photon devices, taking into account the dependence of
the fluctuations on the parameters which govern the pro-
cess. It should be mentioned that the model employed
enables us to study the process when the damping in the
two modes Q*e is different,!' such study being in pro-
gress at the present time. It should also be mentioned
that this method is mainly suited to study nondegenerate
parametric amplifiers, since it provides a direct depen-
dence on the modulation frequency.
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APPENDIX

The result of the second term of Eq. (17) for the covari-
ance matrix

ro=['yoy - eprh )y nar

is



1874 P. GARCIA-FERNANDEZ AND F. J. BERMEJO 39

K3 —K? — 2 _
Iy(n=0+0) [~t—(1—e 2“')+T7’—d—2"—2g—2yd+e 7'« sinh(k 1) +2y yeoshix,0)]) | |
2Ky kg —4va Kg

Ip(0=I3% =(1—a2) e | X (e 4"~ 1)

Ka
4« - 4k’
+ 27/'1 1 27’d —i4e Td! #%—i cosh(k,t)
kg —4va Kq Ka
2(k"+iy,)
+ 2T GGt ) H (24)
Ka
2 _ .2
Ky —K — 2 —2y
Ip(n=—(1—0) |-Z5—(1—e 2”’)+‘27”v2"—25—2yd+e 7' sinh(k 1)+ 2y yeosh(k,1)]) | .
25 Ka—4va Kg
where the asterisk denotes the complex conjugate.
Transforming back the I' matrix, I = UI’ UT, we obtain
oy 2 "1 2\ /2
I, ()=(1—e aty | O 1_52_ +KK(1 o )2 sin(2¢)
2 Kd K4
Ya 2kk’ - 2y k%0
515 27/‘,(1*02)”sm(Z(pH—K(1—02)“2005(2@)*——2—
kg —473 Ka Kq
Vz 2 ’
e ! [cosh(x,t)] ZVdL;{—L';'(—Zyd(l—oz)l/zsin(Z(p)—K(1—02)’/2005(2(;))
Kq Kq
2 ,
+[sinh(ic )] | XL — 2K (1—02)%sin(2¢) — 2y s = (1— 02 2cos(2¢) ,
d Kq Kq
(k% —K?) -2
112(t)=1r;1(t)=i2 — (1—0)%kk'cos(29) [(1—e T
Kg 2
Ya —2ik’yy 1 .
+— 5 5 +r(1=0?)'"? | - [ — 4Ky seos(2¢) +sin(2¢) ]
Ka—4Y3a Kq Ka
_ 4k'y 4cos(2¢)
Lo ! [K(1—02)17?] —Y%——ﬂ——sin(hp)
Kq
2ik?
+ 2 coshingt)
Ka
+L{2(1—02)I/Z[K’cos(2<p)—ydsin(2¢>)]+iK}sintht] ’ ,
Kq
(25)
- 2 101 251/2.;
Iy(=(1— 2ydt) g 1__1(2‘ _ kk'(1 0)2 sin(2¢)
2 Kg Kg
, 2
+ 27’.1 5 —ZKZK Zyd(1—az)l/zsin(Zw)—K(1—-02)1/2cos(2(p)—27d52—0
kg —4yg Ka Kq
_ 2 2kK'2
+e 74" |[cosh(kyt] 2ydi‘{i+-—zﬁ(1—az)‘/zsin(zwﬂ(1—02)“%05(2(,;)
Kq Ka
2 ’
+[sinh(k,1)] -’S—U—+—2£K—(1—02)'/zsin(2¢)+2yd—£—(l—Uz)l/zcos(ZqD)
Ky Kq Kg

When nonlinear dispersion is not considered, k' =0, we obtain from (18) and (25) the following uncertainties in the
two-mode quadrature-phase amplitudes:



39 EFFECTS OF NONLINEAR DISPERSION ON SQUEEZED . .. 1875

3, =(Aa, 2y =1te "“[cosh(kt)—(1—0?)"2cos(2g)sinh(k? )]

Ya

+———(k(1—0%)"2cos(2¢)— 2y 40

K* =4y}

+e_zyd'i [cosh(kt)][2y 40 —Kk(1—0?)!2cos(2¢)]

+[sinh(kt)][ko —2y 4(1—0?)cos(2¢)]}) ,

2,=(lAa,|*)=1e "M cosh(kt )+ (1—02)!2cos(2¢)sinh(kt)

Yd

+———5 (—k(1—0%)"%cos(2¢) —27 40

K2‘47’d

+e72ydt[[cosh(xt)][2ydo +x(1—02)"cos(2¢)]

+[sinh(kt)][ko +27 ,(1—0?)%cos(2¢)1}) .
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