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Abstract

The Minimal Scale Invariant Extension of the
Standard Model

The Minimal Scale Invariant extension of the Standard Model (MSISM) is
a model of low-energy particle physics which is identical to the Standard Model
except for the inclusion of an additional complex singlet scalar and tree-level scale
invariance. Scale invariance is a classical symmetry which is explicitly broken
by quantum corrections whose interplay with the quartic couplings can be used
to trigger electroweak symmetry breaking. The scale invariant Standard Model
suffers from a number of problems, however the inclusion of a complex singlet
scalar results in a perturbative and phenomenologically viable theory.

We present a thorough and systematic investigation of the MSISM for a num-
ber of representative scenarios along two of its three classified types of flat direc-
tion. In these scenarios we determine the permitted quartic coupling parameter
space, using both theoretical and experimental constraints, and apply these limits
to make predictions of the scalar mass spectrum and the energy scale at which
scale invariance is broken. We calculate the one-loop effective potential and the
one-loop [ functions of the pertinent couplings of the MSISM specifically for this
purpose. We also discuss the phenomenological implications of these scenarios,
in particular, whether they realise explicit or spontaneous CP violation, contain
neutrino masses or provide dark matter candidates. Of particular importance is
the discovery of a new minimal scale invariant model which provides maximal
spontaneous CP violation, can naturally incorporate neutrino masses, produces
a massive stable scalar dark matter candidate and can remain perturbative up to
the Planck scale. It can be argued that the last property, along with the classical
scale invariance, can potentially solve the gauge hierarchy problem for this model.
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Chapter 1

Introduction

Understanding the nature of electroweak symmetry breaking is one of the most
important challenges of particle physics today. The solution to this puzzle will not
only answer the fundamental question of where the masses of the elementary par-
ticles come from, but will undoubtedly require an extension to the current theory
of particle physics: the Standard Model (SM). The SM! is a renormalisable gauge
field theory with a minimal particle content that includes both the electroweak
theory of Glashow, Weinberg and Salam [4], described by the SU(2),xU(1)y
gauge groups, and Quantum Chromodynamics (QCD) which is based on the
SU(3). colour gauge group [5]. After rigorous testing at the LEP collider, Teva-
tron and a number of low energy experiments [6], the SM appears to describe
the fundamental interactions up to energies of the order of 100 GeV remarkably
well and with very high precision. For example, prior to its experimental detec-
tion, successful predictions of the top quark mass were made based on quantum
fluctuations to within 10% of the physical value eventually measured at the CDF
and DO detectors at Tevatron [7]. Given the experimental successes of the rest of
particle physics, it is particularly surprising how little is known about the nature
of electroweak symmetry breaking.

In the SM, the electroweak symmetry is thought to be broken spontaneously

1For reviews of the SM see for example [1, 2, 3].
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and the W= and Z boson masses generated via the Higgs mechanism [8]. For this
to happen, a complex scalar doublet field with a negative mass squared parameter
—m? (m? > 0), a quartic self-coupling A and a non-zero vacuum expectation value
(VEV) needs to be included in the model. Once the scalar field is postulated, it
can also be used to generate the fermion masses. Thus the SM predicts the ex-
istence of an additional massive scalar to the known particle content: the Higgs
boson (Hgsy). However, to-date, this Higgs boson has evaded all experimental
searches. This non-detection has not been fruitless but has provided strong ex-
perimental constraints on the mass of the SM Higgs: the LEP2 Higgs mass limit
requires mpyy,, > 114.4 GeV [9], whilst recent results from the Tevatron exclude
masses in the region 158 GeV < my,,, < 175 GeV [10]. These limits are not
inconsistent with the theoretical limits from unitarity, triviality and vacuum sta-
bility. Unitarity places an upper bound of mp,,, < 1 TeV [11], beyond which
perturbative unitarity cannot be maintained. The triviality bound provides an
upper limit on mp,, by pushing the Landau pole beyond a specific energy scale ).
Requiring vacuum stability gives a lower bound on the Higgs mass by demanding
that the potential stay bounded from below (BFB) or A(Q)) > 0. These last two
constraints are commonly displayed on a “chimney plot” (for example see Figure
6 of [12]) and assuming @ is of the order of the Planck scale Mpjane = 1019 GeV
then mpyg,, ~ 160 — 170 GeV [12].

As well as the currently undetected Higgs boson, the SM also suffers from the
infamous gauge hierarchy problem [13] as a result of the negative mass squared
parameter. In the SM, the fermions and gauge bosons are massless before elec-
troweak spontaneous symmetry breaking (EWSSB) due to the chiral and gauge
symmetries respectively. This means that any masses they obtain after EWSSB
are protected from quantum corrections. However, the Higgs boson has no such
symmetry to protect its mass from the large quantum corrections which contain

quadratically divergent terms proportional to A%, where A is an ultra-violet (UV)
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cut-off scale. This UV cut-off scale is usually associated with the scale of a possi-
ble higher-energy theory in which the SM is embedded, such as a Grand Unified
Theory (GUT), which occur at scales Mgyr ~ 10'® GeV. In the SM, which has
no intermediate mass scale or theory between the electroweak (EW) and Planck
scale, the cancellation of the divergent terms requires an excessive amount of
fine-tuning to give a Higgs mass of the order of the EW scale. Many beyond
the SM theories have been postulated with the aim of trying to avoid the gauge
hierarchy problem, these include Supersymmetry (SUSY). In SUSY this problem
is naturally solved provided the SUSY-breaking scale, Msysy, stays close to the
EW scale (Msysy < 1 TeV). In this thesis, we propose a different and very min-
imal approach that could solve the gauge hierarchy problem: imposing tree-level
scale invariance.

A classically scale invariant (SI) theory naturally excludes any dimension-
ful parameters, including the negative scalar mass squared parameter, from the
Higgs potential. The removal of the —m? term does not solve the gauge hierarchy
problem in itself, as A? terms can still be generated by quantum corrections in
a regularisation scheme with a UV cut-off. However, the quadratic divergences
introduced by the UV cut-off regularisation scheme explicitly violate the symme-
try of scale invariance. One may argue that if two regularisation schemes provide
different answers for observable quantities, which usually results from one or both
violating a symmetry of the theory, and if the symmetry is taken to be fundamen-
tal, a new axiom of the theory, then the regularisation scheme which preserves the
symmetry must be applied. Following the arguments of [14, 15, 16], the quadratic
divergences in a SI theory are considered to be only spurious effects of the regu-
larisation process and to remove them one has to simply adopt a regularisation
scheme which does not break the classical symmetries of the local classical action,
in this case scale invariance. Dimensional regularisation (DR) [17] is such a SI
scheme within which the vanishing of the mass squared parameter is maintained

to all orders in perturbation theory. A further two requirements are suggested
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by [16]; firstly, that the theory has no intermediate scales between the EW and
Planck scale and secondly, that the running couplings have neither Landau poles
nor instabilities before the Planck scale. Consequently, provided DR is used as
the renormalisation scheme and the above criteria are met, the gauge hierarchy
problem can be considered to be removed in SI theories.

We should mention that SI models are not without their own problems. An
inherent field-theoretic difficulty of a SI model is the incorporation of gravity
which requires the introduction of a dimensionful parameter, the Planck mass,
Mpy. The presence of a Planck mass would explicitly break the classical symme-
try of scale invariance and thereby reintroduce the issue of quadratic divergences.
Addressing this problem lies beyond the scope of this work, but we note that at-
tempts have been made in the literature [15, 16, 18, 19] to provide SI descriptions
of quantum gravity.

It is remarkable that the removal of the one and only dimensionful parameter
—m?, which has been included for the sole purpose of generating EWSSB, would
render the whole tree-level Lagrangian of the SM naturally SI. However, as first
discussed by Coleman and E. Weinberg [20] and later by Gildener and S. Weinberg
[21], the exclusion of the —m? term does not necessarily mean the removal of
EWSSB. This is because quantum corrections generate logarithmic terms which
explicitly break the scale invariance of the theory and can trigger EWSSB. In this
case, the VEVs of any scalar fields would be determined by a balance between the
scalar quartic term and the quantum corrections rather than between the quartic
term and a scalar mass term, which is the case for the SM. The seemingly simple
solution of imposing scale invariance on the SM is complicated and suffers from
a number of issues. To overcome these problems, several authors have considered
various Sl extensions to the SM either with real or complex singlet scalar fields
[15, 18, 22, 23, 24, 25, 26, 27, 23).

In this thesis, we present a detailed study of a SI extension of the SM which

includes a new complex singlet scalar field, S, which transforms as a singlet
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under SU(3).x SU(2),xU(1)y. We call this model the Minimal Scale Invariant
extension of the Standard Model (MSISM) [29]. Unlike the aforementioned scalar
extended SI SM analyses, we impose no additional constraints on the theory, for
example a U(1) symmetry or some other specific discrete symmetry acting on S.
Hence, the MSISM potential contains all possible interactions allowed by gauge

mvariance:

V(®,9) = %(qﬂ@)? + %(5*5)2 + A OTDS*S + N\ DD S?

A A
+ A BTD S 4 X538 + AESST 4 7654 + 58,

where the quartic couplings Ao ¢ are all dimensionless constants and @ is the

G+
familiar SM Higgs doublet & = , where Gt and G are the Gold-
1 G
\/§(¢ +iG)
stone bosons and ¢ is the CP-even real scalar field which in the SM is equivalent

to Hgpr. Recall that the imposition of scale invariance forbids the appearance of
dimensionful mass parameters or trilinear couplings in the potential?.

In our analysis of the MSISM, we follow the perturbative approach introduced
by Gildener and S. Weinberg (GW) [21]. With the aid of this approach, we can
find expressions for the scalar boson mass spectrum and the scale at which the
scale invariance is broken A. By determining the theoretically allowed region of
parameter space from the following two criteria: firstly keeping the theory per-
turbative, i.e. the theory has perturbative couplings (similar to the SM triviality
bound), and secondly keeping the effective potential BFB (the vacuum stability
bound), we can provide numerical predictions for the scalar masses and A. Fur-
ther experimental constraints on the MSISM are obtained from an analysis of the
LEP2 data [9], the Tevatron results [10] and the electroweak oblique parameters,
S, T and U [32, 33].

2For recent studies of non-SI models with dimensionful self-couplings and with real or com-
plex scalar singlet extensions see [30, 31] and references therein.
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The approach of GW [21] is based on minimising the full potential perturba-
tively along a flat direction of the scalar potential. The tree-level MSISM scalar
potential can possess a large number of different phenomenologically viable flat
directions, which can be classified into three major categories: Type I, Type II
and Type III. Flat directions of Type I are characterised by a zero valued VEV
for the complex singlet scalar S, whereas in flat directions of Type II both S
and ® possess non-zero VEVs. Finally, in flat directions of Type III the SM &
has a zero VEV| this makes it difficult to naturally realise EWSSB without large
differences in the scalar VEVs [27, 28] and therefore we do not study them.

The MSISM also provides some interesting phenomenology which the current
SM can not address. A natural extension to the MSISM would be to include
right-handed neutrinos which could couple to the complex singlet scalar S in a
ST way [15, 25, 26, 27, 28|. If the VEV of S is non-zero then the low-scale seesaw
mechanism [34] can be used, this would provide a natural explanation for the
smallness in mass of the light neutrinos as seen in the low-energy neutrino data [6].
The Majorana mass scale generated has an expected size of the order of the EW
scale which would generate a relatively light set of heavy neutrinos as well as the
experimentally observed light neutrinos. Unlike the SM, in specific circumstances
the scalar sector of the MSISM can contain either explicit or spontaneous CP
violation, or both. The new CP-violating phase could act as a source for creating
the observed baryon asymmetry in the Universe. Moreover, the MSISM has
the ability to produce stable massive scalar particles that could qualify as dark
matter (DM) candidates. One scenario of particular phenomenological interest,
as it contains all the aforementioned phenomenology, is a new minimal model of
maximal spontaneous CP violation with a Type II flat direction. This scenario
also remains perturbative up to energy scales of the order of the Planck scale,
which, following the discussion above, is a necessary criteria to remove the gauge
hierarchy problem.

In this thesis we present a thorough investigation of the MSISM based on

18



our previous work in [29]. In Chapter 2 we review the basic properties of a SI
classical action. We derive the Ward identity which is obeyed by SI tree-level
scalar potentials and include a review of the GW [21] approach to EWSSB in
multi-scalar SI models. In Chapter 3, we present the general Lagrangian that
describes the MSISM and provide a general classification of the flat directions
which occur in the tree-level scalar potential of the MSISM. We also present the
one-loop effective potential for the MSISM, as calculated in Appendix C, which
is used to determine the scalar mass spectrum and the scale at which scale invari-
ance is broken. At this point we briefly discuss the short-comings of the SI SM.
Furthermore, we discuss the possible phenomenology of the different flat direc-
tions. Chapter 4 investigates the MSISM with a Type I flat direction, specifically
in a scenario invariant under a U(1) symmetry acting on the complex scalar S
and also the general non-invariant scenario. Similarly, Chapter 5 investigates the
MSISM with a Type II flat direction, in the U(1) invariant limit and a simpli-
fied non-invariant scenario. In Chapter 6, we discuss extending the MSISM with
right-handed neutrinos, which can interact with the complex singlet field S and
its complex conjugate S*. Finally, our conclusions are contained in Chapter 7 and

technical details of all our calculations are presented in a number of appendices.
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Chapter 2

Scale Invariance

In this chapter we discuss some general aspects of SI theories which are perti-
nent to our analysis of the MSISM. We first impose a scale transformation on
a simple scalar model and show why dimensionful parameters must be excluded
in SI theories. We then proceed to derive the Ward identity (WI) that results
from imposing scale invariance on a general theory. Finally, we shall review the
perturbative GW approach to EWSSB in weakly coupled multi-scalar SI theories
[21]. The analytic results presented in this chapter will be used throughout our
study of the MSISM.

We start by considering a simple model consisting of only one real massive

scalar field, ¢(x), which is described by the Lagrangian

£ = S0,0@06() — mPea) — M) 21)

with the notation O% = %. A scale transformation is a space-time transforma-
tion such that x — 2’ = o'z, where o = e > 0, which acts linearly on all the
fields of the theory. Keeping space-time fixed, the general field ®(z), which could
be a scalar, fermion or gauge boson, transforms under the scale transformation

as

O(z) — d'(z) = 0"®(0x) (2.2)
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where a is the scaling dimension of ®(x) and, at the classical level, a takes the
values, a = 1 if ®(x) is a scalar or gauge boson and a = % if () is a fermion.
The classical action S[¢(z)] = [ d*xL][0,¢(x), ¢(x)] transforms under a scale

transformation as follows

Slooton)] = [ d'e | a*0.,0(n)00(00)  gnio’d(oa) — Aa'e'(oa)]

o0

(o)
= [ o) | Jotton) polan) - o tiean) - 2'on)| . (23
o(—00)

where in the last line the variable of integration and the partial derivative have

been adjusted to act on ox instead of x through the simple relations

1
d4ll§' _ ;dll(o.l.)’ a:l; — i = 0 4 = Ua?o‘x) . (24)

If the classical action is SI we expect S[o¢(ox)] = S[p(x)], which would only
occur in (2.3) if the dimensionful parameter m? vanishes. Concisely, the absence
of the scalar mass term results in a SI theory.

We can further show that quantum corrections, which contain terms of the

type ¢*(x) In qfff), are not SI. Under a scale transformation, the quantum correc-

tions transform as

4 ¢2($) 0 (gdloz) n (‘7¢(037))2
¢*(z) In 2 (cp(ox))"1 2
= ol¢t(oz)In ¢2/(;x> + ol¢toz)lno?.  (2.5)

Inserting the last line into (2.3) we can see that the first term is SI whilst the
second is not. Thus, we have shown that classical scale invariance holds at tree-
level in a theory with no dimensionful couplings, but it is broken by the quantum

corrections’ logarithmic terms.
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2.1 The Ward Identity for Scale Invariance

Having gained some insight into scale invariance from the above simple scalar
model, we now consider a general theory, where ®(x) represents a generic field
of the theory, which could be a scalar, fermion or vector boson. The variation of

the classical action under a scale transformation is calculated via

\ 5 5
oS[@(x)] = /d y [ﬂ%@(?ﬁ) m + 5(@‘1)1(?/)) m
; 6 f 4,’17 s
Fom () s+ 0() 5%)] [awene) @0

where summation over repeated indices is implied for all the fields in the theory.
Under an infinitesimal scale transformation, the variation of the generic field ® ()

takes the form

0P (z) = e(a + 2#9,) P(z). (2.7)

Using (2.7) it can be shown (see Appendix A) that the variation of the classical
action 6S[P(z)] is

_ i [ OL[®(2)] OL[P(x)]
0S[®(x)] = e/d m[amfbi(x) + (1+a)m(3uq%($))
QLR L)
+ a®](z) 591 (2) + (1+a)(9,2/( ))a(auq>j(x))
— 4[1[(1)(93)]} : (2.8)

Assuming S[®(x)] describes a SI theory so that 6S[®(x)] = 0, we obtain the WI

for scale invariance:

1208 = )| P8 00 0,00 PR | 10| 200, 2208,
(2.9)

For notational simplicity, we have suppressed the z-dependence of the generic

field @, i.e. & = &(x). If the WI for scale invariance (2.9) is applied to just the
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SI tree-level scalar potential V(®), rather than to the whole Lagrangian, then
we obtain the WI relation

avtree(q))q)' _I— (I)Tavtree(q)>

4vtree (I) —

(2.10)

In a multi-scalar model, the scalars of the theory can be rewritten in terms
of a vector whose components represent all the scalar fields of the theory as real

degrees of freedom, i.e.

¢ = (¢1a¢2>"'a¢n)' (211)

Likewise, the WI (2.10) can be generalised to

Vi (d) = & - VVI(P) | (2.12)
where V = (8%1’ 8%2, e ,%), and the single dot in (2.12) indicates the usual

scalar product of two vectors in an n-dimensional vector space.
It is possible to apply the WI (2.12) to a specific direction, or ray, in the
n-dimensional real scalar field space. To do this, we parametrise the scalar field

vector @ as

® = ¢N, (2.13)

where N is an n-dimensional unit vector in the field space and ¢ is the radial
distance from the origin of the field space. Using this parameterisation, we can

rewrite (2.12) as

4VtrCC(QON) — @vatreo(goN)
d® d
— o= ree N
dvtreo(gpN)
= p———= | 2.14
S (2.14)

The condition for V¢ (pIN) to have an extremal or stationary line, called a
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flat direction, along a specific unit vector N = n is

vVt () ~ 0, (2.15)

P—==Fpflat

where @18 = n is the flat direction. Applying (2.15) in the first line of (2.14) we
find V*¢(pn) = 0, that is, the tree-level potential is both zero and an extremum
when evaluated for the flat direction. From the last line of (2.14) we obtain an

equivalent condition to (2.15):

dvtroc (QON)

= 0. 2.1
dy N=n 0 (2.16)

The flat direction is an extremum, but in order for it to also be a local minimum

of the potential @2 also has to satisfy

(v - V)2V (P) >0, (2.17)

& = Pfat

for any arbitrary vector v belonging to the n-dimensional field space. Finally, to
ensure that the scalar potential is BFB, we require V"¢ (pN) > 0, for all possible

directions N.

2.2 The Gildener and Weinberg Approach to
EWSSB

In this section we review the GW [21] approach to EWSSB in SI multi-scalar
renormalisable gauge field theories. According to this approach, the minimisation
of the full potential V' is performed perturbatively along a minimal flat direction
&t which was discussed in the previous section. The full potential V' consists
of the classical tree-level potential V" as well as a set of quantum corrections,
Veléf_lo"p, generated at the k'™-loop level (k = 1,2, ...). Each k-loop contribution is

a k' order polynomial in In fj—z, where p is the renormalisation group (RG) scale.

24



The GW approach requires that the logarithms are not too large so that V% >
VO}{IOOP > VCQH_IOOP > ... and perturbation theory can be applied. The theory must
also be weakly coupled for this approach to be valid, which constitutes the regime
of validity for our investigations.

Assuming that the logarithmic terms of the quantum corrections are small

then the full potential V' is dominated by the tree-level (or zero-loop) term

Vtree(q)) = %fijkl ¢i¢j¢k¢la (2.18)

where repeated indices are summed over and @ (2.11) is an n-dimensional field
multiplet composed of the real scalar fields of the theory, ¢; (with i =1,2,... n).
In (2.18), the quartic couplings of the potential are represented by f;; which is
fully symmetric in all its indices. It can easily be verified that the tree-level
potential V¢ (®) (2.18) is a general solution to the WT for SI given in (2.12).
To ensure that perturbation theory stays valid, the idea of GW is to choose a
value of the RG scale p = A at which V*¢(®) has a non-trivial continuous local
minimum along a ray ®%2. Using the parameterisation for ® in (2.13), the local

minimum is found by adjusting the RG scale p so that

min VtrCC(N) = Nn]{finlfijkl(M>NiNijNl = 0, (219)

iNg=1 iNi=

which it is assumed occurs for a particular unit vector N = n and at a specific
value of the RG scale, p = A. It should be noted that (2.19) imposes only one
constraint on the parameters f;;n(A), independent of the number of parameters
fijrr contains and specifically only at the RG scale A. Since (2.19) is equivalent to
applying (2.16) to (2.18), then according to Section 2.1, the tree-level potential
is both zero and an extremum along the ray ®%%* = ¢on. Applying the extremum

relation (2.15) to (2.18) leads to the constraint

8Vtree (N)

ON; Y 0 < fyu(A)nmem = 0. (2.20)

25



To ensure that the stationary flat direction is a local minimum requires sat-
isfying the condition in (2.17). To achieve this the Hessian matrix P, which is
defined as

1 9?Viee(IN) 1
Py, = ——~ = —fu , 2.21
(P)i; 1 ONON, 5 figim (2.21)

must be non-negative definite, i.e. the n x n-dimensional matrix P has either
vanishing or positive eigenvalues. To ensure P is non-negative definite requires
u;(P);;u; > 0, for all non-zero vectors u in the n-dimensional real scalar field
space.

Since V(&) vanishes along @2 the full potential V' will be dominated by
higher-order loop contributions along the flat direction, specifically by the one-
loop effective potential, Vi ' (®). Adding higher-order quantum corrections
gives a small curvature in the radial direction of ®%t which picks out a specific
value of ¢, v, along the ray as the minimum. In addition, a small shift may also
be produced in a direction 6® = v,0n which is perpendicular to the flat direction
n,ie n-on=>0.

The stationary condition (2.15) can be extended to find the minimum of the

new one-loop corrected scalar potential

v (vtrco((I)) 4 Ve}c;b()p(‘b)) ’ =0. (2.22)

P = v,(n+dn)

According to the GW perturbative approach, one has to consistently expand
this last expression to the first-loop order, where the perpendicular shift ® is
considered to be a first-loop order parameter. Thus, expanding to first order in

small quantities gives

V2P 0B + VVg °P(D) =0, (2.23)

P=v,n

where the dot indicates the matrix multiplication of the Hessian matrix P with the

vector 0®. The perturbative minimisation condition (2.23) uniquely determines
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0®, except for directions along eigenvectors of P with zero eigenvalues. These
zero eigenvectors include the flat direction n itself, since n - P = 0 by virtue of
(2.20) and (2.21). They also include any Goldstone boson directions which result
from the spontaneous symmetry breaking (SSB) of any continuous symmetries.
There is no reason to expect any more zero eigenvalues of P, and it is assumed
that this is the case.

Instead of using (2.23) to determine d®, it can be used to find a relation that
defines the value of v,. Contracting (2.23) from the left with n, leads to the

minimisation condition along the radial direction:

d 1—loop
n- VVj °P(®) o = VOHTW = 0. (2.24)
lent P=Vp

Along the flat direction the one-loop effective potential, VC}{IOOI’(@ n), can be

written in the general form:

2
Vi “P(en) = A(m)¢" + B(n) ' ln%, (2.25)

where the n-dependent renormalised dimensionless constants A and B are given

in the modified minimal subtraction (MS) renormalisation scheme! [35] by

1 . 3 m% . 5 mi
A = 647T21)?;{Tr[ms<—§+lnv—2>}+3Tr[mv —g—l—an—Z

® ®
2
—4Tr{m§; (—1+lnm—2F) } } :
v
%2}
1
B = 6120 (Trm‘; + 3Trm7, — 4Trmjé) , (2.26)

where the trace is taken over the mass matrix and over all internal degrees of

Tn the MS renormalisation scheme one absorbs the divergent part of the Feynman diagram
calculations plus a universal constant into the counterterms, see (D.16).
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freedom?

. The scalar, vector and fermion masses mgy,p in (2.26) are the tree-
level scalar, vector and fermion mass matrices evaluated at v, n.
Minimising (2.25) according to (2.24) implies that the potential has a non-

trivial stationary point at a value of the RG scale A, given by

A 1
A = U@ exXp <@ + Z) . (227)

Note that since the effective potential coefficients A and B are of the same loop
order, the RG scale A and the minimum v, are expected to be of comparable
order as well. Thus, provided potentially large logarithms of the type In Z—% can
be kept under control, i.e. of the order of unity, then perturbation theory should
be a valid approximation.

The relation in (2.27) can now be used to define the one-loop effective potential

along the flat direction in terms of the one-loop VEV v,

Vi °P(pn) = B(n) ' <1n£2 - ) : (2.28)

V2

|~

Even though the explicit dependence of Vi '°P(pn) on the RG scale A has
disappeared, there still exists an indirect dependence on A through the kinematic

parameters in B(n). At the minimum V. (¢ n) reduces to

1
Vir P vpm) = —2 B(n) vy (2.29)

For v,n to be a minimum, Vi ' (v,n) must be less than the value of the poten-
tial at the origin V(® = 0) = 0, hence V§; °*(v,n) must be negative. This can
only happen if B(n) > 0. This constraint also ensures that the potential is BFB,
i.e. the one-loop effective potential (2.28) remains non-negative for infinitely large

values of .

2Note that the internal degrees of freedom for Majorana fermions are half those of the Dirac
fermions. Consequently, if the fermion F' is Majorana, the pre-factor —4 in front of the trace
should be replaced with —2.
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At tree-level the squared masses of the scalar bosons are given by the eigen-

values of the matrix

82 Vtree ((I))
0¢; 0¢;

(m3)y; = = v, (P)y; . (2.30)

®=vyn
Previously, we demanded that the Hessian matrix P had positive definite eigen-
values, except for a set of zero eigenvalues due to the Goldstone bosons associated
with the SSB of continuous symmetries of the theory and one zero eigenvalue due
to the flat direction. Hence the model contains a set of massive scalars, a set of
massless Goldstone bosons and a single massless scalar, which we denote as h,
associated with the flat direction.

Beyond the tree approximation, h does not remain massless. By including the

one-loop correction Vi ', the mass matrix will shift to
62 Vtreo P + Vl—loop P
(m3 +om%)y; = - (; o6 0 : (2.31)
QSZ J P=v,(n+dn)
which to first order in small quantities becomes
82V1_100p((1))
omz)y; = —= 2 kRO, - 2.32
(6mg)is 06:00, o + vy fijrnkdor (2.32)

Using perturbation theory to first order, the mass of A can be calculated by taking

the expectation value of dm?% with respect to the unperturbed eigenvector n:

mi, = nn;(6mg);
82V1_100p P
— ninj eff ( )
0000, .
Vg " (pn)
— i B
= 8Bv?, (2.33)
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where we have used (2.25) and (2.27) to arrive at the last line. The field h is the
pseudo-Goldstone boson of the anomalously broken scale invariance, since it is
massless at tree-level when scale invariance holds, but acquires a non-zero mass at
the one-loop level (2.33) once scale invariance is broken by quantum corrections.

The other massive scalar states of the theory can be easily determined pro-
vided (dm?%);; remains a small effect compared to the tree-level mass matrix

(m%);;. If this is the case, their masses are given by the relation:

s 82Vtree((I))

my = fhy 6.0, =n-P-qa, (2.34)
1YYy

P=v,n
where the massive scalar directions are defined similarly to ®% as ®% = on,
where n is a unit vector perpendicular to n. The Goldstone bosons associated
with the SSB of continuous symmetries of the theory remain massless provided

Vi 9% (®) respects the same global symmetries as V1¢(®).
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Chapter 3

The Minimal Scale Invariant

Extension of the Standard Model

In this chapter we present the Minimal Scale Invariant extension of the Standard
Model. We begin with a review of the general Lagrangian that describes the
MSISM, we then determine several necessary conditions for the MSISM tree-
level potential and consider the effects of applying the WI to it. We continue
by discussing the flat directions of the MSISM, first considering an appropriate
parameterisation and then presenting a general classification of the types of flat
directions that can occur in the tree-level scalar potential. We also present the
one-loop effective potential for the MSISM from which we derive the mass of the
pseudo-Goldstone boson of the broken scale invariance h and the RG scale A.
At this point, we also take the opportunity to discuss the short-comings of the
SI SM. Finally, we briefly discuss the generic phenomenological features of the
different types of flat directions in the MSISM. A detailed investigation of the
physically viable flat directions of the MSISM in a number of different scenarios

is continued in Chapters 4 and 5.
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3.1 The MSISM Lagrangian

The Lagrangian that defines the MSISM can be written as a sum of five terms:
Lysism = Ly + Lor + Lep + L, — VD, 5) . (3.1)

Of these five terms, the gauge-invariant L;,,, gauge-fixing Lqr and Faddeev—

Popov Lpp Lagrangians are discussed in depth in Appendix B, whilst analysis of

the right-handed neutrino Lagrangian £, is postponed until Chapter 6. The last

term V'"(®,.S) is the tree-level potential of the MSISM which is given by
vie(g,9) = %(@ch)? + %(S*S)2 + MPT0S*S 4+ A 0T 52

A

+ NPTPS™? 4+ N59%5* + AESS™ + 5

>\*
St o+ 565*4. (3.2)
We can linearly decompose the SU(2), scalar doublet ® and the complex singlet
field S as follows
d ¢t S ! (o0 +1iJ) (3.3)
= ) = —(oc+1iJ), .
16 +iG) V2
where ¢ and o are the CP-even real scalar fields, G and J the CP-odd real scalar
fields and G is the charged Goldstone boson.
To obtain a stable minimum for the scalar potential we must ensure that
Vtree is BFB. This can be achieved by placing a set of constraining conditions

on the quartic couplings A; 2 6. These conditions are determined by analysing

the potential in terms of two real and independent gauge-invariant field bilinears:
®T® and S*S. To convert (3.2) into this representation, we re-express the field S

as S = |S|e?s, where fg is the phase of the complex field and S*S = |S|?>. The
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tree-level scalar potential can then be rewritten as

(®T® ,S*S) A A e (3.4)
’ Ay Ay s*s |

Vtree —

DN | —

where the elements of the matrix take the form:

All = )\1 )
A12 = A21 = )\3 + )\462i95 + )\26—21'93 s

Aoy = Ny + 2X\5e%05 4 2)\;6_2i05 + Ngets 4 )\26—41'95 ) (3.5)

Since, by definition, the two bilinears ®'® and S*S are positive-definite, the
requirement for V' to be BFB depends exclusively on the matrix elements. We
find that the following two conditions are required to keep V" BFB:
G TA >0, ) o 220 Hhn=Oerda=0 0
DetA >0, if A;; #0 and Ayy # 0
Obviously, these conditions explicitly depend on the phase 65 through the matrix
elements given in (3.5). Since #g is the phase of the complex field S it determines
the direction of a ray in the o-J plane within the entire real scalar field space.
It is therefore essential that the conditions (3.6) hold true for all values of g
thereby ensuring that V" remains BFB in all possible field directions, including
along the flat direction.
The WI for scale invariance (2.10) can be applied to the MSISM. We first
note that the derivatives of the tree-level potential V™ (3.2) with respect to

the different representations, real fields, complex fields and bilinears, are related
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through

avtroc avtrco avtrco
) — T
T 2% 2T o
8vtree avtree avtree 8vtree
— + Cyx( ¥+
R ower T aser e T e
8vtree 8vtree avtree
2 * - — *
e R T
avtree avtree
= 0 % +J 97 (3.7)

where RGT = %(GJr +G7) and SGT = %(G_ — G7) with G= = (G*)*. The
second equation in (3.7) involving the complex singlet field S was derived by

employing the relations:

avtree 8vtree 8vtree
S*S = S
2(55) " a(2i6s) 05
. 8vtroc 8vtroc . avtroc
S5 55 T amiey ~ ° as (38)

Using these relations, we can re-express the WI (2.10) in terms of derivatives with

respect to bilinears only, explicitly we find

Vtree Vtree
0 + oo 0

55 5t s) 9(1D)

= 2ytree (3.9)
As expected the absence of a derivative term with respect to the phase fg implies
that fg can not affect whether the MSISM is SI or not.

It is now an appropriate time to discuss the predictive power of the scalar
sector of the MSISM. The MSISM potential contains nine real quartic couplings,
implying that the MSISM is much less predictive than the SM, which contains
only two real couplings, m? and \. However, imposing the flat direction condition
(2.15) and including possible additional symmetries, such as a U(1) symmetry

acting on S, can reduce the number of independent parameters significantly. In
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fact, most of the scenarios we study rely on only two or three essential independent

quartic couplings, thereby making the MSISM a comparatively predictive theory.

3.2 Classification of the Flat Directions

Following the approach presented in Chapter 2, the flat direction is parameterised
as an n-dimensional vector ®%2* whose components represent all the real degrees
of freedom of the scalars fields in the theory. In the MSISM there are six real
scalar fields, RGT, SGT, G, ¢, o and J, and the flat direction lies in the vector
space spanned by all of them. However, by exploiting the SM gauge symmetry,
the flat direction can be restricted to the vector space spanned by the fields ¢,
o and J only. This does not result in a loss of generality since the VEVs of
the Goldstone bosons G* and G can be chosen to be zero, and remain so even
beyond tree-level, therefore they will always contribute zero components to the

flat direction. Thus, the general flat direction ®%* can be dimensionally reduced

to!
g Po
(bﬂat — 90 no_ = ()00' 5 (310)
ny PYJ

where the components ng o, ; satisfy the unit vector constraint: n3 +nj +n3 = 1.

At the one-loop minimum of the flat direction we have
Vg = Vg, Voo = Vg, vy = Uy, (3.11)

where v, is the specific value of ¢ picked out to be the minimum along the flat
direction by the addition of the quantum corrections to the full potential V. The
VEV of the real fields ¢ and J are v, and v, respectively, whilst v, is the VEV

of ¢. Since ¢ and J do not interact with the gauge bosons or the fermions, the

We introduce a new notation for the second vector which is different from that used in [29]
so that we may explicitly differentiate between the scalar field and the flat direction component.
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VEV of ¢ is equal to the SM VEV of the field Hgy, vsy = 246 GeV, whereas v,
and v; are dependent on the conditions of the specific scenario.

To minimise the potential and ensure that the flat direction represents an
extremum of the tree-level potential, we need to satisfy relation (2.15), i.e. we
require that all the derivatives of V' with respect to the real fields ¢, o and J
vanish when evaluated along the flat direction. Using (3.7), it is much simpler
to calculate these derivatives with respect to the fields ® and S instead. We find
that the following two complex tadpole conditions (and their complex conjugates)

need to be satisfied

8vtree . . .
5% = o}, [M(A)s@é% + A3(A)@sps + A(A)pg + A4(1\)%2} = 0,(3.12)
@ﬂat
gV tree * * 1 2 * * 2
a9 = Yg [)‘2(‘/\)905905 + A3(A)pgppa 4+ 3A5(A)pg + A5 (A) s ]
@ﬂat

+ s [2)\4([\)()0;@@ + 2)\6(A)<p25] =0, (3.13)

where @2t is defined in (3.10). To clarify the notation, we assume along the

dimensionally reduced flat direction ® and S become respectively ¢ = %g%

L
V2

(3.3). There are three distinct approaches to simultaneously satisfying both of

and ¢s = —=(p, + ipy), this is analogous to the decomposition of the fields

the above minimisation conditions, which generically lead to three different types

of flat directions: Type I, Type II and Type III.

3.2.1 The Type I Flat Direction

The Type I flat direction is defined so that along the flat direction the scalar
doublet @ develops a VEV but the singlet S does not, i.e. pg # 0 and g = 0.
Since pg = 0, the minimisation condition (3.13) is automatically satisfied, whilst
the other condition (3.12) forces us to set A\;(A) = 0. The values of the other

quartic couplings in V' are constrained by the BFB conditions (3.6), such that
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A22 > (0 and A12 > 0.
Since the flat direction components ¢, and ¢ ; are both zero, the flat direction

(3.10) can be further reduced to
P = pny, = ), (3.14)

where ny, = 1. This implies that the flat direction lies directly along the ¢
axis in the real scalar field space. Therefore, since the field which is associated
with the flat direction corresponds to the massless pseudo-Goldstone boson of
the anomalously broken scale invariance h (see Section 2.2), we have that for the

Type I flat direction ¢ = h.

3.2.2 The Type II Flat Direction

Along the Type II flat direction, both the doublet ® and the singlet S develop
non-zero VEVs. This implies (3.12) and (3.13) can only be satisfied if specific
relations among the quartic couplings are met at some RG scale A. To examine
what this means let us consider a U(1) invariant MSISM scalar potential which
is invariant under U(1) rephasings of the field S — €'*S, where a is an arbitrary
phase. As a direct consequence of the U(1) invariance the quartic couplings Ay 56
in (3.2) vanish. Moreover, the minimisation conditions (3.12) and (3.13) lead to

the constraint:

e _ Mg NN () (3.15)
ohps  n2+nd A (M) As(A)

In order to satisfy the above relation and the BFB condition (3.6), we must
demand that \; > 0, Ay > 0 and A3 < 0.

In a general Type II flat direction, both ¢ and J will develop VEVs, since S
is a complex field. However, if a U(1) symmetry is acting on the scalar potential,
any possible phase of S can be eliminated through a U(1) rephasing, such that

pg is real and ¢; = 0. Consequently, for the U(1) invariant scenario, the flat
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direction can be dimensionally reduced to a two component vector and applying

the constraints (3.15) and n +n2 = 1 yields

X (R;\S(;\\)(A) 1
(I)ﬂat = o 1 Al(A; = V¢ SWIN (316)
A (M) =x3(A) —A3(A)

Since the U(1) invariant Type II flat direction is composed of both the ¢ and
o fields, there will be mixing between the two CP even states in the mass basis.
The mass basis is defined by the field associated with the flat direction h and
those fields associated with directions perpendicular to the flat direction. Thus,
for the U(1) invariant scenario, the mass eigenstates are the massless Goldstone
boson J, associated with the spontaneous breaking of the U(1) symmetry, the
massless pseudo-Goldstone boson associated with broken scale invariance h, and

a single massive scalar H, where h and H are given by

h = cosf ¢ + sinf o, H = — sinf ¢ + cosb o, (3.17)

—A3(A)

where cos? ) = NSOV

The general U(1) non-invariant scenario is much more involved and will be
discussed in more detail in Section 5.2. However, in general, the flat direction of
the U(1) non-invariant scenario is a three component vector, which implies that
the scalar boson mass eigenstates will be a mixture of all three quantum fields ¢,

o and J.

3.2.3 The Type III Flat Direction

The Type III flat direction is characterised so that along the flat direction the
doublet field ¢ has a zero VEV. This poses a phenomenological problem because
without a VEV for &, or consequently ¢, the Higgs mechanism can not occur
and the electroweak gauge bosons remain massless. However, beyond the tree

approximation, there will be a small shift perpendicular to the direction of the
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flat direction. If this shift is in a direction which gives the field ¢ a VEV, it will
in general be too small to account for the W= and Z boson masses unless a large
hierarchy between the VEVs of the ® and S fields is introduced [27, 28]. For this
reason we do not study the Type III flat direction.

The three types of flat direction described above provide a complete classifica-
tion of the flat directions in the MSISM. However, we should note that each type
of flat direction may contain several different variations. For example, consider
the U(1) non-invariant Type II flat direction. It requires (3.12) and (3.13), but
places no explicit constraints on how the quartic couplings of the scalar potential
satisfy these relations. Each choice provides a unique and valid flat direction and
this gives rise to a vast number of possible variants. We do not intend to go
through each such variant, but rather concentrate on a few representative sce-
narios which appear to be physically interesting, in terms of new sources of CP

violation, neutrino masses and DM candidates.

3.3 The One-Loop Effective Potential

The one-loop effective potential of the MSISM has been computed in terms of
® and S in Appendix C, where the full one-loop renormalised effective potential
Vi "% is given in (D.17). Along the flat direction, the RG scale takes the specific
value o = A and the renormalised V}; °® can be written in a form similar to the
one in (2.25)

2
—100 SO
Vi “P(pe) = agh + foh ngd (3.18)
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where the coefficients o and (§ are dimensionless renormalised parameters and are

given in the MS renormalisation scheme [35] by

2 2 2
m 5 m
— 6 4 v 1 w
Q 647?2 [ ;21 ( % ) + Omy, ( 6 + n—vi )

2 2
+ 3md, (—§ +1n m—f) ~ 12m! (—1+1n@)
Ys v

2
=1

(@)

¢

3

1

g = <ZmH + 6miy + 3my — 12m} — 2ijlw) . (3.19)
=1

GAr2,4
647204 3 —

In the above, we have neglected all the light fermions and retained only the
top quark and possible heavy Majorana neutrinos Ny o3 [cf. (D.17)]. The mass
terms my, where X = {H o, W, Z, t, N1 23}, are the particle masses, which are
determined by evaluating the mass parameters My, defined in Appendix C, at
the minimum of the flat direction.

In the MSISM it is possible to write the one-loop effective potential V,§; °P(A)
n (3.18) entirely in terms of ¢4 and v, without the need to involve the other
flat direction components ¢, or ;. This is possible because either, ¢, = ¢; =0
along the Type I flat direction, or ¢, and ¢ are related to ¢4 along the Type II
flat direction.

It is possible to rewrite the MSISM effective potential (3.18) in the general
parameterisation of (2.25). Employing the fact that ¢, = ¢ng in (3.18), we find

the following relations between the parameters A, B, o and [3:
A = ang + BnjInn, B = fnyg, (3.20)

which can be substituted into (3.18) to give (2.25). Futhermore, substituting the
above expressions for A and B into (2.33) and (2.27), we obtain the explicit de-

pendence of the mass of h and the RG scale A on the effective potential coefficients
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o and (:

mj = 80njv;, (3.21)

A = vsexp (% + i) . (3.22)

These two relations my, (3.21) and A (3.22) will be used in our detailed investi-
gation of the Type I and Type II flat directions in Chapters 4 and 5 respectively.

With the aid of (3.22), we can eliminate the explicit dependence of the one-
loop effective potential in (3.18) on the RG scale A,

Vteor( = Bt _soi 1 3.23
eff S0¢) = f Po n 02 - 5 ) ( . )
o}

where all kinematic quantities on the right-hand side, such as 3, ¢, and vy, are
evaluated at the RG scale A [cf. (2.28)]. Hence, the size of the radiative correc-
tions along the minimum flat direction is determined by the effective potential
coefficient 3 and is therefore highly model dependent.

Now we have presented the one-loop effective potential we can summarise
the scalar mass spectrum of the MSISM. The scalar mass spectrum consists of
two scalars [ which generally both have non-zero masses mpy, ,, unless, for
example, the U(1) symmetry acts on S so that my, = m; = 0, and one other
scalar h, which gains a mass at one-loop via (3.21). We note that the Gold-
stone bosons G* and G associated with the EWSSB of the SM gauge group
receive gauge-dependent masses along the minimum flat direction e.g. see (B.9).
However, the one-loop effective potential Vj{l‘mp(A) remains gauge independent,
since the gauge-dependent mass terms of the Goldstones cancel against the gauge-
dependent parts of the gauge boson and ghost contributions. For more extensive
details see Appendix C.

We also take this opportunity to consider the short-comings of the SI SM.
Given the explicit form of the effective potential coefficient § for the MSISM in

(3.19), we can see why a SI version of the SM using the one-loop perturbative
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GW [21] approach is not phenomenologically viable. The SI extension of the SM
is similar to the Type I flat direction except that the extra scalar S does not
exist, but the flat direction still lies along the ¢ axis. This implies that the Higgs
boson Hgy corresponds to ¢ = h and is massless at the tree level, but acquires a
one-loop radiatively generated mass given by (3.21). Consequently, the SM Higgs
boson mass mpyy,, = my, is explicitly dependent on 3, i.e.
1 4 4 4
B = 647?721);1) <6mW + 3my, — 12mt) . (3.24)
Given the presently well-known experimental values of the top quark, W¥* and
Z boson masses [6], the coefficient § is negative and hence so is m7,, . This is
in violation of the LEP2 limit [9]: mpg,, > 114.4 GeV. Additionally, considering
our discussion in Section 2.2, since  and B are negative, the SI limit of the SM
has a potential which is not BFB.

Other attempts have been made in the literature to discuss the SI SM without
using the one-loop perturbative GW approach, for example see [36, 37]. However,
it appears that these approaches require large values of the quartic coupling
A which would approach a Landau pole not far beyond the EW scale. Also,
without the additional scalars, the SI SM would not be able to address any of

the phenomenology that the SM currently can not incorporate.

3.4 Phenomenology of the MSISM

As previously mentioned in the introduction, the MSISM could provide a con-
ceptually simple solution to the gauge hierarchy problem by including a minimal
set of new fields and new couplings. It is interesting to see what effect these
new fields and couplings have on the phenomenological features of the different
variations of flat direction in the MSISM. In particular, we are interested in sce-
narios which include new sources of CP violation, provide massive DM candidates

and can incorporate a natural mechanism for generating the small light-neutrino
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Flat Direction | U(1) Invariant | CP Violation | Massive DM | Seesaw
Type Candidate | Neutrinos
Type 1
ws =0 Yes None Yes No
s =0 No Explicit Yes No
Type 11
pg = real Yes None No Yes
pg = real No Explicit Model Yes
Dependent
pg = imaginary No Explicit Model Yes
Dependent
pg = complex No Explicit or Model Yes
Spontaneous | Dependent

Table 3.1: The possible phenomenology that could occur in the Type I and Type II
flat directions of the MSISM for different variations of the complex singlet scalar S
VEV. This includes their potential to realise explicit or spontaneous CP violation,
massive DM candidates and possible implementation of the seesaw mechanism for
naturally explaining the small light-neutrino masses.

masses. We should note here that any U(1) symmetry imposed on the MSISM
is not gauged, unlike [22, 27], and so there will be no additional gauge bosons in
any of these considered scenarios.

A natural extension of MSISM is to include right-handed neutrinos, which
would couple to the complex singlet scalar S in a SI way [15, 25, 26, 27, 28]. If
the VEV of S is non-zero, such as in the Type II flat direction, then the naturally
small Majorana masses for the light neutrinos can be generated via the seesaw
mechanism [34]. In the Type I flat directions, where pg = 0, Dirac-type neutrino
masses can still be generated from the SM Higgs VEV, however, just like the
SM, the neutrino Yukawa couplings would need to be many orders of magnitude

lower than the electron Yukawa coupling, of which there would be no explanation.
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Hence, as we have listed in Table 3.1, only Type II flat directions have the ability
to realise the seesaw mechanism.

The Sakharov Criteria [38] requires CP violation as one of its conditions for
the Universe to dynamically evolve a baryon asymmetry. However, the level of
CP violation in the SM from the Kobayashi-Maskawa phase [39] is not enough
to generate the large matter-antimatter asymmetry in the Universe today and
additional CP violation is required. We have presented in Table 3.1 the scenarios
of the MSISM which can contain either explicit CP violation, through the complex
quartic couplings A4 56, or spontaneous CP violation, from the complex VEV of
S, in the newly extended scalar sector. Notice that the Type II flat direction
with an imaginary ¢g does not violate CP spontaneously, since one may redefine
S as S’ = 1S to render this flat direction real without introducing any new phase
in the quartic couplings of the scalar potential?.

Finally, Table 3.1 also shows the scenarios which could contain a massive stable
scalar particle that could qualify as a DM candidate. As was pointed out in [41],
a natural way of including a massive stable scalar boson is to impose a parity
symmetry on the scalar potential. Such parity symmetries could be: ¢ — —o,
J — —J, or 0 « +J. Therefore, as we comment in Table 3.1, the existence of
a DM candidate is model dependent and requires more specific details about the
scenario.

In the next two chapters we discuss the phenomenology of a few representative
scenarios of the MSISM in more detail, without the inclusion of right-handed
neutrinos. A detailed analysis of the MSISM extended by right-handed neutrinos

is given in Section 6.

2An analogous approach is discussed in [40].
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Chapter 4

The Type I Flat Direction

In this chapter we investigate the Type I flat direction of the MSISM. We consider
two different scenarios: the U(1) invariant and the general U(1) non-invariant, and
for both scenarios make predictions on the size of their scalar mass spectrum and
the RG scale A. These predictions are achieved by first determining the allowed
region of quartic coupling parameter space permitted by both theoretical and
experimental constraints, and then applying these limits to the scalar masses and
A. The theoretical constraints are determined by keeping the quartic couplings
perturbative and keeping the potential BFB, whilst the experimental constraints
come from the electroweak oblique parameters S, T" and U [32], the LEP2 Higgs
mass limit: mpyg,, > 114.4 GeV [9] and the recently determined Tevatron excluded
range: 158 GeV < mpy,,, < 175 GeV [10]. Having determined the scalar mass
spectrum we can discuss the possible phenomenology for each scenario in detail.

Before we begin this investigation, we shall briefly review some general aspects
that occur in all Type I MSISM flat directions. The Type I flat direction is defined
so that along the flat direction the complex singlet scalar S does not develop a
VEV at tree level. This implies that the flat direction lies along the ¢ axis in
the real scalar field space and as a direct consequence, the quantum field ¢ is the
pseudo-Goldstone boson associated with the anomalously broken scale invariance

h. As discussed in Section 3.2.1, in addition to ¢g = 0, the Type I flat direction
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also requires A;(A) = 0 to satisfy the tree-level minimisation condition (3.12).

4.1 The U(1) Invariant Scenario

In the U(1) invariant limit, which assumes the MSISM is symmetric under U(1)
rephasings of the field S — €‘®S, where « is an arbitrary phase, the tree-level

potential (3.2) for a Type I flat direction reduces to

Aa(A)

Vtree(A) — 2

(S*9)% 4+ A3(A) ®T® S*S . (4.1)

The two quartic couplings Ay(A) and A3(A) are both positive due to the BFB
conditions (3.6). Although the scalar potential (4.1) depends on two independent
couplings Aa(A) and A3(A), it is not difficult to show that the scalar masses and
the RG scale A are completely dependent on only one, namely A3(A). By setting
S =¢s=0,¢=1v, and \;(A) = 0 in the general squared scalar mass matrix

M2 (C.9), we find that the masses of o and J are given by
m2 = mj = = Xs3(A)vj . (4.2)

Since these are the only two non-zero elements of M%, i.e. mg = 0 and there is no

mixing between the scalars, the scalar spectrum consists of the mass eigenstates
¢Eh7 UEH17 JEH27 (43)

where o and J have degenerate masses proportional to y/As3(A) (4.2). The other
scalar h, the pseudo-Goldstone boson associated with the anomalously broken
scale invariance, receives its mass my, at the one-loop level, by means of (3.21),

or more explicitly

1
\/gﬂ"Ud)

my = \/mf, +m4 + 6mfy, + 3my, — 12m; (4.4)
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where n, = 1, see Section 3.2.1, and the Velﬁ_lo"p coefficient (3 is given in (3.19).
From (4.4) we can see my, is dependent on only one unknown, the quartic coupling
A3(A), through the scalar masses m, . Likewise, the RG scale A, also depends

2 _ 2 1—loop . . .
on my, , = mg ; through the Vg coeflicients o and 3, and hence its value is

also fixed by A3(A).

Considering the above discussion it is now clear that any theoretical con-
straints on A3(A) will directly translate into constraints on the scalar mass spec-
trum and the RG scale A. An upper theoretical constraint on the value of A3(A)
can be derived by requiring that all the couplings of the MSISM remain pertur-
bative at the scale A. We enforce this constraint by requiring that the one-loop
RG beta functions for all the generic couplings of the MSISM are less than one

when evaluated at the scale A:
AA) < 1, (4.5)
where A\ denotes the generic couplings of the MSISM, i.e.
A={Mo.6 5 95 gs, B9 WY WV} (4.6)

We have calculated the one-loop beta functions 3y for all the significant cou-
plings in the MSISM and present them in Appendix D along side their one-loop
anomalous dimensions. The perturbative coupling constraint (4.5) is equivalent
to the triviality bound on the SM Higgs mass discussed in Chapter 1. Setting
A(A) = 0, we find that the most stringent upper limit on A3(A) comes from
Brs (A) < 1, which implies

203(A) + [1.86 + 2Xa(A)]A3(A) < 87, (4.7)

for my = 80.40 GeV, mz = 91.19 GeV and m; = 171.3 GeV [6]. Assuming

Aa(A) is negligible we obtain a maximum upper limit of A\3(A) < 5.84, however
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this value decreases if A2(A) increases. To clarify, by calling 8,(A) < 1 the most
stringent limit we mean that the other two constraints on the quartic couplings
B2 (A) < 1allow larger values of A3(A) than 3y,(A) < 1 does. A lower theoretical
constraint can be obtained by requiring that the potential remains BFB, which
is analogous to the vacuum stability bound of the SM, see Chapter 1. This is
assured at one-loop if the Velff_lo‘)p coefficient (3 is positive, thus giving rise to a
lower theoretical bound of A3(A) > 2.32. In summary, the theoretical constraints

require that A3(A) lies in the range,
2.32 < A3(A) <5.84. (4.8)

Further constraints on A3(A) can be derived from the experimental data of
direct Higgs searches and the electroweak oblique parameters S, T and U. The
oblique parameters are used to parameterise the effect of new physics on the gauge
boson self-energies. We discuss the oblique parameters and present the analytic
results of the electroweak oblique parameter shifts 6.5, 0T and 60U evaluated in
the MSISM with respect to the SM in Appendix E. In the U(1) invariant Type I
MSISM, the only scalar which interacts with the W+ and Z bosons at one-loop is
h, since o and J are decoupled from the SM particles. As a consequence, the shifts
05, 0T and 0U are obtained from the h interactions only. Since these interactions
are identical to those of the SM Higgs boson Hgy, the shift parameters 0.5, 6T
and 0U only depend on the difference between the two masses, m; and mpyg,.
For a fixed SM Higgs boson mass reference value, e.g. mjl = 117 GeV [6],
and assuming that S, 0T and 6U fall within their 95% CL intervals, given in
(E.10), we obtain the results presented in Table 4.1. For values of A3(A) < 100
the result for oU lies within the range set by 0Uey, and provides no constraint,
whilst the combined limit from 65 and 07 yields the constraint: A3(A) < 49.12.
There are two direct Higgs boson searches that are of interest to us, the LEP2
limit: mpyg,, = my, > 114.4 GeV [9] and region excluded by the Tevatron results:
158 GeV < mpg,, < 175 GeV [10]. Applying the LEP2 Higgs mass limit on the
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Oblique 0S oT oUu
parameter

Limit | Ag(A) < 49.12 | Az(A) < 74.28 | All values of A3(A) < 100
on A3(A) are within the range
of Uexp

Table 4.1: Upper limits on A3(A) from the S, T and U oblique parameters in
the U(1) invariant MSISM with a Type I flat direction, assuming they fall within
their respective 95% CL intervals given in (E.10).

mass of the SM-like h boson we obtain the constraint A3(A) > 6.29, whilst the
Tevatron results exclude the parameter space region 8.40 < A3(A) < 9.24. Thus,

the experimental constraints require Az(A) lies in the ranges

629 < A3(A) <840  or  9.24 < A3(A) <49.12, (4.9)

where the lower of the two ranges is slightly outside the theoretical range given
in (4.8).

In Figure 4.1, we apply the above theoretical and experimental constraints,
(4.8) and (4.9) respectively, on the h (upper panel) and o, J (lower panel) scalar
boson masses where we display the dependence of my, (4.4) and m,,; (4.2) on the
quartic coupling A3(A). The solid black ), < 1 lines represent the theoretically
permitted values of the scalar boson masses determined from (4.8), whereas the
continuation of these lines into the dashed grey ), > 1 lines correspond to the
non-perturbative regime, in which A3(A) > 5.84. The region of the scalar mass
line between the horizontal blue LEP line and the horizontal red 4.5 line, except
the green TEV region which is excluded by the Tevatron results, indicates the
region permitted by the combined experimental limits on Az(A) summarised in
(4.9). Similarly, the region above the horizontal red 7 line is excluded by the
weaker 07" limit (see Table 4.1). It is interesting to remark that Figure 4.1 shows
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Figure 4.1: The scalar masses my, (upper plot) and m, ; (lower plot) as func-
tions of A3(A\) in the U(1) invariant MSISM with a Type I flat direction. The
solid/black By, < 1 lines represent the scalar masses for theoretically permit-
ted values of A\3(A), whilst the dashed/grey (B, > 1 extensions show the non-
perturbative values with A3(A) > 5.84. The region of the mass line between the
horizontal blue LEP line and the horizontal red 6.S line is allowed by experimental
considerations of the LEP2 Higgs mass limit on the SM-like h boson and the 65
oblique parameter respectively, except for the green TEV region which is excluded
by the Tevatron results. The area above the horizontal red 0T line is excluded by
the 0T parameter constraint.
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Figure 4.2: The RG scale A plotted as a function of the quartic coupling \3(A)
in the U(1) invariant MSISM with a Type I flat direction. The same line colour
convention as Figure 4.1 is applied. The only difference is the horizontal blue
LEP line, green TEV region and red 6S and dT' lines are now vertical, where the
area between the LEP and 6S lines, excluding the green TEV region, is allowed
by the experimental conditions (4.9) and to the right of the 6T line is excluded.

an exact value (the solid black and dashed grey line) for the physical scalar masses
Mh.0.s against the quartic coupling A3(A). This implies that if the Type I U(1)
invariant flat direction of the MSISM was physically true, then a measurement of
my, would automatically give A3(A) which in turn gives the RG scale A and the
other scalar masses m, ;.

The effect of the constraints (4.8) and (4.9) on the RG scale A is shown in
Figure 4.2 as a dependence on the quartic coupling A\3(A). We have used the same
line colour convention as Figure 4.1, only now the horizontal LEP, TEV, 65 and
0T lines are vertical, such that the green TEV region and the regions to the right
of the red 0.5 and 07 lines and to the left of the blue LEP line are experimentally
excluded. We observe that as A3(A) approaches its minimum value, the coefficient
[ gets closer to zero, and so the RG scale A tends to infinity. However, this is not
an issue since the area is not physically viable as it is excluded by the LEP2 Higgs
mass limit. For the majority of the line, except when A3(A) — 2.32, A is of the
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order of the EW scale. This is important for a reason we have not yet addressed;
the running of the coupling constants. Given the circular nature of the following
argument; the value of the RG scale A is unknown until a value of A\3(A) which
depends on A is given, we have, for simplicity, evaluated all the quartic couplings
at the EW scale 246 GeV. This assumes that the quartic couplings do not vary
much between the EW scale and the RG scale A, which we have verified, and we
acknowledge that there could be an error on the values of the scalar masses and
RG scale A present here, but of no more than about 5%.

If we assume the LEP2 limit A3(A) =~ 6.3 as the most experimentally and
theoretically favourable value of A3(A) then we obtain a value for the RG scale of
A =~ 294 GeV. We find that although A3(A) & 6.3 is non-perturbative at A, i.e.
Brs(A) > 1, the theory does not develop a Landau pole until 10* GeV. By virtue
of (4.2), we are also able to predict the masses of the heavier degenerate scalar
bosons ¢ and J, specifically, m, ; =~ 437 GeV. Since the fields o and J are both
stable, massive and have zero VEVs, they can qualify as DM candidates in the
so-called “Higgs-portal” scenario (also known as scalar phantoms) [41].

Phenomenological distinction between the MSISM with a Type I U(1) in-
variant flat direction and the SM would be very difficult as the two theories so
closely resemble each other. Since all the non-scalar couplings in the MSISM
are the same as the SM and the h-boson couplings to fermions and electroweak
gauge bosons are exactly the same as those for the SM Higgs boson, they can not
be used as a distinguishing factor. However, one subtle difference is the lack of
tree-level trilinear and quadrilinear h self-couplings in the MSISM with a Type I
flat direction, which are present in the SM. Thus, any experiment in search of the
trilinear Higgs boson coupling Ayyp, for example see [42], will see a dramatically
reduced value for the trilinear coupling than that expected for the SM. Since
these are precision Higgs experiments they will not be performed at the Large
Hadron Collider (LHC), but could be tested at a collider like the International

ete” Linear Collider (ILC). Since the two scalars o and J only interact with h,
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they could be inferred through missing energy or because of the large ho? and
hJ? couplings which would give sizable contributions at the one-loop quantum
level. Therefore, to distinguish between the MSISM with a Type I U(1) invariant
flat direction and the SM, precision Higgs experiments at an ILC-type collider
would be required.

Considering the analysis above, it is clear that in spite of being very predic-
tive by predominantly relying on only one unknown parameter A3(A), the U(1)
invariant MSISM with a Type I flat direction has a number of weaknesses. This
scenario satisfies all experimental limits for a large quartic coupling A\3(A) =~ 6.3,
but it lies above the boundary of non-perturbative dynamics given in (4.8). An-
other problematic feature is that it exhibits a Landau pole at energy scales of
order 10* GeV, which is many orders of magnitude below the standard GUT
(Mgur =~ 10'6 GeV) and Planck (Mppanac & 10* GeV) mass scales. Therefore,
in the next section, we relax the constraint of U(1) invariance and investigate
whether a general MSISM with a Type I flat direction can remain perturbative

up to the GUT or Planck scales.

4.2 The U(1) Non-Invariant Scenario

If the U(1) symmetry on the scalar field S is removed then the MSISM with a

Type I flat direction permits an extensive general tree level potential:

Viree(A) = A2;A> (S*S)? 4+ A3(A) @TDS*S + M(A) DTDS? + Nj(A) dTD 5*2
A (A
+ As(A) S25* + Ai(A) SS™ + %S‘* + #S*# (4.10)

Similar to the U(1) invariant scenario we can show that the scalar boson masses
and the RG scale A do not depend on all the quartic couplings in V*(A) (4.10)
but only rely on two; A3(A) and the modulus [Ay(A)| = /A(A)NS(A) of the
generally complex coupling A\s(A). By substituting S = ¢ = 0, ¢ = vy and
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A1(A) = 0 into the general squared scalar boson mass matrix M?% given in (C.9),

we obtain three non-zero matrix elements

md = L () + M) + X)),
mh = 2 (W) = A - )2
- %(A4(A) i) 2. (4.11)

Determining the eigenvalues of M?% provides the tree-level scalar boson masses

2 _
mHl =

(As(h) =21 (A)]) 2, (4.12)

N —

1
5 ()2 )ed, m, =

thus, in the most general case, the scalar spectrum consists of the mass eigen-

states,
h = ¢, H, = cosfo + sinfJ, Hy = —sinfo + cosfJ, (4.13)
m2 —m?2
where cos® § = ——3*. From (4.12) we can see that the scalar masses depend on
Hy Ho

only two coupling parameters, A\3(A) and |[A4(A)|. Consequently, the two effective
potential coefficients a and 3 also depend on A3(A) and |A4(A)| through the scalar
boson masses my, ,. It is therefore not difficult to see that the one-loop induced
h boson mass and the RG scale A also only depend on A3(A) and |A4(A)| through
(3.21) and (3.22) respectively.

We can see that if A\j(A) is complex then the two particle scalar-pseudoscalar
mixing term m,; (4.11) explicitly violates CP and so the mass eigenstates H o
have indefinite CP parities. If, however, \j(A) is real then the CP violating
term m,; = 0 and under this condition the scalar fields reduce to H; = o and
Hy = J and CP is preserved. Throughout this analysis we use |A\4(A)| and are
not required to specify the complexity of A\y(A).

The quartic couplings are constrained at tree-level by the BFB conditions

given in (3.6). The allowed parameter spaces of the couplings Ay, A5 and Ag are
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restricted by the first condition in (3.6) which is only fulfilled if Ay(A) > 0. In
order for the first BFB condition to hold for any possible value of the phase fg,

we require that

Ao(A) > 4As(A)] + 2[As(A)] > 0. (4.14)

For the second V™ BFB condition in (3.6), i.e Aja(A) > 0, for Aj3(A) = 0, to

hold for any value of fg requires
A3(A) > 2|M(A)] > 0. (4.15)

Comparing this latter condition to the scalar boson masses given in (4.12), then
(4.15) ensures that mpy, , are positive and consequently is an important condition
for the quartic couplings to respect.

As in the U(1) invariant scenario, we can derive more specific theoretical
constraints on the values of A\3(A) and |A\;4(A)|, by demanding that the couplings
remain perturbative at A and that the one-loop effective potential Velff_lo"p is BFB.
The most stringent theoretical upper limit on A3(A) and |A\4(A)| is obtained by
requiring that £y, <1 at A and assuming Ay(A), A\5(A) and Ag(A) are negligible,

which gives the constraint
2X2(A) + 8|\ (A))* + 1.86M3(A) < 877 . (4.16)

This upper limit decreases if Ao(A), A5(A) and A\g(A) increase. The lower theoret-

ical limit is obtained by requiring that 3 > 0, which translates into the constraint
A(A) + 4|\ (M)]? > 5.39. (4.17)

Complementary experimental constraints on the quartic couplings A3(A) and
|A4(A)| arise from the electroweak oblique parameters S, 7" and U and the direct
Higgs boson searches at LEP2 and Tevatron. Once again only A interacts with the

SM particles and useful experimental constraints on A3(A) and |A4(A)| are derived
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Figure 4.3: Theoretical and experimental exclusion contours in the Ag(A)-|A4(A)]
parameter space of the general MSISM with a Type I flat direction. The theoret-
ically permitted region is shaded yellow and is enclosed by the black lines which
correspond to keeping Ag(A) > 2|A4(A)| > 0, B, (A) < 1 and B > 0. Above the
blue LEP line is experimentally allowed by the LEP2 Higgs mass limit and below
the red S and 0T lines is allowed by their respective 95% CL interval limits. The
green TEV region is excluded by the direct Higgs searches at the Tevatron.

from the 95% CL interval of the electroweak oblique parameters 6.5 and 67" using
the fixed SM Higgs boson mass reference value m‘ﬁgM = 117 GeV. The shift U
does not provide a constraint since all values of A3(A) and |A4(A)| evaluate a value
of U within its experimental 95% CL interval. Applying the LEP2 Higgs mass

limit to h, mpug,, = mp > 114.4 GeV, gives rise to the constraint:
A3(A) + 4[M\(A)]? > 39.54 . (4.18)

Similarly, the Tevatron exclusion range 158 GeV < mpy,, < 175 GeV [10], ex-

cludes the region
70.54 < A3(A) 4+ 4|M(A)fF < 85.31. (4.19)

Combining all the aforementioned theoretical and experimental constraints,

we present the pertinent region of the A3(A)-|A\4(A)| parameter space in Figure 4.3.
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The theoretically permitted region is shaded yellow and is enclosed by the black
A3 = 2|\, [Aa| =0, B\, = 1 and [ = 0 lines, which respectively represent keeping
the scalar masses positive (4.15), keeping the quartic couplings perturbative at
A (4.16) and keeping Vi *’(A) BFB (4.17). The regions below both the A3 =
2|\4| and B = 0 lines are theoretically excluded, and above the (), = 1 line
corresponds to the non-perturbative regime where ),(A) > 1. The region above
the blue LEP line is permitted by the LEP2 Higgs mass limit (4.18), implying
that the experimentally permitted region once again lies just outside the region of
perturbative dynamics. The regions above the red 6.5 and 07 lines are excluded
by their respective 95% CL intervals, 0 Sex, and 074y, and the green shaded TEV
region is excluded by the Tevatron excluded range (4.19).

We present the effect of all the theoretical and experimental constraints, dis-
played in Figure 4.3, on the scalar boson masses my, (upper panel), my, (middle
panel) and my, (lower panel) as functions of the quartic coupling A3(A) in Figure
4.4. In each plot the white areas between the black lines represent the pertur-
bative regions (), < 1) which also contain positive scalar masses (4.15) and
keep the one-loop effective potential coefficient 3 > 0, which corresponds to the
shaded yellow region in Figure 4.3. Whereas, the non-perturbative extrapolations
(Brs > 1) are shaded grey with black dashed border lines. The areas above or
to the right of the red 45 and §7 lines are excluded by their respective 95% CL
limits on §Sep and 674y, (E.10). Likewise, the areas below or to the left of the
blue LEP lines are also excluded by the LEP2 Higgs mass limit applied to my,.
For clarity, the Tevatron excluded range has been neglected from the figures, but
from Figure 4.3 we can see it clearly lies in the non-pertubative region.

In Figure 4.5 we display the dependence of the RG scale A on the quartic
coupling A3(A) after incorporating all the theoretical and experimental limits
and using the same line colour convention as Figure 4.4. Similar to the U(1)
invariant scenario, as A\3(A) approaches values which set § = 0, the RG scale A

tends to infinity, however, once again these values are all excluded by the LEP2
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Figure 4.4: The scalar masses my, (upper panel), my, (middle panel) and mpy,
(lower panel) as functions of A3(A) in the general MSISM with a Type I flat
direction. The white areas between the black lines show the regions which respect
the theoretical constraints; By,(A) < 1, A3(A) > 2|A4(A)| > 0 and B > 0, whilst
the grey-shaded areas show their non-perturbative extensions, i.e. [r,(A) > 1.
The areas lying to the right or above the red lines for S and 6T are excluded.
Likewise, the areas to the left or below the blue LEP line are ruled out by the
LEP?2 Higgs mass limit.
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Figure 4.5: The RG scale A as a function of A3(A) in the general MSISM with
a Type I flat direction. The white area between the black lines shows the region
that corresponds to perturbative values of A3(A) and |\y(A)|, whilst the grey-shaded
area shows the non-perturbative region, both of which respect the constraint (4.15).
The area lying to the left of the blue LEP line is ruled out by the LEP2 Higgs

mass limit. Likewise, the areas to the right of the red lines for 0S and 6T are
also excluded.

Higgs mass limit.

Since the experimentally permitted regions lie just outside the boundary for
perturbative dynamics, we again take m, ~ 115 GeV as the most favourable
value from which we can predict the range of the RG scale A and the mass ranges
for the other scalars H;o. From Figure 4.5, we see that the RG scale A lies in
the range 293 GeV < A < 359 GeV and is of the order of the EW scale. We note
that the change from a specific value in the U(1) invariant scenario to a range
of values is entirely due to the addition of the quartic coupling A\4(A). Similarly,
from the middle and lower panels of Figure 4.4, we find that the preferred values

of the H; and Hs, masses are constrained to lie in the intervals:

436 GeV < mpy, S 519 GeV , 0 GeV < mpy, 5 436 GeV . (4.20)

The general Type I MSISM can provide two types of stable DM candidates,
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H, and H,, however specific criteria must be met by both scalars. For Hy, it could
only become a viable DM candidate provided its decay via the quartic interaction
H, Hj is kinematically forbidden, i.e. as long as 3mp, > mpg,. The other scalar
H5 has similar mass problems, however this time the scalar must not have a small
mass, otherwise it would form hot or warm DM which is undesirable for galaxy
formation. Determining exact limits on the minimum value of my, is beyond the
scope of this work. However, we note that if my, is small, then it opens a new
decay channel for the SM-like Higgs boson h via h — 2H, which could compete
with h — bb to be the dominant decay mode when m;, ~ 115 GeV. This decay is
not present in the SM and could be used as an indication of the general MSISM
with a Type I flat direction. If however, 2my, > my, then as in the U(1) invariant
scenario, the distinction of the Higgs sector of the general MSISM with a Type
I flat direction from that of the SM would require precision Higgs experiments
at an ILC-type collider and would again be based on the fact that the tree-level
trilinear h self-coupling is zero at tree level [42] .

The general CP-violating MSISM with a Type I flat direction shares the same
weakness as the U(1) invariant scenario. Assuming my, ~ 115 GeV and A\y(A) is
negligible, the theory generates a Landau pole at 10* GeV, which decreases as
A1(A) increases. As we can see the Landau pole is again far below the GUT and
Planck scales. However, unlike the U(1) invariant scenario, the general model
contains new sources of CP violation, provided A\;(A) is complex, which might
be of particular importance for realising electroweak baryogenesis. One serious
drawback of all scenarios of the MSISM with Type I flat directions is the inability
to provide a natural implementation of the seesaw mechanism, since the VEV of
the complex singlet scalar vanishes, i.e. pg = 0, and so no Majorana mass terms
can be generated in this scenario. Therefore, in the next chapter, we turn our

attention to the Type II flat direction, where g # 0.
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Chapter 5

The Type II Flat Direction

In this chapter we study the Type II flat direction of the MSISM. We investigate
two distinct scenarios: (i) the U(1) invariant limit and (ii) a minimal U(1) non-
invariant scenario where CP is maximally and spontaneously broken along the flat
direction. In both these scenarios we determine the permitted quartic coupling
parameter space, using both theoretical and experimental constraints, and apply
these limits to make predictions on the scalar mass spectrum. We also discuss
the possible phenomenology of the two scenarios.

The Type II flat direction of the MSISM is more scenario dependent than the
Type I flat direction, however, the different scenarios do share some generic traits
that we shall briefly discuss here. The Type II flat direction requires that both
the Higgs doublet ® and the complex singlet S develop non-zero VEVs along the
flat direction. Thus, unlike the Type I flat direction, the flat direction in the Type
IT case is a 2 or 3 component vector and the pseudo-Goldstone boson h, which is
the field associated with the flat direction, is in general a linear composition of all
the neutral fields ¢, o and J. This has interesting phenomenological implications
as it could be possible for all the Higgs mass eigenstates h, H; and Hs to couple
to the SM particles, but with reduced strengths compared to the respective SM
Higgs boson coupling.

61



5.1 The U(1) Invariant Scenario

In the U(1) invariant limit, the tree-level MSISM with a Type II flat direction

takes the simple form

vtI‘CC(A) — )\1;‘/\) ((I)T(I))2 4

Ang) (SS)* + A3(A) @' 5*S . (5.1)

We have already discussed this case in some detail in Section 3.2.2, however, we
shall review its main features here. The U(1) symmetry of the field S — ™S,
where « is an arbitrary phase, allows us to set the VEV of the S field real, i.e.
0y # 0 and ¢; = 0. Hence, the flat direction ®"* can be dimensionally reduced
to a two-dimensional vector with components ¢, and ¢, explicitly given in (3.16).
Imposing the minimisation conditions (3.12) and (3.13) on the tree-level potential
(5.1) generates the following relations between the flat direction components and

the quartic couplings at the RG scale A:

G ) ()
PR WOy M) (5:2)

As stated after (3.15), the quartic couplings should lie in the ranges: A\;(A) > 0,
A2(A) > 0 and A3(A) < 0 to satisfy the BFB conditions (3.6) taking into account
the form of (5.2).

The flat direction relation (5.2) may be used to reduce the number of inde-

pendent quartic couplings at A to two, A;(A) and A3(A), by eliminating Ay(A)

A3 (M)

via the relation A\y(A) = N )

. Consequently, it is possible to express the scalar
masses and the RG scale A entirely in terms of the two quartic couplings Ay (A)
and A3(A). Taking the relations in (5.2) into account, the scalar mass matrix

given in (C.9) contains the following non-zero elements:
mg, = M(A) v; : mZ = —X3(A) vi, Mpy = — —)\1(/\))\3(/\)213j . (5.3)

Due to the scalar mixing term m,, the scalar mass spectrum consists of the mass
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eigenstates

h = cosfp+sinfo , H = H = —sinf¢+cosbo, Hy = J, (5.4)

—3(A)

IOV ESWONE At tree-level, there is only one massive scalar, the H

where cos? 6 =

boson, whose mass squared is given by

mi, = my = [M(A) = As(A)] oF (5.5)
the other two scalars h and J are massless since J is the massless Goldstone
boson associated with the spontaneous breaking of the U(1) symmetry and h is the
pseudo-Goldstone boson associated with the anomalously broken scale invariance.
We note that although there is a non-zero two particle mixing term mgy, (5.3),
there is no CP violation as the mixing is between two CP-even states, this means
all the mass eigenstates have definite CP parity: h and H are CP-even and J is
CP-odd.

From (5.5) we can see that m? depends on the combination A\;(A) — A3(A),
and therefore, so too do the two effective potential coefficients o and 3 (3.19).
Likewise, the RG scale A also depends on the combination A;(A)—A3(A), through
a and [, see (3.22). However, the one-loop contribution to my, given in (3.21),

or explicitly

1 —As3(A) i
= + 6md, + 3m% — 12m7} 5.6
mp, \/§7TU¢ \/>\1(A) — A3(A) \/mH My my my (5.6)

shows my, depends on A3(A) independently as well, through the flat direction
component n, = cosf, given in (3.16). Thus, the Higgs sector of the U(1) invari-
ant MSISM with a Type II flat direction depends on Aj(A) — A3(A) and A3(A),
or equivalently on A;(A) and A3(A).

We display the theoretical and experimental limits on the two quartic cou-

plings A;(A) and A3(A) in Figure 5.1. The top panel displays the full perturbative
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Figure 5.1: Theoretical and experimental exclusion contours in the Ai(A)-A3(A)
parameter space of the U(1) invariant MSISM with a Type II flat direction. The
upper panel shows the full perturbative parameter space, whilst the lower panel
focuses on the region with small values of \3(A\). The theoretically permitted areas
are the regions enclosed by the black lines which correspond to keeping By, ,(A) <
1, 8> 0 and \3(A) < 0. The LEP2 constraint is given by the blue (grey) LEP line
and above (below) is excluded for the upper (lower) panel so that the blue and grey
shaded areas are allowed by the theoretical constraints, the LEP2 constraint and
the oblique parameters. The region of parameter space which remains perturbative
to GUT (Planck) scale is enclosed by the solid (dashed) green Pert lines.
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range, whilst the lower panel focuses on a very narrow region which is viable for
very small values of A\3(A), this region would not be clear if it were included in the
top panel. The theoretical constraints we impose are that the quartic couplings
remain perturbative at the RG scale A and that the one-loop effective potential
VC}{IOOP is BFB. There are two limits that come into play to keep the quartic cou-
plings perturbative at A; ), (A) < 1 and f,,(A) < 1, which are represented by
the black fy,, = 1 lines in Figure 5.1. The other one-loop 3 function, 3,(A), is
much less constraining and is not included in the figure. From the above consider-
ations, we find the upper limits A;(A) < 3.45 and A3(A) > —3.29. Requiring that

the one-loop effective potential remains BFB or g > 0, generates the constraint

which is represented by the black § = 0 lines in Figure 5.1. In summary, the
theoretically relevant regions are the areas enclosed by the 3,, = 1, 3 = 0 and
A3(A) = 0 lines in the upper panel and between the 5 =0, §,, = 1 and A\3(A) =0
lines in the lower panel.

The A1 (A)-A3(A) parameter space may be further constrained by experimental
data of direct Higgs searches and the electroweak oblique parameters S, T and
U. We find that all values of A\;(A) and A3(A) which respect the theoretical
limits give values of 4.5, 67" and 6U within the 95% CL limits of .Sy, 074y and
0Uexp respectively. This means that the oblique parameters provide no constraints
within the theoretically admissible region and so have not been included in the
figures.

The LEP2 Higgs boson mass limit, however, significantly restricts the A;(A)-
A3(A) parameter space. To apply the experimental results correctly, we first
observe that h and H interact with reduced couplings, g,vv and ggvy, to a pair
of vector bosons V = W#*, Z, compared to the SM coupling of Hg\ to two vector
bosons, gug,vv. This is because h and H are linear compositions of ¢ and o (5.4),

but only ¢ interacts with the SM particles. The squared reduced couplings g3y,
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and g% are given by the amount of h or H the scalar ¢ contains, multiplied by

the SM coupling squared of Hgy to a pair of vector bosons g?{SMvv, explicitly

—3(A) >

givv = cos’ 0 g%JSMVV = M) — (A JHMVV 5
) A1(A)
gy = sin’0 g?{SMVV = )\1(/\)1— (M) g?{SMVV , (5.8)

which satisfies the identity: g7y + g7vy = g, vy Since the reduced hZZ and
HZZ couplings are smaller than the Hgy coupling, the LEP2 Higgs boson mass
limit my;, > 114.4 GeV no longer applies. Instead, we have to use the combined
constraints on &, ; and the scalar masses my, g which are presented in Figure
10(a) of Ref. [9] where we define

2 2
9 9
& = & = S (5.9)

Y

2 2
9Hsnz2 YHsnz 2

In short, Figure 10(a) of Ref. [9] shows that as the coupling of a scalar to ZZ
reduces compared to the Hg\Z Z coupling, the LEP2 Higgs mass limit also drops,
ie. if & = 0.5 then the LEP2 Higgs mass limit falls from my;, > 114.4 GeV to
mp 2 86 GeV. We note that the minimum value of A;(A) — A3(A) given by the
BFB constraint (5.7) gives a lower limit of my = 315.0 GeV, which is comfortably
above the LEP2 Higgs mass limit for any value of £%,. Therefore, the LEP2 Higgs
mass limit is applied only to the lighter scalar h. We perform a polynomial fit
up to order 10 on the LEP2 Higgs mass data to obtain a reliable constraint on
¢2 as a function of my,, which in turn restricts the A\;(A)-A3(A) parameter space.
This constraint is represented by the blue (grey) LEP line in the upper (lower)
panel of Figure 5.1, where the blue (grey) shaded region respects the theoretical
constraints, the LEP2 Higgs mass limit and also falls within the 95% CL limits
of oblique parameters. For clarity, the results of applying the LEP2 Higgs mass
limit to my, will hereafter be referred to as the LEP2 constraint. Consequently,

we can apply the LEP2 constraint restriction on the values of A;(A) and A3(A)
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to obtain a limit on the mass of the other scalar H and the RG scale A.

In Figure 5.1, we note that the region of parameter space that remains per-
turbative to GUT or Planck scales (enclosed by the dashed and solid green lines
respectively) lies firmly in the region excluded by the requirement that 5 > 0
and so neither of the two regions permitted by the LEP2 constraint will remain
perturbative up to GUT or Planck scales. Finally, to date, the Tevatron Higgs
mass exclusion range [10] has only been applied to SM-like Higgs bosons and so
can not be applied in a general manner in this scenario.

We apply the aforementioned theoretical and LEP2 constraints, presented in
Figure 5.1, to the scalar masses my, (5.6) and my (5.5) and display the results,
my, in the upper panel and my in the lower panel, as a dependence on A\(A) in
Figure 5.2. The areas enclosed by the black lines are the regions which respect
the theoretical constraints, £y, ,(A) <1, 3 > 0 and A3(A) < 0. The blue and grey
shaded regions correspond to the two regions permitted by the LEP2 constraint.
The grey shaded area is not clearly visible in the lower panel of Figure 5.2, as it
closely follows the A3 = 0 line.

In Figure 5.3, we have similarly applied these constraints to the RG scale A
as a function of A\{(A), where we have used the same line colour convention as
Figure 5.2. Again the theoretically permitted region corresponds to the region
enclosed by the black lines and the blue and grey (not clearly visible as it follows
the A3 = 0 line) shaded regions correspond to the two regions permitted by the
LEP2 constraint.

As we can see there are two distinct regions permitted by the LEP2 constraint,
shaded blue and grey on the various figures. These two regions correspond re-
spectively to higher and lower values of my; and to different values of the quartic
couplings A\ (A) and A\3(A). Therefore, we shall consider the scalar mass spectrum

and phenomenology of each region separately.
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Figure 5.2: The scalar masses my, (upper panel) and my (lower panel) as func-
tions of A\ (A) in the U(1) invariant MSISM with a Type II flat direction. The
areas within the black lines show the regions which respect the theoretical con-
straints i.e. keeping Bx,,(A) < 1, the potential BFB and A3(A) < 0. The blue
(heavier my, ) and grey (ultra-light my,) shaded regions (denoted LEP) are permit-
ted by the LEP2 constraint, the oblique parameters and the theoretical constraints.
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Figure 5.3: The RG scale A as a function of A\;(A) in the U(1) invariant MSISM
with a Type II flat direction. The theoretically permitted regions, which keep
Baio(A) < 1, the potential BFB and A3(A) < 0, are enclosed by the black lines.
The blue (heavier my) and grey (ultra-light my) shaded regions (denoted LEP)
are permitted by the LEP2 constraint, the oblique parameters and the theoretical
constraints.

5.1.1 The Heavier h Boson Region

In this section we consider the heavier h boson region which is dominated by large
values of A;(A) and A3(A) and corresponds to the blue shaded area in Figures
5.1, 5.2 and 5.3.

The two scalar masses my, (5.6) and my (5.5) are shown in Figure 5.2 and

have the following allowed ranges

111.7 GeV < my, <123.9 GeV 592.7 GeV < mpy < 627.1 GeV
(5.10)
assuming they respect the theoretical constraints and the upper LEP2 constraint
(shaded blue). The h boson could be observed at the LHC, through the decay
channel h — ~~, whilst the heavier H boson may be detected via the so-called
“golden channel”, H — ZZ — 4l. However, in this region of parameter space

A(A) = —A3(A) which implies that g7y ~ g7y = 0.5 g4, vy, see (5.8), and
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means both decays will have reduced signals compared to the SM Higgs signals.
Moreover, the heavier H boson may predominantly decay invisibly into a pair
of J bosons, thanks to the relatively large quartic couplings. This new decay
could be detected at the LHC along the lines of [43]. This last characteristic and
the fact that two scalar bosons would be detected with very specific masses and
reduced couplings makes this region of the U(1) invariant MSISM with a Type II
flat direction distinguishable from the Type I flat direction and the SM.

The RG scale A as a function of A;(A) is presented in Figure 5.3. Assuming
A1(A) and A3(A) are within the blue shaded region, so that the theoretical and
experiment constraints are met, then the RG scale A is of the order of the EW
scale and lies in the range 390.9 GeV < A < 407.7 GeV.

Since we are only just within the constraints 3, ,(A) < 1, this region of the
parameter space does not remain perturbative up to either the GUT or Planck

scales and develops a Landau pole at around 2 x 10* GeV.

5.1.2 The Ultra-Light » Boson Region

The other experimentally and theoretically viable region of the A;(A)-A3(A) pa-
rameter space corresponds to a very small quartic coupling A3(A) which gives
rise to an ultra-light h boson. The relevant regions are shaded grey in the lower
panel of Figure 5.1 and also Figures 5.2 and 5.3. Since this region is based on an
extrapolation of the LEP2 Higgs mass limit to low masses we will not present a
detailed phenomenological analysis of this scenario, but rather highlight its key
features.

In Figure 5.1 it can be seen that the LEP2 constraint places an upper bound
on A3(A) of —A3(A) < 0.019. As a direct consequence of this very low upper
bound, the h boson mass is ultra-light, m, < 6.3 GeV, as illustrated by the grey
shaded region in the upper panel of Figure 5.2. In this ultra-light h boson region,
the reduced hZZ-coupling is strongly suppressed with g2, < 0.0055 g%ISMVV, as

can be determined from (5.8), which will make h almost impossible to directly
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detect at the LHC.

The other CP-even H boson has an almost SM-like coupling to the vector
bosons, with g2, & Q%SMVV’ The grey shaded region representing the H boson
mass is unclear in the lower plot of Figure 5.2 as it closely follows the A3 = 0
line, nevertheless its mass lies in the range 315.2 GeV < mpy < 458.4 GeV.
Since H ~ Hgy the Tevatron exclusion range [10] can be approximately applied,
however, my is large and avoids the excluded region. For this region the H — J.J
decay is suppressed since the H.JJ-coupling is proportional to the small A3(A)
quartic coupling, therefore the SM-like H boson would most likely be detected
via the “golden channel” H — ZZ — 4.

In Figure 5.3, the grey shaded area representing A for this ultra-light 2 boson
region is not clear as it closely follows the A3 = 0 line. Furthermore, we notice
that unlike the previous cases there appears to be nothing to stop A from taking
very large non-EW scale values. This is clear in Figure 5.1 since the grey shaded
LEP2 constraint permitted region touches the 8 = 0 line implying A — oo.
However, in Section 2.2, we required that for the perturbative GW approach to
work Vtree > pAmloor s p2rloob e we can require that the coefficients
a and (3 of the one-loop effective Ve}{lo‘)p in (3.18) are small, e.g. «a, f < 1.
Requiring o < 1 places an upper constraint on A of A < 680 GeV, whilst 8 < 1
requires A of A S 750 GeV.

An interesting feature of the ultra-light hA boson region is that it remains per-
turbative to higher scales than the previously considered models, indicated by
the proximity to the area enclosed by the solid and dashed green lines in Figure
5.1. Specifically, within the allowed region, the model does not develop a Landau
pole until energies of the order 10® GeV, which is higher than the heavier mass

h boson scenario, but is still far below the GUT and Planck scales.

In conclusion, it is worth reiterating (cf. Table 3.1) that the U(1) invariant

MSISM with a Type II flat direction has no new source of CP violation and
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predicts no massive DM candidate, since J is massless and both A and H decay
to SM particles. However, the model does have the ability to generate Majorana
neutrino masses through the seesaw mechanism, which we have not included here
but will discuss in more detail in Chapter 6. In the following section, we consider
a minimal U(1) non-invariant MSISM with a Type II flat direction which realises

maximal spontaneous CP violation (SCPV).

5.2 Minimal U(1) Non-Invariant Scenario with
Maximal SCPV

The general MSISM tree-level potential with a Type II flat direction, without the
restriction of U(1) invariance, contains a total of nine real quartic couplings, see
(3.2), where the couplings are evaluated at A along the flat direction. Due to the
large number of couplings there is a multitude of valid solutions that all satisfy the
minimisation requirements (3.12) and (3.13). Not all of these possible solutions
are phenomenologically interesting, therefore we have focused our investigation
on one scenario: the U(1) non-invariant MSISM with a Type II flat direction that
minimally realises maximal SCPV.

The tree-level scalar potential of this scenario is given by
tree __ At tH)2 A2 * Q2 t * )‘6 4 x4
V —?((IHI))+?(SS)+)\3(I>(I>SS+?(S+S), (5.11)

where \g is real due to CP invariance and Ay = A5 = 0 to make the model
minimal. In addition to CP invariance, the tree-level scalar potential (5.11) also
possesses an accidental Z, discrete symmetry: S — S" = wS and & — &' = P,
where w? = 1. The CP symmetry and the Z, discrete symmetry are sufficient to
uniquely define the form of the tree-level scalar potential V" (5.11).
Minimising the tree-level potential at the RG scale A, by means of (3.12) and
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(3.13), generates the following two conditions for the flat direction:

) Yo _omg 20 2[A(A) = 2X6(A)]
I M(A) Na(A) !
i) @) =¢) e np=nj. (5.12)

Note that the second condition implies a flat direction that triggers maximal
spontaneous CP violation. Any choice of angle 6g = (2n — 1) where n = 1,2, ...
will minimise the flat direction and give maximal CP-violation. Arbitrarily we
set s = m/4 so that ¢, = ;. Even values of n will give ¢, = —¢;, but
this does not affect the scalar masses or the phenomenology of the model in an

essential manner. Combining (5.12) with the BFB condition (3.6) requires that

where the signs of Ag(A) and Ag(A) individually remain undetermined.
Other solutions to the minimisation conditions, (3.12) and (3.13), are possible
for Ve (5.11), but they either modify it to a Type I flat direction (¢, = ¢, = 0)
or reduce the potential to the U(1) invariant scenario (Ag(A) = 0), both of which
have been previously investigated in Chapter 4 and Section 5.1, respectively.
The flat direction for this scenario can not be dimensionally reduced further

than the 3-dimensional vector, i.e. the ¢, o and J components are all non-zero,

—2X5(A) —2X3(A)
(I)ﬂat — 2 ) A _ S0¢ . A
V2D () = 25(A)] i V=24 i
A(A) A1(A)
(5.14)

Considering the flat direction conditions in (5.12), the scalar mass matrix (C.9)

contains no non-zero components, and evaluating at the minimum, the scalar
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mass matrix elements in (C.10) become

mi = M(A) ], mZ2 = m5 = [Xa(A) 4+ 2X(A)] 02,
mO'J = [AQ(A) - 6)\6(/\)] Uczr y m¢0. = mqﬁ] — >\3(A> /Ud)vo_ , (515)

where the elements mg,; and m,; are CP-violating. Diagonalising the matrix

(C.9) gives the eigenvalues

AM(A)A(A)

=0 = ) = )] e, iy, =4 a(h) Y0 (010
with the corresponding mass eigenstates
= _)\B(A) )\1(A) o
h = \/)\1(/\)_)\3(/\)<Z5 + \/2()\1(/\)—)\3(1\))( +J),
Hy = \/)\1(/\)_)\3(/\)¢ - \/2()\1(/\)_)\3(1\)) (c+J),

1
Hy = —(-o+7). (5.17)

where have we employed the relation \y(A) = i% + 2X¢(A), which can easily be

derived from (5.12). In order for the H, boson mass squared m3;, to be positive,
we require that A\g(A) > 0, implying from (5.13), Aa(A) > 2Xg(A) > 0.

We can show through the first condition in (5.12) that the scalar sector of
the U(1) non-invariant scenario with maximal SCPV can be written entirely in
terms of only three quartic couplings, which we choose to be Aj(A), A2(A) and

As(A) with Ag(A) = 1 (AQ(A) - i%gﬁ;) Explicitly, the scalar masses mpy, and

mp, depend on the three quartic couplings A 23(A), as can be seen from (5.16).
Likewise, the RG scale A determined in (3.22) depends on the effective potential

coefficients o and 3 that are both functions of my, and mpy,. Finally, the one-

—A3(A)

loop induced h boson mass depends on 8 and ny = PTENEWEN]

which is given
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in (5.14), see (3.21), or explicitly

my = \/gtwd) \/)\1(;))\3_([)\\2(1\) \/mf;{l + miy, + 6my, + 3my — 12m} . (5.18)
Consequently, the entire scalar boson mass spectrum and the RG scale A of the
model depend on only three quartic couplings: A;23(A).

The extra freedom which comes from having three independent quartic cou-
plings can be exploited to place tighter constraints on the values of the quartic
coupling constants. To be precise, instead of requiring that the couplings are per-
turbative at A, we now require them to remain perturbative to the Planck scale.
Explicitly, we require that 8y, , , ¢ (Mpianc) < 1 to keep the quartic couplings per-
turbative to the Planck scales, and A\; (Mpianck) > 0, A2 (Mpranck) — 26 (Mplanck) >
0 and A3(Mpianck) < 0 to keep the potential BFB up to the Planck scale. More-
over, we find that the tightest constraints are given by B, (Mplana) < 1 and
A (Mpianek) > 0, which restricts A\j(A) to the range

0.39 < A(A) S 0.52. (5.19)

If we assume Ag(A) &~ $X2(A) with negligible values of A;(A) and A3(A), then
By (Mplanck) < 1 can be used to find the maximum perturbative value of the

Ao(A) quartic coupling, explicitly
0 < A(A) S 0.20. (5.20)

A further theoretical constraint is required to prevent Az(A) — 0, since from
(5.16) we observe that in the limit A\3(A) — 0 the Hy boson mass mp, becomes
infinite, which leads to undesirable infinite values for m; and A. To obtain a
lower limit on A3(A), we can require that the coefficients o and (3 of the one-loop
effective Velﬁ_lo‘)p in (3.18) are small, e.g. «, § < 1, so that the perturbative

GW approach is valid. We apply the constraint « < 1, which is slightly less
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constraining than g < 1.

The parameter space can be further restricted by applying the LEP2 Higgs
mass limit in a similar fashion to the U(1) invariant scenario, i.e. we have to
use the combined constraints on & ;; and the scalar masses my, y, which are
presented in Figure 10(a) of Ref. [9], since the scalars h and H; have reduced
couplings compared to the Hgy coupling to the SM particles. In spite of the
additional quartic coupling Ag(A), the interactions of the h and H; scalars to a
pair of V' = W#* Z bosons are very similar to the U(1) invariant scenario and

their reduced hV'V and H;VV couplings are given by

M), _ AW (5.21)

Gy = g 9i :
hVV )\1(A) _ )\3(A) HgpyVV o HVV )\1(A) _ )\3(A) HgyVV

The LEP2 Higgs mass limit is again only applied to the scalar h since mpy,
is greater than the LEP2 Higgs mass limit. Thus, we call the restriction on the
quartic couplings which arises from applying the LEP2 Higgs mass limit to my, the
LEP2 constraint, which can subsequently be applied to my,, mpy, and A. We find
that for values of the quartic couplings which respect the theoretical constraints
the oblique parameters give values of 6.5, T and dU within their respective 95%
CL limits 0Sexp, 07txp and 60Uy, and so do not provide any constraints within
the theoretically permitted region.

In summary, our numerical analysis uses the following theoretical constraints

as the most stringent limits on the parameter space

ﬂ)\l (MPlanck> S 17 )\I(MPlanck) > 07 ﬁ > 07 Q S 17 (522>

whilst the only experimental constraint comes from the LEP2 constraint. Also
due to the logistics of representing the effects of three independent parameters,
we choose two representative values of A\y(A): Ay(A) = 0.02 and A\y(A) = 0.2.

In Figure 5.4, we apply the theoretical constraints (5.22) and the LEP2 con-

straint on the scalar boson masses, my, (top panel) and mpy, (middle panel) and
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Figure 5.4: The scalar masses my, (top panel) and my, (middle panel) and the RG
scale A (bottom panel) as functions of A3(A) in the U(1) non-invariant MSISM
with a Type II flat direction that minimally realises mazximal SCPV. The areas
between the two solid (dashed) black lines correspond to the masses for which
6)\1 (MPlanck) < 1, Al(Mplaan) > 0 and 6 >0 fOT )\2(A) = 0.02 (02) The solid
and dashed blue lines represent the LEP2 constraint, below which are excluded.
The solid and dashed red lines represent the constraint a < 1 and above each of the
lines is excluded. The grey regions correspond to areas that respect the theoretical
and LEP2 constraints. The solid lines correspond to A2(A) = 0.2 whilst the dashed
lines correspond to Aa(A) = 0.02.
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>\2 (A) mp, mp, mpy, A

min | max | min | max | min | max | min | max
0.2 54 | 78 | 155 | 181 | 783 | 1110 | 490 | 675
0.1 34 56 | 155 | 180 | 703 | 1110 | 444 | 674
0.05 | 21 39 | 1564 | 179 | 607 | 1110 | 395 | 674
0.02 | 11 25 | 154 | 178 | 515 | 1110 | 350 | 675

Table 5.1: Minimum and maximum values of my, mpy,, mpg, and A as determined
by the LEP2 constraint and the theoretical constraint o < 1 for a range of Ay(A).

the RG scale A (bottom panel), as functions of the quartic coupling A3(A). The
solid (dashed) black lines enclose the regions which respect the first three theo-
retical constraints in (5.22) with A2(A) = 0.2 (0.02). The solid and dashed red
lines represent the theoretical limit o < 1 for Ag(A) = 0.2 and 0.02 respectively,
where the area above the a@ = 1 lines is excluded. The solid and dashed blue
lines represent the LEP2 constraint for As(A) = 0.2 and 0.02 respectively and
the regions below the blue LEP lines are excluded for the specific values of A\y(A)
considered. As a result, the A\3(A) coupling has to take small absolute values,
with A3(A) 2 —0.02. The grey shaded regions are the areas which respect all the
theoretical constraints, the LEP2 constraint and lie within the 95% CL limits of
the oblique parameters 0Sexp, 07txp and 0Uex,. In Table 5.1, we present the upper
and lower limits on the masses of the h and Hy bosons and on the RG scale A
for different values of Ay(A). The lower bounds are determined from the LEP2
constraint, whilst the upper bounds come from the theoretical constraint o < 1.

We display the results of applying the theoretical constraints (5.22) and the
LEP2 constraint to the H; boson mass my, as a function of the A3(A) in Figure
5.5. The black lines correspond to values of the quartic couplings which respect
the limits Aj(Mpranck) > 0, By, (Mpranek) < 1 and 8 > 0. Even though my,
does not explicitly depend on Ay(A) itself, see (5.16), the LEP2 constraint and
the theoretical constraint a < 1 do. The grey shaded areas between the solid

(dashed) blue LEP and red o = 1 lines are allowed by the respective constraints
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Figure 5.5: The scalar mass my, as a function of A3(A) in the U(1) non-invariant
MSISM with a Type II flat direction that minimally realises mazimal SCPV. The
upper panel shows Aa(A) = 0.2 whilst the lower panel displays Ao(A) = 0.02. The
area enclosed by the black lines corresponds to masses restricted by the conditions:
By Mpranck) < 1, AMi(Mpranak) > 0 and 5 > 0 (Aa(A) = 0.02 only). The grey
shaded regions correspond to the areas permitted by the LEP2 constraint (solid
and dashed blue lines) and the o < 1 limit (solid and dashed red lines).
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for Aa(A) = 0.2 (0.02). The LEP2 constraint provides an upper limit on the value
of my,, whilst the a < 1 constraint gives a lower limit. These upper and lower
limits on the H; boson mass are exhibited in Table 5.1, for various values of the
Ao(A) coupling.

The U(1) non-invariant scenario with maximal SCPV gives rise to a plethora of
phenomenology. As emphasized throughout this section, the model spontaneously
and maximally violates the CP symmetry, which might open up the possibility for
successful electroweak baryogenesis in this scenario. The model can also generate
naturally small neutrino masses through the seesaw mechanism since the complex
singlet S has a non-zero VEV. Moreover, the presence of a permutation parity
symmetry, ¢ < J, which remains intact after EWSSB, renders the massive Hy
boson stable with vanishing VEV. Hence, the Hy boson could act as a cold DM
candidate, according to the Higgs-portal scenario [41]. In general, there are two
parity symmetries that could be imposed on the tree-level potential (5.11), they
are: 0 < J and o0 < —J, but since both symmetries lead to identical mass
spectra we do not discuss them separately.

Experimental verification of the U(1) non-invariant scenario with maximal
SCPV would be difficult. The scalar h has a very small coupling to the SM
particles, gpyy < 0.05 gF vy Where we have used (5.21), (5.19) and A3(A) 2
—0.02 as determined by the LEP2 constraint. The small value of g3, makes
it very difficult to directly detect h despite it having a reasonable sized mass,
see Table 5.1. On the other hand, the H; boson has a SM-like coupling to the
electroweak vector bosons g7 v 2 0.95g%, . and would again most likely be
detected through the discovery channel Hy — ZZ — 4l. Distinguishing H;
from Hgy; could be performed by determining the trilinear and quadrilinear self-
couplings since the trilinear and quadrilinear self-couplings of the SM Higgs are
based on the same quartic coupling, whereas those for H; are based on different
combinations of quartic couplings which are not easily related. Considering how

similar H; and Hgy are, the Tevatron Higgs mass exclusion range for a SM-like
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Higgs boson 158 GeV < mpyy,, < 175 GeV [10], should approximately apply to
mpy,. Considering the range of values mpy, can take, see Table 5.1, the Tevatron
excludes most of this region, however the effect of the reduced coupling has not
been applied. In any case, if the Tevatron continues to run there is a large
possibility that it would either detect H; or exclude this scenario with quartic
couplings which remain perturbative to the Planck scale.

In summary, the U(1) non-invariant MSISM with a Type II flat direction
that minimally realises maximal SCPV is a theoretically and experimentally vi-
able scenario. The quartic couplings of the model can remain perturbative up to
Planck energy scales and its scalar boson mass spectrum is compatible with limits
from the LEP2 and Tevatron Higgs searches and the S, T" and U oblique param-
eters. Most importantly, the model does not require additional theory to stay
perturbatively renormalisable up to the standard quantum gravity scale, Mpianek-
Since the addition of right-handed neutrinos can have a significant impact on
the one-loop effective potential Ve}{lo‘)p and on the phenomenology of the model
in general, we analyse the addition of right-handed neutrinos to the MSISM in

detail in the next chapter.
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Chapter 6

Neutrinos in the MSISM

In this chapter we consider the effect of including three right-handed neutrinos
V)55 in the MSISM. The motivation for this addition is to try to naturally
generate the observed small neutrino masses [6] which are currently unexplained

in the SM. The neutrino Lagrangian £, in (3.1), contains the following SI terms

o 1
L, = D-ORW"(? Vo — h'.’.LZ-L<I>1/°. — hyf 3Rc1>TL L= hY o0 Suly

— = hNT WSV — = hw DiSUS — = hNT %SV (6.1)

where the summation convention for repeated indices is implied, and ¢, 7 = 1,2, 3
denotes the three generations, e, p and 7, respectively. In (6.1), h” is a matrix
containing the Dirac neutrino Yukawa couplings of the SM Higgs doublet ® to
the lepton doublets L;r, which are defined in Appendix A. In addition, since
we have not assumed any symmetries on £, for example lepton number conser-
vation, there are two Majorana neutrino Yukawa coupling matrices h" and h¥
that couple the singlet field S to the right-handed neutrinos 1, 35. Due to the
Majorana nature of the neutrinos, h’V and h” are symmetric 3 X 3 matrices, i.e.
hV — hNT’ hy — hNT.

As previously mentioned in Section 3.4, the MSISM with a Type I flat direc-

tion cannot generate neutrino masses via the seesaw mechanism since the VEV
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of the S field is zero along the minimal flat direction. Moreover, including Ma-

jorana neutrino masses by hand ie. —imM0.0% is not permitted in a SI
theory because of the dimensional coupling m*. However, Dirac-type neutrino
masses can still be obtained through the coupling with the SM Higgs doublet ®.
Unfortunately, this requires hugely suppressed Dirac neutrino Yukawa couplings
of order 1072, about 6 orders of magnitude smaller than the electron Yukawa
coupling. Just like the SM, such a scenario would have difficulty naturally ex-
plaining the smallness of the light neutrino masses. Moreover, if the Dirac-type
neutrino masses existed then the MSISM with a Type I flat direction would not
be greatly affected by the inclusion of right-handed neutrinos as the actual effect
of the very small neutrino Yukawa couplings on the scalar mass spectrum, the
RG scale A and the one-loop effective potential would be negligible. Thus, the
results presented in Chapter 4 would not change.

We therefore turn our attention to the MSISM with a Type II flat direction.

Since g # 0 along the Type II flat direction, the following neutrino mass terms

are generated:

EE/[ass _ 5(2%72%?) Dij JOL + h.c. (6.2)
mp,; 1Mjy;; Vir
where
1 - ~
mp = % h” | my = ﬁ[goa(hN‘i‘hNT)ﬂLi@J(hN_hNT) , (6.3)

and h.c. is the hermitian conjugate. Without loss of generality, we can work in
the basis where m,, is diagonal, real and positive, whilst h", h"¥ and mp are in
general 3 x 3 non-diagonal complex matrices.

The 6 x 6 mass matrix in £M2* can be block-diagonalised via a unitary matrix

U as follows:
0 mp m, 0

Ut ., U = : (6.4)
mp myy 0 my
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Assuming mj; > mp we can perform an expansion of the unitary matrix U in
powers of mDm]T/[1 and at leading order we obtain the standard seesaw formulas
[34]:

1T
m, = —mpmj,my, my = my;, (6.5)

where m,, is the 3 x 3 light neutrino mass matrix of the observed light neutrinos
V1,23 whilst my is the heavy neutrino mass matrix of the new heavy Majorana

neutrinos, which we denote as Ny o3, i.e.
Mass 1 = \
L7 = — 3 (rm,v + NmuyN). (6.6)

As we will see in this chapter, the heavy Majorana neutrinos Nj o3 in the
MSISM with a Type II flat direction are typically not much heavier than the EW
scale. However, these new heavy neutrino masses could have a large effect on the
one-loop effective potential and the one-loop 3 functions, technical details are
given in Appendices C and D, and consequently will have a knock-on effect on
the scalar mass spectrum and the RG scale A. Assuming no large cancellations
between the matrices we require that all the Dirac neutrino Yukawa couplings in
h” are about 1079, e.g. of order the electron Yukawa coupling, to generate the
light neutrino masses m, ~ few eV. Thus, even though we keep the analytical
dependence of h” in the main formulas, we assume that all h; ~ 1075, such that
their numerical impact on the one-loop effective potential and the one-loop (3
functions can be safely ignored.

In the following sections we study several representative scenarios within the
framework of the MSISM with a Type II flat direction and right-handed neutri-
nos. First, we consider the U(1) invariant scenario that preserves lepton number.
We then consider the inclusion of neutrinos in the U(1) non-invariant scenario
that minimally realises maximal SCPV through two different symmetries on the
neutrino sectors. The first scenario assumes a CP-symmetric neutrino sector,

where the CP invariance is only violated spontaneously by the ground state of
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the theory. The second scenario promotes the parity symmetry present in the
scalar potential of the model to the neutrino Yukawa sector, thus giving rise to

a massive stable scalar particle which could act as a potential candidate to solve

the cold DM problem.

6.1 Neutrinos in the U(1) Invariant Type II Flat
Direction

In its most general form the U(1) invariant MSISM with a Type II flat direction
and right-handed neutrinos contains an impractically large number of new neu-
trino Yukawa couplings. This large number of new couplings becomes apparent
when we consider the matrix my, (6.3), which due to the U(1) symmetry reduces
to the ¢, term only, since ¢; = 0. Although we can work in a basis where m,,
is diagonal, real and positive, this does not imply that the Majorana Yukawa
coupling matrices h" and h¥T are also diagonal, real or positive, we only require
that their off diagonal terms cancel when the two matrices are added. This leads
to the possibility of up to 21 new real parameters, which must all be taken into
account in calculations. However, if the U(1) symmetry acting on S is extended to
include the neutrino sector then the number of real Majorana Yukawa couplings
can be reduced to a maximum of three. Applying the U(1) symmetry to the
Yukawa sector is equivalent to imposing lepton number conservation, where the
right-handed neutrinos 7, 35 carry the lepton number +1 and the singlet field S
the lepton number —2. As a consequence of the lepton number conservation, the

Majorana Yukawa coupling matrix h? vanishes and m,; reduces to

Yo 1 N
my; = —h" | 6.7
NG (6.7)

which implies that if m,; is diagonal, real and positive then h'V is too. Thus, the

only new Majorana neutrino Yukawa couplings are the three diagonal elements
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of h?¥.
In the lepton number conserving U(1) invariant Type II flat direction the light

and heavy neutrino mass matrices m, and my can be written as
—A3(A)

L, = — h” hN —lhuT —
m 2)\1(/\) Ys ( ) ) my

Ai(A)

“on(h) hY . (6.8)

were we have used (5.2) to write the masses in terms of the SM VEV v,. For
simplicity, we assume that the three heavy Majorana neutrinos N; o3 are degen-
erate, specifically, by assuming that h’ = h"¥15,5. The maximum value of A"
can be determined by assuming the Majorana Yukawa coupling 3 function given
in (D.15) remains perturbative at A, i.e. By~v(A) < 1343. This constraint leads
to the upper bound, h"V(A) < 4.0. If we insist on the tighter constraint, that
the Majorana Yukawa coupling h¥ stays perturbative up to the GUT (Planck)
scale, we find the upper limit: A" (A) < 0.97 (0.89). Finally, the condition that
the one-loop effective potential is BFB, i.e. g > 0, within the parameter space
permitted by the perturbation conditions 3y, ,,(A) < 1, gives the upper limit on
RN of RN (A) < 2.5. For clarity, if A~ (A) > 2.5 then the BFB condition excludes
the whole region of parameter space permitted by £y, ,,(A) < 1, i.e. no region of
parameter space is allowed by all the theoretical constraints.

Including heavy neutrinos has a dramatic impact on the mass of the scalar h,

explicitly

3
my = \/gir% \/)\I(X)Ai(/;z(/\) mf; + 6myy, + 3m% — 12m} — 4;7713{” :

(6.9)
where my; are the three degenerate heavy neutrino masses given in (6.8). Figure
6.1 shows the dependence of the h boson mass on the Majorana neutrino Yukawa
coupling A" (A). The maximum value of my, is represented by the black m®*

line, such that the area between the black line and the m;, = 0 line is permitted

by the constraints 3y, ,(A) < 1 and 3 > 0. The value of mj** is determined from
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Figure 6.1: The scalar mass my, as a function of h™(A) in the U(1) invariant
MSISM with a Type II flat direction and right-handed neutrinos. The blue and
grey shaded areas correspond to the regions allowed by the LEP2 constraint for the
heavier and ultra-light h boson regions respectively. The black my*** line represents
the mazimum perturbatively attainable values of my,.

the point at which §,(A) = 1 and (,,(A) = 1 are simultaneously satisfied, as
can be seen in the non-neutrino case in Section 5.1, specifically Figure 5.2, this
is the point that gives the largest value of m;. Since the right-handed neutrinos
induce a negative contribution to my, (6.9), m;** decreases as the right-handed
neutrino Yukawa coupling A", correspondingly m, increases. In Figure 6.1, the
areas which are permitted by the LEP2 constraint (the result of applying the
LEP2 Higgs mass limit to my, (6.9)) are shaded blue and grey for the heavier and
ultra-light h boson regions, discussed in Sections 5.1.1 and 5.1.2, respectively. In
the heavier h boson scenario, where A3(A) ~ —3, the LEP2 constraint restricts
the Majorana neutrino Yukawa coupling A" to be: A" < 1.40. Conversely, for
the ultra-light A boson scenario (with A3(A) &~ —0.02), we get the upper limit:
hYN < 0.074. We have also verified that all values of A;(A) and A3(A) which
respect the theoretical constraints 3y, ,(A) < 1 and § > 0 for all perturbative
values of b lie within the 95% CL interval of §Sep, 0Tey and 6Ueq, (E.10).

The effect of the Majorana Yukawa coupling A" on the heavy neutrino mass
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Figure 6.2: The heavy neutrino mass my as a function of h™N(A) in the U(1)
invariant MSISM with a Type II flat direction and right-handed neutrinos. The
perturbatively allowed region is given by the area between the black min and max
lines. The internal blue and grey shaded areas represent the regions allowed by the
LEP2 constraint, for the heavier and ultra-light h boson scenarios respectively.

my is displayed in Figure 6.2. The area between the black min and max lines
represents the values of my which are allowed by the theoretical constraints
Brio(A) =1 and B > 0. The min line represents the minimum value of my and
is given by the simultaneous satisfaction of the two relations G,(A) = 1 and
£ > 0, whilst the max line represents the maximum value of my given by the
point satisfying the two relations 3,,(A) = 1 and § > 0. The blue and grey
shaded areas indicate the regions which are allowed by the LEP2 constraint for
the heavier and ultra-light A boson scenarios respectively. As can be seen from
Figure 6.2, the resulting LEP2 constraint allowed areas set upper limits on the
heavy Majorana neutrino masses, my < 244 GeV and my < 274 GeV, for the
heavier and ultra-light h boson regions respectively. The values of my must be
relatively light, compared to the normal seesaw mechanism, since my, given in
(6.9) automatically places a limit on how large the heavy neutrinos can be. This
is because my, has to be positive, whilst my (5.5) is independent of the inclusion

of neutrinos in the model and remains less than a TeV, see the lower panel of
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Figure 5.2.

The masses of the other scalars, H and J and the RG scale A are not greatly
affected by the inclusion of neutrinos. As expected J remains massless, whilst
as we have just mentioned mpy does not explicitly rely on the neutrino masses
masses, see (5.5). However, the inclusion of A" in the 3 functions and the one-
loop effective potential coefficient 3, will decrease the allowed range of quartic
coupling parameter space as hY increases and consequently the allowed range of
my will decrease, but its overall value will not be affected. The influence of the
Majorana neutrino Yukawa coupling A" on the RG scale A is not significant for
the heavier h case as we find the maximum value of A which respects the LEP2
constraint for this case is A™** x 464 GeV. In the ultra-light case, A is constrained
to take values less than about a TeV by applying the constraint o < 1.

The experimental significance of the inclusion of right-handed neutrinos is
strongly A;23(A) and A" (A) coupling dependent. For example if my > 2my
then the scalars h and H develop new decay channels such as h — (v;N;, N;N;)
and H — (v;N;, N;N;) [44]. However if my > my, the heavy neutrinos can decay
via N — hv. Due to the strong A;23(A) and A" (A) coupling dependence, a
complete analysis of the effects of the heavy neutrinos is beyond the scope of this
work.

The phenomenology of the U(1) invariant MSISM with a Type II flat direction
and right-handed neutrinos does not change from that of the no-neutrino case in
Section 5.1. There is still no massive stable scalar particle that could play the role
of the cold DM and the inclusion of right-handed neutrinos does not change the
UV behaviour of the model which still develops a Landau pole far below Mgyt
and Mpjanek. For this reason, we turn our attention to the U(1) non-invariant
MSISM with a Type II flat direction that minimally realises maximal SCPV

which does not contain these weaknesses.
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6.2 Neutrinos in the Minimal U(1) Non-Invariant
Type 1I Flat Direction with Maximal SCPV

In this section we consider the effect of including right-handed neutrinos in the
U(1) non-invariant Type II flat direction that minimally realises maximal SCPV
which was presented and discussed for the no-neutrino scenario in Section 5.2.
The minimisation of the flat direction leads to the requirement that ¢, = ¢; for
maximal SCPV. Applying this to the heavy Majorana neutrino mass matrix m,
(6.3, 6.5) gives

my — % [(1+z’)hN 4 (1—i)bVt] (6.10)

Since the Majorana Yukawa couplings, h"Y and h”, can contain a large number of
independent parameters, we will not consider the complete neutrino Lagrangian
(6.1) but will extend the symmetries already present in the tree-level potential
to the neutrino sector. The tree-level potential for this scenario contains two
symmetries of importance: CP invariance and the parity symmetry o < J,
however, it is not possible for the neutrino sector to respect both these symmetries
simultaneously without requiring h’v = hY = 0. Therefore, we shall apply each
symmetry separately and investigate two different variations of the model. In the
first variant, we assume that both h?¥ and hY are real, i.e. there are no sources
of explicit CP violation in neutrino Yukawa sector. The second variant applies

the parity symmetry o < J.

6.2.1 The CP Symmetric Scenario

Under CP invariance all the couplings of the theory must be real, including the
new Majorana Yukawa couplings hijv- and flg . Working in the basis where m,,

is real and diagonal, we obtain the constraint: h¥ = hY. Implementing these
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constraints on the neutrino mass matrices (6.3, 6.5) gives,

— 1 _)‘3(‘/\) v (1, N\—-11,vT _ )‘1(A) N
m, = —5 )\1(/\) ’Ud)h (h ) h y mpy = —)\3(/\) U¢h y (611)

where we have used (5.12) to write them in terms of the SM VEV v,,. For simplic-

ity we assume three degenerate heavy neutrinos, implying h’" = hV13,5, where
the coupling parameter A" has to be hY < 2.60 to be perturbative at the RG
scale A, i.e. Byv(A) < 1343. Requiring that the coupling remains perturbative
to the GUT or Planck scales gives the upper limits Y < 0.52 and AV < 0.47,
respectively.

We have previously shown in the no-neutrino case presented in Section 5.2,

that the scalar sector can be expressed in terms of three independent theoretical

parameters, namely A(A), Aa(A) and A3(A), with Ag(A) = 3 ()\Q(A) - i%gﬁ;)

using (5.12). Including right-handed neutrinos in a CP invariant way provides
a fourth independent theoretical parameter; h"¥. Due to the large number of
parameters we have decided to investigate three viable benchmark cases where
we have fixed the values of \y(A) and A3(A). We consider the following three

cases:

Case A : A(A) = 0.1, A3(A) = —0.01,
Case B : A(A) = 0.1, A3(A) = —0.005,
CaseC:  A(A) = 0.05,  A3(A) = —0.005. (6.12)

These values have been chosen so that they respect the tight theoretical con-
straints,

e That all four independent couplings remain perturbative up to the Planck

Scalea le. /6)\172’376 (MPlanck) S 1 and ﬁhN (MPlanck) S ]-3><3;

e The tree-level potential and one-loop effective potential are BFB up to the

Planck scale which requires A\; (Mpianek) > 0, A2(Mpranck) —2X6 (Mplanck) > 0,

91



Ag(Mp]anck) < 0 and ﬂ > 0;

e The Ve}{lo‘m coefficient o < 1 so that the perturbative GW approach can

be applied.

The tightest constraints are found to come from;

6)\1 (MPlaan) S 1 ) )\1 (MPlanck> > 07

)\2(MPlanck) - 2)\6(MPlanck) > 0> ﬁ > 0> (613)

and o < 0. In our numerical analysis we also apply the experimental LEP2
constraint i.e. we apply the LEP2 Higgs mass limit to my given in (6.14). We
have verified that even with the addition of the heavy neutrinos the oblique
parameters continue to lie within their respective 95% CL limits 0 Sexp, 0T exp and
0Uexp and provide no constraints on the theoretically permitted region.

Once again the influence of including the heavy neutrinos has a observable

effect on the mass of the scalar h, explicitly

3

my = \/gir% \/Al(/;))\i(j)x\z(A) mi;, +miy, + 6my, + 3my — 12mj — 4; miy; »

(6.14)
where mp, , are given in (5.16) and my; are the three degenerate heavy neutrino
masses given in (6.11). In Figure 6.3, we present the dependence of the h boson
mass on the Majorana neutrino Yukawa coupling A" (A), for the three cases A,
B and C given in (6.12). The area between the black lines is allowed by the
considerations given in (6.13) where 5 > 0 forms the tighter constraint in cases A
and C whilst Ao(Mpanck) — 2A6( Mpranck) > 0 is tighter in case B. The constraint
a < 1 only occurs within the theoretically permitted region in case B and is
represented by the red a = 1 line and above which is excluded. For case A

and C, the o = 1 line is above the allowed region and has not been displayed.

The region below the grey dashed LEP line is excluded by the LEP2 constraint.
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Figure 6.3: The scalar mass my, as a function of h™¥(A) in the U(1) non-invariant
MSISM with a Type II flat direction that minimally realises mazximal SCPV and
includes CP symmetric right-handed neutrinos. The three panels represent the
three different cases A (top panel), B (middle panel) and C (lower panel), as
defined in (6.12). The area between the black lines show the regions which corre-
spond to imposing the theoretical constraints given in (6.13) where § > 0 forms
the tighter constraint in cases A and C whilst A\o(Mpianck) — 2X6(Mprancc) > 0 is
tighter in case B. The area above the red o = 1 line in case B is excluded. The
area below the grey dashed LEP line is excluded by LEP2 constraint. The grey
shaded areas correspond to the regions allowed by theory and experiment.
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As a consequence, the grey shaded areas correspond to the regions which are
allowed by the theoretical considerations, the LEP2 constraint and the oblique
parameters. The presence of the right-handed neutrinos does not greatly affect
mp, except when hY approaches its maximum allowed value which reduces the
prediction for mj, as shown in Figure 6.3. The other scalar masses, my, ,, are
not greatly affected by the inclusion of neutrinos, since they are independent of
h™V at the tree level. However, the inclusion of A"V in the 3 functions will reduce
the permitted parameter space and in-turn reduce the range the masses can take.

In Figure 6.4 we display the dependence of the heavy neutrino masses my on
the Majorana neutrino Yukawa coupling k™ (A) for the three benchmark scenarios
listed in (6.12). Once again the areas between the black lines are permitted by the
theoretical considerations given in (6.13) and the area above the red a = 1 line in
case B is excluded. The area below the grey dashed LEP line is excluded by LEP2
constraint, leaving the grey shaded area as the region permitted by theoretical
and experimental constraints. Comparing the three cases A, B and C, we observe
that if A3(A) decreases or A\y(A) increases, both the upper limits on my and A"
increase. From Figure 5.4, we see that if Ao(A) increases then A3(A) also needs
to increase to remain within the theoretical and LEP2 constraint. This means
we can not simultaneously decrease A3(A) and increase Ay(A) whilst remaining
within the theoretical constraints of (6.13) and a < 1. We assume the maximal
values of my and Y do not vary significantly from the values given in case B and
from this benchmark scenario we can then derive approximate upper limits on
the values of my and A". Thus, from the middle panel of Figure 6.4, we observe
that the heavy Majorana neutrinos can generically have masses up to TeV scale,
i.e. my 1 TeV, and AY must remain relatively small in order for the one-loop
effective potential to be BFB, i.e. A" < 0.3.

The only weakness of the CP invariant scenario is that the would-be DM
candidate, the Hy boson, is no longer stable, since it can decay to neutrinos. The

rate of decay is strongly coupling size dependent and so no further investigation
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Figure 6.4: The heavy neutrino mass my as a function of h™N(A) in the U(1)
non-invariant MSISM with a Type II flat direction that minimally realises maxi-
mal SCPV and includes CP symmetric right-handed neutrinos for the three cases
A, B and C defined in (6.12). The area between the black lines show the re-
gions corresponding to the constraints: Bx,(Mpranak) < 1, A (Mpranek) > 0 and
Ao (Mpranek) — 2A6(Mprancc) > 0 in case B or 3 > 0 in cases A and C. The region
above the red o = 1 line is excluded and below the grey dashed LEP line is ex-
cluded by LEP2 constraint. This leaves the grey shaded areas which are permitted
by both theoretical and experimental constraints.
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has been performed. The decay of the Hy boson is a consequence of the violation
of the parity symmetry, ¢ < J, in the Majorana neutrino Yukawa sector. In
the following section we consider extending the parity symmetry to the neutrino

sector so that it would then act on the complete Lagrangian of the MSISM.

6.2.2 The 0 <« J Symmetric Scenario

Of the two symmetries that the U(1) non-invariant MSISM with a Type II flat
direction which minimally realises maximal SCPV possesses, CP and o < J,
the latter could be said to be the more phenomenologically important. This is
because under the action of this symmetry, the scalar field Hy as given in (5.17)
is odd: Hy — —H,, whilst h and H; are even. This implies that Hy must always
appear as Hj to preserve the parity and so is a stable particle. This parity
symmetry remains unbroken after the EWSSB and additionally since ¢, = ¢
to realise maximal SCPV, H; has no VEV. Thus H, is a massive stable scalar
particle which could play the role of cold DM in the Universe.

Extending the parity symmetry o < J to the neutrino sector requires that
hY = —h™f. Since the H, boson is odd under the parity, it can not interact
with the neutrinos without the parity breaking and so will remain a massive stable
particle even after the inclusion of neutrinos. Given the relation h’V = —ihV f

the light and heavy neutrino mass matrices (6.3, 6.5) become

A (A)
—As(A)

) vs h"(Reh™)™ h*" | my = 2 vs Reh™

(6.15)
where we have used (5.12) to write the masses in terms of the SM VEV wv,
and to work in the basis in which m,; is real and diagonal we require that
Reh? = —Imh?". Once again we assume three degenerate heavy neutrinos,
implying Reh”™ = Re hV13,3, where the coupling parameter Re A" < 2.06 to be
perturbative at the RG scale A, i.e. Byn(A) < 1343, and less than 0.37 or 0.33

to remain perturbative up to the GUT or Planck scale respectively.
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Similar to the CP invariant scenario, the o <= J symmetric case also depends
on four independent theoretical parameters; A;(A), A2(A), A3(A) and Re h'¥ with

Xe(A) = 32 (AQ(A) — :\\f’gﬁg) using (5.12). Due to the large number of parame-

ters we use the same three benchmark cases as the CP invariant scenario, given
in (6.12) which respect the tight theoretical constraints listed previously. The

tightest constraints in this case are determined from

/6)\1 (MPlanck) S 17 Al(MPlaan) > 07 ﬁ > 07 (616)

and o < 0. In the numerical analysis we again apply the experimental LEP2
constraint i.e we apply the LEP2 Higgs mass limit in an identical fashion to
the no-neutrino case on my;,. We have verified that even with the addition of the
heavy neutrinos the oblique parameters continue to lie within their respective 95%
CL limits 0Sexp, 07exp and dUep and provide no constraints on the theoretically
permitted region.

In Figure 6.5 we show the dependence of the h boson mass, given in (6.14)
where my; are now given in (6.15), on the Majorana neutrino Yukawa coupling
Re hV (M), for the three cases A, B and C defined in (6.12). The area enclosed by
the black lines is theoretically favoured by the perturbative and BFB conditions
given in (6.16). The area above the red a = 1 line is disfavoured, whilst the area
above the grey dashed LEP lines correspond to the regions which are permitted
by the LEP2 constraint. The grey shaded regions are theoretically and experi-
mentally permitted. From Figure 6.5, we observe that the h boson mass has a
similar range of values as the CP symmetric scenario discussed in the previous
section.

In Figure 6.6 we display the allowed parameter space of the degenerate right-
handed neutrino Majorana mass my and Re h" (A), for the three different cases
A, B and C. As before, we consider the following theoretical conditions given
in (6.16) and o« < 1. The theoretically favoured regions are those enclosed by
the black 8y, = 1, Ay = 0 and 3 = 0 lines and below the red a = 1 line.
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Figure 6.5: The scalar mass my, as a function of Reh™(A) in the U(1) non-
invariant MSISM with o Type II flat direction that minimally realises mazimal
SCPV and includes a o < J parity symmetric right-handed neutrino sector.
Cases A (top panel), B (middle panel) and C (lower panel) are defined in (6.12).
The area between the black lines correspond to regions allowed by the theoretical
constraints (6.16). The region above the red o = 1 line in case B is excluded.
The area below the grey dashed LEP line is excluded by LEP2 constraint so that
the grey shaded areas correspond to the regions allowed by both theory, the LEP2
constraint and the oblique parameters.
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Figure 6.6: The heavy neutrino mass my as a function of Re h™(A) in the U(1)
non-invariant MSISM with a Type II flat direction that minimally realises maxi-
mal SCPV and includes a o < J parity symmetric right-handed neutrino sector.
The three panels represent the three different cases A (top panel), B (middle panel)
and C (lower panel), as defined in (6.12). The area between the black lines show
the regions which satisfy: By, (Mpianek) < 1, M (Mplanek) > 0 and 5 > 0. The
regions above the red o = 1 line and below the grey dashed LEP line are excluded
by the respective limits. The grey shaded areas correspond to the regions which
respect both the theoretical and the LEP2 constraints.
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The grey shaded areas correspond to the regions which are permitted by theo-
retical constraints, the LEP2 constraint and the oblique parameters. In all the
three benchmark scenarios considered, the heavy Majorana neutrino mass scale
my stays below the TeV scale and the value of Re h’¥(A) is constrained to be:
Reh £ 0.15.

In summary, the U(1) non-invariant MSISM with a Type II flat direction which
minimally realises maximal SCPV and preserves the o «» J parity in the neutrino
sector has a number of physically interesting properties. Firstly, it maintains the
parity symmetry, such that the H; boson remains a stable particle even after
the inclusion of right-handed neutrinos and so Hs could play the role of cold
DM in the Universe. Secondly, it can implement an electroweak seesaw mecha-
nism which naturally provides small neutrino masses. Thirdly, it contains a new
source of spontaneous CP violation, thereby enabling the model with the ability
to consider addressing the problem of the baryon asymmetry in the Universe.
Fourthly, the model successfully passes all obvious experimental constraints from
LEP2 Higgs mass limit and other electroweak precision data, whilst the scalar
H, lies in the region close to the Tevatron excluded region. Finally, there exists a
significant region of the theoretical parameter space within which the model can

stay perturbative up to Planck scale.
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Chapter 7

Conclusions

In this thesis we have presented a thorough and systematic investigation of the
Minimal Scale Invariant extension of the Standard Model for a number of rep-
resentative scenarios along two of its three classified types of flat direction. The
MSISM is an extension of the Standard Model that includes an additional com-
plex singlet scalar field S and is classically scale invariant. Quantum corrections
explicitly break the scale invariance, and their interplay with the quartic cou-
plings can be used to trigger electroweak symmetry breaking. The SI SM suffers
from a number of issues, however the inclusion of a complex singlet scalar results
in a perturbative and phenomenologically viable theory.

To study the EWSSB of the MSISM we employed the perturbative approach
of GW [21]. To this end, we calculated the full one-loop effective potential of the
MSISM and determined a complete classification of the flat directions that can
occur in the classical scalar potential of the MSISM. We have found that the flat
directions can be classified into three major categories: Type I, Type II and Type
ITI1. The Type I flat direction is characterised by the singlet scalar S having a zero
VEV at tree-level, whereas the Type II flat direction is defined by non-zero VEVs
for both fields, S and the SM Higgs doublet ®. The third type of flat direction,
Type III, requires the VEV of ® to be zero at tree-level, however this makes it
difficult to naturally realise EWSSB without the need to introduce unnaturally
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large hierarchies between the scalar potential quartic couplings, or between the
VEVs of the ® and S fields. Therefore, our analysis has focused on scenarios of
the Type I or Type II flat directions.

For each of the two types of flat directions we considered two different sce-
narios, a U(1) invariant scenario, in which the scalar field S is invariant under
a change of phase, and a scenario where the U(1) invariance has been dropped.
In these scenarios we determine the permitted quartic coupling parameter space,
using both theoretical and experimental constraints, and apply these limits to
make numerical predictions of the scalar mass spectrum and the RG scale A.
The theoretical constraints are derived by keeping the quartic couplings pertur-
bative, for which we calculate the one-loop 3 functions of the pertinent couplings
of the MSISM, and also keeping the potential BFB. The experimental constraints
include the direct Higgs boson searches at LEP2 and the Tevatron, as well as phe-
nomenological limits from electroweak precision data. We find that for all the
considered scenarios the scalar masses and the RG scale A remain below the TeV
scale, with A normally just higher than the EW scale.

We have found that the general Type I flat direction is perturbative only up to
the EW scale and exhibits a Landau pole at energy scales ~ 10* GeV. Likewise,
we have found that the U(1) invariant Type II flat direction develops a Landau
pole at energy scales ~ 10° GeV. In this respect, our results are in qualitative
agreement with [23]. Moving away from the constraint of U(1) invariance, we have
explicitly demonstrated that a minimal U(1) non-invariant MSISM with a Type II
flat direction which realises maximal SCPV can stay perturbative up to the Planck
scale. This is of particular importance for suggesting that the gauge hierarchy
problem is removed in this case. In [14, 15, 16] it is argued that the quadratic
divergences in any SI theory are just spurious effects of the regularisation scheme
provided the regularisation scheme respects the classical symmetries of the local
classical action, to which scale invariance must be promoted. A further two

requirements are made in [16]; that the theory has no intermediate scales between
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the EW and the Planck scales and that the running couplings have neither Landau
poles nor instabilities before the Planck scale. The minimal U(1) non-invariant
MSISM with a Type II flat direction which realises maximal SCPV respects all
these constraints.

In addition, we have discussed the phenomenological implications of the Type
['and Type II flat directions, in particular, whether they realise explicit or sponta-
neous CP violation, contain neutrino masses or provide dark matter candidates.
The key features of the different flat directions have been summarised in Ta-
ble 3.1. We decided to investigate the inclusion of right-handed neutrinos to the
MSISM in more detail, for the main reason that if the very small light neutrino
masses were generated through the seesaw mechanism, then the corresponding
heavy neutrinos could have a large impact on the one-loop effective potential,
the one-loop 3 functions and the oblique parameters. The seesaw mechanism can
only be realised in a SI way in the Type II flat direction. Our analysis shows that
the additional heavy Majorana neutrino masses my cannot be much higher than
the TeV scale.

The scenario which satisfies all the above requirements is the minimal U(1)
non-invariant Type II scenario which maximally realises SCPV. It can naturally
incorporate small neutrino masses via the seesaw mechanism and, provided it
preserves the parity symmetry between the real and imaginary fields of the com-
plex scalar S in the neutrino sector, produces a massive stable scalar dark matter
candidate. An important feature of this model is that it can remain perturbative
up to the Planck scale. As mentioned above, it can be argued that last property,
along with the classical scale invariance, can potentially solve the gauge hierarchy
problem for this model.

There are several issues which are beyond the scope of this thesis, but which
need to be studied in greater detail. We have not discussed either the DM can-
didates or the CP violation in great detail, and further investigation into both

areas of phenomenology is required. Additionally although we have discussed it,
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a fully detailed investigation into how these scenarios could be detected at the

LHC or future colliders also needs to be considered.
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Appendix A

Derivation of the Ward Identity

for Scale Invariance

In this appendix we present the derivation of the WI for scale invariance from
Equation (2.6) to Equation (2.8). To clearly show the derivation we shall consider
a single real field only, to expand to a theory containing complex fields simply
include the hermitian conjugate of every term and for theories with multiple fields
just sum over all the fields.

Equation (2.6) can be rewritten in terms of only one variable, x, which we

will then drop for notational simplicity

sstot] = [ |s(0,00) 5@%@) +a0) s [ o Liog)
_ / iy die [5(@@(@/)) m + 6D(y) &%@)} CI0(2)] 5(z — y)
\ 5 5
= /d x {5(8u<1>(x)) m + 09(x) 5(1)(1')} L[P(z)] . (A1)

The first term on the right-hand side of the above equation can be replaced by
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the simple manipulation

5(8H<I>) 5(8“(1)) - (8“5<I>)

which gives

o L[] L[] L[]
5S[D] = /d x [au [5%((‘%@)] + M){W - (8“5(5*”@)) }] . (A3)

The last two terms which are encased in the curly brackets amount to the Euler-

Lagrange equation and are equal to zero. In the first term we may replace 6® by
the specific variation due to the scale transformation given in (2.7). Applying 0,

on the various terms gives

PSR = / T [[“@‘P)+<8uw”><8u®>+x”<auay¢>]%
’ 5L[D]
+[a® + 279,0] (8”W>] . (A4)

Using the Euler-Lagrange equation on the last bracket, i.e. 0, (é‘zg[?)) = 5?};’}
"

and noting 9,z" = d;; we can rewrite the above equation as

S|P = €/d4ZL’ (a+ 1)(8M(I>)55(§[?) —I—a(ID(Sg([I)(I)]
5 IL[D] SL[P]
+x <8V(I)W + (8M8V(I>)6(au®)> ] : (A.5)
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The last term can be simplified using the chain rule and some simple manipula-

tion,

2 (M@HM@) 55@]) - [0 L 202) 0 | cja)

5 5(0,9) 017 0@ = 01" 9(9,P)
Lo
= &EVE[@]
_ aiv (]| - clo aiug;"
— 8, (z"L[®]) — AL[D]. (A.6)
Substituting this into (A.5) gives
5S[0] = € / diz [(a—i—l)(@u@);(g[?) +aq>%[§’]—4c[q>]+ay @ca)] (A7)

which is identical to (2.8) except for the last term. The last term can be removed

to give (2.8) by using Stokes theorem

/V diz 9, (2" L[B]) = / dA n, (2" L[®)) (A.8)

b

where a finite volume V' is bounded by the surface >3, dA is the surface element and
n, is the outward normal to the surface. This is a boundary term and therefore

vanishes on field configurations that go to zero sufficiently fast at infinity.
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Appendix B

The Yukawa and Gauge Sectors
of the MSISM

In this appendix we briefly review the gauge-invariant, gauge-fixing and Faddeev-
Popov sectors of the MSISM Lagrangian (3.1). These terms closely resemble those
of the SM which has been reviewed extensively in the literature, for example see
[1, 2, 3]. In this brief exposition, we introduce the notation and determine the
gauge-dependent masses and couplings that enter our calculations for the effective

potential and the electroweak oblique parameters.

B.1 The Gauge-Invariant Lagrangian

The gauge-invariant part of the MSISM Lagrangian (3.1) can be written as

1 a a, v 1 % 2, WV 1 v
*Cinv - - ZGUVG i - ZFMVF e ZBNVBM
+ i "Dt + (D 2){(D,D) + (9,57)(0"5)

- <hz'ujQiL(i)ujR + h%QiL(I)de + hfjf/zL(I)ejR + h.c) . (B.1)
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S
=
W
—
I
wino

€iR 1 1 -9

G+
¢ = ( (9 +i0) ) 1 2 1
S = (0 +iJ) 1 1 0

Table B.1: The SU(3)., SU(2). and U(1)y charge assignments for the scalar and
fermion fields of the MSISM.

The field strength tensors of the SU(3)., SU(2), and U(1)y gauge fields G, (with
a=1,...,8), Al (with i = 1,2,3) and B, are respectively

Go = 9,68 — 0,64 + g fGLGE

pvs
Fiy = 9,40 — 9,AL + ge"" A1 A

i

B,uz/ = 8;LBV - auB,ua (B2>

where g5, g and ¢’ are the corresponding SU(3)., SU(2), and U(1)y gauge cou-
plings, f%¢ are the SU(3), structure constants and £“* is the Levi-Civita symbol;
a totally antisymmetric tensor.

The covariant derivative is defined as

A T Y
D, =0, — zgngu — Zg;AM — z;g/BH, (B.3)
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where A% (7%) are the Gell-Mann (Pauli) matrices and Y is the U(1)y weak hyper-
charge of the various fields. The SU(3)., SU(2), and U(1)y charge assignments
for the scalars and fermions fields are given in Table B.1.

After EWSSB, in which SU(2); x U(1),, — U(1)gy, the massless SU(2);, and
U(1)y gauge bosons can be replaced by the physical gauge bosons: three massive

gauge bosons,

wE = L

p \/é(Ab F Z'Ai), Z, = CosewAi — sinfw B, (B.4)

and a fourth massless combination A, = sin QWAi+cos 0w B,,, which corresponds
to the gauge boson of the remaining U(1)gy gauge group. The Weinberg angle or
weak mixing angle, @y, is defined through cos? 0y = %. EWSSB also gives
rise to two-particle mixing terms between the Goldstones bosons and the gauge
bosons. For practical calculations it is more convenient to eliminate these two-
particle mixing terms by choosing a gauge-fixing scheme in which they naturally
cancel, see Section B.2.

In (B.1), we have used 1) to collectively represent all the fermions of the model

Y = {Qir, wir, dir, Lir, €ir} (B.5)

where the subscripts L and R denote the left- and right-handed chiralities of
the fermions, ¥ p = %(1 F 75)¢. Each type of fermion has three generations,

represented by ¢ = 1,2, 3. Explicitly,
Uiy = (u> c, t)> dl = (d> S, b)> €; = (6, s T)a Vi = (Ve> Vs VT) : (B6)

The 3 x 3 matrices hl-“j’d’e contain the Yukawa couplings for the SM up- and down-
type quarks and charged leptons respectively.

Finally, in (B.1), we have denoted the hypercharge conjugate field of the Higgs
doublet ® as & = ir2P*,
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B.2 The Gauge-Fixing and Faddeev-Popov La-
grangians

In a gauge theory with EWSSB, such as the MSISM, one has to specify a gauge-
fixing scheme in order to eliminate the unphysical degrees of freedom from the
gauge fields (which result from the gauge invariance). A convenient gauge-fixing
scheme, which also removes the tree-level mixing terms between the Goldstone
and gauge bosons, is the R class of gauges [45]. Adopting this scheme, we can

write the gauge fixing Lagrangian as follows:

Lop = — ;—6[(@#@@#)2]2 - ;—g[aqu + z’g&(@*g@) - <<I>>T%Z<I>)}2
- e[ + ig5 (@@ - @) (8.7

where we have linearly decomposed the neutral component of ® about its one-loop

induced VEV, ® + (®), where
(@) = : (B.8)

At the minimum we require vy to equal the SM VEV, vy = vgy = 246 GeV. The

Goldstone bosons obtain gauge-dependent mass contributions given by

1 1 ,
mge = 192&2, mg = 1(92 + g %] . (B.9)

Denoting the SU(3)., SU(2), and U(1)y ghost fields as n* (a = 1,...,8), w;
(1 =1,2,3) and Y, the induced Faddeev—Popov Lagrangian is

Mij Mz Wy
Mj M X

Lop = —i0u(8"0° — gof*™ G + (W], x) (B.10)
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where

1 T;Ti
My = = [0°(050 — gepdl) + g6 (5(@)1(@)3; + 012 (@)
+ (@)Tﬂcp)]
4
/ 3 .
M = —el(@)inio) + o' (@) + (@)1 2a]
2
M, = — [aﬂau + %g(2<q>>T<q>> + ol + <<1>>T<1>)] . (B.11)
The ghosts also gain gauge-dependent mass eigenvalues;
2 Lo s 2 L 12y ¢, 2 2 2
mWi:ng%, me:Z(g + 9%)&vy mg,, =0, mye = 0,

(B.12)

where wy = %(u}l Fiws), wy = cosbByws—sin by x and wy = sin Oyyws + cos Oy x.
We should note that after EWSSB, the £-dependent mass contributions appear

in the one-loop effective potential Vj; '°". However, when evaluated along the
flat direction they cancel and leave Vj{l‘mp gauge-invariant, for more details,
see Appendix C. In the same context, we also note that the {-dependent mass
contributions to the Goldstone bosons (B.9) contribute to the electroweak oblique
parameters, S, T and U, which are conventionally calculated in the Feynman-'t
Hooft gauge, £ = 1, for more details, see Appendix E. However, since the one-loop
anomalous dimensions and [ functions can be computed in the symmetric phase

of the theory, the {-dependent mass contributions do not influence them.
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Appendix C

The One-Loop Effective Potential

To calculate the one-loop effective potential of the MSISM, we use the Feynman
path integral method developed in [46]. The alternative approach of [20], which
requires the summation of an infinite set of Feynman vacuum diagrams, would
have been an almost impossible task in the MSISM due to the two-particle scalar
mixing terms, see (C.10). Using the Feynman path integral approach, the one-

loop effective potential is determined from the functional expression [46, 47]
iz _ o g Trin H, C.1
5 = = O (T () = Ty (0)) . (C)
where ¢ denotes the fields of the theory, which for the MSISM are
{(I)7 S? Aiu B,Lu W4, Wz, W4, 77[17 Ug, di7 €, Vi, NZ}7

and H,,,, is the second derivative of the classical action S = [ d*zL with respect

to two fields of the theory, i.e.

629

H 2 Cc = .
©p1p (80 ) 5@1($1)6¢2(x2) p=Pc

(C.2)

The classical fields ¢, of the theory are defined such that for a vanishing source

term, J(x) = 0, they equal the expectation value of the field ¢. In (C.1), the
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factor C takes the values, C's = +1 for real fields obeying Bose-Finstein statistics,
Cs = —1 for real fields with Fermi-Dirac statistics, and if the field is complex
there is an additional factor of 2, e.g Cs = 2 for the complex scalars ® and S.
Finally, the trace Tr in (C.1) acts over all space and internal degrees of freedom.

1—loop
Vesr

To calculate , we use the more practical representation of (C.1)

1-loop __ 1 ! T ©2 2(e) — <p1soz(0)
Ve 0 = @zAdT[wa> Hpol0) + Bpa(y]© &Y

where we have used the relation fo dx = In(A + B) — In B. Performing

Az +B
a Fourier transform to a momentum space of n = 4 — 2¢ dimension, the above

expression becomes

1-loop __ T P2 (()OC) H<P1 (0)
Vor 0 = C/d/ [-%M) HoueiO) + o))

where tr now symbolises the trace over the internal degrees of freedom only, e.g.

over the polarisations of the gauge fields, the spinor components of the fermions
or over any matrices, such as the Yukawa coupling matrices.

The one-loop effective potential of the MSISM can now be calculated by in-
dividually applying (C.4) to the different field types; scalars, gauge bosons (GB),
ghosts, charged fermions (CF) and neutrinos (N), i.e.

Vi °P = Vg (Scalar) + Vi °(GB) + Vi *P(Ghost)
L yieor(OF) 4+ vieor(N) (C.5)

C.1 The Scalar Contribution

The numerous interactions between the scalar fields ® and S given in V' (3.2)
makes determination of the scalar contribution to (C.5) a non-trivial calculation.

Considering the scalar fields only, H,,,(¢.), as defined in (C.2), is the 6 x 6

114



matrix
Heto Hptor Horg Hatgs

Hso Hoppt Hos Hos

Hsg Hgegt Hgrs Hgrse

Hso Hgot Hgs Hgs
Since P is a doublet whilst S is a singlet, we observe that Hgig, Hetept, Hee and
Hggt are 2 X 2 matrices, Hgg, Hgg+, Hg«g and Hg«g+ are complex numbers, and
the remaining entries, e.g. Hpg, Hps+ etc. are two-dimensional complex vectors.
This internal matrix structure must be preserved throughout the calculation, par-
ticularly when determining the matrix [z (Hy,p, (0c) — Hyprpy (0)) + Hyy o, (0)] 71

Taking this into account, the scalar contribution is found to be

3 2
1 1 3 Mz,
Vi ' (Scalar) = o [ E M}, (— - T 3 + In Hl)

ﬁ2
1 M? 1 M?2
+2Mgi( Ll Gi)+Mé<—g— +1nﬂ—§)],(C.?)

N W

where In i = —y + In4mpu?, v =~ 0.5772 is the Euler—-Mascheroni constant and p
is t-Hooft’s renormalisation scale. The Goldstone mass terms in (C.7) are given

by

ME = Mi. = %)\@2 + %amg + A+ ) + %ﬁ(xg — A= A;) HicJ(A =) .

(C.8)

Along the flat direction the Goldstone mass terms vanish because of (3.12), how-

ever, after EWSSB they obtain additional {-dependent contributions through the
gauge fixing terms [cf. (B.9)].

The masses M?{L ,; appearing in (C.7) correspond to the eigenvalues of the

matrix
M2 Mgy My,
Mg = | My, M2 M, |, (C.9)
My; My; M3
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where

3 1
M2 = 5)\@2 + 5(>\3 + M+ A0 +i(Ay — A)aJ
1
+§(>\3 — A= M)

1 3
M = 5 (s + A+ N)o® + (Ao + 225 4+ 205 + Ag + Ag)o”

1
+3is = A5+ X — Ao + 5(he = 3As — 317,

1 1
M; = 5()\3 — )\4 — )\Z)QS2 + 5()\2 — 3)\6 — 3)\2)0’2

3
+ 3i(A\s — As — X6 + )\E)UJ + 5()\2 —2X5 — 205 + A + AZ)J2 )

M, = qs[(Ag o+ Mo+ iy = A
. 1 * 2 3 * * 2
MO—J = 1 5()\4 — >\4)¢ + 5()\5 — >\5 + )\6 — )\6)0
. * 3 * * 2
—’L()\g - 3>\6 - 3>‘6>0J + 5()\5 — >\5 — >\6 + )\G)J y

M, = qs[iw “ e+ (s — A — A0 (C.10)

We note that along the flat direction one of the eigenvalues of the matrix (C.9) will

always vanish as it corresponds to the pseudo-Goldstone boson of scale invariance

h.
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C.2 The Gauge Boson Contribution

Calculated in the R gauge, the gauge-boson contribution in (C.5) reads:

Vi “P(GB) = @IGM;*V (—% - % + In ]‘g—fV)
+ 3My, (—% — 2 + ln]\;—;) + 262 My, (—% — g + lng‘i\fV)
+ &My (—é - g + In 5%%)] , (C.11)
where
My =L M = 9229'2& (C.12)

C.3 The Ghost Contribution

Evaluated in the same class of R¢ gauges, the ghost contribution after EWSSB

is given by
2 1 3 M
1—loo - 4 W
Ve “°P(Ghost) = ~ 612 [2]\/[% (—g ~ 3 + In = )
1 3 M?
4 w
+ sz <— g — 5 + ln /12Z) ] s (013)

where M2, = &My, and M2 = M7 are the field-dependent ghost masses.

C.4 The Charged Fermion Contribution

The charged fermion contribution to the effective potential (C.5) reads:

3
4 1 M2
ylrleer(cp) = — M(—2 -1 4 In—u
eff (C ) 647T2 [3; w ( e + In ﬂz )
3 3
1 M2, 1 M2
+3£ Mél(—g—l‘i‘lnlag)—'_E Mé(—g—l‘i‘lnﬁz)],((jlll)
=1

i=1



where M7, (f = wu, d, e) are the eigenvalues of the background ¢-dependent
squared mass matrix for the f-type fermion: 1(h/th/)$?* The factor 3 in front

of the up-type and down-type quark contributions is an SU(3), colour factor.

C.5 The Neutrino Contribution

Extending the MSISM with right-handed neutrinos to obtain a set of light v;
and heavy N; Majorana neutrinos, gives rise to additional contributions to the

one-loop effective potential (C.5)

2 1 M, M/
1—loo o 112 vivl,
Vg “P(N) = — 647?2{Tr (M, M) (—g — 1+ 1In 2 )]
1 My M}
+ Tr | (MyM],)? <— - -1+ m#) ” , (C.15)
£ i
where M, is the light-neutrino mass matrix,
1 2 1.V —11,vT
M, = 5@5 h” M h"" | (C.16)
and My is the respective heavy-neutrino mass matrix,
1 ~ ~
My = [a(hN + BV i (Y — hNT)] . (C.17)

Finally, we shall make an important remark regarding the gauge-dependence of
the one-loop effective potential. In general Vi '°® is gauge dependent through
(C.11) and, after EWSSB, through (C.13) and the Goldstone ¢-dependent mass
terms in (C.7). It is known that the effective potential becomes gauge-independent
when evaluated at local extrema [48, 49]. As a consistency check, we have inde-
pendently verified that the {-dependent terms due to the gauge, Goldstone and
ghost contributions cancel against each other in the one-loop effective potential

(C.5) when evaluated along the flat directions as well as at the minimum.
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Appendix D

The One-Loop Anomalous

Dimensions and 3 Functions

In this appendix, we present the one-loop anomalous dimensions of the fields and
the one-loop [ functions of the couplings of the MSISM. For completeness we
also review the approach used to determine them. This approach is compatible
with dimensional regularisation [17], the MS renormalisation scheme [35] and the

R¢ class gauges [45], which have been used through this analysis of the MSISM.

D.1 Formal Analysis

To calculate the one-loop anomalous dimensions and [ functions, we need to
determine the one-loop wavefunction and coupling constant renormalisation con-
stants. To do this, we use the displacement operator formalism, or D-formalism
for short, that was developed in [50] as an alternative approach which enables
one to systematically perform renormalisation to all orders in perturbation theory.
Since it is not a common approach, we shall briefly review its main features.

In the D-formalism the renormalised one-particle irreducible n-point correla-

tion functions I',» are related to the unrenormalised or bare ones I[‘?On through
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the relation
" TN, m? &) = €P (go" ]an(k,mz,g;u,é)) : (D.1)

where D is the displacement operator that takes the form

9

5 (D.2)

) ) , 0

with ¢ denoting all the fields of the theory, A all the couplings (gauge, Yukawa and
quartic couplings), m? all the squared masses and ¢ is the gauge fixing parameter.

Additionally, the parameter shifts dp, O\ etc. are defined as

Sp = @ — ¢ = (Zslp/2 — Dy, om* = m°)? —m? = (Zpn: — 1)m?,

A=A —X=(Zy -1\, & =& —¢ = (Z — 1), (D.3)

We have used the notation that all bare elements are denoted with a superscript
0 and all renormalised ones are left un-annotated.
Since (D.1) is an all-order result, we may expand it to any given order using

perturbation theory. Performing a loopwise expansion of the operator e? gives
1
e? =1+ DO ¢ (D(2)+§(D(1))2) o (D.4)

where the superscript (n) on D denotes the loop order, such that

DM = gy >% + oAl >5 + (om*)! )W + 5l )a_g‘ (D.5)

Correspondingly, the parameter shifts 5o, §A™ etc are defined loop-wise as

s = 73 oA = Z{"x,
(6m?)™ = Z0)m? 6" = 7. (D.6)
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Applying the D-formalism to one-loop, we have
"I\, m?, & p) = DY (@"Tg(v?)(%mz,&u)) +" TN (A, m?, & pe) . (D7)

Rearranging the above equation and using (D.5) and (D.6), we obtain an explicit
relation to calculate the one-loop wavefunction and coupling constant renormal-
isation constants, Zs(pl) and Z/(\l) of the MSISM:
0 0

1
zZ0 — Az = Z(1

0

—"T (A€u,)= 7€

(s@"IF?D(B) (& u))
(D.8)

where the bar indicates that only the infinite part of the corresponding bare

one-particle irreducible n-point correlation function ngn should be considered.
Having obtained the one-loop wavefunction and coupling constant renormal-

isations using (D.8), we may compute the one-loop anomalous dimensions 7, of

the fields and the (3, functions of the couplings as follows:

L R M B - D DEL S s
_dx o 9
B =gy, = N lim D edy ) a_AjZAi : (D.9)

where € d), is the tree-level scaling dimension of the generic coupling A in n = 4—2¢
dimensions, with d,, = 2 for the scalar quartic couplings, d, = d;, = 1 for the
gauge and Yukawa couplings and d; = 0 for the gauge-fixing parameter. The
relations given in (D.9) are based on the derivation presented in [51] where we have
applied the fact that the bare coupling constants are related to their renormalised
parameters through

(2
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where we have loopwise expanded Z),,. Note that the contribution to Z,, at n-
loop is a function of order €™, Z}) = O(1/€™). Similarly, Z, can be expanded
loop-wise as Z, = 1 + Zs(pl) + ..., where again the contribution at n-loop is a

function of order €7, Z7 = O(1/€").

D.2 The One-Loop Anomalous Dimensions and

0 Functions of the MSISM

We calculate the one-loop anomalous dimensions and 3 functions of the MSISM in
the R¢ gauge using dimensional regularisation in the MS renormalisation scheme.
By employing (D.8) and (D.9) in the symmetric phase of the theory i.e. before

EWSSB, we obtain the following anomalous dimensions of the fields

1 1
Yo = Ay {1(5 - 3)(3¢> + ¢*) + Tl] ;
1 1
- T
1 [1 4 3 1
— - huhuT hdth> (_ 2 < 2 - l2> 1
1 | 4
_ huThu - ( 2 /2) 1
Yug (471')2 i + 9§ Sgs +y9 )
1 [1 4 3 1
— - huhuT hdth> (_ 2 <2 i /2> 1
R e _2< + Tel39 T 19 T 569 !
~ _ 1 -thhd + 1&'(1292 _|_912> 1
in (47)% | 9 ; ’
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1 §
= Z( hehet v vt S 2 2
Vg = th +hh>+4<3g+g)1],
Yoo = [ he*heT+h”*h”T>+§(3g2+ g’2) 1} ,
1
_ vy, v+ N1, Nt NN
R (h H o+ SR+ h)> (D.11)

where 7; = Tr(3h"h*! + 3h*h'f + hh*f + h*h*") and T, = Tr(VThY + BV TRY ).
Notice that (7,0 )* = 7,0c and (7,0 )* = 7,0, where we have used A" = A" and
RN = hNT | which is a consequence of the Majorana constraint on the left-handed
and right-handed neutrinos, 1Y, and vY.

Correspondingly, the one-loop 3 functions of the scalar-potential quartic cou-

plings are
1 2 2 * 3 4 2 12
By, = 53 |G A AN+ 2 (3¢" + 299" + ¢"*) — T3
3 2 12
Bry = =5 |5A2 420+ 4NN 4 5AANS + 3606 — T (hNhNThNhNT)
- 2Tr(ﬁNﬁNThNThN> 9Ty (BNTBNhNhNT)
—Tr (BNTBNBNTBN> + )\QTQ s
1
B = 5o |BAAs+ 20ds + 203 + BMA] + 6MN; + 6As)]

_ 2Tr<hNThNhVThV> _ 9Ty (BNBNThVThV)

3 1
— A3 (Z (39°+9?%) —Th — §T2)

)
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1 ~
B = 53 [3/\1>\4 oy + A hy + 3Aghs + 6AIAG — 2Tr<hNhNhVThV)
3 1
-\ (1 Bs*+97%) - T — §T2) )
1 ¥ T NNy, NTN
/6)\5 == W |:9)\2)\5 + 2)\3)\4 + 18)\5)\6 — TI'(h h“"h"h )
—Tr (hNhNT hNBN) + Ast} :
1 ~ ~
B = o [00de+ 20+ N = Tr(RVRVEVRY) + AT (D.12)

where T = Tr (6 h*h*/h*h* +6 h'h? /T + 2 hheThehe 42 h'h*Th'h"T) . Note
that the one-loop [ functions of the complex conjugate quartic couplings, e.g. the
A} coupling, are given by Bx: = (8),)* etc.

For the one-loop /3 functions of the SU(3)., SU(2), and U(1)y gauge couplings,

we use the established results

1 41 ,

gs37 ﬁg:_—_gv 69’:

We also present the known one-loop (8 functions of the Yukawa couplings

_ 17 2 9 2 2 1 3 U, ut d1, df u
Ao = 5o 7219 ~ ¢ 19+ 5T+ 7 (R — R | b
_ 1 [ 5 2 9 2 2 1 3 dy, dt u,ut d
1 [ 15, 9, 1 3
e = — |-=¢*— ¢+ T+~ (h*hT —h"h"") | h°. D.14
Bn ol AT +5T+ ;4 ( )] (D.14)

Finally, the one-loop 3 functions of the Dirac and Majorana neutrino Yukawa
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couplings are calculated to be

~_L~N§NNT1NTN1VTV*>
Bin = Wlh <4hh + Y+ ChTh

)

) 1-ye 1 ~ 1=~
+(0V Y + ZRYEY 4 CnTh ) RY + RN

L LN Oenint L Lo 11/T1/>
Buv = 8”2[h (BB + bR + Sh*h

5

ey 1
+(ZhNThN+—

1 1
R O A R

Y

_ 1 1/_%/2_22 1 ) %(VuT_eeT)u
ﬁhu_wlh( 29”7 = 29+ 5T) + S (0h — btk

1 .
b (hNThN + hNhNT)] . (D.15)

The renormalisability of Vi '°® can be verified by using the one-loop anoma-
lous dimensions of the scalar fields and the  functions of the A quartic couplings.
Specifically, the renormalised potential V = V¥ 4 V1P should be UV finite
i.e. contain no 1/e terms. In the MS renormalisation scheme [35], the one-loop

UV counter-terms for the fields and coupling constants are explicitly given by

1/1
s = Z;1)1/2<p = =3 <g—7+ln47r) Yo s
1/1
AV = ZW\ = 5 <g—7—|—ln47r> By . (D.16)

Taking these relations into account, the one-loop MSISM effective potential
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can be renormalised in the MS scheme and its complete analytic form is given by
1 3 M2 3 M
Vi or = IMie (- +1n ML= +m—E&
off 6472 { ar\Tgt T )T Me (Tt

5 . M2
ZmH ( )+6M4 (—6+1nu—gV)

M2 M?2
+ 3M), <—§ +1nﬂ—) + 262 My, (—§ +ln£ W)

6 2 12
3 EM2 3 M2
2 4 z v

3 M M?2.
4 E us
3 M2-
—-12) M;‘Z.( 1+In—5 ) 4§ (—1—|—ln—2€’)
: 1
=1

.i.
— 2Tr {(M,,Mi)z (-1 +1In M”E/I) ]
il

— 2Tr [(MNMR,)Q( —1+1n M]Lilzvﬂv)} } , (D.17)

where the mass terms are defined in Appendices B and C. In general, like the

-1
unrenormalised V oop

given in Appendix C, the one-loop renormalised effective
potential is gauge dependent through the £-dependent Goldstone boson masses
Mg+ and Mg, the é-dependent contributions from the W# and Z bosons and
their respective ghost fields masses M,, and M,,. However, along a stationary
flat direction, where u — A, the £-dependent terms cancel against each other.

Hence, the complete one-loop renormalised effective potential becomes gauge in-

dependent along the flat direction, and consequently at the minimum too.
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Appendix E

The Oblique Parameters

Following the formalism and notation of [32], the electroweak oblique parameters

S, T and U are defined as

Qo S = 462 [Tlyy(0) — Wy (0) ]

62

T = — [H 0) — Is(0)] |
@ sin? 0, cos? 0,,m% u(0) 3(0)

Cen U = 4% [T, (0) — Ty (0)] (E-1)

where e is the electric charge, ae, = €2/(47) is the electromagnetic fine structure
constant and 6,, is the Weinberg or weak mixing angle. The vacuum polarisation

amplitudes are decomposed as follows:
Ay (¢°) = ig"Txy(¢®) + (¢"q"terms) (E.2)

where

Mxy(¢®) = Ixy(0) + ¢y (¢°), (E.3)
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and XY = {11,22,33,3Q,QQ}. The one-particle irreducible self-energies of the

A, W* and Z gauge bosons are related to the vacuum polarisations through

62

Oasa = €I II = I
AA € 1llgq , ww i 0., 11
il (Il — sin 6, 1g0)
= — —sin“ 6, ,
Z4 cos 60, sin 6, 3Q e
2
Mgz = ——s— (a3 — 2sin® 0,5 + sin* 0,7Tq) . (E.4)

cos? 6, sin? 6,

Noting the sin?#@,, dependence of Ilss, II3o and Ilgg in I1zz, the S, T" and U
parameters given in (E.1) can be determined by calculating just two vacuum
polarisation amplitudes: 1157 and Iy .

Since we are interested in finding the difference between the electroweak

oblique parameters in the MSISM and the corresponding ones in the SM, i.e.
0P = Pysism — Psu (E.5)

where P = {S,T,U}, we need only calculate the contributions from fields which
differ between the two models. These differences arise in the scalar sector and,
if the MSISM contains right-handed neutrinos, the massive Majorana neutrino

sector. We shall consider each contribution separately.

E.1 The Scalar Contribution

The scalar sector of the SM and the MSISM differ by the latter containing an
additional complex singlet scalar S. However, since S does not interact with
the gauge bosons, it can not contribute to the WW and ZZ self-energies or
electroweak oblique parameters. This implies that the difference between the SM
and the MSISM contributions to the oblique parameters comes entirely from the
definition of the CP-even part of the ® doublet ¢. In the SM ¢ = Hg);, whilst,
in the MSISM, ¢ is generically linearly composed of the mass eigenstates h and
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G/G* Z)w= -

Figure E.1: The generic Feynman diagrams of the ¢ contributions to the WW
and ZZ self-energies.

HLQ:
¢ = gnh + gu, Hy + g, Hy (E.6)

where the coupling sum rule requires g7 + g?ﬁ + 9%12 = 1. The shift in the oblique

parameters 0 P (E.5) due to the scalar sector can thus be written as
P = giﬁ(mh) + g?{lﬁ(mHl) + g?fgﬁ(mHz) - ﬁ(mHSM)7 (E7)

where lg(m) is the scalar contribution to the oblique parameters from the sum
of the three Feynman diagrams for a scalar ¢ = {Hgm, h, H1 2} of mass m, given
in Figure E.1. To simplify the calculations we have assumed the SM coupling
of the scalars and gauge bosons when calculating the Feynman diagrams. So,
to obtain the correct contributions from h and Hi» in (E.7), we multiply their
contributions by g7 and 9?11,2 respectively, which gives the correct modified gauge
coupling constants.

Explicitly, the three shifts in the oblique parameters are calculated to be

~ 1 11 m*(m? — 3m?%) m?
Sy~ L[1 1 ) ()
127 e 2 (m? —m?%)3 fi2
m3(3m? —m%) I my\  5m' —22m’m} 4 5my
gy " T
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T(m) = ’ (G +1) omz i)

) 2
167 sin® 6,, cos? 6,,m7%

m*mi, | m*\  m’mj 1 m?
m? —mi, -\ i m? —mZ -\ i’
4 2 4 2
N 2mW 7| <mgv) T 2mZ 71 <m—2z)} '
m2 —m Q m2 —m3, 0
U(m) = L [mim? - im%‘/> In 7?—2 _mimt - ?;mQZ) In 77_1—2
127 |  (m?—mj,)? i (m? —m3%)3 i

miy (3m® —miy) | (m%V ) L my(mg = 3m?) (m_)

R R w2 "\
5m* — 22m2*mi, + 5my, N 5m* — 22m2*m?% + 5m7, (E8)
6 (m? —m¥,)? 6 (m? — m%)? ’ ’

where we have applied the standard convention and calculated the electroweak
oblique parameters in the Feynman-'t Hooft £ = 1 gauge, in which mg = mz and
ma+ = my+. Moreover, it is important to note that 05, 07 and 0U are UV finite
and independent of fi, which can easily be checked by means of the coupling sum

rule.

E.2 The Neutrino Contribution

The inclusion of right handed neutrinos in the MSISM provides another contri-
bution to the electroweak oblique parameters from the light and heavy Majorana
neutrinos, v; 23 and Vo3 respectively. However, these contributions are sup-
pressed, either by the smallness of the light neutrino masses or because they are
proportional to Tr (h” h*T)? i.e. they are suppressed by the fourth power of the
small neutrino Yukawa couplings. Therefore, compared to the dominant scalar-
loop effects on the S, T and U parameters, the neutrino contributions can be

safely neglected.
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E.3 Experimental Values

Since the neutrino contribution is negligible compared to the scalar contribution,
the shifts in the electroweak oblique parameters 6.5, 07 and dU are determined
from (E.7) and (E.8). To obtain constraints on the values of the parameters of
the MSISM from the oblique parameters, the theoretical relations for 6.5, 0T and
0U are equated with their experimental values. The experimental values 0.Sexp,

0Texp and 6Uey, are presented in [6] as

0Sexp = —0.10+0.10 (—0.08) ,

0y = —0.08+0.11 (40.09) ,

0Uexp = 0.15£0.11 (+0.01), (E.9)
where the first uncertainty is evaluated by assuming that mﬂféM = 117 GeV,

whilst the second one, given in parenthesis, should be added to the first to give
the uncertainty for assuming mféM = 300 GeV. Since the LEP2 Higgs mass limit
as presented in Fig. 10(a) of Ref. [9] is at 95% C.L, we adjust the experimental
limits on 0Sexp, 0Texp and 0Ue, to give a corresponding 95% CL interval. The

following 95% CL interval limits have been implemented throughout our analysis:

—0.296 < 6Sep < 0.096
~0.296 < 0Th < 0.136
—0.066 < 6Uep < 0.366 . (E.10)

ref

For clarity, we have chosen the Higgs mass reference value, miy, = 117 GeV,

even though the derived constraints on the electroweak oblique parameters are

ref

independent of the choice of mj_ .
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