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Abstract

This thesis investigates ways of incorporating reasoning by analogy into Pure
(Unary) Inductive Logic. We start with an analysis of similarity as distance,
noting that this is the conception that has received most attention in the literature
so far. Chapter 4 looks in some detail at the consequences of adopting Hamming
Distance as our measure of similarity, which proves to be a strong requirement.
Chapter 5 then examines various adaptations of Hamming Distance and proposes
a subtle modification, further-away-ness, that generates a much larger class of

solutions.

We then go on to look at a different notion of similarity and suggest that an
isomorphic counterpart of a proposition in another language can be thought of
as its analogue. Chapter 6 shows that the principle this idea motivates is related

to Unary Language Invariance, and is widely satisfied.



Declaration

No portion of the work referred to in this thesis has been
submitted in support of an application for another degree
or qualification of this or any other university or other

institute of learning.



Copyright

i.

il.

1il.

1v.

The author of this thesis (including any appendices and/or schedules to
this thesis) owns certain copyright or related rights in it (the “Copyright”)
and s/he has given The University of Manchester certain rights to use such

Copyright, including for administrative purposes.

Copies of this thesis, either in full or in extracts and whether in hard or
electronic copy, may be made only in accordance with the Copyright, De-
signs and Patents Act 1988 (as amended) and regulations issued under it
or, where appropriate, in accordance with licensing agreements which the
University has from time to time. This page must form part of any such
copies made.

The ownership of certain Copyright, patents, designs, trade marks and other
intellectual property (the “Intellectual Property”) and any reproductions of
copyright works in the thesis, for example graphs and tables (“Reproduc-
tions”), which may be described in this thesis, may not be owned by the
author and may be owned by third parties. Such Intellectual Property and
Reproductions cannot and must not be made available for use without the
prior written permission of the owner(s) of the relevant Intellectual Property
and/or Reproductions.

Further information on the conditions under which disclosure, publication
and commercialisation of this thesis, the Copyright and any Intellectual
Property and/or Reproductions described in it may take place is avail-
able in the University IP Policy (see http://www.campus.manchester.ac.
uk/medialibrary/policies/intellectual-property.pdf), in any rele-
vant Thesis restriction declarations deposited in the University Library,
The University Library’s regulations (see http://www.manchester.ac.uk/
library/aboutus/regulations) and in The University’s policy on presen-

tation of Theses


http://www.campus.manchester.ac.uk/medialibrary/policies/intellectual-property.pdf
http://www.campus.manchester.ac.uk/medialibrary/policies/intellectual-property.pdf
http://www.manchester.ac.uk/library/aboutus/regulations
http://www.manchester.ac.uk/library/aboutus/regulations

Acknowledgements

I am heavily indebted to my supervisor Jeff Paris, for his patience, guidance and
enthusiasm over the course of my PhD. All the following work is a result of close
collaboration with Jeff, and could not have happened without him; needless to

say, any errors are entirely my own.

I would also like to thank Alena Vencovska for her helpful comments on portions
of the work here. Thanks also to my fellow Inductive Logicians and office mates
in Manchester: Malte, Tahel, and Liz.

Finally, thanks to my family, Roli, Jonathan, and all my friends for their support
throughout.



Chapter 1

Introduction

1.1 Historical and philosophical context

References to ‘the’ principle of induction are not hard to find in philosophical
literature. Hume’s famous treatise on the subject (thought it never actually
uses the word ‘induction’) describes the principle as requiring “that instances of
which we have had no experience, must resemble those of which we have had
experience...” [I5]. Following Carnap, we can call this reasoning from instances
to instances “predictive inference” [I, p.207]. Karl Popper was more concerned
with inferences to general laws: “First, it must be formulated in terms not only
of ‘instances’ (as by Hume) but of universal regularities or laws” [28]. Russell, in

[32], takes predictive inferences to be primary and gets very specific:

The principle we are examining may be called the principle of induc-

tion, and its two parts may be stated as follows:

(a) When a thing of a certain sort A has been found to be associated
with a thing of a certain other sort B, and has never been found
dissociated from a thing of the sort B, the greater the number of
cases in which A and B have been associated, the greater is the
probability that they will be associated in a fresh case in which

one of them is known to be present;

(b) Under the same circumstances, a sufficient number of cases of
association will make the probability of a fresh association nearly

a certainty, and will make it approach certainty without limit[32].
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Such preliminary accounts of induction are too narrow, in more senses than one.
Consider Russell’s attempt to make ‘the’ principle of induction more precise. A
moment’s reflection on the kind of reasoning actually used in everyday as well as
scientific discourse should reveal that his account leaves out arguments we would
like to be included in a systematic investigation into the logic of induction. Con-
sider, for example, determination of a radioactive material’s half-life. Statistical
analysis will reveal the time taken for various samples to decrease by half; from
the data collected from samples, a general probabilistic statement is inferred.
Such an argument does not fit into Russell’s account. Furthermore, Russell goes
too far in specifying that A must have “never been found dissociated from a thing
of the sort B” [32] to license a predictive inference; the observance of one black
sheep amongst hundreds of white ones will not invalidate our expectation that a
sheep be white. Both parts of Russell’s definition seem to be rather strong and
not uncontentious principles, the absence of either not being incompatible with

induction.
Carnap identifies the following five species of inductive inference (original italics):

1. The direct inference, that is, the inference from the population

to a sample...

2. The predictive inference, that is, the inference from one sample
to another sample not overlapping with the first... The special
case where the second sample consists of only one individual is

called the singular predictive inference...

3. The inference by analogy, the inference from one individual to

another on the basis of their known similarity.

4. The inverse inference, the inference from a sample to the popu-

lation...

5. The universal inference, the inference from a sample to a hy-

pothesis of universal form [II, p.207].

Of course it is not news that induction is poorly understood, but what this does
suggest is that it is best to think of inductive logic more generally as the logic of
uncertain reasoning. Rather than state outright what we take to be ‘the’ principle
of induction, we can investigate the logical properties of a wide range of principles
(and maybe reassess some of them on the basis of our findings.) The question

that motivates inductive logic is then quite general:
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Q1 How should a rational agent assign beliefs?

The received wisdom is that any such assignment of belief should take the form
of a probability function. Arguments for this doctrine, known as probabilism,
take several forms. An early, influential pragmatic argument developed by Frank
Ramsey [29], and Bruno de Finetti, [8] is known as the Dutch Book argument,
which we will briefly sketch below (the full details can be found in [§].) Other
notable defences of probabilism include James Joyce’s argument from accuracy
dominance [17] and arguments from calibration by Bas van Fraassen, [36], and
Abner Shimony, [35].

Supposing that belief admits of degrees, one way of assessing how strongly an
agent believes something is by asking whether she is willing to bet on it. The
idea is that for any sentence 6, stake s and 0 < p < 1, one of the following two

bets will be acceptable to our agent.
(Betl,) Win s(1 —p) if 8 is true, lose sp if 6 is false.
(Bet2,) Win sp if 0 is false, lose s(1 — p) if 6 is true.

Varying p will obviously affect our agent’s choice, and by monitoring this we can
judge their degree of belief in . Specifically, the proposal is that we take our
agent’s belief function w to assign to € the supremum of the p such that is
acceptable to them. To be Dutch booked is to accept a series of bets which have
the net effect of a guaranteed loss. It seems reasonable to require that a rational
agent should not allow herself to be Dutch Booked. De Finetti showed that from

this simple assumption we can derive the probability axioms for w.

then becomes:
Q2 How should a rational agent assign subjective probabilities?

Before proceeding with the substantive contribution of this thesis to this question,
further mention should be made of Rudolf Carnap’s approach, which has been
highly influential on the development of this field. As suggested by the above
quote, Carnap started from a very broad conception of induction and sought
a systematic approach, as free as possible from pre-theoretic assumptions. Of
particular importance is the requirement that our rational agent start from a

point of zero knowledge. That is, all propositions that constitute their body of
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knowledge must be explicitly conditioned on when assigning probabilities, and
no extra background knowledge be allowed to sneak in. This means that in par-
ticular, and as in deductive logic, we must work with an uninterpreted logical
language; the validity of any assignments cannot depend on particular interpre-
tations of the symbols. Since most philosophical debate over induction involves
actual inferences in natural language, it is worth drawing a distinction as Car-
nap did between Pure and Applied Inductive Logic, our interest being with the
former (henceforth, PIL.) For further explanation of the difference between these
studies, see [[27], Chapter 1]. Note that this does not mean this thesis will never
draw on interpretations to illustrate the formal principles; for example, we often
casually allow that a colour property or an animal might be the interpretation of
a predicate, but don’t wish to commit ourselves to the idea that these things are
primitive properties (or natural kinds, or have any other privileged philosophical

status).

The philosophical problems of induction cannot be fully expunged from the sub-
ject, as it is philosophical ideas that motivate the mathematics. However, this is
a primarily mathematical thesis; it will draw attention to the philosophical issues
that arise but assume that their resolution is not neccessary for the development
of PIL.

In particular, this thesis will look at the fourth kind of inference flagged up by
Carnap above: inference by analogy. Chapter 2 will look at previous attempts to
incorporate reasoning by analogy into inductive logic. Chapters 3, 4 and 5 follow
Carnap’s conception of similarity as arising out of distances between predicates,
investigating the mathematical consequences of a number of principles similar in
spirit to Carnap’s Principle of Analogy (PA) [6]. Chapter 6 takes a rather different
approach, looking at analogies between structurally similar propositions. This
thesis develops and goes some way to answering the question of how inference by
analogy can be incorporated into PIL. It does so by looking in a systematic way
at the possible ways of formalising inference by analogy and the mathematical

consequences of these.

1.2 Notation and basic principles

This mathematical setting for this thesis is the conventional (unary) context

for PIL: first order predicate logic where the only non-logical symbols are finitely



CHAPTER 1. INTRODUCTION 12

many unary predicate symbols { P, ..., P, } and countably many constant symbols
{a1,a9,as,...}. This language with ¢ predicates we denote by L,. The set of
formulas of L, we denote by F'L,, the set of sentences by SL,, and the quantifier
free sentences by QFSL,.

We define the atoms of L, as the 27 mutually inconsistent and jointly exhaustive

formulas of the form:
Pi'(z) N Py*(x) A ... A Ppe(x)

where ¢; € {0,1} and P} = P;, P) = = P;.

We use ai, ..., agq to denote the atoms of L,. So, for example, the atoms of L,
are

aj(x) = Pi(x) A Py(2) as(x) = Pi(z) N = Py(x)

az(x) = =P (z) A Py(x) ag(x) = 2P (z) N —Py(x)
Another useful concept to introduce is that of a state description. A state de-

scription 6(a;,, ..., a;,) € QFSL, is a sentence of the form

ap, (ai)) Ao Nag, (a;,)

where h; € {1,...,29} for alli € {1,...,n}. By convention, when 6 € SL, is written

O(a;,, ..., a;,) then all constants appearing in 6 are amongst the a;,, ..., a;

The definition of a probability function on L, is a map w : SL, — [0, 1] such that
for all 8, ¢, 3 (z) € SL,:

1. If = 0 then w(0) = 1.
2. It = (0 A @) then w(fV @) = w(h) + w(p).

3. wEBz Y(x)) = limp oo w(\Vis, ¥(a:).

Given a probability function w, the conditional probability function of 6§ € SL

given ¢ € SL is given by:

~w(@Ag)

We will adopt the convention that whenever there is a possibility of conditioning



CHAPTER 1. INTRODUCTION 13

on zero, equations of the above form should be read as
w(® | @)w(d) = w( A g).

Our interest in inductive logic is to pick out probability functions on L, which are
arguably logical or rational in the sense that they could be the choice of a rational
agent. Or to put it another way to discard probability functions which could be
judged in some sense to be ‘irrational’. We do this by imposing principles of
rationality to narrow down our class of admissible functions. The principles to
be introduced in this section are ones that seem to be particularly indispensable
when formalising rational thinking and will be referred to frequently throughout.
One very widely accepted principle is that the inherent symmetry between the
constants should be respected by any rational probability function w on L,. Pre-

cisely w should satisfy:

The Constant Exchangeability Principle (Ex)
For 0,0 € QFSL,, if ¢ is obtained from 6 by replacing the distinct constant
symbols a;,, a;,, ...a;,, in 6 by distinct constant symbols ay, , ax,, ...ay,, respectively,

then w(f) = w(#').

Just as in deductive logic, particular interpretations of predicates and constants
should not have any bearing on the validity of an inference. The only pertinent
information about a constant is which sentences it appears in, not whether it
happens to have been named a; or as. For example, just as the validity of a

deductive argument

is unaffected by swapping a; and as for any other two constants, the strength of

an inductive assignment

w(P(ay)|0(ay, ...a,))

should be similarly unaffected.
It being such a fundamental principle, this thesis will only consider probability

functions that satisfy Ex. This allows us access to a powerful representation
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theorem due to de Finetti, see [9][] In the statement of this theorem let

24
D, = {<5E1: ~--$2q> |$z >0, sz = 1}
i=1

For b = (b1,ba, ..., baa) € Dy, let wy be the probability function on L, given by

249

w (/\ ahj(aij)> =[]

=1

where n; is the number of occurrences of o; amongst the ay;.

De Finetti’s Representation Theorem
If the probability function w on L, satisfies Ex then there is a (countably additive)

measure 1 on D, such that for any state description § € L,.
w®)= [ usl6) dn(z) (1.1)
]D)q

Conversely if w is defined by (1.1) then w extends uniquely to a probability

function on L, satisfying Ex.

We refer to the measure p here as the de Finetti prior of w.

As already suggested, we would also like the predicates to be exchangeable.

The Predicate Exchangeability Principle (Px)

For 6,0 € QFSL,, if ¢ is obtained from € by replacing the distinct predicate
symbols P;,, Pj,,...P;, in 0 by distinct predicate symbols P, Ps,,...Ps,, respec-
tively, then w(0) = w(¢’).

A further principle suggested by the idea of treating the logical symbols symmet-

rically is that of strong negation:

The Strong Negation Principle (SN)
For 0,0 € QFSL,, if 0’ is obtained from 6 by replacing each occurrence of £P;
by FP; for some predicate P;, then w(f) = w(#').

LAs given here the converse direction assumes a result due to Gaifman on restrictions of
probability functions, see [10].



CHAPTER 1. INTRODUCTION 15

SN is motivated by similar considerations to those mentioned with respect to Ex
and Px; in the absence of any knowledge about which properties the predicates
designate, it seems irrational to treat a predicate and its negation differently.
This is perhaps less obvious than the case for Px, and the status of SN will be
discussed at greater length in the following chapter (section 2.2), but we mention

it here as it is a widely adopted principle.

Almost all the probability functions that this thesis is concerned with will satisfy
Px, and most SN, as well as Ex. However, it will always be made explicit in the
statement of a theorem which principles the probability functions under consid-
eration satisfy, so that there really are no hidden assumptions about rationality.
What we are seeking are results that elucidate the consequences of adopting vari-
ous basic principles while abstaining from making hard and fast judgments about
which principles a rational agent should adopt. We frequently start with Px and
SN (and always with Ex) for the reason that these are the principles a rational
agent should be least willing to give up. If one were to have philosophical objec-
tions to Ex, Px or SN they would of course be at liberty to ignore the classes of
functions they give rise to, but the theorems presented here would no doubt be

of interest in any case.

Ex, Px and SN can all be classed as ‘symmetry’ principles. The next principle
can be thought of as a ‘relevance’ principle, stating as it does that having seen

an atom once is relevant to the probability of seeing it again.

The Principle of Instantial Relevance (PIR)

If w is a rational probability function, then
w(ei(an) | aianer) AO) = wlai(a;) | 0)

for any 6 € SL, not involving a,, or a,41.

PIR can be thought of as saying (roughly) that a rational person should find an
event more likely in the case that they have witnessed an identical event before.
So functions satisfying PIR will model a kind of singular predictive induction.
For example, if in Ly our predicates stand for being black and being a swan,
PIR ensures that our expectation of seeing a black swan is raised (or at least not

lowered) by having already seen one.

Pleasingly, it is easy to show via de Finetti’s Representation Theorem that all
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probability functions satisfying Ex satisfy PIR. This result was first proved by
Gaifman[I0] but the proof given here follows that of Humburg [16].

Theorem 1. If w is a probability function satisfying Fx, then w satisfies PIR.

Proof. Write a for ay,as, ..., a,.

By de Finetti’s Representation Theorem,

w(6(@)) = / ws(0)du(7) = A, say,

q

W(O(@) A i{ans)) = / raws(0)dp(Z),

and
W@ A (i) Au(ansa) = [ Sua()dn(z)

Dg

The inequality required by PIR is then

/Dq 7wz (0)du(T) /Dq wz(0)du(Z) > /Dq xiwf(e)du(f)/ wiwz(0)du(T)

Dy

which is equivalent to

q

A /D Pws(0)du() — ( /D :ciwf(G)d,u(f)> >0 (1.2)

If A = 0, then all the integrals must be equal to zero and so this holds with
equality. So suppose that A # 0. Then is equivalent to

/Dq (miA - /Dq ﬂfiwf(Q)dM(f)wa(e)du(f) >0

which is obviously true, since the left hand side is the integral of a square so
always non-negative.
O

This result perhaps provides another philosophical motivation for Ex; PIR seems
to express one of the primary forms of inductive argument and accepting Ex guar-
antees PIR. The converse is not true; there are probability functions satisfying
PIR that do not satisfy Ex (for an example of such a probability function see

footnote 6 in [?].)
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By accepting Ex, Px and SN we can thin out our class of probability functions,
but we are still left with a very wide class. Carnap initially supposed that a
single function could be defined that would fulfill all the requirements of inductive
inference. It will become clear that, contrary to this original vision, the many
plausible conditions on rationality that can be posited do not always result in
overlapping classes of functions. Moreover, where classes of functions satisfy
our requirements, there is no obvious way of picking a single function from the
class. It becomes an increasingly unavoidable conclusion that there is no single,
well-defined concept of what is rational. Russell’s view then, when he said that
“In]ot to be absolutely certain is... one of the essential things in rationality” [33],
seems to be correct in more than one respect; not only should rational belief
admit of degrees, but our commitment to any particular belief function should be
uncertain. In what follows, we shall see the effect that accepting various analogy

principles has on this choice.



Chapter 2

Reasoning by analogy

2.1 Introduction

As mentioned in the introduction, Rudolf Carnap, on whose conception of in-
ductive logic this thesis rests, considered inference by analogy to be one of the
fundamental forms of inductive inference. His ideas for modelling analogical rea-
soning are discussed at some length in [6] (see especially p.32). Before presenting
an original contribution to the mathematical problems of modeling analogy in
PIL, we give an overview of this and more recent attempts to find functions that

support analogical reasoning. First, some analysis of that which we seek to model.

Consider the person who knows that the vast majority of venomous snakes have
slanted ‘cat-like’ eyes whereas the vast majority of non-venomous snakes have
round eyes and pupils. If she comes across a snake unlike any she has seen
before, if it has slanted eyes it would be supremely rational to stay well away
from it. Even though she has never seen an identical creature before, it shares a
sufficient number of properties with those in her experience for her to infer the

likelihood of it sharing the further property of being venomous.

Another example: suppose you had only ever eaten green peppers and red pep-
pers, and you disliked the taste of the former but liked the taste of the latter.
Would you expect to like or dislike an orange pepper? Intuitively, we expect to
like the orange pepper, it being similar to red. And for contrast, a non-example;
suppose all the orange chairs in your experience have been very comfortable and
you are presented with another orange chair by a manufacturer you have never

come across before. You would reserve judgment as to whether or not this new

18
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chair will be comfortable, its similarity with the chairs in your experience not

being a pertinent one.

Finally, we mention a different kind of analogy. In “Models and Analogies in
Science” Mary Hesse discusses at some length the “conventional use of “analogy”
in mathematical physics, as when Kelvin exhibited analogies between fluid flow,
heat flow, electric induction, electric current, and magnetic field, by showing that
all are describable by the same equations.” [13] DReasoning about entirely different
concepts by relating them to some common structure may also be an important
part of ancient Chinese logical thought as discussed by Jean-Paul Reding in [30].
To take a particular example, ““Study the sacrificial rites while affirming that there
are no spirits, this is like studying the ceremonials of hospitality where there are
no guests; this is like knotting nets while there are no fish.” (Mozi[)]”[30]. As

seen in this quote, this kind of analogy is closely related to metaphor.

The question of what makes a good analogy and a bad one is difficult to answer.
For example, it seems as though similarity of colour is relevant when making pre-
dictions about taste, but not when making predictions about comfortableness;
why does the analogy fail in the second case? The obvious answer is that we
have extra background knowledge that tells us that colour is irrelevant to com-
fortableness. In a state of zero background knowledge, the observance of 100
comfortable orange chairs and 100 uncomfortable blue ones arguably would be
rational grounds for expecting the next orange chair to be comfortable. For a
rational belief function to reflect rationality it should, in the absence of any other

background knowledge, respect analogy.

Unfortunately, finding natural examples of good and bad analogies can actually
obfuscate the heart of the matter, for two reasons. Firstly, as already suggested,
because it is very hard to specify the relevant background information present in
any judgment. In Pure Inductive Logic we start from a position of zero back-
ground knowledge so any information relevant to the inductive inference must
be made explicit, yet this is rarely the case in day to day discourse. Secondly,
because the logical imperfections of natural language may well disguise the logical
structure of the propositions we are considering. To investigate the rationality of
inductive arguments phrased in plain English is not sensible. In his Logical Syn-

tax of Language [2] Carnap points out that although the conclusions of physics

'For those familiar with the concept; any two theories with the same Ramsey sentence are
analogues in this sense.
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apply to natural physical objects, they are arrived at through investigation of
idealized objects: ‘a thin straight lever, ... a simple pendulum’[2], for example.
In the same way, we can approach a study of rational thought by working in
an idealized language. As mentioned in the introduction and following the con-
vention in PIL, I will be working with a first-order language whose only extra
logical symbols are a countable set of constant symbols {a, as, as, ...} and a set of
unary relation (predicate) symbols {Fy,...P,}. These symbols must be assumed
to represent primitive, or ‘simple’ properties, whereas it is a fair assumption that
many simple English words represent complex properties. Many philosophers mo-
tivate their proposed principles of analogy with natural language examples (for
example, Jan Willem Romeijn with bachelors and maidens [31], Patrick Maher
with swans [21]) and some appeal to particular interpretations of the predicate
symbols is unavoidable. However the reader should remain wary of smuggling in
background knowledge or being mislead by surface grammar when assessing any

natural language examples in what follows.

Although similarity is at the heart of all good analogies, the above examples
all rely on different types of similarity. We interpreted similarity of snakes to
mean possession of a number of identical properties (being a snake, round eyed,
venomous, etc.). To put it another way, we judge atomic sentences composed of
these properties to be more or less similar depending on how many properties
they have in common. Red and orange peppers, however, are similar not only
because they possess some identical properties (size, shape, being peppers, etc.),
but also because they possess colour properties which are themselves similar. As
colours are likely to be the sort of thing we take as primitive properties, the
closeness of two objects’ colours cannot be explicated in terms of other simpler
properties. We must have some kind of similarity relation defined on the primitive
predicates themselves (by which, for example, red is more similar to orange than
it is to yellow.) Of course not all properties will be comparable; it will only be
possible to make judgements of similarity between properties drawn from the same
domain (e.g. between colours, between shapes, between animals.) Finally, in the
examples from mathematical physics, an analogy is made between propositions
that appear to be entirely different in content while bearing some resemblance in

structure. This kind of analogy could also be thought of as metaphor.

The latter kind of analogy seems to be an important type of logical reasoning. It

is often found in the natural sciences; the corroborated physical theory of sound
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being used to motivate a physical theory of light, for example (see [13] for a fuller
account of this comparison). It is also found in mathematics, where a result in
one area often leads one to (rationally) expect a similar result in another; for
example, the many analogues of the group isomorphism theorems in abstract

algebra.

To recap, the three species of analogy identified here derive from
gy
(i) Similarity between predicates within a single domain.
(ii) Similarity between atoms of a single language.
(iii) Similarity between sentences from disjoint languages.

To the best of our knowledge, only the former two types of analogy have previously
been looked at in relation to PIL, and the next section provides a brief survey
of notable work to this end. Chapter 3 will look in more detail at analogies of
type (ii), taking a more systematic and mathematical approach than some of
the previous work on this problem. Since the atoms of L, can be thought of
as a family of predicates of size 2¥, the methods and results of Chapter 3 can
also be brought to bear on questions about analogies of type (i). The advantage
of starting with atoms rather than families of primitive predicates is that there
are natural ways in which atoms can be considered similar without recourse to
particular interpretations of the predicates, whereas similarity between primitives
must depend on their interpretation. Chapter 4 will go on to consider analogies

of type (iii), which appear to be an entirely new consideration in the context of
PIL.

2.2 Review of the literature on analogy

2.2.1 Similarity between Q-predicates

For the first kind of analogy we need some measure of similarity between predi-
cates from within a particular domain, and before that, to make precise the notion
of a ‘domain’. Consider the unary predicate language L,. If we suppose that the
predicates can stand for any property (or even any ‘natural’ or ‘projectible’ prop-
erty, supposing for a moment that this notion is well-defined) then we could take

g = 6 and let them stand for colour properties (red, yellow, blue, green, orange,



CHAPTER 2. REASONING BY ANALOGY 22

purple). The propositions expressed by the atomic sentences will then include
the proposition that an object is red and yellow and not blue and not green and
not orange and purple, for example. They will of course include the intelligible
propositions to the effect that an object is one colour and no other, but these
will only be 6 of the total 2°. We are now in the awkward position that all these
colour propositions have the same logical status, prior to any empirical informa-
tion. Indeed, how could we ever determine the impossibility of satisfying the
atomic formula ‘x is red and blue, etc.”? At best, that our empirical observations
will show up only sentences positing a single colour property of an object will
allow us to reason inductively that the likelihood of seeing a simultaneously two
or more coloured object is low, approaching zero as the number of observations
increases. But when we claim to know that an object cannot be simultaneously
both red and blue, it seems an unsatisfactory account of this knowledge to sup-
pose that it is nothing more than a very confident inductive generalisation. A
child will grasp this fact about coloured objects as soon as they grasp the very

meaning of colour names, without needing a body of empirical evidence for it.

Carnap’s answer to this was to consider Attribute Spacesﬂ : geometrical spaces
which can be partitioned into regions, each region corresponding to a predicate
in the underlying language of PIL. The predicates arising from a single Attribute
Space are thus mutually exclusive and jointly exhaustive, like the set of colours.
Such a set {Q1, ..., Qx} Carnap calls a family[6]. We will denote predicates within
a Carnapian family by @; and refer to them as @Q-predicates (following the no-
tation introduced by Carnap), to distinguish them from our P; which are not

assumed to be mutually exclusive.

This added family structure could be thought of as a matter for applied rather
than pure inductive logic. Suppose we want to reason about colours, and ac-
cordingly let P, ..., Ps stand for the six main colour properties. Then we have
the prior information that these properties are mutually exclusive and jointly

exhaustive, which we can express as the conjunction of the sentences

Va | Bi(z) < | \ ~Pi(@)

J#i
Jj=1

2More recently, Peter Gardenfors has fleshed out a similar theory of what he calls Conceptual
Spaces, see [12]. One very interesting suggestion by Gardenfors is that a condition for a property
to be projectible may be that the corresponding region of the Conceptual Space is convex.
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fori =1,...,6.

Denote this sentence by I and look at the functions w; given by:
wr(0) :=w(@]1)

where w is a probability function on L, satisfying Ex. Notice that the arguments
for accepting Px and SN still apply to any function w, though not to w;. In the
case of SN, since w represents a probability function prior to any knowledge about
‘red’; it is entirely correct that we should have w(x is red) = w(z is not red).
After conditioning on the proposition I that encodes some information about

‘red’, we get

wr(zis red) = w(zisred|I) =1/6
< 5/6 = w(x is not red | I) = w(z is not red)

hence w; does not satisfy SN. In this example w; will satisfy Px just as w does,
but this will not always be the case. For example, extend the language to contain
another two predicates P, P3 which stand for being male and female, respectively,
and let I' = I A (P; <> —F). Since w is prior to any knowledge about the
predicates, we want to have w(x is male) = w(z is red). But as soon as we move

to wp we get

wp(z is male) = w(z is male| I') = 1/2

>1/6 = w(zis red|I") = wp(z is red)

The advantage of the geometrical picture is that a notion of distance is immediate,
and indeed Carnap suggests a measure of similarity between ()-predicates within a
family based on a distance metric in the corresponding Attribute Space. However
we will see that there are natural distance funtions between atoms that can be
explored without recourse to any underlying Attribute Space. Given that we
wish to avoid the philosophical commitments of Attribute Spaces, this will be our
preferred approach. Note that any probability function defined on atoms could be
thought of as defined on a family of Q)-predicates instead, by just ‘forgetting’ the
internal structure of the atoms. As such, the only possible limitation of looking
at atoms is that the total number of atoms in a language must be a power of 2,

whereas a family of ()-predicates could be of any size.
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Other philosophers have not always used a distance function to motivate their
measures of similarity (see [7], [19]) and Jan Willem Romeijn goes so far as to
say that a “relevance function... need not comply to triangle inequalities” [31]
though no further argument for this is given. Brian Skyrms [34], Roberto Festa
[7], Theo Kuipers [19], Ilke Niiniluoto [24] and Maria de Maio [23] all consider a
single family of primitive @)-predicates; their work on analogy is thus concerned
with examples of type (i), although some can be applied to examples of type (ii).
Jan Willem Romeijn [31] and Patrick Maher [21I] both use what we have called
atoms in their work on analogy, and so are concerned with analogy of the second

type (ii) detailed in the introduction to this chapter.

In the search for probability functions that support reasoning by analogy, most
previous work has proceeded by constructing candidate functions and demon-
strating that they satisfy certain properties. A survey of these attempts will
follow, but it is worth pointing out the difference between this approach and the
one that we take this thesis. Firstly, there is not usually a sharp distinction
between Pure and Applied Inductive Logic made. Moreover, the emphasis on
individual probability functions in some philosophers’ work is perhaps motivated
by the desire to find ‘the’ rational probability function, allowing a precise quan-
tification of the strength of an inductive argument as Carnap initially envisioned.
However, in light of the many plausible and often mutually contradictory prin-
ciples of rationality posed since the founding of PIL, this seems an unrealistic
aim, and is not the purpose of this thesis. Rather than arguing the case for a
particular probability function, we simply propose to investigate the logical con-
sequences of adopting different principles and where possible, spell out the logical

relationships between them.

When constructing probability functions that support arguments by analogy there
has been a reluctance to stray too far from familiar functions. Central to the
search for logical probability functions has been Carnap’s proposed Continuum
of Inductive Methods (see for example [5], [6]), and many of the attempts to
construct a new function satisfying analogy involve modifying or mixing functions
from this continuum. Members of the continuum are defined on a single family
of @Q-predicates, {Q1,...Qx} sa, and are given as follows. For 0 < A < oo, ¢} is

3Notice that the atoms of L4 have the same properties as a family of Q-predicates, so these
functions could also be defined on atoms instead of L.
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characterized by the special values

n S+ \ETL
X (Qj(an—i-l)‘ /\th(az’)> = n]ro
=1

where n; is the number of occurrences of ); amongst the ),, whilst for A =0

ck is characterized by

k=t if all the h; are equal,

Clg (/\ th(al)> =

0 otherwise.

We will refer to functions of this kind as cy-functions. This approach can also be
generalized to give what we shall refer to as cy,-functions, where v is any prior

distribution (71, ...7), Zle ~v; = 1, and

A i A
A, (Qj(an+1)| /\th(ai)> B nnJrT;
=1

Functions from this continuum do not show the kind of analogy effects that
Carnap found desirable. Precisely, they fail to satisfy his Principle of Analogy|[6]
p.46] given for a family of Q-predicates {Q;}:

Carnap’s Principle of Analogy (CA)
For predicates Q;, Q;, Qk, if Q); is more similar to (), than it is to Q, then

w(Qi(an+1)| Qj(an) AN) > w(Qi(an+1)| Qrlan) A0)
for any state description # not containing a,,, a,1

Brian Skyrms [34] mixes four ¢ to give a probability function which exhibits some
limited properties of analogical reasoning. He works in a language with four Q-
predicates, and by way of illustration associates these with the four outcomes of
a wheel of fortune: North, East, West and South] The distance between these

4Similarly, the example of a roulette wheel is mentioned in [6, p.3].
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outcomes can be pictured thus:

/\
\/

The idea here is that if the wheel frequently lands on North, one may be suspect
that it is biased towards North, and thus expect another North. But also, if
such a bias is revealed, it would be rational to consider the outcomes East and
West more probable than South, given that they are closer to North. A single ¢,

function is unable to make this second differentiation.

In our notation Skyrms proposes the probability function

w = 4_1(0)\71\7 T Caw T O T C)\’YS)
where IN = <%7 %7 %7 1_10>7 W = <%7 %7 %7 %>7 YE = <%7 1_107 %7 %>7 Vs = <1_107 %7 %7 %>
Skyrms explains the choice of w as corresponding to four equally probable ‘metahy-

potheses’ as to the probability distribution of outcomes:

H1 That cyy, is the true probability function
H2 That cyy,, is the true probability function
H3 That cy,, is the true probability function

H4 That cyy, is the true probability function

Supposing then that we spin the wheel for the first time and it lands on North
(N); then we can update the probability of each metahypothesis using Bayes’
Theorem. For example,

w(N|Hl)w(H1)  (1/2)(1/4)

w(HL|N) = SO0 = =2

Similarly we get that w(H2|N) = 1/5, w(H3|N) = 1/5, w(H4|N) = 1/10.
Taking the sum of the probabilities given by each hypothesis weighted by these

values, it can be shown that:
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o w(N|N) = 22/55
o w(W|N) = w(E|N) = 12/55
o w(S|N)=19/55,

where w(W|N) is the probability of a West on the second spin of the wheel given
that the first spin had already landed North, etc. So having seen a single north,
the desired inequalities hold.

However, the analogy effects of Skyrms’ proposed probability function break down
very quickly when probabilities are conditioned on more than one previous out-
come. For example, Roberto Festa, [7], shows that for § = SSSSSWWWWW
w(N | EAG) < w(N | SAB), contradicting CA and the expectations of any rational

agent.

Having demonstrated the limitations of Skyrms’ proposed function, Festa gener-
alizes Skyrms’ method in an attempt to improve the scope of the analogy effects
displayed there. He does so successfully for a hypothetical situation in which we
know that for some ordered triple (Q;,Q;,Qn), @; is more similar to ¢); than
Q)y, is, while @; and @), are equally similar to @)5. In other words, the distance

between the three ()-predicates can be pictured thus

Qi—Q;

Starting from the requirement that a mixture w of c,, functions satisfies

w(Qi(ant1) | Qj(an) A O) > w(Qi(ans1) | Qnlan) A 0)

for any state description # not involving a,, or a, 1, Festa derives some constraints
on the v vectors and concludes that w can be composed of as many different c),

functions as one likes, as long as they satisfy the following conditions:

For all pairs of vectors v, = (Vays Yaas - Yar)s Yy = (Yyrs Vyas - Vui)» €ither

Vai 2= Vyis Vo = Vo and vz, < Yy,
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or the same statement with x and y swapped. And for at least one pair of vectors,

7”7 7117
Yui > Vo, A0 Yy, > Yo,

or the same statement with u and v swapped. And for at least one pair of vectors,

Yws Vz»
Vi > Var A Yoy, < Yz,

or the same statement with w and z swapped.

A mixture satisfying the above conditions will have the desired effects regarding
Qi, @j, Qr. However, as Festa points out, it is actually impossible to extend this
kind of system to deal with a wheel of fortune type situation, that is when we

have four predicates with distances that can be pictured

Q

Qj/ i\Qk
N,

h

So once again, this ‘solution’ is rather limited.

Maria Concetta di Maio [23] also follows Carnap’s ideas very closely, but rather
than investigating CA she looks at another condition suggested by Carnap as a

‘tentative principle’ [6],p.45.

Principle of Linearity

For any state description 6 where n; is the number of occurrences of @); and n;
is the number of occurrences of @);, let 6’;’j be the conjunction of predicates that
resembles 6 except for having p occurrences of @); and n; + n; — p occurrences of

();. Then for a, not already appearing in 6,
w(Qi(ay) | Hé’j ) is a linear function of p

She looks at this in the context of Ex and two other conditions:

L w(Qi(an)) = w(Qj(an)), Vi, j.

2. In a family of just two Q-predicates, w(Q1(an) |0)?) = w(Q2(an) [ 021)
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If we were working with atoms instead of a family of Q)-predicates, both conditions
would follow from Px + SN.

Di Maio shows that this principle defines a class of functions containing the
A-continuum but also containing functions sensitive to analogy. Unfortunately,
the kind of analogy principle she shows to be satisfied by functions in this class
seems to involve conditions on the past evidence as well as on several parameters.
Moreover, the linearity condition seems somewhat arbitrary and Carnap himself
did not regard it to be the most plausible candidate for an axiom of rationality
(see [0, p.45]).

Finally, Theo Kuipers suggests a principle that he calls ‘virtual analogy’ (VA)
[19]:

Virtual Analogy Principle (VA)
Let {Q;} be a family of @Q-predicates and d a distance function between Q-
predicates. Then for any i, j, k such that d(Q;, Q;) < d(Q:, Qr),

w<Qj<an+1) | Qj(an) A 0) — w(Qj (ans1) [ Qilan) N O)
< w(Qr(ant1) | Qrlan) N) — w(Qr(ant1) [ Qi(an) A 0)

for any state description 6 not involving a,, @, 1.

A comparison between CA and VA will be made in the next section when con-
sidering distance functions on atoms rather than predicates. Both Kuipers, [19]
and Niiniluoto, [24] proceed by weighting c,, functions by a further parameter.
We mention these only briefly as while this approach ensures some of the desired
analogical properties, the resulting functions violate Ex, which we regard as a

fatal failing.

2.2.2 Similarity between atoms

If, instead of looking at a single family of Q)-predicates, we look at a language L,
there is another way of combining cy,-functions: we may define cy,-functions on
the primitive predicates { P, Ps, ..., P,;} and then look at the functions on atoms
of L, that this will give rise to. This idea is utilised by both Maher, [21], and
Romeijn, [31]. To begin with, both take L, with the four atoms:
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ar(z) = Pi(x) A Py(z)  ao(z) = Pi(z) A —Pa(x)
asz(z) = Pi(x) AN =Pa(z) ayu(z) = -Pi(x) A =Py(x)

If we let cy,, be a function defined for {F;, =P}, this immediately gives rise to a

function w on atoms by taking

w(n(an) |0) = exy (Pr(an) [ 01)cx, (Palan) [ 0:)
w(aa(an) |0) = cxy, (Pr(an) [01)cns, (—P(an) | 02)
w(az(an) [0) = cxy, (2 P1(an) [ 01)cxy, (Pa(an) | 62)
w(a(an) [0) = cxy, (2 Pi(an) [ 01)xy, (2 Pa(an) | 02)

for any state description 6 not involving a,, where 6; is the conjunction of the

+ P, conjuncts in 6.

Maher does not make explicit what general principle of analogy this will satisfy,

but does mention, for example, that

w(ai(ans1) | az(an) A ) > w(ar(anta) | aalan) A6)

for any state description € not involving a,,, a,1. Intuitively, this is because the
function looks at each conjunct in oy and then looks for similar conjuncts in the
past evidence. Since ay has one similar conjunct (P;) and a4 none, the former
will offer more inductive support than the latter.

Taking (as Maher does) d(a;, ;) to be the number of predicates on which «; and
«a; differ, w does satisfy CA given for the atoms of Ly rather than on a family of
primitive predicates. In other words, for atoms «;, o, ay, if d( o, o) < d( oy, o)
then

w(e(ani1)| ejan) AO) = wlai(ans)| arlan) A0)

for any state description # not containing a,,, a,.1

Notice that VA can be given in a similar fashion for the atoms of Lo, but for the
same distance function, w defined as above will not in general satisfy VA. As a

counter-example, take v = 271, X to be 1 and  to be 3 copies of a;. Then
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w(ag |ag A ad) —w(ag | ag Aa?)

= c1(P1| PY)er(= P2 | ~PoPy) — (P | Per (- Py | Py)
B+1+1/2)(14+1/2)—(3+1+1/2)(1/2)
(3+1+1)2

—9/50
Whereas
w(ay lag A ad) —w(ay |y Aa?)
= 1(~P, | =P P¥)ey (< Py | ~PyP3) — c1 (= Py | PYey(=Py | P

(1+1/2)(1+1/2) — (1/2)(1/2)
(B3+1+1)2

= 4/50

Above and wherever no ambiguity can arise, the instantiating constants are left
implicit (it should be assumed that each atom is instantiated by a distinct con-
stant.)

Of course there are many other probability functions that will satisfy CA; Chapter
4 will explore this further. But as Maher points out, the problem with taking the
predicates as independent in this way is that it makes no difference to w which
object the predicates are instantiated by. For example, as far as w is concerned,
aj(ay) A as(az) A as(ag) is indistinguishable from «;(ay) A aq(az) A ay(as) since
in both cases there are two instances of P;, two instances of P, and one instance
of each of =P, —~P,. Intuitively, one’s expectation of seeing a black swan should
be increased more by seeing lots of black swans and lots of white cats than by

seeing lots of white swans and black cats. But w would give
w( a black swan | n black swans and m white cats)

= w( a black swan |n black cats and m white swans ).

This observation suggests the question: does every function that respects analogy
have this unwelcome property? If analogical reasoning is described according to
a strict form of CA in which the conditioning evidence 6 can be any quantifier

free sentence, then the answer is yes, as will be shown in Chapter 4.
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For this reason Maher follows Carnap in proposing a weighted average of the
above w and a single c)-function defined on the atoms. Since for any c)-function
we have

cx(a black swan | n black swans and m white cats)
> cy(a black swan | n black cats and m white swans ),

the weighted average will give a similar inequality. The weighting is done by a

parameter 7, where the final function is:
wi= g+ (1 - n)ey

Such a function u will not in general satisfy CA, as Maher notes. Maher’s proposal
differs only slightly from Carnap’s, but does so in two ways. Firstly, his 7 is
defined as the probability that the predicates are statistically independent, (7).
Maher’s idea is that if they are independent, w is an appropriate function, whereas
if they are dependent, ¢, is more appropriate, and in [21] these two assumptions
are enshrined as axioms. But we are none the wiser as to what principle u
actually satisfies, nor how many other probability functions might satisfy a similar

principle.

The second slight divergence from Carnap is that Maher does not suppose that
the predicates and their negations should have equal initial probabilities. So he
would allow the use of cy,-functions for various « in the place of the cy-functions

Carnap thought appropriate. This is defended in [21] by the following argument:

For example, since being a raven is just one of many comparable things
that an individual could be, I would say rationality requires that in the
absence of any evidence one should think of an unobserved individual

is more probably a non-raven than a raven.|[21]

This of course depends on how you choose your language, but if we know that a
raven is just one of many comparable things an individual can be then all of these
things should be represented in the language and we should be conditioning on the
fact that the property of being not a raven is logically equivalent to the disjunction

of these other properties E| As suggested above (page 23,) in applying PIL to

5If Maher has in mind that a suitable partition of the space of animals could give rise to
a family of predicates: {Ravens, Non-Ravens}, one possible objection is that this may violate
the requirement that properties be convex.



CHAPTER 2. REASONING BY ANALOGY 33

inductive arguments about ravens, we should move from a probability function w
satisfying Px and SN to one w; according to which it will be more likely to see a
non-raven than a raven. Lo will just not be appropriate for modelling inductive

arguments about ravens.

Like Maher, Romeijn proceeds by defining functions on the primitive predicates
rather than the atoms. He works in Ly and to illustrate his method interprets P;
as the property of being male and P, as the property of being married, so that the
four atoms correspond to the properties of being a husband, a bachelor, a wife and
a maiden. Interestingly, Romeijn suggests that similarity can be quantified using
any (symmetric) ‘relevance relation” between atoms which need not correspond
to a distance function; as an example, he defines a relevance function p such that
p( husbands, bachelors ) > p( husbands, wives). p can be represented graphically,

where a shorter line means a higher value, by

.

Since p “need not comply with triangular inequalities” [31], only a direct line

between atoms should be read as representing their relevance to each other.

He then defines a function which resembles a ¢y, function but uses three different
sets of parameters, one for the special values of the form w(xPi(a,)|#), one
for the special values w(£Ps(ay,) |0 A Pi(a,)) and a third for the special values

w(£Py(ay,) |0 A —Pi(a,)), where 6 is a state description on Ls not involving a,.

These parameters are defined to depend on p, and the resulting function on atoms
satisfies a principle equivalent to a generalisation of CA using p rather than a
distance function in the obvious way. As Romeijn notes, one major limitation of
this model is the asymmetry with which it treats predicates. In particular, his
function does not satisfy Px. Moreover, it remains to give a classification of all

the probability functions consistent with this principle.



Chapter 3
Distance and similarity

Before looking at specific ways in which atoms can be similar to one another,
we give a schema for a class of analogy principles based on similarity of atoms.
As mentioned in Chapter 2, in the context of pure, uninterpreted inductive logic
we have no non-arbitrary measure of similarity between the primitive predicates
of L,. For our purposes we are not too concerned with a quantitative notion of
similarity between atoms; a qualitative one will be enough. What we need then

is a binary relation between unordered pairs as follows:

Definition 2. Let A, be the set of atoms of L, i.e. the set {aq,...,a0a}. Then
1>g is a similarity relation just if it is a relation on {A,;x A} x {A,x A} defined
only between unordered pairs that have one element in common, and satisfying

{av, a;} 9> {ay, a;} whenever i # j.

We can now introduce the following class of analogy principles.
Analogy Principle for >s (APg)

For any atoms o, o, ay, of Ly such that {a;, a;} >g {ay, oy},

w(i(an) [ aj(ans1) A 0) = wlai(an) | on(ansr) A0)

for any 6 € QF SL, not containing a,,, a,41.

We also introduce the following class of stronger principles, in which the inequal-

ities are required to be strict.

Strong Analogy Principle for > (SAPg)

For any atoms «;, o, oy, of L, such that {a;, o;} > {ou, ax},

w(ai(an) | aj(ania) AO) > wlai(an) | ar(ania) A )

34
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for any 8 € QFSL; not containing a,,, ;1.

And finally the class of weaker principles, in which the inequalities are only re-

quired to hold for state descriptions.

State Description Analogy Principle for >3 (SDAPg)

For any atoms o, o, ay, of Ly such that {«a;, a;} >g {ay, oy},
w(ai(an) [ aj(ant1) A O) > w(ai(an) [ ar(ansr) AB)

for any state desciption ¢ € QFSL, not containing ay,, 1.

The next section will explore the idea that any measure of dissimilarity should
take the form of a distance function, and that our binary similarity relation be

derived from this.

3.1 Distance

Let us grant firstly that any measure of dissimilarity between the atoms of L,

should take the form of a distance function.

Definition 3. For a set X, a function d: X x X — R s a distance function iff:
(1) d(z;,z;) = d(x;,x;), Vi, j
(11) 0 =d(x;, x;) < d(z;,z;) , Vi,j such that i # j

(111) d(z;,x;) < d(z;, xg) + d(vg, x5), Vi, J, k

7

Taking X to be the set {(e1,...€;) | & € {0,1},Vi}, we then have several choices

for distance functions between the vectors in X and hence the atoms of L,. Some

Let AL, Pf'(z) be an atom of L,, where ¢; € {0,1} and P! = B, P! = —P,.

different distance functions will result in the same comparative statements about

distances between atoms; for example, recall the following definitions.

Definition 4. The Manhattan distance between two vectors T,1, which we will

denote ||Z — ]| is given by

q
1Z = Flar =D l2i — il
i=1
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Definition 5. The Fuclidean distance between two vectors Z,1, which we will

denote ||Z — ||g is given by

17— 4lle =

Notice that both the Manhattan and the Euclidean distances generate the same

sets of inequalities between distances. For example, in Ly these are:
1. d(ay, ;) < d(ay, ;) whenever i # j
2. d(ag,ag),d(aq, a3), d(ay, as), d(oy, ag) < d(ag, ), d(ag, as)
And for contrast, recall another notion of distance, the Chebyshev distance:

Definition 6. The Chebyshev distance between two vectors T,1y, which we will

denote ||Z — 1]|c is given by
17 = gllc = max|z; -y

If we take the Chebyshev distance, then the only inequalities generated for L,

are the ones of the form d(w, ;) < d(ov, a;), where i # j.

Any distance function we take will give rise to a similarity relation > sﬂ by spec-

ifying that {a;, a;} >g {ay, ai} if and only if d(ay, a;) < d(ay, o).

If we take the Chebyshev distance and corresponding similarity relation >¢, say,
then SDAP( is known as the Strong Principle of Instantial Relevance (SPIR)
[21].

If we take the Manhattan distance, this is equivalent to the Hamming Distance

between atoms,

Definition 7. The Hamming Distance between two atoms, o; and oy, is the
number of predicates P such that a;(ay) E P(ay,) if and only if aj(ay,) F —~Pl(ay,).

We denote the Hamming Distance by | a; — oy |.

and we will use APy to distinguish the resulting analogy principle. As already
noted, the Fuclidean distance will give rise to exactly the same similarity rela-

tion, so can also motivate APy. Hamming Distance seems a particularly natural

"Where no ambiguity will arise, we will omit the index ¢ and just write >g.
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distance function for PIL, given that it has a certain symmetry in the way it
treats predicates and their negations and ascribes the same weight to a difference
in any predicate. In fact, the permutations of atoms that preserve Hamming
Distances are exactly those permutations licensed by SN and Px, as the following

demonstrates.

Given a permutation o of {1,2,3,...,27} we shall also denote by o the permu-
tation of atoms given by a;(z) — ay()(z) and the permutation of D** given
by

<.’L'1, Lo, T3, ... 7x2‘1> = <:UO'(1)7 To(2)y Lo(3)y - -+ 7$a(2q)>'
Let P, be the set of permutations of {1,2,3,...,2%} such that the corresponding

permutation of atoms can be effected by permuting predicates and transposing
+P,(z).

Theorem 8. Let o be a permutation of {1,2,3,...,2%}. Then, as a permutation

of atoms, o preserves Hamming distance if and only if o € P,.

Proof. The right to left implication is clear. In the other direction suppose that

o is a permutation of atoms such that for all 7, j
o(as) — o) = o — oy (3.1

Let oy = PLAP,A...APyand define f : {+P; |1 <i <27} > {+P|1<i<27}
as follows:
+P, if P; is a conjunct in o(ay),

f(£F) =
FP, if =P, is a conjunct in o(ay).

Let 7 be the permutation of {1,2,...,27} such that on atoms

Notice that 7 € P, so to show that o € P, it is enough to show that 7o € P,.
Clearly 7o also satisfies (3.1)) and 7o(a;) = a;. Hence by (3.1) if £ propositional

variables are negated in «; then the same must be true of 7o(«;). Given 1 < k < ¢
let a;, be the atom with just Py negated. So 7o(«;, ) is an atom with just one

negated propositional variable, say it is P,). Clearly v must be a permutation
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of {1,2,...,q} since if k # j then
\aik —Ckij’ =2

SO

|To(as,) — To(au;)| = 2.

Let n be the permutation of atoms given by permuting the predicates according

to v, l.e.
77(:|:P1 ANEP,A...A :I:Pq) = :i:PV(l) VAN :|:Pl,(2) VANPIRAY :i:P,j(q).

Then 1 € P, and as a permutation of atoms 1~ '7o preserves Hamming distance
and is the identity on all atoms with at most one negated predicate. But then

n~'7o must be the identity on all atoms since, for example,
—|P1/\—|P2/\.../\—|Pk/\Pk+1/\Pk+2/\.../\Pq
is the unique atom which is distance k from «; and distance k£ + 1 from
PiAPyA...ANPyA=Piiy APpsoAPusa A...ANP,_1 AP,

Pl/\P2/\--'/\Pk/\Pk+1/\_'Pk+2/\Pk+2/\"-/\Pq71/\Pq

PiAPyA...NPyAPoji APiyoAPrio ... APy A=P,

and these distances must be preserved after applying n~'ro. Hence n~lro =

Identity € P, so o = 77 'n € P, as required. O

For this reason, APy will be of particular interest to us, and is the focus of the

next chapter.

Before considering non-distance based notions of similarity, we make one more
observation about this way of treating analogy. If we accept distance as the fun-
damental measure of dissimilarity between predicates, then from the first distance
function axiom we have that d(P;, ~P;) = d(—P;, P;) for any predicate P;. This
alone suggests a symmetry in the way we treat predicates and their negations.

For any distance function on the atoms of L, that is a function of the distances
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between the primitive predicates, this fact guarantees that d(aq, as) = d(as, ay),
for example. Of course since APg only depends on the strict inequalities gen-
erated by d, this does not commit us to w(a |ay) = w(as|ay) or any other
such equalities but it certainly suggests SN as a background assumption. Px is
not implied in the same way, since we could take our distance function to be a

weighted sum,

d({€e1,...€q), (T1, ... 7q)) = Mid(€1, 1) + Aad(€2, T2) + ... + Nyd(€q, Ty),

with different \;. For example, define d on the atoms of Ly by

d({e1, €2), (11, 72)) = d(€1, 1) + 2d(€2, T2),

and let >g be the similarity function that arises. Then we get that d(ay, ) <

d(aq, as), hence SAPg implies w(a | ag) > w(ay | as), in violation of Px.

3.2 Similarity without distance

As mentioned, the idea that similarity derives from distance between predicates
and their negations in some sense implies the acceptance of SN. If we want to

remain agnostic about SN, perhaps we should consider alternatives.

Another way of looking at Hamming Distance is that it measures the number of
SN licensed permutations required to transform one atom to another; the fewer
permutations required, the closer two atoms are to one another. The permuta-
tions licensed by SN are (a; ag)(agay) and (o az)(ag ay). It only requires the
application of a single one of these to transform «; into as or ag, but it requires

the application of both to transform a; to ay.

Consider the following Weak Negation principle:

Weak Negation (WN)
For any sentence 0, if ¢ is the result of simultaneously swapping every instance
of £P; in 6 for FP;, for all i, then w(f') = w(#).

On L, WN licenses only the permutation (o ay) (s a3). It takes one application
of this to transform «; to a4 and it is impossible to transform a; to as or as.
Denote by ax the atom that is obtained from a by application of the WN licensed

permutation. Then we can define the similarity relation >y, by:
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Definition 9. {a;, o} >w {au, i} iff K # j,k#i and i =j or aj = a;x

The principle APy, will be explored further in Chapter 3.

Another objection to the distance based notion of similarity might be the idea that
while distance does matter, the path taken to get from one point to another is also
relevant. While d(«;, ;) may be strictly less than d(o, ay), if we've ‘travelled” by
completely different routes in each case, these are not directly comparable. For
example, consider Lz. Any distance relation will have something to say about
the values of

d(P1 NPy NP3, P AN—=Py \ _|P3)

and
d(Pl/\Pg/\Pg,_\Pl/\PQ/\Pg)

If our distance function is consistent with Px (by which we mean the resulting
analogy principle is) then the latter must be less than or equal to the former;
on the other hand, if we weight a difference in P; very highly, then perhaps the
latter could be larger. But we might still take that any such comparison between
distances does not allow us to say which pair is more similar to one another,
those similarities being in entirely different domains. In that case, a betweenness

relation might be more appropriate than a distance relation.

Definition 10. For atoms
q q q
OéZ:/\P;n ozj:/\Pn”",ak:/\P;”
n=1 n=1 n=1

say that oy, 1s further away from o; than o is if they are different atoms and for
1<n<g,

€n = Tp = €p = Up.

Definition 11. Let > be the similarity relation such that {a;, o5} >p {ou, ai}

iff oy is further away from «; than «; is.

Notice that 2>5 and 2> are the same relation, hence APy holds for w on L if

and only if APg doesﬂ. AP will thus also receive some attention in Chapter 4.

2Whereas 9>p # 9>y for ¢ > 2.
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3.3 Some useful results about (S)AP;

Our first observation is that SAPg and the well known Atom Exchangeability
Principle (Ax) (see below) are mutually inconsistent for many similarity relations

>g.

The Atom Exchangeability Principle (Ax)

If o is a permutation of 1,2,...,29, then

w (/\ %(%‘)) =w (/\ ao(z‘j)(%’))

If there are distinct 4, j, k such that
{as, a;} >s {as, ag}

then the stated inconsistency is immediate since for distinct atoms o (), (), ax ()
Ax gives that
w(ai(az) |aj(a1)) = wlai(az) | axr(ar)) (3-2)

wheras SAPg prescribes strict inequality in (3.2]). If there is no such triple, then
APy is equivalent to SPIR. SPIR fails for some w satisfying Ax but is also satisfied
by some (see [26].)

Of course this was entirely to be expected since whereas the principles Ex, Px,
SN seem to simply capture an evident symmetry in the language, to demand
symmetry between atoms makes a more substantial claim. To assume that atoms
can be exchanged without restriction is to suppose that the distinguishing features
of the atoms have no relevance for a rational probability function. In particular,
this means that such a function cannot be affected by varying degrees of similarity
between atoms; in other words, it precludes analogy by similarity of atoms. This
result is of some further relevance here because Ax is a widely accepted rational
principle in Inductive Logic, for example it holds for Carnap’s ¢ Continuum
and the continuum arising in [25]. Hence most SAPg principles will fail widely

amongst the familiar rational probability functions considered in Inductive Logic.

Our next proposition shows that APg and SAPg are often preserved under
marginalization, a result which will play an important role later when we come to

consider various (S)APg for L, with ¢ > 2. To consider what it means for (S)APg
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to hold for languages of different sizes we first need to say something about when
we take a similarity relation 971 >g to be the extension of a similarity relation
I>gq.

Suppose that 9>g is a similarity relation on L,. For any atom a(x) of L, write
at(x) for a(x) A Pyyyi(z) and o~ (z) for a(z) A =P;1(z). Then 9 >g¢ is an

extension of 7> if for every «, 3,7 such that {a, 8} >g {a, 7},

(o, 8T) Mg {at A1)
{a*,57) l>s {a',y7}
{7, 87} i>s {a7 7"}
{a7,87} >s {a7y7} (3-3)

We can now prove the following proposition.

Proposition 12. Suppose that ¢ >g is a similarity relation on L, and 1" >g
an extension to Lgi1. If the probability function w on Ly satisfies Ex + SN +
APg, then the restriction of w to SL, also satisfies APg.

Proof. Let w be a probability function satisfying APg on L,y and let w' be its
restriction to L,. Let a(x), B(x),v(x) be atoms of L’ such that

{a, B} 1>5 {a, 7}

Let a® and a~ be defined as above (and similarly for 5%,7*.) By assumption,

we have

{Oé+,ﬁ+} q+1>S {CY+,’}/+}
{O{Jr,ﬁi) q+1>S {OéJr,"}/i}
(3.4)

Let 6 € SL', so 0 does not contain any occurrences of P,. Then since w satisfies
SN,
w(a™ A)=w(at A),w(a™ Ab)=w(a™ A6),

and similarly for 3,7. [Here, following our earlier stated abbreviation, we are
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leaving the instantiating constants implicit].

Hence
/ _w((@™VaT)A(BTVET)NO)

AT REY)
o w(at ABTAD) Fw(at ABTAO) +w(a” AT AD)+w(a” AT AD)
B w(Bt ANO) +w(B~N0)
w(at ABTAD) Fw(at AT AO) Fw(at AT AO) +w(at AT AD)
B w(BTA0)+w(BT A0)
 2w(at ABTAG) F2w(at ABTAD)
B 2w(pt A 0)
= w(a" BTN +w(at|B7A0)
> wlat[y"A0) +wla |y A0) by (3.4), APs on Ly,
= w(alyn9)

so w' satisfies APg on L,, as required. ]

Note that the same result holds for SAPg, mutatis mutandis.

Clearly, the similarity relation derived from Hamming Distance on L, is an
extension of the similarity relation derived from Hamming Distance on L,. More-
over, since Hamming Distance (as well as all other distances mentioned in the
previous section) suggests SN as a background assumption, it is natural to look
at (S)APy in the presence of SN, in which case Proposition [12|shows that it will
be preserved under marginalisation. This means that in seeking to classify the
probability functions satisfying these conditions we can start by looking at small

languages.

Our next proposition concerns the smallest language, Ly, where there is only

a single predicate. For this language Carnap’s probability function ¢!, has the

11

discrete de Finetti prior which puts all the measure on the single point (3, 3)

and ¢}, has discrete de Finetti prior which splits the measure equally between the

points (1,0), (0, 1).

Proposition 13. Suppose that the probability function w on Ly satisfies Fx. Then
w satisfies APg for any >g.
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Proof. By the definition of a similarity relation, any >g satisfies
{P17P1}7 {_\Pla_‘Pl} >5 {Pla_‘Pl}

and these are the only possible inequalities relevant to L;. Hence to show that w

satisfies APg it is enough to show that
w(P(ant1) | Plan) A @) = w(P(ant1) | 7P(an) A @) (3.5)

where as usual ¢ € QFSL; does not contain a,, or a,,;. This is a well known

example of SPIR, see [27], but for completeness we will sketch the proof.
Using the Disjunctive Normal Form Theorem let

T n

olay,ag, ... a,) = \/ /\ P (a;)

where the ¢; € {0,1} and P' = P,P’ = —P. By de Finetti’s Representation
Theorem (and our convention on page [L3)), to show (3.5)) it is sufficient to show

that when the denominators are non-zero,

S22 f(z)du(z) _ [2(1—2)f(x) dpu(z)
Jaf(x)du(z) = [(1—=)f(z)du(z)

where f(z) =>"_, 2 (1 — x)""2i% and all the integrals are over D).
Simplifying and subtracting the right hand side gives

[ 5@nto) [ f@auta) - ( / xf(x)du(w)>2 >0,

equivalently 2
/f < ffyf )) du(z) > 0. (3.6)

The result follows. O

Note that the only way equality can hold in (3.6)) for all f(x) is if ;1 concentrates
all the measure on the three points (1, 0), (0, 1), (a,1—a) € Dy for some 0 < a < 1.

This means that if we make the further assumption that w satisfies SN we would
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have to have that u({(0,1)}) = u({(1,0)}) and a = 1/2 so

w= G, 2Dk + (1= {6, 2 D)k

Hence, given the extra constraint of SN, the corresponding result holds for SAPg
just when w is not of the above form.
Finally we note that for any >g, SAPg implies the Principle of Regularity (REG):

The Principle of Regularity (REG)
For any consistent § € QFSL, w(#) # 0.

For if w were to fail REG we would have w(f(ay, ..., a,)) = 0 for some 0(ay, ..., a,) €
QFSL. But then we would have

w(@i(ans2) | @j(ani1) Ab(as, ..., an)) = wlai(ani2) | ar(anii) Ab(as, ..., an))
for any atoms o, o, oy, whereas SAPg requires strict inequality in some in-
stances.

Having introduced the key ideas, in the next Chapter we turn to look at (S)APy

in more detail.



Chapter 4
Hamming Distance and analogy

This Chapter will look more closely at Hamming Distance and the resulting AP,
SAPy and SDAPy. The close relationship between Hamming Distance and the
symmetry requirements of Px + SN makes this a particularly natural way to

formulate analogy between atoms in PIL.

In consequence of Proposition it is instructive to first consider probability
functions satisfying APy on languages with few predicates. By Proposition
APy will hold on L; for any w satisfying Ex, so we begin with the case of APy
for Ls.

4.1 L, and the Wheel of Fortune

Fix the ordering of the atoms of Ly as usual by oy (z) = Pi(x) A Pa(x), as(z) =
P (z)N=Py(x), ag(z) = 2 Pi(x) AN Pa(z), as(x) = =P (x) A= Py(x). The Hamming

Distance between the atoms can then be pictured thus:

/\
\/

Notie that this situation is actually a model of Skyrm’s ‘Wheel of Fortune’, with

the atoms representing respectively the compass points North, East, West, South.

46
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For b € D, define w; to be the probability function on L, given by

m m 24
Wy (/\ ahi<a7’i)> = thl = Hb?]
=1 i=1 j=1

where n; is the number of times that a; appears amongst the ay,.

For (a,b,c,d) € Dy let Y404y be the probability function given by
8_1 (w<a,b,c,d> +w<a,c,b,d) +w<b,a,d,c) +w<c,a,d,b) +w<b,d,a,c) +w(c,d,a,b) +w(d,b,c,a) +w(d,c,b,a) ) .

Note that the eight summands correspond to the permutations of ay, as, as, ay
that preserve Hamming Distance, where the atoms are associated with a, b, c and d
respectively. Also note that in the case a = b = c = d = 1/4 all these summands

are equal and

2
0

Yq ) = Wy )y = €

111
140404

=

1111
4°4°4°4
Proposition 14. The following probability functions on Lo satisfy Ex, Pz, SN
and APy :

(i) Yiap.eay when (a,b,c,d)y €Dy, a>b>c>d, ad=bc and a="b orb=c.

(1) Ny(a,app + (1 — X)X when (a,a,b,b) € Dy, a>b>0 and 0 < X < 1.

o0

(ZZZ) )\y<170,070> + (1 - )\)3/< ,0,0) when 0 < A < 1.

)

[NIES
[NIES

Proof. (i) Clearly y(qp.c,a) satisfies Ex since it is a convex combination of proba-
bility functions satisfying Ex. Also, by Theorem [} it satisfies Px and SN as it is
invariant under permutations of the atoms that preserve Hamming Distance. It
remains only to show that yq 5 cq) satisfies APp; in other words, we need to show
that the following inequalities hold for any ¢ € QF S Ls:

y(mb,c,d)(al ‘CY2 A @) > y<a,b,c,d>(061| ag N\ Q) (4.1)
Y(abed) (1 ‘Ch Np) > y<a,b,c,d>(a1| as A @) (4.2)

This is a straightforward calculation which we include for the sake of completeness

(and later reference) though the trusting reader may at this point wish to skip it.

Let N1 = Wiape,ay(®), No = Waepay (@) Bt = W ade) (@), By = Wieaan (@), W1 =
w(b,d,a,c)<¢)7 W2 - w(c,d,mb)((b)v Sl - w(d,b,c,a><¢)7 52 - w(d,c,b,a>(¢)-
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Writing out (4.1) using the definition of y(, 4.4 and canceling the 87" factors, we
obtain

abNy + acNy + baEy + caEs + bdWy + cdWy + dbS| + dcSs
bNy 4+ c¢Ny + aFEy + aFEy + dWy + dWy 4+ bSt + ¢Ss
S adNy + adNs + beEy + cbEs + beWy + cbWy + daSy + daS,
- dNy + dNy + cEy + bEy + cWy + bWy 4+ aS1 + aSs

Multiplying out gives that the following sum should be non-negative.

Sum 1.
Ny Ey(be — ad)(a — b) + N1 Ey(b* — ad)(a — ¢) + NyWi(be — d*)(a — b)+
N1W2<b2 2)(&-0) +N151 ( d)2—|—N15’2(ab—cd)(a—d)+
(

NoEy(c? — ad)(a — b) + NoEy: (ad — be)(c — a) + NoWi(c? — d?)(a — b)+
NoWs(be — d*)(a — ¢) + NoSy(ac — db)(a — d) + NySye(a — d)?+
ExWia(b— ¢)* + EyWa(ab — cd)(b — ¢) + E1S1(a® — be) (b — d)+

E1Sa(a® — 2)(b—d) + EsWi(ac — bd)(c — b) + E2S;(a* — b?)(c — d)+
E5Ss5(a? — be)(c — d) + WiWad(b — ¢)* + WS (ad — be) (b — d)+

WSy (ad — c2)(b — d) + Wy Si(ad — b?*)(c — d) + WaSa(ad — be)(c — d)

If ad = bc and a > b > ¢ > d then all these terms, except for the terms
in NoE; and W3S, are greater than or equal to zero (and not all zero unless
a=>b=c=d.) If in addition a = b then also ¢ = d (since ad = bc) and the terms
in NoF, and W,S, are both equal to zero. Similarly if b = ¢, then ad = b* = ¢? so
again the terms in NoF; and W55, are both zero. Hence the required inequality
holds.

Writing out using the definition of y(qp,cq4y and canceling the 8! factors, we
obtain
a’Ni + a*Ny + V*Ey + P Ey + B*W + EWo + d2S) + d25,
alNy + aNy + bE| + cEy + bW1 + Wy + dSy + dS,
abNy + acNs + baFEy + caFEs + bdWy + cdWy + dbS, + deSs
- bN:1 + c¢No + aFEy + aFEy + dWq + dWs + bSt + ¢S5

Multiplying out gives that the following sum should be non-negative.

Sum 2
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Ny Ey(a® — b*)(a — b) + Ny Ey(a® — be)(a — ¢) + NiyWi(ad — b*)(a — b)+
N1Wa(ad — be)(a — ¢) + N1Sib(a — d)* + Ny Sa(ac — bd)(a — d)+
NyEy(a® — be)(a — b) + NoEy(a? — ¢?)(a — ¢) + NoWi(ad — be)(a — b)+
NoWs(ad — ¢*)(a — ¢) + NoSy(ab — cd)(a — d) + NySac(a — d)?+
E1Esa(b— c¢)? + EyWs(bd — ac)(b — ¢) + E1S1(b* — ad) (b — d)+
E1S5(bc — ad)(b — d) + EsWi(ab — ¢d)(b — ¢) + E9S1(be — ad)(c — d)+
EySs(c? — ad)(c — d) + WiWad(b — ¢)* + WSy (8> — d?) (b — d)+
W1Ss(be — d?)(b — d) + WaSi(be — d?)(c — d) + WSs(c? — d*)(c — d)

If ad = bc and a > b > ¢ > d then all these terms except those in N;Wy, E1Ws,
E5 S, are greater than or equal to zero. If a = b then also ¢ = d (since ad = bc)
and the terms in NyW,, EyW,, FE2Ss are zero whilst if b = ¢ then ad = b* = ¢? and
again the terms in N{W;, E1Ws,, E5S, are zero. Hence the required inequality

holds in this case too.

(ii) This part is proved similarly. Taking N = wigap5)(0), £ = Wipap.a) (@), W =
Wiapab) (0), S = W paa (@), K = 2 (¢), inequality becomes
“IN@*N 4+ baE + abW + b*S) +472(1 — N K
4=1N(aN + aE + bW +bS) +471(1 - K
o ATA(@N + abE + abl¥ + abS) +47(1 = N)K
47NN 4 aE + bW +aS) +471(1 - NK

Canceling factors of 47! and multiplying out gives that the following sum should

be non-negative.

AN (NEa(a —b)* + NS(a* — b*)(a — b) + WSb(a — b)?)+
M1 =X (NK(a—b)(a—4"+SK(a—0b)(4"1—b))

Clearly this is non-negative since a > b and 2a +2b =1 (so a > 47! > b).

With these same values for N, K etc. (4.2) becomes
47\(@®N + b*E + a*W + b*S) +472(1 = MK
4=IN(aN +bE +aW +0S) +471(1 - ) K
“INa®N + abE + abW + b2S) + 472(1 — M) K
—  4AI\(aN +aE 4+ bW 4+bS)+ 471 (1 - MK

Canceling factors of 47! and multiplying out gives that the following sum should

be non-negative,
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N (NEa(a — b)*> + EW (a® — b*)(a — b) + WSb(a — b)*)+
A1 = \)(EK (a —b)(4~" = b) + WK (a — b)(a — 4°1)),

which again it clearly is.

For part (111), let N = w<1707070>(¢), E = w<0 1 00)<¢), W = w<00 1 0)<¢) S =
w<0,0,0,1>(¢)a n=waiai 0,0>(¢)> €= w(o,%,o,%>(¢) W=wWol o>(¢) 5= (¢

2727

)

Ignoring the (trivial by our convention as given on page cases when a denom-

1y
3

N:\»—t

inator is zero note that

(AY000) + (1 =Ny, o)l as A p) =0

1400
for all ¢, while

(1—-X\)16"'n
A TE+ (1= N8 (n+e)

(Ay000 + (1 =Ny 100) (01 |az A¢) =

11
21997
and

MTIN 4+ (1= MN)167 (1 + w)
MIN 1 (1 - N8 1(n+w)

Ay000 T (1 =Ny 1og(on|on Ad) =

Clearly then, (4.1)) holds. For (4.2)) to hold, canceling factors of 16~! and cross

multiplying we see that the following sum must be non-negative:

16A°NE + 2(1 — M\)?(ne + ew)+
AN1—=XN)(Nn+2Ne+ En+ Ew),

which it clearly is. O

Noticing that the terms Ny, No, E4, ..., S, N, E; W, S, K will always be strictly
positive for consistent ¢ when d > 0 in (i) and b, A > 0 in (ii) it can be seen
that we will have SAPy in case (i) if in addition @ > d > 0 and in case (ii) if in
addition @ > b > 0 and A > 0. We will never have SAPy in case (iii) since there

are consistent ¢ for which as N, E, W, S, n,e,w and s are all zero.

It is interesting to note that despite the cases (iii) and (ii) with b = 0 of this

proposition the probability functions

w = )\y<1’07070) + (1 — )\)Cgo
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do not satisfy APy when 0 < A < 1, since in this case, for example,

wlog Aag Aag) (1 —A)1/4°
wlag Aay) A+ (1—N\)1/42

w(oy | ag A ag) =

while
wlag Aag ANag) (1 —N)1/4°

wlag Aag) (1 —\)1/42

w(og | oy A ag) =

The main part of this chapter will now be devoted to showing the converse to
Proposition [I4 that any probability function on L, satisfying Ex, Px, SN and

APy must be one of the functions above. We first need some lemmata.

Lemma 15. If the probability function w on Lo satisfies Ex, Pr, SN then there
s a countably additive measure p on Dy such that for S a Borel subset of Dy and
o € Py, plo(S)) = u(S) and

w :/ Y(x1,x0,23,24) du(f)
Do

Proof. By the version of de Finetti’s Representation Theorem given earlier and

the definition of W, 4y 24,24

w :/ Wiz, 22,23,24) d“(f)
D2

for some countably additive measure p on Ds. Since for any o € P,

(Rowi) (Ao

/w<x1,x2,x3,x4)du(f) =
Do D,

/
_ / Wiy ey 20y (0 (7). (4.4)

2

w<xo'(1)710(2)7Ia(3)7x0(4)> dlj/<f) (43)

Hence from (4.4)), since |Py| = 8,

w :/[D w<z1,mz,m3,m4)8_1 Z (o™ (7)),
2

o€P2
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The measure

g1 Z Mo,fl

oc€P2

has the required invariance property and taking y’ to be this measure and using

(4.3)) for p’ gives
/ (Z Wizo1)@o(2)Ta(3) o<4>> dyl'(7),

oEP2

which is the required conclusion since

_ o1
Y(x1,m2,23,24) = 8 ( § : w(%up%(zy%(s),%(4)>) :

oc€P2

]

In the next two lemmas assume that w is a probability function on L, satisfying
APy and Ex, Px, SN with de Finetti representation

w= / v du()
Do

and, by Lemma [15] x4 invariant under permutations o of Dy for o € Ps.

Recall that b € Dy is said to be in the support of u if for every open subset S of R*
containing b, ;¢(S N D) > 0. Notice that if 4 is as in Lemma and (b1, by, b3, by)
is in the support of p then so is (by(1), bs(2), bo(3), bo(a)) for o € Po.

We shall be needing the following result.

Lemma 16. Let (b1, bs, ..., bw) € D, be in the support of p and ki, ks, ..., ko €
N. Then

7,11
bk

7

lim
M—00 mb;
- f]D) 1= 1 z[ ] (

where as usual [mb;] is the integer part of mb;.

a mb; kz — q
fDq 2 [ i+ d (m) 2
7)

=1

Proof. We begin by showing that for any natural numbers 1,79, ..., 794, possibly

equal to 0, and for any v > 0

24 mb +n1
fID)q =1 z (

f]D) zlzld:u

24
- Hb"z <. (4.5)
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for all m eventually, where n; = [(m + s)b;] — (m + s)b; + sb; + r; for some fixed
s>2/bifb; #0and n; = r; if b; = 0,0 =1,2,...,29. Let h > 1 be an upper
bound on the n; (for all m) and let

[b;, h) if b; # 0,

A =

Notice that the A; do not depend on m and n; € A; for all m, i =1,2,...,2¢

Since the function yo

i loran ) o [
i=1

is uniformly continuous on D, x Hfil A; we can pick 0 < € < v such that for

I 24
Z,t & ]D)q X Hi:l Aia

24 24

294 4 tag g
[I="-11%

i=1 i=1

< v/2 whenever |7 — 1| < e. (4.6)

Also since the function H?il x

a ¢ > 0 such that

b;

;' takes its maximum value on D, at ¥ = b there is

24 24
Hbfi > Hyfl + 2 whenever |j — 5| >¢€, y €D,

i=1 i=1
Again by the uniform continuity of the function f we can choose € < e such that

for 2, € D, x [, A,

24q 24q

294 44 toqyg
[[="-11¢

i=1 =1

< & whenever |7 — ] < €. (4.7)

Hence for any Z,y € D, with |7 — bl <€, |7—0b >e
20 4 b 29 p; 20 29 1p, 20 p,
Hi:l Ty — Hi:1 Y; ‘Hi:l bi' — Hz‘:1 Yi | — ‘Hi:l bi' — Hizl Z;

> (26 — 6 = 0.

>
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For any such Z,y then,

24 24 24
[T <IIe -o< ]t
=1 =1 =1
SO
24 24
v <T]ar—om
=1 =1

Let I,, denote the integral

f]D)q i=1Ti ﬁmdﬂ(f)
24
f]D)q Hi:l Z; ( )
Then 24 b;+ 2‘7 b+
fNe i=1 ;n Mdp(E +f—|N€(b i T dp ()
b; _’ 2 b;
.[Ne 1= 1 L d[,bl’ +f—|N(b qu Ty diu( )

=,

where as usual N.(b) ={Z €D, | |7 — b| < €}
We have that,

mb;+n; mb;
[flrmsn < [, fiowe

I, = (4.8)

249

/N() inf ( meb Ydu(Z)(1 — o)™

Na(b)

IN

= 1nf meb (0)(1 — &)™,

Also,
249

24
mb; — mb
dp(a) = [t ([Jard(a)

/6,(5)2-11 N (b) H

Na(B) 17

= mf Hasmb E
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SO

mb;+n; xmbz M(_'NE(E)) . m
/N(b HI AulE) < /N, H AulE /L(Nez(l; (1=9)

IA
z\
=
T' za
Y
E
E
]
?

nz

Let d,, and d,, respectively be the minimum and maximum values of HI LT

for 7 from the closure of the set N,(b). Then

< <dn

_m

fNE zq1 x; Z+nldﬂ(f)
fNE(I;) Hz 12 d,u( )

so there is some constant, d,, say, such that

fNE (b) Hz 1 ;nb +mdﬂ(f) ﬁ n;
fN b) Hz 1% Zdu( ) i=1
for some @ € N.(b By ), | d — TTi, 0}

Using this, ([£.8) and (4.9) we see that for sufficiently large m,

A, =

<v/2.

-

Hb’“ <d, + ((NN((*) Hb"l <.

~—
~—

Also for large m,

24 d
— H b?l 2 M(Ne(b _ H bnz
= L+ avoan (=90
Hz 1b?1_y/2_ﬁbm
14+v/2 ’

> -

>
i=1

This completes the proof of (4.5). By taking the limit of the ratio of expressions
as in (4.5) when the r; = k; and when the r; = 0 we now obtain as required that

fD ng .CE[(erS)b i) 4k d

g L Li=1""i _ku

i=1

. ()
11m

M 00 2 m+s)b;] —
- fm Hzil xE( o (Z)
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]

Lemma 17. Let the probability function w have de Finetti prior i and suppose
that (b1,...,baa),{(c1,...,c2a) are in the support of u and Hl 1 b; ,H?ql ot < 1.

Then there are increasing sequences ky, j, and 0 < A\(< 00) such that

2q Llonbil g0
i—1 T (7))
lim Jo., 11, @ _ A

2 nCi —
e fDQq zq1 ) ]dﬂ<x>

Proof. Pick small € > 0. From the proof of the previous lemma there is a v > 0

such that sufficiently large m

(1+v / meb du (T / H:U[mb]du / meb dp(%
Ne(b) ; Daa 51

(4.10)

The sequence (in m)
/ H :E[Mb du()

is decreasing to 0 (strictly for infinitely many m) since HZQ; b?i < 1. Indeed

/6 Hx[mb dp(z / H (D8] gy (3 >7/ Hx Jdp(z
(4.11)

where 7 > 0 is at most the minimum of the function [T, 4o % on the closure of

Nﬁ(g). Similarly for ¢, so we may assume that this same v works there too.

Using (4.11]) we can now produce increasing (infinitely often strictly) sequences
Jns kn € N such that

/ Hx[an d'u / _)Hx[(kncz d,u >/7/ ij(n+l)b]d )
c i=1 € C 6 —

249

(k(nt1yci] / [(Gnt1yci / (B(n+1)cil —
x; dpu( | >~ T; du(T).
[ e L
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From these inequalities we obtain that for all n > 0,

7Lb
ngb)Hz 1 7,] ] dp(T) < o

= e =7
fN6 @) Hz 1% ] d,LL
and with (4.10])
2(1 [‘]nbz} d —
1= Z /’L x
(14 )™ fDQq ! @) < 71 +0). (4.12)

- q knCi —’
fDQq 121 E }dﬂ(‘”)

The sequence in (4.12)) has a convergent subsequence, to A say, and the lemma

follows.

]

Corollary 18. Let w be a probability function with de Finetti prior p and let g c
be distinct support points of . such that HQq bhi H2q c;" < 1. Then there exists

i=1"7 ' 11i=1 "1

A > 0 and state descriptions ¢,, 1V, such that for any ri,...,79¢ € N,

lim w /\a“
n—oo

Onlar, ... as,) VvV i(a,... ,atn)>

249

= (@0 EE A+ ) Hc”
i=1
Proof. Let j,,k,, A be as in Lemma and ¢, (ay, ... ,asn) be the conjunction
of [jnb;] copies of «a;(z) for ¢ = 1,...,29 instantiated by ai,...,as,, S0 s, =

Z?il[jnbi]. Similarly let ¢y (ai,...,a;,) be the conjunction of [k,c;] copies of

a;(z) for i = 1,...,29 instantiated by ay, ..., as,, 50 t, = S [knci]. Let 8, be

such that yo yo
| a0 duta = (4 00x [ [Tl anto
]D)Qq DQ‘I

i=1 =1

so 0, — 0 asn — oo.

Then
249
w (/\ al | pula, ... as,)V a(a,... ,atn)>
i=1

szq T2, 2" dp() )+ Jp,, I1 T12, 2ot g (a)
2q jnbi] —» 2q [kncz]
szq =1 ZJ dﬂ i +f]D) i=1 Z d/j,( )
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Joo, TIEy 2 00 dpu(7)
T 8) Sy, T 2P dpu(@)

2‘1 [kncz]—&—n
fDQq i=1Li d ( )
(L4 A (U4 60) 1) fo,, T, 2 dpa(@)

Taking the limit as n — oo now gives, by Lemma

24

L+ N o+ A+ Hc

=1

as required.
O

We are now in a position to prove the converse to Proposition [I4] In what follows,

let w be a probability function satisfying APy with de Finetti prior u.

Theorem 19. If the probability function w on Ly satisfies Fx, Px, SN and APy,

then for some countably additive measure p on

AQ = {<l’1, T2, X3, $4> € ]D)Q ‘ Y(@1,m2,23,21) = Y{a,b,c,d) fO’l" some <(I, b’ & d> < ID)2
with ad = bc and a =b or b = ¢)},

w :/ Y(x1,20,23,24) du(f)
Ag

Furthermore we may take p to be invariant under the o € Ps.

Proof. By Lemma [15] we know that

w :/ y<$1,x2,903,964> d:u(f)
D2

for some such measure p so all that remains is to show that p gives all the measure

to points from A,.

So suppose that b= (by,bo, b3, by) is in the support of y. We can assume, without
loss of generality since we have invariance under the permutations in P,, that
by > by, b3, by and by > b3. Clearly if all the b; are equal then b is in As. So now
suppose that not all the b; are equal and to start with that at most one of them

1S zero.
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Suppose firstly that by # by. Note that if (b1, by, b3, by) is in the support of p then
so is (by, by, by, b3). So by Corollary we can find state descriptions ¢,,, 1, such
that for some A > 0,

lim w(of oo’ ol [ ¢n V n) = (1+X) 7 (G 02 B0 + MR BPH0)

n—oo
Taking j3 = 74 = 0 and the cases j; = jo = 1 and j, = 1, j; = 0 we get that

' b1y + Abab
Jim wlen o A 60V 1) =

and taking jo = j3 = 0 and the cases j; = j4 = 1 and j, = 1,j; = 0 we get that

. b1y + Abzb
Jim e A (00 V) =

APy requires that w(ay|as A 6) > w(og |ag A 6) for any § € QFSL; so, in
particular, w(ay | as A (¢n V 1)) > w(ay | ag A (¢ V 1y)) for all n. This means

that we cannot have
T}g& w(ag | ag A (9n Vb)) < Jggo w(ay | ag A (on V 1hy))

and so we must have

b1ba + Ababy S b1by + Ababs
by + b1 T by + Abs

which simplifies to
A(bobs — b1by)(by — by) > 0.

Hence
(babg — b1bg)(by — by) >0

and we can conclude that

babs > b1by

Similarly, using the fact that (b, b3, b, by) and (bg, by, b1, b3) must be in the sup-

port of x4 and considering

Tim w(ay |ar A (¢ V1))
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and
Tim w(ay [az A (én V ¥n))

APy gives that
b2 + \b3 S b1bz + A\boby

by +Aby = b3+ Aby

for some A > 0, which simplifies to

A(brby — babs)(by — by) > 0

Hence
(b1by — bab3)(by — by) >0

and can conclude that
biby = bobs

Notice that what Corollary [18]is allowing us to do here is to isolate any of the
coefficients in Sum 1, Sum 2 etc. in the proof of Proposition 14, For example,
directly above we have isolated the coefficients of the Ny E; and NoW; terms in

the first and second sums respectively.

It is clear that we can do this for any coefficient, so we will simply say that in

the above we used NiFE; and NoW;. Similarly, using F5S; in Sum 1 we get that
(b7 — b3)(bs — by) >0
and so bg > by. Then using F>W; in the same sum gives that
(b1bg — baby)(bs — by) > 0

which with our assumption that by > b3 forces by = b3. So b is in Ay as required.

Still assuming that at most one b; is zero, suppose now that by = by. Notice firstly
that using WSy in the Sum 1 gives that by # b3, since otherwise we would have
by1(by — b1)(by — bg) > 0 and so by = by = by = by. Now using EyW; from Sum 1
we get that

0 < (bibs — baby)(bg — ba) = by(bg — by) (b3 — b1)
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and so b3 S b4. AISO, by EQSQ,
O S (b% - b2b3)(b3 - b4) - b1<b1 - bg)(bg - b4)

and so we must have b3 = b, (and so byby = bob3). Hence once again we have that

b is in A,, as required.

We finally consider that case when more than one of by, b, b3, b4 is zero. Clearly
by > 0. If by = by = by = 0 then (by, by, b3,by) € Ay. The remaining cases are
when just bs, by are zero and when by, b3 are zero. If b3 = by = 0 then using N1 W;

from Sum 2 we obtain

(biby — b2)(by — by) > 0

which with the other assumptions forces by = by so (by, be, b3, by) € Ag. Finally if

by = b3 = 0 then using W55, from Sum 1 gives the contradiction
(b1by — bab3)(bs — by) > 0

thus concluding the proof.
[

Put another way Theorem [19| tells us that if (b1, by, b3, by) is in the support of u
then one of the following hold:

(A) Y(by,ba,bz,bs) = Y(1,0,0,05
(B) Yprbobsba) = Uit 100

(C) Y(b1,b2,b3,ba) = Y(

7i>,

=

)

=

)

=

(D) Yo bo,bs ba) = Yiasaby for some a >b >0 (sob=1/2—a),

(E) Ylbr,bobs,bs) = Yiabbe) for some a >b>0, c= b?/a.

In fact this result can be strengthened further to give a complete classification of
the probability functions satisfying APy (+Ex+Px+SN) on Ls.

Theorem 20. Let w be a probability function on Ly satisfying Ex, Pz, SN. Then
w satisfies APy just if one of the following hold:

(1) w=Yppe for some (a,b,b,c) € Dy witha>b>0, c=">*/a.
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(2)  w = Mgappy + (1 — N for some (a,a,b,b) € Dy with a > b > 0 and
0<ALZL

(3) w = >\y<17070,0> + (1 - )\)y<%,%’070> with O S A S 1.

Proof. The reverse direction follows from Proposition In the other direction
let i be as in Theoremand suppose that b = (b1, ba, by, by) and € = (cq, ca, 3, C4)

are distinct points in the support of p and
Y(by,b2,b3,ba) # Y(cy,ea,c3,c4) -
We first show that none of the following are possible.
(1) Yoy babsba) = Yiabbyey for some a > b, ¢ = b*/a, and

Yiereaencs) = Yla,p,5.) Where a > 8 andy = 5%/a.

(i) Yoy bo,bs,ba) = Ylabbe) for some a > b, ¢ = b*/a, and
Ylercarenres) = Yiaa,p,8) Where o > 3 and either b > 0 or § > 0.

(111) Y(b1,b2,b3,b4) = Y(a,a,b,b) where a > b, and

Ylerearenses) = Yla,a,8,8) Where a > f3.

Concerning (i), notice that

(a,b,b,0%/a) = (1 +2) 2%, 2(1+2) %, 2(1 +2)72,2°(1 + 2)7?)

and
(o, 8,3, 5% /a) = (1 +w) %, w(l +w) 2, wl +w) %, w?(1+w)™?)

for some 0 < z,w < 1.

If a = o we would have z = w, contradicting the assumption that ¥y, p,.bs,6,) 7

Yler caren,es)- OO We can assume that a # a.

Since a > 1/4 and a > 1/4, we can assume without loss of generality that a > a.
Notice that this forces z < w and so b = 2z(1 + 2)™2 < w(l + w)™? = B, and
c=22(1+2)2<w*(1+w)?=1.
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Since (b, ¢, a,b), (8,7, a, ) must be in the support of y, by Corollary [1§ we can

find sentences ¢,,, 1, such that for some \,

lim w(al ool | ¢ V hy) = (1 4+ N) LB 202 + AGT1y2a% 374, (4.13)

n—oo
By taking j» = j4 = 0 and the cases j3 =1, 71 = 0 and j3 = j; = 1 we get that

(ba 4+ A\Sa)

nh—?go 'LU(CYl ’@3 AN (¢n \ wn)) = (Cl + )\CL/)

and taking jo = 73 = 0 and the cases j, =1, 71 = 0 and j; = 71 = 1 we get that

(0> + \5%)

nll_{{.lo w(al ‘ oy N (¢n \% wn)) = (b 4 )\ﬁ)

Multiplying out the inequality we get from APp, this gives that
A(ab — Ba)(8 —b) > 0

and since A > 0,
(ab— Ba)(8 —b) = 0

which is impossible.

Now suppose that (ii) holds. Note that 2a > a+ § = 1/2, hence a > 1/4. By
our previous observation, if b > 1/4 then z(1 + z)™2 > 1/4, giving

0> (1-2)°

which is only satisfiable if z = 1, meaning @ = 1/4 = b, in contradiction of our
assumption that a > b. So we have that o > 1/4 > b.

Using the corresponding version of (4.13)) (with the same j;) but now for the
points (b, ¢, a,b), (o, «, 3, ), we obtain the inequality

Bb—a)a—0)>0

which, since a > b, is impossible unless § = 0.

Similarly, taking the points (b, ¢, a,b), (o, «, 3, 5) and the cases j; = 2, jo = j3 =
j4 =0 and jl = 1,j2 = jg = j4 = 0, and the cases jl = jg = 1,j3 = j4 =0 and
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jo = 1,j1 = js = j4 = 0, and again using the corresponding versions of (4.13]) we

derive from the requirement from APy that

b2 + \a? - be + Ao
b+l — c+

On multiplying out this yields
alb—c)(b—a) >0,

implying that b = ¢ = 0.

Finally suppose that (iii) is the case. We can assume that a > a. Using the cor-
responding version of again but now with the points (a, a, b, b), («, B, a, ),
the cases j;1 = 2,70 =3 =J4 =0 and j; = 1,jo = j3 = j4 = 0, and the cases
71 =17J2=1,j3 =7, =0and jo = 1,51 = j3 = j4 = 0, we derive from the
requirement of APy that

(a® + Xa?)
(a+ \a)

(a® + Xap)

= Tt AB)

Multiplying out this inequality gives that
Aa(f—a)(a—a) >0

which again is impossible.

Combining the above with the observation following Theorem [19| we see that the

support of x can only be one of:

(a) {o{a,b,b,c)| o € Py} for some (a,b,b,c) € Dy with a > b >0, c = b*/a;
(b) {o(a,a,b,b)|c € Py} for some (a,a,b,b) € Dy with a > b > 0;

(¢) The image under the o € P of {{a,a,b,b), Gp %, 411, i>,} where a > b > 0.

The result now follows using Proposition [14] O

Directly from this theorem and the remark following Proposition [14] we obtain
that for w a probability function on L, satisfying Ex, Px, SN, w satisfies SAPy
just if one of the following hold:

(1) w = Yappe for some (a,b,b,c) € Dy with a >b> 0, ¢ =b*/a.
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(2)  w = AYgapp + (1 — ), for some (a,a,b,b) € Dy with a > b > 0 and
0< A< 1.

4.2 APy for languages with more than 2 predi-

cates

We begin by considering L. Fix an ordering of the atoms of L3 by

ai(x) = Pi(x) A Py(z) A\ P3(x) as(x) = =P(x) A Py(xz) A\ P3(x)
as(x) = Pi(x) A Py(z) AN —Ps(x) ag(x) = —Pi(z) A Py(x) A —Ps(x)
az(x) = Pi(x) AN —=Py(x) A P3s(x)  ag(x) = —Pi(z) A —=Py(x) A Ps(x)
ag(x) = Pi(x) A =Py(x) AN—P3(x) ag(x) = =P (x) A =Py(z) A —~Ps(x).

As in the case of Ly, we define y; for ¢ € D3 by

ye=[Ps| ™" D wog

ogEPs

where P5 is the set of Hamming distance preserving permutations of the atoms

of L3. From Theorem [§ on page [37 it follows that |P;| = 48.

For the next proposition it will be useful to observe that because of repeated

terms y1 1 4.0.0.0,0,0 simplifies to

11
2'2

—1
127 (w1 1.0,0,0000 T W(20,1,00000 T W(2000.2000)
+Wi,10,10000 T W0,L,000L00 T W00l L0000
0,0,0,3) T %0,000,,3,0,0)

0.3) T w(0,0,0,0,0,o,%,%))- (4.14)

w 1 1 w 1
+ <0707§7070707§70> + <070707§7

w 11 w 1
_'_ <O:0’0707§707§70> + <0707070707§:

Proposition 21. For 0 < X <1 the probability function

w = >\y< ,3.0,...,0) +(1— )\)Cg

N

on Ls satisfies Ex, Px, SN and APy.
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Proof. The only non-trivial part here is to show that w satisfies APy. Let
t1,...,t12 denote the values given by each of the summands of Y10 O
¢ € QFSLs in the order in (4.14)).

Note that
w(og [og A @) = M8t + 12 +13) + (1 — N)8 wii00,...0)(9)
o 2471 (ty +to +t3) + (1 — A\)8 w1 00,...0)()
( ’ /\ (b) )\4871t1
wlo (6% —
N T R G i ) + (L= N8 We0,.0/(9)
and

w(ag Aoy A g) =0
for all o; such that |ag — ;| > 1.

The only thing we need check then is that
w(ay | ag A @) > w(ag |ag A @)

(since w(ay | a1 Ag) > w(ag |azsA¢) and w(ay | ag Ap) > w(ay | as A¢) will follow

similarly.) But this reduces to the following sum being non-negative

I8 IN2(ty + to + t3) (ta + t5) + (1 — X)*wi0,0,..0)(0)w0,1,0,...0) (@)
+671A (1 — M (w0,1,0,...0) (@) (t1 + Lo + T3 4 2ty + 2t5) + tiwp 00,00 (@),

which it clearly is. O

Theorem 22. c3, and the Ay 1o o+ (1= AN)cg for 0 < X\ < 1 are the only
probability functions on Ls satisfying Ex, Pr, SN and APy.

Proof. Suppose that w is a probability function on L3 not of the above types
that satisfies Ex, Px, SN and APy, and let p is its de Finetti prior. Let ws be
the restriction of w to Ly.Then wsy is given by the measure ps such that for any
A C D,

p2(A) = p{{1, v2, 23, 24, T5, T, T7, 08) € D3 | (X142, T3+24, 5426, T7+28) € A}
By Theorem [19] there are three possibilities for ws. In the first case

W2 = Y{a,b,b,a=1b2)
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for some a > b > 0. Pick (1, %9, x3, 24, x5, Ts, 7, rg) in the support of p such
that

(x1 + 29, T3 + T4, x5 + 6, T7 + x8) = (a, b, b, a 'v?)

By the same reasoning as that used in Theorem |19| (for L3 instead of Ly) we can
assume that p is invariant under permutations from Ps, so in fact we have a series

of possible equations:

{a,b,b,a=1b?),
(x1+ 23,00 + 24,25 + 7,26 +25), | ] or (b,a,a”'b?,b),
T+ X5, Ty + X7, X9 + T, Ty + T B or (b.a 0% a,b
1 5y 43 Ty L2 6,44 8 y s Wy )

or (a='v?,b,b, a),

By considering casesﬂ we find that the only possible solutions to such a system

of equations are:
(r1,a — 21,0 —21,b—a+x,a —x1,b—a+x,b—a+x,a B> +a—b— 1),

132
(1,0 — 1, — 21,21, 0 — 21, 21,0 b — b+ 21,b — 179).

The second of these is actually the same as the first after applying the permutation
in P3 which transposes x; with x5, 3 with x4, x5 with ¢ and x; with xg so it is

enough to consider just the first of these.

For readability, let this point be denoted

(o, B,B,7,5,7.7,9).

Using Corollary (18| for L3, the points

(B,7v,0,8,7,0,8,7), (7,8,8,a,0,7,7,8)

and appropriate past evidence (¢, V 1,), APy requires that

Tim. w(ay [ag A (pn V by)) > Tim. w(on [z A (Pn V),

1See Appendix A for details.
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which gives the inequality

By +M8) B2+ \y?
Yy+A8 T B4+ My

for some A > 0. This simplifies to

My =85 (B=7)>0

and so v = f.

Replacing v by # throughout, by the same reasoning, with the same points and
(¢ V Un), APy requires that

Ji_{glow(as | g A (dn Vaby)) > nﬁ_g)low(as |2 A (¢ V )
which gives the inequality

(af + A\pa) S aB + \3?
B+l — B+AG

which simplifies to

—AB(a—B)* =0

This is impossible unless a = 3, contradicting a > b, or § = 0, contradicting the

assumption that w is not ¢j.

In the second case,

Wo = NY(g,appy + (1 — N

for some a > b > 0. We again get a series of equations, which we may take to be
(x1 4 T2, 23 + 14, 5 + 76, 77 + 28) = (0,0, b,b)

together with

(r1 + 3, T2 + T4, T5 + T7, T6 + Tg),
= or (b,a,b,a),

} or {a,b,a,b),

<l’1 + T5,T3 —+ T7, T2 —+ Tg, T4 + ZL’8>
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since taking the vector 6, }l, i, i) in all three cases would yield the solution

1 1 1 1
(v,7 -2, 7 —2,0,7 —2,2,1,7 — )
and the usual argument for this point and
1 1 1
(;—z,v,2,; —2,2,; —T,; —T,)

1
1
with w(ay | ag A (¢, V 1y,)) and w(oy | ay A (¢ V 10,,)) forces x = 1/8, and hence

3

forces w = ¢,

Again one can Checkﬂ that the only possible solution (up to a permutation from

Ps3) to such a system of equations is:

1 1 1 1
<3§’1,CL-3§'1,&-$1,£L’1,Z—$1,Z—G+I’1,Z—CZ+$1,Z—$1>.

Let this be denoted
<&7ﬁ7ﬁ7a77757677>

Notice that o,y cannot both be zero.

Using Corollary [18| for Ls, the points

<77a7576757/87ﬁ)/7a>7<a7ﬁy7/8767/8767a77>

and appropriate past evidence (¢, V 1,), APy requires that

Tim w(en [ag A(¢n V hn)) = lim wlan [az A (én V 4Pn))

which gives the inequality

ya + Aary - 72 + Aa?
at+ANy T v+ A

for some A > 0, which simplifies to
—Ma =)@ =% =0

so a = 7y which gives x; = }l — 2y and so o = 1 = %. Note that this means that

> a>0,since a > 1/4.

2Details may be found in Appendix A.
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By the same reasoning, using the same points and replacing v by « throughout,

APy requires that

Tim wlag[as A (¢ Vhn)) 2 lim wlag|az A (9o V ¥n))

which gives the inequality

0B + A\Bd S ad + \ba
B+ T a+

for some A > 0, which simplifies to
~da(B—6)2>0

which is impossible by our previous observation that § > a > §.

In the third and final case,

w = )\@/(170,070) + (1 — )\)y< 0,0)

NI
NI

It is easy to see that the only functions whose restriction to Ly result in such a

function are those of the form
AY(L1000000) T (1=Ne, 0<A<T,

details of this may be found in Appendix A. O

Having determined the probability functions on L3 which satisfy Ex, Px, SN and

APy we are now in a position to do the same for L, when k > 3. To this end let

k
Yt 10,00
on Lz. Then by the direct generalization of the methods in proof of Theorem

we obtain:

where there are 2% — 2 zeros, be the obvious analog of Y(L.1.0.00,0,0,0)
227y

Corollary 23. For k > 3 the only probability functions on Ly satisfying Fx,
Pz, SN and APy are ¢*, and those of the form /\yé,%,O,---,O + (1 = X)ck for some
0 < X\ < 1. Furthermore, none of these satisfies SAPpy.

)
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4.3 Weakening the background conditions

Despite the rather natural link between SN and Hamming Distance, one way to
weaken the apparently very strong condition Ex+SN+Px+SAPy would be to
replace SN by WN. Of course WN follows straight-forwardly from SN, so the yz
probability functions will satisfy WN, but we would hope to have more functions
satisfying SAPy if we replace SN with WN. In fact this is not such an unnatural
picture. We initially thought of the atoms of L, as the vertices of a wheel of
fortune. In that case, not only did the lengths of the sides between vertices
correspond to Hamming Distance, but the symmetries of the wheel of fortune
corresponded exactly to the permutations of atoms given by Px + SN. In the
following diagram, lengths of sides still represent Hamming Distance, but the

symmetries correspond to the permutations of atoms given by Px + WN.

aq
0% Qs
Oy
The four symmetries of the diamond correspond to the four permutations of atoms

given by (14)(23), (14)(2)(3), (1)(4)(23), and (1)(2)(3)(4), which are exactly those
licensed by Px and WN. Define the function 24 to be

4_1 (w(a,b,c,d) + w(d,b,c,a) + w(a,c,b,d) + w(d,c,b,a))

We then have the following:

Lemma 24. If w satisfies Pr, WN and APy on Ls, then for any point {a,b, c, d)
in the support of its de Finetti prior y with a > d and b > ¢, at least one of the
following holds:

1. a=d
2. b=c
3. ac=bd

Proof. If {a,b,c,d) is in the support of x then so is (d, ¢, b, a), so by Corollary [1§
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we can find state descriptions ¢,, 1, such that for some \ > 0,

lim w (of'af?af ol | ¢n Vabs) = (1+N) 7! (b2 d + A P2 H al)

n—oo
Taking jo = j3 = j4 = 0 and the cases j; = 2 and 7; = 1 we get that

a® + \d?

and taking j3 = j4 = 0 and the cases j; = jo = 1 and j; = 0, jo = 1 we get that

ab + M\dc

nlggow<al|a2 A (¢nv¢n)) = b—i—)\C

APy requires that w(oy | a1 A8) > w(ay | aa AB) for any 6 € SL; so, in particular,
w(ay |ag A(pp Vb)) > w(ay | ae AP, Vb)) for all n. This means that we cannot

have
Tim w(an [on A(dn Vbn)) < lim wla [ag A(én V 3n))

and so we must have
a’® + \d? S ab + A\dc

at+Xd — b+ X

which simplifies to
Mac —bd)(a —d) > 0.

Hence
(ac — bd)(a — d) > 0. (4.15)
Using the same points and taking j; = j3 = j4 = 0 with cases jo =2 and j, =1
we get
b+ A2
li AN(On VU,)) =
ng{.low(aﬂ% (fn V ¥n)) b+ e

and taking j3 = j, = 0 with cases jo = j; = 1 and j5 = 0,7, = 1 we get that

) ba + \ed
Jim w(ay [y A (¢ V) = o

APy then requires

b2 + \c? - ba + \cd
b+X — a+ M
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which simplifies to
Abd —ac)(b—¢c) >0

and so we must have

(bd — ac)(b—c) > 0. (4.16)

Either 1. holds, in which case both and hold, or a > d in which case by
[4.1] we must have ac > bd. Then for to hold, either ac = bd or b = ¢ and so
either 3. or 2. holds, respectively.

m

Theorem 25. The only functions satisfying Pr + WN + SAPy on Lo are the
following:

1. Mappey + (1= N)2a,g 0y, with B>, a>c, ay =ba = fcand 0 <\ < 1.

2. Maped + (1= AN)2a,880) witha>d,b> c,ac=bd,ab=af,Bd = ac, and
0<A<1.

Proof. Any probability function satisfying Px + WN must be of the form

/ 2zd ().
]D)Qq

Moreover, there must be at least one point (a,b,c,d) in the support of p with

a, b, c,d non-zero and a # d. For otherwise we would have
w(ag |og Aoy Aag ANag A ay) =w(ag | ag Aoy Aag Aag A ay),

contradicting SAPy. By Px and WN, (a, ¢, b,d), (d,b,c,a) and (d,c,b,a) must
also be in the support of i, so we can assume without loss of generality that a > d
and b > c¢. Similarly, there must be at least one point {(«, 3,7, d) in the support

of p with «, 8,7, non-zero and [ # -, for otherwise we would have
w(ag | ag Aoy ANag Nag A ay) =w(ag|ag Aoy Aag Aag A ay),

contradicting SAPy. By Px and WN, we can assume without loss of generality
that § > v and a > ¢. Then by Lemma [24] we know that we have the following

four options:
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b=c ac=bd
a=94 (i) (ii)
ay=p0 (i)  (iv)
Moreover, using Corollary 18], all pairs of points with the first taken from

{{a,b,c,d),{a,c,b,d),{d,b,c,a),{d,c b a)}
and the second from

{{, 8,7, 0), (@, 7, 5,6), (6, 8,7, @) (3,7, B, }

and all appropriate choices of j;, SAP g requires that all of the following expres-

sions must be non-negative.

(a —a)(ap —ac) (a—a)(ay—ab) (a—a)(bd—~d) (a— a)(cd— fpd)
(a—0)(af — b5) (a—0)(aB —cd) (a—0d)(ay—0b5) (a—0d)(ay—cd)
(a—6)ab—Fd) (a—8)(ab—d) (a—d)ac—Bd) (a—b)ac—~d)
(a—d)(af —b5) (a—d)(af—cd) (a—d)(ay—"05) (a—d)(ay—cd)
(@ —d)(ab—pd) (o —=d)(ab—rd) (a—d)(ac—pd) (a—d)(ac—~d)
(6—d)af—ac) (6—d)er—ab) (—db5—rd) (- d)cs—Bd)
(b—B)(vd—ac) (b—B)(ab—Bd) (b—B)ay—cd) (b—B)(bS—af)
(b=7)(Bd —cd) (b=7)(Bd—ac) (b=7)(af—cd) (b=7)(af - ac)
(b—=7)(0 —~d)  (b—7)(5—ay) (b—7)(ab—~d) (b—7)(ab—ay)
(B-c)(Bd—c8) (B—c)fd—ac) (B—ciaB—cd) (B—c)(ah —ac)
(B=0)(bd —ay)  (B=c)(bd—ay) (B=c)(ab=nrd) (B—c)(ab—ay)
(Y —o)yd—ac)  (y=c)(ab=pd) (y—c)lay—cd) (v —c)(bd—af)

Given these constraints, option (i) forces a > o =6 > d, § > b = ¢ > v and
ay = ba = [d. Derivation of this can be found in Appendix B, and that all
constraints are satisfied under these conditions can be seen by inspection of the
above list. Options (ii) and (iii) are unsatisfiable, and option (iv) forces a = a,

b=, c=vand d= (ﬁ .We now have two options to consider. Either

(a) {(a,b,b,c), {a,B,7,a) belong to the support of p, with the condition that
a>c, B>~ and ay = ba = fBc. Then any further points in the support of

1 must satisfy either x; = x4 or x5 = 3 or both.

3Details may be found in Appendix B
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(b) {a,b,c,d) with a > d, b > ¢ and ac = bd belongs to the support of u, and any
further points in the support of u are of the form (x,y,y, x).

In case (a), that the probability function must be of the form Azy 450 + (1 —
A)Z(a,3.4,0) can be seen as follows. Suppose that there was another point (z,y,y, 2)
in the support of u. If z,y and 2z are all non-zero, then as well as the conditions
ay = ba = fe, we would have the conditions 2y = ya = fz. But then y(a —z) =
a(b —y) = B(c — z). By assumption, a, and v are all non-zero, and so this

forcesa =z,b=1y,c = z.

On the other hand, if x = 0, then (b—y)(zb—yd) > 0 entails y > b or y = 0, and
(b—vy)(yd —xc) > 0 entails b > y or y = 0. If b =y, then (y — ¢)(zb —yd) >0
becomes —yd(b — ¢) > 0, which is a contradiction. So the only consistent option
is that y = 0. In this case, (y — ¢)(bz — ay) > 0 becomes —cbz > 0, implying
z = 0. But then z 4 2y + 2z = 0, which is a contradiction. If we start from the
assumption that z = 0, then (b—y)(bz —ay) > 0 and (b—y)(ay — cz) > 0 jointly
entail either b =y or y = 0, and the same contradiction results. If we start from
the assumption that y = 0, then as already seen, (y — ¢)(bz — ay) > 0 becomes
—cbz > 0, implying z = 0; also (y — ¢)(xb —yd) > 0 becomes —bzc > 0, implying

x = 0 and again we have a contradiction.

The assumption of another point (z,y,z,z) in the support of u distinct from

(o, B,7, a) results in a similar contradiction.

In case (b), either the function is simply 2(apcq or the support of u includes
another point of the form (o, 3, 3, ). Suppose firstly that & > a. Then from the
requirement that (a — «)(aff — ac) > 0, we must have ac > aff > fd and from
the requirement that (a — «)(cd — fd) > 0 we have that Sd > ¢§ = ca, hence
ac = af} = fd. Since a > d, this forces f = 0 and aw = 1/2, and hence ¢ = 0. But

¢ # 0 by assumption, so this case is ruled out.

So now suppose that a = a. Then ac = ac = bd, so (b— )(yd — ac) > 0 becomes
(b — B)(pd — bd) > 0 and hence either d = 0 or b = 5. In the latter case, then
a=a>dand f =0b> c, contradicting the fact that 2a+28=1=a+b+c+d.
In the former case, d = 0, we have ac = bd = 0, so either « = a =0 or ¢ =0, in

contradiction of our inital assumptions.

So the only remaining possibility is that @ > «. In this case, bd = ac > ac, and
from (a — a)(ac — pd) > 0 we know that ae > fd, hence bd > d and so b > p.
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Then (b — B)(bd — af) > 0 and (a — «)(ay — ab) > 0 together force ab = af,
and (a — a)(cd — pd) > 0 and (b — B)(yd — ac) > 0 together force fd = ac.
Observation of the above list of constraints shows that under these conditions all

are satisfied.

Finally, suppose that there were another point (x, 3, y, z) in the support of i, with
x # «; without loss of generality let x > «, so y < 5. Then by the same reasoning
as above, we would have to have ay = xb, and thus b(a — z) = a(f — y), but
since a and b are both positive, this is a contradiction. Hence case (b) amounts

to item 2. in the statement of the theorem.

]

Notice that in the event that the probability function is of the first form, Az pp.¢)+
(1 =Nzgrya), EA =271 a=b,=aand v = ¢, then it satisfies SN and is as
in Theorem [I9] In the event that the probability function is of the second form,
Nfaped) + (1 =Nz ppq) and o = B, a = ¢, b = d, then it satisfies SN and again
is as in Theorem [19

We note here that we do not have an analogue of Theorem [22] for these weaker
background conditions, because the proof of that theorem depends on Proposition
which depends on SN. One suggestion for future research is to determine
whether Proposition 12| can be extended to probability functions not satisfying
SN.

Given that any picture of Hamming Distance on L, must have symmetries cor-
responding to permutations licensed by Px and WN, it does not make sense to
weaken the background conditions any further. Instead we move on in the next

section to look at the weaker principle SDAPy, which is much more widely sat-

isfied.

4.4 State Description Analogy for Hamming Dis-

tance

Having looked at APy and SAPy, it might be objected that allowing the evidence
conditioned on, #, to be any sentence of QFSL is too permissive. The proof
that SAPy (+Ex+Px+SN) is unsatisfiable in Lz and larger languages depends
essentially on our being able to condition on disjunctions of state descriptions, so

perhaps there is something pathological about these cases. This is not obvious,
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since we can come up with plausible stories in which our past evidence would be a
disjunction of this kind; for example, two experts give inconsistent accounts and
we don’t know which to choose from. However, Carnap’s CA and the various other
principles discussed in Chapter 2 only consider state descriptions as admissible
past evidence, so we turn now to SDAPy (as defined on page .

On L; we have only two atoms: P, and —P;, hence as an immediate Corollary
of Proposition [I3] for any >g, SDAPg holds for any exchangeable function. It
is easy to demonstrate examples of functions satisfying SDAPy on Ls. Notice
that any state description 8 € QFSLy can be written as the conjunction of two
state descriptions #; and 5 on the languages { P, } and {P,}, respectively. Then
if wy, we are any two exchangeable functions on Li, for any state description
0 € QFSL, define a probability function w; X wy by

(w1 X U)2)<0) = wl(ﬁl)wg(QQ).
In other words, if p1, o are the de Finetti priors of wy, wy respectively, we have

wy ! 22N« o
(w1 x wo) (ot A ay® Aag® Aag?)

— wl(leJrnz A _|P1n3+n4) X 1wy (P2m+n3 A _|P2nz+n4)

— / xn1+n2(1 _ :C)n3+n4d,u1(f) % / xn1+n3(1 _ x)n2+n4du2(f)
Dy Dy

where o] denotes m conjuncts of the form a;(a;).

Mabher’s ¢y x ¢x ([21]) was of this form, but clearly the construction works just
as well for any two exchangeable functions on L, and that SDAPy holds can be
seen as follows:

For any state description § = o ay?as®ay?, let fp(x) denote the function ™2 (1—

x)"7 go(x) the function 2™ "8 (1 — x)"21m4,

We have

Jo, So@)dn (@) Jp, w1~ 2)go(x)dpn ()
Jo, wfo(x)dpn (2 5 Jo, (1 = 2)go()dpu (%)

. Jo, (1 —iv)fe(l")d 1(7) f]D)l z(1 — x)go(x)dp (T)
f]D)l (z)dpn (T) fD (1 — z)go()dp ()

= (wy x U)Q)(Oél |y A O)

(wy X wy)(ay | ag A ) =
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And similarly for the other inequalities required by SDAPy. Notice that w; X wy
will satisfy SN just if both w; and ws do, and will satisfy Px just if w; and w, are
the same function. Clearly this kind of function construction can be extended
to languages of any size, but unfortunately does not always generate functions
satisfying SDAPy on larger languages. In fact, SDAPy will frequently fail even

on L33

Proposition 26. Suppose ¢y is a member of Carnap’s Continuum on Ly. Then

w = cy X ¢y X ¢\ does not satisfy SDAPy.

Proof. Suppose w is as above and let § = af. Then

w(ay | ag A O) = ex(Py |P1”+1) X cx(Py | P2”+1) X cx(Ps | —|P§1+1)
A1+ N2)(n 414 X/2)(N/2)
B (n+1+A)3

And

w(&1|047/\9)20)\(P1|_|P1/\P1n>XC)\(P2|_|P2/\P2n)XC)\(P3|P3/\_|P§1>
(n+A/2)(n+ X/2)(1+ \/2)
B (n 414+ ))3

Multiplying out and simplifying we get that
w(ag |ae AO) < w(ay |az A6)

is equivalent to

M2+ N) < 4n?

which is clearly satisfiable for any A\ by taking a large enough n. O]

In order to completely classify the functions that satisfy SDAPy, we begin by

considering functions on Ls.

Our first conjecture was that any w on Ly satisfying SDAP g would be a product
of two functions on L; (indeed the square of a single function if Px is to hold).
However this is clearly not the case, for we already know that 3. satisfies
APy and hence SDAPy for any 0 < a,b < 1, a+b = 1/2, but that this cannot be

a product is seen as follows: The de Finetti measure of ¥y, 4.y, 11, gives positive
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measure to the point

B T x Y Y
(a,a,b,by = <2($+y)’2(x+y)’2(x+y)’2($+y)>'

Hence if there were a function on L; that squared to give ¥ qs,), its de Finetti

measure would have in its support the points

x y >
r+y v+y

and
(1/2,1/2).
But then p would also have in its support
(1/2,1/2) x (1/2,1/2) = (1/4,1/4,1/4,1/4)
and

b)) Gham) - (err e i e or e e
Tty r+y c+y at+y/ \@+y? (@+y)? (x+y)? (@+y)?/’

which is not the case.

All the functions satisfying APy have the property that for any point (a, b, ¢, d) in
the support of their de Finetti measures, ad = be. This is also a property of any
product function. A weaker conjecture would therefore be that that all functions
satisfying SDAPy must have this property. Notice that this could only be a
necessary, but not a sufficient condition for satisfying SDAPy, as the following

example demonstrates.

Let

. 36 6 6 1
2= =, =, =,
! 49’ 49’ 49’ 49

.. /1600 40 40 1
27\ 16827 1681’ 1681 1681

and

and consider the probability function 271 (y; + y5)

Then every point (a, b, ¢, d) in the support of the corresponding de Finetti measure
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has the property that ad = bc but, for example,
5
27 (ys +yz)(on |az A\ az) ~ 0.04

i=1

while

5
27 (y5 +ys)(ar [as A f\ an) = 0.08 (4.17)

i=1
We do have the limited result that if ad = bc holds for all points in the support
of i, the corresponding probability function satisfies SDAPy as long as the state

description conditioned on is sufficiently small.

Proposition 27. If w is a probability function on Ls satisfying Ex, Px and SN
and every point {(a,b, c,d) in the support of its de Finetti measure p is such that

ad = be, then w satisfies:
(1) w(on | ar) > wlas | as)
(11) w(oy |az) > w(oy | ay)

Proof. By Px and SN,
w = / Yz dp ()
D2

and w(ay) = w(ag) = w(az) = w(ay). In fact, (i) rests only on Px and SN and
does not require the property that ad = bc. Since w(a) = w(as), it is sufficient
to show that

w(og A ag) > w(ag A az)

which is equivalent to
/D (20 + 20 + 2¢* + 2d*) dp(T) — /D (2ab + 2ac + 2bd + 2cd) dp(Z) > 0
> >
Simplifying the left hand side gives
/D [(a=b)*+(a—c)*+ (b—d)*+ (c — d)*] du(Z) >0
2

which is clearly non-negative, and indeed positive unless w = c4.

4See Appendix A for calculations.
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For inequality (ii), we need to show that
w(og A ag) > w(ag A ay)
Equivalently,

/ (2ab + 2ac + 2bd + 2¢d) dp(z) — / (4ad + 4bc) du(z) > 0
D2

D2

Simplifying, this gives
/ 2(a—c)(b—d)+2(a—0b)(c—d)du(Z) >0
Do

We can assume without loss of generality that a > b,¢,d and, unless w = ¢,
a > b for at least one point (a,b,c,d). Since we are assuming that ad = be, we
then also have ¢ > d for this point. The inequality then holds as required.

]

Proposition [27] thus demonstrates a class of probability functions displaying the
limited properties of analogy that Skyrms shows to be satisfiable in [34].

If we restrict our attention to single yz functions, we can prove that ad = bc is
a necessary and sufficient condition for SDAPy to hold in the presence of Ex +
Px + SN.

We will need the following Lemma.

Lemma 28. Suppose 1 > ag > aq,as,...ap > 0. Then for somen € N,

k

n n

ay > g a;
i=1

Proof. First consider the case when k = 2. We can suppose without loss of
. . Qo a2
generality that a; > as. Note that this means — > 1> —.

aq aq
So clearly if we take n to be sufficiently large, we get that

(o) = ()
aq aq

But this is equivalent to af > a4 + af and so the statement of the lemma holds.
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k—1
Next suppose the statement holds for £ — 1, so ag > Z a; for some n.

i=1
Since 1 > ay > ax, we have that a}} < a; < ag. By similar reasoning to the first

case, for sufficiently large m we get

k

(@) > (Z ) s>

=1

Hence the lemma holds for all k.

Proposition 29. If y,.cq satisfies Ex, Pz, SN and SDAPy, then ad = bc.

Proof. We prove this by supposing that ad # bc and showing that this leads to a
failure of SDAPy. We can assume without loss of generality that a > b, ¢, d, with
at least one inequality strict, and b > ¢, since such a point is obtainable from any
(x1, 9, 23, x4) by a permutation from P,.. Assume firstly that ad > bc (the case

in which ad < bc is similar).

Recall that SDAPy requires that for any state description 6,

Yiabed) (01| aa NO) > Yiapea(on | as A6)

Asin Proposition let Ny = wigpe,a (@), N2 = Waepay (@), B1 = W ade (@), B2 =
Wie,a,db) (), Wi = Wi da.e) (D), Wa = Wiedap (@), S1 = Wapea)(P), S2 = Widepa) (@)-

Writing out the inequality above using the definition of y¢, .. 4y, We obtain

abNy + acNy + baEy + caFEy + bdW, + cdWy + dbSy + decSs
bNy + cNy + aEy + aFBy + dWy + dWs + bS| + ¢S,
adNy + adNs + beEy + cbEs + beWy + bWy + daST + daSs
dNy + dNs + bEy 4 cFEy + Wy + bWy 4+ aS1 + aS,

which we can multiply out to get

Ny Ey(abc + bad — a*d — b*c) + Ny Ey(ab® + cad — a*d — cb?) + N, W, (abe + bd* —
ad® —b*c) + N1 Wy (ab® + cd* — ad? — b*c) + N1 Sy (a?b+d*b— adb— dab) + N1 S5 (a*b+
d*c — adc — dab) + Ny E(ac® + bad — a*d — bc?) + NoFsy(cad + ach — a*d — ¢*b) +
NoWi(ac? + bd* — ad® — bc?) + NoWs(ach + cd? — ad? — bc?) + NoSy(a’c + d?b —
adb — dac) + Ny Sy (a’c+ d%c — 2adc) + Ey Wi (b*a + c*a — 2abe) + Ey Wy (b?a+ c*d —
bed —bea) + By S1(ba? 4 dbe — b?c — da®) + Fy Sa(ba® + dc? — bc? — da®) + EoWi (a+
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b*d — cbd — bea) + E3S:(ca® + db* — cb?* — da®) + EaSa(ca® 4 bed — be* — ad?) +
WiWs(c2d + b*d — 2bed) + W1 Sy (bda + dbe — b*c — d*a) + WSy (bda + dc® — be?
d*a) + WySi(cda + b*d — b*c — d*a) + WaSa(cda + dbe — bc* — d?a) > 0

Factorizing, the coefficients in the inequality become:

N1Ey: (be —ad)(a — b)
NiWq: (be — d*)(a —b)
lell b(a - d>2

N Ey: (b —ad)(a —
NyWa: (b — d?)(a — c)
N1Sy: (ab—dc)(a —d

NyEy: (2 — ad)(a —b)
NoWy: (¢ — d?)(a —b)
NySy: (ac — db)(a — d)
E\Wi: a(b—c)?

E1S;: (a* — be)(b— d)

E, Wi (ac —bd)(c — b)

)
NyEsy: (ad — be)(c — a)
NoWs: (be — d*)(a — c)
NySy: cla — d)?

EyWsy: (ab — cd)(b— ¢)
E1Ss: (a* — ) (b —d)
EyWs: (a* — b*)(c — d)

E»Sy: (a* — be)(c — d)
W1 Sy: (ad — be)(b — d)
WQSli (ad — b2)( )

E5Sy: d(b— c)?
W1Sy: (ad — ) (b — d)
W3Ss: (ad — be)(c — d)

We have, by assumption, that a > b and ad > be. If in fact a > b, the coefficient
of N1F; is negative. Let 6 be n copies of oy and n copies of as where n is some

natural number.

Then we have Ny = a"b", Ny = a"c", E; = b"a", Fy = c"a™, W7, = 0"d", Wy =
c'd", Sy = d"", Sy = d"c".

We first assume that @ > d and b > ¢, so Ny E; = (ab)®" is the biggest term in

the expression.

Applying Lemma [28 we can see that if n is large enough, N1E; = (ab)?™ will
be greater than the sum of the other terms. Since the coefficients are relatively

small, if we take n to be sufficiently large we can ensure that

(ad — bc)(a — b)N1 By > NyEs(ab? + cad — a*d — cb*) + N1Wi(abe + bd* — ad? —
b2c) + NiWa(ab® + cd? — ad?® — b*c) + N1S1(a?b + d*b — adb — dab) + N1Ss(a?b +
d*c — adc — dab) + Ny E (ac® + bad — a*d — bc?) + NoFEsy(cad + ach — a*d — ¢*b) +
NoWi(ac? + bd* — ad® — bc?) + NoWs(ach + cd? — ad? — bc?) + NoSy(a’c + d?b —
adb — dac) + Ny Sy (a’c+ d*c — 2adc) + Ey Wi (b*a + c*a — 2abe) + By Wy (b?a + c*d —
bed —bea) + By S1(ba? 4 dbe — b?c — da®) + Ey Sa(ba® + dc? — bc? — da®) + EyWy (a+
b*d — cbd — bea) + E5S;(ca® + db* — cb?® — da®) + ESa(ca® + bed — be? — ad?) +
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WiWy(c2d + b*d — 2bed) + WSy (bda + dbe — b*c — d*a) + W1 Sy (bda + dc® — be? —
d*a) + WoSi(cda + b*d — b*c — d*a) + WaSa(cda + dbe — be? — d?a)

And hence that

0 > (bc —ad)(a —b) N1 Ey + Ny Eq(ab* + cad — a*d — cb?) + N1Wi(abe + bd? — ad?® —
b’c) + NyWa(ab? + cd? — ad? — b%c) + N1S1(a?b + d*b — adb — dab) + N1Sa(a®b +
d*c — adc — dab) + Ny E;(ac® + bad — a*d — bc?) + NoFs(cad + ach — a*d — ¢*b) +
NoWi(ac? + bd* — ad? — bc?) + NoWo(ach + cd? — ad® — be?) + NoSy(ac + d?b —
adb — dac) + Ny Sy(a’c+ d*c — 2adce) + By Wi (ba+ ca — 2abe) + EyWa(bPa+ c*d —
bed —bea) + By S1(ba? + dbe — b?c — da?) + EySo(ba? + dc? — be? — da?) + Es Wy (c2a+
b*d — cbd — bea) + E3S;(ca® + db* — cb?® — da®) + ESa(ca® + bed — be* — ad?) +
WiWs(c2d + b?d — 2bed) + W1 Sy (bda + dbc — b*c — d?a) + WSy (bda + dc* — be? —
d*a) + WoSi(cda + b*d — b*c — d*a) + W1 Sa(cda + dbe — be? — d?a)

which contradicts the requirement of SDAP .

Above we assumed that a > d,b > c¢. Notice that if a = d, then either b = ¢ and
all coefficients are non-positive (so SDAPy obviously fails), or b > ¢ and the only
positive coefficients are those of EyW; and E;Ws,, both of which equal (abed)™.
As above, by Lemma 28] these are dominated by the larger terms, generating a

contradiction.

If a > d but b = ¢, then simply notice that the terms Ny FE1, N1 Es, NoE1, NoEy
are equal and strictly larger than all others, and all have negative coefficients, so

again the contradiction follows by Lemma [28]

If in fact @ = b, then notice that either ¢ = d, giving ad = be, or the coefficient
of W3S, is negative. We can then generate a contradiction in a similar way to
above by taking # to be n copies of a3 and n copies of ay. If then b > ¢, W55,
will be the biggest term in the expression and the contradiction follows. If b = ¢,
then W57, W1 Sy, WSy, WSy are equal and strictly larger than the other terms,
and all have negative coefficients, so again the contradiction follows by Lemma
The cases in which we assume ad < bc proceed in a similar way:.

]

To recap then, we know that any product of two probability functions satisfying
Ex will satisfy SDAPy, and we conjecture that if w satisfies SDAPy the support
of u contains only points with ad = be. To classify the functions satisfying SDAP g
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we must close the gap between these two conditions which intuitively seem very

near to one another.

While (4,04 is not a product of two functions on Ly, it is an average of two
products. Let w; have de Finetti measure p; which gives equal measure to all
points in the set

{(2a, 2b), (2b,2a)} C Dy

and ¢, on L; as usual have the de Finetti prior which puts all measure on the

point (1/2,1/2). Then
Yaan) = 27 (W1 X Cog) + (Coo X w1)).

A natural conjecture then might be that all products and averages of products
will satisfy SDAPy. Unfortunately this too fails to capture the class correctly.
Even the above construction can fail to satisfy SDAPy for different choices of

wi. For example, suppose uy divides all measure equally between the points
(0.8,0.2),(0.2,0.8), (0.9,0.1) and (0.1,0.9). Taking 6 = afa3 we have
w(ag|ar AG) < w(ar|az A0 (4.18)

At this point a full classification of the probability functions satisfying SDAP g

proves elusive.

5See Appendix for calculations.



Chapter 5

Alternatives to Hamming

Distance in L9

5.1 Distance based alternatives

When looking at Hamming Distance we pictured the four atoms of Ly as being
the vertices of a tetrahedron with edges representing distances between them and
symmetries of the tetrahedron representing the permutations of atoms licensed
by a partcicular set of background conditions. When the symmetries of our
tetrahedron corresponded to the permutations of atoms licensed by Px and SN,
we were looking at a square, and when they corresponded to the permutations of

atoms licensed by Px and WN we were looking at a diamond.

In exactly the same way, we can use any combination of symmetry principles to
motivate distances. The permutations of atoms licensed by WN are (1)(2)(3)(4)
and (14)(23). The only 2D geometrical object with the atoms as vertices and
symmetries (1)(2)(3)(4) and (14)(23) is a parallelogram:

/042 —/044 (5-1)

Oy — Q3

or

3 Qg (52)

— —

(€ 0 5]

Let dy be a distance function that gives rise to parallelogram and dy be a

86
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distance function that gives rise to parallelogram [5.21 One way of thinking of
such distance functions is that for d;, a difference in P, is more significant than
a difference in P,, and vice versa for d,.

The distance function d; on L, generates a similarity relation >g with the fol-
lowing properties:

{a, as} >5 {1, a3}
{ar, a3} >g {1, a4}
{ag, a1} >5 {az, a4}
{ag, au} >5 {2, a3}
{az, a4} >5 {az, a1}
{as, a1} >5 {as, s}

Lemma 30. Suppose >g is as above, that w satisfies Ex, WN and APs with de
Finetti prior u, and {(a,b,c,d) is a point with a > d in the support of . Then at

least one of the following must hold:

1. a=d
2. b=c
3. ac=bd

Proof. If {(a,b,c,d) is in the support of p then so is (d, ¢, b, a), so by Corollary [1§

we can find state descriptions ¢,, 1, such that for some \ > 0,

lim w(al o a2 alt | ¢ V) = (14 N)"Ha D2 d + \d 202 a?*)

n— o0
Taking jo, = 73 = j4 = 0 and the cases j; = 2 and j; = 1 we get that

a? + \d?

Y}Lrgow(al\alA(¢ann))= T

and taking j3 = 7, = 0 and the cases j; = jo =1 and j; =0, jo = 1 we get that

ab + M\dc

APg requires that w(a; | oy AB) > w(ay | ag AG) for any 6 € SL; so, in particular,
w(ag |ag A (¢n V 0,)) > wlag |as A (¢, V 1,)) for all n. This means that we
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cannot have

Jim w(an [on A (g Vibn)) < lim wlar [ag A(én V 3n))

and so we must have
a® + \d? S ab + \dc

a+Xd — b+ )X

which simplifies to
Mac —bd)(a —d) > 0.

Hence
(ac — bd)(a — d) > 0. (5.3)
Using the same points and taking j; = j3 = j4 = 0 with cases jo =2 and j, =1
we get
b? + \c?
li NP VUy)) =
Tim w(az[az A (¢n V ¢n)) DT e

and taking j3 = j4 = 0 with cases jo» = j; = 1 and j5 =0, j; = 1 we get that

) ba + Aed
Jim w(ay [y A (¢ V ) = aod

APg then requires

b2 + \c? - ba + \cd
b+ — a+ M

which simplifies to
Abd —ac)(b—c) >0

and so we must have

(bd — ac)(b—c) > 0. (5.4)
Using the same points and taking j3 = j4 = 0 with cases j; = jo = 1 and
jo=1,71 =0 we get

ab + \dc

and taking jo = j4 = 0 with cases j3 = j; = 1 and j3 = 0, j; = 1 we get that

ac + Adb

lim w(a|as A (¢ V ) = PV
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APg then requires

ab + M\dc S ac + A\db
b+X — c+ M

which simplifies to
Ab? =) (a—d) >0

and so we must have

(b —c*)(a—d) > 0. (5.5)

Either 1. holds, in which case [5.3] and [5.5] all hold, or @ > d. Then by [5.5] we
must have b > ¢, and by [5.3] we must have ac > bd. But then for [5.4] to hold we
must have either b = ¢ or ac = bd, hence 2. or 3. respectively.

O

Let w be a probability function with de Finetti prior p satisfying Ex, Px, WN
and APg. For any two points (a, b, ¢, d), {a, 3,7, ) in the support of p, the points
(d,c,b,a) and (0,7, 3,a) must also be in the support of pu. Using Corollary

with all pairs of points with the first taken from
{{a,b,c,d),{d,c,b,a)}

and the second from

{{, 8,7,0), (6,7, 8, )},

and all appropriate choices of j;, APg requires that all the following expressions

be non-negative:

(0~ a)(aB—ab) (a—a)by—Be) (a—a)(cd—d)
(a—0)(ay =) (a—08)BB—cy) (a—38)(ac— Bd)
(@ —d)(ay —bd) (—=d)(bf—cy) (a—d)(ac—pBd)
(0 —d)(aB —ab) (6 —d)(by—Bc) (6 —d)(cd —~d)
(b—p)(ab—ap) (b—pB)(ad—ad) (b—pB)(yd—cd)
(b =70 —ay) (b—)(Bd—ac) (b—7)(aa—dd)
(B—c)(bd —ay) (B—c)(fd—ac) (B—c)laa—dd)
(= Nab—af) (y-c)ad—ad) (y—)rd—cd)

For brevity, we will restrict our attention to the stronger principle SAPg.

Theorem 31. There are no probability functions satisfying Fx, WN and SAPg

on Lo.
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Proof. We first show that any such functions would have to be of the form

)\zil(w(a,b,c,@ + w(d,c,b,a}) + (1 - )\)w<a,ﬂ,6,a>

where @ > d and b > ¢,ac = bd, ac = fBd, af = ab and 0 < A < 1. But then
it is easy to check that such a function gives equality in many of the inequalities

required by SAPg. For example, such a w gives

a2+ d®>+ao* ab+dc+af

wlay [ar) —w(on|as) =

a+d+« b+c+ [
_ (ac —bd)(a — d) + (af — ab)(a — a) + (Bd — ac)(d — «)
(a+d+a)b+c+pB)

=0.

For w to satisfy SAPg, at least one point with no zero entries in the support of
its de Finetti prior 4 must have the property that x; > z4; similarly at least one
point with no zero entries must have the property that x5 > x3. For otherwise

we would have

w(ag|ag Aag Aas Aaz Aay) =w(og | ag Aag Aag Aas A ay)

or

w(ag |ag Aoy ANag Aaz A ay) =w(as | ag Aap Aag Aas A ay).

So let (a,b,c,d) and (a, 3,7,0) be these points, respectively. Then by Lemma
either b = ¢ or ac = bd and either o = § or ary = 39, giving us the following

four options to consider:

We consider each in turn.

(i) Suppose firstly that a > «. Then from (a — a)(by — fc) > 0 we get that
by > Be = Bb. Also, since a > o =6, (a — ) (b — ¢y) > 0 forces b > ¢y = by.
So [ = 7, contradicting 3 # 7.

So now suppose that o > a. Then also § > a, and the same two inequalities as

above force g = 7.
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The only remaining option is that @ = a. In this case, § = a = a > d, so
we can generate exactly the same contradiction from (o — d)(bf — ¢y) > 0 and
(0 — d)(by — Be) > 0. So option (i) is unsatisfiable.

(ii) Suppose firstly that 6 = o > a > d. Since by assumption a > d > 0 and
b,c > 0, the condition ac = bd gives b > ¢. Then (a — 0)(b8 — ¢y) > 0 forces
¢y > bB, which contradicts g > v and b > c.

So suppose next that § = o = a > d. Then (0 — d)(aff — ab) > 0 forces a5 > ab,
so 8 > b. But then to ensure that a+b+c+d =1= a+ [+ +d we must have
¢ > 7. Then from (7 — ¢)(ad — ad) > 0 we get ad > ad, giving d > § which is a

contradiction.

The only remaining option is that a > o = 4. In this case, bd = ac > ac, and from
(a—0)(ac—pBd) > 0, ac > d. Hence b > (. Then from (a—d)(bf—c7y) > 0, since
b > cand 8 > -, we must have « > d, that is 6 > d. From (a — «)(cd —vd) > 0
and (b — B)(vd — ¢§) > 0 we get that vd = ¢d = caw > [d. But this contradicts
B> 7.

(iii) is similarly unsatisfiable.

(iv) Firstly suppose that @ = «. Then from (6 — d)(af — ab) > 0 and (y —
c)(ad — ad) > 0 we get that § > d implies 5 > b and v > ¢, contradicting
a+b+c+d=1=a+F+v+J. So we must also have 6 = d. Now from
(b —7v)(aax — dd) > 0 and (B — ¢)(aa — 6d) > 0 we must have that b > ~ and
f > c. Either b =+, = ¢, or b > =, in which case (b — 7)(bd — ay) > 0 and
(b —v)(Bd — ac) > 0 force B = b, and hence v = ¢. So either way, («, 3,7, 9)

must be obtainable from (a, b, ¢,d) by a permutation licensed by Px.

If there is a further point (z,y, z,w) in the support of u with = # a, then as we
have seen in (ii) and (iii), such a point cannot have the properties x > w,y = z or
x = w,y > z. But we have also seen that such a point cannot have the properties
T >w,y > z,2z = yw (as this forces x = y.) By Lemma [30] the only remaining
option is that x = w,y = z (and so zz = yw.)

Next suppose that a > «. Then also a > § and so from (a — ¢)(ac — fd) > 0 we
get Bd < ac < ac = bd, hence b > [3.

Now (a — a)(af —ab) > 0 and (b— )(ab—af) > 0 jointly entail aff = ab, while
(a —a)(cd —yd) > 0 and (b — B)(yd — ¢d) > 0 jointly entail cd = vyd. Also note
that b > > 7,80 b > ~v. So (a —d)(ay — bd) and (b — v)(bd — ay) > 0 jointly
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entail b0 = avy, while (a — 9)(ac— 8d) > 0 and (b —)(Sd — ac) > 0 jointly entail
ac = [d.

Note that in the above we have not used 5 > v or a > d, and so the same obtains

if we start from the assumption that o > a.

Now we get that
ab—bd =af — ay

and
Bd — ~vd = ac — ¢

Hence
b+d)(a=d+y—p)=(a+c)(y—-B+a—0J)

so eithera—d+~v—F=0,hencea+y=p+5=1/20ora+c=b+d=1/2.
Suppose firstly that o +~v = 8+ 0. Then from ay = 3§ we get

a(1/2 —a) = p5(1/2-p)

which rearranges to give

1/2(a = §) = (@ = B) (e + B)

so either o+ f = 1/2 or & = . In the former case, we now have § = 1/2 — 3 =
1/2 —(1/2 — a) = «, contradicting o > 0. So we must have a = [ and hence
v = 6. But now b(a—9) = a(8 —) forces a = b and similarly d(8 —7) = ¢(a—9)
forces d = c¢. Notice that in the above we have not used the assumption that
a > «, so an exactly analogous argument shows that a + ¢ = b 4 d also forces
a=bc=d,a=p,y=29.

If we have points (a, a, ¢, ¢), {(c,c,a,a,), (a,a,7,7), (7,7, @, a,) in the support of
i, in order for w to satisfy SAPg we must have a further point (z,y, z,w) with

x,y, z,w non-zero and = # y. Otherwise w would give the equality

w(og |og Aoy ANag Aag A ay) =w(ag [ag Aag Aag Aag A ay).

As we have seen, in (ii) and (iii), such a point cannot have the properties z >
w,y =z or r =w,y > z. But we have also seen that such a point cannot have

the properties © > w,y > z,xz = yw (as this forces x = y.) By Lemma , the
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only remaining option is that © = w,y = z (and so xz = yw.)

If y =0, then z = 1/2, and (y — ¢)(ax — zc) > 0 gives a contradiction. Similarly,
if © =0, then y = 1/2, and (z — ¢)(ay — yc) > 0 gives a contradiction. But if
z,y # 0, then (a — z)(ya — yc) > 0, (a — y)(ax — xc) > 0, (a — x)(ay — za) > 0

and (a — y)(xa — ay) > 0 jointly force x = y, which is a contradiction.

We have thus shown that (i)-(iii) are unsatisfiable and (iv) entails that p has in
its support the points (a, b, ¢,d) and (d, ¢, b,a) with ac = bd,a > d,b > ¢, and
any further point (a, 8,7, d) in the support not obtainable from the first by WN
licensed permutations must have o = 9,5 = . We check finally whether any

such («, 5,7,9) can appear in the support of .

If o =0=0, then 8 =~ =1/2, and (o — d)(ay — b)) > 0 gives a contradiction.
Similarly, if 5 = v = 0, then o = § = 1/2, and (5 — ¢)(bd — ay) > 0 gives a

contradiction.

If a,8,7,0 # 0 then (b — f)(ad — ad) > 0 entails (b — §)(a —d) > 0 and
(8 — ¢)(aax — 6d) > 0 entails (8 — ¢)(a — d) > 0, hence we have b > =~ > c.
Similarly, (a —9)(b8 — ¢y) > 0 entails (a —6)(b—c¢) > 0 and (a« —d) (b3 —cy) >0
entails (a« — d)(b — ¢) > 0, hence we have a > o = § > d. Furthermore, since
b > ¢, at least one of b > f = v or f§ = v > ¢ must hold. So since we have
(b—pB)(ab—aB) >0 and (y—c)(ab—af) > 0, it must be the case that ab > af.
And since a > d, at least one of a > @ = § or « = § > d must hold, so from
(a—a)(af—ab) > 0 and (6§ —d)(af —ab) > 0 we can deduce a5 > ab. So in fact
ab = af. Also from (a—a)(cd—~d) > 0, (§—d)(c§—~d) > 0, (b—5)(yd—cd) >0
and (v — ¢)(yd — ¢d) > 0 we can deduce fd = vyd = ¢§ = ca.

It is easy to see that only one such extra point can appear in the support of p.
For suppose there was a further, distinct point (x,y,y,x) in the support of pu.
Such a point would have to have the properties a > = > d, b > y > ¢, ay = xb,
yd = cx. Then ab — xb = af8 — ay, giving

a—rz=0—-y=(1/2—a)—(1/2—2)=—-a+=x

and so a =z (and f =y.)
We have thus proved that any probability function satisfying Ex + WN + SAPg
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must be of the form

)\zil(w(a,b,c,@ + w(d,c,b,a}) + (1 - )\)w<a,ﬂ,6,a>

where a > d,b > c,ac =bd and 0 < A < 1.
Since any such function violates SAPg, this completes the proof.
m

There are two further combinations of symmetry principles that give rise to al-
ternative distance functions. Firstly, SN in the absence of Px. Such distance

functions would look like one of the following.

) ————— 03 (5.6)
Qo ————— Q4
QO ————ay (5.7)
2y ————dy

Notice that the similarity function >g that gives rise to is actually the same
one as in Theorem An obvious corollary to that theorem then is:

Corollary 32. There are no probability functions that satisfy Ex, SN + SAPs.

And finally, Px in the absence of any negation principle. Such distance functions

could be as below.

/a\ (5.8) /4\ (5.9)
\/ \/

If k is the distance function pictured by[5.8] let > be the corresponding similarity

relation on Ly. The following are properties of > .

{0417042} >K {0417044}

{ar, a3} >k {1, a4}
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{ag, au} >k {az, a1}
{az, au} >k {az, a1}
{ag, au} >k {ag, as}
{as, aa} >K {2, a3}
{ag, a3} >k {a1, a4}

Let w be a probability function with de Finetti prior p satisfying Ex, Px and
APg. For any two points (a,b, c,d), (a, 3,7,0) in the support of u, the points
(a,c,b,d), {a,v,,5) must also appear. Using Corollary [L8| with all pairs of points
with the first taken from

{{a,b,c,d),{a,c,b,d)}

and the second from

{{a, 8,7,0), (2,7, 8,0)},

and all appropriate choices of j;, APk requires that all the following expressions

be non-negative:

(a —a)(ap —ab) (a—a)(af —ac) (a—a)lay—ab) (a—a)(ay— ac)
(a—a)5— d) (a—a)B5—~d) (a—a)(cs—d) (a—a)(ch— fd)
(0 —d)(aB —ab) (6 —d)(af—ac) (§—d)(ay—ab) (§—d)(ay— ac)
(0 —d)(bs = pd) (6 =d)(bd —~d) (6 —d)(cd —~d) (6 —d)(cd - fd)
(b—pB)(ad —ad) (b—p)(vd—cd) (b—B)(bd — Bd)
(c=7)(ad —ad) (c—=7)(cd —~d) (c—~)(Bd—bd)
(b= —~d)  (b—7)(Bd—cd) (b—7)(ad— af)
(-6 —d) (B )Bd—cb) (8- c)(ad—ad)

For w to satisfy SAP there must be at least one point (a, b, ¢, d) in the support

of p with a, b, ¢, d non-zero and b # ¢, for otherwise w would give
w(ag |ag Aag ANag Aaz A ay) =w(as | ag Aag Aag Aas A ay).

Suppose without loss of generality that b > c¢. If w were simply the discrete
probability function that splits all measure between (a, b, ¢, d) and (a, ¢, b, d) then
it is easy to see that w would give equality in the weak inequalities required by

APg.
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For example,

2a? a(b+ c)
—_—=a =
2a b+c

w(og |aq) = =w(aq |az).

So for w to satisfy SAP, there must be another point (o, /3,7, d) in the support
of p with «, 8,7, d non-zero and a # «. Without loss of generality we can suppose
that 3 > ~.

Suppose firstly that @ > «. Then from (a —«)(cd —~yd) > 0 we get that bd > cd >
pd, so from (6 — d)(bd — fd), 6 > d. Then ad > ad, so from (b— f)(ad —ad) >0
and (b — B)(bd — Bd) > 0 we get that § = b. Also from (b — v)(ad — ad) > 0
we get that 3 > v > b = [ so v = = b. Finally, note that if 6 = d, then
(a — a)(cd — vd) > 0 entails (a — a)(c —~) > 0 and so ¢ > v = b, contradicting
b>c. Sod>d.

That is, we have

b
|
g

e < 8

c d
VANEAN
ISR}

If @ > a, then from (a — «)(bd — vd) > 0 we get that yd > bd > ¢6, so from
(0—d)(co—~d) > 0 we get that d > J. Then ad > ad, so from (c—~)(ad—ad) >0
and (¢ — v)(cd —vyd) > 0 we get that v = ¢. Also, from (8 — ¢)(ad — ad) > 0 we
get that ¢ > 3, s0 ¢ > 8 > v = ¢, hence in fact v = § = ¢. Finally note that if
d = d, then (a — a)(bd — fd) > 0 entails (a — a)(b— ) > 0 and so ¢ = § > b,

contradicting b > c.
That is, we have
a b ¢ d

AVl oV
a B B 9

Theorem 33. If w is a probability function on Ly satisfying Ex, Pr and SAPy,

then it must have one of the following forms:

127N (Wiapedy + Wiaepay) + (1= N) Jo, Wb 1—a—onydp(z),
for some 0 < A < 1 and some p such that p(z) =0 for any x > a.
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2. 271\ (w(a,b,c,d> + +w(a,c,b,d>) + (1 - )‘) f]D)2 w(:c,c,c,l—x—2c>d,u(x);
for some 0 < A < 1 and some p such that p(z) =0 for any x < a.

Proof. We know already that w must have in the support of its de Finetti prior
the points (a, b, c,d), (a,c,b,d) with b > ¢. We know that there must also be a
point (o, 3, 3,0) and one of

(i) a>a,d <§,6="0,
(ii) a < a,d > 6,5 =c.

Notice that in either case, if there was a further point (z,y, z,w) with = = a,
then in fact these points would have to be the same. For then we would have
(w—d)(y—b) > 0 and (c—z)(d—w) > 0 which, given a+b+c+d = 1 = z+y+z+w,

are only jointly satisfiable if w =d,z = c and y = .

To complete the proof, we note that two points (ay, by, by, dy), (ag, ba, by, ds) with
as > a > a; and dy < d < d; cannot both appear in the support of u. For
consider the requirement that (by — by)(aidy — asdy) > 0. Clearly asd; > ajds,
hence by > b;. But by = c < b = b;.

On the other hand, inspection of the list of constraints shows that two points
(ay,by,b1,dy), (ag, by, by, do) with a > ay > ag, d < dy < dg, by = by = b satisfy all
the required conditions. Similarly, two points (ay, b1, b1, d1), (as, ba, by, dy) with
a1 < as < a, dy > dy > d, by = by = ¢ will satisfy all conditions.

]

Notice that in 5.8 while ay must be closer to ay than ag is, aq could actually
be further from ay than as is. Let K’ be a distance function with this further

property. Then as well as the above conditions, > would have to satisfy:

{as, as} >r {as, a1}
{ag, a3} > {2, a1}
Given these extra constraints, APy would require that the following inequality

holds for all 8 € QFSL.

w(ag | ag A0) > w(ag | ay A D)
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As seen above, at least one point in the support of y must have the property
that b # ¢ (otherwise we would have w(as |a3) = w(ag | az), in contradiction of
SAPg.) Using Corollary |18 with the points (a, b, ¢, d) and (a, ¢, b, d) and taking
Jj1 = j4 = 0 with cases jo = 73 =1 and j3 =1, j5, = 0, we get

. bc + Aeb
Tim w(as |as A (¢n V) = T

Using the same points and taking j3 = j4 = 0 with cases 71 = j» = 1 and

7o =0,71 =1 we get

. ba + Aca
nggow(az o A (fn VUy,)) = a T ha

APy then requires

bc + Aeb S ba + Aca
c+XMXb T a+ A

which gives
AMc—=0b)(b—c) >0

and since A > 0, this is only possible if b = ¢, contradicting our assumption.
In other words, SAP g is unsatisfiable, and APg- only satisfiable if b = ¢ for all
(a,b,c,d) in the support of pu.

5.2 Non-distance based alternatives

5.2.1 Structural similarity

As mentioned in the previous chapter, it might be objected that a principle like
WN actually has another idea behind it; that, for example, an atom Py A P, A Ps is
in some way more similar to an atom =P, AP, A —P3 than it is to Py A P, A= P;.
WN seems to be motivated by the idea that the structure of an atom, in terms of
how many predicates differ in sign, is a significant feature. Recall that we defined

the similarity relation >y to be such that on Lo,

{an, au}, {aa, a3} >w {oq, a2}, {on, as}, {ou, as}, {au, as}
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If we consider APy, in the presence of Px and WN, we need the following in-

equalities to be satisfied;
1. w(ag|ag A0) > w(ag | ag A D)
2. w(ay|ag ANO) > w(og |az A 0)
3. w(az[az NO) > w(az|as AO)
4 w(az|ag A O) > w(as|ar AG)

Theorem 34. Ifw is a probability function, with de Finetti prior u, satisfying Et,
Px, WN and APy, then every point in the support of u has one of the following
forms: {(a,b,b,a), (a,0,0,b), (0,a,b,0).

Proof. Suppose that the point (a,b,c,d) is in the support of p. Then, by WN
and Px, the point (d,b, ¢, a) is also in the support of x. Using Corollary [18| with
these points and the requirement from APy, that

Tim w(an [ag A(¢n Vbn)) 2 lim wla [z A (dn V),
Corollary [18] gives that for some A > 0,

ad + Ada S ab + \db
d+Xa — b+

which, cross-multiplying and expanding gives
—Mb(a —d)? >0,

so either b = 0 or a = d. Similarly, considering (a, b, ¢, d) and (d, ¢, b, a) gives that
—c(a —d)? > 0.

If a # d, we must have b = ¢ = 0.
Using Corollary [18] this time with the points (a,b,c,d) and {(a,c,b,d) and the

requirement from APy, that

Tim w(ag [ ag A (dn Vhn)) 2 Tim w(as |ar A (én V ¢hn)),

we get that
be + \eb S ba + \ca

c+AXb T a+ A
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for some A > 0, which is equivalent to
—a(b—c)*>0

and the same inequality with (d, b, c,a) and (d, ¢, b, a) will give
—d(b—c)*>0

So either a = d = 0 or b = ¢. This completes the proof. O

Consider the sentence 6 = ay A as A az A oy and the inequality required by APy :
w(ay | ag AO) > w(ag |ay AB)

Support points with zeros in will make no contribution to these probabilities,
wheras all remaining support points have z; = x4 and so force equality in this

instance. So in fact we have

Corollary 35. There are no probability functions that satisfy Fx, Pr, WN and
SAPy.

While this formulation of analogy proves unfruitful, the idea of similarity as
deriving from structure will be explored further in the next chapter, with more

success.

5.2.2 Further-away-ness

Returning for a moment to Hamming Distance, we noted in Chapter 3 that this
is rather a crude measure of similarity as it assumes that all distances are compa-
rable, even when they involve totally different predicates. Instead we suggested a
subtler similarity relation > (see page , arising from further-away-ness, and
corresponding analogy principles. Not only is SAPr more intuitively appealing
than SAPy, but the following section will show that (in the presence of Ex 4+ Px
+ SN) it is satisfied by probability functions on languages of all sizes.

As already noted, >y and >p agree on L, so the class of probability functions

satisfying APr on Lo is exactly that class determined by APy.

Notice also that 3> is an extension of 2> as given by the definition on page [42]
and so if we continue to take SN as a background assumption, by Proposition [12]
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a probability function satisfying APr on L3 must marginalise to one satisfying
APr (equivalently APy) on L. If we suppose that w satisfies Ex + Px + SN,
its de Finetti prior g must be invariant under permutations from Ps3; we know
then, from Theorem [22] that the only candidate functions on Lz are of the form
Yiabbebeed With (a +b)(c+ d) = (b+ ¢)* and vy ppacdae + (1 — v)c with
a+c=b+d=4""1

Proposition 36. The probability function %)\ym’a,a’a,b,b,b@ + (1 - %/\)cg satisfies
Fx + Pr + SN + APpr on L3 and is the only such probability function that

marginalises to A\Y2q.2q,2020) + (1 — AN)c§ on Lo.

Proof. We know that the only probability function on L3 satisfying Ex + Px +
SN and marginalising to something of the form Ay24 24,9626 + (1 — A) ¢ on Ly must
contain in the support of its de Finetti prior u, at least one ya, 3, 8, , 7, 6,9, )
such that a + § = 2a, v+ 0 = 2b and a + v = 4+ 0. So such a function must
have in its support the points (o, 5, 3, a, 7,6, 0,7) and (3, a, o, B, 9, y,7,0). Using
these points and Corollary [I§| consider the inequality required by AP g:

Tim w(an [ag A (¢ V bn)) 2 lim wla [y A (én V 4Pn))

which gives
af + \Ba - a? + \j?
B+l — a+ A3

for some A > 0. This simplifies to

A(B* = a®)(a=p) >0

which is only satisfiable if &« = 8 and hence o, 5 = a. But since a+~v =+

this forces v = § = b. This means that our function must simply be

VY(a,aa,a,bb00) + (1 — v)cy

We can now confirm that this function satisfies APz on Ls.
The inequalities we need to check for any 8 € QFSL are
(i) w(ag|ag AB) > w(ag |ag A D)

(i) w(og |ag AO) > w(ag |ag A6)
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(ili) w(o |ag A 0) > w(ag |ag AB)

Let t1 = §Waaaabpbb)(0), t2 = §Waabbaabs)(0), 13 = §Wapapabab)(0), ta =
W bpbaaaa (D), ts = §Webaabbaa(0), t6 = §Wrababapa(@) and t7 = (1 —
v)ey(0)-
Writing out (i) using the definition of w then, we have
a’ty + a’ty + a’ts + b2ty + bts + bPtg + 8%t
aty + aty + aty + bty + bts + blg + 85
a’ty + a’ty + abts + b*ty + b*ts + batg + 8 %t;
aty + aty + bt + bty + bts + atg + 8ty
Cross-multiplying and simplifying, this gives

titsa(a — b)(a — b) + tatga(a — b)(a — b) + tztga(a — b)(a — b)
+t3t:8 Ha — 871 (a — b) +tst:8 8 —b)(a—b) >0

Similarly, (ii) is equivalent to
a’ty + a*ty + abts + bty + b’ts + batg + 8%,
aty + aty + bts + bty + bts + atg + 815
a’ty + abty + abts + b*ty + bats + batg + 82t
aty + bty + btg + bty + ats + atg + 8 1ty

Which becomes

titsa(a — b)(a — b) + tatyb(a — b)(a — b) + tatga(a — b)(a — b)+
t3t5b(a - b) (a - b) + t2t78_1(a - 8_1)(a - b) + t5t78_1(8_1 - b) (a - b) Z 0

and finally, (iii) is equivalent to
a’ty + abty + abts + b*t, + bats + batg + S %t;
aty + bty + bty + bty + ats + atg + 81ty
abt| + abty + abts + baty + bats + batg + 8 %,
bty + bty + bts + aty + ats + atg + 8ty

which simplifies to

tits(a® — b*)(a — b) + titsa(a — b)(a — b) + titsa(a — b)(a — b)+
t2t4b(a — b) (CL - b) + t3t4b(a - b) (a — b)
+t1t:8 1 (a — 871 (a — b) + t4t:8 (87t = b)(a — b) > 0.

Clearly, all three inequalities hold and in fact are strict as long as a # b and
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v > 0. Finally, note that the measure given to {(a,a,a,a,b,b,b,b) is v/6 but
must be equal to the measure given in Ls to (2a, 2a, 2b,2b) which is A\/4, and so
v=3/2\ O
Proposition 37. c. is the only probability function satisfying Fx + Pr + SN +
APr on L3 that marginalises to a probability function of the form y .42 acy ON
Lo.

Proof. As seen in Theorem 22| we know that such a function must have a point
(o, B, B,7, B,7,7,0), with a+ = a, B+~ = b, and y+§ = b?/a in the support of
its de Finetti prior u. By Px and SN, (v, 4, 8,7, 8,7, a, ) must also be a support
point. Using these two points, AP requires that

Tim w(en [en A(¢n V hn)) 2 lim wlan [z A (én V iPn))

which, by Corollary [18] gives

a? + M2 - af 4+ Ayo
At C B

for some A. Cross-multiplying and simplfying, this gives

(@d = By)(a=7) 20

We know from the properties of w on Lo, that a + 8 > S + v, and so a > 7.
So we can conclude that ad > pv. We also have that 5+ v > v+ ¢ and so
f > §. Using the same inequality but with the points (5, «,, 5,7, 5,6,7) and

<577777677767/37a>7 We get
(By —ad)(B—6)=>0

and so v > ad. So in fact we must have ad = 7.

Now consider the support points (a, 3, 8,7, 8,7,7,6) and (8,7,«,3,7,6,8,7)
and the requirement from AP that

Tim w(an [en A(¢n Vbn)) 2 lim wla [z A (én V)

which, by Corollary [18] gives

0 4 AB _ aB+ A
a+ A3 T B+ Ny
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for some A. Cross-multiplying and simplfying, this gives

(ay = B*)(a—p)>0

equality

Tim w(ay [ag A (dn Vhn)) 2 Tim w(an [ ag A (én V ¢hn))

we get, using Corollary [18], that
(ay = B*)(B —a) > 0.

Combining these two inequalities we can see that we must have either & = § or
avy = B2. If a = 3, then since ad = Bv, we must also have v = §. But then we
know that (a + a)(y +7) = (a +7)?, hence 0 = (o — 7)? and so a = . Our
function is then ¢ as required. On the other hand, if ay = 5%, we have % > 2,
hence 5 > v, and ay > (36 since > §. But using the points (3, «, 7, 5,7, 5,6, 7)
and (7,9, 58,7, 5,7, a, B) and the inequality

Tim w(an [en Agn Vbn)) 2 lim wla [z A (dn V),

Corollary [1§ gives
(B6—ay)(B—7) =0

which contradicts the above observations.

This gives us the following result for SAPp.

Corollary 38. The only probability functions satisfying Ex + Px + SN + SAPp
on Ly are of the form vy(.aaapppp + (1 — V)i, witha >b and 0 < v < 1.

o0

This can be extended to bigger languages in the obvious way. Let (a, ..., a,b,...,b) €
D, be the point with a as the first 2¢7! entries and b as the remaining 297! entries,
and Ya,....ap,..5) D€ the average of the wz for all # obtainable from (a, ..., a,b, ..., b)

by a permutation in P,. We first have the following Lemma.

Lemma 39. Probability functions on Lq of the form vy, ap..py + (1 —v)ck
with a > b and 0 < v < 1 satisfy Ex + Px + SN + SAPr.



CHAPTER 5. ALTERNATIVES TO HAMMING DISTANCE IN L, 105

Proof. Let p, be the de Finetti prior of such a probability function. The satisfac-
tion of Ex, Px and SN is immediate from the definition. To show that SAPp is
satisfied we observe that there are a limited number of possible coefficients in any

inequality obtained by cross-multiplying and simplifying those given by SAPp.

Suppose that {o;, a;} >p {ey, a;}. Suppose initially that ¢ = 1 (without loss of
generality, since any «; can be transformed to a; by a permutation from P,) and
notice that in the point ¥ = (a, ..., a,b, ..., b), if z; = b, then we must have z;, = b,
whereas in § = (b,....b,a,...,a), if y; = a, then y; = a. Since permutations of
atoms according to Px and SN preserve Hamming Distance and hence further-
away-ness, we in fact have that any point ¢/ obtained from & by such permutations

has the property that (y; # vi) = (yx 7 vi)-

Now consider any two points in the support of y,, p, ¢, any § € QFSL and the
corresponding terms ¢, = wy(0), t, = wz(#). Consider the inequality required by
SAPp,

PPty + €iqity + ... - PiPrly + qiqity + ...
pjtp + thq + ... pktp + thq 4+ ...

Cross multiplying and simplifying, this gives

(Pipjarb + 4:iq;Pe — PiPEq — QiqrP;)tple + ... >0

We show that the coefficient of ¢,t, cannot be negative and is sometimes strictly
positive. Since this holds for arbitrary p, ¢, this ensures that the inequality holds

as required. If p; = ¢;, then in fact

(Pipjarb + @iqipk — PiPkG; — GqkP;) = Pi(Pjqk + 4iPr — Prq; — qkpj) = 0
So now consider the case when p; differs from ¢;, and that neither p nor ¢ is the
point (279, ...,279).

Without loss of generality we can assume p; = a and ¢; = b. We know that

pj =b=pr =0, and ¢; = a = g, = a. So we need to check the following 9 cases:

G=0=b ¢y=q=0a q¢=bqg =a

pi=pr=> (1) (2) (3)
pi=pe=a (4 (5) (6)
pj=a,pr=>b (7) (8) (9)
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Clearly cases (1),(2),(4) and (5) result in zero coefficients. The remaining cases

are as follows:
(3) The inequality required by SAPp is:

abt, + bty + ... - abt, + baty + ...
bt, + bty + ... bt, + at, + ...

After cross-multiplying and rearranging, this becomes:

(a®b+b* — ab® — b*a)tyt, + ..... > 0
The coefficient of ¢,t, simplifies to b(a — b)? and so is positive.
(6) The inequality required by SAPp is:

a’t, + b, + ... . a’t, + bat, + ...
at, + bty + ... at, +aty + ...

After cross-multiplying and rearranging:

(a® + b%a — a*b — ba®)tyt, + ... > 0
The coefficient of ¢,t, simplifies to a(a — b)? and so is positive.
(7) The inequality required by SAPp is

a’t, + b, + ... - abt, + b*t, + ...
at, + bty + ... bt, + bty + ...

After cross-multiplying and rearranging:

(a®b + b* — ab* — bPa)tyty + ... > 0
The coefficient of ¢,t, simplifies to b(a — b)? and so is positive.

(8) The inequality required by SAPp is

a’t, + baty + ... - abt, + baty, + ...
at, + aty + ... bt, +aty + ...
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After cross-multiplying and rearranging:

(a® + b%a — a® — ba)t,ty + ... > 0
The coefficient of t,t,s simplifies toa(a — b)? which is positive.
(9) The inequality required by SAPp is

a’t, + b*t, + ... - abt, + bat, + ...
at, + bty + ... bt, + aty + ...

After cross-multiplying and rearranging:
(a®> +b* — ab® — ba*)tpt, + ... > 0
The coefficient of ¢,t, simplifies to (a® — b?)(a — b) and so is positive.

Finally we suppose that one of p’ or ¢'is the point (279, ...,27%). Suppose without

loss of generality that p'is this point. We have the following cases to consider.

g=a ¢=q=b g=q=a g =a,qg=0 ¢g=bqg=a
(1) (2) (3) X
a=0b (4) (5) X (6)

Clearly cases (1), (2), (3) and (5) result in zero coefficients.
(4) The inequality required by SAPp is

(279)%t, + a’ty + ... - (279)%t, + abt, + ...
279, + aty + ... 279t, + bty + ...

After cross-multiplying and rearranging:
(27920 + a*279 — (279)%a — 27 %ab)tyt, + ... > 0

The coefficient of t,t, simplifies to 27%(a — b)(a — 279) and so is positive.

(6) The inequality required by SAPp is

(279)%t, + b, + ... - (279)%, + bat, + ...
279t, + bty + ... 279, + aty + ...
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After cross-multiplying and rearranging:
(279)2a + 07277 — (279)% — 2 %a)t,ty + ... > 0

The coefficient of t,t, simplifies to 27%(a — b)(279 — b) and so is positive.

We can now prove the main theorem of this section.

Theorem 40. Probability functions of the form vy, ap,.p + (1 — v)cl, with
a>band0 <v <1 satisfy Ex + Px + SN + SAPr on L, and are the only such
functions for ¢ > 3.

Proof. Lemmal39|shows that such probability functions do indeed satisfy Ex 4+ Px
+ SN + SAPr. What remains is to show that they are the only such probability
functions. The proof of this is by induction, with Corollary [38| as the base case.

For any ¢, where (3, ..., f2.-1 are the atoms of L,_, we fix the ordering of the L,

atoms a, ..., e by setting

Qi1 = Bi NPy, g =i NF,
Now suppose that the statement of the Theorem holds for L,_; and consider L,.

Firstly we show that a function of the form

Vol(a,..ab,...py + (1 — 1va)c

for some 0 < v, <1 is the only probablity function on L, satisfying Ex, Px, SN

and SAPr and marginalising to

VY(2a,....2a,2b,...26) T (1 — ’/)ngl

on L,_q. Any function marginalising to the latter must have in the support of its

de Finetti prior pu a point of the form

(1,20 — x1, 79,20 — T, ....).
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By Px, we then have that a point
(1, 29,20 — 21,20 — Xa, ....)

is also in the support of p. If 21 + 25 = 27@~Y then also (2a — 1) + (2a — x3) =
2701 50 4a = 2-27@ Y contradicting the inductive hypothesis. If 214z, = 2b,
then 2a — x1 + 2a — x5 = 2a gives that 4a — 2b = 2a, while 2a — x1 + 2a — x5 = 2b
gives that 4a — 2b = 2b, either way contradicting the inductive hypothesis. So we

must have that x; + x92 = 2a.

Now note that SN requires that
(2a — x1, 21,20 — x9, Xa, ....)

is also in the support of x, and SAPr requires

lim w(ay | ag A (¢n Vb)) > nh_}rr; w(ag [ ag A (pn V).

n—o0

So by Corollary [I§ we have

r129 + A(2a — 1) (a — x3) - 21(2a — x3) + A(2a — x1)22
To + A(2a — x9) - (2a — x3) + A\x2

for some A > 0. This simplifies to

(221 — 2a)(2z9 — 2a)) > 0

But since x1 + x5 = 2a, this can only hold if 221 = 229 = 2a. So we have that

1 = To = a.

Exactly the same reasoning can be applied to all consecutive entries x;,2a —
Ti, Tj,2a — x; to deduce z; = z; = a and to all consecutive entries x;,20 —

x;, Tj,2b — x; to deduce x; = x; = b. Hence our original point must be

(a,a,a,a,....;b,b,b,b).

Any point in the support of 1 that contains consecutive entries x;, 2a —x;, 2, 2b—
xj, by applying a permutation from P, becomes one with consecutive entries
xi, 204 — T4, Tk, 2a — 1, and 2y, 20—y, x5, 2b—x;. The proof that ; = aand z; = b

then proceeds as above. So any such point is in fact obtained from the first by a
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permutation from P,.
Finally consider any point in the support of u of the form

<.CL’1, 27((171) — X1, T2, 27((171) — T9, >

By Px we know that a point
(x1, 29,2707 — gy o-(a=1) _ 4, o)
is also in the support of u. If 1 + x5 = 2a, then
270D gy 4270 gy = 270072 _ 94 = 2

and similarly, if 1 + x5 = 2b then 2= _ g, 427D _ 4, = 9q.

Now SN requires that (279 — g 21,2701 — 25 2, ...) is also in the support

of u, and SAPp requires

Tim w(an [ag A (¢ Vibn)) 2 lim wla [ag A (dn V).

So by Corollary [18] we have

T1Tp + A(27@D — 20) (277D — ) - 21(2707) — ) + X270 — gy
Ty + AN(27(0D) — z) - (2= — z5) + Ay

for some A > 0. This simplifies to
(22, — 270 V)(22y — 27 D)) > 0
So either 27D = 2z, = 2x,, or
2a = 2x1 = 2y > 2707V,

or
2 = 2xy = 2wy < 271071

Furthermore, the rest of the entries in the vector are subject to the same reason-

ing. That is, any four consecutive entries

—(g—1 —(g—1
T, 2 (a )—$¢,$i+1,2 (g )—$i+1
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must be one of
279,279 279 279,

a, b7 a, b7

or

b,a,b,a.

Note that we cannot have a point of the form

(279279279279 .. a,b,a,b,...)

in the support of p. For if we did, Px would require that
(279279279279 a,a,b,b,...)
be in the support of j,. But then we would have
(277 9=(a=V 94, 2b, ...)

in the support of j,_1, contradicting the inductive hypothesis. By exactly the

same reasoning, we cannot have a point of the form
(279279279279 .. b a,b,a,...)
in the support of p. Finally note that we cannot have a point of the form
{(a,b,a,b,....b,a,b,a,...)
In the support of u. For if we did, Px would require that
{(a,a,b,b,....b,b,a,a,...)
be in the support of ji,, and this would require a point
(2a,2b, ...,2b,2a, ...)

in the support of ji,_1, contradicting the inductive hypothesis.

Hence we have confirmed that anything satisfying Ex, Px, SN and SAPp on L,
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and marginalising to 11Ya,... 2a,26,...26) + (1 — v1) 2! on Ly_1 must be of the form

Vol(a,..ab,..py + (1 — o).
O

In contrast with Hamming Distance then, this subtler notion of further-away-ness
gives rise to a strong analogy principle that is satisfiable on languages L, for all
qg=>1

Restricting our attention to state descriptions, again there many probability func-
tions satisfying SDAPr for L. And again, in contrast with SDAPy, we can
identify a class of probability functions satisfying SDAPr on L, for all ¢ > 1.

Let w; be any exchangeable function on Lq, and define
’UJ(Q) = w1(91) X U)1<92) X U}1<93)

for any state description 6, where 6; is the conjunction of all the £PF; occurring

in 6. In other words, if u; is the de Finetti prior of wy, we have

w(\ o) = wi (P A =PN™) s wy (P A=PyY™™2) X wy (P A =Py ™)

- /Dxml(l — )Ny () x /D:E””(l —x)N " dpy (7)

« / 25 (1 — 2)N dpy (7)
D

where /" denotes m conjuncts of the form «;(a;), N = ny + ... + ng,m; =
ny + ng + n3 + ng, Mo = Ny + Ny + N5 + ng, and mg = ny + n3 + n5 + ny.

For any state description § = A>_, o, let fp(z) denote the function 2™ (1 —

)N go(x) the function 22 (1—x)N=™2 and hy(x) the function 2™ (1—xz)N—ms.

It should be intuitively clear that w will satisfy SDAPr. For example, we have

w(an |ag £6) = DT RO Jp To0@din(@) | Jp oz = Dho()din ()
Jpwfola dul( ) Joge(a )dm D ol — Dhola)dun ()

>fDxf9 1(T) fD (x — 1)go(x)du () fD (x — 1)hg(x)duy (Z)

- fDZEfg d,u1 (%) fD x — 1)gg(x)dpu (Z) f]]) x — 1) hg(z)dp (%)

=w(oy |y A 6)
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And similarly for all other required inequalities. This way of forming probability
functions can be extended to languages of size ¢, for all ¢, and will give a class of
probability functions satisfying ULi with SDAP:

Proposition 41. Let w be a probability function on Ly satisfying Fx. Then for
q > 1, the probability functions w? given by

satisfy ULi with SDAPp.

To relate the probability functions satisfying APr to this class, note that the

77777

y<m,1—r> X y(m,l—m> X y(m,l—x)

3

where 2° = a, while the probability function vy q.q,0,a,6,6,6,0) + (1 — v)c is the same

as

((Yw1—a) X €5 X €5) + (€5 X Yiwa—ay X €5) + (€ X € X Yiwa—wy)) + (1 — )i

(5.10)

wlx

where x = 4a.

Note that is not a product if v # 1, so we know that there are probability
functions satisfying SDAP other than those described in Proposition 41} The
situation then is similar to that for SDAPy; although there are clearly many

functions that satisfy SDAPg, these remain to be classified.



Chapter 6
Similarity between sentences

The previous chapters consider analogies that derive from the sharing of similar
or identical properties. For such examples of analogical reasoning, the various
(S)APgs seem natural choices for formal principles, but as we have seen (S)APg
and others are too strong to be useful in languages larger than L,. SDAPy is
a weakening of APy that is satisfied by a larger class of probability functions,
though the classification of these proves elusive. But even SDAPy is sufficiently
strong as to rule out many of the familiar probability functions used in induc-
tive logic- for example, those from Carnap’s Continuum [3] and the Nix-Paris
Continuum [25]. However, as laid out in Chapter 2, an alternative kind of anal-
ogy involves similarity between whole sentences. This chapter will show that the
principles inspired by this conception of similarity are consistent with Atom Ex-
changeability and in fact satisfied by all functions from both Carnap’s Continuum

and the Nix-Paris Continuum.

Recall that Atom Exchangeability was defined as follows:

The Atom Exchangeability Principle (Ax)

If o is a permutation of 1,2, ...,2%, then

w </\ ahi<ai>> =w (/\ aU(hi)(ai)>

Note that Ax in the presence of Ex implies that the probability of a state de-
scription 0 = A", ap,(a;) depends only on the multiset {ny, na, ..., nga } where n;
is the number of times that the atom «; appears amongst the ay,. We call this

multiset the spectrum of 6.

114
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Previous attempts to incorporate analogical reasoning into Inductive Logic, in-
cluding Carnap’s own, have considered analogy as deriving from the sharing of
similar or identical properties. In other words, a principle has been sought that
treats some atoms as more similar to one another than others. This approach
means that Ax is violated. Although this may not be a failing of such princi-
ples, it is interesting to note that the conception of analogy presented in this
section is consistent with Ax and is widely satisfied, including by functions of the

afore-mentioned continuua.

6.1 The Counterpart Principle

As discussed in Chapter 2, propositions involving entirely different objects and
properties can nevertheless possess some kind of similarity; this is what metaphor

relies on. We therefore propose the following as a principle of analogical reasoning.

The Counterpart Principle (CP)
For any quantifier free sentence 0(ay, ..., an), if 6 (amyi1, ..., a2,) is obtained by

replacing all predicate and constant symbols in # by new ones,
w(0]60") > w(f)

CP can be thought of as saying that for any sentence 6, having already seen the
counterpart sentence 6’ is at worst irrelevant, and at best offers inductive support
for 6.

Our plan now is to show that CP is rather widely satisfied. We first need the
following notion:

A probability function w on a language L is said to satisfy Unary Language

L

Invariance, ULi, if there is a family of probability functions w*, one on each

unary language £, each satisfying Ex and Px, such that w®* = w and whenever
L C L' then w® = w? | SL.

w is said to satisfy ULi with Ax if in addition we can choose these w* to satisfy
Ax.

Note that ULi equivalently means that w can be extended to a probability func-
tion we, on the infinite language Lo, = { Py, P», Ps, ...} satisfying Px.
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Theorem 42. Let w satisfy Ex, Px and ULi. Then w satisfies the Counterpart

Principle.

Proof. Assume that w satisfies ULi and let w™ be a probability function on the
infinite (unary) language L™ = {P;, P», Ps, ...} extending w and satisfying Ex +

Px. Let 0,0 be as in the statement of CP, without loss of generality assume that

all the constant symbols appearing in # are amongst aq, as, . . ., ag, all the relation
symbols appearing in 6 are amongst Py, I, ..., P; and for ¢’ they are correspond-
ingly ai41, agro, - .-, G2k, Pji1, Pjto, ..., Pyj. So with the obvious notation we can
write

9:9(@1,@2,...,ak,P1,P2,...,Pj),

/
0" = 0(ar41, apya; - - - G2k, Pji1, Pjyo, . .. 7P2j)

With this notation let

Oiy1 = e(aikJrla Qil+25 - - -5 A1)k Piji1, Pijio, ... 7P(z'+1)j)
so 01 =0, 0, = 0. Let L be the unary language with a single unary relation
symbol R and define 7 : QFSL — QFSL™ by
T(R(al)) == Qi,
7(=¢) = —7(9),
(O AY) =T(9) AT(1),  ete.
for ¢, € QFSL.

Now set v : QFSL — [0,1] by

v(¢) = w"(7(9)).

Then since w™ satisfies (P1-2) (on QFSL) so does v (on QFSL). Also since w™
satisfies Ex + Px, for ¢ € QFSL, permuting the 6; in w(7(¢)) will leave this
value unchanged so permuting the a; in ¢ with leave v(¢) unchanged. Hence v

satisfies Ex.

By Gaifman’s Theorem v has an extension to a probability function on SL sat-

isfying Ex and hence satisfying PIR. In particular then

v(R(a1) [ R(az)) = v(R(a1)).
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But since 7(R(a1)) = 60, 7(R(ag)) = ¢ this amounts to just the Counterpart
Principle,
w(@]6) > w(8).

]

The condition ULi required for Theorem [42| holds for the ¢k of Carnap’s Contin-

uum and also for the w? of the Nix-Paris Continuum defined by

249

w =271 g We;

j=1

where €; = (v,7,...,7,7Y+6,7,...,7,7), the 0 occurring in the jth coordinate,
v=2791-9) and 0 < § < 1. Indeed they both satisfy the stronger condition of
ULi with Ax.

It is worth noting that we cannot do without ULi here; that is, Ex and Px alone
do not guarantee that a probability function satisfies CP. As an example here let
q = 2 and take w to be the probability functionﬂ
_ 41
w =4 (w<%,%,0,o> T w010y T Wio,lo,1) + w(o,oé,%))
Then w satisfies Ex and Px. However for 0 = (Py(a;) A =Pi(az)), 0’ = (Pa(a3) A
—Ps(a4)), a straightforward calculation shows that

w(@|0) =0<w(®) =+

Hence CP fails for this function.

A second argument for restricting attention here to probability functions satisfy-
ing ULi (equivalently to probability functions on L) is that without it the lack of
available predicates from which to form €’ from 6 becomes a significant nuisance
factor. Given this, and the fact that the main interest in Pure Inductive Logic is
in probability functions satisfying Ax, we shall begin by limiting our attention to

probability functions satisfying ULi with Ax.

Before moving on to consider ULi with Ax we introduce the following irrelevance

principle.

Tt is straightforward to see that convex combinations of probability functions also satisfy
(P1-3) and hence are themselves probability functions.
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Weak Irrelevance Principle (WIP)

If 0, ¢ € QFSL have no constant or predicate symbols in common then

w(®]¢) = w(6).

Clearly WIP implies that CP holds with equality. By giving a function that
satisfies WIP, hence CP, but not ULi, we can demonstrate that the converse to
Theorem 42| does not hold.

Proposition 43. There exist probability functions that satisfy Ex and CP but
not ULz.

Proof. Let b = (2/3,1/3). For any k > 0, any state description 6(@) on Lj, can
be written as a conjunction of two state description, 0;(@) on L;, and 65(@) on
Li\ L.

Define a probability function vy on Ly by defining for any state description 6(a),

v (0(a)) = wy(601(@)) - coo(62(a))

Any 0 € QFSL™ actually belongs to L;, for some k, so we can define v on L™ by

() =Y wi(6;)

0;=0
where the 6; are state descriptions on Ly.

Notice that v does not satisfy Px (and hence, does not satisfy ULi); v(Py(a1)) =
2/3 whereas v(Py(a;)) = 1/2. However we can show that v satisfies WIP.

To see this, let 6 and ¢ be state descriptions from disjoint sublanguages of L™, L

and L' say. Suppose firstly that P; does not appear in either of them. Then

V(0 A @) = o0 N @) = coo(B) - Coo() = v(0) - v(9)).

Now suppose that P, does appear in one of the two sentences; without loss of
generality, suppose P; appears in #. Then # can be written as a conjunction of a

state description #; on L; and a further state description 65 on L\ L;. Then
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V(O N @) =v(0; ANOs N D)
= wy(0h) - coo(02 A @)
= wy(0h) - Coo(62) - Coo()
=v(0) - v(9)

So WIP holds for state descriptions and from this WIP for all quantifier free
sentences follows. For let 6, ¢ be any two quantifier free sentences from disjoint
sublanguages of L™, L and L’. Then

v@nd)=v |\ bn\ &

020 bid
v(b; A 9;)

Mf\

S
T
S
S

=
= v(8:) - v(e;)

<

1

I
S D
—
= [
-
S T
/\%
-
S—

where the 6;, ¢; are state descriptions on L and L’ respectively.

Since v satisfies WIP, it will give

v(016") = v(0)

for all sentences 6 and counterparts ¢#’. So v satisfies the Counterpart Principle

(trivially) but does not satisfy Language Invariance. O]

6.2 CP and Ax

A particular class of well understood functions (see for example [25], [14], [27])
satisfying ULi with Ax and CP are those which satisfy the Weak Irrelevance
Principle. Of course the motivations for WIP and CP are very different; in fact,
they are clearly in tension with one another. WIP captures the intution that

knowing a proposition about one set of properties and objects tells us nothing
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about the likelihood of a proposition involving a totally different set. CP suggests
just the opposite — that facts about disjoint sets of properties and objects can be

brought to bear on one another.

For probability functions satisfying Ex, Ax and WIP we have a precise charac-

terization which we now explain because this notation will be required later.

Let B be the set of infinite sequences

P = (Do, D1, D2, D35 ---)

of reals such that pg > 0,p1 > p, > p3 > ... > 0 and

sz' = 1.
i=0

ForpeBand f:{1,2,...,n} = {1,2,...,29} let R;,, = 1—2?:1pj and designate

f(p) = <2_qu,n + Z pj,2_qR[—)’n + Z p], ...,2_qu,n + Z p]> S ID)Qq.

fG)=1 f)=2 fG)=24

Now let
ut =27y wy
f

where the f range over all functions f : {1,2,...n} — {1,2,...,27} and for
0 € QFSL define
uPF(0) = lim uP*(6).

n—oo

This limit exists and uPL extends to a probability function on L ((see [27]). The
fact that the uPl satisfy Ex and Ax carries over to uP%, indeed as we vary £ the

uP£ form a language invariant family so uP* satisfies ULi with Ax ([27]).

Notice that if p,1; = 0 in p then vP»L = uPL. In particular for 0 < § < 1 and
p=(1-4,600,...),

so these uPL extend the Nix-Paris Continuum.

A generalization (to polyadic languages) of the following theorem is proved in
[26]
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Theorem 44. The uP'l are exactly the probability functions on L satisfying ULi
with Az and WIP.

This theorem then provides sufficient conditions under which we have equality in
CP (in the presence of ULi with Ax) for all § € QFSL. Apart from this cause
for CP to not be strict there are also certain sentences #, apart from the obvious
T, L, which guarantee equality. To describe these we first need to introduce some

more notation.

For 0 € QFSL, let fp(n) denote the number of state descriptions with spectrum
it = {n1,na, ..., n2qa } appearing in the Disjunctive Normal Form of ] Note that

for any probability function w satisfying Ax and any sentence 6,
0) = fo(i)w(n

where w(n) is the value of w on some/any state description with spectrum 7.

The following lemma appears in [26] but for completeness we include a proof here.

Lemma 45. Let 0 € QFSL be such that for any probability function w satisfying

Ax,
Z Jo(Mw(n) =c (6.1)

for some constant c. Then for each n, fo(n) = cfr(n).

Proof. Given reals si, $2,...52¢ > 0, and not all zero, let vz be the probability

function on L such that

US 2q| Z 80(1) o(2) )(51 + S+ ...+ qu) m

where o ranges over all permutations of 1,2,..,29 and m = Efil n;. Then vz
satisfies Ax and ([6.3)) together with the fact that vz(T) = 1 gives that

Z fo(n)(291)~ Z 5:%1)52?2)‘"3:?;1) =cvz(T)(s1+ s2+ ... + 820)™

_chT (291~ Zs (1) o) nQ;q)

2For some fixed set constants which includes all the constants mentioned in 6 though the
particular fixed set is not important in what follows.
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Since we can take each s; to be algebraically independent this is only possible if the

ni n2 nag

coeflicients of s7"'s5%...s5:" on both sides agree, from which the result follows. [

We shall refer to a § € QF SL such that w(#) = ¢ for all probability functions w
on L satisfying Ax as being of constant type. Notice that in this case ¢ must be

rational with denominator (when in lowest form) which divides all the f1(n).

Since all functions satisfying WIP must trivially satisfy CP, we would like to re-
strict our attention now to those functions that do not satisfy WIP and determine
which instances of CP give strict inequality. We are now in a position to show
that there is a class of sentences for which no function (satisfying Ax and ULi)
can return a strict inequality of the form given in CP. These are sentences of

constant type defined above.

Theorem 46. Let 0(ay, ...,ax) and ¢(agi1, ..., arsr) be quantifier free sentences
with no predicate or constant symbols in common, and define Ly and Ly to be the
sets of all predicates occurring in 0 and ¢ respectively. Suppose also that w(0) is

constant for all probability functions w on Ly satisfying Ex + Ax. Then

w(@|¢) =w(Of]
for all w on Ly U Ly satisfying Ex + Ax.

Proof. Suppose that 6(ay, ...,ax) and ¢(agi1, ..., ary,) are as in the statement of
the theorem, and that

w(f) =m/n
for all probability functions w satisfying Ax.

By putting 6 in Disjunctive Normal Form (DNF') we can express 6 as a disjunction
of state descriptions from Ly. By Lemma [45]

fo(n) = m/nfr(n)

for all spectra 7. For each spectrum 7, take just n=! f+(7) state descriptions from

0 with that spectrum, to give some subset {6y, 0s, ..., 0,.} of the state descriptions

3Note that w(f|¢) = w(h) is equivalent to w(¢|0) = w(e)
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from the DNF of 6. We then have that

w (\/ ei) = Z n~ fr()w(R) = mw(6).

For a given state description 6; of spectrum n, it is possible to generate any
of the other fr(n) state descriptions of the same spectrum by a combination
of permuting atoms and permuting constants. So for each 6;, i = 1,...r, we
can choose n permutations of state descriptions (given by permuting atoms and

constants), ot ..., 0! such that

{01(0,),....,0.(0:), |i € {1,...,7}, spec(6;) = 7 }

is the set of all state descriptions with spectrum n.

For example, if Ly = {P,—P} and 6 = (P(a;)AP(a2) AP(a3))V (P(a;) A—P(ag) A
P(a3)) V (P(a1) A —=Pi(ag) A —=P(a3)) V (=P(a;) A P(az) A P(as3)) (so in this case
m = 1 and n = 2), then we could choose ¢’ such that o} is the identity, for all 1,

and

a3 (P(a1) A P(az) A P(as))
a3 (P(ar) A =P(az) )
o3(P(a;) A —=P(as) A =P(as3))
) )

(
oy (=P(ay) A P(as) A P(as

—P(ay) N =P(az) A —P(a3)
(a1) A P(az) A —P(a3)
(a1) A =P(ag) A P(a3)
P(ay) A\ P(az) N —P(a3)

—

A P(
/\P((Zg

P
P

Note that in general, some of the o will differ and some will be the same permu-
tation. The only requirement is that the resulting o (6;) are mutually exclusive

and jointly exhaustive.

We then have that -

\/ \/ ol(0) =T

z=11i=1
And so, since ¢ is quantifier free and has no predicates or constants in common
with 6,

\/\/U;(Qi)/\¢5¢

z=1i=1
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Now for any probability function w we have

w (\/(ei A¢)> = Zw(@i Ng)=m > w(l; Ag)=m T w(dAe)

i=1 0,6

Moreover for any w satisfying Ex + Ax and any =,

w(o (0:) A ¢) = w(b; A ¢)

So for each =,

Hence
w (\/ \/(Ui(ei) A ¢)> - Zw (V(Ui(Qi) A ¢)>
=nm 'w(f A @)
as required. O

So in particular we have the following.

Corollary 47. For any quantifier free sentence 6(ay, ...,ax) such that w(0) is
constant for all probability functions w satisfying Az, and any 0'(agy1, ..., azx)

obtained by replacing all predicate and constant symbols in 6 by new ones,
w(00") = w(0)
for all w satisfying Ax.

The converse to Corollary [47is easily shown.

Proposition 48. Suppose that for 0, 6 as above,
w(0]0") = w(0)

for all w satisfying Az. Then w(#) is constant for all w satisfying Azx.

Proof. Let wy, wo be distinct probability functions satisfying Ax. Then 271 (w; +
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wy) also satisfies Ax and so by assumption,

9 (wy + wa)(O A0 ) = 27 (wy + ws)(0)27 (wy + wn) ()
= (27 (w1 +wy)(9))

Multiplying out and re-arranging we get
2101(6 VAN 9/> + 2’(1)2(6 VAN 9/) = w1(9)2 + 2’11)1(‘9)11)2(0) + UJ2(9>2
And then, since wy, wy satisfy Ax, by the assumption we have
2w1 (9)2 + 2'(1)2(6)2 = w1(0)2 + 2U)1 (9)'11}2(9) + ’U)Q(G)Q
and by re-arranging
(w1 (0) —ws(8))* = 0.
Hence wq(0) = wy(0) as required. O
Having seen a class of sentences for which equality always holds in the statement
of CP, we turn to consider a case in which strict inequality holds for all non-

constant § € QFSL. In order to do so we recall the following special case of a
theorem (Theorem 1) from [20].

Theorem 49. Any probability function w on L satisfying ULi with Ax can be

represented as an integral
w:/up’Ld,u (6.2)
B
for some measure i on the Borel subsets of B.
Conversely any such function defined in this way satisfies ULi with Axﬁ
Theorem 50. For a probability function w = fB uPtdp, if every point in B is

a supporﬂ point of p then strict inequality holds in CP whenever 0 is not of the

constant type.

“Notice that the ‘building block functions’ here, i.e. the u?’, are precisely the probability
functions satisfying ULi with Ax and WIP. An exactly analogous result holds if we drop Ax
here, see [I§].

®Recall that a point & € B is in the support of p if u(B) > 0 for all open subsets B of B
containing €.
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Proof. Assume that w can be expressed in this way and let 6,6 be as in the
statement of CP. Then since the u? satisfy WIP,

i uPE (O A0 du(p) — ( /B u®t(0) du(@)) 2

:AMHWww%(Awﬂwwwf

— /IB (u’”L(e) - /E ut(6) du(d))2du(ﬁ) > 0.

Since the support of yu is all of B, and u”%(0) is continuous (see [27]) the only

WO NG — w(h)? = /

way we can have w(f|6) = w(0) is if
wHO) = [ a6)du(o
B

for all p € B. In other words u?X(6) must be constant for all p € B.

By a result in [27, Chapter 34] any probability function w on L satisfying Ax is

of the form

w = (A+1)/BU’7’L dui (p) — A/BUM dps(p)

for some 0 < X\ and measures u1, o on B. Hence if all the u?(0) are constant
then so too are all w(f) for w satisfying Ax. In other words 6 is of the constant

type. O

It might have been hoped at this point that any probability function w satisfying
ULi with Ax would either satisfy WIP, and so never give strict inequality in CP,
or else not satisfy WIP and always give strict inequality in CP whenever 6 was not
of the constant type. Unfortunately as the following example shows the situation

is not as simple as that.

Let ¢ = 2 and define w} = uP’ where p = (1 —6,6,0,0,0,...). Then for a
state description 6 € QFSL with spectrum (3,1,0,0) or (2,2,0,0) the mapping

§ — w’() has a maximum point in (0, 1).

This can be seen in the following figure, which shows the probability given to
the possible L,y state descriptions of four objects by the function w® as § varies
between 0 and 1. The x-axis represents the value of §. The coloured lines are the

graphs of w®(#) for state descriptions @ with spectra as follows:
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red: (4,0,0,0) blue: (3,1,0,0) cyan: (2,2,0,0)
purple: (2,1,1,0) black: (1,1,1,1)

0.010
|

0.008
|

0.006

0.004
|

0.002
|

0.000

0.0 0.2 0.4 0.6 0.8 1.0

So for a state description 6 with spectrum (3,1,0,0) or (2,2,0,0), there are
0 < v <7 < 1such that w”(f) = w™(#). Recall that w” and w” satisfy WIP;
hence if we define w := 27! (w” + w”) we have that w(f]6) = w(6). However

is not of the constant type.

The conditions given by Theorem which ensures that w satisfies CP with
strict inequality for all non constant type sentences can be shown to hold for
Carnap’s Continuum ¢y when 0 < A < o0, thus ensuring that these c, satisfy
this strong version of CP. However showing this appears to be quite involved
and in general we currently have little insight into when these conditions hold
for particular probability functions (unlike the situation with the de Finetti’s

Representation). We note that the significance of this result depends on the
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plausibility of the Counterpart Principle as a rational principle. It is either a
success for Carnap’s Continuum that the c, satisfy a form of reasoning by analogy

or, if CP is unacceptable, a decisive failure.

6.3 CP and Px

In Theorem 42| we showed that CP follows from ULi, and we then went on to
restrict our attention to those probability functions satisfying ULi with Ax, since
these are of particular interest. However we might consider what happens when

we leave out the requirement of Ax. In this case we have the following:

Proposition 51. For any 0 < k < 1 there is no 0 such that w(0) = k for all w
satisfying Ex + Pu.

To show this, we introduce some notation. For aq, ..., a,, let {¢1, do, ...} be a
maximal set of state descriptions in L appearing in the Disjunctive Normal Form
of T(ay,...,a,) such that no two ¢;, ¢; can be generated from one another by
permutating predicates. For any 0 € QFSL let fy(¢;) be the number of times
that a state description obtainable from ¢; by permutations of predicates appears
in the DNF of 6. Note that for any probability function w satisfying Px and any

sentence 0,
t

w(®) = fo(di)w(ey).

i=1
For example, for state descriptions of a; in Lg set ¢1 = a1, ¢po = i, ¢p3 = . This
is a maximal set as a3 is obtainable from as by the permutation that swaps P;
and P,. Now suppose 8 = Pi(ay)V Py(a1). We have 0 = ay(a1) V az(ar) V as(ay),
so fo(d1) =1, fo(da) =2, fo(p3) = 0 and w(h) = w(ay) + 2w(ay).

We can now give the following Lemma.

Lemma 52. Let §(ay, ..., a,) be a sentence such that for any probability function

w satisfying Ex and Pr,
> foldiyw(en) = k (6.3)
i=1

for some constant k. Then for each ¢;, fo(Pi) = kfr(¢;).

Proof. Given reals si,Ss,...50¢ > 0 and not all zero let w® be the probability
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function on L such that
(bz = q' ! Z 50(1 n2;q)(81 + So+ ...+ 82!1) m

where (nq,...,n9) is the spectrum of ¢; (so > ,n;, = m) and o ranges over the
permutations of 1,2, ..,27 that correspond to those permutations of atoms that
Px licenses. Then w® satisfies Px and together with the fact that w*(T) =1
gives that

Zfe $i)q Zs’“ By Sutay = kws(T)(s1+ 52+ ... + 52)™"

= "“ZfT ¢i)a Zso(l) o2) ++So20)"

Since we can take each s; to be algebraically independent this is only possible if the

coefficients of s7's52...552" on both sides agree, from which the result follows. []

We are now in a position to prove Proposition [51]

Proof. Suppose that for some 0 < k < 1 there did exist 6(ay, ..., a,,) such that
w(f) = k for all w satisfying Px. Then fy(¢;) = kfr(¢;) for all ¢;,. So in

particular,

p (A Aa<aj>> i (/\ AH‘(“J')) |

j=1i=1

SO since

must be an integer, we must have that £k = 1, contradicting the assumption. [

Proposition makes clear that the analogue of Theorem for all functions
satisfying Px is satisfied trivially. That is, since the only ‘constant’ sentences for

Px are tautologies, the proposition reduces to the obvious fact that

w(T[¢) =w(T).
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The analogue of Proposition [48| is the following:

Proposition 53. If § € QFSL is such that for all w satisfying Fx and P,
w(6]6') = w(®t)

then w(0) is constant for all w satisfying Fx and Pr.

Proof. Let wy, wy be any two probability functions satisfying Px. Then 1/2(w; +

wy) also satisfies Px, hence
1/2(w1 +wo) (O A 0) = (1/2(w(0) + wo(0)))?

hence

w1(9)2 + U)g(@)z - 2w1(9)w2(9) =0
so wy(0) = wy(0) as required. O

This means that there are no non-trivial 6 that give w(0|6) = w(f) for all w

satisfying Px.

If we weaken the condition to w(f) = k for all w satisfying both Px and SN,
then we do get a non-trivial result. Take {¢1,...,¢;} this time to be a maximal
set of state descriptions not inter-derivable from the permutations of atoms (and
constants) licensed by both Px and SN (+ Ex) and let fp(¢;) be the number of
times that a state description obtainable from ¢; by permutations or negations of
predicates appears in the DNF of 6. Then the obvious modification of the proof
of Lemma |52 gives that fy(¢;) = kfr(¢;) for all i. We can then modify the proof
of Theorem [46] in the obvious way to give the following.

Theorem 54. Let O(ay, ...,a;) and x(axi1, ..., apir) be quantifier free sentences
with no predicate or constant symbols in common, and define Ly and L, to be the
sets of all predicates occurring in 0 and x respectively. Suppose also that w(0) is

constant for all probability functions w on Ly satisfying Ex + Px + SN. Then

w(f]x) =w(0)

for all w on Ly U Ly satisfying Ex + Px + SN.
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Proof. Suppose that 6(aq, ..., a;) and x(axi1, ..., ager) are as in the statement of
the theorem, and that
w(f) =m/n

for all probability functions w satisfying Ex, Px and SN.

By putting 6 in Disjunctive Normal Form (DNF') we can express 6 as a disjunction

of state descriptions from Ly. By Lemma [52]

fo(®i) = m/nfr(e:).

For each ¢; from the DNF of 0, take just n=! f+(¢;) state descriptions from 6 that
can be obtained from ¢; by permutations and negations of predicates, to give
some subset {¢1, @2, ..., &, } of the state descriptions from the DNF of §. We then

have that .
w (\/ 9252') = 7t fr(g)w(Bi) = m™ w(d).
i=1 b

For a given state description ¢;, it is possible to generate any of the other f1(¢;)
state descriptions obtainable by permuting and negating predicates by applying
such permutations. So for each ¢;, ¢ = 1,...r, we can choose n permutations of
state descriptions (given by permuting and negating predicates), ot, ..., o’ such
that

{oi(d), s ol(ds), |ie€{l,....,r}}

is the set of all state descriptions that receive the same probability as ¢; from

any w satisfying Ex, Px and SN.
For example, if Ly = {P,—P} and = (P(a;)AP(a2) AP(a3))V (P(a;) A—P(ag) A
P(a3)) V (P(a1) A—=Pi(ag) N—=P(a3))V (=P(a;) AN—=P(az) A P(a3)) (so in this case

m = 1), then we could choose o', such that o} is the identity, for all 7, and

—P(ay) AN —=P(az) N =P(a3)
P(ay) N P(ag) N —P(as)

—P(ay) AN —=P(az) A P(as)

P(ay) A P(az) N —P(as)

oy (P(ay) A P(ay) A P(as

o3(P(ay) A =P(as) A P(
o3 (P(ay) A =P(ag) A =P(
(

05(=P(a1) A —P(as) A P(as

as

—

as

)
)
)
)

Note that in general, some of the ¢! will differ and some will be the same permu-

tation. The only requirement is that the resulting o’ (¢;) are mutually exclusive
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and jointly exhaustive.

We then have that

V Voo =T

rx=11=1

V Voeoi(e) Ax=x

z=11i=1

And so

Now for any probability function w we have

(\/@/\x) ZM@AX m™ Y w (g Ax) =mw(Ax)
=1

=0
Moreover for any w satisfying Ex + Px 4+ SN and any x,
w(oy (¢:) A x) = w(di A x)

So for each =,

w (\/(Ui(cﬁi) A X)) =m w0 A Y)

Hence
(\/\/ (1) AX) > w (\/(om)Ax))
r=11i=1 r=1 i=1
=nm " w(@ A x)
as required. O]

6.4 Variants on CP

Having looked at CP, the question naturally arises: what happens if instead of
changing every symbol occurring in 6 we just change some? When we look at the
proof of Theorem [42], we can see that the reasoning used there can in fact justify

a family of principles which we might call CPi, ¢ € N.

Counterpart Principle for i Symbols (CPi)
For any 0 € QFSL, let 6" be the result of swapping exactly i of the non-logical
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symbols in  for distinct symbols not already occurring in #. Then
w(f]6) > w(8).

We have
Proposition 55. Let w satisfy Exr, Px and ULi. Then w satisfies CPi for any i.
Proof. The proof proceeds in the same way as that for Theorem (2] but for

completeness we include it here.

Assume that w satisfies ULi and let w™ be a probability function on the infinite
(unary) language LT = { Py, P,, P, ...} extending w and satisfying Ex + Px. Let
0,0 be as in the statement of CPi. Without loss of generality let a4, ..., a, be the
constant symbols and P, ..., P, the predicate symbols that appear in both 6 and
0'. Abbreviate ay,...,a, by d, and P, ..., P, by P.

Again without loss of generality let a, 1, ..., @ni and Pyiq, ...., Pyis be the subset
of constant and predicate symbols appearing in 6 that have been changed in ¢’

t0 Aparits .-y Gpaory Prisit, Psio, ..., Prios, where r = s = 4.
Now with the obvious notation we can write
0= 0((1’ An+1, An4-25 - - -5 Aptry Pv Pk+17 Pk+27 SR Pk—‘rs)a

' n(= 5]
0 - 9(@, Aptr+1; Optr42; - - - s Ap42r, Pa Pk+s+17 Pk+s+27 ORI Pk:JrQS)

With this notation let

Oiy1 = 9(67, An+ir+1y Qntir+25 - - 5 Ang(i+1)r) ]3, Prvist1, Pryisto, - - 7Pk+(i+1)s)
so 0 =0, 0, = 0. Let L be the unary language with a single unary relation
symbol R and define 7: QFSL — QFSL™ by
T7(R(a;)) = 6;,
(=) = ()
T(OAY) =T(9) AT(¢),  ete.
for ¢, € QFSL.

Now set v : QFSL — [0,1] by
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v(¢) = w"(7(9)).

Then since w™ satisfies (P1-2) (on QFSL) so does v (on QFSL). Also since w™
satisfies Ex + Px, for ¢ € QFSL, permuting the 6; in w(7(¢)) will leave this
value unchanged so permuting the a; in ¢ with leave v(¢) unchanged. Hence v

satisfies Ex.

By Gaifman’s Theorem v has an extension to a probability function on SIL sat-

isfying Ex and hence satisfying PIR. In particular then
v(R(a1) | R(az)) = v(R(a1)).

But since 7(R(ay)) = 6, 7(R(az)) = 0 this amounts to the Chinese Principle for
i symbols.
w(@]6) > w(6).

]

Notice that the union of all the CP7 for ¢« € N entails the original Counterpart
Principle. For any failure of CP is actually a failure of some CPi. For example,
if CP fails for sentences 0( P, ..., Py, a1, ..., a.), 0'(Ppi1, .., Pan, @Gri1, ..y ag; ), then
CP(n + r) fails. The converse does not hold, that is, the Counterpart Principle
does not entail the union of all CP:. This can be seen with the following example.
Let b = (0,2/3,1/3,0), so wy is a probability function on L, satisfying WIP. Any
state description 6 on L, can be written as the conjunction of a state description
01 on Ly and another state description 6 on Ly \ Ls. Now define a probability

function u, on Ly by

ur(0) = wi(61) - coo(02)

Any 6 € QF SL* must belong to QF S Ly, for some k, so we can define a probability

function v on LT by setting

u(f) =) ur(6;)

0;[=0
Since wy and co both satisfy WIP, u will satisfy WIP, and hence CP.

However, we can show that u does not satisfy CP: for any i. Consider the
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sentences P;(a;) and Py(aq), and choose 0,0’ to be consistent sentences not con-
taining a1, P, or P, and with ¢ — 1 transformations of symbols needed to turn one
into the other.

Since O A Py(a1) N0 N Py(ay) = Pi(ar) A Pa(ay), we have that

u(0 A Pi(ar) A" A Py(ar)) < u(Py(ar) A Py(ay))
— wy(Py(ay) A Pa(ay))
=0.
However

u(@ A P(ar)) - u(0 A Py(ar)) = wg(Pi(a1)) - co(0) - wy(Pa(ar)) - coo(6)
=2/3coo(0) - 1/3 - coo(0)

>0

and so
w(@ A Pi(ar) N0 A Py(ar)) < u(@ A Pi(ar)) - u(@ A Py(ay)),

contradicting CPxs.

We saw in Proposition [43| that the Counterpart Principle does not entail Unary
Language Invariance. Since the union of all the CP1 is strictly stronger than the
Counterpart Principle, a question for future research is whether the union of all

the CPi might entail Unary Language Invariance.



Chapter 7
Conclusions

Firstly some remarks on Theorem In Chapter 2 we stated that the object
of this thesis was not to argue for a single rational probability function, but to
investigate logical dependencies between rational rules. An often found theme
is this: a principle which seeks to preserve uniformity in our treatment of the
language will logically entail a principle which captures a form of inductive in-
ference. The derivation of PIR from Ex is one example of this. Jeff Paris and
Peter Waterhouse have proved (see [37]) that Ax entails another form of singular

enumerative induction:

Unary Principle of Induction

w(a; | ay?.an) > wlay | aay...a?)

whenever m; > m;.

Theorem can be seen as fitting into this pattern: a rule about symmetry
(ULi) entails an ampliative rule (CP). One idea often found in the philosophical
literature is that induction is justified by a presumption of the uniformity of
nature. These results show that induction may be justified, even mandated, by

the presumption of uniformity of language.

The above observation, that Theorem [2]is one instance of a more general pattern
of results, actually provides a rather nice example of the intuition behind the
Counterpart Principle. That is, Theorem [42]is itself a counterpart of Theorem [I]

CP will be of particular interest to philosophers as it is so widely satisfied, in-

cluding by Carnap’s ¢, probability functions. If the underlying language can be

136
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freely interpreted, it seems a very strong requirement that a fact involving one set
of properties will give inductive support for a proposition involving an entirely
different set; as a result, CP raises some interesting issues for the relationship be-
tween Pure and Applied Inductive Logic. Pinning down the relationship between
Language Invariance and the collection of Counterpart Principles (CPi) is one
aim for future research. Another is to extend the results of Chapter 6 to include

quantified sentences.

More generally, I hope that this thesis can provide a useful overview of the issues
surrounding the representation of reasoning by analogy in PIL. It seems that the
analogy principles that have received most attention thus far - those based on
similarity between atoms or primitive predicates - create a great many constraints
and are not easily satisfied, especially given the popular background conditions
derived from symmetry considerations. This is surprising given that some mea-
sures of similarity, notably Hamming Distance, seem so naturally aligned with

the requirements of Px and SN.

Moving away from Hamming Distance and indeed from simple distance functions
altogether changes the situation. Our notion of further-away-ness gives rise to
principles (S)APf satisfiable on languages of all sizes, even given the combined
background conditions of Ex 4+ Px + SN. We can in fact classify these completely,
as demonstrated by Theorem [0} If we restrict the conditioning evidence to
state descriptions we know that there are even more probability functions on
languages of all sizes satisfying the corresponding principle SDAPg. Classifying

these completely would be a next step.
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Appendix A

Proof of Theorem 22

In the proof of Theorem 22| we had that

(T1 + T3, 3 + T4, T5 + 6, T7 + T8) = (a,b,b,a”"b?)

and
<a'7 b7 b7 a_162>7
(r1 + 3, T2 + T4, T5 + T7, T6 + Tg), or (b,a,a”b?b),
X1+ x5, T3 + T7, To + T, Ty + T ") or (ba . ab
1 5,43 Ty L2 6y L4 8 ) s Wy )

or (a='v?,b,b, a),

By checking cases, we can show that the only solutions to such a set are the
points (z1,a — x1,b — x1,21,b — x1, 21,0 0* — b+ 21,0 — 11) and (x1,a — x1,0 —
r,b—a+z,a—11,0—a+x,b—a+x,a b*+a—b— ;). The details of this

are as follows.

1. <l’1 +x3,Ta+ 24, T5 +1‘7,[L’6+ZE8> = <C, b, b, CL>. Then Lo+ Ty = b= T3+ T4,

so x9 = x3 and hence ¢ = 1 + x3 = 1 + 9 = a, which is a contradiction.

2. (x1+ 3,0+ x4, 25 + 27,6 + x8) = (b, ¢,a,b). So x1+x3=0b= 13+ 24 50

r1 = 4. But then ¢ = x9 + x4 = x5 + 1 = a, which is a contradiction.

3. (z1+xs, xotx4, T5+27, 6+28) = (b,a,¢,b). Soasin 2., r1+x3 = b = x3+14
so #1 = x4 and x5 = xg. Now (21 + 5,23 + T7, 9 + Tg, T4 + x5) = (T1 +

Ts, X3 + T7, %9 + Tg, X1 + 5, SO we have two options:

(a) (z1+ x5, 23+ 27,29 + 26,21 + 25 = (b,a,¢,b). So x1 + x9 = w3+ 27 =

a > c = 19+ x5 = T7+ x3, hence 1 > g and 3 > x5. But
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r1 + x3 = x6 + x5 = b, so we have a contradiction.

(b) (z1+4z5, 3427, xat+16, 1+ 25 = (b, C,a,b). Then x3+x7 = x74+18 = C
and xo + g = 1 + 29 = a, hence x3 = xg and x; = x¢. So the original
point must be (xy,a — x1,b — x1,21,b — 11, 21,0 0% — b+ 21, b — 11),

as required.

4. (x1+x3, T2+ x4, 25+ 27, 26+ 28) = (a,b,b,¢). Soasin 1., xo = x3 and x5 =
x7. Then (x1+x5, x3+x7, xat+6, Ta+a8) = (X1+T5, TotT6, To+Te, T4+T3),

so we have two options:

(a) (x1+x5, 9+x6, Ta+x6, x4+ 28) = (¢, b,b,a). Then x;+x5 = 27428 =
c < a=1x+xy = x4+ x8, hence x5 < z9 and z; < x4. But
o+ x4y = 23+ 24 = band x5 + 27 = x5 + ¢ = b, so we have a
contradiction.

(b) (z1 + x5, 29 + 6, o + Tg, x4 + x3) = (a,b,b,¢). So x5 = x9, T4 = x7,
and the original point must be (x1,a —x1,a —x1,b—a+x1,a — x1,b—

a+x,b—a+z,a 0 +a—b— x) as required.
We also look at the point
(x1 + 29, w3 + T4, x5 + 6, v7 + x8) = (A, 0, b, b)

together with the system of equations

( <a7a’b7b>7

or {a,b,a,b),

(x1 + 3, 02 + @4, 25 + X7, T + Ts), or (b, a,b, )
= a,b,a),

(T1 + 5, 03 + 7, 9 + X6, Ty + Tg)

or (b,b,a,a),

1 1
or (3,33 1)

\

By looking at cases we can show that the only solution is the point
<x17a—$1,a—l’1,$1,%1—$1,%1—a—i‘xl,% —a+$17%—$1>-

1111 1
1. <1‘1+l’3,l‘2+$4,l‘5+l’7,$6+$8> = <Z e Z’Z_L>' Then T+ X9 = a > 1=

T1+ x3, S0 T9 > 3. But also, 29+ x4 = i a = T3+ x4, SO Ty < x3, Which

is a contradiction.
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2. (r1+ 3,09 + 14, x5+ 7, 26 + 23) = (a,b,a,b). Then x1+1x3 =a = x1 + x9,

hence x5 = x3. But then b = x5 + x4 = x3 + x4 = a, contradicting a > b.

3. (w1 + 3,09+ 14, x5+ 7, 26 + 23) = (b,a,b,a). Then xo+ 14 = a = x3+ 24,

S0 9 = x3, but then b = x; + x3 = 1 + x5 = a, contradicting a > b.

4. (xq + x3, 29 + 24,5 + 27,26 + 23) = (b, b, a,a). Recall that by assumption
To = a—x; and T4 = a — x3. So in this case we have x; + 23 = b =

2a — (z1 + x3), contradicting a > b.

5. (x1 + x3, T2 + x4, x5 + 27, 26 + T3) = (a,a,b,b). Then xy = x3, 6 = 7, and
o . . . 1 1 1 1
the original point is (21, a—x1,a—x1, 21, =21, ; —a+2x1, ; —a+2x1, 3 —T1),

as required.
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Proof of Theorem 25

We look at each of the options (i) - (iv) in conjunction with the specified con-

straints to show that only one of two cases can obtain.
(i)a>d,b=c,a=46,5>1.

Assume firstly that & > a. Then § = a > a > d. The constraints include
(0 —d)(ay —ab) > 0 and (a — a)(ay — ab) > 0, so we must have ay = ab
or a = a. In the first case, we then have aff > ab = ac since § > v, b = ¢,
contradicting the requirement that (a8 —ac)(a—a) > 0. In the second case,
a = a, (0 —d)(ay — ab) becomes a(d — d)(y — b), and the further constraint
(0—d)(aff—ac) > 0 becomes a(§—d)(f—c) > 0. But then « = a, 6 > d, and
B >~ > b=c, contradicting the fact that a+b+c+d=1=a+F+7+9.

So we must have that a > a = 6. Now, from (a — §)(ac — fd) > 0 we
must have that 0b = ac > fd > vd. Hence from (b — 3)(vd — ac) > 0 we
must have 5 > b, from (0 — d)(bd — vd) > 0 we must have § > d, and from
(v—c¢)(yd—ac) > 0 we must haveb=c>~. If f=b,thenb=c= [ > .
Then from (b — v)(8d — ¢d) > 0 we get that 0 < Bd — ¢d = b(d — 9), and
so d > ¢ and in fact d = 6. But then a > a,b = B,¢ > v and d = 9,
contradictinga +b+c+d=1=a+ 5+ v+ 0.

So we must have that 8 > b. Since we require that (a — §)(ab — 8d) > 0
and (b — B)(ab — d) > 0, we have that db = ab = fd; if § = d we then get
B = b, contradicting 5 > b.

So we must have that § > d. From (8 — ¢)(bd —avy) > 0, if v = ¢ = b, then
b(B — ¢)(0 —a) > 0, which contradicts a > o =0 and § > b = ¢. So we
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(i)

(iii)

must have ¢ > 7.

As already shown, we must have bd = Sd. We also have, from (a — a)(ay —
ab) > 0 and (b — B)(ay — ¢d) > 0, that ay = ab = dec.

To summarise then, we must have a > a =6 > d, § > b = ¢ > v, and
Bd = ab = ay. Is it easy to check that under these conditions, each of the

constraints is satisfied.

a>d,b=ca>0d0>~and ay = . Suppose firstly that « = a. Then
ay = ay = 4. So (b—p)(ay—cd) > 0 becomes (b— 5)(5d —bd) > 0, hence
b= /. Then ab = aff > fd, hence from (y — ¢)(ab — 5d) > 0 we get that
v > ¢ =0b= (3, which contradicts g > 7.

Now suppose that @ > «. Then from (a — «)(ay — ab) > 0 we must have
that ay > ab, and hence ay > bd = ¢§. Then from (v —¢)(ay —cd) > 0 and
(b — B)(ay — ¢d) > 0 we have 7y > ¢ = b > /3 which contradicts 5 > 7.

Finally, if a > a, then from (a — «)(bd —yd) > 0 we have that vd > bd. But
then ay > vyd > bo, so as before, (y—c)(ay—cd) > 0 and (b—)(ay—cd) >0

generate a contradiction.

a>d,b>c,ac="bd,a =0 and 8 > . The proof of the impossibility of
this is exactly analogous to case (ii), with every instance of «, 3,y and §

replaced by b, a,d and c respectively, and vice versa.

a>d,b>cac=0bd, a> 9,0 >y ay=00.

Without loss of generality we can suppose that a > «, hence a > §. Then
from (a — 0)(ac — pd) > 0 we have that bd = ac > ac > fd, hence b > p.
Then from (b — )(bd —ay) > 0 and (a — §)(ay — bd) > 0 we have that
b0 = avy. From (b —)(Bd — ac) > 0 and (a — J)(ac — Bd) > 0 we have
that fd = ac. Then ac > ~vd, so from (v — ¢)(yd — ac) > 0 we have
¢ >7. And fd = ac > dc, so from (§ — d)(cd — fd) > 0 we must have
d > 6. But then a > a,b > 8,¢ > v and d > 9§, so in fact we must have
a=a,b=p0c=~,d=4.
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R (GNU S) Code

For the calculation of counter-example [£.17] on page [80]

> wfun <- function(z,a) { (z[1]l-al1l)*(z[2] al[2])*(z[3] al[3])*(=z[4]"al4]) }
>

> yfun <- function(p,a){0.125*(wfun(p,a)+wfun(p,c(alll, al3], al[2], al[4])) +
wfun(p,c(al2], al1l, al4], al3]))+wfun(p,c(al2], al4], al[1]l, a[3]))+
wfun(p,c(al3], alll, al4], al2]))+wfun(p,c(al3], al4], all]l, al2]))+
wfun(p,c(al4], al2], al3], al1])) + wfun(p,c(al4], al3], al2], al1]l)))}

>

> ufun<-function(p,q,a){0.5%(yfun(p,a)+yfun(q,a))?}
> a<- ¢(1,6,0,0)

> b<- ¢(1,5,0,1)

> d<- ¢(0,6,0,0)

> e<- ¢(0,5,0,1)

> p<- c(1/49,6/49,6/49,36/49)

> g<- ¢(1/1681,40/1681,40/1681,1600/1681)

>
>

ufun(p,q,a)/ufun(p,q,d)
[1] 0.041021
>

> ufun(p,q,b) /ufun(p,q,e)
[1] 0.08149527
>

For the calculation of counter-example [4.18| on page [85|
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wfun<-function(p,a){p~al1]*(1-p)~al2]}
yfun<-function(p,a){0.5*(wfun(p,a)+wfun(p,c(al2],al1]1)))}
ufun<-function(p,q,a){0.5%(yfun(p,a)+yfun(q,a))?}
left<-function(p,q,a,b){ufun(p,q,a)*wfun(0.5,b)}
right<-function(p,q,a,b){wfun(0.5,a)*ufun(p,q,b)}

>
>
>
>
>
> umix<-function(p,q,a,b){0.56%(left(p,q,a,b)+right(p,q,a,b))}
>
> p=0.8

> g=0.9

>

> umix(p,q,c(11,0),c(8,3)) /umix(p,q,c(10,0),c(7,3))

[1] 0.4380952

>

> umix(p,q,c(11,0),c(7,4)) /umix(p,q,c(10,0),c(6,4))

[1] 0.4381741

>

To draw graph on page [127]

dl <-function(d,n){((1-d)/4)" (n[4]+n[2]+n[3])*((1+3%d)/4) " n[1]}
d2 <-function(d,n){((1-d)/4) " (n[1]+n[4]+n[3])*((1+3*d)/4) " n[2]}
d3 <-function(d,n){((1-d)/4) "~ (n[4]+n[2]+n[1])*((1+3%d)/4) "n[3]}
d4 <-function(d,n){((1-d)/4) " (n[1]+n[2]+n[3])*((1+3%d)/4) n[4]}

dfun<-function(d,n){0.25%(d1(d,n)+d2(d,n)+d3(d,n)+d4(d,n))}

x=seq(0,1,length=200)
yl=dfun(x,c(4,0,0,0))
y2=dfun(x,c(3,1,0,0))
y3=dfun(x,c(2,2,0,0))
y4=dfun(x,c(2,1,1,0))
y5=dfun(x,c(1,1,1,1))

YV V V vV vV vV VvV VvV V V V V V V V

plot(x,yl,type=’1’,ylim=c(0,0.01), col="red" xlab="", ylab="")
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lines(x,y2,col="blue")
lines(x,y3,col="cyan")

lines(x,y4,col="purple")

V V V V

lines(x,y5,col="black")
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