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UNIVERSALITY IN MARGINALLY RELEVANT
DISORDERED SYSTEMS
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University of Warwick

We consider disordered systems of a directed polymer type, for which
disorder is so-called marginally relevant. These include the usual (short-
range) directed polymer model in dimension (2 4 1), the long-range directed
polymer model with Cauchy tails in dimension (14 1) and the disordered pin-
ning model with tail exponent 1/2. We show that in a suitable weak disorder
and continuum limit, the partition functions of these different models con-
verge to a universal limit: a log-normal random field with a multi-scale cor-
relation structure, which undergoes a phase transition as the disorder strength
varies. As a by-product, we show that the solution of the two-dimensional
stochastic heat equation, suitably regularized, converges to the same limit.
The proof, which uses the celebrated fourth moment theorem, reveals an in-
teresting chaos structure shared by all models in the above class.

CONTENTS
1. Introduction . . . . . . .. ... 3051
2. Themodelsandourresults . . . . . ... .. ... .. .. .. .. .. ... 3054
2.1. Themodels . . . . . . . . . 3054
2.2. Results for directed polymer and pinningmodels . . . . . ... ... .. ... .... 3058
2.3. Results for the 2d stochastic heatequation . . . . . ... ... ... .......... 3061
3. Heuristics . . . . .. 3064
3.1. Heuristics for disorder relevant regime . . . . . ... ... .. .. .. ......... 3064
3.2. Heuristics for marginal relevantregime . . . . . ... ... ... ... ......... 3066
4. Proof steps for Theorem 2.8 . . . . . . . . . . ... 3069
5. Proof of key step for Theorem 2.8 . . . . . . . . ... ... ... L 3074
6. Proof of Theorem 2.8 . . . . . . .. .. ... ... 3082
7. Proof of Theorem 2.12 . . . . . . . .. . ... 3090
8. Proof of Theorem 2.13 . . . . . . . . . . . e 3094
9. Proof for the 2d stochastic heatequation . . . . . ... ... ... ... ... ... ... .. 3101
Acknowledgements . . . . . ... e 3111
References . . . . . . . . . 3111

Received August 2016; revised December 2016.

ISupported by GNAMPA-INdAM.
2Supported by NUS grant R-146-000-185-112.
3Supported by EPRSC through grant EP/L012154/1.
MSC2010 subject classifications. Primary 82B44; secondary 82D60, 60K35.
Key words and phrases. Directed polymer, pinning model, polynomial chaos, disordered system,

fourth moment theorem, marginal disorder relevance, stochastic heat equation.

3050


http://www.imstat.org/aap/
http://dx.doi.org/10.1214/17-AAP1276
http://www.imstat.org
http://www.ams.org/mathscinet/msc/msc2010.html

UNIVERSALITY IN MARGINALLY RELEVANT DISORDERED SYSTEMS 3051

1. Introduction. Many disordered systems arise as random perturbations of a
pure (or homogeneous) model. Examples include the random pinning model [18],
where the pure system is a renewal process, the directed polymer model [12],
where the pure system is a directed random walk, the random field Ising model [9]
and the stochastic heat equation [5]. A fundamental question for such systems is:
Does addition of disorder alter the qualitative behavior of the pure model, such as
its large-scale properties and/or critical exponents?

If the answer is yes, regardless of how small the disorder strength is, then the
model is called disorder relevant. If, on the other hand, disorder has to be strong
enough to cause a qualitative change, then the model is called disorder irrelevant.
This difference can be understood heuristically via renormalization transforma-
tions [9, 19]: If one rescales space (coarse graining) and looks at the resulting
renormalized disordered system on larger and larger spatial scales, then one will
observe that the “effective” strength of disorder will asymptotically diverge if dis-
order is relevant, while it will vanish if disorder is irrelevant.

Whether a model is disorder relevant or irrelevant depends crucially on the spa-
tial dimension d and its correlation length exponent v. A milestone in the study
of disordered systems in the physics literature is the Harris criterion [23], which
asserts that if d < 2/v, then disorder is relevant, while if d > 2/v, then it is irrel-
evant. In the critical case d = 2/v, disorder is marginal and the Harris criterion is
inconclusive: disorder can be either marginally relevant or marginally irrelevant
depending on the finer details of the model.

Inspired by the study of an intermediate disorder regime for directed polymers
[2], we proposed in [11] a new perspective on disorder relevance. The key observa-
tion is that, if a model is disorder relevant, then it is possible to tune the strength of
disorder down to zero (weak disorder limit) at the same time as one rescales space
(continuum limit), so as to obtain a one-parameter family of disordered continuum
models, indexed by a macroscopic disorder strength parameter ,3 > 0. In a sense,
such continuum models interpolate between the scaling limit of the pure model
(3 = () and the scaling limit of the original disordered model (B = 0), allowing
one to study the onset of the effect of disorder.

The main step in the construction of such disordered continuum models is to
identify their partition functions. In [11], we formulated general conditions on the
pure model that are consistent with the Harris criterion d < 2/v for disorder rele-
vance, which allowed us to construct explicitly the continuum partition functions.
However, the marginally relevant case (d = 2/v in the Harris criterion) escapes
the framework proposed in [11].

In the present work, we develop a novel approach to study the continuum limit
of marginally relevant systems of directed polymer type, which include the usual
short-range directed polymer model on Z?, the long-range directed polymer model
on Z with Cauchy tails, and the pinning model with tail exponent « = 1/2. We
show that, surprisingly, there is a common underlying structure among all these
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marginally relevant models (see Section 3.2 and key Proposition 5.2), which leads
to a number of universal phenomena. More precisely:

e A properly defined replica overlap Ry for each model diverges as a slowly
varying function (usually a logarithm) of the polymer length N — oo.

e If the disorder strength is sent to 0 as By = B/+/Ry for fixed B > 0, then the
partition function has a universal limit in distribution, irrespective of the model:

d 4 |log-normal if ,3 <1,
1.1 z Z,= N
(D N NTS “E T o itB>1,

with the log-normal variable depending on the parameter ,3 .
e A process-level version of (1.1) also holds: for 8 < 1, the family of log par-
tition functions log Zy g, (x), indexed by the starting point x of the polymer,

converges to a limiting Gaussian random field (depending on ,3 ) with an explicit
multi-scale covariance structure.

The transition from a nondegenerate limit Z i> 0 to a degenerate limit Z j= 0,

as ,3 increases, marks a transition from weak disorder to strong disorder. We em-
phasize that such a transition for marginally relevant models, in particular, the

(2 4 1)-dimensional directed polymer, is new and has not been anticipated. Previ-
ously, it was only known (see, e.g., [12]) that for the directed polymer in dimension
d + 1, there is a transition from weak to strong disorder at a critical B.(d), with
Bc(d) > 0 when d > 3 (corresponding to disorder irrelevance) and B.(d) = 0 when
d =1, 2 (corresponding to disorder relevance). (For d = 2, the polymer was shown
in [17] to be diffusive if By < 1/+/Ry.)

Interestingly, our results show that in the marginal dimension d = 2, there is
still a transition on the finer scale of 8 = 8/+/Ry, with critical value B, = 1. This
appears to be a special feature of marginality, since no such transition exists at any
finer scale of disorder in dimension d =1 [2].

_ Another point worth remarking is that the explicitly identified critical point
B = 1 is actually the point where the L2 norm of the partition functions blow up in
the limit. This is in contrast to the directed polymer in dimension d 4 1 with d > 3
(see, e.g., [8]), or the log-correlated Gaussian multiplicative chaos [30] which also
undergoes a weak to strong disorder transition. For these two models, their critical
points are strictly larger than their respective L critical points.

Our results unify different polymer models that are classified as marginally rel-
evant. However, beyond this universality, even more interesting is the method we
develop, which reveals a multi-scale and Gaussian chaos structure that is common
to all the models we consider. In particular, the partition functions can be approxi-
mated by a sum of stochastic integrals involving white noises in all possible dimen-
sions, which through resummation, can be seen as the exponential of a Gaussian
(see Section 4 for an outline of the main steps). The key technical ingredients in-
clude a nontrivial combinatorial argument (Proposition 5.2), and the application of
a version of the fourth moment theorem [14, 29] for Gaussian approximation.
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An interesting corollary of our results is that they link marginal relevant models
to a class of singular SPDEs at the critical dimension. In particular, they bring
new insights on how to define the solution of the two-dimensional stochastic heat
equation (2d SHE), which is formally written as
ou(t,x) 1 .

57 =§Au(t,x)+ﬁW(t,x)u(t,x), u,)=1,
for (7, x) € [0, 00) x RZ, B > 0 and W is the space-time white noise.

Rigorously defining the solution of (1.2) remains a difficult open problem due
to ill-defined terms such as Wu. In special cases, such as the one-dimensional
SHE, it was shown in [5] that a solution can be defined by first mollifying W and
then sending the mollification parameter to zero. But there was no systematic ap-
proach to make sense of singular SPDEs until recent breakthroughs by Hairer [21,
22], through Regularity Structures, and by Gubinelli, Imkeller and Perkowski [20],
through Paracontrolled Distributions (see also Kupiainen [25] for field theoretic
approach). However, these approaches do not cover the critical dimension two for
the SHE, and the singular SPDEs that can be treated so far are all known as sub-
critical (or super-renormalizable in the physics literature [25]).

It turns out that the notion of sub-criticality for singular SPDEs matches with
the notion of disorder relevance, while criticality corresponds to the case where
the effect of disorder is marginal. To illustrate this fact for the SHE, consider the
change of variables

(1.2)

(t,x) =T, ([T, %) = (77,7 '%),

which for small ¢ > 0 corresponds to a space-time coarse graining transformation.
Looking at (1.2), it is easily seen that # (7, X) := u(T,(f, X)) formally solves the
SPDE
(1.3) o 1A~+ﬁ 21 10, )=1

. —~ = AU & u, u@,)=1,

or 2

where W is a new space-time White noise obtained from W via scaling. Therefore,
coarse-graining space-time for the SHE has the effect of changing the strength of

the noise to s%_lﬁ which, as ¢ — 0, diverges for d = 1 (disorder relevance), van-
ishes for d > 3 (disorder irrelevance) and remains unchanged for d = 2 (marginal-
ity).

Since the difficulties in studying the regularity properties of an SPDE are re-
lated to small scale divergences, it is interesting to blow up space-time, that is,
consider the change of variables (¢, x) = T, (f,X). This leads to a renormalized
equation which is just (1.3) with & replaced by £~!, hence blowing-up space time
produces an effective noise strength which behaves reciprocally with respect to
coarse-graining, that is, vanishes as ¢ — 0 for d = 1 and diverges for d > 3. This
explains why the SHE with d = 1 can be analyzed by [20, 22, 25].
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Since the solution of the SHE can be interpreted as the partition function of

a continuum directed polymer via a generalized Feynman—Kac formula [5], our
result for the two-dimensional directed polymer implies a similar result for the 2d
SHE. More precisely, if we consider the mollified 2d SHE

u® 1 .
(1.4) AU B, w0, =1,

or 2
where W¢ is the space-mollification of W via convolution with a smooth prob-
ability density j.(x) := g2 j(x/e) on R2, and the noise strength is scaled as

Be :,3 llog’;l for some B > 0, then for each (7, x) € (0, 00) x R2, u®(z, x) con-

verges (as € — 0) in distribution to the same universal limit Z i in (1.1) as for the
other marginally relevant models.

We hope that the method we develop and the universal structure we have un-
covered opens the door to further understanding of marginally relevant models in
general, including both statistical mechanics models that are not of directed poly-
mer type, as well as critical singular SPDEs with nonlinearity. In particular, our
results suggest that for marginally relevant models there is a transition in the effect
of disorder on an intermediate disorder scale. Establishing this transition in gen-
eral, as well as understanding the behavior of the models at and above the transition
point, will be the key challenges next.

2. The models and our results. In this section, we define our models of inter-
est and state our main results. We will denote N := {1, 2,3, ...} and Ng :=NU{0}.

2.1. The models. We first introduce the disorder w. Let @ = (wx) be a family
of i.i.d. random variables, indexed by X € N or X = (x,n) € 74 x Np, depending
on the model. Probability and expectation for @ will be denoted respectively by P
and E. We assume that

E[wl] = 0, Var[wl] = 1,
360>0:  A(B):=logE[eP“ ] <00 V|B| < fo.

Next, we define the class of models we consider. We fix a reference probability
law P (which will typically be the law of a random walk or a renewal process)
representing the “pure” model. The disordered model is then a Gibbs perturbation
Py 8 of P, indexed by the parameters N € N (polymer length), 8 > 0 (disorder
strength) and the disorder w:

dP§ 4 _ el p0)
dP Z% 4

for a suitable Hamiltonian Hy p- The normalizing constant

Np= E[e"V.]

is the disordered partition function and will be the focus of this paper.
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Different reference laws P and Hamiltonians Hy 8 give rise to different mod-
els. The first class of models we will consider are directed polymers in random
environment on Z4+1,

DEFINITION 2.1 (Directed polymers on 74+, LetS = (Sn)nen, be arandom
walk on Z¢ with i.i.d. increments. For (x, ) € Z¢ x Ny, we denote by Py ; the
law of (S,),>; started at x at time ¢, and we denote P := Py o for simplicity. The
partition function of the directed polymer in random environment is defined by

2.1) Z$ g (x, 1) 1= By [eXnmrs Boumsn =HB)]
with Z§) 5 := Z§ 4(0,0).

We will also consider pinning models, which can be viewed as directed poly-
mers on Z4+! with disorder present only at x = 0 [i.e., w(n, x) = 0 for x # 0]. In
this case, what really matters are the return times of the random walk S to 0, which
form a renewal process.

DEFINITION 2.2 (Pinning models). Let (t = (7,)xeN,. P;) be a renewal pro-
cess started at ¢ € Ny, that is, P;(t9 =) = 1 and (7, — T,_1)nen are i.i.d. N-valued
random variables. If t = 0, we write P = Pg. The partition function of the pinning
model started at t € Ny equals

(2.2) %,ﬁ(t) =E, [eZ,I,VZH_l(ﬁwn_)‘-(ﬂ))]]-(ner}]’

with Z§ g = zy. ﬁ(O), where we have identified r with the random set
{To, T, .. } C N().

REMARK 2.3. In the pinning model, it is customary to have a bias parameter
h e R, thatis, —A(B) is replaced by —A(B) + & in (2.2). In this paper, we set h =0
because in the regime we are interested in, the effects of 8 and / can be decoupled.
This will be treated elsewhere.

Note that Z§, N.p in (2.1)—(2.2) has been normalized so that E[Z{; ] =1 [due to
—X(B)]. The key question we consider (in connection with dlsorder relevance) is
the following:

Q. Can one tune the disorder strength B = By — 0 as N — 00 in such a way
that the partition function Z%, py converges in law to a nondegenerate random
variable?

The answer depends crucially on the random walk S and the renewal process t.
Assume that S and t are in the domain of attraction of a stable law, with respective
index « € (0,2] and « € (0, 1). Informally, this means that P(|S;| > n) ~ n™¢
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and P(t; > n) &® n™* (except for o = 2, where E[|S] |2] < oo or, more generally,
x — E[|S] |21{|51|§x}] is slowly varying).

It was shown in [11] that question Q has an affirmative answer for directed poly-
mers on Z'*! with « € (1, 2] and for pinning models with @ € (1/2, 1), which is a
manifestation of disorder relevance; while disorder is irrelevant for directed poly-
mers on Z!*! with a € (0, 1) and for pinning models with @ € (0, 1/2). However,
the marginal cases:

(a) directed polymers on Z>*! with @ =2 (e.g., finite variance);

(b) directed polymers on Z!*! with @ = 1 (e.g., Cauchy tails);

(c) pinning models with tail exponent @ = 1/2 (e.g., the renewal arising from the
return times of the simple symmetric random walk on Z to the origin),

fall out of the scope of the method in [11].

In this paper, we develop a novel approach to answer question Q affirmatively
for marginally relevant models. Even though our techniques are of wider appli-
cability, we stick for simplicity to models of type (a)—(c) above. Let us state our
precise assumptions, in the form of local limit theorems, where we allow for arbi-
trary slowly varying function L(-). However, we suggest to keep in mind the basic
case when L(-) is constant, say L(-) = 1.

HYPOTHESIS 2.4 (Local limit theorem).  Assume that the directed polymer in
Definition 2.1 and the pinning model in Definition 2.2 satisfy the following local
limit theorems, for some slowly varying function L:

(a) [d =2] Directed polymer on Z**H! with o = 2 (short range).

(2.3) sup {L(n)znP(Sn =x)— g< 0,

xeZ?

L(ni«/ﬁ)} n—00

where g(x) := %e_%lxlz denotes the standard Gaussian density on R>.
(b) [d = 1] Directed polymer on Z!*! with & = 1 (long-range with Cauchy tails).

X
24 sup{Lan20P(S, =) = 8 o )| 7 0
where g(x) := % i +1x2 denotes the Cauchy density on R.
(¢) [d = 0] Pinning model with o = 3.
(2.5) L(n)/nP(n € 1) —0C€ (0, 00).

REMARK 2.5. Conditions (2.3)—(2.4) hold whenever S is an aperiodic ran-
dom walk on Z? in the domain of attraction of the Gaussian (d = 2), respectively,
Cauchy (d = 1) distribution:

(2.6) E((;Z)) % g(x)dx with ¢ (n) := (L(n)zn)l/d’
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by Gnedenko’s local limit theorem; cf. [7], Theorem 8.4.1 [we denote by L(-) the
law of a random variable].

Condition (2.5) holds whenever P(t; = n) ~ ¢’ %72) as n — oo ([16], Theo-
rem B).

REMARK 2.6 (2d simple random walk). When S is the simple symmetric ran-
dom walk on Z?, due to periodicity, (2.3) still holds [with L(-) = 1] provided the
sup is restricted to the sub-lattice z € {(a, b) € Z?:a+b=n (mod 2)} (whose
cells have area 2) and g(-) is replaced by 2g(-). Consequently, relation (2.8) holds
with C = 2||g||%. Our main results Theorems 2.8, 2.12 and 2.13 below apply with
no further change.

A crucial common feature among all models (a)-(c) above concerns the so-
called expected replica overlap, defined for a general random walk S or renewal
process T by

N
E[Z ]l{snzs,;}} = Z P(S, = x)?,
n=1

1<n<N,xeZ4

N
E[Z ﬂ{nemf/}] = Y Pher)
n=1

1<n<N

2.7 Ry =

where S’ and 7’ are independent copies of S and 7. For models satisfying Hypoth-
esis 2.4, a Riemann sum approximation using (2.3)—(2.5) yields

N 2 .
28) Ry ~ CY° 1 5 where C = :”f I (directed polymers).
N—oo = L(n)°n c (pinning).
This shows that N +— Ry is a slowly varying function (cf. [7], Proposition 1.5.9a),
a fact which plays a crucial in our analysis. Whether Ry stays bounded or diverges
as N — oo will determine whether disorder is relevant or irrelevant. This leads to
the following.

DEFINITION 2.7 (Marginal overlap condition). A directed polymer or a pin-
ning model is said to satisfy the marginal overlap condition, if Ry — 00 as a
slowly varying function when N — oo, where Ry is defined in (2.7).

Under Hypothesis 2.4, the marginal overlap condition is satisfied when
Ry — o0, which by (2.8) holds if L(n) stays bounded, or more generally, does
not grow too fast as n — 0o. We suggest the reader to keep in mind the basic case
L(n) =1, for which Ry ~ ClogN.

Our main result, to be stated in the next subsection, is that question Q has an
affirmative answer for models of directed polymer type which satisfy Hypothe-
sis 2.4 and the marginal overlap condition. This is a signature of marginal disorder
relevance in the spirit of [11]. The recent results of Berger and Lacoin [3, 4] on
free energy and critical curves reinforce this picture.
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2.2. Results for directed polymer and pinning models. We are now ready to
state our main results: Theorem 2.8 on the convergence of partition function with
a fixed starting point; Theorem 2.12 on the joint limit of partition functions with
different starting points, where multi-scale correlations emerge; and Theorem 2.13
on the Gaussian fluctuations of the partition functions as a random field indexed
by the starting points.

THEOREM 2.8 (Limit of partition functions). Let Z%, 4 be the partition func-
tion of a directed polymer or a pinning model (cf. Definitions 2.1 and 2.2). Assume
that Hypothesis 2.4 holds and the replica overlap Ry in (2.7) and (2.8) diverges
as N — oo. Then, defining

p
VRy

the following convergence in distribution holds:

(2.9) By = with B € (0, 00),

2

o4
w d e exp(aAWl——ﬁ> if B <1,
(210) ZN7/3N m Zﬂ = B 2 R
0 ifp=1,
where W1 is a standard Gaussian random variable and
(2.11) z.=1 !
. 0j = log = 32.

Moreover,for,é < 1 one has limy_ oo E[(Z‘K,”ﬂN)Z] = E[(Zé)z].

REMARK 2.9. Note that for B <1, Z,é is log-normal. Let (W;);>¢ be a stan-
dard Brownian motion. We will in fact prove that

LB 1t g2 ) d
/(; #_thth 2 ) ]—thdt Zﬂ
This more involved expression for Z ; hints at a remarkable underlying multi-scale
and chaos structure, which is common to all models that satisfy Hypothesis 2.4 and
the marginal overlap condition. The heuristics for this structure will be explained
in Section 3.

It is even possible to identify the limiting distribution of the whole process

d
(212) Z]a\),’ﬂN m exp(

(Zy. By) Fe0.1)" Denoting by (Wt(r))tzo,reN a countable family of independent
Brownian motions, we have the convergence in distribution of Z%, gy a8 N — o0,

jointly for B € (0, 1), to the process

o | 1 1.
r— r) 2r r—1 d 5
(2.13) ||lexp(/(; Bt dw; —5[) B7t" dt>_Zﬂ.
r=

This can be extracted from the proof of Lemma 6.4, and we will omit the details.
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It is worth noting the nontrivial dependence of aﬁg on E; cf. (2.11). On the one

hand, it distinguishes from other scalings such as Sy < 1/+/Ry, which lead to a
trivial behavior, and on the other hand it marks the transition from weak (Z 5> 0)
to strong (Z i 0) disorder.

REMARK 2.10. During the completion of this paper, Alberts, Clark and Koci¢
showed in [1] that for the marginally relevant directed polymer model on the dia-
mond hierarchical lattice, with either edge or site disorder, there is also a transition
for the partition function in an intermediate disorder regime with some critical
value f.. Their proof relies on the recursive structure of the hierarchical lattice.
A difference with respect to our results is that, for ,3 < &, the partition function
converges to 1 and has Gaussian fluctuations. It would be interesting to apply our
approach to better understand the source of this difference.

REMARK 2.11. One may wonder whether the assumption of finite exponen-
tial moments E[¢f®1] < 0o can be relaxed. Indeed, for the usual (short-range) di-
rected polymer model in dimension d = 1, in the intermediate disorder regime it is
enough to assume finite six moments, as conjectured in Alberts—Khanin—Quastel
[2] and proved by Dey—Zygouras [15]. The heuristic in dimension d = 1 is that
if P(w > t) ~ 7%, the typical maximum of the disorder random variables vis-
ited by the random walk by time N is N % . The intermediate disorder scaling in
dimension d = 1 is By = BN‘1/4, so one has ,BNN% — 0 when a > 6, allow-
ing for a truncation argument. In dimension d = 2, the typical maximum is N2/¢,
while By = B//I0g N, so By N4 — oo irrespective of a. This suggests that in
the critical dimension d = 2, things are more subtle and we are reluctant to make
any claim.

Next, we study the partition functions Z% P (X) as arandom field, indexed by the
polymer’s starting position X = (x, 1) € Z¢ x No with d € {1, 2} (for directed poly-
mers), respectively, X =t € Ny (for pinning models). Assuming Hypothesis 2.4
with a slowly varying L(-) and a divergent overlap Ry, and recalling (2.6), we
define

(2.14) ¢ (1x|) :=min{n € Ny : ¢(n) > |x|} =min{n € Ny : (nL(n)?)"/* > |x|}.

By (2.6), ¢ (|x|) is the time at which the random walk § has a fluctuation of order
|x|. Then, for each X = (x, ) € Z¢ x Ny with d € {0, 1, 2}, we set

ifd =0,

t
2.15 X[ :=
2.15) Xl tveT(xl)  ifd=1,2.

We suggest to keep in mind the special case L(n) = 1, for which [[X|| =¢ Vv |x|.
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Theorem 2.8 gives the limiting distribution of the individual partition functions
zy Ny X, and it is natural to ask about the joint distributions. In the special case
L(n) =1, thatis, Ry ~ Clog N, partition functions Z{ N By (X) and Z§ N. By (X") with

macroscopically distant starting points [|[X — X'|| = N I+o() pecome asymptoti-
cally independent as N — oo, while an interesting correlation structure emerges
on all intermediate scales ||X — X'|| = N+ for any ¢ € (0, 1). For general
slowly varying functions L(n), when Ry is not necessarily logarithmic, interme-
diate scales are encoded by Ryx_x/ /Ry = ¢ + o(1). This is the content of the
next theorem, where we use the shorthand notation :e¥: = er%Var[Y].

THEOREM 2.12 (Multi-scale correlations). Let Z%’ P (X) be the partition func-

tion of a directed polymer (or pinning) model started at X = (x, 1) € Z% x Ny (cf.
Definitions 2.1 and 2.2), such that Hypothesis 2.4 holds and the replica overlap
Ry in (2.7)—(2.8) diverges as N — oo.

Consider a finite collection of space-time points (Xg\l/))lgigr such that, as
N — o0,

Vi<k,l<r: RN—t,(\ﬁ”/RN =1—-o0(),

(2.16)
R xt_yo, /Ry =81 +o(l)  forsome & € [0, 1].
N N

Then, for By = /59/«/RN with ,3 € (0, 1), the following joint convergence in distri-
bution holds:

(@) d Yl
(2.17) (Z% oy N D 1<i<r N (") <iaps
where (Y;)1<i<r are jointly Gaussian random variables with
- ﬂzé‘l J
(2.18) E[Y;]1=0, CovlY;, Yl = log s

Lastly, we study Z%§ N.By (X) as a space-time random field on the macroscopic
scale ||X|| ~ N, showmg that it satisfies a law of large numbers with Gaussian
fluctuations. For X = (x, 1) € Z4 x Ny, we define space-time rescaled variables as
follows [recall L(-) from Hypothesis 2.4 and ¢ (-) from (2.6)]:

2.1 ?::AA:=LL>

(2.19) vi= G = (5o 1)

where pinning models correspond to d = 0 and we drop x. We first observe that
RyL(N)?2 = coas N — oo, by (2.8) and [7], Proposition 1.5.9a. We are going to
show that one has

(2.20) Z§ 5y X~ 1 G(Xn).

1
- VRyL(N)?
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where G (-) is a generalized Gaussian random field on R4 x [0, 1], with a logarith-
mically divergent covariance kernel [see (2.23) below]. To make (2.20) precise,
we fix a continuous test function ¥ : R? x [0, 1] — R with compact support and
define

1 -
(2.21) J;\,”::W > {YRNLIN(ZS 5, 00 — D)} (Xy),

XeZd x Ny

where the pre-factor is the correct Riemann-sum normalization, in agreement with
(2.19). We can now formulate our next result.

THEOREM 2.13 (Fluctuations of the rescaled field). Let ZI“\’,’ ﬂ(X) be the par-

tition function of a directed polymer or pinning model started at X € 7Z¢ x Ny (cf.
Definitions 2.1 and 2.2), such that Hypothesis 2.4 holds and the replica overlap
Ry in (2.7)—(2.8) diverges as N — oo.

Fix any continuous function ¥ : R¢ x [0, 1] — R with compact support, and let
BN = ,BA/«/E with ,3 < 1. Then J;Vp in (2.21) converges in distribution as N — oo
to a centered Gaussian random variable N (0, oi) with variance

32
2 B

(2.22) oy = - 32 _/(Rdx[o . v(x, t)K((x, 1), (x/, t/))lﬂ(xl, ;/) dx drdx’dr’,

where the covariance kernel is given by

K((x1,11), (x2,12))

1 2-+2) 1 /x1 —x2 _
(2.23) _ B /m ) ;g(w) ds (directed polymers),
1 c
——ds inning).
1Vt A/S — HA/S — 1 P 8)

REMARK 2.14. Observe that the kernel K diverges logarithmically near the
diagonal:

K((x1,11), (x2,12)) ~ Clog as |(x1,11) — (x2,02)| = 0.

|1, 1) — (x2, 12) |
Note that Gaussian fields with such logarithmically divergent covariance kernels
have played a central role in the theory of Gaussian multiplicative chaos (see,

e.g., [30]).

2.3. Results for the 2d stochastic heat equation. We now state the analogues
of Theorems 2.8, 2.12 and 2.13 for the 2d SHE
ou

1 .
(2.24) 5p = Au T pul, u@0,x)=1  VxeR>%
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To make sense of (2.24), we first mollify the space-time white noise W. Let
j€e COO(RZ) be a probability density on R? with j (x) = J(=x),andlet J :=jxj.
For ¢ > 0, let j,(x) := &2 (x/¢). The mollified noise W is defined formally by
We(t, x) = Jr2 Je(x — Y)W (t, y)dy, so that

/ f@t, x)WE(t, x)dr dx
RxR2

= ( f(t,x)jg(y—x)dx)W(t,y)dtdy VfeL*(R x R?).
RxR2 \JR?

For fixed x, the process ¢ — fé we (s, x)ds is a Brownian motion with variance
Ilj ||%. Then we consider the mollified equation (with It6 integration, and 8 = B,
possibly depending on ¢)
out 1 .
Py =§Au£+/38u8W£, uf0, ) =1,
whose solution admits the generalized Feynman—Kac representation ([5], Section 3
and (3.22))

(2.25)

uf(t,x)=E, [exp{ﬂg /t WE(t — s, By)ds
0

_ %'B*%E[(/(;t We(t — s, Bs)ds>2}”,

where E, is expectation w.r.t. (By)s>0, a standard Brownian motion in R2 with
Bog = x and E denotes the expectation with respect to the White noise. By a time
reversal in W¢, we note that u® (¢, x) has the same distribution [for fixed (¢, x)] as

2
(1, x) .= E, [exp{ﬁs /Ot WE(s, By)ds — %ﬁgE[(/ot We (s, Bs)ds) }”

t . 1
=Eexple [ [ (B~ WG,y dsdy = 3821715

(2.26)

(2.27) ,
et .
=E.-1, I:exp{ﬂe / / j(By — Y)W, y)dsdy
0 R2

- %ﬁf(e‘zt)nju%”,

V\_/here in the last step we made the change of variables (g7, e2%) 1= (v,s), and
W(F, y)dsdy := e2W (675, £y)d(¢23) d(gy) is another two-dimensional space-
time white noise. (One can actually extend (2.27) so that the equality in law be-
tween u®(z, x) and (¢, x) holds jointly for all # € [0, 1] and x € R?; see (9.1)
below.)
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Relation (2.27) suggests that we can interpret #° (¢, x) as the partition function
of a directed Brownian polymer in R? in a white noise space-time random envi-
ronment at inverse temperature B¢, with starting point ¢ ~'x and polymer length
£72t. A consequence of our results for the short-range directed polymer on Z? is
the following analogue of Theorems 2.8 and 2.12, combined into a single theorem.
Let us agree that [|X|| :=1 V |x|%.

THEOREM 2.15 (Limits of regularized solutions). Let u®(t,x) be the solu-
tion of the regularized 2d SHE (2.25), with B, :,3 [ _2m for some ,3 € (0, 00).

loge~!
Following the notation in Theorem 2.12, consider a finite collection of space-time

points xé“ = (xéi), tg(i)), 1 <i<r,suchthatase— 0,

Viije{l,....r}: 19 =g,
X =X = e20=6% W for some ¢ j € 10, 1].

Then for ,3 <1, (ug(Xgi)))ls,-S, converge in joint distribution to the same limit
Ge¥it)i<izr as in (2.17) as &€ — 0, with E[u® (X{"))2] — E[(:e":)2]; while for
B=1,ut(x") =0,

REMARK 2.16. Applying Hopf—Cole transformation to (2.25), we note that
hé(t,x) :=logu®(t, x) is the solution of the regularized 2d KPZ equation
dh* 1 & 1 g2 7€ 2.-2q 1112 &
(2.28) P 5Ah + 5|Vh 1“4+ BW® — Bze " jli3, h¢(0,) =0,
where the last term _ﬁ€28—2” j ||% is the Itd correction. Theorem 2.15 can there-

fore be reformulated for the 2d KPZ equation, showing that when B €(0,1), the
solution 4° has pointwise Gaussian limits as ¢ — 0.

Here is the analogue of Theorem 2.13.

THEOREM 2.17 (Fluctuations of the solution field). Ler ut(t,x) be as in The-
orem 2.15 with B € (0,1). Let ¥ : R? x [0, 1] — R be continuous with compact
support, and let

" loge~! .
229 V.= / (U (t,x) — Dy (x, 1 — 1) dxdr.
& 27 JR2x[0,1]

Then ng converges in distribution as ¢ — 0 to the same Gaussian random variable
N (O, Jé) as in Theorem 2.13 for the directed polymer model on Z>*!.

REMARK 2.18. For simplicity, we have formulated our results for the 2d SHE
with u?(0, -) = 1. However, it can be easily extended to general u(0, -). As it will
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become clear in the proof (or the heuristics in Section 3), for B < 1, the limit
of u®(¢, x) depends only on the white noise W in an infinitesimal time window
[t —o(1),1] as ¢ — O (for directed polymer of length N, the partition function
similarly depends only on the disorder in a time window [1, N!~°(D]). Therefore,
if we set the noise to be zero in the time window [0, — o(1)], then apply the
Feynman—Kac formula (2.26) first from time ¢ to  — o(1), and then to 0, then we
will see that the limit of u? (¢, x) depends on the initial condition only via a factor
E[u®(0, By)].

REMARK 2.19. Bertini—Cancrini [6] showed that if in (2.25), B :=

\/ logzje-[* r+ oz 2, 2 for some A € R, which corresponds to a finer window around

,3 =1 in our notation, then u® is tight in a suitable space of distributions, and the
two-point function E[u® (¢, x)u® (¢, y)] converges to a nontrivial limit. However,
they could not identify the limit of u®. Combined with our result that u°(z, x)
converges in probability to O for each x € R? when B =1, this suggests that the
random measure u°(f, x) dx may have a nontrivial limit as ¢ — 0, which is singu-
lar w.r.t. the Lebesgue measure.

REMARK 2.20. We note a formal connection between the 2d SHE and Gaus-
sian multiplicative chaos (GMC), which typically considers random measures
Mg(dx) = PX:=BEIX31/2 4y on [0,1]¢ for some Gaussian field (Xx)xef0.14-
When the covariance kernel of X is divergent on the diagonal, X is a general-
ized function and to define Mg(dx), one first replaces X by its mollified version
X¢ and defines M g (dx) and then takes the limit ¢ — 0 (see [30] for a survey).
For the 2d SHE, the exponential weight in (2.26) can be seen as the analogue of

PXE=BELXD’)/2 for the mollified Gaussian field X £, except now the Gaussian
field X? is indexed by C([O0, ], R?) endowed with the Wiener measure. As & — 0,
its covariance kernel K?(-, -) can be seen to diverge logarithmically in probability,
if it is regarded as a random variable defined on C ([0, 7], R2)2 endowed with the
product Wiener measure. We note that shortly after the completion of this paper,
Mukherjee et al. [27] used techniques from GMC to prove the existence of a weak
to strong disorder transition for the SHE in d > 3.

3. Heuristics. In this section, we illustrate the core of our approach, empha-
sizing the main ideas and keeping the exposition at a heuristic level. In Section 3.1,
we recall the approach developed in [11] to deal with the disorder relevant regime,
then in Sectiion 3.2 we explain how it fails for marginally relevant models and how
does the marginal overlap condition arise.

3.1. Heuristics for disorder relevant regime. For simplicity, we use the pin-
ning model to illustrate the general approach developed in [11] to identify limits
of partition functions in a suitable continuum and weak disorder limit.
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We first rewrite the partition function (2.2) for ¢ = 0: since e*liret) =1 +
(e* — Dljyer) forall x € R, we get

N
3.1 Zﬁ’ﬂ = E|:]_[ 1+ ﬁnn]l{ne,}):| where n, :=

n=1

e/gwn_)"(ﬂ) —1
B

A binomial expansion of the product in (3.1) then yields (setting ng=0)

N
ZIO\)’,ﬁ:1+Z'8k Z anj—n, 11_[’7"1

(3-2) k=1 1<ni<--<nip<N j=l1
where g, :=P(n € 7).

We have thus rewritten Z% ; as a multi-linear polynomial of the i.i.d. random
variables (1;)neN, sometlmes called a polynomial chaos expansion.
Assume for simplicity that the underlying renewal process t satisfies

3.3) P(ti —t9o=n) ~ asn — oo

nlto

for some C > 0 and « € (0, 1), which implies the local limit theorem ([16], Theo-
rem B).

) C asin(mwoa) 1
3.4) gn:=Pner)~ T = Cr Cia
Recalling (3.1), we have E[n,] = 0, and by Taylor’s expansion,
3.5 Var[n,] ~1 as B8 — 0.

Since the “influence” of each 5, on Z§ N.B is small, we can apply a Lindeberg
principle (see, e.g., [11, 26, 28]) to replace (Mn)nen by i.i.d. standard Gaussian
random variables without changing the limiting distribution of Z N.p a8 N — oo,
Standard i.i.d. Gaussian (1,,),eN can be defined from a white noise W (dr) on
[0, 00), with
n+1
(3.6) Ny = Jﬁ/ " Wds), neN.

N

Setting ¢; :=n; /N for each i € N, the series (3.2) then becomes a series of stochas-
tic integrals

N
g1+ (BN2 f f HQLNtJ [Nt IJ]_[W(dtl
k=1 O<ty<-- <tk<l

3.7) k
S |
Z IB O<ty<-- <tk<1

where we have applied (3.4) that gy; ~ C(Nt)*~ L.

2

k
[1¢ — ;-0 [ w@s),
=1 i=1
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In the disorder relevant regime o € (1/2, 1), we note that g(¢) := t*~! is square-
integrable in 7 € [0, 1] and the stochastic integrals in (3.7) are all well defined. In
particular, in the weak disorder limit:

A

(3.8) By = p 1 with B € (0, 00),

CN*2
relation (3.7) suggests that as N — oo, the partition function Z _py converges in
law to

0,¢]
39z :=1+Zﬂkf---f l_[(t]—t] DY 1]‘[W(d:,
k=1 O<ty<-- <tk<1

The limit Z" can then be used to define a continuum disordered pinning model

[10].

For the marginal case o = 1/2, the above approach breaks down because 1/+/f
just fails to be square-integrable in [0, 1] and the stochastic integrals in (3.7) be-
come undefined. Nevertheless, for each k € N, we note that the second moment
of the kth term in (3.2) diverges as N — oo, which hints at marginal relevance of
disorder.

For directed polymer models, exactly the same phenomenon appears. The ap-
proach of [11] sketched above applies to the short-range directed polymer on Z'*!
and the long-range directed polymer on Z!'*! with tail exponent « € (1,2), and
breaks down exactly at the marginal cases, which include the short-range directed
polymer on Z>*! and the long-range directed polymer on Z!*! with tail exponent
a=1.

3.2. Heuristics for marginal relevant regime. We now sketch the heuristics
behind our proof of Theorem 2.8. Again, we use the pinning model to illustrate
our approach, focusing on the marginal case where the renewal process satisfies
(3.3) witha =1/2.

For simplicity, while retaining the key features, we assume that (1,,),cN arei.i.d.
standard normal, and in light of (3.4), we assume for simplicity that g, = 1/./n.
Then ZILS’, P in (3.2) simplifies to

N
(3.10) Zv=1+Y By . ]_[ —
AL J=

k=1 1<ni<---<ng<N j=1

The first observation, which follows from a direct calculation, is that for each
k € N, the associated inner sum in Zy has second moment

— 3 ]‘[ " (log Nk ~ R,

1<nj<---<ng<N j= 1
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where Ry is the expected replica overlap defined in (2.7) and satisfies the marginal
overlap condition. This suggests that if there is a nontrivial weak disorder limit for
Z N, then we should choose By := ,3 /+/Ry for some ,3 > 0. Furthermore, note that
E[Z 1— 1 -— ,8 )~ for ,8 € (0,1) and E[Z2 ] — oo for /3 > 1, with a transition

occurring at ,BC =1.

We assume from now on By := B/«/logN ~ B/«/RN in (3.10) withB e (0, 1),
so that

N
Zv=1+ gz
k=1
3.11)
1

with z® = ——
N (lOgN)2 1<n1<2ink<le_[l Vi —I’l]
To prove Theorem 2.8, that Zy converges in law to a log-normal random variable,
we will identify the limit of Zl(\l,{) for each k € N, where an interesting structure
appears. Below are the key observations.

(A) An elementary observation. Let (W (t)),>0 be a standard Brownian motion
on R. For any § > 0, let Ws(¢) := W((St)/«/g, which is another standard Brown-
ian motion correlated with W. A simple covariance calculation then shows that as
6} 0, W and Ws become asymptotically independent. Such asymptotic indepen-
dence due to separation of scales also extends to higher-dimensional white noise,
which will be crucial in our analysis.

(B) Identifying the time scale. Next, we identify the intrinsic time scale appear-
ing in the limit of ZI(\}), and Zl(\l,{) in general. Note that for any 0 <a < b <1,

NP N . .. . . . .
«/W n=Ne jy Converges in distribution to a Gaussian random variable with

mean zero and variance b — a. Therefore, to approximate the sum in Zj D by a
stochastic integral, we should make the change of variable n = N9, Wthh gives
1 N Nn b (1
4~ W (ds VO<a<b<l,
VIogN ,,;a vn /a :

where W is a standard Brownian motion. In particular, Zl(vl) ~ fol w(ds) =

(3.12)

Wl(l) . This indicates that the correct time scale is exponential # — N', rather than
linear t — Nt.

(C) Identifying the structure. Finally, we identify the limit of Z (2), where the
key structure already emerges. An L? calculation shows that as N — oo, we can
relax the range of summation:

@) 1 NnMm
z\¥ — L
N " logN 0<n§1§N Jnym—n
1 1

(3.13)
~ Z Nny ( Z nn1+n2>
J1og N O <N N «/IOgN0<n2§N ny




3068 F. CARAVENNA, R. SUN AND N. ZYGOURAS

Using the approximation (3.12) with n; =: N°! and similarly for the sum over
Z NNs1 +ny )

ny =: N%2,
(Z)N/ aw (1)(
51 logNO<n N

1
~ / WO (dsy) / W) (dsy),
0 0

where given s1, W@ is a standard Brownian motion with

(3.14)

1 NUEN®

(3.15) T~ WESD ().

JIog N XN:” N

To understand the relation between Ws(ll) and Ws(,f 1) and make sense of the
stochastic integral in (3.14), we distinguish between the cases 52 < s; and 57 > s7.

e Case 5o < s1: In this case, N2 « N1, and observation (A) shows that in the
limit N — oo, the white noise (W<2;S1)(dsz))ofszss1 becomes asymptotically
independent of (W1 (ds;))o<s,<1. Indeed, by (3.12) and (3.15), we note that
the increments of W21 in a small time window [s2, s» + A] is defined from
nn, With n € [N*1 4+ N2, N1 + N*2t2] which is an infinitesimal window con-
tained in the range of indices [N, N s1+A] ysed to define the increments of
WD on [s1,s1 + A]. In other words, the white noise (W(Z;“l)(dSZ))QSSZSS1
is effectively obtained by sampling WV (ds;) in an infinitesimal window in
[s1,s1 + A]. A covariance calculation as in (A) shows that in the limit N — oo,
W (ds;) and WEs1 (ds,) are independent for all a, s; € [0, 1] and b € [0, s1].
Furthermore, using the fourth moment theorem, it can be shown that

(3.16) (T(ds1, dsp) := WD (dsy) - WD (ds))

0<sr<s1<l1

is a two-dimensional white noise, independent of (dWs(ll))oSS1 <1.

e Case so > s1: In this case, N¥! < N2 as N — oo. Therefore, the range of in-
dices [N! 4+ N*2, NSt 4 N2+4] essentially coincide with [N*2, N2+2], which
are the indices of 1 used to define respectively the increments of W51 and
W in a small window [s2, 52 + A]. This implies that in the limit N — oo, we
have W &5 (dsy) = W (ds»).

By the above considerations, we can now rewrite the approximation (3.14) as
CRR IVACES ['(dsy,ds2) + W (dsy) dw D (dsy),
0<sp<s1<1 0<sy<sr<l1

where the first term is a normal random variable with mean zero and variance 1/2,
independent of the second term, which can be rewritten as

52 (1) 2 _
[T wo@s ([T whasn)= [ w0ewas = TR
0 0 0 2
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When we consider the limit of ZI(\],C) for k > 3, similar separation of scales ap-

pears when we make the change of time scale n; = N*. The limit of Zl(\l,() admits
a decomposition similar to (3.17) (but more complicated), involving independent
white noises of various different dimensions up to dimension k.

So far, we focused on pinning models, but everything can be extended to di-
rected polymer models, whose partition function admits a polynomial chaos ex-
pansion analogous to (3.2); see (4.1) below. Remarkably, the structure is the same
as for the pinning model: If we make the change of time variable n; = N and a

1/d

change of space variable z; = x;n;’" [assuming L(-) =1 in Hypothesis 2.4], then

similar to (3.12), ZI(\}) can be approximated by fol Jge WD (dt dx) for a white noise
WO on RY x [0, 00). Concerning Z(Z), in analogy with (3.14), for each s; > 0 and
x1 € R?, we have an independent white noise (W @51:%1 (dsy dx2)),e(0.5].x0€R4 >
which is effectively obtained by sampling W) in an infinitesimal space-
time window around (sy,x;), while (W&s1XD(ds, dxg))s2>S17x2€Rd =
(WD (ds2dx2))g,0 5, xpeR-

4. Proof steps for Theorem 2.8. Since the proof of Theorem 2.8 [for
,3 € (0, 1)] is long and modular, we list here the proof steps. These contain four
approximations (A1)-(A4), plus one key step (K) which identifies the building
blocks of the limiting partition function. The local limit theorems (2.3)—(2.5) in
Hypothesis 2.4 will only be used in the approximation step (A3). The other steps
only use the marginal overlap condition, that is, Ry is a divergent slowly varying
function.

The proof steps are the same for pinning (d = 0) and directed polymer models
(d =1,2), so we follow a unified notation. The starting point is a polynomial
chaos expansion for the partition function of directed polymers, in analogy with
(3.1)—(3.2) for pinning:

N
ZN gy :1+Zl§kzz(\];) (By = B/VRY),

k=1
“4.1) L .
& 1
where ZI(V) = W Z 1_[ Inj—n;(2j —2j-1) 1_[ N,z
N 1=m<<m =N j=1 i=1

21,2250, 2 €24
with ng :=0, z9 := 0 and
ePNom)—ABN) _

BN

Note that relation (4.1) applies also to the pinning model, if we view it as a directed
polymer on 70 := {0} (cf. Hypothesis 2.4) and identify g, (0) with ¢, =P(n € 7).

42 qu@=P(Si=2). Mo =1 =




3070 F. CARAVENNA, R. SUN AND N. ZYGOURAS

Asa preliminary step, we can approximate Z%, By from (4.1) in L? (uniformly
in N) by ZN By = 1+ Z,{;l ,3"21(5) if K is large, but fixed, since forﬁ €(0,1),

N
. 5 k)2
Jim |7~ Zu 8 B= dim Y |20
(4 3) k=K+1

s A
< lim Y p*=

K=oo, T

where we used the fact that ||Z](\l,‘)||% <1, as one checks by (4.1) and (2.7) [see

(6.4) below]. We can therefore focus on identifying the limit ZJ“\}:?N as N — oo,
and send K — oo later:
Our first step is to approximate Z](\If) in (4.1) as follows.

(A1) For each k € N, define Z](\]f) by enlarging the range of summation for Zj(\];) in

(4.1), allowing the time increments ny, np —ny, ..., ny —ng— to vary freely
in {1, ..., N}, and show that ||ZI(\],°) - ZI(\],‘)H% — 0as N — oo.

Note that this allows us to replace Z]“\’,”IgN by

K
(Al) . gk 7 (k) 7AD
4.4 Zygy =1+ BZy with |25 — Z\tg |3 — 20
k=1 o0
Let us now consider M arbitrary and for each /Z\](\],() partition the range {1, ..., N}
for each variable ny, no —ny, ..., ny —ng—1 into M blocks I, I, ..., Iy, defined

by (with tg :=0)

(4.5) I :=(_1,]  witht ::th’M::min{me{l,...,N}:Rm>IMRN}.

Note that for Ry =log N we have [; = (N%, Nﬁ]. We can then write

~ 1 .
7=ty ey
) M k/2

4.6) where QZ’YL{‘TIJ/( = (E)

k k
X Z HCInj—nj,l(Zj —ijl)l_[’?(nf,zz‘)’

nlfnoelil j=1 i=1
nzfnleliz ,,,,, nkfnk,lelik
21,22+ 2k €24

where (ng, zg) = (0, 0).
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REMARK 4.1. The intervals (/;)1<i<m encode the right time scale, as ex-
plained in (B) in Section 3.2, because Ry, — Ry, | ~ ﬁRN. The sum over iy, ..., i
in ’Z\J(\],c) in (4.6) corresponds to a discretization of the stochastic integrals that will
arise in the limit N — oo.

To ensure a proper separation of scales later on, define
“@.7 {1,...,M}§ ={i=01,....0) €{l,.. ALE lij —ij|>2forall j # j'}.
Our second approximation shows that the contributions to 2§v) in (4.6) from sum-

mation indices i € {1,..., M}¥ \{L,..., M}§ is small for large M, uniformly in
large N, that is,

. . N;M
(AZ) hmM_>oohmsupN_)oo || ZlG{l ..... M}k\{l ..... M}/E $®l ||% =0

Therefore, we can restrict the sum over i in 2 ®toie {1,....,. M }§ . Note that this

implies we can further replace Z (AI) in (4.4) by

(A2) | _ K /§k N:M
ZN By =1+) — ) 6

(4.8) k=1 iefl,.., M}
: : : (A1) (A2)
with Mh_r)noo hrrl)sllop |ZN 6y — ZN 5y H2 =0.

We now try to identify the limit of @l{V M 33 N — 0. The heuristics sketched
in Section 3.2 for Z](\}) and Zz(\%) suggest the following:

e Case k = 1: the family (@f-V ;M)IS,-S M converges in distribution to i.i.d. standard
normal random variables (&;)1<i<m-

e Case k =2:forij <ip—2,the famlly eV converges in distribution to &;, &, ,

1, 12
while for i1 > i + 2, the family ®i1 iz converges in distribution to a family of
i.i.d. standard normal random variables ¢;, ;, independent of (;)1<i<m.

For k > 3, the limit of @ ...i; also turns out to be a product of independent stan-

dard normal random Varlables ¢., with one ¢. for each running maxima in the se-

quence (i1, ..., ir). More precisely, let us say that

“4.9) i:=C(y,...,ix) € {1,...,M}k is a dominated sequence if i1 > ia, ..., ig.

Theneachi e {1,..., M }’g can be divided into consecutive dominated sequences
iD= G, i-1),0® = Gy vritg—1)s .o i™ i= (ig,, ..., i), Where
ig, =01 <--- <Iy, are the successive running maxima of (iy, ..., ig).

Our third approximation step shows that the random variable @l{\’ M in (4.6)
admits the following asymptotic factorization:
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(A3) Forall M,k € N and for each i := (i1, ..., i) € {1, ...,M}lg,
N;M N;M
(4.10) hm 1©; -V i ®i<2> - (m) ||2_O
where (i1, ..., i™) is the decomposition of i into dominated sequences.

Note that this allows us to further replace Z (Az) in (4.8) by

K 2k
(A3) . B N:M ~N:M N:M
Z =1+ Z Z ®l(1) 0, i@ -0, i

N.Bn 3
(4.11) k=1 M2 e
: (A2) _ 7(A3)
with | Zyy"5. — Zy g, 5 — o.

N—o0

We are now reduced to identifying the limit of G)év ‘M when i are dominated
sequences. Denote

o
(4.12) Dy =i € U{l, cee, M}§ : i is a dominated sequence ;.
k=1

Here is the key step in the proof of Theorem 2.8:

(K) As N — oo, the family of random variables (@f-v ;M),-e D, converges in distri-
bution to a family of i.i.d. standard normal random variables (¢;)icp,, -

In particular, this implies that

K
(4.13) Z$) LMKy Y [T

N.Bn N—o00 B

To complete the proof of Theorem 2.8 for ,3 € (0, 1), we first take the limit
K — oo. By the fact that 8 < 1, it is clear that Zg/[’K converges as K — oo to

o0 2k
(4.14) zg”)::wzﬂ—' > lj[é“ia),

uniformly in L? with respect to M. Therefore, it only remains to take the limit
M — oo and show that

(b Z" 7= o i
M—o0 'B

We will prove the key step (K) in Section 5. The approximation steps (A1)—(A4)

will be carried out in Section 6, which then implies Theorem 2.8. The main tool to

prove (K) is a fourth moment theorem for polynomial chaos expansions, due to de
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Jong [13, 14], Nualart and Peccati [29] and Nourdin, Peccati and Reinert [28]. The
following versions is an extension to random variables with possibly unbounded
third moment, based on the Lindeberg principle proved in [11] (which extends [26,
31)).

THEOREM 4.2 (Fourth moment theorem). For each N € N, let (nn t)seT be
independent random variables with mean 0 and variance 1, indexed by a count-
able set T. Assume that (U}zv,,)NeN,teT are uniformly integrable. Fix k € N and
di,...,dr e N. Foreach 1 <i <k, let CIDE\Z,)(nN,.) be a multi-linear polynomial in
(N .)ieT of degree d;, that is,

oVany= Y ¢V D[ [nv.  for some real-valued §3) ().
ICT,|I|=d; tel

Assume further that:

(i) forall1<i, j <k, E[@%)(WN,.)QD%)(UN,.)] — V (i, j) for some matrix V as
N — o0; _
(i1) for each 1 <i <k, E[@X,)(S.)“] — 3V (i,i)? as N — 0o, where we have
replaced (N 1)ieT by i.i.d. standard normal random variables (&;);cT;
(iii) the maximal influence of each variable ny ; on the polynomials of degree
one among (@5\’,)(771\/,.))15,-51{ is asymptotically negligible, that is, for each
1<ic<k,

(4.15) mz%lz<|¢1(\§)({t})| —-0  asN — oo.
te

Then (CI>§\I,) (MN,))1<i<k converge in law to a centered Gaussian vector with covari-
ance V.

PROOF. If we replace (nn )seT by standard Gaussians (§;);cT, , Theorem 4.2
holds without the need of assuming condition (iii), thanks to [28], Theorem 7.6,
which is a multi-dimensional extension of the fourth moment theorem [14, 29].

To justify the replacement with Gaussians, we show that the vectors
(@9 (nn.)1<i<k and (D) (£))1<i<x have the same limit in law as N — oc.
By the Cramer—Wold device, it is enough to consider a linear combination ®y =
Zle ¢ CDX,), which is a multi-linear polynomial with degree d := maxj<;<x d; and
with variance o*]%, <k Zle ci2 >cT ¢](\§)(I )? (by Cauchy—Schwarz). By the Lin-
deberg principle in [11], Theorem 2.6, for any smooth and bounded f : R — R
there is C = Cy, 5 < 00, such that, for every M > 0,

B[/ (@ (n,))] — E[£ (@n ()] < Cof {m5™ + M max Vinfi (@)},
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where
miM .= max E[X*1x1= ],
2 XeUnen,rer{nn.r.6} [ x> }]
k .
Inf,(Oy) =Y > o3 (D%
i=1 1>t

By the uniform integrability assumption on ’7/2\/,;’ we can fix M > 0 large enough

so that m5 M is as small as we wish. Since supy 01%, < 00 by assumption (i),

the proof is completed if we show that max;cT +/Inf; (®y) — 0 as N — oo. For
polynomials d)g\',) of degree d; = 1, this holds by assumption (iii), while for d; > 2
it is a consequence of the fourth moment assumption (ii), as shown in [28], Propo-
sition 1.6 and (1.9). O

5. Proof of key step for Theorem 2.8. In this section, we prove the key step
(K) in the proof of Theorem 2.8, formulated in Section 4, which asserts that the
building blocks of the chaos expansion have asymptotic Gaussian behavior. This
result actually holds in great generality and is of independent interest, so it is worth
stating explicitly the assumptions we need.

We work on Z for fixed d € Ny (with Z° := {0}). For every n € N, we fix a
function g, (-) € L*(Z4)—not necessarily a probability kernel—and we define [cf.
(2.7)]

i( > an?))

n=1 "xezd

N
(5.1) Ry =) lgul*=
n=1

In the following sections, we will focus on the special cases when g,(x) =
P(S, =x) or g, =P(n € t), with § or 7 satisfying the local limit theorems in Hy-
pothesis 2.4. However, in this section we only need to assume that Ry is a slowly
varying function which diverges as N — 00. The basic case to keep in mind is
Ry ~ClogN.

Let us fix M € N and split

(5.2) {1,2,...,.N}=LULU---Uly,

where the intervals [; are defined by (4.5). This definition ensures that each I;
contributes equally to Ry, since?

Ry
(5.3) > lgml* =Ry =Ry, ~ ==

— 00
mGI,'

4Note that R,, — R,,_1 =0(Ry;) as n — oo, by the slowly varying property, hence Ry, ~ ﬁR N-
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DEFINITION 5.1. Let Efi" := | J, .y E be the set of all finite sequences z =
(z1, ..., zx) taking values in a given set E . For z € E¥ C Efi" we denote by |z| =k
the length of z. We also let Nﬁ be the subset of increasing sequences n € N¥, that

is,ny <np < --- < ng, and analogously we set N?“ = Uken N?.

M

. N
We focus on the random variables ®i1 i

introduced in (4.6), which can be

conveniently reformulated as follows. Given i € {1, ..., M} we define a set of
increasing sequences n € N?n that are compatible with i, denoted by n < i, as
follows:

54) n<i <<= |n|=li| and ny—no€l;,...,niy—nj-1<1;

li]*
where ng = 0. We can then define

N (M
(5.5) ONVM .= (RN>

i

o]

Y. Ou

neN?“:n«'
with

|n|

(56) Qn = Z l_[ C]nj—nj_l (x] - xj—l)ﬂ(nj,xj) = Z Qn(x)n(n,x),

xe(Zdynl j=1 xe(Zd)nl
where ng = xgp = 0 and we have introduced the further abbreviations

|n] ||

(5.7) an(x) =[] qn;—n;_ (xj — xj-1), Ny = [ [ 1a;x-
j=1 j=1

Here, ((n,x)) (n.x)enxze are independent random variables with E[n x)] = 0,
Var[n(,x)] = 1. (In our case [cf. (4.2)], we actually have Var[n, )] =1+40(1) as
N — 00, because
exp(A(2BN) —20(BN)) — 1
B

since A(B) = %,32 + 0(B%) as B — 0. To lighten notation, we assume that
Var[n(n,x)] =1,

We allow 7n¢ x) = 7781\2) to depend on N € N, as in (4.2). We only need

Var[nu.xnl = =1+ O(Bn),

to assume that the squares ((ngylxl))z)NeN,(n,x)eNde are uniformly integrable.
Note that this holds for (4.2), as one easily checks by showing boundedness of
E[(n(, »,)*1; see [11], equation (6.27).

We now state our main result, which generalizes the key step (K) in Section 4.
Recall that the space Dy € {1,...,. M Y of dominated sequences is defined as
[cf. (4.7) and (4.12)]

(5.8) DM = {iE{l,...,M}ﬁnIil >i2,i3,...,i\i|,|ij—ij/|22\7’j75j/}.
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PROPOSITION 5.2. Assume that Ry in (5.1) is a slowly varying function
which diverges as N — oo. For every fixed M € N, the random variables

(@)?]’M)ie D,y indexed by dominated sequences in Dy, converge jointly in law as
N — oo to i.id. standard Gaussians (L;)iep,, -

PROOF. We observe that, by (5.6),

(5.9) E[Qa]1=0,  E[QnQuw]=l4nllTtn=n),
where
5 ] ) || 5
(5.10) lgnl® = T Ngn;—n; 1% = H(Z Gnjn; 1 (X) )
j=1 j=1 "xezd
We stress that E[Q, Q,/] =0 for n # n’, because n = (n1, ..., n},|) then contains

some value, say 7 ;, which does not appear in n’ (or the other way around), so the
random variables 7(,; x;) appearing in the product Q, Q, are unpaired and the
expectation yields zero.

It is now easy to see that the random variables @ﬁv ’M, for i € Dy, are uncorre-
lated and have asymptotically (as N — oo for fixed M) unit variance. In fact,

E[e) el =0  vi#i

1

because if n < i and n’ < i’, then n # n’ by (5.4), and hence E[Q,Q,/] =0 by
(5.9). Next, by (5.5) and (5.9),

(0} )= () S

n<i

=<£4—N)|i| lul( > lanl) s 1

Jj=1 "mel(ij)

(5.11)

where in the last step we used (5.3).

We now apply the multi-dimensional version of the fourth moment theorem,
Theorem 4.2, to prove that (@év ’M),-e p,, converge to i.i.d. standard Gaussians. We
have just verified condition (i) in Theorem 4.2, and the influence condition (iii) on

@év M with |i| = 1 clearly holds. It only remains to verify condition (ii), that is,
assuming that ((n,x)) ;. x)enxzd are i.1.d. standard normal, we need to show that
(5.12) lim E[(©)")]=3  VieDy.
N—o0o
Recalling (5.5), we can write
N:M\4 M\
(5.13) E[(®;"")]= (ﬁ) Y. ElQ4Q50:04l,

a,b,c,d<i
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where by (5.6) and (5.7),
E[QqQpQcQal
(5.14) = Z qa(X)qp(¥)qc(2)qa(W)E[N@,x) 1@, y) N(c,2)Nd, w)]-

x,y,2,we(Z4)li]

Let (a,x) = ((a1,x1), (a2, %2), ..., (@i}, xi))) € (N x Z9)ll denote the se-
quence of space-time points determined by a and x, and let p € N be the number of

distinct space-time points in the union of the four sequences (a, x), (b, y), (¢, 2),
d,w):

p:=|(a,x)U b, y)U(c,2)Ud, w)

(5.15) = Y Lune@nud.yue)ud.w)-

(n,r)eNxZ4
The first step toward (5.12) is to show that we can restrict the two sums in
(5.13)—(5.14) to configurations of (a, x), (b, y), (¢, 2), (d, w) satisfying

(5.16) p=2lil.

Indeed, we can rule out the two cases p > 2|i| and p < 2|i| as follows.

Case 1. p > 2|i|. Since there are 4|i| space-time points (including multiplic-
ity) in the four sequences (a, x), (b, y), (c, 2), (d, w), there must be at least one
space-time point, say (a, X)), which will not be matched in pair with one of
the elements in (b, y) U (¢, z) U (d, w). Then the expectation in (5.14) vanishes
because 7(g,,,x,,) 18 not paired to any other n random variable in 7, y), 7(c,z) OF
N(d,w) [recall (5.7)]. Therefore, the contribution to the sum in (5.13) is zero in this
case.

Case 2. p < 2]i|. Recalling (5.15), for each 1 < p < 2|i|, set

(p) . M\
Sy = (R—N) > qa(X)qp(¥)qc(2)qa(w)

(a,x),(b,y),(c,z)

5.17) (d,w) such that p=p

X E[na,x)1®,y)Ne.2)Nd,w)]-

It suffices to show that S](f) — 0as N — oo, for each p < 2Ji|.

To lighten notation, we assume that g, (x) > O [just replace g, (x) by |g,(x)]
in the following arguments]. Furthermore, we first consider the simplifying case
when

(5.18) qn(x) = L.

We will use the fact that E[1n,x)7,y)N(c,2)Md,w)] = 0 unless the individual n
variables match in pairs or quadruples, since we have assumed the 1’s to be i.i.d.
standard normals in our attempt to verify Theorem 4.2(ii). In any event, note that

(5.19) |E[a, )1, y)N(e,2)N(d,w)]] < 3lil,
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If p= p, then we can relabel (a,x) U (b,y) U (¢,z) U (d,w) =
{(f1,hD), (f2, h)s ..., (fp, hp)}, with f) < fo <--- < f},, and we set fp:=0
[since (fi,h;) are distinct space-time points, when f; = f;+; we must have
h; # hiy1]. The sums in (5.13) and (5.14) can then be rewritten as sums over
(fj>hj)1<j<p, with another sum over all admissible assignments of (a, x), (b, y),
(¢,z),(d, w) topointsin (fj, hj)i<j<p-

We start by summing over all admissible values of (f,, /). Denoting by m €
{2, 4} the number of space-time points in (a, x), (b, y), (¢, 2), (d, w) assigned to
(fp,hp) [for m € {1, 3}, the expectation in (5.14) vanishes]. The factors in (5.14)
involving (fp, hp) are

m
[Tas-s tp—hr)
i=1

for some ry,...,ry €{0,1,..., p — 1}. Using the assumption (5.18) that g, < 1,
we get

m
> [1as—5,0p =) = 37 dp—g (hp = he)d gy, (hp = hiry)

(fp’hp)izl (f[%hp)
)\ 172
= < Z qu_frl (hp _hrl) )
(520) (fp’hp)
2\ 2
(5 st )
(fp>hp)
< Y Y gix)=Ry.
1<n<N xezd
The last inequality holds because the range of f, — f, is contained in {1, ..., N},
by (5.4).

We can iterate this estimate, summing successively over (fp—1,hp—1),
(fp=2,hp=2), ..., (f1,h1). This, together with (5.19), shows that for fixed M € N,
as N — oo,

o M N2l o
(5.21) SY < 3c<—> R, = o(RE ),
Ry
where C depends only on |i| and p and bounds the number of ways of assigning
(a,x),(b,y),(c,z),(d,w)to(fr, he)i<e<p. Since p < 2|i|, relation (5.21) shows
that Sj(f) converges to zero as N tends to infinity.
We now show how to remove the assumption g, < 1 in (5.18). Setting

(5.22) lgnlloo ;= max g, (x),
xezd
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the right-hand side of (5.20) is replaced by Ry(maxi<,<y ||qn||g”o_2). As
we sum over (fp,hp),...,(f1, p1), we collect exactly 4[i| — 2p factors of
max<p<N ||gnllco. Consequently, (5.21) becomes

P _ o (pr-2li Hil=2p
(5.23) SV = O (R max llaalloe) ™).

However, by (5.1) and (5.22),

(5.24) max_||g, |12, < max (R, —R,_1) = o(Ry),
1<n<N 1<n<N

since Ry is slowly varying and divergent. Therefore, Sl(f) — 0 also in the general
case.

Continuing with the proof of (5.12), we may now restrict the sums in (5.13) and
(5.14) to configurations satisfying p = 2|i| [recall (5.15)]. This means that the 4|i|
space-time points among (a, x), (b, y), (¢, z), (d, w) match exactly in pairs (i.e.,
coincide two by two).

As before, let (f, hi)1<i<p, with f1 < fo <--- < f), and p = 2|i|, be the dis-
tinct space-time points occupied by (a, x) U (b, y) U (¢, z) U (d, w). In principle,
one could have f; = fi+1 (necessarily with h; # h;41), but such configurations
give a negligible contribution in (5.13), because this leaves at most p — 1 free co-
ordinates f; to sum over, each of which gives by (5.20) a contribution of at most
Ry [assuming g, < 1; otherwise use (5.24)], while the prefactor in (5.17) decays
as R;,p . As a consequence, we may assume that fi < f <--- < f,, which means
that the time points among a, b, ¢, d have to match exactly in pairs.

We now make a further restriction. Let [a] := [a1, a);|] € R be the smallest in-
terval containing all the points in the (increasing) sequence a = (ai, az, ..., aj;|).
Then [a] U [b] U [c¢] U [d] is a union of disjoint closed intervals (connected com-
ponents) whose number can range from one to four. We now show that we can
restrict the sum in (5.13) to configurations of a, b, ¢, d with exactly two connected
components. We distinguish between two cases.

Case 3. Three or four connected components. Since |a| = |b| = |c| = |d| = |i],
we must have

laUbUcUd| > 3li],

therefore, also p > 3|i| [cf. (5.15)], which has been excluded in Case 1.
Case 4. One connected component. Similar to (5.17), it suffices to focus on

) A\ 2l
(525  Syi= (R—) ) 40 (X)qp (e () (w)

N (@.x),(b,y),(c.2),d,w)
matching in pairs and
forming one connected component

and show that SN — 0 as N — oo (note that E[1(a,x)1®,y)M(c.2)Nd,w)] = 1 be-
cause of the “matching in pairs” condition). We will show that the “one connected
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component” condition effectively leads to the loss of a degree of freedom in the
summation.

Without loss of generality, assume that a; = min{ay, by, c1, d;} is the smallest
among all time indices in a, b, ¢, d. Then it has to match either b1, c| or di. Say
a; = by = fi. It follows that ¢; = f;, for some u € {2, ..., p}. The constraints of
matching in pairs and [a] U [b] U [¢] U [d] having one connected component imply
that either ¢; < aj or ¢; < bj for some k>2; w.Lo.g., assume that ¢; < a;. Since
a <1i,by (4.5) and (5.4), this implies

fi=mai< fu=ci<ap<ar+t,+t;+---+t;
< fit+ k=Dt 2 < fi+ilt 2,

where the last inequality holds because iy <i; —2 forall £ € {2, ..., |i|}, since i
is a dominated sequence; cf. (5.8). Also note f; =a; >t;,_1, again by (4.5) and
(5.4). Therefore,

fi=ar>t,1 and
(5.26) _ _
fu=cre(f1, i +m] where m ;= [i|t; 2.

We can now sum (5.25) over the variables (f1,h1),...,(fp,hp) subject to
(5.26) for some 2 < u < p. The sum over (f,,h,) has already been estimated
in (5.20) with m = 2, and is bounded by Ry. The same bound Ry applies to the
sum over ( fg, hy) foreachl=p—1,p—2,...,u+ 1. The sum over (f,, h,), in
view of (5.26), is bounded by

Z Z qf”_frl (hu _hrl)q.fu_ffz(hu _hr2)9
Jue(fr, fit+mi] h,ezd

for some ry,1p €{0,...,u — 1}. Since f, = c is the first index of the sequence
¢, we have either r; = 0 or r, = 0; w.l.o.g., assume r; = 0. We then have [recall

(5.7)]

Yo qn )G s, (h = hry)

Sue(fi, fi+mi]
h,ezd
)\ 12 )12
62 =( ¥ ant?) (X applu-hay)
Sue(fr, fi+mi1] Sue(f1, fi+m1]
h,ezd h,ezd
) 12 ) 12
= ( Z Qn(x)> ( Z Qn(x)) =y Ryfiwin —RpvRy.
fi<n=fi+m l<n<N

xez4 xezd
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Let us recall from (4.5) that t; = th’M satisfies Ry, ~ ﬁRN as N — oo (for fixed
M e N). It follows thatif j <i,thent; =o(t;) as N — 00. Since m; = |i|t;, —2 by
(5.26) while f1 =aj > t;; 1, it follows that m| = o( f1), and hence R, 17, ~ Ry,.

This implies that the right-hand side of (5.27) equals ,/o()R s, /Ry = o(1)Ry as
N — o0.

We can now sum over the remaining variables (fg, hy) for £ = u — 1,
u—2,...,1as we did before, with each sum bounded by Ry as shown in (5.20),
which gives

2|i
(5.28) Sy < c(£> | ‘Rgo(l),
Ry
where C is again a combinatorial factor independent of N. Since p = 2|i|, for any
fixed M € N, the right-hand side of (5.28) vanishes as N — oo.

To complete the proof of (5.12), it only remains to show that (5.12) holds if the
joint sums in (5.13) and (5.14) are restricted such that |(a,x) U (b, y) U (¢, z) U
(d, w)| =2li| and [a] U [b] U [c] U [d] contains two connected components.

Case 5. Two connected components. In this case, a, b, ¢, d must coincide two
by two, that is,

(5.29) a=bandc=d or a=candb=d or a=dandb=c.

This extends further to (a, x), (b, y), (c, 2), (d, w). By symmetry, each of the three
cases gives the same contribution, which leads to the factor 3 in the right-hand side
of (5.12). We can thus focus on the case (a,x) = (b, y) # (¢, 2) = (d, w).

Restricting the sums in (5.13) and (5.14) to (a,x) = (b, y) # (¢, 2) = (d, w),
we obtain

M\ 2l ) )
(5.30) (—) S e
Ry )
a,c<i,x,ze(Z4V
[a]N[c]=2
Note that if we ignore the restriction [a@] N [¢] = &, then the sum factorizes and we

obtain

(5.31) (%)zm( > @o?)( L a@?)

a<i,xeZd c<i,ze74

by the same variance calculation as in (5.11). This proves (5.12), because the terms
in (5.30) with [a] N [c] # & are negligible by the same bounds as in Case 4 [cf.
(5.27)], where [a] U [b] U [¢] U [d] contains one connected component. [

SIft j € [eti, t;] for € > 0, the slowly varying property of Ry would yield Ry; ~ Ry;, contradicting
4.5).
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6. Proof of Theorem 2.8. In this section, we will first prove the approxima-
tion steps (A1)-(A4) outlined in Section 4, and then conclude the proof of Theo-
rem 2.8.

Recall that the first step (A1) enlarges the range of summation for Z](\];) in (4.1)
tol <ni,np—ny,...,np—nr_1 <N.

LEMMA 6.1 [Approximation (Al)]. For each k € N, let Z](\I,C) be as in (4.1),
and let

1 k k
k
6.1 Zy == 3 T dnj—n;1 @5 = 2j=0) [T 16ni.20-
N 1<ninp—ny,...,ng—ng_1<N j=l1 i=1
Zl,zz,...,zkEZd
Then
(6.2) Jlim E[(Z¥ — z¥)*] =o.
[e.e]
PROOF. Recall from (5.6) that for n = (ny,...,n;) € N’% ={n e Nk :ny <

ny < --- <ngl,

n|

63) Ouwi= Y [ldn—n )= %m0y (Withng=x0 =0).
xe(Zd)ynl j=1

We can then write the difference
~ 1
Z(k) Z(k) k/2 Z (]]-1<n1 —NQ,..., N —Np_1 <N — ]]-O<n1< <nk<N)Qn

N neNk
Since E[Qy On'] = Lin=n'|lqn |? forn, n’ € Nk by (5.9), we observe that
=103 k)\2 Z5(k)\2 k k k
E[(ZY - zy))’1=E[(Zy))"] - E[(Zzy))*] - 2E[(Z}’ — Z\) 2]
=E[(Zy))"] - E[(2)].
On the other hand, recalling (2.7),
k k
E[(2})*] <E[(Z\)*]

1 £ >
= > [Tanj—n; 1 =250
6.4) N 1<ny,ny—ny,...ng—ng_1 <N j=1

21,225, 2k €LY

R" < Y an@ )

1<n<N
z€74
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To prove (6.2), it then suffices to show that limian%ooIE[(Zl(\];))z] > 1, which
holds since

E[(ZI(\];)) ] Rk Z IL0<n]< <nk<N||‘In||

neNk
Rk
_ _N/k
Rk Z 1<n|-ny,..., Ng—nNp— 1<N”qn” Rk )
neNk

which tends to 1 as N — oo by the assumption that Ry is slowly varying
inN. O

The approximation step (A2) in Section 4 bounds the contributions of near-
diagonal terms when the summations in 21(\];) in (6.1) are divided into blocks.

LEMMA 6.2 [Approximation (A2)]. Recall from (4.6) the definition of the
block variables

. M \*/?
N:M ,_
e " = <E> > On,

nlel,‘l,‘.‘,nk—nk,lelik
i=(1,....i0)€{l,..., M}k,

with Qy as in (6.3), and I; = (1, t;] defined as in (4.5) such that Ry, ~ ﬁRN.
Then

1 a2
(6.6) hm llmsupE[( Z —kG)l{V’M) :|:O,

M—o00o N_ o ie(l, ..., M}k\{l 77777 }/; M?2

(6.5)

where {1, ..., M}§ was defined in (4.7), which consists of i with |i; —i;| > 2 for
all j #j'.

PROOF. Denote {1,..., M} :={1,..., M}*\ {1,..., M}}. Note that

(¥ Lk(aﬁv‘Mﬂ:é 3 Y laal

ie{l,.., M}k M2 ie{l,..Mkni€li,...ng—ng_ 1€l

Recall from (5.3) that Y, llgml* ~ Ry/M as N — oo, while [lgal? =

]_[IJ.":I1 ||an—nj,1 ||2, we can therefore sum ng, ng_1, ..., ny successively to obtain

1 )\ 2 1
limsupIE[< Z —,i®£v’M):|§ Z e

N=oo ENeqr,.mpe M2 iell,.... Mk
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which tends to 0 as M — oo, since the constraint i € {1, ..., M}k \{1,..., M}§
reduces the number of free indices in i = (i1, ...,ix). O

The approximation step (A3) concerns the asymptotic factorization of @lgv M
into a product of @i\(]j)M , indexed by dominated sequences iV, ..., i™ form-
ing i [cf. (4.9)]. Recall that each i = (i1, ..., i) € {l,. ..,M}’g can be divided
into m = m(i) consecutive dominated sequences i .= (1, sieg—1), @ @ .=
(Tgs e vvsitz—1)svvns ™= (tys---»0k), Where ig, =i <ig, <--- <iy,, are the
successive running maxima of (i, ..., ix).

LEMMA 6.3 [Approximation (A3)]. Foreachi = (i,...,i) €{l,..., M}",
we have

i N:M N;M A N;M N:M \2
(6.7) Nh_r)nooE[((Oi — 0% O, @i(m(i))) =0,
where iV, ... i™D) is the decomposition of i into dominated sequences.

PROOF. We first prove (6.7) for m(i) = 2, with £; = 1 and ¢, denoting the
indices of the two running maxima of i. Recall that

Neut M \K2 k l—["
(68) ®i1,’...,ik = <_RN) E | | an—nj,l (xJ - -xj—l) N(ng,x;)-
i=1

ni EI,'I sy g —NE—1 EI,‘k j=1
Xlyenes xkeZd

Note that if we replace ¢, =Ny (x¢, —x¢,—1) by Iny, (x¢,) and replace the range
of summation ng, —ng,—1 € I,-Z2 by ng, € I%, then the above expression for @f-v M
becomes that for @f\(lf)M ®£\(7£)M. We will show that these replacements are jus-

tified because using that ¢, is a running maximum of i, one has ng, > ng,—1
and the local limit theorem of Hypothesis 2.4 can then be applied to replace

CIngz —ngy—1 (-xfz - x@z—l) by Qngz (xfz)'
First, note that the summands in (6.8) for @l{v M are all orthogonal, and the
dominant L? contribution comes from xj, ... , Xk with |x; — x;_1] of the order

¢nj—nj-1):=(0nj —nj-)Ln; —nj-*)"

for each 1 < j < k. Indeed, by the local limit theorem of Hypothesis 2.4 and a
Riemann sum approximation,

E[(Z\X\Squ(n) qn(X)n<n,x>)2] _ Z|x|§K¢(n)qu(x)2 N f|x|5K gz(x)dx N
E[(>_, Qn(x)n(n,x))z] dox ‘In(x)2 n—>00 fgz(x)dx K—o0
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Therefore, by choosing K large, we can approximate @fv M arbitrarily closely in
L? by

. M /2 k
N;:M
0; =<R—> E | | an—nj,](xj—xj—l)

ni EI,'l ey g —NE—1 EI,‘k
lx1|<K@(n1),..., | xk—xk—11<K ¢ (ng—ng—1)

k
X H N xi)-
i=1
Similarly, we can approximate @f_\(’f)M®?(/2;)M arbitrarily closely in L2 by
(:)f\(/l)M @f\{z)M , which differs from @fv M in:
e the factor Iny, (x¢,) instead of Ing,—ney—1 (Xe, — Xe5—1)3

e the range of summation ny, € Iizz and |xg,| < K¢ (ny,), instead of ng, —ng,—1 €
Iigz and |x52 - x52—1| =< K¢(n52 - n[z—l)-

We now show that these differences are negligible in L? contributions. By as-
sumption,
nj—nj_lel,-j:(tij_l,tij] foralll <j<d,—1,

where t, is chosen with Ry, ~ 4zRy. Since Ry is slowly varying and divergent,
we have t] < th K13 < --- as N — oo. In particular, we have the uniform bound

lr—1 lH—1
(6.9) nep-1= ) (nj—nj-1) < Yt =0) =0, -1),
Jj=1 j=1
where the last bound holds because the assumption i € {1,..., M }§ and £, be-

ing a running maximum ensures that i; <iy <ig, — I forall 1 < j <4{; — 1.
Therefore, when we switch from the range of summation in @év M from ng, €
Ng,—1 + (tiez—lvtizz] to ng, € (tiﬁz_l,tilz], the difference is negligible in L? as
N — oo.

Similarly, we have the uniform bound

lr—1
lxe,—1] < Z |xj —xj—1l
=1
(6.10) ’
lh—1 lh—1
<KY ¢pmj—ni-)<K Y ¢t;,) <ti,-1),
j=1 j=1

and when we switch the range of summation in (:55.\/ M from |xe, — xg—1] <
K¢ (g, —ne,—1) to |xe,| < Kp(ng,), the difference is again negligible in L? as
N — oo (recall that by construction Iizz Sng, —Ng—1 = tigz—l)-
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Having justified the switch of the range of summation for ny, and x¢, in
(:)?/;M to ng, € I,Z and |x¢,| < K¢(ng,), we note finally that switching
q,%_%_l(xe2 Xg,—1) tO ng, (x¢,) also leads to a negligible difference in L?
as N — oo, because umformly in x¢,—1 and ng,—; with bounds as in (6.9) and
(6.10), and uniformly in ng, € I,-l2 and |x¢,| < K¢ (ng,), we have

Gnp,—ng, 1 (Xey — Xpy—1)
(6‘11) nlz n[z 1 2 2

-1 — 0,
QHQ(XZQ) N—o0

which follows readily from the local limit theorem for ¢ (-) in Hypothesis 2.4.

This completes the proof of (6.7) when i has two running maxima. In general,
when i has m running maxima, occurring at indices £; = 1, £», ..., £y, the argu-
ment is the same: We just replace g —ne; 1 (x¢; —xe;—1) by Gne; (x¢;) and replace
the range of summation ng; —ne;—1 € Iizj by ne; € Iiﬁf’ one j atatime. [

As explained in Section 4, for a fixed M € N, which is the number of blocks
(Ii)1<i<m that partition [1, N] [cf. (5.2)], the polymer partition function ZI“\’,’ By
(with By = ,3 /~/Ry for some ,é < 1) is approximated in distribution in the
N — oo limit by the random variable Z( ) in (4.14). The last step (A4) is to
show that as M — oo, Z ) converges to the log-normal random variable Z in
Theorem 2.8.

LEMMA 6.4 [Step (A4)]. Let (i)iep,, bei.i.d. standard normal random vari-

ables indexed by finite dominated sequences in Dy as defined in (4.12). Let
,B € (0, 1), and let

k m(i)
(6.12) Z(M) _1+Z Z — [ &
k=lie(1,...myk M2 2
where iV, ... i™D)) is the decomposition of i into dominated sequences Then
(M)
(6.13) YA ————> ZAzexp(/ ——dW (@) — —/ )
B /1 ﬂzt 01— ,32t
where W is a standard one dimensional Wiener process.
PROOF. Grouping i = (iy, ..., ix) according to the indices of its running max-
matli=1<by<---<¥{, < k as well as the values of the running maxima

1 <iy <--- <ig, <M, which we denote by i ~ (E i7), we can write (with
gm-i—l =k+ 1)

oo k  pk
(6.14) Z%M)=1+ZZ/3— > Z ]_[cw ity 1)

X
k=1m=1 M2 1—tj<.<t,<k e
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Let us replace the constraints i € {1,..., M }’g and i ~ (Z, i7) by sum over
(gjgtseeesiegy—1) €{1, . i, — 1}4+1=4i=1 for each 1 < j < m, that is, ap-
proximate Z/%M) by
oo k Ok
(M) B
Z;7=1+3 % —
P k=1m=1 M?2
(6.15) m
x Z Z 1_[ é‘(l[j ~~~~~ i€j+171)’
1=ty <<l =<k (g 41smmes i{r+l_1)€ j=1
ig, —1)fr+170r =1
m

15151 <igy <<y, < oo
for r=1,...,

...,ay) €

where we have extended the i.i.d. family (¢;)iep,, to include new indepen-
a,) indexed by dominated sequences (aq,

.....

dent standard normals ¢,

{1,...,M}’\{1,...,M}g.
Note that 2/(;/’) contains more summands than Z%M), and the summands are
%M) ||% tend to

orthogonal. A simple calculation shows that both ||2}(§M)||% and | Z

14+, B =1 — >~ as M — oo. Therefore,
ZM 7M1z _, o,

1,

For a €e N and r € N, let us now denote

& (a) =

(6.16)
(ap,...,
Denoting rj :=4£41 —£; (with £, 1 :=k+1)and a; := igj, we can then rewrite

(M)

AN

p as
(M) oo k B‘k m
T 30 SRS TRED DI | e
k=1m=1 M2 1=¢<-<t,<k j=1
I<ai<ar<--<ayu<M

oo k B‘k m
=1+ZZ_ Z Z ngrj(aj)
rmeN lfal<a2<~-~<am§Mj=1

k=1m=1 Tlyeees
ritetrm=

2

00
=1+ >
rmeN1<aj<ay<--<an<M j=1 2

m Brj

[1—7& @)
i
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-1+ Y X nﬁsrwr]

m=1ry,...rpeNO<t; <tr<---<t,, <1 j= M

11y % Mix2 smMgﬁ

m=10<t|<tr<--<t, <l j=1 reN

where we could interchange summations because the series is L convergent when
B e (0,1). A

We note that (8/ VM )'&,(Mt) are independent normal random variables for
different values of » € N and r € M !N, and hence the collection of random vari-
ables:

r 1
Emii=). A’izér(Mt) t € (0, I]HMN,

reN

are also independent normal with mean zero and variance

. p p o1 _ B 1ten®
Var(Z /) :%WVar(sr(Mt)) :%—(Mt D=0 o
where
1 1
lem (D) = <

MA-B2)+1~" M1—-p)+1

which tends to O uniformly in ¢ € [0, 1] as M tends to oo, provided ,3 < 1. There-
fore, we can represent 2y ; in terms of a standard Wiener process W

3(1 n) [t 1
(6.18) Sy, = PUEEMO) [Ty 0110 =N
1—p2 i M

We can then write

619 Z-14Y % ]_[ﬁ(IHM(t)) ! aw,.

B _1
m=10<t)<tr<--<tp <1 j=1 —,322‘ Lji=wm

For ,3 < 1, it is easily seen that

A

AL

m
‘ > [1-—L—aw,
M— o0 =1 O<ti<-<ty<l j=1 1— ﬂth

dW(t)}:,

::exp{/oli%ﬁ%
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where the last equality holds by the properties of the Wick exponential ([24], Sec-
tion 3.2). Since the last expression is precisely Z 5 the proof is complete. [

PROOF OF THEOREM 2.8. When ,3 € (0,1), the convergence of Zﬁ,ﬁN
to Z i follows readily from the approximation steps (Al)-(A4) and the key
step (K), as explained in Section 4. The convergence of the second moment
E[(Z%’ﬂN)z] — E[(ZB)Z] 1 forﬁ € (0, 1) is a simple calculation, using (4.4)

=1
and E[(Z)?] = 1 [recall (6.4)].

When 8 > 1, the convergence in law Z§ gy = 0 follows a standard argu-
ment, which we include for completeness. Note that it suffices to show that
for some ¥ € (0, 1), the fractional moment E[(Zl“\’,’ ﬁN)ﬂ] converges to zero as
N — o0.

First, we show that E[(Zj‘\’,’ ﬂ)ﬁ] is nonincreasing in §. Indeed,

d

N
Bl )" = ﬁE[E[Z@n,xn N (BT B ‘”’”} <zm>’9‘l}
n=1

N
N (B o — 0 \O—
9 Y E[E[(@n,5, — ¥ (B))eXi= P =2 ED (2 )71
n=1

DY E[E[(@nx, —2'()(Z5.5)" "]

where we have interpreted eZN:l (Booixi =2(B) g5 a probability density for a new law
P which exponentially tilts w; x;, for each 1 <i < N. Note that [w, x, — A (B)]is
increasing in wy y,, while (ZI“\’,’ ﬁ)ﬂ_1 is decreasing in w, x, because ¥ € (0, 1).
Therefore, by the FKG inequality,

d N ~
35 2l(ZR5) 1 =0 L ElE [, = BIE[(Z5 )" ] =0,
n=1
since
~ d
Elwn.s, =¥ (B)] = E[(@n.5, =X (B))el D] = B[P D] 0.
. w s w s 2

We have just shown that E[(ZN,ﬁ//m) 1< E[(ZN,ﬁ/m) ], for any B <

1< /§/ . Since Z¢ converges in distribution to Z i when ,3 < 1, and

. N.B/VRy
(ZN,ﬁ/m) is uniformly integrable, because ¢ € (0, 1) and E[ZN,E/M] =1,
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by the first part of Theorem 2.8 we then have

hmsu E <11msu E v

=E[exp(ﬁ[)1J1f—l§%dW(I)__/; | — B )]

(19(19 —1) 1 B?
= exp R

2 01— 8%
Letting B 7 1 then shows that E[(Z“’
,3 >1. O

PACES))]
2

dt) =(1-5%"

] — 0 as N — oo whenever

A

7. Proof of Theorem 2.12. To prove Theorem 2.12, we first need to extend
Proposition 5.2 to random variables @N'M which form the building blocks of par-
tition functions Z§; 4(X) with starting pomts X = (x, t) other than the origin. More
precisely, as in (4. 6) define

NoM M \K/2 k
®i ’ (X) = <E> Z 1_[ an—nj,l(Zj _Zj—l)

nl—noel,-l j=1
nz—n|€l,‘2 ..... nk—nk,|€1,'k
21,22, 2k €21

k
X H N(ni,zi)»
i=1

except here (zp, ng) is defined to be X instead of the origin.
For X = (x,1) € Z¢ x No with d € {0, 1, 2}, recall the definition of || X||| from
(2.15). We then have the following extension of Proposition 5.2.

7.1

PROPOSITION 7.1. Assume that Hypothesis 2.4 holds and Ry in (2.7)—(2.8)
diverges as N — oo. For 1 <k <vr, let X(k) (x(k) (k)) be points in 74 x Ny,
such that

(7.2) Vi<k,l<r: RIIIX%C)*X%)III/RN =k +o(1) for some ¢y € [0, 1].

For M € N, let us denote by Dy be the set of dominated sequences i € Dy [cf.
(5.8)], for which i1/ M is well separated from all the i ; in the following sense:

(7.3) Dy :={i € Dy :lit/M — gl > 1/ M V1 <k, I <r}.

Then the vector (®£V;M(X%()))1§k§r’i65M converges in law as N — oo to a cen-

. k , , .
tered Gaussian vector (g“i( ))1 <k<r.ieD,, With covariance matrix

k )
(7.4) (COV[§( ) C( )] =1y Ly m>0)-
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PROOF. The random variable @f-V;M((x, t)) has the same law as @?’:M(N(O, 0)).
Therefore, the proof of Proposition 5.2 readily implies that for each i € Dy, and
l<k=r,

N;M k N;M k)\\4
Var(©! (XEV)))N:; 1 and E[(@ONMxP)*] — 3.

N—o0

By the (multi-dimensional) fourth moment theorem (Theorem 4.2), it then only
remains to show that

N;M k M )
Cov(©; M (X§)., O M(XY) — LycinLiiymsa)

V1<k,l<rii €Dy.

Note that when the dominated sequences i, i’ are different, there are unmatched
n’s and consequently Cov(@l{V;M(X%{)), @é\,/;M(Xg\l,))) =0; and when i =i’, we
have

E[0; " (xy) 7 (Xy)]

1

M \* ) l
- (ﬁ) Z Z qnl—z](\f) (Zl _x](\]))qnl_,](é) (Zl —x](\,))

nl—tl(\f)el,-l z1€Z¢4
nl—t,(é)elil
k
(7.6) X Z l_[ Gnj—n;(2j — zj-1)?

nz—nleliz ..... nk—nk,]EI,'k j=2
22,2k €24

M (k) 0
~ Ry ooy - (z1 —xpy )qm_,](\p(m —xy)s
nl—t}\f)el,-l z1€Z4
nl*tj(\i)EIi]

where in the last step we used (2.7) [recall that g,(x) = P(S,, = x) and we write
f(N) ~ g(N) as a shorthand for limy_. f(N)/g(N) =1].

We first consider the case i1 /M > ¢k, which implies (i1 — 1)/M > ¢ since

i € Dy. In this case, since I;; > ny — tl(\f) =n1 —ng > t;;_1, recalling assumption

(7.2) we have

(k)

np—ty ()

> iy =1y
By Hypothesis 2.4, the dominant contribution to (7.6) then comes from z; with

21— x W) > P XD as N - 0.

By the same argument as in the proof of Lemma 6.3, we can apply the local limit
theorem in Hypothesis 2.4 and replace (x](\l,), tl(\i)) in (7.6) by (xl(\f), tl(\f)), which
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implies that
lim E[© NM(x<k>)@§V;M(xg?)]_ lim E[© oMM (x)=1.

N—o0
We next consider the case i1 /M < ¢k, which implies (i1 + 1)/M < & since
i€ DM By the definitions (7.2) and (2.15) of ¢, and [|X]|||, this implies

either R w_ 0 /Ry = k1 +0(1);
N N
(7.7)
or R¢<—(\x§§>—x%>|)/RN =g +o(1),

where we recall by (2.6) and (2.14) that ¢ < (|x|) := min{n € Ny : ¢ (n) > |x|} with
¢(n) = (nL(n)»)Y?. We now show that (7.7) forces either n; or z; to vary in
intervals with empty intersection.

© D> b0 > || as N — oo,

where we recall that [;; = (t;,—1, t;;] with Rtil ~ ]ZJIRN- Therefore, the constraints
ny— tl(\f) €l andny — tz(\ﬁ) € I;, in (7.6) are incompatible and the sum equals zero.
In the second case in (7.7), we have qb“(lx](\f) — xl(\l,)l) > 1,41, and hence

|x(k) x](é)l > ¢ (t;,+1). Therefore, for N large, for any fixed C > 0,

{n1ez | — x| < Cotti s} N{z1 €29 |1 — x| < Copti 1)} =2

By Hypothesis 2.4, uniformly in n € I;; = (t;, _1, t;; ], the dominant contribution to
Y .qn(z)and ), q2(z) come from the region |z| < C¢(t;,+1). Partitioning the sum
in (7.6) according to whether |z — x| < C¢ (t;,11), or |21 — x| < Co (8, 11),

or neither, it then follows that the quantity in (7.6) tends to 0 as N — oo, which
concludes the proof of (7.5). [

In the first case in (7.7), we have |ty

PROOF OF THEOREM 2.12. The approximation steps (A1)—(A3) for the par-
tition function Z% , outlined in Section 4 (and proved in Section 6) also ap-
plies if the startmg point of the polymer is different from the origin. For the
step (A1), in order to show that the constraint ng < n; < --- < nxy < N can be
replaced by 1 < nj — ng,...,nx —ng—1 < N, we need to use the assumption
R, _ (k)/RN =1—-o0(1)in (2.16).

It follows that we can approximate the partition functions (Z% N.Bn (X N ))1< j<r
jointly in L? [with an error uniformly small in N, when M is large; cf. (4.11)] by

M s
A3) () B* N:M (DY N M (5 ()
ZI(Vﬂ)NX] Z—k Z ®,<l> (Xj)®<2> (X])"
(7.8) k=1 M?2 iefl .. MYk
X®(m) (X(J)) 1<j<r,

where we recall that @l{v;M(X%)) is defined in (7.1).
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By Proposition 7.1, as N — oo, (ZI(\?%)N (X%)))ls j<r converge jointly in distri-

bution to

Y

M B~ .

Z( D= Z Mk > §,~(</13§(</22 §(<Q>’ l<j=<r
k=1 M2 k

It only remains to prove the analogue of Lemma 6 and show that as M — oo,
(Z/%M’j ))15 j<r converge jointly to the family of log-normal random variables
Ge¥i)i<j<r in (2.17)~(2.18).

Following the same steps as in the proof of Lemma 6 up to the resummation
procedure in (6.17), we can approximate Z}%M’J )in L2 (as M — o0) by

. o
7S NS YD S | =70

m=10<tj<tr<--<t<li=I1

where
() B i)
By = &Y (M)
reN

for

1 . .

ref0.11n N and £/ ()= 3 Ay
(@z,...,ar)ell,...,a—1}~1
Similar to (6.18), we can encode the family of jointly Gaussian random variables
:%)z as
y B+o(1) [t : 1
(7.9) B, = piAod) CAWD, re0,11n =N,
1—p2 imwm M

where (WU ))15 j<r 18 a family of correlated Brownian motions (the explicit form
of the correlations will be derived in a moment). Therefore, forall 1 < j <r,

2" =1+ Z 3 ]_[ B+ oy aw) L v,

/ 1 S oM
m=10<tj<tr<--<t, <li=1 1—,32l li=y -

where Y := th(j ) Tt now only remains to find the covariance between

(Yj)lfjfr-

i
0 J1-pu



3094 F. CARAVENNA, R. SUN AND N. ZYGOURAS

Note that foreach 1 <k,/ <rands,t €[0,1]N %N, by the definition of ér(j)
and Proposition 7.1, we have

R2r
=) = B
E[2)), B} ] = 3 1Bl (Mg ()]

(k) @)
= L=y} "G > ElEutar....an Sttt a....an)

reN (az,....ar)ell,...Mt—1)—1

=Ljr=s) ) _ > Lir>g )
M

_ Lp=ssqp BP(1L+o(D)
M 1- B2

Therefore, for all s, ¢ € [0, 1] N %N, we have

E[/[ dw(k) /\Y
S

and hence E[W® (T)yW® ()] = f;fs dt forall 0 < § < T < 1. This implies that

dWI/SI):| _ 1{l=js‘;§k,l}’

L
M

togaw® v paw® }

0 (1—p2n2 o (1- gy
1 p2 1— A2

= 'BA dtzlogﬂ,
oo 1 — B2t — B2

which concludes the proof. [J

(COV(Yk, Yl) = E[

8. Proof of Theorem 2.13. In this section, we prove Theorem 2.13. First, we
prove an analogue of Proposition 5.2, the key step (K) in the proof of Theorem 2.8.
The difference here is that we need to average over the starting point of the partition
function. As in Theorem 2.13, let ¢ : RY x [0, 1] — R be a continuous function
with compact support. For any finite strictly increasing sequence n = (ny, ..., njy|)
and 0 < ng < n1, we then modify the definition of O in (5.6) as follows:

n|
B Q=D > (anjn,._l(x,-—x,-1)n<nj,xj))w<?N),

xoeZd xe(Zd)lnl \j=1

where

.. (X0 "o - ._ 2\ 1/d
Xy = (d)(N),N) with ¢ (N) := (L(N)2N)"/%.
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To decompose J ;\,/f in (2.21) as we decomposed the partition function in terms of
the ®’s, fori e {1, ..., M}k, we need to modify the definition of @l{V’M in (5.5) as
follows:

li|—1

N.M;y | L(N) M : v
(8.2) o = W<ﬂ> > 2 Qg

0<ng<N n<i

The following analogue of Proposition 5.2 is the key step in the proof of Theo-
rem 2.13.

PROPOSITION 8.1. Assume that Hypothesis 2.4 holds, and Ry in (2.7) is
a slowly varying function which diverges as N — oo. For each M € N and
Ve C.(R? x [0, 1]), the random variables (@?/’M’w)ieDM converge in joint dis-

tribution to a family of independent Gaussian random variables (;l?/’)ie Dy With

(iw =0ifii <M;andifii =M, then {;ﬁ has mean zero and variance:

8.3 vY ::f DK ((x,0), (x, 1 ', ¢')dx drdx’dr’,
(83) oy VO DK (G0, () 1) dedr dy
where K is defined in (2.23).

PROOF. The proof is similar to that of Proposition 5.2. We will only highlight
the changes in the proof. For simplicity, we assume d # 0. The case d = 0 can be
treated similarly.

First, note that we can rewrite ®£V’M”’”

in the following form:

lil=1

(Ry) 2 .
d 3 Z Z dn (x)n(n,x),
G(N)2ZN?Z ozl 1<n <N

ng—nleliz ..... njj|—nji—1 €l

84 oMY =

N,
where 1@, x) = l_lljnzll M(nj.xj)» and gn (x) == qil,,lfl(xl) nlj'n:‘2 Gnj—n;_ (Xj — xj—1)
with

N, X0 no
5  g"lan= Y w(MN),N)qm_no(xl—xo).
onZd
no€l0,nN(n1— 1))

Note that the constraint ny — ng € I;, appearing in (8.2) (inside n < i) has been
moved to (8.5). For simplicity, we will denote the summation constraints on z in
(8.4) also by n < i. Note that we have just casted @éV’M;w
O Min (5.5).

in the same form as
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N, My

Variance calculations. We first show that when i} < M, ©; — 0 because

its variance tends to 0. Note that

o (M)Iil—l li]
N:M;y R N,y 2 2
(8.6) Var(®; )=7¢(]A<7)dN3 o (a0 D) [ dnno &j —xj-1)°
n<i j=2
xe(Zhl!
Note that given (ng,x1), the sum over (n2,x2),..., (n)i, x);|) asymptotically

equals (RW’\’)‘”_l by the same calculations as in (5.11). Therefore,

Var(@N,M’w) — w Z (ql'[:’,’l’tﬁl (x1))2

i - dn3
$(N)N ez
1<n <N
1+o0(1) o :
8.7) = SN o > vEmY(Xy)
x1€Z¢ 0<ng,ngen;—I;,
1<m<N

xo,xéezd
’
X QHl—no(xl - xO)qnl_né(Xl — XO).

Since ¥ € CC(Rd x [0,1]), we can choose A > 0 large enough such that
supp(y) C [—A, Al x [0,1]. Then in (8.7), we can restrict the sums to
|x0l 00, |x(/)|oo < A¢(N). By the local limit theorem for ¢,(-) in Hypothesis 2.4,
we observe that the dominant contribution in (8.7) comes from x; € Z¢ with
X100 < /T(ﬁ (N) if Ais large enough. By first summing over (xg, 79) and (x(’), n6),
we then have

N;M; C
Var(© V)< s Y Wik
PN X1 oo <A (N)
1<n|<N

X Z Gny—no(X1 — XO)qnlfné) (xl - X(/))

X(),X(/)GZ‘]
(88) 15n0,n6€n1—]il
C 2
= <]§(N)dN3 Z Z W/loo
[X1]oo <A (N) lsno,n{)em—lil
1<n| <N
2
ClYls

~d dir 2
SW'NQA) O (N1, Nj;oo’

where the convergence holds because Rtl.1 /Ry ~i1/M < 1 implies that |[; | <
ti, =o(N).

We next check that when iy = M, (H)év;M;w has the correct limiting variance.
Note that because I;; = (tp—1,tm] = (ty—1, NI with ty_; < N, by the same
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bound as in (8.8), we can enlarge the range of summation of ng, n6 in (8.7) to
0 < ng, ny < ny without changing the limiting variance. Moreover, by the local
limit theorem for g, in Hypothesis 2.4, we have

Var(@V My = LT s g ow (&)

N)4N3
¢ (N) 0<ng,ny<ni <N

xl,xo,x(’)GZd

X qnl—n() (Xl - xO)QIz]—n6 (Xl - X(/))
14001 N
=) s kv (Ry)

dn3
N)IN 0<ng,ny<n; <N

xl,xo,x(’)ezd

8.9 _ X1 —x/
( ) g((pf,lllf,go)) g( (r:l rg))

¢ (1 —no) ¢ (ny —ngy)?
1 1 ~ n
o) s Gw(R)

= 3d N3
¢(N)*N 0<ng,ny<ni <N
x1,x0,x(’)eZd
X1—Xx} ,, n1—n
g (A /(110 ) g (B (Mt
nj—no ny—n ’

N

where in the last equality we have replaced ¢(n; — ng) and ¢(n; — n()),
respectively, by ¢(N)(%)l/d and ¢(N)(%)l/d. This is justified when
ni—ng,ni1 —ny > eN for any fixed ¢ > 0, because ¢ (n) = (L(n)*n)"/4 and L(-) is
slowly varying; while on the other hand, the contributions to (8.9) from ny, né), ni
with ny —ng <eN orny — n’o < &N can be made arbitrarily small by choosing
& small, thanks to the same estimates as in (8.8). A Riemann sum approximation
with y := x0/¢(N), y' := xy/¢(N), z := x1/¢(N), s =no/N, s’ :=ny/N and
t :=ny/N then gives

Var(© M) — [ [ W)

0<s,s'<t<1

g(ﬁ)
t—s

g(m)
(8.10) t—s'

—/ /yy ZeRd v(y,s)

0<s,s'<1

K((y,s),(y'.s")v(y,s)dydy dsds’
=V,

dzdrdydy’dsds’
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where

P T

(1—s)1/d (1—sHl/d
dz dr
((y s) ,/ /,/Rd t—s t—s/
1 /
= 8t—s (z— y)gt—s’(z -y )dZ dr

811 svs' JR4

1
= / th—s—s’(y - y/) dr
sVvs/

_/‘ g((2t i v,)l/d)dt—l 2—s—s' g(yl/d)d

2t —s — s’ 2 [s—s| u

Here, we used the fact that the transition density g, of a Brownian motion in R?
(or a Cauchy process in R) is symmetric and scaling invariant, and g = g1. Note
that K agrees with the kernel in (2.23), which completes the variance verification.

Fourth moment calculations. We now apply the fourth moment theorem (Theo-
rem 4.2) to prove Proposition 8.1. By the variance calculations above, it suffices to
restrict our attention to (@ I//),e py With iy = M. For distinct , i’ € Dy with

i1 = ’1 = M, it is easily seen that E[@N M; ¢®A,, M; l/f] = 0. Therefore, condition
(i) in Theorem 4.2 is satisfied. Clearly, condltlon (iii) also holds. It only remains to
verify the fourth moment condition:

(8.12) lim E[(@N MM =3v¥  Vie Dy withij =M,

assuming that (N(n.x))neN.xezd are i.i.d. standard normal.
Using the representation for @ MV in (8.4), we have a similar expansion of
the fourth moment as in (5.13) and (5.14):
(%)ZM—Z
SINPINE a) (®)qy () @) (w)

a,b,c,d<i ]
x.y.z.we(Z)l

B(0])] =

4

(8.13)

X IE[77(a )N, y)N(c.2)Nd, w)]
where q,, (x) := qM (xl)]_[lj lzqnj_nj (xj —xj—1) with qu (x1) defined as
in (8.5).

Note that the only difference between the expansion in (8.13) and the expan-
sion for E[(@N M )41 in (5.13)—(5.14) is that the factors qn, (x1) are replaced by
q Moy (xl) and the corresponding normalizing constant } . czd », e1,, 9n; (x1)% ~
Ry /M is replaced by

(8.14) W > (an, G0)? ~d (NN,

x1€Zd
1<n| <N
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where this asymptotic relation follows from the variance calculations in (8.7) and
(8.10).

The verification of the fourth moment condition (8.12) now follows the same
argument as that for ®£V *M in Section 5. Recall from (5.15) that

p:=|(a,x)U (b, y)U(c,2)U(d, w)|= Z Li(n,r)e@,x)Ub, y)U(e,2)U(d,w))»
(n,r)eNxZ74

and we relabel (a, x) U (b, y)U(c,2) U(d, w) = {(f1,h1), (f2,h2), ..., (fp, hp)},
with f1 < o <--- < fp.

In the proof of Proposition 5.2, we considered 5 cases. Case I with p > 2|i| can
be treated exactly the same way here.

For Case 2 with p < 2|i|, we can follow the same arguments up to (5.20) [note
that 0 < g, (x) < 1 under our assumptions]. If there are only two factors of g and
g™V in the left-hand side of (5.20) that involve (fy, i), then we apply Cauchy—
Schwarz exactly as in (5.20), which gives the desired factors of (Ry/M Y2 or
(¢ (N)? N3)1/2_If there are four factors of g and ¢™V'¥, then we can pick any two
factors and bound the factor of ¢ by 1, and bound the factor of ¢¥*¥ by N ||| cos
since

QA]\/;’,Zl (x1) == Z w(%’ %)qm—no(xl —x0) = N[¥ | o
xoGZd

no€l0,n)N(n1—1Ip)

Note that the pre-factor in (8.13) will be cancelled out exactly when each g con-
tributes a factor of (Ry/M)'/? to the sum, and each g™V contributes a factor
of (¢(N)IN3)1/2. Each replacement of ¢ by 1 in (5.20) leads to the loss of a
factor (Ry/M Y12 in the bound for Sl(f) in (5.21), and similarly, each replace-
ment of ¢"V>¥ by N|v |« leads to the loss of a factor (¢(N)!N)V2/N ¥ |loo.
Summing successively over (f,—1,hp—1), (fp—2,hp—2), ..., (f1,h1) then gives a
similar bound as in (5.21), so that the contributions in this case is negligible.

For Case 3 where [a] U [b] U [c] U [d] consists of three or four connected com-
ponents, it again reduces to Case 1.

For Case 4 where [a]U [b]U[c]U[d] consists of a single connected component,
we follow the same calculations up to (5.27), where we note that because f, = c|
is the first index of the sequence c, the first factor in the right-hand side of (5.27)
should be replaced by

1/2 N
( > (q,f,v”’%x))z) < (Ci QA (NY 1) 2
x€Z4, fi<n< fi+m

=o((¢(N)'N?)'?),

where the inequality follows the same calculations as in (8.8), and the last equality
holds since |Ip/| < N and m| = |i|tpyy—2 = o(N), by its definition in (5.26). This
implies a similar bound as in (5.28) and shows that this case is also negligible.
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Case 5 where [a] U [b] U [¢] U [d] consists of two connected components gives
the full contribution to the limiting fourth moment of ©)"*¥ in (8.12), and the
argument is exactly the same as in the proof of Proposition 5.2. [J

PROOF OF THEOREM 2.13. Recall from (2.21) that

1 .
J;V”::W Z ,/RNL(N)Q (2% 4, ) = DY (Xn).

XeZd x

To prove Theorem 2.13, that is, show that J ;\,// converges in distribution to a Gaus-
sian random variable with mean zero and variance given in (2.22)—(2.23), we plug
in the polynomial chaos expansion of Z% By (X) from (4.1) [with (xg, ng) := X]

and rewrite J ;V// as
L(N) & gk
14 N, ¥
JY = E E q, " (x1)
N oWIN I RED2 m

1<ni<---<np<N

(815) xl,xg,...,xkEZd
k k
X 1_[ ql’ljfnj_l(-xj _-xjfl) 1_[ Nn;,x;i)»
j=2 i=1
where
X0 ng
16  gMan= Y w<¢(N) a1 = o).

x0€Z4,0<ng<n
The approximation steps (A1)—-(A3), described for the partition function Ziy By
in Section 4 (and proved in Section 6), can also be performed for J ;\,l’ with only
minor differences. Similar to (4.11), we can therefore approximate J ;\,// by
=~ u B~ N;M;y AN M N;M
(8.17) VA :=I; yYTC Z 0.0y 05 Oy
= ie{l,.. 11

where iV, ... i™ is the decomposition of i into dominated sequences and
MMV \as defined in (8.2). Taking the limit N — oo in (8.17) and applying

©;
Proposition 8.1 as done in (4.13), we obtain

44 (M)
J :
NM N oo Jﬁ
3 @) 0 2k
(8.18) = Bk 7 v p v
:Z k=1 Z Hfi@:z k=1 Z Gi
k=t M2 e 1=1 k=t M2 e
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where we used the fact that by Proposition 8.1 only ;i‘/’ with i1 = M are nonzero.

Again, by Proposition 8.1, we note that J ,(éM) is a normal random variable (as a
sum of independent normal variables) with mean zero and variance:

o _ P 2

Var J( ) = i e{l,. M}jj MyvV — ~

M—oo | — B2

v,

which is exactly the variance 01/2/ in (2.22). Therefore, J /%M) converges to a normal

random variable with mean zero and variance aé. This is the analogue of step (A4)
in Section 4, which concludes the proof of Theorem 2.13. [

9. Proof for the 2d stochastic heat equation. In this section, we prove The-
orems 2.15 and 2.17 for the regularized 2d stochastic heat equation (2.25). The
basic strategy is to compare the solution u® with the partition function of a di-
rected polymer on Z>*!, so that we can apply Theorems 2.12 and 2.13.

The starting point is the Feynman-Kac representation (2.27) for u®(z, x),
which has the same distribution as u®(t, x), but differs by a time reversal in the
Feynman—Kac formula (2.26). We can extend this representation jointly to all

(ﬁe(t7 x))tE[O,l],xe]Rz' Namely, let
8_2 -
~¢ _ ) B
u (t, X) _E(s_z(l—l‘),e_lx) I:eXp{,Be /g—z(l_l) /RZJ(BA y)W(dS, dy)

©.1) —; 2e2tlljls ”

872 —_~
= E(sz(l—t),slx)[: exp{ﬂs /82(1—1) /]RZ J(Bs — y)W(ds, d)’)}i],

where E( y) denotes expectation for a Brownian motion B starting at y at
time s. It is then clear that (@°(7, x)),c[0.1].xcr2 has the same distribution as

(u® (1, X))se0,17, xeR2-
Furthermore, by the definition of the Wick exponential : exp : ([24], Section 3.2),
we can write

i) =1+Y gt

k=1

% / o /52(11)<t1<-~~<tk<82 /1‘%2]‘ E(5—2(1_;)7g—1x) |:l_[ J (Btl i :|

k
X 1_[ W(d[i, dx;)
i=1
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92 =1+ Bt
k=1

k
x| 1 0 = Yie1)
/ fa—2(1—1)<11<-~-<tk<e—2 A%z/{ (—/]Rz" 1.1:[1 Plimtin V0= )i

X j(yi — Xi)dy)

k
< [ W, dxp),
i=1
where p;(-) is the probability density for By, (f9, yo) = (8*2(1 —1), e~ 1x), and
dy =dy; -+~ dyx.
We are now ready to give the proofs.

PROOF OF THEOREM 2.15. Let ,@ < 1. We will perform a series of approxi-
L (7 e 21— 1),

1 <i <r, the partition functions of a directed polymer model on Z>*!. Since our
approximations will be carried out in L? on the same probability space, it suffices
to consider a single term u® (téi), xéi)), or just u®(1, 0).

Step 1. First, we show that u° (1, 0) can be approximated in L?if foreach k € N,

the integral over f:=(1,..., 1) in (9.2) is restricted to the set

93)  Tie={,....00€ (0,6 1 ti —1;_1 > Jloge~1 VI <i <k}.

This is necessary because in the L2 approximations that follow, i p,zi_,F i —
vi—1) dy; is not integrable in ¢#; due to the singularity when ¢; is near #; ;. We thus
approximate u° (1, 0) by

o0 k
v (1,0) =1+ 2/31:(/ /2/< (_/ 2% [ Pi—i i = yim1)j i —Xi)(ﬁ)
k=1 e JREANRT

94

mations, eventually approximating u® (tg(i), xéi)) by ZZ

k
x [T W, dxp).
i=1
By It6 isometry and the orthogonality of terms in different orders of the Wiener
chaos,

E[(@°(1,0) — v°(1, 0))*]

o0 k 2
Zﬁgkfc /Zk (ka [1Pi—tGi = yic1)j i —xi)d§> dx dr.
k=1 T JREAJRT
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Given7 € T, let I(7) :={l <i <k:t; —t;_y <,/loge='} C{1,... k}. We can
then rewrite the integrand ]—[f-‘:1 Dii—t; (Vi — Yi—1)j(yi — x;) above as

( [ pi—vGi—vicy) [] i —xi)>

iel(n) i¢1 ()
X < [T Po—ies Gi=vi) ] JjGi— xi))-
igl() iel (@)
Taking the first factor as a probability density for y while taking the second factor
as the integrand, we can then apply Jensen’s inequality to obtain the bound

E[(@# (1,0) — v°(1, 0))*]
5253 / H pt,—t, i = yi-1) [ J2i = x0)
k=1 L ) icl (@)

< [T pi—tioyGi = yie1) T J (i —xi)dx¥dydr
iel (7 i¢l (1)

o0

2k 211@)
=) B L7l
k=1 I, /R

x [T Pres s Gi=vie0) T Poi—i i — yic) dy df

i¢l(f) iel ()
- 21|
9.5) =Zﬁ2"f‘f 1131€
o " T IR
iy 12 iy 112
e ti—ti_q e 2(t;—ti_1) N
x ] I dydr
2 _ 2
1) A =i ,()2n<rl )

- 21|
_ 2k t
—Eﬂs f 727 11 Am(t; —ti—1) (r, ti_1)

k=1 ke 0]

> . log(e=2)\ 1!
=) B (I 13y log e~ )"( . )

k=1 140 T

Ici,...k}

S 2r \F log(e72)\*¥  /log(e~2)\*
_ 2k .2 -1
= Il AN I (et A

Zﬁ (logé“l) {(”JHZ e 4w ) ( 4 ) }
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where in the last step we used a binomial expansion and the last convergence fol-
lows from the dominated convergence theorem, since ,3 < 1.

Step 2. We next show that v®(1,0) can be approximated in L? by w®(1,0),
where we replace p;,—;,_,(yi — yi—1) in (9.4) by p;, .., (x; — x;—1), that s,

[ee) k
w®(1,0):=1+ 2/35/ /Zk (/ 2% [T Pi—ti i —xic0)j (i —xi)(ﬁ)
k=1 IThee JREAIRT

k
(9.6) x [ W, dx;)

i=1

00 k k
=1+ 388 [ [ Tl oot =i [T Wedn dn.
k=1 ke i=1

i=1
Indeed, by Jensen

E[(v*(1,0) — w®(1,0))?]
k

00 k
2k
_—E ||p._. P— Vi —||p._. X; — Xj_
kzlﬂg /;‘k’sxRZk{/IZRZk< ti=ti-1 i = Yi=1) bl it (7 ' 1))

i=1

k 2
0.7) xl‘[j<yl~—x,~>d§} dx d

i=l

00 k k 2
2k . _ o
S];ﬂg Lk,SXRszRZk <l:1_[1 pl‘i—l‘,‘,l(yl yl—l) l_lpl‘i—l‘,‘,l(xl xl—l))

i=1
k
x [1JGi —x)dydidr,
i=1
To show that this bound goes to 0 as ¢ | 0, we will divide the integral over y into

two parts.
Using (a + b)? < 2(a” + b*), we can bound (9.8) by

00 k k
2k 2 . 2 .
2];'88 /Tk,ngzkazk <11:[1 pti—fi—l(y’ Yi—1) + npti—ti—l(x’ xl_l))

i=1
k
x [1j i —xi)dydxde
i=l
k

o0
©8 =4y g [ Tlei, Oi-w-ndyd
k=1 k

2k
s XRE
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=4§:ﬂ2"/ ﬁ;d?
k=1 ¢ Tk.e i=1 47-[(ti _ti—l)

IA

Sl 2 \F (& log(e™?) .

42[32]{( 1) l_[ _>42132k,
— loge il 4 e=>0

which is finite since ,3 < 1. First, this calculation implies that it suffices to show

that each summand on the right-hand side of (9.8), for a fixed k € N, tends to 0 as

& — 0. Second, given 7 € Ty ., if we restrict the integral over X and y in (9.8) to

the set

N N 3 .
(9.9) Ex=Ex(0):={(X, ) eR* x R* |y, —yi1| < |t; —ti1|? V1 <i <k},

then it is easily seen that the kth term in (9.8) still converges to the same limit as
e | 0, because the dominant contribution to fp2 pt2 (y)dy comes from |y| of the
order +/t. Therefore, if the kth integral over X and y in (9.8) is restricted to Ef,
then the kth term in (9.8) tends to 0 as ¢ | 0, and the same is true for the kth term
in (9.8).

It then only remains to consider the kth term in (9.8), where the integral over X
and y is restricted to Ey. This can be bounded by

k k 2
gk/ ( pl,‘—l‘,;l(xi _xi—l) - l_[pt,‘—l‘,',l(yi - }’i—l)>
TiexEi \j=1 i=1

k
x [T (i —xi)dj dz dr
i=1

i —lx;—x;_1 1P+l —yi_ 112
s, il
=ﬂ§k/ nptzi—tl—,l(yi —yi—)(e™! 20,11 )
Tr,e XEx i=1
k
©10)  x []JjGi—x)dydids
i=1
2k £ 2 ek )
=p _/ [1pr i i —yi1)(e®e™D® —1)
Tiex B j—

k
x [1JjGi —xi)dydxdr
i=1

— 0,
e—>0

where the convergence follows easily from the domination by (9.8), and to obtain
the inequality, we argued as follows. If we fix A > 0 such that the support of j(-) is
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contained in a ball of radius A, the factor j(y; — x;) in (9.10) entails |y; — x;| < A,
for all 1 <i < k. Then, writing |a|?> — |b|> = |a — b|*> 4+ 2|b||a — b|, we obtain

i —xi—11? = |yi — vi—1l?] - (2A4)% + 4Aly; — yi-1l - C
2(ti — ti—1) - 2(ti — ti—1) ~ (loge—1)8

for any C > 0 when ¢ > 0 is sufficiently small. Finally, we note that (e* — 1)? <
(el — 1)2.

This concludes the proof that the bound in (9.8) tends to 0 as ¢ |, 0, which shows
that v®(1, 0) and w?(1, 0) have the same limiting distribution.

Step 3. We now show that w®(1,0) can be approximated in L? by Z",2 A

Zg_27 5 (0,0), the partition function of a directed polymer on Z>*! starting at
(0, 0), defined on the same probability space as w?.

Let (S,)n>0 be an irreducible aperiodic random walk on Z? with n-step incre-
ment distribution p,(-), such that Sy = 0 and E[S|(0)S1(j)] = Ljj=jy for i, j =
1, 2, where S;(i) denotes the ith coordinate of S;. Recall from (4.1) that the parti-
tion function of a directed polymer model constructed from § and i.i.d. space-time
disorder ), with parameter 8 and polymer length ¢ 2, admits the following poly-
nomial chaos expansion:

8_2
(9.11) ZZ—2’ﬁ8:1+Z,3k Z Hpn,fn, 1(~xl — Xi— I)Hnn, Xis
k=1

l<nj<--<np<e2i=1
Xlseees Xk GZZ
where (y,x),en xez2 are i.i.d. random variables with mean 0. For our purposes,
we will let n be i.i.d. standard normal variables defined from the space-time white
noise W in the chaos expansion for w?(1, 0) in (9.6):

(9.12) Mn.x ::/A W(ds,dy), neN,x=(x(1),xQ))eZ?

where A, x:=[n—1,n] x[x(1) = 1, x(1)] x [x(2) = 1, x(2)].
We can then rewrite (9.11) as

o0 k
’77 =1+ k/ . / / Xi| — | Xi
2 p, ];,38 Y ey H Prit—rmn ([xi1 = [xi-17)

(9.13) -

k
X l_[ W(dl‘,‘, dx,-),
i=1
where we set po(-) =0.
By Gnedenko’s local limit theorem (see, e.g., [7], Theorem 8.4.1)
Ix2 2

Pn(x) = 5— (e 2 +o())

(9.14) Zmn

1
=pn(x)+ 0(—) uniformly in x € 7% as n — 00,
n
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where we recall that p, (x) in the right hand side is the transition kernel of Brow-
nian motion. By similar calculations as those leading to (9.6), we can restrict the
integral over (1, ..., tx) to Tk ¢ as in the definition of v*(1, 0) and w®(1, 0) in (9.4)
and (9.6), that is, if

k
—1+Z fT“x(RZ H o (M1 = Txi10)

9.15)
X ]_[W(dt,,dx,),

i=1
then E[(Z;’,z, 5~ Zia 58)2] —0ase 0.

We can now bound the L? distance between w®(1, 0) and Zg_z

E[(w"(1.0)~Z], ;)]

_ - 2k .
(9.16) _l;ﬁg /TkstRZk(Hpt,—t, (e —xi-1)

Be

k

2
1_[ Pre1—TIti-11 fXJ - Dﬁ‘—l])) dx dr,

and we will separate the 1ntegrat10n over X into two sets for each k € N.
Givent € Ty . and L > 0, let

(9.17)  Exp=Eri(®) :={¥eR¥*:|x; —xi_1| <L/t — i Y1 <i <k}
By the same calculations as for (9.8), we note that when the integrals over X in
(9.16) are restricted to Ef r. for each k € N, the resulting series converges to a
limit (as & | 0) that can be made arbitrarily small by choosing L large. On the
other hand, for any fixed L > 0,

uniformly in € Ty, and X € Ey.,

(9.18) B ﬁ Prin—ri (i1 — [xi—17)

1 —0

i=1 pt,-—t,-_l(xi _xi—l) e—0
by the local central limit theorem (9.14). Therefore, when the integrals over X in
(9.16) are restricted to Ey 1, the resulting series also tends to 0 as ¢ | 0, as in

(9.10). In conclusion, the series in (9.16) tends to 0 as ¢ | 0 and we can approxi-
mate w®(1,0) by Z_, 2.5,

Step 4. When B < 1, we just showed that each u® (t(l),xgl)) can be ap-
proximated in L? by Z" /35( _1x§’), e72(1 — ’))) Identifying £~ with N,
the convergence in Theorem 2.15 then follows by applying Theorem 2.12 to
ARG e~ 1x e 2(1 — i) for 1 <i <.
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For B > 1, the proof for u®(1,0) = 0 as ¢ | O is the same as that for the pin-
ning and dlrected polymer models in Theorem 2.8. Proving that for 0 < ¢ < 1 the
quantity E[(i#°(, 0))?] is decreasing in ﬂ is even simpler and proceeds as follows.
Note that by (2.27)

. 2
ﬁs(t, 0) — EO[e.BffJ(Bs*y}W(dS,d)’) v ”J”L2 ]Rde)] Eo[eﬂGW(B)_BTVar[GW(B)]]’

where, for a fix realization of B = (Bs)s>0, the random variable GW(B) has a
centered Gaussian distribution with variance || j || L2(RxR)" For p* = ,31 + ,32, we
can write

2 2
(1, 0) 4 Eo[eﬂlel (B)—LvarlG"1 (B)] eﬁzGWZ(B)—ﬂ%Var[GWZ(BnL

where Wy, W, are two independent space-time white noise, and we used the fact

that BW = dist B1 W1+ B2 W,. Using Jensen’s 1nequahty to pass the expectation w.r.t.

W5 inside the fractional root in E[ (%4 (¢, 0))”] then gives the desired monotonicity
in B as well as ,3 since the two differ by a constant factor. [

PROOF OF THEOREM 2.17.  Since (#°(t, X)), 17.xcr? defined in (9.1) has

the same distribution as (u° (¢, X))1e[0,1].xeR2> We note that JEW in (2.29) has the
same distribution as

N log e~ 1\ 1/2
TV = ( 088 ) / (@t x) — Dy (x, 1 — £)dr da.
R2x[0,1]

2
Applying the chaos expansion (9.2) with p = ¢ ~2(1 —¢) and xo = yo = &£ ' x gives
s o\ T
e
€ ]; p loge—!

O<ty<--<tp<e™

(9.19) .
x [ pi—toy i = yim1)Jj i — xz')d§>

i=2

k
X 1_[ W(dt,', dx;),
i=1

1/2

where we have plugged in B, = ,B( , changed variables (¢,x) =

logs fogeT)
(1 — €219, eyo) producing the pre-factor &*, and

(9.20) PV )= f ¥ (Y0, £%10) Pry—1o (V1 — Y0) dyo dto.
R2x[0,1]

Note that (9.19) has the same form as the expansion for #°(1, 0) in (9.2), except
that the factor p; (y1) therein is now replaced by pfl’w(yl), and a pre-factor of
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2
( loge~!
proof of Theorem 2.15 to approximate J,;'p by J ;Vﬁ for a directed polymer on Z2, so
that Theorem 2.13 can be applied.
In Step 1 of the proof of Theorem 2.15, we restricted the range of integration of

f1,..., 1 in (9.2) so that t; — t;_1 > \/loge~! for all 1 <i < k. This is necessary

because in the L2 approximations that follow, [ p,zi_m 1 (yi — yi—1) dy; is not inte-
grable in ¢; due to the singularity when ¢; is near #;_;.There is no such singularity

)!/2 has been replaced by £*. We can now carry out the same steps as in the

for pfl’w(yl) and, in fact,
& |2 — f R 2d dr
Fand R?x[o,g—z](p" (y1)"dyrdy

9.21) = [ frc Vo 10w (et £%1)

®2)? 10,8,€(0,11)
X Pty—1o(¥1 = ¥0) Py~ (y1 = ¥o) dyo dro dyg drg dyr dry

can be bounded in the same way as its discrete counterpart qﬁl\,;”nwl (x1) from (8.5)

[see the variance calculations in (8.8)—(8.10) and (8.14), with N = ¢~ 2, ¢(N) =
e~ 1, which gives || p®¥ || ~ Ce~* as ¢ — 0. Therefore, in our current setting, we
need to restrict 1, ..., t to

(9.22) fk,g = {(tl, oIk € (0, 8_2)k >ty —tio1 > ,/loge_l V2<i< k}.

The rest of the calculations in Step I carry through once we take into account that
I pw |2 is of the order £ ~#, which cancels the pre-factor e*in (9.19).

In Step 2 of the proof of Theorem 2.15, we replaced p;_; ,(yi — yi—1) by
Diti—t;_, (xi —x;—1) foreach 1 <i <k, using the fact that y; —x; must lie in the sup-
port of j(-). The same applies here, except that we also need to replace pfl’w(yl)
by Pf{'//(m)-

More precisely, we can first apply the same calculations as in (9.8)—(9.10) to
replace p, s, (yi — Yi—1) by pr,—,_,(xi — x;—1) for each 2 <i < k. The only
change we need to make is to redefine the set Ex in (9.9) by

~ N 3 .
923)  Ep:={E ) eR* xR¥: |y —yig| <ty — ;1|7 V2 <i <k},

After making these replacements, it only remains to bound the following simpler
analogue of (9.10):

2 \k!
88<logs—1) /; = (pffw(yl) - Pzgfw(xl))z

Tk, X Ex

k

k
©24)  x[[pioy i —xic) [T 0i —x)dydxdr
i=2 i=1
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<cs / (5" ) — o ()2 (o — x1) dyr dy diy
R4 x[0,672]

— 0,
e—>0

where in the inequality, we applied the same calculations as for (9.8), and the
convergence to 0 can be easily deduced from the definition of p; v (y) in (9.20).
We can therefore approximate JNQ” in L? by

~ . 27 %
TV = Zﬁk54( _1>
=1 loge

(9.25) X k
X / . /~ Pf{w(xl) H Pti—ti—y (Xi = Xi—1) H W(ds, dx;).
Tk’g XRZk i=2 i=1

Following Step 3 in the proof of Theorem 2.15, we now introduce a directed
polymer on Z2, where the n-step transitional kernel p,, (-) of the underlying random
walk S satisfies the local limit theorem in (9.14), so that Hypothesis 2.4 holds with
L()=1. As in (8.15), and with N = &¢~2 and ¢(N) = (L(N)*N)/? = &7, we
can define

y_ L) & B

e ,; Ry

k k
D DR A VN | FIRIRCTEE RV | DO

1<n;<--<np<N j=2 i=1
X15X2,enny xkeZd

9.26
(9.26) :§Bk84<2n+0(1)>%
= loge—!
k k
X Z ﬁ,i\i"p(xl) 1_[ Pnj—n;_ (Xj —xj—1) l_[ N(nioxi)s
l§n1<v-~<nk§e*2 Jj=2 i=1

X1,X2,enny xkeZd
where we used Ry =R,-2> ~log 8_1/27'[ by (2.8), and
©27)  pavaDi= D Y(ex0,8710) Py —ng (¥1 — X0)-

x0€Z4,0<ng<ny

Note that ﬁ,l,vl’w(xl) is a discrete sum approximation of pfl’w(xl) in (9.20), and if
we let (n(n,x))pen, xez2 be Gaussian random variables defined from W as in (9.12),
then J ;V// in (9.26) is just a discrete sum approximation of fg‘p in (9.25). The L?

difference ||J ;Vp 7Y |3 can be shown to vanish as ¢ — 0, similar to (9.15)—(9.18),
and we will omit the details.
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Similar to Step 4 in the proof of Theorem 2.15, we can finally apply Theo-
rem 2.13 (for the directed polymer on Z?) to J ;\,p and conclude that J ;Vp’ and hence

also Jg'/’, converge in distribution to a Gaussian random variable with mean zero
and variance oé. U
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