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Simply Connected Fast Escaping Fatou Components
D. J. Sixsmith

Abstract: We give an example of a transcendental entire function with a
simply connected fast escaping Fatou component, but with no multiply con-
nected Fatou components. We also give a new criterion for points to be in
the fast escaping set.
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1. INTRODUCTION

Suppose that f : C — C is a transcendental entire function. The Fatou set
F(f) is defined as the set of points z € C such that (f™),en is a normal family
in a neighborhood of z. The Julia set J(f) is the complement of F(f). An
introduction to the properties of these sets was given in [3].

The fast escaping set A(f) was introduced in [5]. We use the definition
A(f) = {z : there exists £ € N such that |f"**(z)| > M"™(R, f), for n € N},

given in [10]. Here, the mazimum modulus function M(r, f) = max, . |f(2)],
for r > 0, M™(r, f) denotes repeated iteration of M (r, f) with respect to r, and
R > 0 can be taken to be any value such that M (r, f) > r, for r > R. We write
M (r) when it is clear from the context which function is being considered.

Suppose that U = Uy is a component of F(f). If UNA(f) # 0, then U C A(f)
[10, Theorem 1.2]. We call a Fatou component in A(f) fast escaping. Denote
by U, the component of F(f) containing f™(U). We say that a component is
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wandering if U, = U,, implies that n = m. All fast escaping Fatou components
are wandering; [5, Lemma 4] and [10, Corollary 4.2].

For a transcendental entire function, all multiply connected Fatou components
are fast escaping; [8, Theorem 2] and [10, Theorem 4.4]. The first example of a
transcendental entire function with a multiply connected Fatou component was
constructed by Baker in [1]. Other examples are found in, for example, [2], [4],
[6] and [7].

The only known example of a simply connected fast escaping Fatou component
was given by Bergweiler [4], using a quasi-conformal surgery technique from [7].
This function also has multiply connected Fatou components. In fact, in [4], the
properties of the multiply connected Fatou components are used to show that the
simply connected Fatou components are fast escaping.

This prompts the question of whether a transcendental entire function can
have simply connected fast escaping Fatou components without having multi-
ply connected Fatou components. We answer this in the affirmative, using a
direct construction and a recent result on the size of multiply connected Fatou
components [6, Theorem 1.2] to prove the following.

Theorem 1. There is a transcendental entire function with a simply connected

fast escaping Fatou component, and no multiply connected Fatou components.

To prove Theorem 1 we require a new sufficient condition for points to be in
A(f), which may be of independent interest.

Theorem 2. Suppose that f is a transcendental entire function. Suppose also
that, for Ry > 0, € : [Rp,00) — (0, 1) is a nonincreasing function, such that

(1.1) e(M™(r)) > e(r)"™,  forr > Ry and n € N.
Define n(r) = e(r)M(r), for r > Ry. Then there exists Ry > Rq such that
A(f) ={z: there exists £ € N such that |f""*(z)| > n"(R'), for n € N},

for R' > R;.

Note that this is a generalisation of [10, Theorem 2.7], which is obtained from

Theorem 2 when € is constant.
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2. THE DEFINITION OF THE FUNCTION

In this section we define a transcendental entire function, f, which has all the
properties defined in Theorem 1. Since f is very complicated, we first outline
informally the construction of f, starting with simpler functions which only have
some of these properties. We then give the full construction. A detailed proof of

Theorem 1 is given in subsequent sections.

Consider first a transcendental entire function defined by a power series;

00 2
g(z):zH<1+Z> , O<ar<ap <.

a
k=1 k

The sequence (a,)nen can be chosen so that the following holds: we can define
another sequence, (b,,)nen, such that b, is approximately equal to a,,, —b, is close
to a critical point of g, and g(—b,,) is close to —b,, 1. It can then be shown that a
small disc centred at —b, is mapped by g into a small disc centred at —b,,+1. By
Montel’s theorem, these discs must be in the Fatou set of g. Moreover, these discs
cannot be in multiply connected Fatou components of g since, by [6, Theorem
1.2], any open set contained in a multiply connected Fatou component of g must,
after a finite number of iterations of g, cover an annulus surrounding the origin.
Finally, it can be shown, by comparing |g(—by,)| to M (b,, g) = g(b,), that these
discs are contained in fast escaping Fatou components of g.

However, g does not have all the properties defined in Theorem 1. In particular,
by considering the behaviour of ¢ in large annuli which omit the zeros of g, it
can be shown that g has multiply connected Fatou components. Thus g has very
similar properties to the example in [4].

We note that no zero of g can be in a multiply connected Fatou component,
since 0 is a fixed point. In order to prevent the existence of multiply connected
Fatou components, we add further zeros to the function, along the negative real
axis. This requires some care. The addition of too many zeros — for example,
spaced linearly along the negative real axis — leads to a breakdown of other parts
of the construction. The addition of a zero with modulus insufficiently distant
from a,, leads to a similar breakdown.

We use [6, Theorem 1.2] to show that only a relatively small number of ad-
ditional zeros are required. In particular, suppose that h is a transcendental
entire function with ~A(0) = 0 and with zeros of modulus ro < 1 < 719 < ---.
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Then, by [6, Theorem 1.2], h has no multiply connected Fatou components if
limg_, o0 log 741/ log i, exists and is equal to 1.

To use this result, we need to understand the behaviour of log a,,+1/log a,, for
large n. From the recursive definition that we use to ensure that the sequences
(an)nen and (by)nen have the required properties, (see (3.15)), we find that, for
large n, log a,;1/loga, is close to n?. See (3.9) for a precise statement of how

3

the term n° arises here.

This suggests the following. Define u, = n%/", for n € N. To simplify some
displays we set pinm = g, and observe that p,o =1 and p,, = n3, for n € N.
We now define a more complicated transcendental entire function;

oo k—1 5 2
h(z) =z 1+—4— |, O<a1<ag<---.

The sequence (ay,)nen in this definition is not the same as in the definition of g,
but serves the same purpose, and is chosen similarly. This function has zeros of

modulus
Cap, atoah™t Al gy, a/é:ﬁl

Since it is readily seen that pu, — 1 as n — oo, this function does not have
multiply connected Fatou components. However, two further adjustments are
required. Firstly, the zero of modulus af™" ™" is sufficiently close to the zero of
modulus a,4+1 that the original construction breaks down. We resolve this by
omitting this zero. Secondly, the value of log a,+1/loga, is not close enough to
n3, for large n, to ensure that limy_,.. log ax+1/ log a/],:'“’k*2 = 1. We resolve this
by adding one additional zero, which serves no other purpose in the construction.
This zero is defined using two additional sequences, (o, )nen and (By)nen, which

we choose to keep log a,+1/log a, sufficiently close to n3.

Now we are able to indicate the form of the function f in Theorem 1. Let f
be the transcendental entire function;

0o 20 f—9 2
(2.1) f@==]] <1+’Zk> H<1+C;’€J> ,

ay, =0 k

where 0 < az < ag < -+, an € {0,1,2,...}, B, € R, for n € N. Again, the
sequence (a,)pen in this definition is not the same as that in the definition of g
or h, but serves the same purpose, and is chosen similarly. The related sequence
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(bn)nen, discussed after the definition of g, is defined for f by (3.14). The se-
quences (o, )nen and (B )nen are the two sequences mentioned at the end of the

previous paragraph.

The structure of the proof of Theorem 1 is as follows. First, in Section 3, we
give the definition of the various sequences in (2.1), and we prove a number of
estimates on the modulus of the zeros of f. Next, in Section 4, we show that
there are no multiply connected Fatou components of f. In Section 5 we show
that there are intervals on the negative real axis each contained in some Fatou
component of f. Finally, in Section 6 we prove Theorem 2 and then use this to
show that these Fatou components of f are fast escaping. It is clear that Theo-

rem 1 follows from these results.

Remark: Rippon and Stallard asked [10, Question 1] if there can be unbounded
fast escaping Fatou components of a transcendental entire function. It can be
shown that the Fatou components of the function f are all bounded. Indeed, it
is straightforward to prove that the number of zeros of f in the disc {z: |z| < r}
is O(logr), and hence that log M(r, f) = O((logr)?). It follows that f has no
unbounded Fatou components [10, Theorem 1.9(b)], and, moreover, that the set
A(f) has a structure known as a spider’s web. For more details we refer to [10].

3. DEFINING THE SEQUENCES

In this section we first define the sequences (a,)neny and (5,)nen, and then
define the sequences (ap)nen and (by)pen-

Recall from Section 2 that u, = n/" and tnm = ['; We also define, for n > 3,

n—2 [ 1
) -2

(3.1) Op = E g = [y —2 .
= pn — 1

We define (o, )nen to be a sequence of integers and (3, )nen to be a sequence of
real numbers. Assume that N is even and chosen sufficiently large for subsequent
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estimates to hold. Set

0, for n < Ny,

(3.2) 2, — Ng +2N§ + 6No + 2, for n = N,
3n? 4+ n + 6, for n > Ny, n even,
3n? +n+4, for n > Ny, n odd.

Note that «, is an integer, for n € N. Set

0, for n < Ny,
P = é(n4 — o), for n > Ny, n even,
39—
L) 5, for n > No, nodd.

We observe that these choices imply that

2

(33) Tn = E (anﬂn + Un)
satisfies

2n, for n > Ny, n even,
(3.4) Tp =

2n — 1, for n > Ny, n odd,
and
(3.5) 20, =302 +n+3+7, — a1, forn > No.

We also define a sequence of integers (T},)nen by

3
n° 4+ 2n — 3, for n even,
(3.6) T, =
n3 4+ 2n —2, for n odd.

Next we prove a result which gives various relationships between these sequences.

Lemma 3.1. The following all hold for the choice of sequences above:

3 2
(3.7) Uy ~ §n2, B ~ §n2, as n — 0o,
n
(3.8) 2Zak:n3+2n2+4n+2—|—m, for n > Ny,
k=3
n—1 n—1k—2
(3.9) 142) ap+ Y > 2=n+7,_1="T, forn> Ny,
k=3 k=3 1=0
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and

(3.10) Hn2 < Bn < finps, for large n.

Proof. The first half of (3.7) is immediate from (3.2). Now, by (3.2), (3.3) and
(3.4),

2
(3.11) Bnrw?n (n—%) , asn — o0.
We have that
1
(3.12) g <log(l4+z) <z, forO0<z< 7
Putting x = pu, — 1, we obtain
3 6
(3.13) —logn < py, —1 < —logn, for large n.
n n
Hence, by (3.1),
Ulzﬂnﬂn,n—Q_lN 1 _ (n) as 1 — 0o
n’ Pnn M —1 fin(ptn — 1) logn ,

and the second half of (3.7) follows by (3.11).

We can see that (3.8) holds by induction. For, it is immediately satisfied when
n = Np. When n =m > Ny we have, by (3.5) and (3.8) with n =m — 1,

m m—1
QZak:2am+22ak=m3+2m2+4m+2+7m-
k=3 k=3

Finally (3.9) follows from (3.4), (3.6), and (3.8), and (3.10) follows from (3.7). O

Next we define the sequence (ay,)nen recursively, and for each n € N put

2 T,

.14 b, = — = .
(3 ) n = dn Tn+2an Tn+2an

Choose a3 and Nj large, and set ap+1 = aﬁg, for 3 <n < Ny. We assume that ag
and Nj are chosen sufficiently large for various estimates in the sequel to hold.
For n > Ny, we define

(3.15)

n—1 20 |—2 2
(Tt +2) b \ 2 b b
o = B (1B TS (-2 ) T (- e
n k

Tn+1



8 D. J. Sixsmith

Finally in this section we prove a set of inequalities which concern the growth
of the sequence (ay,), and the ratios of these numbers to the modulus of the other
zeros of f. Note that (3.7) and (3.17) imply that the product in (2.1) is locally
uniformly convergent in C.

Lemma 3.2. The following inequalities hold for the sequence (ay) defined above.
Forn > 3,

(3.16) aZS_Q/" <api < a”3+2/",

(3.17) an > exp(e"),

and, for large n,

(3.18) % < exp(—e"/2), anﬁan < exp(—e”/2),
An, an
Hn,n—2 571

(3.19) n < exp(—e™?), Antn < exp(—e™?).
An+1 An+1

Proof. First, assume that (3.16) holds for 3 < n < m. Equation (3.17) follows
for 3 < n < m by a simple induction. Hence, for sufficiently large m, by (3.7),
(3.13), (3.16) and (3.17):

a/ —
0 _ ki < ) el
Amim < 3m2aly™/? < exp(—e™?);

a?,{”

alyfq‘m,m72

2
< (abym2)imrmet s < exp(e™ (1 — pma + )< exp(—e™/?);

Gm+1
Bm
Q@ :
Smm < 322 < axp(—e™/2),

Am+1

It remains to prove (3.16). We can assume, by taking Np sufficiently large, that
(3.16) holds for 3 < n < m — 1, for some large m. We can assume also that
m is sufficiently large that (3.9), (3.10) and various other estimates used in the
following hold. We need to prove that (3.16) holds for n = m. Now, by (3.15)
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and (3.3),
Am41 = Tn+2) by (1 - bm>2 "
Tyt mn am 21:—31{ 20, B, Hgf 02 i#kz}
—k a’fnm Ly
- m
Q$T1716m71 znl3aiitm1 1,0 L2
_ I
(320) - km aggi_ll)gﬁrmfl L27

where, by (3.14),

k :(Tm+1+2)< T, >“m< 2 >2
" g1 Ty + 2 Tm+2)
by (3.9),
m—1k—2
m—1+22ak+222—m + Tm—1 = Ty,
k=3 =0

m—1 ag’“ 20 |2 (Ll]:k’l 2
=15, o)
k=3 =0

and, by (3.3) again,

We now estimate the terms in this equality. Firstly, by (3.6), and noting that
(Tpn /(T +2))"™ > 1/€2, we obtain

émfﬁ <k < 8m7O

Secondly, by (3.16), with n = m — 1,

2 -1 4
m—1)3 (1_ — 4) 1+ —1)4
am(_1)<am (= <am "7V,
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and so, by (3.4),

AT 1 3 AT 1
afm Rm—Tm-1=mIhT Mo aThT o mi-k
W > am = am > Um
m—1
Similarly, by (3.4) and (3.16),

apm 341

m < a% +m

(m—1)3’rm,1 -
Ayt

Thirdly, we consider L;. Noting (3.10), and by (3.14) and (3.19), we see that
the smallest term in this product is

Hm—1,m—3 2 Hm—1,m—3 2
a ' 2a ’ m
- <1_m—1) > <1_m—1) > 1 - exp(—e)

bm am

There are fewer than m terms in L; of the form (1 —a?,_;/bn)?%, p€R, q €N,
and so of comparable size to this term. The other terms in the product for L
tend to 1 sufficiently quickly, by (3.16), that 1/2 < Ly < 1.

Finally, we consider Ly. Observe that, by (3.4) and (3.16), the largest term in
this product is

4(m—2)*
m—2

2 24+(m—2)37m_2

2 8(m—1) 16/m?
mflam—Q - < am/ .

a <a2,_ja <az,_qa,"
By (3.16), all other terms in the product for Lo decrease sufficiently quickly that

2
1 < Ly < a2¥™,

Thus, by (3.20), for sufficiently large m,

41 2 %m_ﬁaz‘?’—%—% > aﬁg_%,
and similarly,
Am+1 < Sm_ﬁazg—ir% < a$3+%.
This completes the proof of Lemma 3.2. ([

4. THERE ARE NO MULTIPLY CONNECTED FATOU COMPONENTS

In this section we prove the following result.

Lemma 4.1. The transcendental entire function f does not have multiply con-

nected Fatou components.
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We use the definition of an annulus
A(ri,re) ={z:r1 <|z| <ra}, for 0<r; <ro.
We need the following, which is part of [6, Theorem 1.2].

Theorem A. Suppose that g is a transcendental entire function with a multiply
connected Fatou component U. For each zg € U there exists a > 0 such that, for
sufficiently large n € N,

g"(U) 2 A(lg" (20)]'=* " (z0) ')

Proof of Lemma 4.1. Observe that, for large n, in the closed annulus A(ay,, an41)
there are zeros of f on the negative real axis of modulus a,, ah™, ah™?, ..., ah™" ™
and a,+1. Note also that 0 is a fixed point of f, and so no zero of f can be in a

multiply connected Fatou component of f. Now, by (3.16),

3 _
Uit < az +2/n < (alén,n 2);Ln,2+2/n'

Hence, for large n, there is at least one zero of f in any annulus A(r, T“”’2+2/n),

for ap, <r < an41. Note that pp,2+2/n — 1 asn — oo.

Now, by Theorem A, if f has a multiply connected Fatou component, then
there is a ¢ > 1, and a sequence (7;);en, tending to infinity, such that the annuli
A(r;,r{) are contained in multiply connected Fatou components of f. This is in
contradiction to the observations above regarding the distribution of zeros of f
and the fact that these zeros do not lie in multiply connected Fatou components.
Hence there can be no multiply connected Fatou components of f. O

5. THERE ARE SIMPLY CONNECTED FATOU COMPONENTS

Next we show that f has simply connected Fatou components.

Lemma 5.1. Define B, = {z : |2 + b,| < 0nby,}, where 6, = n=15. Then, for
large n, we have f(By,) C Byy1, and By, is contained in a simply connected Fatou
component of f.

Proof. Suppose that z € By, in which case z = —b,, + wb,, where |w| < §,,. We
assume throughout this section that n is sufficiently large for various estimates
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to hold. By (2.1), (3.14) and (3.15),
f(2)

_bn+1

= 111>,

n—2 5 2 00 ~ 20 o0 k-2
I, = <1+aun,z> H<1+a/3k> 11 H<1+
k

k=n k=n+11=0

2
Z )
Mkl :

ag,

First consider [;. This is a polynomial in w of degree T,, + 2, by (3.9). Write

Tn+2 '
Ilzl—f— Z 77]'11}], for UJE(C
j=1

Then

(5.2) | — 1] < |mw| + |[pew?| + - + |97, 40w 2.

We consider n;. We have, by (3.2), (3.9), (3.14), (3.16), (3.17) and (3.19),

b, n—1 b, k—2 b,
Im| = 1+2b _ +2kz akb aﬂk+zb Y

n — Qn

n—1 aﬁk k—2
_ k
(5.3) = 1—Tn+22{ak(1+bnﬁk)+ <1+bn’

k=3

n—1 aﬁk k—2 al*
_ k k
=9 Z Oékib —aﬁ’“ +27b Y

k=3 n k =0 "™ k
ﬁn—l Hn—1,mn—3
a a,
<4 Nnoy,—1 n—1 —|—TL2 n—1
Qn Qn

< exp(—e™*).

Note that the cancellation in (5.3) occurs because, due to the choice of b, and

T,, —b, is very close to a critical point of f.

Next consider 7, for & > 1. Note that the coefficients of w in the product for
I have modulus at most b, /(a, — b,) = T,,/2 < n3. Moreover, the degree of I
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is less than 2n?, and so the expansion of (5.1) contains less than (2n3)* terms in
w”. Hence

| < (n®)*.2n)F < 0™ for large n.
Hence |now?| < n16. The other terms in (5.2) decrease sufficiently quickly that

(5.4) I — 1| < 2n71¢,  for large n.

Now we consider Is. Observe that each term in the product for Is has modulus
less than 1. Hence, since —log(1 — z) < log(1 + 2z), for 0 < = < 1/2, we have,
by (3.12), (3.16), (3.17) and (3.18),

0 < —log ||

<2<210g<

(G Loy SEH)
)

) Zaklog<1+ﬁ>+ i Zlo ( Z;Lf,|z>>

k=n+1 =0 Ay

1=1 9
<16 (exp(—e"ﬂ) + exp(—e”/Q) + exp(—

< exp(—e™/?).

Thus, 1 — 2exp(—e™*) < || < 1. This, together with (5.4), establishes the
first part of the lemma. It follows from Montel’s theorem that, for large n, B, is

contained in a Fatou component, which must be simply connected by Lemma 4.1.
O

Remark. Let V,, be the Fatou component containing B,. These Fatou com-
ponents are distinct. For, suppose that V,,, = V,, with m # n. Because all the
coefficients of z in (2.1) are real, the Fatou set F(f) must be invariant under
reflection in the real axis. Hence, all points on the negative real axis between B,
and B,, must be in V,,, as otherwise V,,, would be multiply connected. This is a
contradiction since these points include the zeros of f.

6. THE SIMPLY CONNECTED FATOU COMPONENTS ARE FAST ESCAPING

In this section we first prove Theorem 2, and then we use this result to prove
the following.
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Lemma 6.1. Let V,,, n € N, be the simply connected Fatou components defined
at the end of Section 5. Then V,, C A(f), for large n.

Proof of Theorem 2. We need two facts about the maximum modulus function,

M (p), of a transcendental entire function. The first is well known, and the second

is from [9, Lemma 2.2]:

log M (p)
log p

and there exists R > 0 such that

(6.1) — 00 as p — 00,

(6.2) M(p°) > M(p)¢, for p>R, ¢> 1.

Fix ro > Ro such that M (r) > r, for r > ro. Whenever r > r( there is a unique
n € N such that M"1(rg) < r < M"(rg). Hence, since € is nonincreasing, by
(1.1) and (6.1)

e(r)r > 6(]\4”(7”0))]\4”71(7“0) > G(To)"HMnfl(ro) — 00 as n — 0o.
Hence
(6.3) e(r)r — oo as r — 0.

By (6.1) and (6.3) we see that, given k& > 0, we can ensure that
log M (e(r)R)
log(e(r) R)
A little algebra shows that this is equivalent to

(6.4) >k, forlarger, R>r.

— log e(7)

(6.5) M(e(r)R)1osCR > ¢(r)™%  for large 7, R > r.

In (6.2) we replace ¢ with log R/ log(e(r)R), and replace p with e(r)R. We obtain,
using (6.5) with k& = 3, that there exists R; > Ry such that

(6.6) M(R) > e(r)M(e(r)R), for R>r > Ry.

Note that we can assume that R; is sufficiently large that both M(r) > r, for
r > Ri/e(r), and also, by (6.3), that n(r) > r, for r > R;.

We claim next that we have

(6.7) n*(r) > e(r)F LM (e(r)r) > M (e(r)r), forr > Ry, keN.
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This can be seen by induction. When k& = 1 we have, by (6.6),
n(r) = e(r)M(r) > e(r)2M(e(r)r), forr > Ry.

Hence, by induction, for r > R,

() = e (r) M (0 (r)
> e(M"*(r)) M (n*(r)) as € is nonincreasing
> e(r)" M (" (r) by (1.1)
> e(r)M M (e(r) MM (e(r)r)) by (6.7)
> e(r)Fle(r) 3RS MEFL (e(r)r) by repeated use of (6.6)
= 6(7")_(k+1)_1Mk+1(€(7“)7“) as required.

(Note that in the penultimate step we have used the fact that e(r)r < M(e(r)r),
for r > Ry.)

It follows from (6.7) that, for r > Ry, n"(r) — oo as n — oco. Define
A'(f) ={z: there exists £ € N such that |f"*(z)| > n*(R') for n € N},

for R > Ry. We complete the proof by showing that A'(f) = A(f).

First, suppose that z € A(f), in which case for some ¢ € N we have

|f*(2)] = M™(R), forn €N,

and some R with M(r) > r, for r > R.

Choose K € N such that M¥(R) = R' > R;. Then

[ ()] 2 MR (R) = MM (R') 2 0"(R'), forneN.

Hence z € A'(f).

Conversely, suppose that z € A’(f), in which case for some £ € N and R' > R;

we have

| (2)| > (R, forn e N.
Choose K € N so that M% (e(R')R') = R > Ry. Then, by (6.7).
PR @) = g (R > MR (e(R)R) = M™(R), forn € N,

Hence z € A(f). O

Finally, we give the
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Proof of Lemma 6.1. For some large Ry define, for r > Ry,

B 1
~16nS’

(6.8) e(r) for an—1(14 6n—1) <7 < an(l+6d,),

where 6, = n~1 as in Lemma 5.1. Define also 7(r) = e(r)M(r), for r > Ry.

Suppose that 2’ € B, "R C V,,, for some n. We can assume that n is chosen
sufficiently large for various estimates in this section to hold. We claim that
x’ € A(f). Thus, by [10, Theorem 1.2], V,, C A(f).

Our approach to proving this claim is as follows. Set x = —z’, recalling that
x > 0. We first show that

1

(6.9) )] 2 o

It follows from this, and since f(2') € B,4+1 N R, that
(6.10) lf™(2")| > n™(x), form € N.

Second, we show that € satisfies (1.1). Thus, by (6.10) and Theorem 2, 2’ € A(f),

as required.

First we need to establish (6.9). Since M (z) = f(z), we have

= J1JaJ3,

20 E—2 ) 2 2an -9
J i ag’“ —x a’,:"‘l — alr . abmt —
3 = B T —— —_— _—
II agk + l a/’:k,l +z agn s ;:: g
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We consider these three terms separately. By (3.10) and (3.19), the smallest

term in Jp is

Hn—1,n—3 2 almoln=3 2 Un—1.n—3
n—Ln-— n—1 n—1,n—
a ’ — X 1] — == La ’
n—1 — x n—1 n/4
<a””1"3—|—x> = W > (1 — a) > (1 — exp(—e )) .
n—1 n—1 n
1+ =

Thus, recalling the estimates of Lemma 3.2, J; > %

Secondly, recalling that o = b, + wb,, with |w| < §, =n~15

g Gn — by — wby, 2_ 2 —uwT, 2 1
27 \ay £ b, +wb, ) — \2T, ¥2+wT, AnS
Thirdly, by (3.10) and (3.18), the smallest term in J3 is

fn N2 1— & \2

an x aln 8ay, < n/4)
—_— > >(1—— | >(1-— — .
(a%“rx) - <1+§n> - ( aﬁ") - exp(=")

Thus, recalling again the estimates of Lemma 3.2, J3 > % This establishes our

, we have for large

n,

Y

first claim.

Finally, we need to show that e satisfies (1.1). We claim that M (a,(1+d,)) <
an+2. In a very similar way to the proof of (6.9), we can split f(2by,)/an+1 into
three terms, and show that f(2b,)/ans1 < 2'27°. Hence, by (3.14), (3.16) and
(3.17),

(6.11)  M(an(1+6,)) < M(2b,) = f(2b,) < 22 ap i1 < a2y < anso,
as required.

Suppose then that r is such that a,—1(1+ dp,—1) < r < an(1 + J,). Since € is
nonincreasing, we deduce that, for k € N,

e(M™(1)) = e(M*(an(1 + 6n))),

> e(antor), by (6.11)
B 1 S 1
16(n + 2k)6 = (16n6)k+1
Thus € satisfies (1.1). This completes the proof of Lemma 6.1 and hence the proof
of Theorem 1. ]

= e(r)Ft
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