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4 Abstract

5 In this paper we consider a Markov-modulated risk model, where the premium
6 rates, claim frequency and the distribution of the claim sizes vary depending on the
7 state of an external Markov chain. The free reserves of the insurer are invested in a
8 risky asset whose prices are modelled by a geometric Brownian motion, with param-
9 eters that are also influenced according to the external Markov process. A system of
10 integro-differential equations for the ruin probabilities and for the expected discounted
11 penalty function is derived. Using Laplace transforms and regular variation theory,
12 we investigate the asymptotic behaviour of both quantities for the case of light or
13 heavy tailed claim size distributions. Specifically, within this set up (where we lose the
14 strong Markov property of the risk process), we show that the ruin probabilities de-
15 crease asymptotically as a power function in the case of the light tailed claims, whilst
16 for the heavy tails we show that the probabilities of ruin decay either like a power
17 function, depending on the parameters of the investment, or behave asymptotically
18 like the tails of the claim size distributions.

19 Keywords: Markov-modulated risk process, Investment, Integro-differential equa-

20 tion system, Ruin probabilities, Expected discounted penalty function, Regular variation,
a1 Frobenius method for systems.

» 1 Introduction

23 The investigation of insurance risk models with stochastic return on investments has at-
2 tracted a lot of attention in recent years. Stimulated by the paper of Paulsen (1993) and
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Paulsen and Gjessing (1997), where continuous time risk processes in a stochastic eco-
nomic environment are introduced, many researchers have studied Poisson and renewal
risk models with risky investments. Lower and upper bounds, numerical solutions, asymp-
totics and analytic expressions for the probability of ruin (for some individual classes of
the aforementioned models), in the case where the wealth process of an insurance portfolio
is invested in a stock (whose prices follow a geometric Brownian motion or are Lévy pro-
cesses), have been derived by several authors. See for example, among others, Cai (2004),
Cai and Xu (2006), Paulsen (1998), Paulsen (2008), Tang and Tsitsiashvili (2003), Tang
and Tsitsiashvili (2004) and the references therein. More recently, another extension of the
aforementioned problem, where a general two sided jump-diffusion risk model that allows
correlation between the two Brownian motions driving the insurance risk and investment
return, has been investigated by Yin and Wen (2013) in the presence of a constant dividend
and a threshold barrier strategy.

With regards to the asymptotic results of risk models with investments, Paulsen (2002)
considers a Lévy risk process compounded by another independent Lévy process and shows
asymptotically that, as initial capital increases the ruin probability essentially behaves as a
power function of the initial capital. Moreover, Gaier and Grandits (2004) showed, within
the context of the classical risk model, that when the claim sizes are regularly varying,
then the probability of ruin is also regularly varying, whilst Wei (2009) extended these re-
sults into the context of the renewal risk model. More recently, Hult and Lindskog (2011)
studied the asymptotic decay of finite time ruin probabilities for an insurance portfolio in
the presence of heavy-tailed claims when the prices of the risky investments are given by
a quite general semimartingale. In this setting, the ruin problem corresponds to deter-
mining hitting probabilities for the solution to a randomly perturbed stochastic integral
equation. Additionally, Albrecher et al. (2012) considered a general class of renewal risk
models (where the inter-arrival claim times satisfy an ordinary differential equation with
constant coefficients) with geometrical Brownian motion investments and, using regular
variation theory, they derived a unified analytic method for the asymptotic behaviour of
the probability of ruin. For this general class of renewal risk models with investment,
explicit results for the asymptotic ruin probability are given in the case of both light and
heavy tailed claims.

The common idea that investing in an asset with stochastic returns proves too risky for
an insurance portfolio in the classical risk model, the renewal and the Lévy risk models,
can be justified mathematically by all the above papers. However, once we move to non-
renewal models (in the sense that the surplus process does not renew itself at the claim
time epochs), the strong Markov property is lost and the problem becomes cumbersome.
The Markov-modulated risk model was first introduced by Janssen (1980) and Reinhard
(1984) and has since received much attention in the risk theory literature, including ap-
plications in queueing theory, see among others Asmussen (1987), Asmussen et al. (1994)
and Asmussen and O’Cinneide (2002). The primary motive of these papers is to enhance
the flexibility of the models parameter setting. This is achieved by considering an exter-
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nal Markovian environment process which influences both the claim frequencies and the
claim severities. The examples usually given are weather conditions, where the sojourns
of the external Markov process could be weather types, or in health insurance where the
sojourns of the environment process could be certain types of epidemics (see Asmussen
(1989)). Surprisingly, only a few authors have studied non-Poissonian risk models in the
presence of an investment strategy. Kotter and Béauerle (2006) were the first to introduce
a Markov-modulated risk process where risk reserves, under a special investment strategy,
can be invested into a stock index following a geometric Brownian motion. Within this
set up, for a special class of investment policies, they derive results for the adjustment
coefficient. A second study within the Markov-modulated framework was made by Diko
and Usabel (2011), where they considered a risk model perturbed by diffusion in which
the reserves are invested into an asset whose return rate and volatility are time-dependent
Markov-modulated. For this model they used Chebyshev’s polynomial approximation and
Laplace-Carson transforms to obtain a numerical solution for the integro-differential equa-
tion system for the risk quantity of interest.

In this paper, we consider a Markov-modulated risk model in which the reserves of the
insurance portfolio are continuously invested into an asset whose prices follow a geomet-
rical Brownian motion, which is also influenced by the external Markov chain. For the
aforementioned model the Markov property no longer holds and thus the ruin probability
is given in terms of an integro-differential equation system. Stimulated by Albrecher et al.
(2012), we extend their methodology (using Frobenius method for systems - see Barkatou
et al. (2010)) to obtain, using regular variation theory, an explicit asymptotic expression
of the ultimate ruin probability and the expected discounted penalty function. Within this
non-Poissonian model we are able to show that the ruin probability decreases asymptoti-
cally as a power function in the case of the light tailed claims, whilst for the heavy tails
we show that the probability of ruin decays either like a power function, depending on
the parameters of the investment, or behaves asymptotically like the tails of the claim size
distributions. The same kind of results hold for the Gerber-Shiu function. Note that the
above matrix based analysis holds for more general non-renewal risk models, such as the
Markov Arrival Process (MAP) risk models.

In more details the paper is organised as follows; in Section 2 we introduce a Markov-
modulated risk model where the reserves of the insurance portfolio are invested in a risky
asset whose price follows a geometrical Brownian motion, in which the drift and volatility
parameters are also influenced by the external Markov chain. In Section 3, using the
infinitesimal generator argument, we derive an integro-differential equation system for the
decompositions of the ruin probabilities. In Section 4, we use Laplace transforms to derive
an individual form for the system of ruin probabilities, that will allow an asymptotic
analysis in the later sections. In Section 5, we give the general solution for the Laplace
system and by using the Frobenius method for matrices, Tauberian theorems and Heaviside
principle, we derive explicit asymptotic expressions for the probabilities of ruin. Section 6
discusses an extension of the methodology used for the ruin probabilities to more general
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ruin-related quantities, namely the Gerber-Shiu function.

2 Markov-modulated risk process with stochastic investment

In this section, we introduce the Markov-modulated Poisson risk model in the presence of
risky asset investment, where the premium rate, the claim arrival rate, the distribution of
the claim sizes and the parameters of the return on the surplus investment are influenced
by an external Markov chain (see also Kotter and Béauerle (2006) and Diko and Uséabel
(2011)).

Consider the external environment process {J(¢)}¢>0, which can be interpreted as the
general economic conditions that govern the state of the economy. Suppose {J(t)}i>0 is a
homogeneous, irreducible and recurrent continuous time Markov process, with finite state
space £ = {1,2,...,m}. Let Q = (qij)?fj:l, with ¢;; = — Z;;l ¢ij = —¢;, for i € E, denote
the intensity rate matrix of {J(¢)}+>0, with a stationary distribution (which exists and is
unique since {J(t)}+>0 is irreducible and has finite state space) given by

= (7, ,Tm), ™ =0, i€E and Zm: 1.
i€ER
Assume that when J(¢) = i € E, the number of claims, namely N(¢), occur according
to a Poisson process with intensity rate \; € R™. Further assume that the corresponding
nonnegative claim amounts, {Xj}x>1, have common distribution function F;(x), with den-
sity fi(z) and finite mean u; < oo. We will also assume that the premiums are received
continuously at a rate ¢; > 0 during the time when {J(t)}+>0 remains in the state ¢ € E.
Under the above set up, the corresponding risk model is known as a Markov-modulated
Poisson process.
Considering the above assumptions, the insurer’s surplus process can be given by

t N(t)
U(t):u+/CJ(S)dS—ZXk7 t>0,
0 k=1

where u > 0 is the insurer’s initial capital. Let us propose that the insurer invests its
surplus into a risky asset, with returns process {R;(t)}i>0, when J(t) = ¢ € E, which
is also influenced by the external Markov process, {J(t)}:>0, and satisfies the stochastic
differential equation
dRJ(t) (t) = aJ(t)dt + O'J(t)dB(t),
where {a ;) }i=0 is the drift and {o ;) }i>0 the volatility of the randomness produced by
the standard Brownian motion {B(t)}s>0.
Within this framework, the surplus process under risky investment, is given by

t N() ¢
U(t) :u+/ CJ(s) ds — ZXk+/ U(s—) dRJ(s)(S), t>0. (2.1)
0 Pt 0

4
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This model extends the Markov-modulated risk process introduced by Reinhard (1984)
and also the classical risk model, with investment, introduced by Paulsen (1993).

The first time the surplus process of the insurance portfolio falls below zero is referred
to as the time of ruin and is denoted by

T=inf{t >0:U(t) <0|U(0) =u}, (oco0,otherwise).

The probability of ruin, given that the initial environment is in state ¢ € E, with initial
capital u > 0, is described by

Yi(u) = P{T < oo|U(0) = u, J(0) = i}.

Then, the ultimate ruin probability, for the stationary case, is given by

blw) = S ma), w0, (2.2)
k=1

3 An integro-differential equation system for the ruin
probabilities

The main aim of this section is to derive a system of integro-differential equations for
the auxiliary function ¢;(u), i € E. Before we proceed with the derivation, recall that if
{X(t) }+=0 is an Ito diffusion, with X (0) = z, satisfying a stochastic differential equation
of the form

dX(t) = a(X(t))dt +r(X(t))dB(t),

then the infinitesimal generator of X (¢) is the operator .4, acting on suitable functions f,
given by

=T — Xz T‘2 Xz 2
Af(x):limE[f(X(h))‘XiLO)_ |- ):a(x)aaxf(x)—l— ;);;gf(x). (3.1)

h—0

Using an intuitive infinitesimal argument and methods similar to that in Cai and Xu (2006)
and Lu and Tsai (2007), we get the following theorem.

Theorem 1. For u > 0, the ruin probabilities, 1;(u), i € E, satisfy the following integro-
differential equation system

ST ) + (asu+ ) (u) + AF(u)
= (i g0)di(u) — A /“wxu—x)dm(x)— S g, (32)
0 j=1,ji
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with boundary conditions

Tim 4(u) = 0, (3.3)
and .
it (0) — (N +a)vi(0) + D qij1hi(0) + X =0, (3.4)
j=1#i
where Fi(u) =1 — Fy(u), i € E.
Proof. Let .
Yi(t) = u—i—cit—l—/ Yi(s—)dRi(s), i€ E, (3.5)
0

be the income process under investment, given we start in state ¢ € E and experience
no claims up to time ¢ > 0. In order to derive an integro-differential equation system
for the ruin probabilities ¥;(u), i € E, we consider the risk process {U(¢)}+>0, defined by
equation (2.1) in an infinitesimal time interval (0, h]. Moreover, given that J(0) =i € E
and {N () }+>0 is a Poisson process, there are four cases that could appear in (0, h;

1. No claim and no change in state,

2. No change in state but a claim arrival,

3. No claim but a change in state of the external process,
4. Two or more events occur in the interval (0, h.

Considering the possible events above and noticing, for the second case, it holds that
¥i(Yi(h) — ) =1, for > Y;(h), we have

Yi(u) =(1 — A\h — q;h)E(¥(Y;(h)))

Yi(h) o
T AKE /0 Gi(Yi(h) — ) dFi(x) + Fo(Yi(h))

+hE | Y g (Yi(h) | + o(h),
=15

where o(h) is such that, o(h)/h — 0 as h — 0.
Re-arranging the above equation, yields

_E[i(Yi(h)] — i)

Yi(h) _
O+ ) [i(¥i(h) ) B | [ i) o) dR@) + i)
VE| Y g + 20
=15




148

149

150

151

152

153

154

155

156

157

158

159

160

161

162

163

164

Now, letting h — 0 in the equation above yields that
O+ ast0) = Aui) + | [ Mot 0y ar@) < Fw| + Y a6
0 j=lji
where A is the infinitesimal generator, defined in equation (3.1), of the process Y;(t).

Rewriting equation (3.5) in the form of an It6 diffusion process, and using equation
(3.1), we get that the generator of Y;(t) acting on v;(u) is given by

A (u) = (¢; + au) Pl (u) + %UEUQM'(U).

After substituting this form of the generator into equation (3.6), we obtain the integro-
differential equation system (3.2). For the boundary condition (3.4), setting v = 0 in the
integro-differential equation system (3.2), the result follows immediately.

O

Remark 1. For m = 1, we obtain the integro-differential equation for the classical risk
model under risky investment

%a%ﬂw”(u) + (au + )Y’ (u) + ANF(u) = Mp(u) — A / ’ Y(u — x) dF(z),
0

as it is given in Constantinescu and Thomann (2004).

4 Laplace transforms

The structure of the integro-differential equation system (3.2) suggests the use of Laplace
transforms for the asymptotic analysis of the probability of ruin. Thus, in this section,
we will derive a matrix closed form expression for the ruin probability, that will be vital
for our next section, where Karamata-Tauberian theorems will be applied to derive the
asymptotic ruin results.

Let z@-(s), F;(s) and ﬁ(s) be the Laplace transforms of 1;(u), F;(u) and f;(u), respec-
tively. Taking Laplace transforms on both sides of equation system (3.2), one can see that
@(u) satisfies a second order non-homogeneous ordinary differential equation system, for
1 € F, given by

5203 i 2 7
501 () + [s(207 — ai)](s)
+ (07 4 cis — (ai + @) = ML= FNils) + D aighi(s)
J=1,j#i

= c;i(0) — Az’ﬁ'(S%



165 Or in matrix form

20 di = " i
i di(f) A ﬁ() +B(s)(s) = e1)(0) — Ak(s), (4.1)
. a am

B() = [01(5), -, o)),
1;(0) = [wl(o)a v 7¢m(0)]T,

. 261 26m
= diag(=2,...,=m
c = diag( o7 ’a%)’

2\ 2\
A =diag(T5, ..., 250,
o1 log=h

16 where the superscript, (-)7, denotes the transpose of a vector/matrix, and

%%21(8) U%Ch,z e J%qu
221
B(s)=| 7 : (4.2)
UTImel,m
i
%Qm,l e %Qm,m—l %Zm(s)

w61 with Zi(s) = 02 + cis — (ai + @) — Ai(1 — fi(s)),i € E.

168 The form of the non-homogeneous matrix equation (4.1) will be used in the sequel
160 so as to derive asymptotic expressions for 12(3) and consequently for the ultimate ruin
170 probability, namely 1 (u).

n 5 Asymptotic results for arbitrary claim size distributions

12 In this section we analyse the asymptotic behaviour of the Laplace transform vectors,
173 for the ruin probabilities, and derive asymptotic expressions using Karamata-Tauberian
174 theorems and Heaviside Principle. In order to achieve this, we first need to draw the
175 solution of the Laplace transform vector, satisfying equation (4.1), in the neighbourhood
176 of their singularities.
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Let us define the following m-dimensional vector 121\(3) = 7(s) = (i(s)s-- -, ym(s)T,

with %@Z(s) = y'(s) and %@E(s) = y"(s) denoting the first and second derivatives re-
spectively, of every element of the vector #(s). Then, we can rewrite equation (4.1), as
follows

s°§"(s) + sAF(s) + B(s)g(s) = h(s), (5.1)

where h(s) is the m-dimensional vector, given by

- -

h(s) = c¥(0) — Ak(s). (5.2)

By the general methodology of differential equations, equation (5.1) has a general solution
of the form

y(s) = Gn(s) + Gp(s), (5.3)

where ,(s) is a particular solution vector and ¢ (s) is the associated homogeneous solution
vector to the corresponding homogeneous matrix equation of (5.1).

Remark 2. The corresponding homogeneous equation system of (4.1) has a regular sin-
gular point at zero and will play a vital role in the formulation of its solution, while the
extra term in the non-homogeneous system depends on the Laplace transform of the tail of
the claim size distribution.

For the rest of this section let us consider the analysis of the associated homogeneous
equation system and the analysis of the particular solution to the matrix equation (5.1)
separately. First, let us consider the associated homogeneous equation of (5.1), which has
the form

s25"(s) + sAy'(s) + B(s)y(s) = 0, (5.4)

where 0 is an m-dimensional vector of zero elements. The form of the second order linear
homogeneous differential matrix equation (5.4) and the presence of the regular singular
point at s = 0, requires that the Frobenius method should be employed to determine the
solution. Thus, using similar arguments to Barkatou et al. (2010) we consider that the
vector solution to (5.4) is in a Frobenius form for systems, i.e.

oo
fls,r) =3 Giulr)s™,
k=0

- T — T
where y<37 7') = (y1(87 T’), s 7ym(87 T)) and gk(7'> = (gl,k(r)a s 7gm,k<r)) k>0, are m-
dimensional vectors, where gy is non-zero and the exponent r may be real or complex.
Differentiating the above form of the solution vector twice, with respect to s, gives
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(o)

J'(s,m) =Y (r+k)ge(r)s T,
k=0

37’/(8’ 7') = Z(T’ + k:)(r +k— 1)§k(7‘)8r+k_2.

k=0

Substituting the above forms of the vectors for (s, r),y’(s,r)and §”(s,r) into the homo-
geneous second order matrix differential equation (5.4), yields

[e.9]

> (r+E)(r+ k= 1)g(r)s*

k=0
+AD (r+k)ge(r)sF + B(s Zg s =0,
k=0

Analysing the above equation, we can see that by dividing through by the common term
s" and then setting s = 0, all terms with k£ > 0 vanish. Thus, we can deduce that r is the
solution of the indicial matrix equation

r(r — 1)go(r) + Argo(r) + B(0)go(r) = 0. (5.5)

Recalling the definition of B(s) and noting that ﬁ(O) =1 for all i € E, we can easily see
that B(0) is an m x m matrix with constant elements, given by

U% (U% — (a1 + Q1)) U%Qm T U%Ch,m
U%Qz,l
B(0) =
72 _dm—-1,m
m 1
2 g e gt 2 (0 (0t am)

Alternatively, the indicial matrix equation (5.5), may be written as

L(T)§0(T) = 63 (56)
where
L(r) = r*I + (A — I)r + B(0), (5.7)

is an m x m matrix and I is the m-dimensional identity matrix.

An equation of this form has non-trivial solutions, gy(r), only for det (L(r)) = 0, known
as the characteristic equation. Since the determinant of L(r) gives a polynomial of degree
2m, with leading coeflicient 1, we have the following Lemma.

10
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Lemma 1. Forr € C, the characteristic equation, det(L(r)) = 0, has exactly 2m solutions
1,72y ..,T2m-

Now, referring back to Frobenius’ method, any set of fundamental solutions to the homo-
geneous matrix equation (5.4), may be written

(o]
i(s) = 5" Gi(ri)st = s"Fi(s), i=1,...,2m, (5.8)
k=0

where 7;(s) = (45.1(5), - - -, Yim ()T = §(s,7;) and Yi(s) = (yi1(5), ..., Yim(s))T are vectors
of holomorphic functions with 4;(0) = go(r;) # 0. Then, as it will be shown later, since
the vector solutions ¥;(s) are linearly independent, the general solution to equation (5.4)
is given by

2m
n(s) = O midi(s) = ms" 71() + -+ Mo Fom (s), (5.9)
i=1
where 7); are constant coefficients and r;, ¢ = 1, ..., 2m are the solutions to the characteristic

equation det(L(r)) = 0. The linear independence of the solution vectors will be made more
apparent in a later section.
In particular, the j-th element of the solution vector, ¢ (s), is given by

2m
ynj(s) = Z NiYij(8) = ms ™ y1,5(8) + ... + N2ms ™ Yom ;(S). (5.10)
i=1

Having obtained a general solution for the homogeneous solution, it remains to determine
the contribution of the particular solution g,(s) of equation (5.3).

To find the particular solution of the differential equation system (5.1), we use the
method of variation of parameters, similar to Albrecher et al. (2012). Hence, the particular
solution has the following form

2m
o(s) = > vils)ii(s),
i=1
where 7;(s),7 = 1,...,2m are the solution vectors to the homogeneous equation (5.4), given

by equation (5.8), and v;(s) are scalar coefficients that need to be determined.
By the method of variation of parameters and the use of Cramer’s rule, the variables
vi(s),i =1...,2m, have the following form

[T W)
vils) = s PW()

(5.11)

11
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where so is a small positive constant, W (s)(# 0) is the Wronskian (block) determinant

given by
gi(s) da(s) .. Gom(s)
gi(s) ya(s) - Gom(s)

and W;(s) is a consequence of W (s), with the i-th column replaced with (0, k(s))T. For
example, for i = 1, Wi (s) is given by

W(s) =

)

0 Y21 -+ Yom,l
5 372(5) e 372771(8) ' 0 2m -+ Yomm

W S) = — N . — ’ )
M=) (s e (s || ) tha o S
hm(S) yé,m et yém,m

Remark 3. W(s) # 0 implies the linear independence of the solutions ¥;(s).

Equation (5.11) can be re-written as
S h(t)TW,(t
i = [ HOWG) 12
50

where A(s)T = (hi(s), . .., hm(s)) is the transpose vector of that given in (5.2) and W/l(s) =
(Wia(s),- -, Wim(s))" is a vector of corresponding Wronskian determinants, namely W; ;(s),
which are a consequence of W (s), with the i-th column replaced by (0,...,0,1,0,...,0)7,
where the unit is in the (m + j)-th row.

After algebraic manipulations, the above equation can be written as

Z/ t  h(t g(S) dt, (5.13)

where £(t) and & x(t), i = 1,...,2m, are holomorphic functions, with £(0) # 0 # &; (0)
(as they are linear combinations of ~; j(s),i = 1,...,2m,j € E and their derivatives, for
which 7;(0) = go(r;) # 0 holds).

Recalling the definition of h(s) from equation (5.2), we see that hy(s) has the form

hi(s) = % (Ck¢k(0) - )\k%k(s)> , k€EE,
i

and thus we can write the particular solution to the non-homogeneous second order differ-

12
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ential equation system (5.1) as
2m
Up(s) = Z s"%i(s)vi(s)
i ik(1)
= s" (s tT by (t dt
Y3 [ ooty

_ T 20]61/)/6( ) B 7r¢flgi7k(t)
—Z wz B[S

k
N 2k 1D ik(t)
Z Fi( kzl /t Fi( g() dt.  (5.14)

From this equation, we can see that the particular solution, for each element y, (s), j € E
of 4,(s), has the form

2 0 s &t
Yp,i (s Z 5" vij(s) Z Ckfg( ) /SO t 112];;)) dt

k=1 k
2m m
; 20 [° —ri— 1 &Jﬂ(t)
D ILCTO) Sk 3 e 0L N ACRD)
i=1 =1 %k Js0

From the form of the above equations and using equations (5.3) and (5.10), it is clear
that the asymptotic behaviour of 1;(s), and thus of v;(s), heavily depends on the roots
ri,© = 1,...,2m, of the characteristic equation det (L(r)) = 0, and the behaviour of
Fk(s), kekFE.

Having determined the general solution of the matrix equation (5.1) (given by equa-
tions (5.3), (5.9) and (5.14)), in the subsequent work we will perform an asymptotic analysis
using Karamata-Tauberian theorems and the Heaviside Operational principle, for the ho-
mogeneous solution and particular solutions respectively. We separate the cases for yy, ;(s)

and yp j(s) and consequently @Zh,j(s) and $p7j(s) respectively, as follows.

Now, since the Karamata-Tauberian theorems correspond to the asymptotic behaviour
of the Laplace-Stieltjes transform of a function, then, for the analysis of yp, ;(s) similarly
to Albrecher et al. (2012), we introduce the auxiliary functions

U (u) 0 if uw<0
() =
! Jo nj(x)dx  if uw>0.

Let Uj(s) be the Laplace-Stieltjes transform of U;(u). Note that the Laplace transform
of the ruin probabilities vy, j(u), defined as vy, j(s), is equivalent to the Laplace-Stieltjes

13
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249
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251

252

253

254

255

257

258

259

transform of the function Uj(u), i.e.

Busls) = Llns()(s) = [ " e (u) du = / " e dU () = Ty (s).

The asymptotic behaviour at zero of the homogeneous solutions, given by equation (5.10),
describes the asymptotic behaviour at zero of ih,j(s), consequently of ﬁj(s). The slowest
decaying power of this linear combination dictates the asymptotic behaviour of the solution
as s — 0. In general, this power can be found numerically by evaluating all roots r;, i € F,
to the characteristic equation det(L(r)) = 0, however, in order to explicitly determine the
leading power of this equation we must restrict ourselves to the case where the drift and
volatility parameters of the investment process are all equal, i.e. a; = a,0; = o for all
1 € E. Note that this restriction does not affect the Markov-modulated environment of
the arrival process which is still influenced by the external environment process. Adopting
this modification and using the following two Lemmas, we are able to show that the rate of
decay, of the homogeneous solution, is driven by the slowest decaying power, corresponding
to the leading power of equation (5.10), which will be determined.

Lemma 2. The transition rate matriz Q has 0 as an eigenvalue and the remaining eigen-
values have negative real parts.

Proof. Let n be a real positive number greater than the absolute value of all entries of Q,
ie. n > |gjl|, Vi,j € E. Now, define the matrix

1
P=-Q+I,
"

with elements

1
pij = oy + Lii—jy,
where [ is an indicator function. Now, since
1 1 .

szj = Z(*qz'j + Li=j) = — ZQij + Zﬂ(i:j) =1, 1€k,

jEE jee " ek jeE
and .

Pij = i 20, i#j€E,
1 1 .
Pii = E%’i +1>1- 5|%| >1-1=0, sincen > |ql,

the matrix P is a stochastic matrix.
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Now, note that the eigenvalues of P and Q are related as follows. If A is an eigenvalue
of P, with right eigenvector ¢, then

giving that
Qy =P —n)j=nPy—nyj= A —ny=nA—-1)7,

which implies that n(A — 1) is an eigenvalue of Q. Now, by the Perron-Frobenius theorem,
we have that A\q; = 1 is the maximum eigenvalue of P and the remaining eigenvalues A
are such that |A\| < 1. Based on the connection between the eigenvalues of P and Q, for the
maximum eigenvalue, namely A, = 1, the corresponding eigenvalue of Q is equal to 0.
Thus, in order to complete the Lemma, it remains to prove that the remaining eigenvalues
of Q have negative real parts. The remaining eigenvalues of P are A such that |A| < 1,
which for complex A implies its real part has absolute value less than 1. Thus, since the
eigenvalues of Q are of the form n(A — 1), we have

R(n(A—1)) =n(R(A) - 1) <0,
since 7 is real and positive. O

Lemma 3. Fora; = a and o; = o, for all i € E, the characteristic equation det (L(r)) =0
has two roots, 11 = —1 and ro = (27—% — 2 = p—1. The remaining roots all have real parts
that lie outside the interval determined by r1 and ro.

Proof. In order to find the roots of the characteristic equation, det(L(r)) = 0, where
L(r) = 7T+ (A —1I)r+B(0), we need to rewrite L(r) in a slightly different form. Recalling
the forms of the matrices A and B(0), and after some algebraic manipulations we have
that

2
L(r) = a(r)L+ 5Q
where a(r) =72 + (3—3—%)7“—{— —% =(r+1)(r+ —g—g)

Recalling the indicial matrix equation (5.6), and using the above expression of L(r),
equation (5.6) may be written

(a(r)I + 022(22) Go(r) =0,
or equivalently )
—2Qao(r) = —a(r)go(r)- (5.16)

From the above equation we see that —a(r) forms an eigenvalue with respect to the matrix
%Q. Thus, solving

det (L(r)) = det <a(r)I + 022Q> —0,

15
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is equivalent to finding the eigenvalues of the matrix %Q, which are of the form —a(r).

Using Lemma 2, and since 2/0?2 is real and positive, it follows that the matrix %Q also
has 0 as an eigenvalue with remaining eigenvalues having negative real parts. Now, given
that —a(r) forms an eigenvalue of U—QQQ, we have for the 0 eigenvalue that

—a(r) =0,
which implies
2
at) =+ 1) (r2- %) <o (5.17)
o
giving the two roots 71 = —1 and ro = 2a/0? —2 = p— 1. Consequently, 7 = 71 and 7 = 75

are two roots of the characteristic equation det(L(r)) = 0.

To complete our Lemma it remains to prove that the real parts of the remaining roots
lie outside the interval determined by r; and ro.

Consider that the eigenvalues of the matrix %Q have complex form i.e. they are given
by

—ag(r) =uk +ivk, k=1,2,....m, k#j,

where u, and vy, are real numbers and —a;(r) is an individual eigenvalue corresponding to
the 0 eigenvalue (without the loss of generality).

Using the form of a(r) given in equation (5.17), and the fact that 1 = —1 and ro = p—1
satisfy equation (5.17), then ay(r) could be written

ag(r) = (r—ry)(r—re) = — (ur + ivg) .
Since r can also be complex, i.e. r = x + iy, the above equation becomes
(x —r1+iy)(x —ro+iy) = — (ug + ivg) .
Equating the real terms gives
(& —ri)(z —r2) —y* = —up,

or alternatively
(x —r1)(x —r2) = y° — uy.

Now, from Lemma 2, we have that the non-zero eigenvalues have negative real parts im-
plying that uy < 0, for k # j. Therefore (z — r1)(z — r2) > 0, from which it follows that
(x —r1) and (z — r9) have the same sign. That is, x is either larger or smaller than both
r1 and 7s.

Note that in the case that r has no imaginary part, i.e. y = 0, the same argument
holds, meaning that the other real solutions also lie outside the interval determined by 71
and ry. This completes our proof. ]
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Remark 4. Since r1 and ry correspond to the 0 eigenvalue of %Q and hence Q, it follows
from equation (5.16) that
Qgo(re) =0, k=12

Using the fact that the elements in each row of Q sum to 0, it is not difficult to see that
go(rx) = Pé€, k = 1,2, where € is an m-dimensional vector of units and ( is arbitrary, let’s
say B =1.

Proposition 1. Consider the model given by (2.1) and assume that o > 0. Then, if the
ruin probability ¥ (u) decays at infinity, we have

2
p:—g—1>0.
o

Proof. The proof of this proposition will become apparent towards the end of this section.
O

Using the two Lemmas above, we can determine the slowest decaying power of the ho-
mogeneous solution to the vector equation (5.3), given by equation (5.9). Note that, by
Proposition 1 we have r; < ry. Now, the boundary condition lim,_,~ 9;(u) = 0, and the
use of final value theorem, implies that the coefficients of terms with powers that have real
part less than 71 in equation (5.10), must be zero. Consequently this makes r; the slowest
decaying power.

Next, we will apply Karamata-Tauberian theorems to find the asymptotic behaviour
of the homogeneous solution. It is crucial to observe that by applying the Karamata-
Tauberian theorem, in the case that the slowest decaying power of equation (5.9) is 71,
results in the fact that the ruin probabilities converge to a constant, which is in contradic-
tion with the boundary condition (3.3). Hence, it should be clear that the coefficient of
st namely 7, vanishes.

Based on the above observation, we conclude that eventually the slowest decaying power
is r9. Thus, we are ready now to apply Karamata-Tauberian theorem and the Monotone
Density theorem to find the asymptotic behaviour of the homogeneous solution, given by
equation (5.9). Since we have concluded the root 7y represents the slowest decaying power,
we have that the individual elements of the homogeneous solution vector, #(s), behave
like B
UJ(S) ~ 772810_1727]'(5)’ s —0,
which is equivalent to
Uj(u) ~ mUl_pw’j(l/u),

I'(2-p)
by the application of Karamata-Tauberian theorem. Finally, applying the Monotone Den-
sity theorem gives

U — 00,

n2(1 = p)u=Py2,(1/u)

Pn,j(u) ~ T2 =) :

u — oQ.
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Note that, since p > 0 by Proposition 1, 1, j(u) decays to zero, as required, and the
conclusion is that
Un,j(u) ~ CuPy25(1/u), u— 00 (5.18)

where C = %. Alternatively, we have

lim @/Jh’j(u)up =C

U—00

since 72,;(0) = gj,0(r2) =1 (see Remark 4).

Having completed the asymptotic analysis of the homogeneous part of equation (5.3), it re-
mains to analyse the asymptotic behaviour of the particular solution of the aforementioned
equation, namely 7/,(s). Noticing that the elements of the vector 7,(s), given by equation
(5.15), strongly depend on the tail of the claim size distribution, below we consider two
separate cases.

Depending on the distribution of Fj,(s) we can identify two cases, similarly to Albrecher
et al. (2012):

A. Light tailed claims with exponentially bounded tails. Assume F(s) has a rightmost
singularity at —up < 0, k € E, and Fy(—puy) = oo for each k € E.

B. Heavy tailed claims %k(—e) =00, fore >0, ke FE.

Light Tailed claims. Let us first note that if —u; is the rightmost singularity of each
Fi(s), k € E, then —§, where § = mingecg(pur), is the rightmost singularity of the summa-
tion of F(s), k € E. Now, using L’Hopital’s rule, we have

et Ak o T FR(t) dt S Nes TV E(s)

lim = lim =
ST s T A F(s) 70 s YT M Fk(s) 57T 0T Ak g F(s)
. 1 1
= lim = = .
o -+ g 2kt Mg Fi(9) )\k‘TEFk(S) i
St A Fk(s)

Thus,

m s ~ 1 m ~

Z /\k/ tr EL(t) dt ~ s Z MeFi(s), as s— —d.

k=1 750 A
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Then, from equation (5.15), we have

~ US| " 2¢;1(0) & 1 (—0)
Vp,i(s) ~ — ) 7ii(=9) :
v §<—>7 L
20 Eik(—6) S
- 5.5 (—0) _—— Fi(s), s— —6.
Z( )” 202 o) "

Normalise &; 1, (—0) such that v; j(—9) &EI({ ;5) =1,foralli=1,...,2m, k=1,...,m. Since
—¢ is the rightmost singularity of 121\1,7 ;j(s) and the first term of the above equation is analytic
in —4, one can apply the Heaviside Operational Principle (see Abate and Whitt (1997)) to

deduce
Upi(w) ~ = Z; - Z/\k Fr(u), u— oo. (5.19)

Heavy Tailed claims. Using L’Hopital’s rule and other limit properties, we have, for
each k e B

fet Ak o T F(t) dt S s F(s)

lim = = lim L _
s—0 §Ti Ezlzl )\ka(s) s——0 _riS*nfl Zzlzl )\ka(S) 45T 221:1 )\k:d%Fk(S)
) 1 1
= lim _ — )
S TV LR
Do M Fr(s)
Thus,
ri—170
Z/\k/t Fk() i Z)\ka as s — 0.
k=1 S0
Then,
2m m
b L 2¢;%(0) & (0)
Upj(s) ~ D <) 713(0) ) — 5
=1 T k=1 o 6(0)
2m m
1 20 &k (0)
- 15(0) ) —5 - Fr(t), 0.
;(_ri>77]( ); 0_2 §<0) k‘() S —

Normalise &; 1 (0) such that 'yi,j(O)%()) =1,foralli=1,...,2m, k=1,...,m. Similarly

to previous, the first term is analytic in zero, thus one can apply the Heaviside Operational
Principle to deduce

Wp.j (1) Z Mo Fr(u), u— oo. (5.20)
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Now that we have completed the analysis of both the homogeneous and non-homogeneous
parts of equation (5.3) we can present the asymptotic behaviour of the general solution,
for each j € E, namely 9;(u). By combining equations (5.18), (5.19) and (5.20), we have

2 1 &
pi(u) ~ Cu Py i(1/u) + s E — E Mo Fr(u), u— oo. (5.21)
1" m

Consequently, by equation (2.2), we can derive the asymptotic behaviour for the ultimate
ruin probability, ¢(u), given by

Y(u) ~ Cu ’DZTF]’}/Q] (1/u) + Z Z)\ka U — 00. (5.22)
1"

Remark 5. On the right hand side of equation (5.22) we have a summation of light and/or
heavy tailed distributions. Now, since for some positive constants r,n,ax and ci (k =
1,...,n)
n —apu n —apu
i k=t O NS kT
U—00 u-r u—oo Uy~ "
k=1
we have that the particular solution does not represent a significant asymptotic decay in
the case of light tails. However, in the case of heavy tails we have to compare the decay of
the power function and the tail of the claim size distributions to determine which one is

slower.

Considering all of the above, we obtain the following theorem.

Theorem 2. Let a; = a and o; = o, for all i € E. Then, if p = 2% — 1 > 0, the ultimate
ruin probability behaves asymptotically as

P(u) ~ Cu™ pZijgj (1/u) + QZ Z)\ka u — 00,
7j=1 1

_ n2(1-p)
where C = T(2=p) -

6 Asymptotic results for the Gerber-Shiu function

In this section our aim is to derive asymptotic results with respect to the expected dis-
counted penalty function, introduced first by Gerber and Shiu (1998). The expected dis-
counted penalty function, also called the Gerber-Shiu function, has been extensively studied
in ruin theory since it unifies many risk-related quantities into a single function. In more
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details, quantities such as the time of ruin 7', the deficit at ruin |U(T")|, the surplus immedi-
ately prior to ruin U(7T—) and many others can be explicitly derived from the Gerber-Shiu
function [see among others Albrecher et al. (2012), Cai (2004) and Lu and Tsai (2007)].

Let P;(-) = P(:|J(0) = i) and E;(-) be the expectation with respect to P;, i € E. Also,
let w(zx,y), for x,y > 0, be an arbitrary non-negative function representing the penalty at
ruin. Then, the Gerber-Shiu function, for §,u > 0, is given by

61(u) = B [ Tw(U(T=), [UT)) L) lU0) = u|, i € E, (6.1)

where § can be considered as a constant force of interest. In particular, when § = 0 and
w(z,y) =1, we have

¢i(u) = Ei [L(7<00)|U(0) = u] = i(u).

In a similar way to the ruin probability we can define the ultimate discounted penalty at
ruin, in the stationary case, by

m
d(u) =Y mig;(u), jEE. (6.2)
j=1
Using similar arguments as in Theorem 2, we have the following theorem.

Theorem 3. The system of Gerber-Shiu functions, ¢;(u), satisfy the following integro-
differential equation system

501 u?¢f (u) + (aiu + ;)¢ (u)
= Ottt < | [ aua)dm@) )| = 3w
0 =15

(6.3)

where wi(u) = [ w(u,z — u) dF;(x), with boundary conditions
Tim i) = 0, (6.4)

and
cidi(0) — (i + i + 0)65(0) + Ay /0 w(0,2)dF(x)+ Y gyé;(0)=0.  (6.5)
=1,

Next, we investigate the asymptotic behaviour of the Gerber-Shiu function using a similar
methodology as the one used for the analysis of the ruin probabilities. Thus, letting ¢;(s)
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and w;(s) be the Laplace transforms of ¢;(u) and w;(u) respectively, taking the Laplace
transforms on both sides of equation (6.3), yields

2 2 ~
S0 (s) + [s(207 — )|} (s)
+ | 0F + s — (ai + ¢; +6) = \i(1 - ﬁ'(s))} Gi(s)+ > aid5(s)
J=1,57
= CiQﬁi(O) — )\i@(s), 1€ k. (6.6)
In matrix form, the above equation can be written as
d22 dz = o o
2200 | A% v)3(s) = edl0) - A, (6.7)
where
o(5) = [1(5). .. S (3)]
$(0) = [¢1(0),- ., $m (0)]"
@(s) = [@1(s), ., Bin(s)]",

V(s) =B(s) — diag(i—g, ce 5—25), with B(s), A, ¢, A all defined as in Section 4.
1 m
Note that, the matrix equation (6.7) is of a similar form as the matrix equation (4.1).
Therefore, this equation can be solved using similar arguments as the ones used for the
analysis of the ruin probabilities, i.e. using the Frobenius method for systems [similar to
Barkatou et al. (2010)].

Letting QAS(S) = Z(s) = (z1(5),...,2m(s))T (with corresponding first and second deriva-
tive as in the previous section), then equation (6.7) has the form

s22"(s) 4+ sAZ'(s) + V(s)Z(s) = g(s), (6.8)

where §(s) = (g1(s),...,gm(s))T is the m-dimensional vector, given by

-

G(s) = cd(0) — Ad(s).

By the general theory of ordinary differential equations, equation (6.8) has a general solu-

tion of the following form
Z(s) = Tn(s) + Tp(s),

where Zp,(s) is the solution to the corresponding homogeneous matrix equation and Z,(s)
is the associated particular solution.
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In the following, the particular vector solution ,(s) and the vector solution Z(s) of
the corresponding homogeneous matrix equation of (6.8) will be analysed separately. The
associated homogeneous equation system is given by

22" (s) + sAZ'(s) + V(s)Z(s) = 0, (6.9)

and hence, by the Frobenius method, we adopt a solution of the form

o0
F(s,m5) = Y _ bi(rs)s"tE, (6.10)
k=0
where by(rs) = (bka(r5), -, bim(rs))T is an m-dimensional vector of constants with

go (rs) # 0, and 75 is a solution to the characteristic equation

det <L( ) — d1ag<25 ,2§>> =0,
71 Timn

where L(s) is defined in equation (5.7).

Following the same arguments as in Lemma 1, one can see that the characteristic
equation has 2m roots, namely 751, ...,7s2m, therefore the solution to the homogeneous
equation system (6.9), by the linear independence of solution vectors, is

2m
= pis™iBi(s), (6.11)
i=1
where p;’s are constant coefficients and @(s) are vectors of holomorphic functions with
Bi(0) = bo(rs:) # 0.
To complete the solution of the second order differential equation system (6.8), it re-

mains to find the contribution of the particular solution Z,(s). For the particular solution,
we again use variation of parameters to obtain

2m
(s) = Z 5701 i (s)vi(s)
s, 7, —rsi— 92 k(t)
- Z Z/ o) ™

_ T8, _’, 26k¢k‘(0) 3 —1“5’1-—1 917’?(7‘;)
_;s 51(8)27@% /Sot B0 dt
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from which we get the following form for the j-th element of Z,(s)

2m m
. 2e10k(0) [5 . 1 0;(t)
zpi(s) = D 8" Bii(s) D 02/ ¢ 1Wdt

i=1 k=1 k 50

2m m
) 20 7 1~ Hlk(t)
_E: 63, } :7 t e t)— dt, (6.13

i:18 67](3) £ U]% /50 ’U)k( ) H(t) ( )

for each j € E, where 0(t) and 0;4(t), i = 1,...,2m are holomorphic functions, with
6(0) # 0 # 6; 1(0) (as they are linear combinations of §; j(s),i = 1,...,2m,j € E and their
derivative, for which 5;(0) = 50(7“571-) # 0 holds).

Following a similar line of logic as in Section 5, we will use Karamata-Tauberian theorem
to get an asymptotic expression for Zp,(s) and Heaviside Principle for @), (s), respectively.
For the application of the Karamata-Tauberian theorem, we have to identify the slowest
decaying power in equation (6.11). To do this explicitly we will have to adopt the same
idea as Section 5. Let a; = a and o; = o, for all ¢ € E, with no change in the Markovian
environment of the claim arrival process.

Note that we now have

g

. 20 20 20 2
L(S) — diag <U2’ e 2) = L(s) — ;I = OQ;(S)I + EQ’

with ag(s) = a(s) ~ 2 = 57 + (3 - %) s+ 2 - 2232,

Following the same arguments as in Lemmas 2 and 3 of Section 5 and noticing that
as(s) = 0 has two roots, namely rs;, given by

2 — -p\? 28
r57i:_Tp:|: (2p> +§7 Z:1727

where p = (27—”2‘ — 1, we have the following Lemma.

Lemma 4. Fora; = a, 0; = 0, forall © € E, the characteristic equation det (L(s) — %I) =
0 has two roots, rs;, 1 = 1,2 and all remaining roots have real parts that lie outside the
interval determined by 51 and rss.

Remark 6. It should be clear that for 6 =0, r51 and rs2 reduce to r1 and ro, respectively
of Lemma 2.
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The power 751 = —22—’) +1/(F) + 3—2 would not produce a decay to zero at infinity

resulting in the corresponding coefficient in equation (6.11), namely p;, vanishing. Thus,
the slowest decay power is given by

2 — —o\? 26
r2= =5t - <2p) T

The slowest asymptotic behaviour of the solutions to the homogeneous part, given in
equation (6.11), for some j € F, is then given by

~ J 25
Pn,j(s) ~ pas V(5 o2 B 4( s — 0,
which, by Karamata-Tauberian theorem is equivalent to

énj(u) ~ Ku~ 5TV TP 62] (1/u), u— oo,

where K is a constant.

It remains to analyse the asymptotic behaviour of the particular solution, given by
equation (6.13). As before we have to deal with the two cases of light and heavy tailed
distributions.

Light tailed claims. We again consider the right most singularity of wy/(s), namely — g,
then, in a similar way to the previous section, we can define the rightmost singularity —A,
where A = mingep(ux), of the summation of wy(s), k € E. Applying L’Hopital’s rule we
have the following:

S [ e ) e
1m
s——A _T512k 1)\kwk( )

g 7ol ZZL 1 )\k@k(s)

= lim
s s m d =~
so=A —pss LY N Wx(s) + 570 Y0 A5 Wk(s)
. 1 1
= lim — P = )
s——A b1 Mk s Wk (s) 715

IR s v )

Then, we have

Gp.j(s) ~ 2 2:5 <

) icm

0_2 Z Z )\kwk S — —A, (6.14)

—T6,i
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after normalising the value of 6;; such that @'J(_A)eié’({;?) =1,7=1,....2m, k =

1...,m. Applying the Heaviside Operational Principle, we have

bpj(u) ~ — Z Z Aewg(u),  u — oo, (6.15)

Téz

Heavy Tailed Claims. A similar argument can be given for the case of heavy tailed
claim size distributions to obtain

Gp,j(u) ~ 52 Z Z Mewe(u), U — oo, (6.16)

as long as —00 < L In (31" Ae@Wik(s)) |s=0 < 00,k € E.

Finally, by the same method as in Section 5, we can combine the homogeneous and
corresponding particular solutions of both light and heavy tailed distributions to obtain the
asymptotic behaviour of the ultimate Gerber-Shiu function, ¢(u), given in the following
theorem.

Theorem 4. Let a; = a and o; = o, for all i € E. Consider that p = 2% — 1 > 0, assume

that w;(s) exists and that |dS In (37 Aei((s)) |s=0 < o0, @ € E. Then, the ultimate
Gerber-Shiu function, ¢(u), behaves asymptotically as

o(u) ~ Ku 2tV ()" 02 Z Z Apwg(u),  u — oo, (6.17)

=1 10 k=g

for some strictly positive constant K.

Remark 7. From the above theorem we deduce that the asymptotic decay will be given by
the slower of the power function or the sum of functions w;(u), i € E. By the definition
of the these functions w;(u), it is clear that the asymptotic behaviour is dependent on
the combination of the penalty function and the claim size distributions, which has been
discussed in the previous literature.
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