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Abstract. The experimental and theoretical evidence for octupole collectivity in
nuclei is reviewed. Recent theoretical advances, covering a wide spectrum from
mean-field theory to algebraic and cluster approaches, are discussed. The status of
experimental data on the behaviour of energy levels and electric dipole and electric
octupole transition moments is reviewed. Finally, an outlook is given on future
prospects for this field.
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1. Introduction

For the nuclear quantum system, spontaneous symmetry breaking that arises from
deformation will in general lower its energy. This ‘nuclear Jahn-Teller effect’ [1] is
illustrated by considering a simple nuclear Hamiltonian representing nuclear vibrations,
written as (see [2] and references therein)

+A
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In this expression the first term is the spherical shell-model potential, the second term
represents the long-range multipole-multipole force generating the collective motion,
and Hp,;, is the pairing Hamiltonian; j stands for the set of quantum numbers (n, ¢, j).
Spherical symmetry will be removed for A = 2 quadrupole-quadrupole interactions,
and most nuclei are quadrupole deformed in their lowest energy state. For some
combinations of Z and N the nucleus can further lower its energy through octupole-
octupole interactions, and the nucleus no longer retains reflection symmetry . In a mean-
field description of the nucleus, octupole correlations depend on the matrix elements of
the spherical harmonic Yy between single particle states with Aj = A¢ = 3 and the
spacing between them. The left hand side of figure 1 shows that the proton number
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and neutron numbers, where such states approach the Fermi surface and the spacing is
small, are ~ 34, 56, 88, 134, that is, at values just greater than the magic numbers where
nuclei are nearly spherical. These values are superimposed on the chart of nuclides in
the right hand side of figure 1; it is apparent that regions of largest octupole correlations
occur for the S~ -decaying neutron-rich nuclei to the north east of 132Sn or for the mostly
a-decaying nuclei north-east of 2%Pb.
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Figure 1: Left hand side: nuclear spherical single-particle levels. The most important
octupole couplings are indicated. Right hand side: chart of nuclides for which the proton
and neutron numbers having the strongest octupole coupling are indicated. The white

lines indicate the positions of the magic numbers. The modes of radioactive decay are
given in the legend; stable isotopes are in black.

In order to visualise reflection-asymmetric nuclei it is convenient to consider the
generalised Rayleigh shape of a macroscopic object where its surface is given by in terms
of a spherical harmonic (multipole) expansion

oo +A

R(Q) =c(a) (143 > anY5,(Q) (2)

A=2 p=—X
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In this expression c¢(«) is determined from the volume-conservation condition and
Ry = TOA%. The standard deformation parameters «y, can be reduced in number
by imposing the centre of mass to be the same as the origin of the body-fixed frame and
assuming that the shape has axial symmetry, giving

ﬁ)\:a)\o, )\:2,3,4,... (3)

All other values of o, are zero. For a nucleus the charge and mass distribution can
be approximated by this expansion and shape parameterisation in terms of 3, is a
convenient starting point for mean field calculations. A graphical representation of the
shapes of octupole-deformed nuclei are given in figure 2, where the values of 35, 83 and
B4 are taken from an analysis of octupole instability in nuclei using Strutinsky-type
potential-energy calculations [3]. The example on the left hand side of figure 2, ?*°Rn,
is supposed to have an octupole instability, i.e there is an octupole vibration around
Bs = 0 whereas 2**Ra on the right-hand side is supposed to be an example of permanent

octupole deformation (see figure 3), 53 # 0.
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Figure 2: Graphical representation of the shapes of ?°Rn and ?*Ra, taken from [4].
a, 2°Rn; b, *?*Ra. Panel a depicts vibrational motion about symmetry between the
surface shown and the red outline, whereas b depicts static deformation in the intrinsic
frame. Theoretical values of 3, are taken from ref. [3]. The colour scale, blue to red,
represents the y-values of the surface. The nuclear shape does not change under rotation
about the z axis.

As stated earlier strong octupole correlations leading to pear shapes can arise for
certain proton and neutron numbers Z and N. When both proton and neutron numbers
have these values, such as for Z ~ 56, N ~ 88 and Z ~ 88, N ~ 134 we expect
the best evidence for reflection asymmetry. The bulk of the evidence comes from the
behaviour of energy levels for even-even nuclei. If such nuclei are reflection-symmetric,
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the intrinsic system is invariant under both the parity (P) operation and rotation of the
system through 7 about an axis perpendicular to the symmetry axis (R), giving rise
to laboratory projections of the angular momentum and parity for the rotating system
of I™ = 0%,2%, 4%, ... If the potential barrier under octupole deformation 33 reaches a
minimum for f3 = 0 then the nucleus is on average reflection symmetric but undergoes
oscillations around B3 = 0 (see figure 3a); the associated phonon has L = 3h. If the z-
axis is the body-fixed symmetry axis and the nucleus rotates about the x-axis, then the
rotational-vibrational bands will have K™ =07,17,27,3~ where K =L, is the constant
projection on the z-axis. In general, as pointed out by Neergard and Vogel [5] using the
framework of the random-phase approximation, for the lightest actinide and rare-earth
nuclei the K™ = 0~ bandheads come lowest, while for the heavier ones the K™ = 2~
and K™ = 1~ bandheads share the lowest position.

For reflection-asymmetric nuclei, the intrinsic system is only invariant under the
product RP, so that [6]

o=0, I"=0",1",2%,37, 4%, ..
oc=1,I"=0",17,2",3" 4", ...

In these expressions o is the simplex, defined so that the eigenvalue of Z = P.R™!
is e~ [7]. T is the operator that reflects in a plane containing the symmetry axis.
(For a full description of possible symmetries see the review by Frauendorf [7].) For
real nuclei the low-lying negative parity states in the ¢ = 0 band are pushed higher in
energy relative to the positive-parity states, while the negative-parity band has a larger
moment of inertia at low spin compared to the positive-parity band (see figure 3b).
The displacement of the negative-parity band relative to the ground state band near
the ground state is associated with the lowering of the barrier at 83 = 0 between the
reflection-asymmetric shapes, which is a consequence of pairing at low spin for even-even
nuclei. This also accounts for the elevated excitation of the ¢ = 1 band relative to the
o = 0 band.

For odd-mass nuclei, the odd proton or neutron has angular momentum 3 so that
the total angular momentum I has projection K =3, on the z-axis. In this case there
will be two K* bands of differing simplex:

o=+1/2, I"=K,(K+1),(K+2),(K+3),.. 7
o=-1/2, I"=K,(K+1),(K+2),(K+3),..w

()
()=

Because of the reduction in pairing for odd-A nuclei, the two simplex bands are expected
to lie close in energy giving rise to a parity doublet (see figure 3c).

The underlying theoretical evidence for reflection asymmetry in nuclei, and the
experimental evidence for strong octupole correlations, such as interleaved positive-
and negative-parity rotational bands in even-even nuclei and parity doublets in odd-
mass nuclei has been given in two broad overviews [10, 2]. These reviews also look
at the available evidence from electromagnetic transition rates, particularly enhanced
electric dipole (F1) and octupole (E3) transitions, and spectroscopic properties of the
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Figure 3: Nuclear potential energy as a function of octupole deformation (5 for an
octupole vibrator (a) and a system having permanent octupole deformation (b,c).
For nuclei having permanent octupole deformation, the barrier increases with angular
momentum as pairing is reduced. Figure (c) represents a nucleus where the barrier is
high in the ground state, which would be the case for odd-A. The three cases (a), (b)
and (c) are illustrated by actual nuclei ?°Rn [8], ??Ra [8] and ?*Ra(adapted from [9]).
For the last case, the decoupling parameters a for the K = %Jr and K = %_ bands have
opposite sign [11, 12].

odd particle in odd-A nuclei. A comprehensive discussion of the latter can be found
in [11, 12]. This review will focus on selected recent theoretical approaches (section 2),
experimental data on energy levels (section 3) and electromagnetic transition rates,
particularly B(E3)s (section 4). The final section(5) will look at future prospects for
this field.
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2. Recent theoretical approaches

Many theoretical approaches have been developed to describe the observed experimental
features. Some of these have been reviewed previously [2] such as macroscopic (liquid-
drop) - microscopic (shell-corrected) models [3, 13|, microscopic mean-field or many-
body approaches using various interactions [14, 15, 16, 17, 18, 19, 20], models that
assume a-particle clustering in the nucleus [21, 22|, and algebraic models [23].

Following the early work of Bonche et al., who carried out self-consistent Hartree-
Fock + BCS (HFB) quadrupole-octupole calculations for the ground state of ?*Ra using
the Skyrme IIT effective interaction [15], Tsvetkov et al. [24] applied a similar approach
to analyse the rotational dependence of the quadrupole and octupole moments in Ra, Th
and U isotopes. They also calculated, with mixed success, the electric dipole moments
(21 in these isotopes. Calculations of octupole deformation 3 and )1 were carried out by
Engel, Dobaczewski and co-workers [18] using a variety of Skyrme interactions. They
also calculated intrinsic Schiff moments, relevant to the study of C'P-violating static
EDM moments (see section 5).

Egido and Robledo [16] used the HF+BCS as well as beyond the mean-field
approaches, using the Gogny interaction, to study the octupole degree of freedom in
Ra and Th isotopes. More recently, Robledo and Bertsch [20] performed a systematic
study of octupole excitations (including B(E3,3~ — 07) values) in even-even nuclei
using the generator-coordinate extension (GCM) of the HFB self-consistent mean field
theory, using the Gogny family of Hamiltonians. Examples of such calculations are
given in figure 4. Although the theory reproduces the overall trend of the excitations
including the effects of static octupole deformation and the most visible shell effects, the
authors point out that the overall scaling factor of 1.6 could arise from deficiencies in
the Gogny interaction or from the restriction of the degrees of freedom in the excitation
to a single variable. These calculations have been extended to soft deformed nuclei [25]
and heavy actinide nuclei [26]. A two-dimensional GCM calculation to deal with the
quadrupole-octupole coupling for Rn, Ra and Th isotopes has improved the agreement
for excitation energies and B(E3) values for these nuclei [27].

A systematic analysis of low-lying quadrupole and octupole collective states, based
on the relativistic energy density functional (EDF) has been made for actinide and
rare-earth nuclei [28]. In these relativistic Hartree-Bogoliubov (RHB) calculations,
the deformation constrained self-consistent axially-symmetric mean-field energy surfaces
were mapped onto the equivalent Hamiltonian of the sdf interacting boson model (IBM),
allowing the IBM Hamiltonian generate the excitation spectra and electromagnetic
transition rates. In the actinide region the RHB calculations predict stable octupole
deformation for ?*2-226Ra and 2?4~228Th, while in the rare-earths **~46Ba and '*°Sm
have pronounced octupole mimima. The calculations for rare-earth nuclei have been
repeated using the Gogny force, again mapped onto a IBM sdf Hamiltonian. It is
interesting to note that the Gogny-EDF calculations predict a much shallower octupole
minimum for 1*°Sm. A discussion of the comparison with experimental electric transition
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Figure 4: Upper row (a; to a4): contour plots of the HFB energy surfaces as a function

of the axially symmetric shape operators ()59 obtained with the Gogny D1M interaction,
depicted for several Ra and Th isotopes. The position of the ground state minimum is
indicated by a bullet. In the middle row (by to by) the ground state collective amplitudes
are shown. In the bottom row (c; to ¢4), the corresponding amplitudes for the first
negative parity excited state are given. For further details see [27].

strengths is left for section 4, but has been noted by the authors reproduction of the
experimental behaviour of B(E1) strengths remains a challenge.

Several authors have speculated, based on group-theoretical considerations and
calculations using several types of mean-field method (see, for example [29, 24, 30,
31, 32, 33]) that nuclei can assume tetrahedral shapes, for which azy # 0 (see
equation 2), that break the symmetry by inversion. In the ideal case of pure tetrahedral
symmetry with no other multipole deformations present, the £'1 and electric quadrupole
(E2) moments are expected to be zero and the first nonvanishing moments will have
A = 3. In such a case, there will be parity-doublet bands with degenerate sequences
0t,17,2%,37,...and 0—,17,27,3", ... connected by pure E3 transitions rather than F2
or F1 transitions. As yet, searches for evidence of tetrahedral shapes in nuclei have
proved unsuccessful [34, 35, 36].

The failure of collective models of rotating pear-shapes to account for the excitation
energies of the negative parity states relative to the positive parity states has been
addressed by Frauendorf [38]. He points out that the two bands of different parity
do not merge for some nuclei (e.g. 2?°Ra) at higher spin but instead cross. This is
unexpected if the shift of the negative-parity states relative to the positive-parity states
at low spin arises from tunneling between the two pear shapes, where the barrier at
B3 = 0 is reduced because of pairing. He suggested instead that the excitation arised
from the condensation of rotational-aligned octupole phonons.The state with maximal
angular momentum for given energy (yrast state) is generated by aligning the angular
momenta of all bosons with the axis of rotation. The total angular momentum and the
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energy of the aligned n-boson state are, respectively, given by
I=ni+wJ

B (1) = he(n+ 5+ L)

where each boson carries ¢ & 3h of angular momentum. In these expressions (23 is the
frequency of the octupole vibration and 7 is the moment of inertia of the quadrupole
deformed nucleus assumed to be a rigid rotor. The inclusion of anharmonicities in
the octupole vibration tend to synchronize the rotation of the condensate and the
quadrupole shape of the nucleus forming a rotating heart shape. This model has
been used to interpret the behaviour of the energy levels in even-even Ra and Th
isotopes [37, 38], and more recently in 2%°Pu [39] (see section 3).

Minkov and collaborators have proposed a collective model formalism which
describes both the parity shift observed in low-lying spectra and the fine rotational
band structure developed at higher-angular momenta, as arising from the interplay
between the octupole shape oscillation (parity shift) mode and the stable quadrupole-
octupole rotation mode. Using this formalism they obtained good agreement between
the theoretical and experimental levels with a standard root mean square deviation of
less than 20 keV for 224226Ra and #2%226Th [40]. Similar methods have been applied to
explain the high-spin behaviour of ?*°Ra [41] (see section 3) and 4416Ba [42].

The deformed shell model in which pairing is taken into account using the
BCS procedure has been applied to the study of high-K isomers in heavy actinide,
transfermium and rare-earth nuclei [43, 44, 45]. The results of the calculations indicate
regions of nuclei with octupole softness as well as possible octupole deformation in the
high- K isomeric states. The best examples where octupole deformation might occur
include the K™ = 6~ isomer in ?*'U and the K™ = 8~ isomer in ?¥No [45]. Similar
results are reported in [46].

An interesting approach to the octupole degree of freedom has been made by Bizzeti
and Bizzeti-Sona who have made an analysis in terms of the X (5) phase transition
between spherical and deformed axially symmetric shape [47], using a geometrical
parametrization of the nuclear shape. They found [48] that 2*6Th lies close to the critical
point of the phase transition between harmonic octupole oscillation and a permanent
asymmetric shape. More recent calculations have been made for energy levels and
transition strengths in the transitional nuclei ?*#??6Ra and #?*Th [49, 50], '*°Nd and
1928m [51].

In contrast to the concept of a mean field which has a dynamic or static octupole
deformation, another approach is to assume that the reflection-asymmetric shape is a
consequence of the addition of dipole and/or octupole bosons in the IBM model. Zamfir
and Kusnezov have studied the properties of even-even Ra-Th nuclei in the framework
of the spdf interacting boson model [23]. The f(L™ = 37) boson had been introduced
earlier to describe octupole vibrations in quadrupole-deformed nuclei [52]. In order to
describe the low-lying K™ = 0~ bands in transitional actinides, p (L™ = 1) bosons
have to be introduced, as demonstrated by Otsuka and Sugita [53]. The more recent
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calculations [23] show that the addition of one pf boson is sufficient to reproduce the
essential features of the alternating parity bands in the light actinides, at least at low
spin. However, the observed zero-crossing of the value of Q; for ?**Ra (see section 4;
the authors actually calculated B(F1)/B(E2) ratios) could only be reproduced by
introducing large A-dependence for the E'1 effective charge.

The IBM approach is related to alpha clustering in nuclei (see e.g. [54, 23]),
or a cluster configuration with a lighter cluster heavier than ‘He (see e.g. [22]).
Shneidman et al. have carried out detailed surveys of rare-earth and actinide nuclei
using a Hamiltonian for dinuclear systems first introduced to explain heavy-ion reaction
data [21]. The light mass in these calculations is restricted to Li and a-clusters.
The calculations are able to reproduce experimental data on the angular momentum
dependence of parity splitting of the energy levels, although as will be seen in section 4
the predictions for B(E\) transition rates have mixed success.

3. Energy levels

The observation [55], 60 years ago, of a low-lying 1~ state in ?*Ra populated by a-decay
led almost immediately to the suggestion (see ref. [56] for reference) that “this state
may have the same intrinsic structure as the ground state and represents a collective
distortion in which the nucleus is pear-shaped.” The energy of this 1~ state, while being
the lowest observed of all nuclei, lies higher than that of the 2" member of the ground
state rotational band. The level scheme of ?**Ra obtained by the a-decay studies is
shown in the left-hand side of figure 5.

Experiments to extend both positive and negative parity bands to higher spins using
nuclear reactions were carried out much later. Information on the high-spin behaviour
of energy levels and B(FE1)/B(E2) branching ratios nuclei in the actinide region
(including Z = 86 — 89 in this definition) from nuclear reaction studies usually required
advanced experimental techniques to remove the background from the dominant fission
background. For exploiting compound nucleus reactions, evaporation residual detectors
in conjunction with y-ray arrays and conversion electron spectrometers have been used
to study #2Th [57], ?*Ra [58], ?**Th [59] with ~ 1mb cross-sections or recoil-decay
tagging methods for 225U [60, 61] where the cross-section is & 1ub. Coulomb excitation
(Coulex) of radioactive (ty = 1600 year) 226Ra targets provided extensive data on
energy levels and electromagnetic moments [62] (see section 4) while the use of heavy-
ion transfer reactions on ?*Ra provided high-spin data on **Ra [63]. The advent
of highly efficient y-ray arrays enabled ??°Ra and *?2Th be measured at high spin
without the requirement for evaporation recoil detectors [64], and allowed the level
schemes of several Rn, Ra and Th isotopes, populated as products of deep-inelastic
scattering [65] of the ¥6Xe+22Th reaction, to be extended to high spin [66, 8]. The
level scheme of ?*!Ra obtained in this manner [66] is shown in the right-hand side of
figure 5. In the lanthanide region (including Z = 54 — 57 in this definition) some of the
nuclei expected to have strong octupole correlations are stable and have been studied
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Figure 5: Left-hand side: level scheme of ***Ra obtained from a-decay studies [55].
Right-hand side: extended scheme obtained from in-beam 7-ray measurements [8].

using Coulomb excitation [67, 68, 69] but most information has exploited spontaneous
fission-fragment ~-ray spectroscopy following the pioneering experiments of Phillips and
collaborators [70] (see also [71]). This method has been reviewed in [72]. Figure 6 shows
regions of the chart of nuclei for which high-spin data are available, obtained using the
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various reactions discussed above.

Pu 222 |223 |224 |225 |226 |227 228 |229 |230 |231 |232 |233 |234 |235 |236
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Figure 6: Nuclei studied at high spin using heavy-ion induced CN reactions (mostly
through xn channels), Coulomb excitation (or inelastic scattering), deep-inelastic
reactions, heavy-ion transfer reactions, or spontaneous fission. Isotopes with sufficiently
long half-lives (> 1000 years) to make targets are outlined. The even-even nuclides
highlighted in yellow are those predicted to have a minimum potential energy for non-
zero [33 [20, 25]. Upper: nuclei with Z ~ 83, N = 134. Highlighted is the boundary at
which nuclei with more neutrons have half-lives sufficient (> 1s) for post-acceleration.
Lower: nuclei with Z ~ 56, N ~ 88. Highlighted is the boundary at which nuclei with
less neutrons have half-lives sufficient (> 1s) for post-acceleration.

One of the most important indicators of whether a nucleus is reflection-asymmetric
or not is the behaviour of the energy levels themselves. Alternating negative and positive
parity states can arise in a number of ways from instability in the octupole degree of
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freedom, see figure 3. One limit is that the nucleus has permanent octupole deformation,

in which case the component of angular momentum aligned to the rotation axis of
+

x )

a state having positive parity, ¢, , or negative parity, i, , is equal to the rotational

angular momentum, R. In this case the difference in aligned angular momentum,
Ai, = i, — i}, at the same rotational frequency w, is equal to zero. The other
limit is that the negative parity band arises from octupole vibrations of the rotating
(quadrupole) deformed system. Here the negative parity states are formed by coupling
R to the angular momentum of the octupole phonon (3h). If the phonon angular
momentum is aligned to R then Ai, = 3h for a given value of w. If the lowest negative
parity band has K™ = 0~ (and this seems to provide the most favourable situation for
alignment of the phonon) then the resulting spectrum can give rise to an alternating
sequence of negative and positive parity states. Plots of Ai, versus hw for nuclei in
the Z ~ 88, N = 134 mass region are given in figure 7. As can be seen, there are
several examples such as 222224226Ra and ?24?2Th where the value of Ai, tends to zero
for hw > 0.15MeV. The Rn isotopes, with A=218-222, on the other hand, are almost

perfect octupole vibrators [66, 8]. In 226U the behaviour of Ai, as a function of fiw is
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Figure 7: Plot of the difference in aligned angular momentum, Ai, = i

rotational frequency for isotopes of Rn, Ra and Th. Adapted from [8].

almost identical to that of its isotones ???Ra, #?4Th and approaches 0 at fiw ~ 0.2MeV,
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contrasting to the behaviour of ??°Rn, see figure 8 [60].

In ??°Ra the alternating-parity states have been observed up to I ~ 30%h while
the corresponding level structure in 222Th appears to terminate at significantly lower
spin [64]. These observations are consistent with Woods-Saxon-Bogolyubov cranking
calculations [73] which predict that the yrast band of Th will undergo a shape transition
at [ = 24h, in contrast to that of Ra which maintains its reflection asymmetry to higher
spins. In contrast, 2*7240Pu are found to exhibit properties associated with stable
octupole deformation at the highest spins, suggesting that a transition with spin from
a vibration to stable deformation may have occurred [74].

. — i) against
rotational frequency for the N = 134 isotones, Z = 86 — 92. Taken from [60].

Figure 8: Plot of the difference in aligned angular momentum, Ai, = i

In the Z ~ 56, N =~ 88 mass region, see figure 9, most nuclei in this mass
region behave like octupole vibrators. For three examples, 8Ce, "°Nd, and *?Sm,
the value of Ai, is significantly smaller than 3% near the ground state and cross zero
at around hw ~ 0.25MeV. For these N = 90 nuclei the low-lying collective negative-
parity bands cross bands built on particle-hole excitations that are well described by
the Cranked Shell Model [75]. For the N = 86 nuclei 4‘Ba, 46Ce, 8Nd and '*°Sm,
HFB calculations [76] predict a phase transition from octupole vibrational to octupole
deformation as I approaches 10A.

As discussed earlier, a more sophisticated description of octupole vibrations
interprets the observed strong octupole correlations as a rotation-induced condensation
of octupole phonons having their angular momentum aligned to the rotation axis. In this
model the bands arising from multi-phonon alignment, where n, the number of phonons,
has values 1,2, 3, ... cross at the same critical frequency. Deviations from the idealised
scenario of harmonic, noninteracting bosons will delay the crossing for the bands of
higher n. This description has been tested for *°Pu, where it has been possible to
carry out a high-statistics experiment using inelastic scattering of heavy ions (‘unsafe’
Coulomb excitation) [39]. Figure 10 shows the measured alignment of respectively the
ground-state positive parity band (band 1), the lowest octupole negative-parity band
(band 2) and the lowest excited positive-parity band based on a K™ = 07 bandhead
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(references therein) and [77, 78, 79, 80, 81, 82, 83].

at £, = 861 keV (band 3). The bands are interpreted as n = 0 (band 1), n =1
(band 2) and n = 2 (band 3) phonon bands, with respective i, values of approximately
0, 3 and 6h resulting from the alignment of the octupole phonons with the rotation
axis. This interpretation provides a natural explanation for the sole presence of E1
transitions between bands 3 and 2 as only transitions between states differing by a
single phonon are allowed within such a vibrational picture. This behaviour has also
been observed in 23U [84]. Excited 07 states in ?°Pu have been studied recently
using the (p,t) reaction, and the application of the spdf-interacting boson model to
interpret these states supports the proposed octupole correlations in the structure of
the K™ = 0§ band [85]. It should be noted that similar behaviour for the E1 decay of
excited K™ = 0" bands, that only proceeds to the octupole band and not to the positive-
parity ground-state band, has been observed in ?*Ra [86] and **®Th [87]. The behaviour
of F3 transitions within vibrational bands will be further discussed in sections 4 and 5.

We have seen that the rotational spectra of odd-A nuclei where the odd nucleon is
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Figure 10: Aligned spins i, as a function of rotational frequency deduced for bands 1,
2, and 3 in 24°Pu. The inset provides the relative alignment Ai, of band 2 with respect
to the yrast sequence. Bands 1, 2 and 3 are the ground state band, lowest negative
parity band, and positive parity band built upon the K = 03 bandhead. See [39] for
details.

coupled to a rigid reflection-asymmetric even-even core will have parity-doublet bands
where the states having the same spin but opposite parity will be degenerate in energy.
Most of the spectroscopic data on the low-lying states in heavy nuclei, that revealed
evidence for octupole distortions, arose from a- or S-decay studies. For even-even nuclei
populated by a-decay, the near-perfect alignment of the excited states in the daughter
nucleus allows the final spins and parities to be assigned even for the weakly populated
negative parity states using a-v correlations (see, e.g. [88, 89]). A much larger spectrum
of states is populated by [-decay of exotic nuclei produced, for example, by proton
spallation of thorium or uranium, which has provided much of the data on odd—A
heavy nuclei. An example of this is the detailed study of low-lying states in ?*Ra [90]
where v-ray, internal conversion electron, and lifetime measurements were carried out.
In contrast, a-decay studies have so far failed to identify the low-lying negative state
partners of the ground-state K™ = 5/2% band in #?*Th [91, 92]. A compilation of the
properties of odd-mass (and odd-odd) nuclei is given in reference [2], which identifies
several nuclei with Z ~ 88, N ~ 134 where the ground state and its simplex partner
are separated by an energy that is less than 70keV: 223Ra, ?2°Ra,??3Ac, #2°Ac, 22" Ac and
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22TTh. Subsequent investigations have reinforced the findings for **"Th [93, 94] while
the results of searches for parity doublets in other nuclei have been inconclusive [95, 96|
or have revealed relatively widely separated parity doublets, such as those observed in
229Ra [90]. Reviol and co-workers have presented evidence for low-lying parity doublets
in 29Th [97] and high-lying parity-doublet band structures in 2! Th, that are associated
with the K = 5/2 configuration that forms the low-lying yrast structure of 22*Th [98].

The best examples in the Z ~ 56, N &~ 88, where the separation is about 100keV,
are 1Pm, "3Eu and ®Eu. In the last twenty years searches of odd-mass nuclei in this
mass region for further examples of parity doublet bands near the ground state have
been unsuccessful (e.g. [99, 100, 101, 102, 103, 104, 105, 106, 107, 108, 109]).

4. Electromagnetic transitions

In order to determine the shape of nuclei, the rotational model can be used to connect the
intrinsic deformation, which is not directly observable, to the electric charge moments
that arise from the non-spherical charge distribution. For quadrupole deformed nuclei,
the typical experimental observables are E2 transition moments that are related to
the matrix elements connecting differing members of rotational bands in these nuclei,
and E?2 static moments that are related to diagonal matrix elements for a single state.
If the nucleus does not change its shape under rotation, both types of moments will
vary with angular momentum but can be related to a constant intrinsic moment that
characterizes the shape of the nucleus. For pear-shaped nuclei, there will be additionally
E1 and E3 transition moments that connect rotational states having opposite parity.
The E1 transitions can be enhanced because of the separation of the centre-of-mass and
centre-of-charge, although the absolute values of the E1 moments are small, typically
< 1072 single particle units. In the macroscopic-microscopic description of the F1
moment [110] (see also [111]), the macroscopic term has both a volume and surface
contribution, while the microscopic (shell) term is a strong function of both proton and
neutron number. This gives rise to large fluctuations in the value of the intrinsic dipole
moment ()q, defined using the expression

3
B(EV:I; = Iy) = —QHLKA0|,K ). (4)

macr

In the lanthanide region the macroscopic component of @)y, Q@™*, is calculated to be
less than 0.03efm so the behaviour of (), is dominated by the strongly fluctuating value
of the shell contribution to @1, Q***". The small experimental value of Q; observed for
14684, is understood in this model as arising from the cancellation between the proton
and neutron contributions to Q" [110]. For the actinide region, the calculated values
of Q™2 are much larger, typically > 0.1lefm. The value of @*"*"" can achieve large values
having the opposite sign to that of Q™** for increasing values of N [110]. Figure 11
shows the experimental values for radium isotopes compared with different theoretical
calculations. A striking feature in the plot is the small experimental value for ?**Ra,

deduced from B(E1)/B(E2) ratios [63, 113] and more recently measured absolutely [4].
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This is explained naturally by the cancellation of Q™" and @Q**! in the microscopic-
macroscopic model; and also accounted for by microscopic models using, for example,
HFB methods [16].

The higher order EX (A = 2, 3) transition moments are collective in behaviour and
generated by coherent contributions arising from the quadrupole-octupole shape. These
are related to the matrix elements of the electromagnetic operators M(F)) and, in the
rotational model, defined in terms of the intrinsic moments @)y

1
B(E)\, I — If) = m(IzHM(EAHIf>

2\ + 1
- (167T)Q§(L~Ki)\0|lfo)2. (5)

For a uniformly charged, spheroidal shape the @, are related to the mass deformation
parameters [
= _ZR)S (6
A+ 1)m

In this expression Ry = 1.2A45 and f, is a function of Bs, 35, Ba... [12]. For **'Ra
this gives a value of 30 single particle units for B(E3;0" — 37), if 33 = 0.1. The
E3 moment is therefore an observable that is insensitive to single-particle effects and
provides the best measure of enhanced octupole correlations. For deformed nuclei it can
be related to the intrinsic octupole deformation parameters [25]. Coulomb excitation is
an important tool for exploring the collective behaviour of deformed nuclei that gives rise
to strong enhancement of the probability of transitions between states. Traditionally,
this technique has been employed by exciting targets of stable nuclei with accelerated
ion beams of stable nuclei at energies below the Coulomb barrier, ensuring that the
interaction is purely electromagnetic in character. Whereas £2, F'1 and magnetic dipole
(M1) transition probabilities dominate in the electromagnetic decay of nuclear states,
and hence can be determined from measurements of the lifetimes of the states, E2
and E3 transition moments dominate the Coulomb excitation process allowing these
moments to be determined from measurement of the cross-sections of the states, often
inferred from the y-rays that de-excite these levels.

That Coulomb excitation can be applied to the measurement of octupole bands at
high spin was first demonstrated in preliminary studies of *8Nd [114], in the Z ~ 56,
N =~ 88 region. The results of Coulomb excitation measurements for 8Nd [67, 68] and
1%0Nd [69] are shown in figure 12. It is interesting to note that while some of the E3
matrix elements have values consistent with a constant intrinsic octupole moment, others
have values close to zero. For example, the value of the < 17||E3||4T > matrix element in
148,150Nd is much smaller than the adjacent values < 37||E3||0T > and < 5~ || E3||2" >.
This behaviour, at least for I < 8h, is explained in [68] in the context of the quadrupole-
octupole coupling model, in which octupole phonons are weakly coupled to a deformed
core [115]. In this model there will be large E3 transitions strengths between the /T
states in the ground state band and the (I + 3)~ states formed by aligning an octopole
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Figure 11: Measured and theoretical values of the intrinsic electric dipole moments ()4

for radium isotopes. The measured values are for (I + 1)~ — I" transitions between
low-lying states, take from [110] except for A = 222 [8], A = 224 [4], A = 226 [62] and
A = 228 [4] (see also [112]). The theoretical models are: shell-corrected liquid drop
models (MaMi) [3], Gogny HFB with DIM and D1S parameterizations (D1M2d and
D1S2d) [27], relativistic mean field (NLSH) [17], Skyrme HF (Sk3) [24], cluster model
(Clus) [21], and relativistic Hartree-Bogoliubov mapped onto sdf IBM (RHIBM) [28].

phonon to the positive parity states. For 8Nd the E3 matrix elements between the
octupole band and other low-lying collective bands have also been measured [68]. The
appreciable enhancement of the E3 strength coupling the so-called beta band and the
negative-parity band is consistent with a significant admixture of the octupole double-
phonon vibrational mode in the wave function of the excited 0" band [68].

Until recently, £'3 transition moments had been determined for only one nucleus in
the Z ~ 88, N ~ 134 region, ?*Ra [62]. In this case the radioisotope is sufficiently
long-lived to produce a macroscopic target sample. The technique has now been
extended by the use of accelerated beams of radioactive nuclei such as those from the
Radioactive beam EXperimental facility at ISOLDE, CERN (REX-ISOLDE [116]) and
the CAlifornium Rare Ion Breeder Upgrade at the ATLAS facility, Argonne National
Laboratory (CARIBU [117]). The latter facility has recently allowed the < 37||E3||0T >
matrix element to be measured in *‘Ba, in the Z ~ 56, N ~ 88 region [118]. The ~-
ray spectrum obtained following bombardment of a 2°*Pb target, is shown in the upper
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Figure 12: Measured E3 matrix elements for ¥Nd [68] and **Nd [69]. The solid lines
assume that the matrix elements arise from the rotation of a fixed shape with a constant

intrinsic octupole moment.

part of figure 13. In order to study octupole correlations in nuclei in the Z ~ 88,
N =~ 134 region, ?*°Rn and ?**Ra ions were produced by spallation in a thick uranium
carbide target bombarded by protons from the CERN PS Booster. The ions were
post-accelerated in REX-ISOLDE to an energy of 2.8 MeV per nucleon and bombarded
various secondary targets. The v-ray spectra obtained following the ?**Ra bombardment
is shown in the lower part of figure 13. More details of these measurements and the
GOSIA fitting procedure [119, 120] can be found in ref. [4].

Figure 14 compares the experimental values of @) derived from the matrix elements
connecting the lowest states for nuclei near 7 = 88 and N = 134 measured by
Coulomb excitation. It is striking that while the E2 moment increases by a factor
of 6 between 2°Pb and 23*U, the £3 moment changes by only 50% in the entire mass
region. Nevertheless, the larger Q3 values for ?*Ra and *?°Ra indicate an enhancement
in octupole collectivity that is consistent with an onset of octupole deformation in this
mass region. On the other hand, 2°Rn has similar octupole strength to 2°Pb, 23%232Th
and 234U, consistent with it being an octupole vibrator. Figure 15 shows the behaviour
of (Y3 as a function of N in the lanthanide region. This quantity remains approximately
constant for each isotope between N = 82 and N = 88, and then drops significantly
between N = 88 and N = 90.
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target by a composite beam including *Ba. For details, see [118]. Lower: ~-ray
spectra following the bombardment of 2mg cm~=2 °Ni and '2°Sn targets by ?**Ra. The
differences in excitation cross-section for the targets with different 7Z are apparent for
the higher spin states. Adapted from [4].

In the case of a vibrator, as discussed earlier, the coupling of an octupole phonon
to the ground state rotational band will give small values for matrix elements such as
< 17||E3||4T >. For 2?°Ra (and ?*'Ra), we believe that the negative-parity states have
K™ = 07 and result from the rotation of a rigid pear-shape. In this case the intrinsic
moment derived from the measured < 17||E3||4" > is similar to that derived from the
value of < 07||E3||3™ > [62], see figure 16. This figure shows the measured F2 and E3
matrix elements for 22°Rn, ?Ra and ?*°Ra, which are all consistent with the geometric
predictions expected from a rotating, deformed distribution of electric charge. For 2°Rn
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Figure 15: The systematics of measured [118, 121] E3 intrinsic moments Q3 for 3= — 0%
transitions in the lanthanide region.

and ?*'Ra the data on the electromagnetic transitions are insufficient to distinguish
whether the negative-parity states arise from the projection of a quadrupole-octupole
deformed shape or from an octupole oscillation of a quadrupole shape, but the behaviour
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of the overall E3 strength combined with the energy level data support the former
interpretation for ?Ra and the latter for 22°Rn.
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Figure 16: Measured E2 and E3 matrix elements for *°Rn, **Ra [4] and **°Ra [62].
The solid lines assume that the matrix elements arise from the rotation of a fixed shape
with a constant intrinsic quadrupole and octupole moments.

The values of intrinsic quadrupole moments ()5 and octupole moments ()3 for
radium isotopes, deduced from the measured transition matrix elements, are compared
with various theoretical calculations in figures 17 and 18 as a function of N. For
the quadrupole moments the macroscopic-microscopic and microscopic HF calculations
agree quite well with each other and with the experimental data for N > 134. On the
other hand, the calculations of the ()3 moments diverge from each other for decreasing
and increasing N away from N = 136. The trend of the experimental data for ()3 is that
the values increase in going from *?‘Ra to ??°Ra, which contrasts with the predictions
of macroscopic-microscope calculations [3], cluster model calculations [21], Gogny HFB
mean-field calculations using either DIM or D1S parameterisations [27] and RHF-IBM
calculations [28]. All of these models except for the cluster model predict a maximum
for 22*Ra, although the agreement with the measurement for ?*!Ra by itself is quite
good. As can be seen, the relativistic mean field calculations [17] predict that the
maximum value of ()3 occurs for radium isotopes between A = 226 and 230, depending
on the parameterization, and Skyrme Hartree-Fock calculations [18] predict that ?*Ra
has the largest octupole deformation, consistent with the data. The possibility cannot
completely be eliminated that there are unobserved couplings from the ground state to
higher-lying 3~ states that should be added (without energy weighting) to the observed
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Figure 17: Values of (), for low-lying transitions as a function of N for radium isotopes.
Measured values for 2* — 07 transitions, for A = 222 [122], A = 224[4], A = 226 [62],
and A = 228 [112], are compared to various theoretical models, see the caption to
figure 11.

coupling to the lowest 3~ state. However, in a detailed study [68] of octupole strength
in M8Nd, where these states lie closer in energy to the lowest state, such couplings were
not observed.

5. Future prospects

5.1. E1-E3 phase

For radium isotopes, there has been a long standing prediction [110, 111] that the sign
of the E'1 moment, ()1, changes as the mass is increased from 222 to 226. As discussed
in section 4 this arises in the macroscopic-microscopic model from the shell correction
to the bulk (droplet) contribution which becomes increasingly negative as N increases.
These calculations successfully reproduce the near exact cancellation for the £1 moment
which has been observed for ??Ra. As remarked earlier, microscopic models using the
HFB approach also predict cancellation effects for @1 [16]. It is in principle possible to
measure the phase of the £'1 moment relative to the £3 moment for a mixed nuclear
transition. In general, y-ray decay properties depend very weakly on the F3 admixture,
and Coulomb excitation at close nuclear distances has little dependence on the F1
admixture. However, the Coulex yields of low-lying negative parity states can become
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Figure 18: Values of (3 for low-lying transitions as a function of N for radium isotopes.
Measured values for 3= — 07 transitions, for A = 224 [4] and A = 226 [62], are
compared to various theoretical models, see the caption to figure 11. In this case the
Skyrme HF(SkQ’) is taken from [18].

sensitive to the relative magnitudes and phase of the E'1 and E3 matrix elements if the
distance of closest approach is sufficiently large. This will occur at very low bombarding
energies relative to the Coulomb barrier, typically 1-2 MeV per nucleon. The published
data for ??Ra [123] show a preference for the sign of (Q;/Qs) to be negative, although
the data were not sufficiently accurate to establish which hypothesis for the relative
phase is the correct one.

5.2. E3 moments

The recent results [4] from Coulomb excitation experiments carried out at REX-
ISOLDE show that #*°Rn has weaker octupole collectivity than ??*Ra, and reveals
detailed differences from various theoretical predictions. These measurements should
be extended to other radioactive isotopes in the Rn and Ra chain, and experiments are
planned to study *?27??Rn and #**?®Ra using HIE-ISOLDE [124]. It is interesting
to note that the Gogny HFB calculations [25, 26] predict that Th and U isotopes
with N = 134 — 136, already known to exhibit the characteristics of a rigid octupole
shape [8, 60], should have significantly enhanced E3 transition strengths (70 single-
particle units), see figure 19. The predicted yields of these isotopes from the future
FRIB facility [125] will be in principle be sufficient to measure the transition strengths
for isotopes such as 226Th and ?%U.
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Another area for further study is to understand the structure of low-lying excited
K™ = 0§ bands. There is now a large body of evidence that these are not S-bands but
arise from particle-hole configurations or ‘pairing isomers’ [75, 126]. The two-particle
nature of these states can be investigated in 2?2°Ra and other nuclei using two-neutron
transfer reactions [85] using radioactive-ion beam facilities such as HIE-ISOLDE. As
discussed in the earlier sections, it has been speculated that the K™ = 05 bands in
some nuclei have large double-octupole phonon components (e.g. [68, 39]). Evidence for
this would come from the E3 matrix elements between the octupole band and the 05
band having similar strength to that between the ground-state band and the octupole
band, as has been observed in *8Nd [68]. These measurements should be extended to
more cases, such as ?*Ra [86] or 2*°Pu [39]. In particular, the observation of low-lying
double-octupole phonon bands strongly coupled to the yrast negative-parity band in
226Ra, explained as a condensation of octupole phonons [38], might be hard to reconcile
with our current understanding that this nucleus is a prime example of a rigid pear-

shape.
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Figure 19: Theoretical values, taken from ref. [25], of B(E3 : 07 — 37) transition
strengths (in single particle units) versus A for various isotopes.

5.3. Hyperdeformation

Actinide nuclei having Z ~ 92 and N ~ 142 are predicted [127] to have both super- and
hyper-deformed (HD) minima lying at excitation energies ~ 3 MeV above the ground
state. This arises from the large shell correction energy for this neutron number at 2:1
deformation and for both proton and neutron numbers at 3:1 deformation, superimposed
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upon a Coulomb flattened liquid drop energy. The calculations were able to reproduce
the measured values of the 2nd and 3rd minima excitation energies and the intermediate
and outer barrier heights in 2%#2Th and ?*U. The HD minimum (3, & 0.85) predicted
to lie very low in 230%32U (3.3 and and 3.0 MeV respectively) has a very asymmetric
bi-nuclear configuration and hence has a large octupole deformation (83 ~ 0.6). This
minimum should become yrast at values of angular momentum of between 30 and 35
h. At these spin values the outer barrier to fission should remain fairly robust and
not too dissimilar to the value at spin zero (predicted to be ~ 3.5 MeV). More recent
calculations [128, 129] have found, however, that the depth of the third minima is much
shallower than those calculated in [127], typically ~ 1MeV rather than ~ 4MeV.

Experimental evidence for the existence of the third minimum in neighbouring
nuclei at spin zero has come from microstructure in resonances observed following (n,f),
(t,pf) or (d,pf) reactions, e.g. [130, 131, 132]. If the octupole-deformed HD minimum is
as deep as suggested by the earlier calculations [127] the excited states in the minimum
will be populated with a measurable intensity at high spin and decay mostly by E1
transitions for I < 25Ah [133]. These will have small internal conversion for I > 8F;
the transition energy will be in the range 50 - 200 keV. The high ~-ray multiplicity
(< m >~ 15) of low energy transitions would provide a clear signal above the fission
background which has < m >~ 10 and average E, of 1 MeV. Attempts to detect this
signal have not so far been successful [134].

5.4. Pear-shapes and EDMs

Atoms with octupole-deformed nuclei are very important in the search for permanent
atomic electric-dipole moments (EDMs). The electric dipole moment must vanish if
there is invariance under the parity transformation (P) for which r—-r or under the
time-reversal transformation (7) for which ¢t—-¢ [135]. Since the orientation of the
system can be specified only by the orientation of its angular momentum, the dipole
moment d and the angular momentum I must transform their signs the same way
under P and 7T invariance. But d changes sign under P whereas I does not, so d
must vanish if there is P symmetry. Likewise d does not change sign under 7 but
I does, so d must vanish if there is T symmetry. Under the assumption of the CPT
theorem, if 7T is violated then CP must also be violated, and the observation of a
non-zero EDM at the level of contemporary experimental sensitivity would indicate CP
violation due to physics beyond the standard model (SM). Such ‘flavour-diagonal’ CP
violation has not yet been observed, although modifications of the SM that would give
rise to measurable effects are strongly motivated in order to account for the observed
cosmological dominance of baryons over antibaryons. In fact, experimental limits on
EDMs provide important constraints on many proposed extensions to the standard
model [136, 137]. For a neutral atom in its ground state, the Schiff moment S is the
lowest-order observable nuclear moment. It is related to the operator corresponding to
the electric-dipole distribution weighted by radius squared [138], S’Z, the energy splitting
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of the parity doublet AFE, and the operator corresponding to the P and 7T violating
nucleon-nucleon interaction VpT in the following expression
S_ _9 1 <S’z> <VPT> (7)
-~ I+1 AE
where [ is the ground state spin. Odd-A octupole-deformed nuclei will have enhanced

nuclear Schiff moments owing to the presence of the large octupole collectivity and the
occurrence of nearly degenerate parity doublets. The latter will occur naturally arise
if the deformation is static [139, 138, 19, 140]. Because a CP-violating Schiff moment
induces a contribution to the atomic EDM, the sensitivity of the EDM measurement
to CP violation over non-octupole-enhanced systems such as '%“Hg [137], currently
providing the most stringent limit for atoms, can be improved by a large factor [19].
Essential in the interpretation of such limits is a detailed understanding of the structure
of these nuclei. Experimental programmes are in place to measure EDMs in atoms of
odd-A Rn and Ra isotopes in the octupole region (see for example, ref. [141, 142]) but so
far there is little direct information on octupole correlations in these nuclei. The recent
measurements [4] of Q3 values in 2°Rn and ??*Ra are consistent with suggestions from
the systematic studies of energy levels [66] that the even-even isotopes 2!87222Rn and
220Ra have vibrational behaviour while ?227228Ra, have octupole-deformed character. It
is concluded [4] that the parity doubling condition that leads to enhancement of the
Schiff moment is unlikely to be met in 2!%?2!Rn, though more favourable Rn candidates
may emerge from future studies of the low-lying structure of heavier isotopes. On
the other hand ?*3??’Ra, having parity doublets separated by ~50 keV (ref. [2]), will
have large enhancement of their Schiff moments. The measurement of the inter-band
E3 matrix elements between the low-lying states in odd-mass nuclei using y-ray and
conversion electron spectroscopy will, however, be challenging. An alternative approach
advocated [143] is to employ (d,d’) scattering (see, e.g. [144]) to populate low-lying
states in odd-A nuclei via single-step excitation. In this case sufficient final-state energy
resolution can be achieved for an inverse reaction such as d(***Ra, d’) using a large-
acceptance magnetic spectrometer [145, 146], provided that the radioactive heavy beams
are cooled in a storage ring such as the TSR [147] planned to be installed at CERN.

6. Conclusions

In this topical review, the evidence for reflection asymmetric shapes in atomic nuclei
has been presented. The recent developments in theoretical descriptions include a
wide variety of approaches such as microscopic Hartree-Fock-Bogoliubov using both
the Gogny and Skyrme family of forces, cluster and algebraic models. In general
only the microscopic models (including macroscopic-microscopic approaches) are able to
reproduce the behaviour of the electric dipole moments and provide global systematics
that successfully map the observed regions of strong octupole correlations. Most models
are able to reproduce the observed electric quadrupole moments reasonable well but
there is considerable divergence in the predicted values of electric octupole moments.
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Experimentally the improvements in the sensitivity of detection systems, particularly
~v-ray detector arrays, have allowed wider regions of neutron-rich nuclei to be probed for
octupole effects. Several isotopes of radium, thorium and uranium are shown to exhibit
the hallmarks of permanent pear-shape deformation whereas the low-lying negative
parity bands in most isotopes in the the lanthanide region are best described as arising
from octupole vibrations.

The advent of accelerated radioactive beams has given new impetus to this field,
allowing previously inaccessible nuclei to be explored using Coulomb excitation or
particle transfer reactions. This will allow E3 strengths, a direct measure of octupole
collectivity, be determined across a wide range of lanthanide and actinide nuclei. This
will help pin down not only a better microscopic understanding of phenomena arising
from the breaking of reflection symmetry in nuclei but also provide the understanding
of the underlying nuclear structure necessary for interpreting the outcome of searches
for C'P-violating nuclear processes.
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