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Abstract

One of the goals of this article is to describe a wide class of control strategies, which includes
the traditional relaxed strategies, as well as the so called randomized strategies which appeared
earlier only in the framework of semi-Markov decision processes. If the objective is the total
expected cost up to the accumulation of jumps, then without loss of generality one can consider
only Markov relaxed strategies. Under a simple condition, the Markov randomized strategies
are also sufficient. An example shows that the mentioned condition is important. Finally,
without any conditions, the class of so called Poisson-related strategies is also sufficient in the
optimization problems. All the results are applicable to the discounted model, they may be
useful also for the case of long-run average cost.
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1 Introduction

Continuous-time jump Markov processes, especially Markov chains with the discrete state space X,
form a well developed branch of random processes, see, e.g., [2, 24]. After the infinitesimal generator
(transition rate) q(dy|x) is fixed, the model is well defined. It can be studied by constructing the
canonical sample space and investigating the so called point process; one can directly pass to the
transition probability through the Kolmogorov equations. In any case, the model is the same.
One can also consider the case of time-dependent transition rate, but in this article we study the
homogeneous model.

If we look at the control problem, where the transition rate ¢(dy|z,a) depends on the action
a, we face at least two different standard models. If the actions can be changed only at the jump
epochs (such actions may also be randomized), then the model is called “Exponential Semi-Markov
Decision Process” (ESMDP). If, e.g., two actions a; and ay are chosen with probabilities p(a;) and
p(az) = 1—p(aq1), then the sojourn time in state = has the cumulative distribution function (CDF)
1- [p(al)e_q””(al) —l—p(ag)e_q““(“?)]. Here and below, ¢, (a) is the parameter of the exponentially
distributed sojourn time in state x under action a. The term “Continuous-Time Markov Decision
Process” (CTMDP) is for the model where the actions are relaxed: roughly speaking, the actual
transition rate at a time moment ¢ is [, ¢(dy|z,a)w(da|t), where m(dal-) is a predictable process
with the values in the space of probability distributions on the action space A. For example,
if 7({a1}|t) = 7(a1) = 1 — w(az) = w({az}|t) then the sojourn time in state x has the CDF
1 — e~7(@1)gz(a1)=m(a2)42(a2) - Below, we say “randomized /relaxed strategies”, rather than actions.
General semi-Markov decision processes, where the sojourn times are not necessarily exponential,
were studied in [8, 14, 24], where one can find more relevant references. As soon as the sojourn
times are exponential (under a fixed action a and a current state z), CTMDP are much more
popular: see articles and monographs [7, 9, 10, 11, 16, 20, 23, 25] and references therein. In the
case of discounted total expected cost, an excellent discussion of different models can be found in
[7]. One of the main results is as follows: for any (relaxed) control strategy in CTMDP, there is
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an equivalent (randomized) strategy in ESMDP (and vice versa) meaning that, for any cost rate,
the values of the objectives for the corresponding strategies in those two models coincide. In this
connection, we have to underline that relaxed strategies are usually not realizable in practice, but
randomized strategies can be easily implemented.

In the current article, we use the name CTMDP, but consider a wide class of strategies con-
taining not only any combination of standard relaxations and randomizations (hence covering the
traditional CTMDP and ESMDP), but absolutely new strategies like a Brownian motion between
the jumps, if the action space is A = R. To be specific, we investigate the case of the total expected
cost, but the developed approach can be useful for other problems, e.g., with the long-run average
cost. Note that the discounted cost, including the case of the varying discount factor, is a special
case of the total (undiscounted) cost. We allow the transition rate to be non-conservative and
arbitrarily unbounded, so that the accumulation of jumps is not excluded.

The main results of the current work are as follows.

— For any control strategy, there is an equivalent Markov purely relaxed strategy (Theorem 2).
Here and below, “equivalent” means that the objective values coincide for any given cost rate.

— Under a weak condition, e.g. in the discounted case, for any control strategy, there is an equivalent
Markov randomized strategy (Theorem 1) and an equivalent mixture of (simple) deterministic
Markov strategies (Theorem 3).

— In general, there can be a relaxed strategy for which no-one randomized strategy is equivalent
(Example 2).

— Without any conditions, for any control strategy, there is an equivalent “Poisson-related &-
strategy” (Theorem 5) which is somewhat similar to the so called switching policy [7], but the
switching moments as well as the corresponding actions are random. Note, such Poisson-related
strategies are easily implementable.

The following remark explains the novelty of the current work and its connection to the previous
results and the known methods. As was mentioned (see also Section 5), the discounted cost is a
special case of the considered model. Such CTMDP was investigated in [7] where the statements
similar to theorems 1 and 2 were proved. Generally speaking, we use the same method of attack,
but all the proofs must be carefully rewritten because of the following: a) The occupation measures
can take infinite value; b) Markov randomized strategies are not sufficient in optimization problems.
The latter is confirmed by Example 2. To cover this gap, we introduce the new sufficient class of
Poisson-related &-strategies.

The CTMDP under study and the control strategies are introduced in Section 2; the main
results are formulated in sections 3,4,5 and 6; the proofs are postponed to Appendix. A couple of
illustrating examples are given in Section 7.

2 Model description

The following notations are frequently used throughout this paper. N is the set of natural numbers
including zero; d,(-) is the Dirac measure concentrated at x, we call such distributions degenerate;
I{-} is the indicator function. B(E) is the Borel o-algebra of the Borel space E, P(FE) is the

Borel space of probability measures on E. Fj\/ F3 is the smallest o-algebra containing the two

o-algebras Fi and Fp. Ry 2 (0,00), R% 2 [0,00), R = [—00, 0], Ry = (0,00], R = [0, 00]. The

abbreviation w.r.t. (resp. a.s.) stands for “with respect to” (resp. “almost surely”); for b € R,
bt 2 max{b,0} and b~ 2 min{b,0}. If X and Y are Borel spaces and P is a probability measure
on ! = X x Y, then, for an integrable function F(X,Y), we denote E[F(X,Y)|X = z] the regular
conditional mathematical expectation. In other words, E[F(X,Y)|X = z] is such a measurable
function f on X that E[F(X,Y)|X]| = f(X) P-a.s. If Z is an additional Borel space then function
E[F(X,Y,2)|X = z] : X x Z — R has the same meaning. (This function is measurable [1,
Prop.7.29].) Here and usually below, the capital letters denote random variables, and little letters
are for their values. The bold letters denote spaces. Equations which involve such conditional
expectations, hold a.s. without special remarks.

The primitives of a continuous-time Markov decision process (CTMDP) are the following ele-
ments.



e State space: (X, B(X)) (arbitrary Borel).

e Action space: (A, B(A)) (arbitrary Borel), A(z) € B(A) is the non-empty space of admissible

actions in state x € X. It is supposed that K = {(z,a) e X xA: a€ A(z)} € B(X x A)
and this set contains the graph of a measurable function from X to A.

e Transition rate: ¢(dy|z,a), a signed kernel on B(X) given (z,a) € K, taking nonnegative val-
ues on I'x \ {z} with I'x € B(X). We assume that ¢(X|z,a) <0 and g, £ SUPge A (2) 4z (@) <
00, where ¢, (a) 2 —q({z}|z,a).

e Cost rates: measurable R-valued functions ¢;(z,a) on K, i =0,1,2,..., N.

e Initial distribution: 7(-), a probability measure on (X, B(X)).

e Additional Borel space (2, B(E)), the source of the control randomness.

Actually, the space (E, B(E)) can be chosen by the decision maker, but it is convenient to introduce
it immediately, in order to describe the sample space. The role of the space E will become clear
after the description of control strategies.

We introduce the artificial isolated point (cemetery) A, put Xa 2 XU {A}, Aa S AU {A},
Ea = EU{A}, and define A(A) 2 A, ¢(T|A,A) 20 for all T € B(Xa), alz,a) 2 ¢({A}|z,a) £
gz(a) — ¢(X\ {z}|xz,a) > 0 for (z,a) € K. The state A means, the process is over, i.e. escaped
from the state space. We also put ¢;(A,A) = 0.

Given the above primitives, let us construct the underlying (measurable) sample space (£, F).
Having firstly defined the measurable space (Q°, FY) 2 (Ex(XxExRL)®,B(EX(XxExR;)>®)),
let us adjoin all the sequences of the form

(607350, gla 917 x, 527 ey Hm,]_, Tm—1, Ema 9m7 A7 A7 0, Aa A7 )

to Q°, where m > 1 is some integer, &, € E, 0,, € Ry, 0 € Ry, 2; € X, & € E for all nonnegative
integers I < m — 1. After the corresponding modification of the o-algebra F°, we obtain the basic
sample space (2, F).
Below,
w = (&07 o, 61, 017 T, 62, 02, o, .. )

For n € N\ {0}, introduce the mapping ©,, : Q — R, by 0, (w) = 0,; for n € N, the mappings
Xn: Q> Xaand 2, : Q = Ea are defined by X, (w) = 2, and Z,(w) = &,. As usual,
the argument w will be often omitted. The increasing sequence of random variables T;,, n € N is
defined by T, = Y"1, ©;; T = lim,,_, o T},. Here, ©,, (resp. T),, X,,) can be understood as the
sojourn times (resp. the jump moments, the states of the process on the intervals [T, T}, 41)). We
do not intend to consider the process after T,.; the isolated point A will be regarded as absorbing;
it appears when 6,, = oo or when 6, < co and the jump z,,—1 — A is realized with intensity
a(x,a). The meaning of the &, components will be described later. Finally, for n € N,

H, = (50,X0,E1,01,X1,...,Z0,0n, X,)

is the n-term (random) history. As usual, capital letters =, X, ©,T, H denote random elements;
the corresponding small letters are for their realizations.
The random measure p is a measure on Ry x B x X with values in NU {co}, defined by

pw; Tr x Tz x Tx) = > H{T,(w) < 00}0(13, (w),Z0 (). X (w)) Tk X Tz x T'x);
n>1

the right continuous filtration (F )teRﬂr on (2, F) is given by

Fir=oc{Hp} Vo{u(o,ul x B): u<t, BeBExXa)}



The controlled process of our interest

X(w,t) &Y HT <t < T} X + H{Too < }A
n>0

takes values in X and is right continuous and adapted. The filtration {F;};>¢ gives rise to the
predictable o-algebra on Q x RY defined by P = a{l'x {0} (' € Fy),T' x (u,00) (T € Fy,u > 0)},

where F,,_ 2 Vicu Fi- See [16, Chap.4] for more details. X () is traditionally called a controlled
jump (Markov) process, but in fact, on the constructed sample space, the process X(t) is fixed
(not controlled). It will be clear that the probability measure on (£2, F) is under control, not the
process. Anyway, we will follow the standard terminology.

Definition 1 A control strategy is defined as follows

S = {Evp()v <pnv7rn>7 n=12,.. .},

where po(d€p) is a probability distribution on E; for x,—1 € X, pn(d&nlhn_1) is a stochastic kernel
on B given H,,_1 (the space of (n—1)-component histories); m,(dalhn—_1,&n, u) is a stochastic kernel
on A(x,—1) given H,_1 x E X Ry. Ifx,—1 = A, then we assume that p,(d&,|hn—1) = 0a(dE,)
and p(da|hy,—1, A, u) = da(da).

A strategy will be called quasi-stationary if the stochastic kernels p(dén|&o,Tn—1) and
m(dal€o, Tn—1,&n,u) depend on the shown arguments only.

The p,, components mean the randomizations of controls; the m,, components mean relaxations.
Below, for T'a € B(Aa), t € Ry,

7"'(I‘A‘(-‘Jat) = Z I{Tn—l <t< Tn}ﬂ'n(FA|Hn—17£nat - Tn—l);
n>1

the argument w is often omitted.

If the randomizations are absent, that is, the kernels m,, do not depend on the £&-components,
then we deal with a relaxed strategy. One can omit the &, components; as a result we obtain the
standard control strategy {m,, n =1,2,...}; in this case the stochastic kernel

m(Calw,t) =Y H{Tn1 <t < Tp)mn(TalXo,01,..., Xp 1,t — T, 1)
n>1

is predictable. (This reasoning holds also if the kernels 7,, depend only on &j.) Such models were
built and investigated by many authors [7, 9, 10, 11, 16, 20, 23, 25]. Note that the realizations of
a relaxed strategy are usually impossible on practice, unless all the transition probabilities 7, are
degenerate, i.e. are concentrated at singletons

San(x()aolv"-azn—lyu) € A(zn—l)- (1)

For a discussion, see [7, p.509]: if, e.g. 7, ({a1}|zo,01,...,Tn-1,u) = mn({az}|zo,01,...,Tn_1,u) =
0.5 then the decision maker intends to use the actions a; and as equiprobably at each time moment,
but in this case the trajectories of the action process are not measurable.

On the other hand, if the relaxations are absent, that is, all kernels 7,, are degenerate and are
described by measurable functions ¢,, like in (1), then the action (or control) process A(t) can be
defined like follows

Aw,t) =Y H{Tp1 <t < To}en(Z0, X0,51,01, ., X1, Ent = Too) + H{Too <AL (2)

n>1

Clearly, the A(t) process is measurable, but not necessarily predictable or even adapted. Be-
low, we call such (purely randomized) strategies as &-strategies; they are defined by sequences
{&,p0, (Pn, pn), n = 1,2,...}. According to (2), after the history H,_; is realized, the decision
maker flips a coin resulting in the value of =, having the distribution p,. Afterwards, up to the
next jump epoch T,,, the control A(t) is just a (deterministic measurable) function ¢,,.



Definition 2 ¢-strategies were defined just above. Purely relaxed strategies introduced earlier will
be called m-strategies. General strategies S can be called w-§-strategies. If m,(dal|xg, 61,21, 62,
ey po1,u) = M (dalx,_1,u) for alln = 1,2, ... then the w-strategy is called Markov. It is called
stationary if tM (da|r,_1,u) = 7(da|z,_1).

Suppose a m-&-strategy S is fixed. The dynamics of the controlled process can be described
like follows. First of all, 2y = & is realized based on the chosen distribution pg(d§p). Recall that
the realized values of random elements are denoted with the corresponding small letters. If pg is
a combination of two Dirac measures, then in the future this or that control will be applied: pq is
responsible for the mixtures of simpler control strategies. After that, the initial state Xy, having
the distribution y(dx), is realized. Later, when the realized state z,_; € X becomes known at
the realized jump epoch t,—1 (n =1,2,...), the dynamics is controlled in the following way. The
decision maker flips a coin resulting in the Z,, = £, component having distribution p, (d&,|hn,—1);
after that the stochastic kernel m,(da|h,—_1,&,,u) gives rise to the jumps intensity A, (T|hp—1,u)
from the current state x,_1 to I' € B(Xa), where

A (Tl Eny ) = /A T dalhn—1, 60, 0)q(T\ {2n_1}en_1,a): 3)

parameter u > 0 is the time interval passed after the jump epoch t¢,,_;. After the corresponding
interval 0,,, the new state x,, € Xa of the process X (t) is realized at the jump epoch t,, = t,—1+6,.
The joint distribution of (0,,, X,,) is given below. And so on. If §,, = co then x,, = A and actually
the process is over: the triples (8 = oo, A, A) will be repeated endlessly. The same happens if
0, < oo and x,, = A. Along with the intensity \,, we need the following integral

An(r7hn—17£n?t) = / An(r‘hn—l,gnvu)du~ (4)
(0,t]ﬁR+

Note that, in case g, (a) > & > 0, A (Xalhn—1,8&n,00) = 00 if 2,1 # A.
Now, the distribution of Hy = (Z9, Xo) is given by po(d&o) - v(dzo) and, for any n € N\ {0},
the stochastic kernel G,, on Ry x Ea x X given H,,_; is defined by formulae

Grn({oo} x {A} x {A} A1) 0z, ({A});
Gn({oo} x I'g x {Athfl) 5mn71(X)/ e_A(XA’hnfl’gr'L’Oo)pn(dgn|hn—1)§

I's
Gu(Ts % Tz x Txlhn1) = 60 L (X) / A (T o1, 1) 5)
= JIr

Xe—An(XA,hn—hEn,t)dt pn(d£n|hn—1)7
GTL({OO} X EA X X|hn71) = Gn(R+ X {A} X XA|hn71) =0.

Here I'g € B(R+), I's € 8(5)7 I'x € B(XA)

It remains to apply the induction and Ionescu-Tulcea’s theorem [1, Prop.7.28] or [18, p.294] to
obtain the probability measure Pf on (£, F) called strategic measure. According to [15, Prop.3.1],
the following formula defines a version of the predictable projection of u, again a measure on
Ry x E x Xa

HT, 1 <t<T,}

dt — Tnfla d&, d-r'anl)
T,

G
v{w; dh, dt, dz) = ; Gt = Tp1,00] X B x Xa|Hy 1)

n(dE|Hpy—1)An (de|Hyy—y, €5t — Ty q e MK Hn—1,60=Tn 1)
= Zp(ﬂ 1) An (2| Hns, &, e dt {T,—y <t <T,}.

n21 fE e_An(XA7Hn—1757t_Tn—1)pn(d§|Hnil)

Below, when ~(+) is a Dirac measure concentrated at z € X, we use the ‘degenerated’ notation
P?. Expectations with respect to P:? and P? are denoted as E$ and E7, respectively. The set of
all m-&-strategies S will be denoted as Ilg; the collections of all 7- and &-strategies will be denoted
as Il and Il correspondingly.



We aim to study several classes of control strategies and the associated measures. That is
important for stochastic optimal control. For example, one can consider the following two specific
problems.

1. Unconstrained problem.

Z/ /wn(da|Hn,17En,t—Tn,l)cg(Xn,l,a)dt
n=1 (Tn—th] A

%,

n—1,

dalt)co(X (1), a) dt inf .
/(O,Tw) | tdalten(x@).) ]%lenns
AN

Here and below, oo — oo = +o00.
2. Constrained problem.

Wo(S) = E

S
+ES

/ o (da|Hy—1, 20, t — Th—1)cg (Xn—1, a)dt] (6)
T, JA

_ S
_E’Y

Wo(S) — SIGDES

subject to (7)
WZ(S)SdZa i:1727"'7N7

where all the objectives W;(S) have the form similar to (6) with function ¢¢ being replaced with
other given cost rates ¢;(z,a); d; are given numbers. All mathematical expectations and integrals
of a real function r are calculated separately for r™ and r~ as was demonstrated in (6). As usual, a
strategy S™* is called optimal (d-optimal) in the problem (6) or (7) if Wy (S™*) provides the infimum
(is in the d-neighbourhood of the infimum) and satisfies all the constraints.

The results presented in the current article are also useful for other (constrained) optimal
control problems: see the remark after Theorem 2.

Remark 1 Suppose a strategy S is such that, for some m > 0, all kernels {mp,}2, for xn_1 # A
do not depend on the &,,-component. Then one can omit &, € Ba and =,, € BEa from the
consideration. In this case, instead of the strategic measure Pf(dw), we can everywhere use the

marginal P,‘Yg(dd;) = P,‘Yg(d(l) x B). Here
W= (507*%.07517 917 L] 7xm7179m7xm7fm+17 9m+17 .. )

and & X B = (£0,20,81,01, -+, Tm—1,2, 0m, Tm, Ema1, Omst, - -.). Below, we omit the tilde and
hope this will not lead to a confusion.
For example, for a purely relaxed strateqy S € I, the strategic measure is defined on the space
of sequences
w = (20, 61,21,...).

Another important case is when only the &y-component plays a role; then w = (&o, xo, 01,21, .. .)
and such a strategy is a mizture of (relaxed) strategies. More about mixtures in Definition 5 and
in Section 4.

Definition 3 Purely deterministic strategies, when the functions @, in (2) do not depend on the
&-components, can be equally called w-strategies (with degenerate kernels w,) or &-strategies; they
are defined by sequences {pn, n = 1,2,...}; the &-components are omitted. We always assume
that op(hp_1,u) = A if x,—1 = A. A deterministic Markov strategy is defined by the mappings
{on(@n-1,u), n =1,2,...}. If the mappings on(Tpn_1,u) = én(xrn_1) do not depend on u, the
strategy is called simple deterministic Markov. A stationary deterministic strategy is defined by a
function ©*(x).

In case the mappings ¢, (£o, n—1) depend additionally on the £y-component, the strategy will
be called a mixture of simple deterministic Markov strategies. A little more general construction
is given below: see Definition 5.

As was mentioned, the space E can be chosen by the decision maker. Let us look at several
possibilities.



Definition 4 Suppose E = A and the relaxations are absent, i.e. we deal with a §-strategy, and the
functions ¢, in (2) have the form @n(hn—1,&n,u) = &, so that the argument &y never appears and
thus can be omitted. Then such a strategy will be called a standard &-strategy. It will be denoted as
S={A, p,, n=1,2,...} and below we usually write A,, (or a, ) instead of E,, (or,), n=1,2,....
If we consider only such strategies then we deal with the so called ESMDP [7, p./98]. In case
P (dénlhn—1) = pnldan|hn_1) = M (dan|Tn_1) (n = 1,2,...), the standard &-strategy will be called
Markov; it will be called stationary if the kernels py(dan|hn—1) = p*(dan|xn—1) do not depend on
n. A Markov standard &-strategy with the degenerate kernels pM(day|z,_1) = 04, (zn_1)(dan),
n=1,2,... is obviously simple deterministic Markov. The collection of all Markov (stationary)
standard &-strategies will be denoted as Hé\/f (Hg}, they are often denoted as p™ and p*® instead of
S, correspondingly.

Another meaningful case corresponds to the Skorohod space E = D [0, ), the space of right
continuous A-valued functions of time with left limits, endowed with the Skorohod metric [5,
Ch.3,85]. Here we assume that the metric in A is fixed, such that A is a Polish space (separable
and complete). Now, Da[0,00) is again a Polish space [5, Ch.3,Th.5.6] and hence Borel. Again
suppose the relaxations are absent, i.e. consider a &-strategy, and put

907?:(605 o, €17 917 sy Ip—1, gna ’lL) = fn(u)
Lemma 1 The mapping (§n,u) — & (u) is measurable.

The proofs of this and other statements are given in Appendix.

Now it is clear that the action (control) process A(t) given by (2) is well defined (that is,
measurable) for any &-strategy. For example, if A = (—o00,+00) then, under appropriately cho-
sen distributions p,,, the A(¢) process may be a Brownian motion. Such possibilities were never
considered before.

Definition 5 Consider a &-strategy S = {E, po, (Pn,en), n = 1,2,...} satisfying the following
conditions: 2 =E° x A, so that £ = (£°,a); the stochastic kernels

pn(dfg, dan|£8,x0,a1,91,x1, as, ... ,Gn_l,xn_l)

depend only on the shown components, and pn(hn—1, (€% an),u) = a,. We call S a mizture of
standard &-strategies

0 R A —
S£0 = {A,pn(da|58,x0,a1,01, ce 7xn71) :pn(:'O X da‘&gaxmalaglw .. ,xnfl)v n= 1a2a .. }

The elements ag and €2, n =1,2,... play no role, and we omit them. (See Remark 1.) Since only
the marginal distributions po(d&0) = po(déd x A) and py,(dan|€S, x0,a1,01,...,2n_1) are important,
we denote such a mizture as {E°% x A, po, pn, n=1,2,...}.

0
We call S a mizture of simple deterministic Markov strategies S& = {gﬁf{’, n=12..}1in

case V&) € EY
0
Pn(Tal€d, Xo, A1,01, ..., Xpo1) = I{Ta 3 3% (Xpo1)} Pleas. n=1,2,...,

0
where {(,29%0, n = 1,2,...} is a simple deterministic Markov strategy. Note, we do not require
0
@20 (z) to be E® x X-measurable. More about such miztures in Section 4.

According to the definitions, the intersection of {-strategies and m-strategies coincides with the
set of purely deterministic strategies. Its subset, the class of stationary deterministic strategies,
is the intersection of stationary m-strategies and &-strategies. This class is a subset of simple
deterministic Markov £-strategies, and also a subset of stationary standard &-strategies. Under the
compactness-continuity conditions, this set is sufficient for solving many specific single-objective
optimal control problems [10, 23]. One can easily establish other relations between the introduced
classes of strategies. Note that a mixture of standard &-strategies is not a w-strategy.



Let us remind that, if we consider only standard £-strategies, then in fact we deal with ESMDP.
On the other hand, if we consider only w-strategies, then we are in the framework of traditional
CTMDP.

According to Remark 1, slightly modified sample spaces are associated with different types of
strategies which are again denoted in different ways. For the reader’s convenience, we summarize
the main notations in Table 1.

Table 1:
Strategy Sample space
General (m-¢-strategy)
S = {Ea Po, <pn,7rn>, n= 1a27 .. } S HS Q= {(5075(:0751’917371762792) .. )}
Purely randomized (¢-strategy)
S = {Ea Po, <pn,90n>; n= 1727 .- } S HE Q= {(§0,$0,§1,91,l’1,£2,92, .. )}
Purely relaxed (m-strategy)
S:{ﬂ'n, n:1,2,...}€Hﬂ- Q:{($0,91,$1,927...)}
Purely deterministic
S = {(pn($0, 91, ey 1, S), n = ]., 2, .. } Q= {($0, 91, Zq, 02, .. )}
Simple deterministic Markov
S = {@n(-rn—l)y n —= 1, 2, .. } Q = {(.130, 91, 1, 92, .. )}
Standard &-strategy
S={A, pp(hn-1), n=1,2,...} Q= {(20,&1 = a1,01,71,8 = az,0a,...)}
Markov standard £-strategy
S={A, py/(dap|vy—1), n=1,2,..} =p™ e I} | Q= {(x0,&1 = a1,61, 71,60 = az,62,...)}
Stationary standard £-strategy
S ={A, p°(dalz)} = p* € II§ Q= {(20,61 = a1,0h,21,&2 = az,02,...)}
Mixture of standard &-strategies
{EO X A7 ﬁo(dgg)a ﬁn(dan|hn—l)7 n = 1; 27 .. } Q= {(&07‘T07 ai, 017171; asz, 927 .. )}

We introduced the new, more rich set of strategies Ilg, and one of the targets is to establish
the sufficiency of smaller classes (7-strategies, &-strategies, mixtures, and so on).

3 Occupation measures and sufficient classes of strategies

Definition 6 For a fized strategy S € llg, we introduce the occupation measures

S _ S
Un(FX X FA) = E’Y

/ HXn 1 € Tx}mn(CalHp_1,Bn,t — Tu_y)dt|, n=12,...,
(Th—1,Tn]NR4

where I'x € B(X),T'a € B(A). Note, measure n;; may be not finite, e.g. if ©,, = oc.
If S is a standard &-strategy, or a mizture of standard &-strategies, then

na(Px x Ta) = ES [I{Xn_1 € 'x}{A, €Ta}O,], n=12,...
For any non-negative function r(x,a), for any S € Ilg,

Z/ / ﬁn(da|Hn_1,En,t—Tn_l)r(Xn_l,a)dt] = Z/ r(x,a)ng(dx,da).
—Jm A

S

E‘Y
n—1,Tn]NRy

(8)




In the previous expressions, one can write open intervals (T,,—1, T}, ), leading to the same occu-
pation measures and cost functionals.

Now, after we introduce the sets Dg = { {nJ}2,, S € g}, D, = { {nJ}>2,, S € I,
S is Markov} and D¢ = { {nJ}22,, S € Il with E = A, &-strategy S is Markov standard}, the
problems (6) and (7) can be reformulated as

oo

co(x,a)n,(dzx,da) — inf
Z/)(XA 0( )n ( ) {nn}zo:lEDS

and -
co(z,a)n,(dx,da) — inf
Z/XXA ol ) ) {nn}3L,1€Ds
subject to
Z/ ci(z,a)n,(dz,da) <d;, i=1,2,...,N,
n=1"XxA
correspondingly.

Condition 1 (a) ¢;(a) > 0 for all (x, a) e K.
(b) 3¢ >0: Vo € X infoea(q) ¢z(a) >

As explained in Section 5, the classical discounted model satisfies the requirement 1-(b). Cer-
tainly, if ¢,(a) = 0 for some (z,a) € K, and that state z cannot be reached under any control
strategy S, then one can consider the state space X \ {z}. Similarly, if ¢,(a) =0 for all a € A(x)
and Vi =0,1,2,...,N,Vn=1,2,... ¢;(z,a) =0 for all a € A(z), then one can denote that state
x as A (meaning, the process escaped from the state space X). The situation, when g, (a) = 0 and
¢i(z,a) # 0 for a reachable state x and for some 7 and a € A(x), is more delicate.

Theorem 1 Suppose Condition 1-(a) is satisfied. Then, for any w-&-strategy S, there is a Markov

standard &-strategy Se such that 1755 >nS foralln =1,2,.... Hence, Markov standard &-strategies
are sufficient for solving optimization problems (6) and (7) with negative costs ¢;.

If Condition 1-(b) is satisfied, then Dg = D¢. Hence, Markov standard §-strategies are sufficient
in the problems (6) and (7).

It follows from the proof given in Appendix that one can slightly weaken Condition 1-(b):
Ds = D¢ if, for any control strategy S,

5xn_1(X)efA"(XA’H"*l’E"“OO) =0 Pf—a.s. foralln=1,2,... (9)

Besides, if a particular 7-&-strategy S is such that equality (9) is valid, then there is a Markov
standard {-strategy S¢ such that 77,5;£ =ndforalln=1,2,....

Corollary 1 All the statements of Theorem 1 remain valid if we consider only quasi-stationary
w-€-strategies and stationary standard £-strategies.

Theorem 2 Dg = D,. Thus, Markov w-strategies are sufficient in the problems (6) and (7).

According to Theorems 1, 2, Markov m-strategies or Markov standard &-strategies are also
sufficient in other (constrained) optimization problems where the objectives are expressed in terms
of the occupation measures {1, }22 ;; for example, in case of the following long-term average cost:

n

Z / co(z, a)nk(dz, da)
17 k=1 XxA .

im - — inf .
n—00 {Wn}f:1€Ds

D m(X x A)
k=1

Moreover, the cost rates ¢; can also depend on the transition number n (see (6)). This remark also
concerns theorems 3 and 5.




4 Mixtures of simple deterministic Markov strategies

As was mentioned, the distribution pg is responsible for the mixtures. Suppose, for example, S*

and S? are two simple deterministic Markov strategies defined by ¢L(z) and ¢2(z), n = 1,2,...
N . N . . Sl S2

correspondingly, which give rise to the strategic measures P’ andP, on the space

Q= (Xa x Ry)™ 0)

(1
(see Remark 1 and the table at the end of Section 2). Now, take B = {1,2}, po(l) = p > 0,
po(2) = 1 —p > 0 and consider the &-strategy S = {E,po, ¥n(f0,7) = 5(x), n = 1, 2 .t
(Components p,, are of no importance here.) This will be an elementary mixture of two snnpl
deterministic Markov strategies.
In the proof of Theorem 3, we construct the most general mixture of simple deterministic
Markov strategies (see also Definition 5).

Theorem 3 Let

Dim = { {775}20 15 S = {EO X A7ﬁ0(d§8) ﬁn(dan|£87xn 1) n= 1727~ . }
are miztures of simple deterministic Markov strategies {gon ,n=12..}1}

and

Dy = { {775}20:17 S = {EO X A7]50(d§8), pnldaplhn-1), n=1,2,...}
are miztures of standard &-strategies}.

Then Dg = ’de = Dst-

5 Non-conservative transition rate and discounting

The possible gap
A
a(z,a) = gz(a) — ¢(X\{z}|z,a) = ¢({A}[z,a) 2 0
can be understood as the discount factor.
Let us denote §,(a) 2 q(X\ {z}|z,a) and, for an arbitrary w-£-strategy S, consider the jump

intensities
A (Dl R 1, €y t) = A (T A X1, &, 1)

and
ATL(Fahn—17€'IL7t) = An(FmXahn—hEn,t)
= An(ryhnfhgrut)_/ /a(xnflaa)ﬂ—n(da|hnfla§n7u) du
(0,4 JA

For the same spaces €2 and H,,, we construct the strategic measure 135 (with the corresponding
expectation Ef ) using stochastic kernels G defined by the same formulae (5), where X\ and A are

replaced with X and A. The only difference with Pf is that now the artificial state A never appears
together with a finite sojourn time 6. In other words, the controlled process does not escape from
the state space at a finite time moment.

Theorem 4 For any I'x € B(X), T'a € B(A),

S _ S
7S (Ix x Ta) = B

/ H{Xn_1 € Tx}mp(CalHp 1,E0,t — T_1)e B®dt
(Tn—1,Th]NRy

where

B(t) = I{X (1) eX}/Ot/ (dalu)du

is the (random) discounting process.

10



Now formula (6) takes the form:

Wo(S) = / c x,an,SL dz,da) = E° / /ﬂ'datc X(t),a)e” BDdt| — inf .
=3 [ el =57 | [ [ aldahax.o nf

In the simplest case a(z,a) = a > 0 we have the standard discounted model investigated e.g.
in [7, 11, 20].

6 Sufficiency of ¢-strategies, general case

Example presented in Section 7 shows that, if Condition 1 is not satisfied, then it can happen that,
for a m-strategy S, there is no equivalent Markov standard &-strategy having the same occupation
measures. Below, we describe a more general class of {-strategies which turns to be sufficient in
the general case.

Definition 7 A Poisson-related &-strategy S = {8, €, pp k(dalzn—1), n=1,2,..., k=0,1,2,...}
is defined by a constant ¢ > 0 and a sequence of stochastic kernels py p(dalx) from Xa to Aa
with Pk (A(z)|z) = 1. Here 2 = (R x A)*®, and for n = 1,2,... the distribution p, of E, =
(&, af, 1, ok, . ..) given Hy,_1 is defined as follows:

¢ (78 =0lhp_1) =1; fori > 1, pp(7* < tlhp_1) =1—e°;
L4 f07" all k Z O; pn(ag S I-_‘A|hnfl) = ﬁn,k(FAkL’nfl);’
e finally,

gpn(fo,l‘o,fl,eh...,$n_1,§n,t—Tn_1) :I{TOTL—F...-FTI? <t—Th_1 ST(?—F...—FT]?_,A}O(Z.

The & component plays no role and is omitted. Note, function ¢, does not depend on &y, xqg, ..., Tpn—1
and is denoted as pn(&n,t — Ty—1) in the proof of Theorem 5.

Such a strategy means that, after any jump of the controlled process X (t), we simulate a
Poisson process and apply different randomized controls during the different sojourn times of that
Poisson process.

Theorem 5 For any control strategy S, there is a Poisson-related &-strategy ST such that {n3}°, =
{nﬁp};’f:l. The value of € > 0 can be chosen arbitrarily.

7 Examples

Example 1 shows that, if a 7-strategy S is stationary then the occupation measures {15},
may be not generated by a stationary standard {-strategy. The reverse statement is also correct:
not any one sequence {15 }°%_;, coming from a stationary standard ¢-strategy S, can be generated
by a stationary m-strategy.

Let X = {1}, A = A(1) = {a1,a2}, v(1) =1, ¢1(a1) = A > 0, ¢1(a2) = 0. For an arbitrary
stationary m-strategy S we have,

either 77 (1,a;) < oo and  77(1,az) < oo (if m(ar|1) >0 ),
or nf(l,al) =0 and 7715(1,(12) = oo (if m(a1|1) =0).

If, for a stationary standard ¢-strategy S, plas|1) € (0,1) then n¥(1,a1) = % € (0,00),
n7(1,a2) = oo and 1y cannot be generated by a stationary m-strategy. If m(ai|1) € (0,1) then
n7(1,a1) € (0,00), n{(1,a2) € (0,00) and such an occupation measure cannot be generated by a
stationary standard &-strategy.

11



Example 2 illustrates that Markov standard &-strategies (as well as stationary standard &-
strategies and stationary m-strategies) are not sufficient in optimization problems.

Consider the following continuous-time Markov decision process, very similar to the one de-
scribed in [9, Ex.3.1]. X = {1}, A= A(1) = (0,1], v(1) = 1, ¢1(a) = a, ¢o(z,a) = a, N = 0. Note
that ¢(X \ {1}|1,a) = 0 and ¢(X|1,a) = —q1(a) = —a < 0. After introducing the cemetery A
with a(1,a) = ¢({A}|1,a) = g1(a), we obtain the standard conservative transition rate ¢. In this
model, we have a single sojourn time © = T, so that the n index is omitted.

It is obvious that, for any Markov standard &-strategy p™ (which is also stationary),

[ rawe FA}dt] = [ ol
(0,T]NR4 Ta a

M

" ({1} x Ta) = EZ

and

Wo(p™) = E?

_ a oM  da) — al Mg _
/(O,T]HR+A(t)dt 7/A " ({1} x da) /A P (da|l) = 1.

For an arbitrary stationary m-strategy S, we similarly obtain

ns“({l} xTa)=m(TA) //Aa 7(da)

and

Wo(Sy) = /Aa 0 ({1} x da) = 1.

On the other hand, under an arbitrarily fixed x > 0, for the purely deterministic strategy
p(1l,u) = e="", the (first) sojourn time © = T has the cumulative distribution function (CDF)

—1

—rO
1—e %, so that P#(O© =o0) = e~ . Under an arbitrarily fixed U € (0,1] we have

({1} x (V1) = Ef / H{e™™ € (U, 1]}du| = E¥ / Iy e, 1]}dy/(/£y)]
(0,0]NR, [e="© 1)NR,
1= g =ite=rl I g | mite=rC
= - [—InU)(e™ -e™ = )do+ — KO(e " e = )df
I _lnNU K 0
1 1 -y
+—[-InU]- e = [—an]f(—e_% + e%) + 0 [1 e 0w }
K K 0
—v et 1 . v I
—/ |:1—€ E }dQ—l—[—an]-e_K:/ e~ df
0 K 0
1 1+a

so that measure n¥({1} x da) is absolutely continuous w.r.t. the Lebesgue measure, the density
—1+4a

€

being and

Wole) = [ an ({1} da) =12, (1)

According to Theorem 1, there is a Markov standard &-strategy S¢ such that n% > n¥. Tt is
given by formula (16). One can also build the Poisson-related &-strategy ST such that n° P = n%,
using the proof of Theorem 5. The detailed calculations can be found in [22]. Finally, it is clear
that infgen, Wo(S) = 0: see (11) with £ — oo, but the optimal strategy does not exist because
© > 0 and ¢o(z,a) > 0. Note also that, if we extend the action space to [0,1] and keep ¢; and
¢ continuous, i.e., ¢1(0) = ¢o(0) = 0, then stationary deterministic strategy ¢*(z) = 0 is optimal
with Wy (¢*) = 0.

12
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9 Conclusion

In the optimal control theory, the researchers traditionally start with a wide class of control strate-
gies and prove the sufficiency of a small collection of easily implementable strategies, e.g., a unique
strategy, if a particular problem is exactly solved. For example, in [10, 11, 20, 23, 25], starting from
general relaxed strategies, the authors prove the sufficiency of stationary deterministic strategies
(stationary relaxed strategies in constrained problems). In the current article, the new very gen-
eral set of control strategies is introduced, and a series of theorems state the sufficiency of Markov
relaxed, randomized, Poisson-related strategies and mixtures of Markov deterministic strategies.
Note, the cost rate and the transition rate can be unbounded and accumulation of jumps is not
excluded.

Theorem 5 about sufficiency of Poisson-related strategies can be a starting point for involving
the results in discrete-time Markov decision processes (DTMDP) like the Linear Programming
approach developed e.g. in [13, 18]. Under very mild conditions, it will be possible to prove the
sufficiency of stationary randomized strategies. Remember, Example 2 in Section 7 shows that,
in general, stationary strategies are not sufficient in optimization problems. This fact is known
also in the discrete-time case [19, §§2.2.11,2.2.12,2.2.13]. Transformation to discrete time is a well
known trick [21]. In this connection, Theorem 5 will lead to the DTMDP with possible transitions
to the same state (loops). These ideas will be developed in [22].

We consider the sufficiency of randomized and Poisson-related strategies more valuable com-
pared with the traditional relaxed strategies because the latter ones cannot be realized on practice
if they are not purely deterministic: the trajectories of the action process are not measurable. The
word “sufficient” refers to the total expected cost/reward. If one is also interested in the variance
of the total cost, then the current results and conclusions are not relevant.

10 Appendix

Proof of Lemma 1. For any fixed u, the mapping &, — &,(u) is measurable [5, Ch.3,Prop.7.1],
so that &, (u) is a right continuous random process defined on Da[0,00). It is progressively mea-
surable, e.g. if we consider the trivial filtration G, = B(Da[0,00)) [3, T11]; hence the mapping
(&nsu) = &n(u) is B(DA0,00) X R, )-measurable.

Proof of Theorem 1. Inclusion D¢ C Dg is obvious.

Let us prove that Dg C D¢ if Condition 1-(b) is satisfied. Simultaneously, we will establish the
first assertion of the theorem assuming that ¢,(a) > 0 for all (z,a) € K.

Let S = {E, po, (Pn, ™), n =1,2,...} be an arbitrary w-¢-strategy and introduce the following
occupancy measures (n =1,2,...) on X x A

pa(Tx xTa) = EJ / X, 1 €Tx} | mu(dalHp 1,20t —Tn 1)qx,_,(a)dt]|,
(T7L71,T7L]QR+ I'a

I'x € B(X),T'a € B(A). Note that p5(X x A) =0 if and only if X,,_; = A Pf—a.s.
First of all, let us show that these measures are finite for all n = 1,2,... even if the jump

intensity ¢,(a) is unbounded. Let m,(-) 2 Tn(+|An—1,& u) € P(A) assuming z,—1 # A, and
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introduce the following finite measures (depending on h,_1,&) on P(A):

kn(rﬂ'a hn—17€)

Han 1 # A} / o € T }Con(d0 x Xalhn_1,6),
(0,00)

K’I’L(Fﬂ" hnflvg)

a1 # A}/ / [{m € T}du- Go(df x Xalhn 1,6),
(0,00) J(0,6]
T, € B(P(A), n=1,2,...
Here

Gr({00} X Xathn-1,6) = 8, (X)e An(Kahn-160),
Gn(Tp x Xalhn-1,8) = 65, ,(X) / An(Xalhn-1,€,t)
g
xe AnXaha-1.80 gt for Ty € B(Ry).

Then, according to Lemma 4.3 [7],

oo (T B 1, €) = /F ,, [ /A qwnl(a)w(da)} Ko (dm by 1, ).

(12)

(Here m € P(A) and [, qs,_,(a)7(da) play the role of a and g(a) in [7] correspondingly.) Now,

since function ¢, _, (a) is non-negative, according to (12), we have

/p " [ /A - (a)W(da)} Ko (dm, 1, €)

= / I{l’n,1 7é A}
(0,00)

0.6] /7,(A) O, (d) [/A qxn—l(a)ﬂ-(da):| d81 Gn(df x Xalhn_1,8)

= kn(P(A)lhnflag) = Gn(R+ X XA‘hnfhé-) S 1) (13)
so that
ph(X xA) = EY / I{X,_ # A}/ wn(daHn1,En,t—Tn1)an1(a)dt1

L (Tn—17Tn]ﬂR+ A

= E,f E:Yg H{X,_1#A} / an_l(a)ws(da)ds|Hn_1,En]]
L (O,GH]QR+ A

= E:? {Xn-1 # Abky(P(A), Hyp—1,Zn)]

= BS [[{Xoo1 # AYG(Ry x XA|Hn,1,En)} <1, (14)

and the pS measure is finite. Remember, G,,(Ry x Xa|H,_ 1,Z,) > 0 P,f—a.s. if X,,_1 # A,

because of Condition 1-(a).
For the measures

kn(rﬂ X FXa hn—laf) = I{mn—l S FX} I{’/TO S Fﬂ'}én(do X XAlhn—17§)7
(0,00)

Ky(Ty xTx,hy_1,§) = IHzp_1€ FX}/ / I{m, € Tx}du - Gp(df x Xalhn_1,6)
(0,00) /(0,0]

on P(A) x X, the similar calculations result in expressions

/ / 0o (da)r(da) Ko (dr, dz, oy 1,€) = Jon(P(A) % Tx, b1, 6);
P(A)xTx JA

p(Tx x A) = E5 [lin(P(A) X Txt, Hy-1,E5)
n=12,...

14
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Having the occupancy measures pS in hand, we introduce the stochastic kernels p (defined
p2 (-, A)-a.s.) coming from formula

pS(Tx x Ta) = / pS(dz x A)pM (Tal2).
I'x

Note that pJ(X x A) = 0 if and only if X,, 1 = A P,f—a.s., and we put pM({A}|A) =1 as usual.
For x,,_1 # A, one can provide the explicit formula for p:

B [Jiooyom, Joa T(dalHo 1,0, w)ax, -, (@)dul X 1 = 2, 1]
ES [f(o,@n]mm Ja mldalHy 1, Zn, u)ax, -, (a)dul Xy = In—l}

Note, the denominator equals 1 under Condition 1(b). Equation (16) holds p5-a.s., where p3 (I'x) =
pS(I'x x A) is the marginal of p3. Below we omit such remarks for equatlons 1nv01v1ng conditional
expectations.

Consider the Markov standard ¢-strategy Se = {A, pM, n=1,2,...}. Let

o (Calzn-1) = (16)

pn(Tx X Ta) 2 ESS[I{X,_1 € Tx, A, € Ta}]

be a measure on X x A and prove by induction that g, > pS. Equality p; (T'x x A) = pf(T'x x A) =
v(I'x) is obvious. Assume p,(I'x x A) > p(I'x x A) for some n > 1. Then, by the definition of
the ¢-strategy Sg,

Pu(Tx X Ta) = / Puldz x A)pM (Ta),
'k

so that p,(I'x X 'a) > p (I'x x T'a) and it remains to show that j,41(I'x x A) > p2 ;(I'x x A).

ﬁn+1(l—‘x X A) = /X A [/(O )q(FX \ {x}|x,a)QQw(a)tdt] ﬁn(dx, da)

@l
B /X><A Qm() (d d)

/ / q(FX \ {XTL—1}|X'IL—17 a)ﬂ'n(da|Hn—17 Enyt - Tn—l)dt
(Tn 1,T, ]QR+ A

Y]

S
E’Y

because p,, > p-. The cases p, = 0 or p,1 = 0 are not excluded.
On the other hand, using (12), we obtain

ES [I{X eFXHI{n 17En}
_ / Jam(da)q(Tx \ {Xpn—1}[Xn-1,0a)
Jam(

kn d7r7 H’ll— 7En
~(da)ix., (@) ( 1 =n)

/ fA da FX\{XTL 1}‘Xn 1,a )
Jan(

dCL an 1(CL)

/ m(da)gx, _,(a)Ky(dr, Hy—1,Z5)
A

_ S
= E’y

/ { / ro(da)a(Tx \ {Xn_1}|Xn_1,a>} ds|Hn_1,En] ,
0,0,]"R; LJA

so that, from (15) we have

pia(Tx x A) = B [I{X, € Tx}Gpit(Ry x Xa|Hn,Zns1)| < BS [1{X, € Ix}]
- 55| / U ﬂs(da)q(FX\{Xn1}|Xn1,a)] ds|Hn1,EnH
(0,0,]NR; LJA

_ Ei/ /q(Fx\{Xn1}|Xn17a)7rn(da|Hn1,En,t—Tn1)dt1
(Tp_1,To]NRs JA

ﬁn-&-l (FX X A)

IN
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As a result, p, > pS for all n = 1,2,.... All inequalities become equalities under Condition 1-(b)
because here G, (R4 x Xalhy,-1,&) = 1.

Clearly, n5(I'x x T'a) = foXrA [ﬁ(a)} pS(dz,da) and, to complete this part of the proof, it

remains to notice that

I{X,_1 € TxM{A, € TA}ES*

_ /F . [qz)} pu(de, da).

We have proved that 75 < 77;?6 for alln = 1,2,.... Under Condition 1-(b), we have equality, so
that DS = Df.

O,
ngg(FxXFA) = Ef?{ / ds|Hy—1, Ap,
0

For the proof of Corollary 1, it is sufficient to notice that, for quasi-stationary strategy S,

expression (16) for p2 does not depend on n. |

Proof of Theorem 2. For an arbitrarily fixed m-{-strategy S = {E, po, (Pn, ), n = 1,2,...},
introduce the following purely relaxed Markov strategy S = {7M, n=1,2,...}:

n

ES[mn(CalHno1,Ep, s)e dnFaHnrZns)| X, ) =g, ]

M _
T, Lalrn_1,8) = EAVS'[e—An(XA,Hn,l,En,s)|Xn71 = 21 (17)
Firstly, let us prove that, for any n = 0,1, ..., the following joint distributions coincide
ES[I{©, € Tr}{X, € I'x}] = ES[I{0, € Tr}H{X, € T'x}], (18)

I'r € B(]R+)7 I'x € B(XA)

Formula (18) is valid for n = 0. (We always put ©¢ = 0.) Suppose it holds for some n —1 > 0.
Below, MM and AM correspond to m2; these functions, except for I' € B(Xa), depend only on
xn—1 and s (or t). Since

/ )‘n(XA‘hn—lv £n7 s)eiAn(XAyhn_l’gnﬁ)dS =1- eiAn(XA’hn_lémt)
(0,t]ﬁR+

and according to the Fubini Theorem, we have

S | o= An(Xa,Hn—1,8n,t _
E’Y |:€ (Xa ! )|Xn—1 - xn—li|

=1 7/ S [A(XalHyo1, By s)e Xt S901X, a4 ] ds,
(0,1]

This and other equalities below hold for Ef -almost all x,,_1 and for E§ -almost all z,,_1. Therefore,

the derivative %ln (E:Yg [e‘A"(XA*H"—hE”’t)|Xn_1 = an_1D is well defined for almost all ¢ and

equals

_E:j [An(XA|Hn—17£nat)e_An(XAﬁH"il’Emt)|Xn—1 - xn—l}
E:?[eiAn(XA;anlyzn)t)‘Xn71 = 9Un71]

= _)\’I'ILVI(XﬁlXTL*l = xnflat)a

so that _
AM(Xp,2p_1,t) = —In (E;9 [e‘A”(XA’H"*l’:”’t)|Xn71 = xn71:|)

and
G*Aﬁ/[(xAnTn—l’t) _ E,‘? |:67An(XA;Hn71;Enyt)|Xn71 _ xnfl} ) (19)

Now, for any I'x € B(Xa),

M —_— — =
/\Tlt/[(rx‘zn—ht)ei/x" (Xamn—18) = E'f [AH(FX‘Hn—la:nvt)e An(XA’Hnil}umt”Xn—l = Tp—-1
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due to the definition of the 7 kernel. Therefore, the conditional distributions
ES {0, € TR}{X, € Ix}|Xn_1 = zn_1] = ES[I{0, € TR}{X, € Tx}[Xn_1 = zp_1]

coincide and formula (18) holds for n by induction.
Since, by the Fubini Theorem,

/ )\n(XA|hn—1a€7L79)67AH(XAJL"71’£M0) [/ '/Tn(FA|hn—17£nau)du‘| do
(0,00) (0,6]

- / l/ An(Xalhn 1, &, )N tinr & Oy (Dp [ 1, €, ) d(’] du(20)
(0,00) [u,00)
= [ e (D s 6 du
(0,00)
we conclude that, for any I'x € B(X), I'a € B(A),
S
By

[{X, 1 €Tx} /(

Tn— 1 7Tn]mR+

Wn(FA|Hn717 Erut - Tnfl)dt‘anl = xn1‘|

= Hzn1 €TX}ES / e AnXaHn1En ) e (T |H,_y, B, w)du) Xy = xn1]
(O)OO)

H{x,—1 €Tx} aM(Calzn_1,u) - E:/q [e_A"(X“H“*“E’““)|Xn,1 = xn,l} du

(0,00)

= I{xn—l S FX} WTJY(FAW'”_Mu)efAﬁI(wanfl,u)du
(0,00)

(see (19) ), and the last expression, similarly to (20), equals

ES MDA |X o1yt — Ty )dt| X1 = xnll .

K{X,_1€ Fx}/(

Tr—1,Tn]NRy
Therefore,

s (Px x Ta)

S
XA

= ny(Tx xTa),

/ [{X1 € Dx}rn(Tal o1, Znst = T )t Xy = 20y | m(dirn_1)
(Th—1,Th]NR4

where m(T') £ ES[I{X,_, € T}] = ES[[{X,_, € T} (see (18)).
In case T),,—1 < oo and T;, = oo, the integration is over the open interval (T},_1, 00). [ |
Proof of Theorem 3. Before starting the proof itself, we need several additional constructions.
For an arbitrary simple deterministic Markov strategy S = {¢n, n=1,2,...}, let

W(w) = (w0, a1 = P1(x0),01, 21,02 = P2(21),02,...) (21)

be the mapping from  to

~ é(

Q XA X AA X R+)OO (22)

Let P,f be the image of P:Yg w.r.t. this mapping and E:f be the expectation w.r.t. this probability
measure. Note that, if X,, = A, then I:’f—a.s. Apt1 =A,0,41 =00, Xpp1 = A
Now
ns(Tx xTa) = B [0, I{X,—1 € Tx}{A, € Ta}]. (23)
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The same formula is valid for a standard ¢-strategy S = {A, pM, n =1,2,...}. Here, one does not
need to introduce the mapping @(w) because, for standard ¢-strategies, the sample space already
has the form Q. Nevertheless, we keep the notations P,YS = P,YS and Ef = Ef for the further
convenience.

According to the definition of the strategic measures, if S is a simple deterministic Markov
strategy or a standard {-strategy, then for arbitrary I'x € B(Xa), I'a € B(Aa), I'r € B(R,), we
have P:?(Xo eI'x) =v(Tx);

PS(A, €TalX0,A1,01,...,X,-1) = ph (Ta|Hoo1) (24)

(= I{Ta > ¢n(Xn—1)} in case the strategy S is simple deterministic Markov)
PS(0, € Tr|Xo,A1,01,..., Xn1,4,) = [{X,_1 # A} ax, _, (Ap)e  Pna(An)t gy

TrNR4

+ I{gx,_,(An) =0o0r X,—1 = A} {T'gr 3 o0}, (25)

PS(X, € Tx|Xo,A1,01,..., Xn 1, 4n, 0y), (26)
].—‘ X'n,— an 7An
= (X 2 Ay I A) e ) 0 0r X,y = AJI{TX 5 A)
an,1 (An)
0a
here — = 0.
where o

Formulae (24) and (26) define the marginal of the measure ]55 on (Xa x Aa)™® denoted below as

PfM, and formula (25) makes it possible to reconstruct Pf having PfM
Let us show that Dy; C De. For a fixed mixture S = {E° x A, po(d&)), pn(dan|&d, xn-1), n =
1,2,...} of standard &-strategies, we define

P5(d&) = P? (B x do) = /_

. 5SE0 [
o(dgg) Py (d),

where S = {A, pn(da,|&d, x0,a1,61,...,20-1) n = 1,2,...} is a specific Markov standard &-
~ ¢0

strategy under a fixed €0 € Z°. Note that the P5° measure is measurable w.r.t. &0 [12, C.10].

Recall that, according to Remark 1, the measure Pf is defined on Z° x Q and the measures

~ 0 0 ~

Pfs" = P:?E0 are defined on €: see (22) and the table at the end of Section 2. Like previously,

}AZ;QM is the marginal of ]5,;9 on (Xa x Aa)®. Formulae (25),(26) remain valid for the mixture S,
as well.

All the measures
equation (26):

P’;YSM(X’” S FX|X07A17"'7XTL71>A717)

(FX \ {Xn71}|Xn717 An)
X, (Aﬂ)

PfM considered above have important common property coming from the

= I{X,_, #A}Y

+ I{gx, ,(Ap)=0o0r X,_1 = A}I{T'x > A},

meaning that all of them are strategic measures in the discrete-time Markov Decision Process M
with state and action spaces XA and Aa and with the transition probability

Aol it e £ A, gu(a) £ 0;

= T s = qx
Qly € Ixle,a) { {I'x 5 A} otherwise.

[4, Ch.3,85].
As is known [18, Lemma 2], there exists a sequence of stochastic kernels pM (da, |z, 1), n =
1,2,..., i.e. a Markov strategy in M, defining a Markov standard &-strategy S, such that

ESMII{X, 1 € Tx}{A, € Ta}] = BS"M[I{X, 1 € Tx}[{A, €Ta}], n=1,2,...
for all 'x € B(Xa), I'a € B(Aa). Since formula (25) is strategy-independent, we conclude that
ns zn;fM, n=1,2,... and Dy C D¢.
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Now, show that D¢ C Dgyy,. Let SM — {A pM_ n =1,2,...} be a Markov standard ¢-strategy.

It is known that the strategic measure Pf "Min M (generated by a Markov strategy p2) can be
represented as

M
PEM = [ chinlaeh). (27)
where 29, defined as

=20 = {PfM, S ={én, n=1,2,...} are all possible simple deterministic Markov strategies in M},
(28)
is a Borel space, and pg is a probability measure on E°. For more details see [6, sections 2,3;
Th.5.2).
For a fixed £ € E% and n =1,2,.. ., let £J" be the marginal of the measure £J:

0 IMx xTa) = E((Xa x Ap)" "t xTx xTa x (Xa x Ap)™),

I'x € B(Xa), Ta € B(Aa). The mapping &" = fm(£]) is measurable and even continu-
ous if we fix the corresponding topologies in the state and action spaces and the weak topolo-
gies in the probability measures spaces. Using Corollary 7.27.1 [1], we see that, for stochas-

tic kernel k(dx,dal&)™) 2 &)™ (dx, da), there are measurable stochastic kernels k4 (T'a|x, ") and
kx(Tx|€0") = £0"(Ix x Aa) on Ax and XA respectively, such that

0"(Tx xTa)= | ka(Calz,&")kx (dz|&g").
I'x
Consider the mixture S = {E° x A, po, pn, n =1,2,...} of standard &-strategies Sﬁg, where
Pr(dan|EY, zn—1) 2 ka(dan|n—1, f*(£J)) (see Definition 5) and prove that it is a mixture of simple
P

deterministic Markov strategies. Since &) = is a strategic measure in the Markov Decision

Process M for some (simple) deterministic Markov strategy S(£J) = {@,50, n=12...},

ka(Talz,€0%) = I{T's 5 ¢ (2)}

for £J"(dx x Aa)-almost all x € Xa. Equivalently,

R . 5S(E9)M
Da(TAlE), Xno1) = {Ta 3 ¢ (X)) PS9Mas n=1,2,...

The induction argument, when n = 1,2,..., implies that (for a fixed &) € E°), for the Markov
strategy 56 2 {Pn(dan|€8, zn—1), n=1,2,...} in M, equality PS%M PS(EO)M is valid. Here,

with some abuse of notation, S& is a Markov strategy in M and also a Markov standard &-strategy
in the original model. We proved that

0 ~ 0
Pu(Tale), Xno1) = I{Ta 3 3% (Xn1)}  P5%Mas. n=1,2,... (29)

As was mentioned above, when returning back to the continuous-time model, the measures
~ 0 N 0 ~ 0 ~ 0 ~
PfﬁoM = Pf (€)M give rise to the measures vago = Pf ) on O (22), simply by applying formula
A 0
(25). Now, the equality (29) holds P,YSE0 -a.s. and hence P,Ys—a.s. because the strategic measure P,f
.0
has the form PS(deg, di) = po(ded) PS5 (dw).

Thus S is a mixture of simple deterministic Markov strategies {gon ,n=1,2...}=5(&).
Formula (27) implies that

P (da) = / o(deQ) P2 (dg) = /_ Po(deQ) PS (d) = P (20 x di).

=0 =0

Hence 7n? (Fx xTa)=n([x x[a) foralln=1,2,...
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We proved that D¢ C Dgyy,. Since Dy, C Dsy C De, the proof is completed. [ |

Proof of Theorem 4. For a fixed n =1,2,...,

75 (Tx x Ta)

= E:? E,YS I{Xn,1 € X}/ I{Xn,1 € Fx}’ﬂ'n(].—‘A|Hn,1,En,t — Tnl)dtHn1‘|‘|
(T,Lfl,T,L]ﬁR+
= B |I{X,., eX) / pn<d§|Hn_1)[ / [{Xn_1 € Dx}mn(Ta|Hoo1, &, u)du
EA (0,00) J(0,0]

X A (XalHypo1,&,0)eAnXa Huo1,6.0) d@” (change the order)

_ S
= E’Y

I{Xn—l S X}/ pn(dﬂHn—l)/ (/ I{Xn—l S FX}Wn(FA|Hn—1a§78)
Ea (0,00) [s,00)
X An(XalHp1, &, 0)e™ Ko Hno1.60) d9> ds]

_ S
= E’Y

H{Xn1€X} pn(dﬂHn*l)/ g(anlvS)e_An(XA7Hn717€7S) ds|,
A (0,00)

where, under fixed &, T'a, I'x, function g is defined as g(h,—1, s) 2 Han—1 € Tx}mn(Calbn-1,&,8).
The last integral can be evaluated, after we notice that

e M Xahn1.65) = g Jio,0) Ja mnldalhn_1 g u)a(zn_1,a)du

X [/ A(X|hp_1, & v)e™ M Xcham160) gy 4 eA"(X’h"l’g"’o)} ;
(s,00)
in the following way:

/ G(hp_1,s)e AnXahn-1.85) g5 (change the order)
(0,00)

= / / g(hn_1,8)e" Jo.sy Ja 7rn(da‘hnfl7§7u)06(wnflya)dux(x‘hn_l7 £ v)e—f\n(x,hn_l,g,u) ds dv
(0,00) 4 (0,v)
* / g(hn—1,8)e” 0.0 Ja ™ (dalhn—y g u)a(zn—1,0)du ds X e_j\n(X,hnfhf,txﬂ.
(0,00)
Therefore,

na(Tx xTa) = ES |I{X,_1€X}

></ Gn(db, de, dz|H,_) {/ {X, 1 € x}mn(Ta|H,_1,€,0)
R+XEA XX A (0,9]0R+

e f<Tn—lvT71—1+U] Ja 71'"(dalanl7£7w—T,,L71)a(X"71,a)dwdv}:|

HXpeX} [ Gn(do, de, dz|H,_y)

Ry xEAXxXA

_ S
= E’Y

x {/ I{anl € FX}W”(FA|Hn717£7t - Tnfl)
(Tr—1,Tn—1+0]NRy.

><e_ f(Tn—lvt] fA ﬂn(dalanl7£7w_Tn—1)(X(anl,a)d’wdt}:l )
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The last expression has the form ES[I{X, 1 € X} - F(H,_1)]. Applying the similar, but
simpler calculations, we obtain

E’f[E'f [I{X"—l € X} : F(Hn—Qa En—h @n—la Xn—l)|Hn—2]]

= EJ I{Xn_geX}-/

D1 (A€ Hos) /(O | /X I{r € X}F(H,».¢,0,2)

x)\n,l(dx\Hn,g,f,9)6_/‘"*1(XA’H"'*""&G)CZH]
= EY |[H{X,»€X} G 1(d9,d¢, dx|H, _»)

R+ XEAXXA

xe” Joor Jamnor(daltin 2 &uaXn—2a)du 1ry ¢ XYR(H, €, a,x)]

H{X, 2eX} [ Grn_1(d9,d¢, dx|H, )

RJr XEA XXA

_ S
= E’Y

X / Gn(dé, déa di’|Hn—27 57 07 I)e_ f(Tn—Zan—z-H?] fA Tn—1(da|Hn—2,6,w—Tn—2)a(Xn-2,a)dw
R+XEA XXA

X / I{m6I‘X}wn(PA|Hn,27§,9,x,g7t_Tn72_9)
(T—2+0,Tr—2+6+6) "R

o it arona w,n(daH”,s,e,x,s,wTMe>a(z,a>dwdtH .

Continuing in the same way, we obtain the desired expression. |

Proof of Theorem 5. Fix an arbitrary € > 0. We intend to provide the explicit formulae for
Dn,k- For a fixed n > 1, we introduce random functions Qx(w) depending on w € Q:

Qr(w) We_ew_A(xA’H”’l’E”’w), k=1,2,..., we Rg
and (random) function fy,(¢):
Fo(t) 2 Pa(XalHoor, Enyw + 1) + e A Xa oot vt Ot Ko s ) =et -y ¢ € RY.

The Poisson-related &-strategy ST under consideration is defined by

- A
pn,O(FA|xn71) = E:yg

/ fo(t)/ / ro(dalHo 1, B, w)[gx. ., (a) + £]du dt|Xn1=mn1];
(0,00) (0,t] JTa

~ AN
pn,k(FA |Tn—1) =

Ef [ Qrw) [ fu@®) [ [ mn(dalHy-1,Z0,w+u)lgx, ,(a) + eldudtdw| X,,—1 = zp—1
(0,00) (0,00) (0,t] Ta
ES ( f)Qk(w)dw\Xn,l = ZTp_1
0,00

for k > 1, and we plan to prove that n5 = nSP.
Below, Zj, is the independent of anything RV having the Erlang(e, k) distribution. Clearly,
under the control strategy S, the conditional probability Pf (Zk < O,|Xn-1 = Tp_1) equals
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E§ U(O&O) Qr(w)dw|X,—1 = xp_1|. Similarly, PfP(Zk < Ou|Xno1 = Tpo1) = Hlepi, where

pi = fA f(o 00) ce~ Ve ton—1 (W gy, Dni—1(da|z,—1), and we are going to prove by induction that
these two probabilities coincide:

PS5 (2 < O, Xpoy = 2py) = PS(Z), < On|Xpo1 = 1) = B

v Qk(w)dw|Xn71 = Tp-1

(0,00)

(30)
Below, in the case of the S¥ strategy, Zl 1 74 usually plays the role of Z.
If £ =1 then

Tz, (a)wdwEs
/ /O ,00) K

X / lax, . (a) + €|mn(da|Hp—1,En, u)du dt| X,,—1 = xnll .
(0,%]

/ [)\n (XA|Hn717 En7 t) + E]e_An(XA7Hn—17En7t)_5t
(0,00)

We move [g,, _, (a) + €] outside the conditional mathematical expectation and integrate w.r.t. w:
f(o 00) e E %1 (@Y (g) + g]dw = 1. Here and below, we use the Fubini theorem without
special remarks. After integrating the result by parts w.r.t. ¢, we obtain:

_ S
_E’y

Ql (w)dw|Xn_1 = Tnp-1
(0,00)

p1=E°

5 / Ee_A"(XA’H”*l’:"’t)_stdt\Xn_l = Tp_1
(0,00)

Suppose Hlepi = Eﬁf U(o o0) Qr(w)dw| X, -1 = xn,l} for some k£ > 1 and prove the same
equality for k£ + 1 using (30).
k+1

I = EJ // ge T X1 (WY gy Qk(w)/ An(Xa|Hp—1,En, w +1t) + €]
i=1 A /(0,00) (0,00) (0,00)

e A (XaHno1,8n,wtt)+ A0 (XA, Hn—1,En,w) -t

X / n(da|Hy—1, 0, w+t)[gx, _, +€]du dt dw|X,—1 = xnll
0,1]

— ES / / Etg(gw)k_l e—Ew—A(XA,Hn,l,En,w-ﬁ—t)—et
" o) S0,y (k= 1)!

X M (Xa|Hp-1,Zn,w 4+ t) + eldt dw|X,,—1 = xn_l] (denote s = w + t)

g(ew)k 1 _ B o
B E:f E/ ((k/’)l)' / s[An(XalHp-1,Zn,5) +€le AXa Hn1,Zn,5)=es g g
(0,00) ) (w,00)

— we_A(XA’H"l’E"’w)} dw|X,—1 = xnl} (integration by parts w.r.t. s)

k—1
_ E”f . E(Ew) ' / —A(XA H,_1,2,,8)— €S g d’LUlX = mnl]
(w,00)

8
—
P?'
v

.
k—1
_ E,f E/ (Ew) (XA7Hn—17En,S)—Ede dS|Xn71 — -’L‘nl‘|
(0
S
= EJ 5/
(0

—AXa,Hp—1,20,8)—¢€s _
e~ A Hn=1,n9) danl—xn1],

what we wanted to prove.
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The next step is to prove that

P
Py (X, €I'x) = P (X, €Tx) (31)
for all I'x € B(X), n = 0,1,2,.... This equality is obviously valid at n = 0 because the initial
distribution + is fixed. Suppose it holds for some n — 1 > 0 and prove that
PS" (X, € Tx|Xp-1 = @n1) = P3(X, € Tx| X1 = 21). (32)

Clearly, it is sufficient to consider the case ©,, < co. Using (30) and the property limy_, Zf:o T =
00 pr—a.s., we obtain

-
Py (X, €Tx|Xno1 = @n-1)

o k+1

= ZPjPX €Tx, ZT <o, <ZT X1 =2pn1) //
(0,00)

qTx \ {Xn-1}[Xn-1,0)
qx, (@) +e

+ZES V /000 /Oo)fw(t)/(o’t]Wn(da|Hn_1,En,w+u)

X / (da|Hn 1, Zn, )[an 1(0‘) +5}du dt |Xn—1 = xn—l]
(0,4]

q(FX \ {Xn—1}|Xn—17 a)
du dt d X1 =Ty
<l @) + <l dt o TEXEATER O
= B\ 00 [ Ol e dt] X =
(0,00) (0,¢]

+> ES
k=1

/ eiAn(XA’Hnil’Emt)ist)\n (FX|H7L—17 Ena t)dt|Xn—1 = In—l]
(0,00)

Qk(w)/ fw(t)/ A(Tx|Hp—1,En, w + w)du dt dw|X,—1 = xnll
(0,00) (0,00) (0,2]

_ S
_E’Y

o0
+3 B / Qk(w)/ oA (Ko 1 B wett) 4 A (X Hou 1, w) 1
k=1 (0,00) (0,00)

X /\n(FX|Hn—1a S, W t)dt dw|Xn_1 e JCn_1:|

A (Tx|Ho 1, E0
/ fot)—nTxHn1:Ent) g
(0,00)

A (Xal|Hp—1,Zn0,t) + ¢
S
+ ZE’Y l

(FX|HTL*175n7w+t)
t dt dw|X,—1 = Tp_
/<000>Q’“(w)/< >f()A (Rl Hy 1, Zoyw 4 ) e W0 =

k=1 ’
o0 k k+1

= D PPXn €l 3 7SO0 <) FXnot = 2o,
k=0 =0 =0

where 79 = 0 and {7;}$2; is a sequence of independent Exp(e) RVs. Formulae (32) and hence (31)
are proved.
Although the occupation measures may be not finite, formula

n(Cx x Ta) = ES |ES

/ [{Xo 1 € P} (DAl H 1, Zst — T 1)t Xy
(Tp—1,Tn] Ry
(and the similar formula for S¥) is valid [17, §IV.3]. Therefore, to complete the proof of the
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theorem, we need to establish equality

DS(Talz) £ ES / (T a|Hp1,Zpt — Too1)dt| X1 = (33)
(Tnfl,T,L]ﬂR+
A
= D5 (Tale) 2 ES” / po(dénlz) x H{on(&n,t — Tp1) € FA}dt] ,
(Tnfl,Tn]ﬁR+
because YI'x € B(X)
n5(Tx xTa) = : DS(Tal2)PS(X,o1 € dz); 1S (DxxDa) = : D" (Cal2)PS" (X, € da)
X X

and the distributions of X,,_; under the control strategies S and S* coincide. Here and below,
the set I'a € B(A) is arbitrarily fixed.
Using (30), we obtain
D% (Tala)
_ 1
= Dno(dalzr) ————
i, oot

+ Z E’f Qk(w)dw‘Xn—l = x] / ﬁmk-(da|x)
k=1 (0,00) Ta

/ fo(t)/ w(dalHoy 1, S, w)du d) X 1 =
(0,00) (0,t]

qz(a) +¢€

Qk(w)/ fw(t)/ Tn(da|Hp—1,Zn, w + u)du dt dw|X,—1 = x| .
(0,00) (0,00) (0,t]

We evaluate the second term Y .-, separately using the abbreviated notations

A 2N (XalHp 1,0, 1), At) 2 A(Xa, Hy_1,En,1), and 7(t) 2 w0 (CalHn1,Zn, ) -

E:j / s/ Aw+1) + 5]671\(“’“)*“/ m(u)du dt dw|X,_1 = x]
L (0,00) (0,00) (w,w+t]

(denote y 2w + ¢ and change the order of integration)

= Ef / A(y) + ele A==y / 565“’/ 7(u)du dw] dy|X,—1 = x]
(0,00) 0,y) (w,y]

(integration by parts w.r.t. w)

= By / A(y) + ele” )= / (7 — l)ﬂ(w)dw] dy|Xn—1 = x] )
(0,00) 0.y)

Now

»
D% (Talz)

~ ES / [/\(y)+s]e*"(y>*5y/ e"m(w)dw dy| Xy f”]
(0,00) 0,y)

(integration by parts w.r.t. y)

= E§ lim / e AWy L =Y (y)dy — eiA(Y)fEY/ e'r(w)dw p | X1 =z .
Y=o (Joy) (0,Y)
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Since

—_

- (34)

efEY/ eUr(w)dw < =(1 —e V) <
(0,Y) €

we conclude that

lim / e_A(y)W(y)dy—e_A(Y)_Ey/ e (w)dw :/ e MY (y)dy (35)
Y —o0 0,Y) (0,Y) (0,00)

if the integral in the righthand side equals +oc0. Similarly, equality (35) holds true if limy o A(Y) =
00 because of (34): limy o, e~ 2 =¢Y f(o ) e (w)dw = 0.

Suppose now that limy ., A(Y) < oo and f(o 00) e~ MW (y)dy < co. In this case, f(o ) 7(y)dy <
oo and, for an arbitrarily fixed § > 0, we take Y € (0, 00) such that f(Y 00) 7(y)dy < §. Now, con-
sidering only Y > f’,

lim [e‘A(Y)_EY/ A eswﬂ(w)dw—l—e_’\(y)_sy/ eswﬂ(w)dw] < Tim e AY)—eY 5y
(0,Y]

Y —o0 RAD T Y—oo
because
lim e_A(Y)_EY/ e*m(w)dw =0
Y —oo (O,Y/]
and

/ eSVm(w)dw < egy/ 7(w)dw < §ecY .
( (

v,Y)

Since § > 0 was arbitrary, in this case limy _,o, e 2)=¢Y f(o v) e (w)dw = 0.
Therefore, in any case we have equality (35) and

DSP(FA|:E) = E:f l/( )eA(y)w(y)dy|Xn_1z] (integration by parts)
0,00
- B /(0 et /( g dy | w@dylX, =
,00 0,y

(0,00)
= D%[alx).
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