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Abstract

This thesis studies the risk-sensitive control problem for a class of non-linear
stochastic systems and its financial applications. The nonlinearity is of the square-
root type, and is inspired by applications. The problems of optimal investment
and consumption are also considered under several different assumptions on the
stochastic interest rate and stochastic volatility.

At the beginning, we systematically investigate the nonlinearity of risk-sensitive
control problem. It consists of quadratic and square-root terms in the state. Such
an optimal control problem can be solved in an explicit closed form by the comple-
tion of squares method. As an application of the risk-sensitive control in financial
mathematics, the optimal investment problem will be described in the Chapter
@. A new interest rate, which follows the stochastic process with mixed Cox-
Ingersoll-Ross (CIR) model and quadratic affine term structure model (QATSM)
is introduced. Such an interest rate model admits an explicit price for the zero-
coupon bond.

In Chapter H, we consider a portfolio optimization problem on an infinite time
horizon. The stochastic interest rate consists not only of the quadratic terms, but
also of the square-root terms. On the other hand, the double square root process
is also introduced to establish the interest rate model. Under some sufficient
conditions, the unique solution of the optimal investment problem is found in an
explicit closed form. Furthermore, the optimal consumption problem is considered
in Chapter B and H It can be solved in an explicit closed form via the methods of
completion of squares and the change of measure. We provide a detailed discussion
on the existence of the optimal trading strategies. Such trading strategies can be
deduced for both finite and infinite time horizon cases.
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Chapter 1

Introduction

1.1 Introduction

A short literature review on the risk-sensitive control and optimal investment

problems is given. We also indicate the main contributions of the thesis.

1.2 Risk-sensitive control

The risk-sensitive control problem was introduced by Jacobson [25] in 1973.
He considered linear stochastic systems with additive Gaussian noise, and mini-
mized the expectation of the exponential of quadratic cost. Assuming full state
observation, Jacobson gave the complete solution to this problem, with the opti-
mal control being in a linear state-feedback form. He also considered the discrete
time version of this problem. For continuous-time systems with partial observa-
tion, Bensoussan and Van Schuppen [3] in 1985 obtained the complete solution,
whereas Whittle [52] solved the discrete-time partial observation problem (see
also [53]). A connection between the risk-sensitive control and robust control was
found in 1988 by Glover and Doyle [20]. For an infinite horizon criterion and a
class of nonlinear systems, the reader can refer to Fleming-McEneaney’s paper
[16] and James’s paper [26]. A connection with dynamic games can be found
in [41].

In the recent paper [[12], Date and Gashi generalised the risk-sensitive control
problem by introducing a more general criterion. Such a criterion has a noise



dependent penalties on the state and control variables. A further more general
risk sensitive control problem was considered in Date and Gashi [11], where the
system state is extended to include certain quadratic nonlinearities in the state
and control, as well as a multiplicative noise. This is an important extension of
the linear risk-sensitive control that preserves the explicit closed-form solution of
the problem.

1.3 Optimal investment and consumption

Investor’s optimal portfolio problem is to choose the optimal investment and
consumption strategies so as to maximize the utilities from terminal wealth and
consumption. This problem has a long history beginning with the work of Markowitz
[B6], [B7], where the mean-variance portfolio selection was introduced. This is a
one-step discrete-time portfolio model. The continuous-time portfolio problem
was introduced by Merton [B8], [39]. He obtained an explicit solution to the
continuous-time portfolio problem for several different utility functions and using
the methods of stochastic control. Since then, there has been a great progress on
this problem, with the aim of considering more general market models and util-
ity functions. If the market coefficients are bounded, then the optimal portfolio
problem is largely solved under different settings (see, for example, the textbook
accounts of Korn [29], and Karatzas and Shreve [28]). However, the assumption of
bounded market coefficients can be too restrictive in some models. This is usually
the case when the model for the market coefficients, such as the interest rate and
the volatility, are given as solutions to stochastic differential equations, which are
unbounded processes in general. This means that the methods of solving the opti-
mal portfolio problem as given in [29], [28], no longer apply in this case. Moreover,
such unbounded processes include the typical models of interest rates, such as the
Vasicek model or the CIR model. Hence, other methods need to be developed to
deal with these situations. In [B], [6], [21], [32]), it is shown that the optimal
portfolio problem under a stochastic interest rate can be interpreted as a risk-
sensitive control problem. Korn and Kraft [30] gave the solution to the optimal
investment problem with the Vasicek interest rate model, and Zariphopoulou [55]
connected it with the consumption problem. Deelstra, Grasselli and Koehl [[13]



investigated the case of an interest rate model given by a square-root process. In
Date and Gashi [11], a new quadratic affine term structure model (QATSM) of
interest rate is introduced.

Despite this progress, there remain many interesting market models for which
the optimal portfolio problem has not been solved. In this thesis, we consider
several such market models which have an unbounded interest rate, and solve the
corresponding optimal control problems by the methods of risk-sensitive control.

1.4 The main contributions

o Compared with Date and Gashi’s work in [L1}, the risk sensitive control
problem is further extended in this thesis (see Chapter a) It contains ad-
ditional nonlinear components of the state, which are represented by the
square-root processes. In Fei and Gashi’s work [15], the scalar case of this
problem is solved. A limitation of this study is that the admissibility of the
proposed optimal control is only assumed rather than proved. In this chap-
ter we provide such a proof and extend the results to multi-dimensional
square-root process. The key aspect of this chapter is that the explicit
closed-form solvability has been preserved. In addition, a generalised crite-
rion of risk-sensitive control is proposed, where noise dependent penalty of
state and control variables is included. The solution is obtained explicitly
by the change of measure approach.

o An extension of Merton’s portfolio model has been proposed in this thesis
(see Chapter @, E, B, H) All the interest rates described in this thesis can
be unbounded processes, which is not the case with most of the existing
literature where the interest rate is assumed to be bounded (see, e.g., [29]
and [28]). In [B0], [b5], [13], [L1], the portfolio problem with a possibly
unbounded interest rate is considered. In [11] the authors introduce a new
interest rate model of the quadratic-affine form, and propose an extension
of the Merton’s optimal investment problem with exponential utility. In
Chapter @, we extend their work. A new nonlinear interest rate model, which
follows a stochastic process as a combination of the square-root process and
the multi-dimensional quadratic-affine term structure model, is introduced.



Furthermore, the mean rates of return p(t) are established in a more general

form. The price of a zero-coupon bond is also obtained.

An important stochastic interest rate model is the one introduced by Longstaff
[B4] (also called the double square-root process). A special case of our results
in Chapter B is the problem of optimal investment under such an interest rate
model, and appears that this by itself is new. In that chapter, we consider a
further more general interest rate model, and solve the optimal investment
problem in an infinite horizon for the power and logarithmic utilities. In
Chapter B we solve the optimal investment and consumption problem un-
der the assumption that not only the interest rate but the volatility as well
follows the Longstaff model.

Yong in [54] pointed that some care is needed when dealing with the op-
timal investment problems in a market with a CIR model for the interest
rate. In Chapter @, we give a detailed discussion on the existence of the
optimal trading strategies for the CIR interest rate model. Furthermore, an
extension of Yong’s work to multi-dimensional square-root process is given
in Chapter .

Chapter H gives an extension to Merton’s optimal consumption problem in
an infinite horizon with a discounted criterion [39]. This problem for the
Vasicek interest rate model was considered in [45], [44], [42]. The novelty in
this chapter is to use a quadratic-affine interest rate model. The problem

for the logarithmic utility is solved.

1.5 Summary

The results of this thesis should be of interest to individuals working in both

risk-sensitive control and mathematical finance. From the control theory point

of view, a class of nonlinear stochastic systems is considered for which the risk-

sensitive control problem has an explicit solution. The importance of this class of

control problems is illustrated with applications to mathematical finance. From

the mathematical finance point of view, the thesis introduces several interest rate

models, and solves the problems of optimal investment-consumption and bond
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pricing. A feature that runs throughout the thesis is that explicit closed-form

solutions are obtained in all cases.



Chapter 2

Preliminaries

2.1 Introduction

We review some basic results from the risk-sensitive control and mathematical
finance. This includes the basic risk-sensitive control problem, the market model
and the self-financing trading strategy, the arbitrage in the market, the optimal
investment and consumption problem, and two nonlinear stochastic processes.
We also include some useful lemmas and theorems which will be used in the later

chapters.

2.2 Risk sensitive control

Let (2, F, (Ft)t>0, P) be a complete filtered probability space, and w(+), wa(+),
ws(+) be three independent n-dimensional standard Brownian motions . We define
Fi = o{w(s);0 < s < t} to be the natural filtration augmented by all P-null sets
of F, where w(-) = [wy(+), wa(-), ws()]".

We begin with the optimal control problem introduced by Jacobson [25] in
1973.

Consider the linear stochastic control system:

d]?l(t) = [All'l(t) -+ Blu(t)] dt + i C’ljdwlj (t),
=1 (2.1)

z(0) = xo,



and the risk-sensitive cost functional:

T
J(u(-)) = E {eXp [%x’(T)S:U(T) + % / [az'(t)@x(t) + u’(t)Pu(t)} dt} } .
0
(2.2)
Here x(t) is the states of the system, and the given data are known:

Al,S e Rn1xn1’ 0< Q € Rmxm B, € I&npwn7
0<PeR™™ 0#7€R, CiyeR™, j=1,---,n.

The control process u(-) is assumed to be square integrable, i.e.

E [ /0 Tu’(t)u(t)dt} < o0,

and this ensures (@) has a unique solution. The control problem is to find an
optimal u(t) that minimises (@) subject to (@) Date and Gashi in [11] extend
(R.1) by introducing a more general system which has quadratic terms in z;(t)
and u(t):

( dl‘g(t) = [AlgfL'l(t) + AQQZL‘Q(t) + D (Zlfl(t), U(t)) + Blgu(t)] dt

+ Z [Asjz1(t) + Baju(t) + Cos] dwy (1), (2.3)

L x2(0) = X920

where Alg,Agj c Rngxnlem S RnanQ,Bl2’B2j c anxm,CQj € R™ are known
constants. The vector D (x1(t),u(t)) is defined as

[ 2 (1) Quay (1) + /() Ryxy () + o' (t) Pru(t)

4 (0)Qawalt) + /(1) Rywa(t) + /(1) Pu(t)
D (a(0) u(t)) = | ,

| 24 (1) Qo (1) + 0 (8) Ry w1 (1) + 0/ (1) Py u(t) |



where

QLQQ?'” 7@712 eRnlxnl
R17R27”' aRng ERanl
PlaPQa"'apnzeRmxm7

and @), Pj,7 = 1,--- ,ny are symmetric matrixes. We define the matrices @, R, P
as
@1 Ry Py
Q= QQ , R = 32 , P = [,)2
Qn, R, P,

They also extend the criterion (@) by introducing a penalty on the state
xo(t):

J(u(-)) = AE [exp {%x’l(T)le(T) + % /0 ' [x’l(t)c}xl(t) +u’(t)15u(t)} dt

T
% / [L'lxl(t) + Lhao(t) + LLu(t) + u’(t)Rxl(tﬂ dt
0
2 Sia(T) + %S;:cz(T)H , (2.4)
The given data are:

S.QeR™™  PeR™™ ReR™™ [, 5 eR™
Ly, S5 e R™, L, eR™

They solve the optimal control problem of minimising (@) subject to (@) and
(@) The optimal control is obtained as an affine function of the state x1(¢) in
a explicit closed form (see Theorem 1 in Date and Gashi [11]). Further extension
of the Date and Gashi’s work will be described in Chapter B in detail.

2.3 Formulation of market model and self-financing

strategies

We consider a financial market consisting of a risk-free asset, which is a bond
or a bank account, and n risky assets, which are the stocks. Denote the price of a
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bond by Sy(t) with the interest rate being r(t), and the price of stock i by S;(t),
i=1,...,n. We assume the equations of these prices to be as follows (see, e.g.,
section 2.1 in Korn [29)]):

dSo(t) = So(t)r(t)at
(2.5)
SO(0> = 5007

d5;(t) = S;(t) (ui(t)dt +) aij(t)dwj(t))

=1 (2.6)
Si(0) = Sio,

where the vector pu(t) € R™ u(t) = [u1(t), . .., pn(t)]" is the mean rate of return,
and the vectors o;(t) € R™™ o,(t) = [0:1(t), ..., 0im(t)] are the volatilities. Here
w(t) € R™ w(t) = [wi(t),...,wn(t)] is an m-dimensional Brownian motion,

defined on a given complete probability space (€2, F,P) with the natural filtration
Fi=oc{w(s);0<s<t}, F=Fr.
The following definitions are given in[29]:
Definition 2.3.1. Let T' > 0 be fized (the “time horizon”)

i) A trading strategy is an R"-valued, F-adapted process v(t), t € [0,T], with

T
/ lvo(t)]dt < o0 a.s.,
0

ii/j (Ui(t>si(t)aij>2dt <00 a.s.

i=1 j=1
it) Let v be a trading strategy. The process
)= 3 (w0
i=0

is called the wealth process ("value of the current holdings”) corresponding to v.
y(0) is called the initial wealth.



iii) A non-negative, adapted process c(t), t € [0,T], with

T
/c(t)dt<oo a.s.
0

will be called a consumption rate process.
w) A pair (v,c) consisting of a trading strategy v and a consumption process ¢

will be called self-financing if the wealth process y(t) corresponding to v satisfies

0) + Z/o v;(s)dS;(s) —/0 c(s)ds, vVt € [0,T].

We only consider the self-financing trading in this thesis. That is to say, apart
from the consumption at time ¢, the wealth before any action at time ¢ should be
the same with the wealth after this action at time ¢. We first look at the discrete
time example (see Karatzas et. al. [27)]):

Example 2.3.1. Let the bond and stocks with prices be So(T), Si(T) at time T,
T =0,...,n. Let c() be the consumption at time T and vy(7), v1(7) be the trading
strategy. We assume that the investor trades in a self-financing way. There exists

an equation:

7)So(7) + v1(7)51(7)

So(T) + vi(7 = 1)S1(7) — ()
[So(7) = So(T = D] + o1 (7 = 1)[S1(7) = Si(r = 1)]
c(T) +vo(T — 1)So(7 = 1) + o1 (7 — 1)S1(7 — 1)

y(r) = wo(
= 'U()(T 1)
(r—1)

- + Z |:U0 AS() + Ul ASl i| Z c{J
where ASy (1) = Si(1) — Sj(t — 1),k =0, 1.

Then the continuous-time analogue of Example is

n

dy(t) = vi(t)dSi(t) — c(t)dt. (2.7)

=0

10



And the consumption C(t) is the integral of consumption rate ¢(t),

We substitute (@) and (@) into (@), and deduce

dy(t) = wvo(t)S dt+zv, (t)dt + o;(t)dw(t)] — c(t)dt

= {rOy) + w Ou) = r(0)1] = e(t) pdt + (o ()dw(?).

Here u;(t) = v;(£)S;(t), i = 1,...,n, u(t) = [ui(t),...,u,(t)]" is the control pro-
cess, which is the amount of wealth invested in the stock market; and 1 is a vector
of ones,

1=1[1,...,1].

n

2.4 No arbitrage of the market

We first give a definition of arbitrage (see Definition 12.1.3 in Qksendal [43]).

Definition 2.4.1. An admissible portfolio 0(t) is called an arbitrage (in the market
{X:}ep.r)) if the corresponding value process VO(t) satisfies V?(0) = 0 and

VOT) >0 a.s. and P[V?(T) > 0] > 0.

In other words, we can say that an arbitrage is a transaction which begins
with zero capital and later has an increase in the value with positive probability
without any risk of loss [50]. However, in our model of financial market, we only
consider the situation with no arbitrage. In other words, it means having an
equivalent martingale measure for the market(@)—(@). Furthermore, from I.
Karatzas and S. E. Shreve [28], if there exists a market price of risk process ¢(t),
that satisfies the following two conditions:

p(t) —r(t) = o¢(t)

[ fo () dw(t fO | (t |2dt] =1,

(2.8)

an equivalent martingale measure exists.

11



2.5 Optimal investment and consumption

Let y(t) be the wealth process of an investor who has the initial wealth yo > 0.
The problem of optimal investment and consumption is to choose some reasonable
values of the control u(t) and consumption rate ¢(t) to maximize the criteria. For
the finite time horizon case, the most popular criterion is

/0 ", (t, c(t))dt 4 Uy @(T))

where Uy (-) and Us(-) are utility functions. In [29] and [27] this optimization

J(y;u,c) :=E

)

problem with bounded interest rate is considered. However, in this thesis, we
focus on the unbounded interest rates, which follow nonlinear stochastic differential
equations.

For the infinite time horizon case, the following is the typical criterion:

/OOO eth<c(t)>dt] :

E

where p is a positive constant.

With different utility functions, an investor could have different attitudes to-
wards the risk. Assuming a twice continuously differentiable utilities, we have:
if U”(xz) > 0, then the investor is risk-seeking; if U”(z) = 0, the investor is
risk-neutral; and if U”(z) < 0, the investor is risk-averse. In this thesis we only

consider the power utility and the logarithmic utility.

2.6 Square-root process and the multi-dimensional
square-root process
2.6.1 Vasicek interest rate model

In financial mathematics, there is an interest rate model, which is called the
Vasicek model [51], being utilized frequently. Let w(t), t > 0, be a Brownian

motion. The stochastic differential equation for the Vasicek model is
da(t) = <a - 5x(t)>dt +oduw(t),

12



where «, 8, 0 are positive constants. Its solution is:
Q t
z(t) = e Ptz(0) + 3 (1 — e_ﬁt) + ae_ﬁt/ P dw(s).
0

2.6.2 Cox-Ingersoll-Ross (CIR) interest rate model

In Cox, Ingersoll and Ross [10], the stochastic differential equation

dz(t) = [a — Ba(t)]dt + o+/z(t)dw(t)

is introduced as a model of the interest rate, for some positive constants «, 3, o.

A certain constraint 2a > o2

ensures this process has a non-negative volatility.
Different from the Vasicek model, this stochastic differential equation does not
have an explicit solution. However, its advantage is that it has a positive solution
(given that its initial value is also positive). The price of a zero-coupon bond for
this model is:

B(t,T) = et =L@

Y

Here f1(t,T), f2(t,T) are the following funstions:

2 57/2
AT = —O‘ln{ e }

o? v coshyT + 1B sinh 7

sinh v1
Fat,T) = i

~v coshy1 + %B sinh y7’
T=T—t 2v=(+20%)"2

2.6.3 Multi-dimensional square-root process

Duffie and Kan [14] introduced a generalisation of the CIR process with the

equation:
v (z3) 0 e 0
Qo(t) — [Agzs(t) + B dt 45| val@s) - " aw,
0 e 0' U (23)

13



where A3 € R™*" By € R™, ¥ € R™*" and
vi(r3) = a; + Bix(t),
for each 7, oy € R, [ € R". The following two conditions ensure a strictly

positive volatility:

) / 5{22/62
Condition 2.6.1. For all x such that v;(x) =0, [(Asx + Bs) > 5

Condition 2.6.2. For all j, if (5/X); # 0, then v; = vj.
For convenient use in a Chapter B, we rewrite this state and denote it as z3():
dxg(t) = [Agl’g(t) + B3] dt + Z A/ Vj (xg)ajdng(t),
j=1 (2.9)
23(0) = 230,
where A3 € R"*™ Bs € R™ and for each j, 7 =1,...,n,
015
09;

vj(73) = aj + Bjas(t), o, €R, FieR", o;=| | €ER™.

Onsj

2.7 Double square-root process

We assume x(t) to be governed by the following stochastic differential equation:

dz(t) = mdt + sdw,(t)
(2.10)
z(0) = xo,

where m, s are constants. And we let the interest rate r(¢) := cz?(t), c is a positive

constant. The differential of the interest rate is:

dr(t) = [es? + 2my/e/r(t)]dt + 2sy/e/r(t)dw, (1), (2.11)

which can also be written as

dr(t) = k[0, — \/r()]dt 4+ o /r(t)dw, (), (2.12)

14



2

oy

4k,
The stochastic differential equation of type () was first introduced by

Longstaff in 1989. Compared with the CIR process, it is designated as the double

where k,., o, are positive constants, and 6, =

square-root (DSR) process, because the square-root process /1 appears twice in
() Several empirical comparisons of these two models are discussed in Lon-
staff [34], where this DSR model outperforms the CIR model in some situations.
The closed form expression for the price of a zero-coupon bond with Longstaff
interest rate is derived as follows:

B(t,T) = o\ T) =Rt~ fs(0.1)3/r(0)
where fi1(-), fo(+), f3(-) are some known explicit functions. This bond’s yield is
such a nonlinear case of the interest rate that the bond price is not a monotone

function of current interest rate. It makes the valuation of a bond option less

straightforward than usual (see Chapter 10 in [40]).

2.8 Some useful theorems and lemmas

First, we introduce two important theorems which will be used in Chapter B

and @ to prove the existence of admissible control.

Theorem 2.8.1. Let & € R and let by, by : [0,00]xQ — R and o : [0, 00] xQ — R4
be {Fi}i>0-adapted processes satisfying

bO() € L;—'O(Qa L1(07T7R>>7 bl() € L‘C;-'O(O7T7R)
o(-) € L%(0,T; L= (S; RY), VT > 0.

Let £(+) be an {F; hi>0-adapted process satisfying

det) < [bo(t) + bl(t)f(t)]dt Fo(t)ydw(t),  t>0,

(2.13)
£(0) = &.
Suppose ¢ : R — [0, 00) is continuous such that for some v € [0,2] and ¢ > 0,
lim 29 ¢ (2.14)
rz—oo 7

15



Then

E | sup ¥ | < o0 (2.15)
t€[0,7]
provided
either v € 10,2),
or v =2,
t T )
2¢ sup exp{2/ bl(u,w)du} / sup e 2o brlww)du) 5 (5 w)2ds < 1.
(tw)€[0,T]xQ 0 0 weN
Further,
E [efoT w(é(t))dt} < 50 (2.16)
provided
either v €0,2),
or v =2,
t T .
2Tc sup exp{?/ bl(u,w)du} / sup e 2o brw@)du| (5 ) 12ds < 1.
(tw)€[0,T]xQ 0 0 wen

Theorem 2.8.2. Let o, : [0,00) — (0,00),v : [0,00) — R? be deterministic
maps. Suppose the short interest rate r(-) satisfies the following SDE:

dr(t) = [a(t) = BE)r(B)]dt +/r(t)o(t) dw(?),
(2.17)
r(0) = ro.

Then, for X > 0,
E [e*foTT(“dt} < (2.18)

provided

2 AT g Jo Bu)du 2
da(t) < |v(t)|]*,t € [0,T], - [ et lu(s)]*ds < 1.
0

These two theorems are given by Yong (see Theorem 3.1 and Theorem 4.1
[b4]). However, his point is only noticed by few researchers.
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Another crucial theorem is stated in Liu’s paper (see Lemma 2 in Appendix
[B3]), which is also used by Rong and Chang [7]. And his idea will be utilized in
Chapter (B)

Theorem 2.8.3. Suppose that

af 5
=L = 2.1

5t +Lf=0, (2.19)
and f(T,X) = 1. L is the linear operator on any function f. Then the function

f defined by

T
£t X) = / Flu, X)du+ (1 — )3 f(t, X) (2.20)
satisfies
g—{+cf+ai —0, (2:21)

and f(T,X) =(1 —oz)%.

The proof is omitted here.
We also introduce an important lemma (see Corollary C.2 in [4]).

Lemma 2.8.1. Suppose vector z(t) is governed by the following stochastic differ-

ential equation:

dz(t) = [Az(t) + a]dt + Ddw(t), t >0,
z(0) = xo,

where A, D € R, a € R" and w(-) is a n-dimensional standard Brownian

motion. Then

E |t le®Iat oo] , VB8>0,8€10,2).
Furthermore, the above holds for 0 = 2, provided the following holds for 3 > 0:

T
QﬂT/ e D2dt < 1.
0
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Chapter 3

Risk-sensitive control for a class
of non-linear processes with
multiplicative noise

In this chapter, we consider the risk-sensitive control problem for a class of
nonlinear systems. The nonlinearity consists of quadratic and square-root terms
in the state. In Fei and Gashi’s work [[L5], the scalar case of this problem has been
solved, and now we extend it further, which contains multiplicative noise. By
using the completion of squares method, the solution to such an optimal control
problem is obtained in an explicit closed-form. We also give some conditions on
which the risk-sensitive control problem has the unique solution.

3.1 Introduction

We begin with the Date and Gashi’s work [L1] described in Section (@) In
this chapter, we extend their problem further, while preserving its explicit closed
form solvability. We do so by introducing further nonlinear components of the
state, which are represented in (@) It is the multi-dimensional square root
process first introduced by Duffie and Kan [14].

On the other hand, the system state xo(t) in (@) is further extended by
introducing x3(t) term. It ensures the system z5(t) containing the quadratic term
of x1(t), the control process u(t), and also the square root process x3(t). These
three states z1(t), x2(t) and z3(t) are not separated with each other.

18



Thus, on the probability space defined in Section (@), we formulate a new

system states as follows:

( dl‘l (t) = [Alxl(t) -+ Blu(t)] dt + i C’ljdwlj (t),

daa(t) = [A1pz1(t) + Agewa(t) + Agpxs(t) + D (x1(t), u(t)) + Biou(t)] dt

< + Z [Agjl‘l(t) + szu(t) + ng] dwlj(t) + Z \/Uj(ﬂ?g)djdng (t), (31)

dzs(t) = [Asz3(t) + Bs] dt + Z \/v;(3) o dws; (1),

[ 21(0) = x10, x5(0) = w9, 23(0) = x50,

where
Ay e R ™M By e RM*™ O € R™, Ay, Az € R™7™
Agp € R"%M2 - Ay € R"*™ Byy, Byj € R (y; € R™,
Az e R™*™ By e R™, ¥ e R™*"

are known constants. The vector D (z1(t),u(t)) is defined as

[ x’l(t)leL’l (t) + Ul(t>R1.§Cl (t) + u’(t)Plu(t) 1

2 (6) Qs (1) + 1! (6) Ros () + o/ () Pyu(t)

|24 (1) Qo1 (1) + 0 (8) Ry w1 (1) + ' (8) Py u(t) |
where

Ql?Q??"' aQnQ € Rmxm
R17R27'“ 7Rn2 € Rmxm
P17P27'” ’Pn2€Rm><m’
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and Q;,P;,j = 1,--- ,ny are symmetric matrixes. We denote matrixes @, R, P

given by
Q@1 Ry Py
o=|% | r=|"| p=|"
Qn. Ry, P,

Furthermore, function v;(x3) is represented as
vj(x3) = a; + Biw3(t),

for each j, a; € R, B; € R", and

011 012 O1n
021 022 O2n
— — — n3
g1 = . , 09 = . y ', 0 = . GR .
Onsl Ons32 Ongn

Under the state systems (@), we extend the criterion (@) by introducing
xo(t) and x3(t) as

J(u(-)) = AE [exp {%x’l(T)le(T) + % /0 ' [x’l(t)():cl(t) +u’(t)15u(t)} dt

+% /OT [L/ﬁl(t) + Lyxo(t) + Lixs(t) + Liu(t) + U'(t)Rxl(t)] dt
+%Sii’f'1(T) + %SQ@(T) + %Séxg(T)}] , (3.2)

and the given data

S,Q eR™*™M  PcR™™ RecR™™ [, S €R™
Ly, 52 e R™, L3, 53 € R™, L, e R™
The main contribution of this chapter is the solution to the following optimal
control problem:
e
in, /)

(3.3)
s.t.(3.1) holds,
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where J(u(+)) is as defined in (@) The set A is the admissible control set, which
will be explained later. We obtain the solution in an explicit closed form by using
the completion of squares method. This is clearly a rare example of a stochastic
control problem that admits a fully explicit solution.

3.2 Risk-sensitive control

Let us introduce the processes h(t) and H(t) as:

( ~

dh(t) = |24 (t)Qx1(t) + u'(t) Ry (t) + o' (t) Pu(t) + Ly (t)

+Lywy(t) + Ly(t)s(t) + Lyu(t)] dt,

G1(-) € L=(0, T;R™ ™) go(-) € L*=(0, T; R™),
g3(:) € L=(0,T;R™), g4(-) € L=(0, T;R™),  g5(-) € L=(0,T;R).

Here L>°(-) denotes the set of uniformly bounded functions, and G(+) is symmet-
ric.
We further let G, ¢, g3, 94 be functions which satisfy the following Riccati

and linear differential equations:

( n
4yQ + 4yGa(t) + 8YGr (1) Ay + 497> Gi(t)Cr;C;Ga(t)

j=1

+4yg5(t)Q + 7 Z A g5(t) g5 () Ay — 2K5(8) K1 () Ka(t) = 0, (3.4)
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(L) + g3'(t) + g4 (t) Aga = 0,

\ g3(T) = 527

2YLY + 262 (t) + 295 () A1 + 297 gh(t)Ch;C ;G (t) + 27g4(H) Ara
j=1

+* Z_: C5;95(t)g5(t) Asj — Ki(t) {(Kfl(t)y + K#(t)} Ks(t) = 0,3 6)

[ 92(T) = 51,
AL, + 444 (1) + 4g,(£) As + 2 Z (t)g5(t) + qa(t)g4(t)] 03}
. 94(T) = S5,

29° Z C,Gi(t)Chj + Z Cli02(t)gh(t)Chy +7 > Cs95(1)g5(t)C;
Jj=1 j=1
+4yg4 (1) By + 4vg5(t) + 77 Y 007 [93(1)g5(1) + 94(1) g4 ()] 0

= (38)
SR KT (8 E(t) = O,

\ g5<T) = 07
where K(t), K5(t) and K3(t) defined as following:
_ 75 7
Ki(t) = 5P+ g3 Zszgg (t)By; > 0,
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Ks(t) = %éﬂB Gi(t) + 293( )R+ —Zszgg dy(t) As;,

g Y
Ks(t) = SLu+ 53192( )+ 5 31293 232]93 () Cs;.

Here we give a numerical example which is suitable to the system and cost

function.

Example 3.2.1. We choose the value of each parameter:

n1:1, n2:1, n3:1, m:1, n:1, Y= 4, Q:L Alzl,
Cll:\/ﬁa Q:17 A31:1a P:L P = ) 321227 R =1,
B1:47 R:17 SZ%) L2:1> A22:—1, S2:17 Ly =1,

A12 = 15 C(21 = 17 Lu = 17 B12 = 17 Sl = 17 L3 = 27 A3 = 37
or=1, =1 Ap=1 S3=—-3 By=1 a=1

Therefore, equations (@), (@), (@), (@), (@) become:

( 8 + 8G (1) + 16G1(t) + 32G3(t) + 8gs(t) + 4g2(t) — 2?8 =0,

| Gu(T) = z%’

((1+g3(t) — g3(t) =0
.

[ 93(T) =1,

( 4+ 44o(t) + 4g2(t) + 16g2(£)G1(t) + 4g3(t) + 4g3(t) — 2 32{3“) =0
.

| 02(T) =1,
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8 + 4g4(t) + 12g4(t) + 4[g3(t) + g2(t)] + g3(t) = 0,

K3(t)
K\ (1)

L6G1(t) + 8g5(t) + 4g3(t) + 8ga(t) + 8gs(t) + 4(g3(t) + gi(t)) — 2 =0,

where

K1 (t) = 1+ gs(t) + 295 (t),
Ky(t) = 148Gy (t) + gs(t) + 262(1),

Ks(t) = 14 4gy(t) + g3(t) + 262(t).

Thus G1(t), g2(t), g3(t), ga(t) can be solved as follows:

3
Gl(t) - Z,

3
ga(t) = —3 + tan (—t—i—T—i— %) :

1 1 2
g5(t) = 3 tan (—t—f—T-ﬁ-%) —1 In (1—1— (tan (—t—l—T—l—%)) ) +6e7T
37t 3T 13

1
2 ().
\ st g g ti@

24



3.2.1 Admissible Controls

The purpose of this section is to provide some sufficient conditions which ensure
control processes u(-) belongs to admissible control set \A. We use the method in
Date and Gashi [11], to deduce the set A, on which, for all u(-) € A, the following
inequality holds:

J(u(-)) =~E [e%H(T)] <~ (E [emH(T)])% < 00, p>1

Let us assume the control process follow the linear case in state z1(t), which
given by
ﬁ(t) = Ko + I_(lxl(t),

where Ko(+) € L®(0, T;R™) and K;(-) € L>(0, T; R™*™). Substituting @(t) into
equations of z1(t) and z5(t), we have new states respectively:
doy (t) = (A1 (1) + By) dt + Y Crjdw(t), (3.9)

Jj=1

das(t) = [Algl'l(t) + Agowy(t) + Apas(t) + D(zy, u)} dt
+ Z [Asj1(t) + Cas] dwi (1) + Z \/ i (@s)ojdwa; (1),

where Ay = Ajg + Bia K, /_13]' = As; + BQij CQj = szf_(o + Cy;,
[ 2y ()Qra1 (t) + Riz (t) + Py ]

Ill(t)le’l(t) + Rzl’l(t) + Pg
D (as(8),u(®)) = | ,

24 (1) Q1 (£) + Ruyra(£) + Py

we have

Qi = Qi+ K|R; + K| P,K,,
P, = R(/)PiKO + (Bl2f(0)i7
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j=1,--- ,nandi=1,---,ny,. We also denote matrixes Q, R, P given by

Q1 Ry P
o |V r= || o= |
an an P n2

Using equations (@), we can deduce

ALﬁﬁMHwWMﬂ)

= 95(0)22(0) + /On [95(s) Aroz1(s) + g5(5) Asas(s) + g5(s)D (a1, u)] ds

+ ;/0 (95(s)Asjz1(s) + g5(s)Coy) dwij(s)

+ilWM@MWﬂ%@

where the product g5(t)D(x1,u) can be written as

g5()D (w1, u) = 1 (t) g5 (1) Q1 () + g3 (t) R (¢) + g5 (t) P
Next we find H(t) under the control processes (t)

H(t)
= ¢5(0)2(0) + z1()G1(t)z1(t) + g5 ()21 (t) + g4 (t)3(t) + g5(1)

t ~ — ~ — ~ —

+/ () {Q+ KiR+ KPR, + gy(5)Q) o (s)ds
0

+ / [RoR+ 2R3 PR, + L + LKy + gh(s) Ars + gh(s) R ()4
0

+/0 {[_(6]5[?0 + L Koy + gé(s)p} ds + /0 Lixs(s)ds
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+ i /ot MQQ(S)Ujdw2j(S)

+ Zl/o (g5(5)Agja1(s) + g5(s)Cay) dwrj(s).

We introduce some symmetric and differentiable function M;(t) and M, (t) and
differentiable function M3(t) with the initial conditions M;(0) = 0, M5(0) = 0 and
M5(0) = 0 respectively, also the following holds:

0 = AU+ [ ) [Vh6) + 220(6) 4] ()0
00+ [ 2B (6) + V(o) + M)A a5
~M(Oslt) + / [31505) + My(s) Aa]5)d
+Z/ (5)Cy; + Mi(s )Bl+M§(s)Bg]ds
+Z / (200, (s)a () + My (9)Cny | o )

+Z/ ZL’3 M )O'jd’ng(S).
Adding this equation to the right hand side of H(t), it can be obtained
H(t)
t
= / x’l(s){Q + K|R+ K| PK, + g4(s)Q + My(s) + 2M1(s)f11}:c1(s)ds
0
t — ~ — ~ — - —
+ / RoR+ 2R4PR, + Iy + LLRy + gh(s)Ans + ()R
0
+2B My (s) + My(s) + M}(s) A, }wl(s)ds
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o [ {00+ 0014} s
24 (1) |Ga (1) = My w1 (1) + [ gh(8) = M50 |1 (8) + |4 (8) = M5(0) | a1
+ /f {[‘(615[_(0 + L, Ko + gi(s)P + Cy;Mq(s)Cyj + Mj(s) By + M§(8)33}d8

+95(0)22(0) + g5(t)

The stochastic integral part can be written as

i/t Nyj(s)dwy;(s) + i/t Na;(s)dwa;(s)

{/N $)duw; (s /N ds+/N }

where
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Here we introduce some equations, which assumed to have a global unique

solutions:
( Q+ K!R+ K!PK;y + g4(5)Q + My (s) + 2M(s) A,

P , / n /
+5 > <4M1(s)01j01jM1(s) + A3,93(5)g5(5) As;
j=1

(3.10)
+4M{(S)Cljgé(8)143]> = 0,

(KGR +2K{PEy + L + LK1 + g4(s) Ass + g5 (s) R + 2B] My (s) + Ms(s)

+Mj(s)Ar +p Y (QMé(S)CuC{le(S) + C3;95(5) g5 (5) Az

j=1
(3.11)
124 ()Coy Cl Mi(s) + M4<s>cugg<s>flgj) —0,

(

M) + ga($)M5(5) + g (s)rs + L+ M(s) + M)Ay =,
7 (3.12)

\

Under these equations (), () and (), function ypH (t) becomes

t
/ ’7p{K6PKO + L;KO + gé(s)P + C{le(S)Olj + MQI(S)Bl + Mé(S)Bg
0
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+y Z (CHMAM)Cr, + Chya(s)95(5)Co
+2C1;M>(5)g5(5)Ca; + o [Ms(s) + g3(s)][M(s) + gé(s)]aj> }ds

+w{xa<t> (Gt = M(8) | () + [gh(8) — M5(0) |21 () + [ gh(8) — M5 (D) | (0)

oalt) + g(0)0) + g;<o>x3<o>}

+Z{/ 7pN;(s)dw;(s) - %/0 vaQN;(swj(s)ds}.

Applying Hoélder’s inequality, the expected value of ypH (t) is

E [ewH (t)]

t
< E exp’yppl{ / (f(épf_(o + L Ko+ g4(s) P + C1;My(s)Cj + My(s) By
0

!/ p - / !/ ~/ / e
+My(s) By + - 3 (€1 Ma()My(5)Crj + Csa(5)55(5)Co;

2
+2C1; My (5)g5(s)Coj + 05 [Ms(s) + gs(s)][M3(s) + 9&(8)]%’) ) ds

1

+95(1) }] )

expypps [gé(t) - Mé(t)] xz(t)] 5

P2

E

E expvpr{gg(O)xg(O) + 9&(0)13(0)}

P4

E _exmpm{m; ()] G1(6) = Mu(®)]ar() + [h(0) - M;<t>]x1<t>}]

1

E | expypps Z { / vpN;(s)dw;(s) — %/Ot 72p2N;<5)Nj(8)d3}] P5
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1

P4

< C(E

exmpm{ma (1) |G1() = M(8) | (1) + [ga() - M5<t>]x1<t>}]

1

E | expypps [gg(t) - Mé(t)} 563(75)] :
where
C(t)
t
- E eXp'yppl{ / (K{)PKO + LKy + g5(s)P + C; My (s)Cy; + Mj(s) By
0
/ P - ’ / =1 / ~
M) Bs + - > (O Ma(s) My(5)Cay + Chyg5 ()94 ()Co
j=1
+207,;My(8)g5(5)Ca; + o [Ms(s) + gs(s)][M3(s) + 9&(8)]03)) ds
+95(t)}]
E expvppz{gé(o)wz(o) + 92(0)@‘3(0)}]
< 09,
and
11 1
_+_+"'+_7p17p27"' s Ps > 1.
D1 D2 Ps

ki(t) = yppa[Gi(t) — Mi(t)]
t) = ppalgy(t) — My(t
Ypp3lgy(t) — My(t)],

&
W~
—~

~+
~—

Il

and introduce some lemmas and assumptions.

Assumption 3.2.1. ®(t) > 0,Vt € [0,T].
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Assumption 3.2.2. ®y(t) = (P! —2k,(¢))" > 0,Vt € [0, T].

Lemma 3.2.1. Let the Assumption , hold, then there exists an inequal-
ity , which is

E [exp{x'l(t)/ﬁ(t)xl(t) + /@;(t)xl(t)H < 00.
Proof. From (@), x1(t) follows normal distribution

21 () ~ N (u(t), D(1)
Here p(t) is the solution to the linear differential equation
fu(t) = Auplt) = By = 0,
1(0) = puo,

and ®(t) = U(t) — pu(t)p/(t) with U(t) being the solution to

W(t) — AyW(t) — W(t) Ay — By (t) — u(t) By = ) C1;CY; =0,
j=1

U(0) = E[zozg).
Under Assumption , , the following holds
B e {0 (0na() + (020}

1
/ /
= /]R"l exp{x K1(t)x + Ii2<t)l‘}—(2 REEE

xexp{ e—wyei @) }dx

|CI)0|1/2
|(I)|1/2

xexp{ —

1
X
/]R"l (27)m/2| @1/

(i) + @71 p) (7 — 261 (1)) (Wh(t) + @' pr) — %u’fb‘lu}

N —
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X exp {—%(x — D[y (t) + D1 p]) Byt (x — Po[wH(t) + @_lu])} dx

‘(I)0|1/2
BEE
1 _ _ - _ 1, _
xexp{ — 5(/42(15) + 1) (071 — 2k1(1)) 1(/1'2(15) + O ) — 5;/(1) 1,u}
< 0.

]

Assumption 3.2.3. v;(23) = 3;M'x3, where B3; is a constant and M is a column

vector.

Assumption 3.2.4. A3 = NM’, where N is a column vector.

Lemma 3.2.2. Let the Assumption , hold, and let T3 = M'xs, M =
cM, c is a positive constant, then there exists an inequality , which is

E |:eM/;L‘3(t)i| < 007

provided
R
M'B; < ¢ > Bioi MM,
j=1

/

¢ - R2 1 ’ 1—e AT M’'Nt
5 | 2B MM o) | — e < 1.
j=1

Proof. Recall stochastic differential equation,
d.Z‘g(t) = [Agl’g(t) + Bg] dt + Z A/ Uj (xg)ajdng (t),
j=1

we can deduce




1 1 -
§(M/£L‘3)_%M/(A3$3 + Bg) — g(MliBg)_% Z "Uj(ﬂf?))U;MM/(Tj dt

j=1
/$3)7%M/ Z \/ Uj(.ilfg)O'jdng.
j=1
Due to Assumption () and (), d(4/T3) can be rewritten as follows

1 1
d( i’3) = [—(M/:Ei;)_éM/NM,xg—i—§(M,q;3)_%M’B3

1
—g(M' 5) "2 (M'z3) Zﬁja MM's;

1 1 1 _
+§(M/IL‘3)_;M/(M/ZE3); Z ﬁjO’jdng

i=1

1 ! 1 1
§(M/ZE3)§M,N+ §<M I3) Q{M Bg - —2630' MM, }]d

I
+§M'26jcrjdw3j.
j=1
When

1 5
M/Bg — Z_l ;ﬁjO’;MM/O'] S 0,
the following inequality holds

1 1 no_
d(vT5) < 5 (M) MINAE+ 5 M"Y Bjoduws,.
j=1
Let £(t) = /T3, 9(€) = c(£())", v = 2, and applying Lemma (2.8.1), we can
prove
E [ecM’xg(t):| < OO,

provided

€, = 9 apnel —e MNT

5 Z (BJM/O-]) eM Nt—M/N < 1.

j=1
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]

Theorem 3.2.1. Let the Assumptions (BZ]J), (|322i), (|323|) and () hold.
Then the control process u(t) = Ky + K1x1(t) belongs to set A.

K31 (t)

Fi32(t) : .
Proof. We denote the vector k3(t) = , . According to equation (@) and

"13n3(t)

(), 94(t) and Ms;(t) are assumed to have unique global solutions. In other
words, it is obvious that g4(t) and M3(t) are bounded. Thus there exists a vector

J\:41 max k3 ()
- - M, max K3z (t) -
M, such that M = ) = . , which means each element in M is
M,, max iz, (1)

the upper bound of the correspond element in k3(t).
Now we take M = M. Then it can be obtained

E [eng(mg(w] <E [emg(ﬂ .
By using Lemma and Lemma , we can prove
E [eW’H (t)}

ea:’l (t)k1z1 (t)+rGz1(t)

< C(t)E

< 0oQ.

3.2.2 Solution of the Problem

Theorem 3.2.2. Let G(+), g2(-), 93(+), 94(-) and gs(-) be solutions of differential
equations (@), (@), (B.9), (@) and (@) respectively, then there exists a unique

solution to problem (B.3) given by

(1) =~ K7 (0) [Kalt)an (1) + K (1) (3.13)
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where K;(t), Ka(t) and K3(t) defined on page 22.

The optimal cost functional is:
J =R [exp {% (210G 1(0)x10 + g5(0) 210 + g5(0) 20 + g3 (0) 230 + %(O)]H .
Proof. Firstly, we introduce a new function G(t), which is
G(t) = e2"®),

From the definitions of H(t), h(t) and their initial conditions, obviously have

following:
J(u(-)) = 1E[G(T)].
Applying for It6’s Lemma, the differential of G(t) is

dG(t)
— G() [%x’l(t)éxl(t) + 2 (R (1) + S () Pult) + S Liaa(t) + S Ly (1)
o Ly (t) + S Lt )]dt

+—c%w{13§jk&&maa>+pamwmu»+m@nmamwxmw+gxwry%4

8 =1
[2G1< )z (t) + g2(t)] [Ara () + Biu(t)] + %xi(ﬂdl (t)z1(t)
+% go' ()1 (t) }dt

TG { %gg(t) [Ama;l(t) + Ay (t) + Augws(t) + D(a1(), u(t)) + Blzu(t)}

293 (vj (z3)0 07 + [Asjz1(t) + Baju(t) + Cs;]

xmwuw+&w@+cm)%@+gﬁ@m@}w



b G0 L0t + Y G L0he) Aays (1) + Bau() + Co s (0

n

+ Y GZ RGO + g (8)] Cydwyy(t +ZG 2\ v )gh (B)oduw; (1)

J=1

We arrange the equation into a nicely organized form, and deduce the expres-
sion of J(u(-)), which is

+~vE

'7
+ 93 gz 3393 A3J}x1( )dt]

+~vE

T
Yrro o Yy o8 ( /
/0 G(t){§L1 + 592 (t) + 292( VAL + — 9 ;92 Cljclel( )

+%93( J A + 1 Zcéjgs )g5(t )A3J}l"1( )dt]

+1E / G(t){gL;+%g3<>+ggg< >Ag2}x2<t>dt

T
+E| [ a<t>{ng+gg4<>+gg;< JAs + 244(t) A
0

Jﬂg Z 7 [93(t)g5(t) + 9a(t)gi(t)] 0 3; }xg(t)dt]

+~E

T 2
i
/OG(t){ZC/ 00, + §jcugz {10 + Lo4(1)By
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= 5 95(t Z a;0; ) + 94(t)g4(t)] 0

+% Z C3,93(t)g5(t) Cay }dt

J=1

+~vE

/0 G(1) { SLiu(t) + 7@, ()G (1) Buu(t) + Sg5(1) Bu(t)

+ 24,0 Buault) + ”{Z Chyas(t)gh(1) Boyu(t) + L (1) Rt

— 2
+%x’1 (t) (R'gs )+ - Z 2y (1) As;93() g5 (1) Boju(t)
+%u % Z (t)B3;95(t)g5(t) Baju(t)
%“/(t) (g5(t)P) U(t)}dt] : (3.14)

It is observed that only the last expectation above contains the control process

u(+). Thus we use the completion of squares method, the last can be written as:

VE /D G(t) (u/(t)Kl(t)u(t)+u/(t)K2(t)x1(t)+u’(t)K3(t))dt]

— E /0 ! G(t){ . E(Kz(t)xl(t) + Kg(t))'Kl—l(t) (Kg(t)xl(t) + Kg(t)>
+ [U(t) + %Kfl(t) (KQ(t)iﬂl(t) + KS(t)):|/Kl(t)
x {u(t) + % K7Lt (Kg(t)ml(t) n Kg(t)>] }dt] ,

where Ki(+), Ky(+) and K3(-) defined before.
The sum of the terms that are quadratic in z4(t) in () should be zero due
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to (@), indeed,

x;@){g@ + 260 +1Gr A+ L Z G (D0 TG (1) + 2g5(D)Q

ZA3]93 (t)As; — iKz( t)K () Ka(t) = O}IEl(t) =0.

Similarly, the sums of the terms linear in z1(t), x2(t) and (x3(t) are also zero:

{%L’l + %g@ (t) + 292( )AL+ — g 292 (t)C1;01,Ga(t) + 293( )Ara

ﬂzQ ; Ca;93(1)g5(1) As; — iKé(t) {(Kfl(t))/ + Kfl(t)} Fo(t) }xl(t) =0,
{%le + %gsl(t) + %gé<t)1422}132(t) =0,

Lgi(t) A

2

i Y. Y
{iLé + 594 (t) + 2g£1< )Ag +

2 n
~
+§Za} [95(£)95(t) + 94(t) g (1)] 0;3; } 3(t) = 0.
j=1
The remaining sum of the terms that are independent of the states z1(t), xo(t),
x3(t) and control u(t), obviously equals to zero due to our assumption on gs(t).
Therefore, the cost function J(u(-)) for all u(-) € A can be written as following:




> YE[G(0)].
It means the cost function J(u(-)) achieves the lower bound

vE [exp {% [210G1(0)z10 + g5(0)x10 + g5(0)x90 + g4(0)230 + g5(0)] H

if and only if .
uw(t) = =5 K1) [Ka(t)aa (t) + Ky (1))

3.3 Generalised risk-sensitive control

Date and Gashi [[12] generalised the classical risk sensitive by introducing a
more general criterion which has noise dependent on the state x1(¢) and control
u(t). In this section, we extend this problem further, which contains the square
root process x3(t). Hence the generalised risk sensitive criterion is given by

J(u(-))

exp{%x'l(T)le(T) +2 /0 ' [x; )0z () + u’(t)ﬁu(t)} dt

~ ~E
" 2

+% /OT [L/ﬂl(t) + Lywo(t) + Lyxs(t) + Liu(t) + U'(t)Rxl(t)] dt

T
+%S{x1(T) + %s;x2(T) + %ngg(T) + % /0 Qi1 (£) + Rou(t)] duwn (1)

+2 [ @t} (3.15)

where Q,, € R"™™ R, € R™™ Q,, € R™! and

vi(x3) o e 0
Vi =| O Vel 0
0 e 0 Un(23)
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In this section, we build the risk sensitive control problem to be

min_ j(u())
u(-)eA
(3.16)

s.t.(3.1)holds,

where the set A is a new admissible control set. By using change of measure, we
introduce the new probability measure P, under which the problem () can be

transformed and applied the the Theorem directly.
Let us introduce a stochastic process 6(t):
—% (lexl(t) + Ruu(t)>

Q(t) = )
Y
_Ev(xi’))Qm

and the process Z(t):

2(1) = exp{ - /0 0 (5)du(s) — % /0 t 0()0(s)ds .

Z(T)=Z.
Here we denote Z to be a random variable. In order to ensure that E[Z] = 1, we

give an assumption which satisfies the Novikov condition

Assumption 3.3.1.
E [e%foT 9/(s>e<s>ds] < 0.

Now we introduce a new probability measure IP’, which is
(o) = / Z(w)dP(w), Ya € F.

By Girsanov theorem, the standard Brownian motion w(¢) under probability mea-

sure P is defined

~2(Quan(t) + Ruu(t)) d

_%V(x3)Qz3
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Under P, now we deduce the criterion () as
J(u(-))

= 1E exp{%:v’l(T)le(T) +2 /OT [:c’l(t)Qm(t) + u'(t)ﬁu(t)} dt

2

+ /OT L (t) + Lya(t) 4 Ly (6) + Ligu(t) + (1) s (1)

T
+%S’x1(T) + %s;@(T) + %ngg(T) + % / %Q;BV(xg)V(xg)stdt
0

— AE exp{%x;(T)sm(THg /0 ' 4 (0)Qur (1) + /() Pu(t)| at

"’% /OT [L,ﬂl(t) + Lhao(t) + Lz (t) + Liu(t) + u’(t)fle(t)} dt

+%s;x1(T) + %ngg(T) + %ngg(T) v (J} , (3.17)

where

- TN~ 2 VY N 2
Ly =L+ 1 Z QugiBj  C = §TZ Z Qg -
j=1 j=1
It is observed that equation () has a similar form compared with equation

(@) To ensure under the same probability measure P, we need to change the

measures of z1(t), x2(t) and z3(t).
d[L’l(t)

= [Aiz () + Bru(t)]dt + i Oy [dﬁ)lj(t) + %(Qmm(t) + Ruju(t))dt}

j=1

42



dxg(t)
= [A12$1 (t) + A22$2 (t) + A42$3(t) + D (.T1<t>, U(t)) + BuU(t)] dt

+ Z [Asjz1(t) + Baoju(t) + Coy) dibg; (t) + Z \/v;(3) o dabs; (£)(3.19)

dﬂfg (t)

= [Asz3(t) + By dt + zi; \/v;(z3)0; [dﬁ)gj(t) + % Uj(a??,)Qacsjdt]

- [Aga:g(t) + Bs} dt + zn: \/ v (3) o dis; () (3.20)

where

~ y n ~ Y Zn
A=A+ E E Clefﬁj’ By =B, + 5 — CljRuj
]:

Jj=1

~ f)/ n ~ "}/ "
Az = Az + 5 Z ngjajﬁg'a By = B + 5 Zstj%’Uj

j=1 j=1
Quj ER™ R, € R Qu,; €R.

It is notable that the control problem of minimizing () subject to (B.1§),
() and () is similar to the problem (@) Thus it can be solved by the same
method. The only difference is the terminal condition g5(7") = C'in equation (@)
Therefore, under Assumption , these two problems have the same solutions.

Theorem 3.3.1. Under Assumption , there exists a unique solution to prob-
lem () given by

s 1. .

() = =5 K7 (1) [Ka(t)a (t) + Ky (1))

where K1(t), Ky(t) and Ks(t) defined before.
Proof. The proof is similar to that of Theorem . O]
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3.4 Summary

In this chapter, we consider the risk-sensitive control problem for a class of
nonlinear systems. We extend our previous work [15] with multiplicative noise.
And we generalised the classical risk sensitive control by introducing a more gen-
eral criterion which has noise dependent on the state z(t), 3(t) and control u(t).
Under some assumptions, the solution to such optimal control problem is obtained
in an explicit form. Applications of these results to mathematical finance, such as
interest rate modelling, bond pricing, and optimal investment, will be considered

in later chapters.
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Chapter 4

Interest rate modelling, bond
pricing and optimal investment

4.1 Introduction

The optimal investment problem is an important application of the risk sen-
sitive control. In Date and Gashi [L1], they outline the results of a new interest
rate model, which is a quadratic affine term structure (QATS) interest rate model.
They propose a generalisation of the classical optimal investment problem with
exponential utility. In this chapter, we extend this optimal investment problem
by introducing a further nonlinear interest rate, which is a combination of the CIR
and the multi-dimensional quadratic term structure model. The explicit solutions
with logarithmic and power utilities are obtained in closed-form. Furthermore,
we take into consideration Yong’s result [54] about CIR model’s limitation. We

also derive the zero-coupon bond price for such an interest rate model.

4.2 Interest Rate Model

Recalling the systems (El]) and (@), we choose the value
Al=AeR™™ B =0, Cy=[Di, Dyj,..., D, €R™,
As=a€R, By=—-pecR, Y=veR, wvsz3)=urxs.
And let wy(t), w3(t) be d;—dimensional and one-dimensional standard Brownian

motions respectively. We define a new filtered probability space (2, F, (F;),P)
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with the natural filtration
Fi =oc{w(s);0 < s <t}, F = Fr,

where w(-) = [wi(+), ws(+)]" is a d; + 1 dimensional standard Brownian motion.

The factor processes z1(t) and x3(t) are governed by the following SDEs:

(4.1)
%1(0) = X190

dzs(t) = [a — Brs(t)] dt + / x3(t)vdws(t),t >0
(4.2)

$3(O) = T30

We propose the following model for the short interest rate (), which has the
quadratic and mixed CIR term,

r(t) = ¢l (t) + 21(t) Qaxy (t) + dx3(t), (4.3)

where ¢ € R", () € R"™*™and § € R. Compared this model with the known
interest rate models, it has a more general case: when ()5 and ¢ chosen the value
zero, it becomes the Vasicek interest rate model directly; and let ¢; = 0, Q2 = 0,

it is CIR process; in particular, when o are zero, our interest rate turns to be the
traditional QATSM.

4.3 Zero-coupon Bond

The price of a zero-coupon bond can be observed in an explicit closed-form by
using equation (@) It is denoted to be B(t,T') at mature time 7"

B(t,T) =E {e_ I T’W“} .
Substituting r(¢) from (@), we obtain the expression of bond price, which is

B(t,T)=E {e_ I {qixl(ﬂ*‘xl(T),Q2m1(t)+5x3(7)}dT] . (4.4)
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Beginning with time ¢, rather than time zero, the criterion (@) has the following

coeflicients:

y=1, S=0, Q=-2Q,, P=0, L =-2¢, Ly=0,

L3:—2(5, LUZO, R:O, 51: 5 52:0, 53:0

Therefore, the relevant differential equations from (@), (@), (@), (@), (@)

can be rewritten as follows:

—2Q5 + G1(t) + 2G1 (1) A + G1(t)D' DG4 (t) = 0,

(4.5)
G1(T> =0,
—2q; + G2'(t) + ga(t) A + g5(t) D' DG (t) = 0,
(4.7)
92(T> =0,
(—80 + 4ga(t) + daga(t) + v?gi(t) = 0,
(4.8)
\ 94(T> =0,
23 CLGH()Cy, + (DD ga(t) — 153u(t) + 5(6) =
= (4.9)
\ 95(T) = 07

Corollary 4.3.1. Let equations (@), (@), (@) and (@) have unique global
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solutions, then the price of zero-coupon bond at time t is

B(t.1) =  [oxp {3 1061 010 + h0)1(0) + u(01a() + 9501}

where G1(t), g2(t), ga(t) and gs(t) are solutions of differential equations (@),
(@), (@) and (@) respectively.

Proof. We can obtain the result from Theorem . O

This gives us a closed form of bond pricing with a new interest rate model.

4.4 Market Model

As described in Section @, we consider a financial market consists of a bond,
and n stocks. Denote the price of a bond to be Sy(t) with the interest rate r(t),
and the price of stock number i to be S;(t), 7 = 1,...,n. In our model, we assume

these prices processes whose differentials are

(4.10)
So(0) = Soo,

dS;(t) = Si(t) (M(t)dt +> aij(t)dwj@))
j (4.11)

Si(0) = Sio,
where the vector p(t) € R", u(t) = [pa(t),. .., un(t)] is the mean rates of return,
and the vectors o;(t) € R™™ (1) = [041(t), . . ., 0im(t)] is the volatility.
We use the factor processes x; and z3 defined in Section refsection 4.2. Ac-
cording to H. Kraft [31] and T. R. Bielecki, S. Pliska and J. Yong [4], the drift

process is defined: p(t) = 1r(t) + Azy(t). In this chapter, we introduce a more
general case of pu(t), which is p(t) = 1r(t) + M Z(t) + Aox1(t) + A3,
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V(@1 () — ) K (21(t) — pn) + karws(t) + ks

\/@l(t) — p) Kyo(21(t) — py) + koows(t) + kso

V(@1 (t) = ) Kin(21(t) — 1) + kopas(t) + ksn

where

Ky; € Rnxn’ k?gi, k?gi & R, NS Rn, /\1, /\2 € Rnxn7

N ERY, ceR™ 1=[1,...,1].

n

It should has two assumptions:
Assumption 4.4.1. oo’ >0
Assumption 4.4.2.
/\1'(00')71)\2 =0
As'(00') AL =0
M'(00") A = diag(6y,6,,...,0,) e a diagonal matriz,

where at least one 0; is zero.

Example 4.4.1. We give a numerical example of Assumption |4411 and |44é

JA \/? 5 2 0 2
n=2 o= D 5 , oo = . A=
0 V5

2 5 0 3

11 —11 11 0 0

)\2 = ) )\3 = ) diag(ela 02) = 41
4 4 —4 0 =

21
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4.4.1 No Arbitrage of the Market

According to section @, if there has a market price of risk process ¢(t), that
satisfying the following two conditions:

pu(t) —r(t) = od(t)
(4.12)
E[e~Jo o' dw®=3 i l#OFdt] —

then the market has no arbitrage. Thus it is necessary to prove the existence
of ¢(t). According to Theorem 8.6.4 of B. ksendal [43], if the Novikov condition
holds:

Elez o 40P < o, (4.13)

then the second equation of () holds.
We first define ¢(-) to be

$t) = o (u(t) — 1r(t)) = o~ (M (t) + o1 (1) + Ns),

and substitute ¢(t) into
Efes Jo [60)Fde).

It can be deduced as follows:

E {exp (% /0 Dazt) + A (1) £ Ml (00" PE() + daa () + Ag]dt)l

T n 1/pm
E exp (%/0 {El(t)’ [)\/2(0'0")—1)\2 + ZQZKh] xl(t)dt>] }

T n 1/p2
E exp (p2/0 [/\3(00/)1)\2 - Zlgl/ubllKlZ] :cl(t)dt>] }

i=1

{
{
(¢ o [ 0 S00)] |
{

g

T n
E |exp (p4/ [/\’3(00')_1)\3 + Z 0 (1 p1 + ki)
0 i=1
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where py, p2, p3, p4 > 1 and pil + p% + pi3 + p%; =1.
The next work is to check the existence of following inequalities.

E[eﬁfgml(t)/Aml(t)dt} < 00,

E[eﬁfOT xml(t)dt] < o0,

E[enfgzg(t)dt] < o0,

where k is a positive constant, and

A é [)\/2(00'/)_1)\2 + Z QlKll]

i=1
)\ é [/\g(O'O'/)_l/\Q — Z@#&Kh]/
i=1

In the Section @, the proofs of these three inequalities will be illustrated.

4.4.2 Wealth processes

Suppose an investor has an initial wealth yo > 0 and takes self-finance trading
strategies. The stochastic differential equation of wealth process y(t) will satisfy
as follows:

dy(t) = {r(®)y(t) + u(@®) [u(t) — 1r(t)]}dt + u(t) odw(t)
(4.14)
y(O) = Yo.

We call u(t) the control process of the portfolio, and define b := [u(t) — 1r(¢)].

4.5 Admissible Trading Strategies

The purpose of this section is to provide a set of admissible controls 4]0, T] .

For any initial state yo and admissible control u(-) € A[0,T], the state equations

() admits a unique solution.
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Recall (), if we take u(-) = 0, which means putting all money into the

bank account, then the wealth process y(-) is given by

y(t) = exp {/Dt T(S)dS} Yo,

Now we consider that y(t)” should be integrable for 7 > 0, which means it
should request the following type of estimate:

E [eTfot T(S)ds} < 00, V71 > 0.

Lemma 4.5.1. Let x1(-),x2(:) be the solution of (@), (@) respectively, and
r(t) = qiz1(t) + 21 () Qa1 (t) + 0xa(t). Then

e {7 [ tr<s>dsH < 00,7 >0

provided the following holds:

2772 LD|? < 1, where L is an invertible matriz and Qs = L'L,

T
da < o), g—ﬁw (T —1) < 1.

Proof. Substituting the interest rate model into E [efot T(s)ds] , we have the following
inequality:

E [exp { /0 11 (5) + 21 (5) Qors (5) + 5x2(3)]dsH

< {IE :exp {p5 /Ot qllxl(S)dsH }1/175
{E :€Xp {p6 /Otxl(s)/Qﬂl(S)dsH }1/p6
{IE :exp {p7 /Ot 5$2(8)d5}] }1/p7 |

where ps, ps, pr > 1 and pi5 + piﬁ + p% =L

Since E [exp {p5 f(f ¢ (s)dsH can be written as E

exp {i:pﬁ.fhi /Otxli(s)ds}],
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again using Holder’s inequality, and by Corollary C.2 from T. R. Bielecki, S. Pliska

and J. Yong’s paper [4], we can prove

E [exp {p5 /Ot q;xl(s)dsH < .

Then, by Cholesky decomposition, there exists a invertible matrix L such that
Q2 = L'L. Moreover, x1(t)'Qox1(t) = x1(t)' L' Lx1(t) = z(t)'2(t), where we denote
z(t) = Lxy(t). Recall the first equation (El]),

dzy(t) = Azdt + Ddw(t)
dLz(t) = LAx(t)dt + LDdw (t)
dLx(t) = LAL 'Lay(t)dt + LDdw,(t)
dz(t) = A.(t)z(t)dt + D, (t)dw. (t)

we denote A, = LAL™' and D, = LD.

Again applying Corollary C.2 from T. R. Bielecki, S. Pliska and J. Yong’s
paper [4], we can show

E o {m [ tx1<s)fQ2x1<s>dSH — & |oxo {1 | tz@yz(s)dsH < o0

with condition
27T2|eLAL71LD|2 < 1,where L is an invertible matrix and Qy = L'L, 7 > 0.

According to Theorem 4.1 from J. Yong [54], we can prove

E o {r [ t sraft)ish| =8 |oxp {7 [ t@(t)ds}] < o0

7T
20
Thus, it is proved. O

provided

da < |v]?, W (e —-1) <1, 7>0
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The next step is taking u(-) # 0, and supposing y(-) to be the solution of

(£.14). We define p(t) := u(t)/y(1).
By It6’s formula, we have

dliny(1)] = {r<t> ot Tt) — 10(0)] ;pwmw} dt + plt)odu(?).

This implies:

o0 = oo { [ [r6)+ (61 u(s) = 179 = JotYor'ols) | as

+ /0 t p(s)'adw(s)} .

Again if y(-) is well defined, there should exist a constant x > 0, such that the

following inequality holds:
Ely(t)"] < o0

Here we introduce an assumption:
Assumption 4.5.1.

p(-) = Cloa")Hu(-) — 1r(-)], where C is a constant, C > 0

And we state another lemma below:

Lemma 4.5.2. Under Assumptions (|44]J), (|442i), (|45]J), let y(-) to be the
solution of (), p(t) = Ir(t) + Mz(t) + Axi(t) + A3 and r(t) = ¢lx1(t) +
1 (t),QQxl (t) + 5$2(t> Then

E[y(t)"] < oo0,Vk >0
provided the following holds:
26T2|e" L LD|? < 1, where L is an invertible matriz and Qs = L'L,
25T2|e£AE71ED\2 < 1, where L is an invertible matriz and A = L'L,

T
da < |o)?, ’;—5|u|2 (T —1) < 1.

o4



Proof. In order to prove it, we use Bielecki, Pliska and Yong’s approach [4].
Efy(t)"]
t 1 t
= ¥R {exp {/ K <T(s) + ' [u(s) — 1r(s)] — §p’00'p> ds —|—/ /{pladw(s)}}
0 0

= [oxn [ (79 4 1t6) - 10060 = P ) s
oo {2 [ pnstodus) - o [ unioo'pis)}]
R ) N S
o2 o)
{E :exp { / parodus) — & / t<p8ﬂ>2pfo—afpdsH }” "

where pg, pg, p1o, p11 > 1 and pLS + p% + ;ﬁ + z% =1

IN

From Lemma (4.5.1]), we can show
t
E {exp (K}/ r(s)ds)
0

2612 L LD|? < 1, where L is an invertible matrix and Q, = L'L,

< Q.

with two conditions:

T
4o < |v)?, ;_BMQ (e —1) <1

Under Assumptions (.4.1), (1.4.2), (4.5.1), we have
e [ex {poe [ #1u(s) - 1r(9)as |
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~ & e {punC [ ) = 106300 ute) — 10571

E

{
{E
{
{

IN

E

E

exp

t n 1/p12
pm-z/o z1(s) [)\’2(00')_5\2 + ZQZ-KM] xﬂs)ds)] }

i=1

t n 1/p13
plgﬁ/ [/\g(aa’)_lx\g — ZGiM’IKU] xl(s)ds>] }
0 i=1

n t 1/p14
P1ak Z legl / xg(s)ds>] }
i=1 0
t n 1/p15
p15/£/ [Z O; (o + kesi) + )\3(00')_1)\3] ds)] }
0

=1

where pi2, p13, p1a,p1s > Land - + -+ -L 4L =1

P12 p13 P14 P15

Similar to the proof of Lemma (4.5.1)), we prove three inequalities.

E

E

exp (plm/ot z1(s) [)\/2(00'/)_1)\2 + Z HiKli] xl(s)ds>]

=1

:exp (ﬁ /0 t xl(s)’Axl(s)ds)} < 0, (4.15)

provoded 2xT2[eLAL™ L D2 < 1, where L is an invertible matrix and A = L'L.

t n
exp (pl?ﬂi/ [)\5(00/)_1)‘2 - Z eiﬂllKli] xl(s)d5>]
0 i=1

exp (K /O t Xxl(s)dsﬂ < (4.16)
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—T|v|2 (e’ —1) < 1.

t
E {exp </£/ xz(s)ds)} < o0, provided 4a < |v]? ;5
0
(4.17)

Therefore, from inequalities (|415|), (lélld), (|417|), we proved

E {exp </<o /0 ) — 1T(s)]ds>

provided the following holds:

< o0

262" L LDJ? < 1,where L is an invertible matrix and A = L'L,

and 7
4o < |v]?, ﬁ—|v|2 (T —1) < L.

2f

. ps("f2 - "4) t o, .
The expectation E |exp pHT fo p'oo’pds || can be written as
t
E oxp { b [ (ute) = 1r(9) (00)uts) = 1r(9)ats | <
0
where k is some constant. The proof is similar and omitted.

Using the fact

t 1 t
E [exp {/ Ipskp’oldw(s) — 5/ |pglip,0'|2d8}} < 1.
0 0

Finally, E [y(¢)"] can be proved to be finite with some sufficient conditions:
2/£T2\eLAL71LD|2 < 1,where L is an invertible matrix and @, = L'L,
QHTQ\eEAﬁliDIQ < 1,where L is an invertible matrix and A = L'L,

T
4o < |of?, ;—ﬁ]v\Q (e —1) < L.
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Then, we introduce the following set A[0, T

A0, T] = | J {u() | Ely(t)"] < oo} .

k>0

where the sufficient conditions of E [y(¢)"] < co are mentioned in Lemma (4.5.2).

4.6 Solution of Problems

In this section, we define the optimal cost function follows two types of utilities,
one is Logarithm Utility and the other is Power Utility. It is denoted by:

E [~Iny(T)]
Ju()) = (418)
E [—y(T)],where v € (0, 1).

Then our problem is to seek a wu(-) that minimizes J(u(-)).

4.6.1 Logarithmic Utility

Problem 4.6.1. For given t € [0,T], find a u(-) € A[0,T] such that
min B[—1ny(7)]

Theorem 4.6.1. Under Assumption (4.4.1), Problem () has a unique solution
with the optimal control u(-) € A[0,T] given by

u*(t) = (c0’)" ' (4.19)
The optimal cost is
e
InyoE {/ (ﬁb’(aa')_lb + r(s)) ds} . (4.20)
0
Proof. By using It6’s formula and taking expectation, we have



= E[-Iny)E /0 {% [u(s) — (o0’)~"b] ‘oo’ [u(s) — (00") 0]

—%b’(aa')_lb - T(S)}dS]

> _E[-Iny]E [ /0 ' (%b’(aa’)_lb + r(s)) ds}

Therefore, when u(t) = u*(t) = (00’)7'b, J(t) can choose the minimum value,

E [Inyo] E [/OT (%b’(aa’)lb + r(s)> ds] :

which is

4.6.2 Power Utility

Recall the second equation of (), we build the Problem ()

Problem 4.6.2. For given t € [0,T], find a u(-) € A[0,T] such that
min E[—y(T)"], where v € (0,1)

ucA

In order to solve Problem (), we introduce another function F(t, z1, s, y)
such that

F(t, w1, w2, y) = exp{g1(t)w1(t) + 21 () Go(t)z1 (1) + gs(t)w2(t)} h(t)y(t)" (4.21)
with the terminal condition ¢;(7") = 0,G5(T") =0, g5(T") = 0, h(T') = —1, where
gl() € LOO(()?T; Rn)7 G2<) € LOO(OaT; Rnxn)’ 93() € LOO(07T; R)

Compared F(t,zy, xo,y) with —y(T)7, it can be seen when t = T, these two

functions will be the same
F(ta X1, T2, y) = _y(T>’Y

We further introduce another assumption
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Assumption 4.6.1. Under Assumption (4.4.1]), (M.4.2), functions g1,Gs, g3, h

satisfy the following differential equations ( .22),(|4.23

)7(

1.24),(4.25) -

(G (t) + g1 (t) A+ 241 (t) DD'Ga(t) + vy

L=y

L 91(T) =0

v

+2(1 -)

Go(T) =0

2(1

93(T) =0

f .

Yh(t)

+2(1 —)

WT) = —1.

\

Now we can state the main results of this section.

=

1

[ Ga(t) + 2Go(t) A + 2G2(t) DD'Go(t) + Q2

+L [/\g(O'O'/)_l/\g - ZQ’LM/IKMI =0

ZezKlz + )\/2((70'/)1)\2] =0
i=1

. 1 &
9o(0) + 95(1)5 + 3ROV + 96+ 55D ks = 0
i=1

h(E) + h(B)gs(t)a + St [(2Ga(0) + 0a(1)g} (1)) DD

(4.22)

(4.23)

(4.24)

D Ot + kas) + Ny(00) T As| =0 (4.25)
=1

Theorem 4.6.2. Under Assumption (), there exist s a unique solution to
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Problem () given by

u'(t) = (o0") " u(t) — 2r(6)ly(t) (4.26)

The optimal cost function is
J* (t) = E [exp{gl (O)/xlo + 93'1002(0);1510 + 93(0)$20}h(0)y3] . (4.27)

with g1, Ga, g3, h being solutions of differential equations (|422i),(|42j),(|4241),(|425)

corresponding.

Proof. We now suppose F(t,x1,x2,y) = fi1(t,z1,22) fo(t,y), where functions fi(-)
and fo(-) related to z1(t), z2(t) and y(t) corresponding

{ filtxy) = expigi ()21 (1) + 21 (8) Ga(t)xr (8) + gs(t) (1)}

fat,y) = h(t)y(t)?

By It6’s Lemma, we have the following differential equations
dF(t) = f() {h(t)y(t)” +h()y() " {r)y(t) + w(t) [u(t) — 1r(6)]}
+gult)oo'u(thr(y — 1)h(t)y(t)7‘2} at
+/1(8) f2(¢) {9'1(??)/901(15) + a1 (1) Go(t)a (1) + gi () Az (¢)

+291 (t)/DD,GQ (t)xl (t) + 2.T1(t),GQ(t)DD,GQ(t)ﬂ?l(t)
+2x1(t) Go Az (t) + %tr[D’(QGg(t) + ¢ (t)gl(t)’)D]} dt

1

FAOA0 {00 + 00 = Boal0] + 0 (00

+f1(8) fa(t)gs () w2 (t)vdws (L) + f1(8) f2(£)[91(2) + 2Ga(t)x1 (1)) Ddwn ()

+Hh(tyu(t) oyh(t)y(t) ™" dw(t)

Then we substitute fo(t) = h(t)y(t)” into dF', take the expectation of dF and
arrange the equation into a nicely organized form, and deduce the expression of
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E [ / Ly hO)gi (1) + b0 (£) A

4 2h(1)gi (1) DD'Gs(t) + ’yh(t)q{}xl(t)ds]

+E [ /0 ALY 21 (&) {R(t)Ga(t) + 2h(t)Ga(t) A

4 2h(1)Ga(t) DD'Go(t) + m(t)cgg}xl(t)ds}

IE [ | stewteraate) { ngate) ~ hm(0)3

—l—%h(zﬁ)gg(t)%2 + vh(t)é} ds]

w2 [ A {0 + b

F5h(0)ir [(26a(0) + 01 (H)oa(1))DD l]} ds}

+E Vo Fo(@) {yh(y () ut) (u(t) — 1r(t))
Fult) oo u(ty(y - 1>h<t>y(t>7_2} ds}

Only the last expectation above contains the control process u(-), and it can

be written as:

E [ /0 ' fl(s)V(V - 1>;(s>y<s)” { p(s)'oo’p(s) + . f -p(s)'(s) — 17“(3)]} ds]
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The sum of the terms that are quadratic in x;(¢) in () is zero due to equa-

tion (4.23) in Assumption (), indeed,

() {h(t)G*g(t) + 2h(£)Ga(t) A + 2h(t)Go(t) DD' Gy (t)

vt 2 S0, e -

Similarly, the sums of the terms linear in z1(t), z2(t) are also zero:

{ BOG(E) + h(E)g1 (1) A + 20(1)g (1) DD'G(t)

Yh(t) [

=) Ny(oo') Ay =Y eiugmi] } z1(t) =0

i=1

+yh(t)q (t) +

va(1) {h(t)%(t) ~ h()gs()8 + h(1)gs(t)0? +¥h(1)5 + Zlhit)w 3 ek} 0

i=1

The remaining sum of the terms that are independent of the states x1(t), x2(t)

and control u(t), is also zero due to our assumption on h(t).

h(t) + (0)ga(t)e + Sh(D) [(2C() + 2 (1) (1)) DD
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Vh(t) (N~ T
+2(1 ) [ZZI Oi (1 + ksi) + A3(00’) )\3] =0

Therefore, the cost function J(u(-)) for all u(-) € A can be written as follows:

T(a()
_r [ /OT f (S)v(v — 1);(8)11(8)” { p(s) + - i —(00") " (n(s) — 17"(3))}/

(07) {o(6) + {00’ uts) ~ 11(s) f 5| + BIFO)
> E[F(0)

It means the cost function J(u(-)) has the lower bound if and only if

ult) = (1) = T (o) [uft) = 1r(O)lu(0)

]

Similar to Section @, we give a numerical example which is suitable to the
model.

Example 4.6.1. Let Example m holds, and

10 1 0] 2 1
Y=3, A= 5 D = 5 q1 = 5 H1 = 5
01 0 1_ 4 2
1 17
—-21 21 3 8
K12— ) Q2: ) ﬁzlv v:17 5:27
21 —21 11
8.
21 7
koo = w YT k3p = —16
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Then equations (|42ﬂ),(|423|),(|4241),(|425) become:

01

L 91(T) =0
( 1
' 10 10 6
Gat) + 2Go(t) + 2G5 (1) Ga(t) +
0 1 0 1 2
] 16

Thus g1, G2, g3, h can be solved as follows:

e T —t—2)+5T — 5t +2
2(T —t —2)

gl(t> - )
eI HT —t—2)— (7T — Tt — 2)

2T —t —2)

65
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g1 (t) + g1 (t) [ ] +20;(t) [ ] Ga(t) + ” =0,



T—t T—1

8(T—t—2) 8(T—t—2)
Go(t) = ,
T—t T—t

8T —t—2) 8T —t—2)

T—1

="
) =75

h(t) = —%(T —t— 2)4Oexp{m [(ez(Tt) T (AR )

+112(T — t)* — 365(T — t) — 6] }

4.7 Summary

In this chapter, we introduce a further nonlinear interest rate model, which is a
combination of the CIR and the multi-dimensional quadratic term structure. The
price of the zero-coupon bond with such type of interest rate model is calculated.
The explicit solutions with logarithmic and power utilities are obtained in closed-
form. In addition, Yong’s result [54] about CIR model’s limitation is carefully

considered.
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Chapter 5

Optimal investment with
stochastic interest rate in an
infinite horizon

We consider the optimal investment problem with a nonlinear stochastic inter-
est rate in an infinite horizon. The nonlinearity consists not only of the quadratic
but also of the square-root terms. The optimal investment is found in an ex-
plicit closed form by using the completion of squares and the change of measure
methods.

5.1 Introduction

We consider the probability space defined in Section (@) Let n = 1, and

!/
define a new three-dimensional Brownian motion w(t) = [wl (1), wa(t), wg(t)] >
0.

The processes x; and x5 are the factor processes, and we assume that they are

the solutions to the following equations:

dzy(t) = [a121(t) + ag]dt + bdw. (),
(5.1)

21(0) = 219,
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dzo(t) = k[0 — \/22(t)]dt + oav/2(t)dws(t),

(5.2)

x5(0) = w9,

where ay, as, b are constants, k, oo are positive constants, and 6 = —.

4k

The state (@) is clearly a linear stochastic differential equation, whereas (@)
is the Longstaff model [34]. The Longstaff model is different from the CIR model
in that the square-root process /z, appears twice, and thus is called the double
square-root (DSR) process. An empirical comparison of CIR and DSR models is
done by Longstaff, who suggests that DSR process outperforms the CIR model in

most circumstances.

We consider a financial market consisting of two assets: the bank account with
price B(t) and the stock with price S(t). The equations of these two prices are:

dB(t) = r(t) B(t)dt,
(5.3)
B(0) = By > 0.

dS(t) = S(t) [ u(t)dt + adwg(t)],
(5.4)
S(O) =5 > 0,

for some positive constant o. Here r(t) is the interest rate. Based on the factor

processes x1 and x9, we assume the interest rate to be of the form

r(t) = i (t) + @i (t) + gswa(t) + qay/ (1),

for some constants qi, ¢2, g3, g4. This interest rate model has quadratic and linear
terms in x1, which means it contains the QATSM as a special case. It also con-
tains a linear term in x5, and thus contains the Longstaff interest rate model as

a special case. In addition, it contains a square-root term in xo, which makes it a
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new interest rate model, in addition to being a rather general one. The motivation
for introducing this additional term has mainly to do with the explicit solvability

of the optimal investment problems that we consider.

In the optimal investment problems that deal with a stochastic interest rate,
it is usually assumed that there is a certain relation between the drift p(t) of the
stock and the interest rate r(¢). In Bielecki, T.R., Pliska, S. & Yong, J., 2004,
and Kraft, H., 2005, they assume that pu(t) = r(t) + Az (¢). Similarly to this, we

assume the following relation to hold:

u(t) =r(t) + )\\//ﬁx%(t) + Koma(t) + K3/ @a(t) + Ra,

where A, k1, ks, k3, K4 are constants.

In the above defined financial market, we consider an investor with the initial
wealth of yp > 0 that can invest in the bank account and in the stock. The value
of his/her self-financing portfolio is:

(
dy(t) = {T(t)y(t) + u(t) [u(t) - 7“(t)] }dt + u(t)odws(t),
(5.5)

\ y<0) = Yo,

where u(t) denotes the amount of wealth invested in the stock.

The main objective of this chapter is to formulate and solve the optimal in-
vestment problem in an infinite horizon. In addition to the market model being
new, our approach to solving this problem, which is based on the completion of
squares and the change of measure methods, also appears to be new. The infinite
horizon criteria that we use are the average type power and logarithmic utilities,

given by, respectively:

T()) = Jim Z1osE[(T)], 7€ (0,1), (5.6)
T() = Jim o logy(7)]. (5.7)
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The optimal investment problem is the following optimal control problem:

max, J(u(-)),

(5.8)
st. (51), (5.2), (5.5),

where A is the set of admissible controls. We define A as the set of all F;-
adapted processes u(t) under which there exists of a positive and unique solution

to equation (@), and the corresponding cost J(u(+)) is finite.

5.2 Power utility

Let u(-) € A, and define p(t) := u(t)/y(t). The solution to (@) is
y(t) = yoexp{ [ |6+ o) uto) = 9] = 500 ds}

exp{/o p(s)adwg(t)}. (5.9)

Consider the following equations:

d(gﬂ%(t) + 92%@)) = [(29111(75) + 92) <a1$1(t) + a2> + 9152] dt

1, 1

d(ggxg(t) +94\/F(t)> = [(gg + 394\/%2—05»/{:(9 - sz(t)) - gng‘ :1:2(?5)}

dt
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1
+<93 + 294 )02\/3:2 (t)dws(t (5.11)

for some constants g1, g2, g3, g4, yet to be specified. After integration these become:

0 = —q2i(T) — goxi(T) + qu273
T
+g2T10 + / [(291951(15) + 92) (611901(15) + az) + 9152] dt
0

+ /0 ' <291x1(t) n gg> b (1) (5.12)

0 = —g322(T) — ga/22(T) + 9320 + gar/T20

1, 1

+/OT [(93 + %m%)l’f(@ — xz(t)) - gng(t)} dt
—i—/o <93 + 294 \/—>02de2 (5.13)

By combining (@) with () and (), we obtain

Ely"(T)]

= yyak

eXP{’Y/O [Chﬂ?%(t) + o1 (t) + q322(t) 4+ qu/22(t) + p(t) [pu(t) — 7(1)]

1
—§P2(t)02 + (291351(75) + 92) <G1$1(t) + a2> + g1

—I—(gs + %94\/%2_@))/6(9 — :@(t)) — %9403%@)] dt}
exp{ - ’79193%(T) —79221(T) — vg372(T) — 794 932(T)}
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exp {7 /0 ' 6’(t)dw(t)} ] , (5.14)

where &(t) and « are defined as follows:

b<2g1:r:1 () + 92>

70 = | (954 ha s )ou/mal0) |

i p(t)o i

Q= exp{vgleo + 79210 + Y93%20 + ’794\/1'20}-
We define the process Z(t) and the random variable Z as
t 1 t
Z(t) := exp{ —/ 7o' (s)dw(s) — 5/ 725’(3)6(s)d3},
0 0
Z:=Z(T)
Based on Z we introduce the new probability measure P as
B(A) = / Z(w)dP(w), VAc F. (5.15)
A

We define the process w(t) as

a(@] [l (20121 + )
w(t) = |wa(t)| = |wa(t) +7/0 <93+%g4\/%<t>)02\/x2(t) ds,
ol el o(t)o

which is a standard Brownian motion under P by Girsanov’s theorem.
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We can now rewrite () as

Ely"(T)]

T
= ygaE exp{’y/ ([fh + 2a191 + 29b°g7 ]2 (t)
0

+lg2 + a192 + 2a291 + 29b%g1g0) w1 ()

Y Y
—g305lza(t) + [qu + = 939405 — gak]\/x2(1)

+[Q3+2 5

1 1
+[g16% + g3k + asgs — §Q4k + 279262 gng])dt}

el [ (ot (0t - r0) - 2 00% + J007)

eXp{ 191201(T) = 79521 (T) — 7g322(T) — 794 xz(T)}
T T
exp{’y odw — —/ 725'5dt}
0 0
T 2
A K1
2 2 b2 — 12t
{7 ; [¢1 + 2a191 + 2 2(1_7)02}951( )

+ [z + a192 + 2a291 4 277 g1 g2 1 (¢)

T 2 2 A%k
L A R t
+ (s + 2 gsga0? — k+ﬂ} o (t)
4T 5939402 = 93 2(1 — 7)o 2

1 1
+[2910° + g3kO + azg. — §g4k + 5793172
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7 2 N’k

597 T 51 )]
A=t e =]
2 o= T e

exp{ — 9123(T) = 7g221(T) = 7g55(T) — 94+/72(T) H :

We introduce the following assumption:

Assumption 5.2.1.

\ 43
We also define the coefficients g1, g2, g3, 94, as

;

L —ay + v/ Al
gL= 2vb?
gy = @Y0* + axy/ Dy — ayay
2 1= —
’be(\/ Al — ay + (12)
S
/\2I€2
g3 =7/~
’ (1 — 7)‘7203%
2
203k — (1/\_% —2q4
g4 = 2
\ 793035

74



Due to this selection of coefficients g1, g2, 93, g4, the sum of the terms in
E [y7(T)] that are quadratic in x;(¢) and linear in z;(¢) are zero. Similarly, the
sum of the terms that are linear in z5(t) and linear in \/x4(t) are also zero. Thus

we have:
Ely"(T)]
- g 1 — 7)o () —r(t)]”
_ _ A=yt [y pl) =)
= yyok exp{"y/o <A1 5 {P(t) (1= )02 ] )dt}
exp{ —79121(T) = 79221 (T) = vg322(T) — V9 xz(T)H
where
1 1 y A2 kg
_ 2 2,2 2 2
Ay = g1b° + goas + g3k — §g4k: + 5’7925 + 39192 + 21— 7)o?

Since 1, x9 are independent of the control u(t), we have that for all u(-) € A and
for any fixed T' > 0 the following upper bound holds:

Ely"(T) < yjae™'E [exp{ —79128(T) — 79221(T) — 7gs22(T) — vg4+/22(T) H :
This upper bound is achieved if and only if

p(t) —r(t)

T (5.16)

plt) =p'(1) =
in which case we have
Ely"(T)] = ygaefyAlTIE |:eM1x%(T)+M2z1(T):| E {engg(T)JrMM /z2(T) ’ (5.17)

where My = —yg1, My = =792, M3 = —793, My = —7ga.

In order to show that () is indeed the optimal control, it remains to show
that it belongs to the set A. One of the requirements for the control to belong
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to A is for J(u(:)) to be finite. From () it is clear that we need to study
the behavior of the expectations of the exponential processes based on x; and xs.
This is our next task. We begin with the following assumption, the motivation
of which becomes clear when considering the finiteness of these expectations in

what follows.
Assumption 5.2.2. We assume that g; > 0,1 =1,2,3,4.

Equation (@) can be rewritten as:

doy(t) = [(al —2'yb291):£1(t)—l—(ag—’begQ)] dt + b, (¢)

_ [Alxl(t) + By | dt + bdiy (¢), (5.18)

where A; := a; — 27yb?g; and By := ay — yb*gy. Denoting by uq(t) := ]E[:L'l(t)] and
Y1 (t) == Var[zy(t)] it is clear that @1 () ~ N(u1(t), £1(t)). The equation of s (t)
1s
fir(t) = Ay (t) + Bu,
(5.19)
11(0) = po,

whereas for the variance we have that X (t) = @, () — ui(t), where ®;(¢) is the

solution of
(5.20)

The solutions to these two equations are:

Ao + By B,
)= 20 B A —
pa (t) A exp{ At} e
@1(t) = — (24122, + By) exp{—24, Jexp{24,eM1!} — B
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Aipio + By

_ _ 2B?
where 4, = 2B, and By = > — ==X, We thus have

Al Al
2A,23, + B - - A B, B}
S (t) = 12+116Xp{—2141}exp{21416‘41t} + A—iexp{Alt} — (27111 + I%) .
Lemma 5.2.1. The following holds
lim E{eMlx%(THMz“(T)} < 00.
T—o0
Proof.
E[GMN€@+me@q (5.21)
= /exp{M1x2 + ng};exp{ — l[x — ul(t)]QE_l(t)}dx
R V21 /S0 () 2 !
= (t) 2
Do) { 5@t u%(t)}
() 2[%@ —2M,] 2%,
1 1 _
expd — ~ [z — ST b,
/Rmm o{ ~ Slr— mEPE ) )
where

p(t) + MyX(t)
1—2M %4 (t)

_ ()

Since M} = —vg; < 0, we have that ¥(¢) > 0, and thus

/R\/g;mexp{ - %[:v — mOPS ) bae =1,

which reduces (p.22) into
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i [eM1x%(T)+M2x1(T)}

_ 1 MESI(T) + 2Mopn (T)E4(T) + 2Mypf (T) 54 (T)
A\ 12 (T) eXp{ 2 (T)[1 — 2M, 5, (T)] }

Since we have assumed A; < 0, we have:
in(T) = —21 (T = ),

El(T) — Cl (T — OO),

where A2 _ _ )
24123 + Br 94 B, | Bj

o=t (B )
! 24, ¢ 24, A2

We thus finally have

lim E {eMW%(T)’LMQ“(T)} = (),

T—o00

i i M2Cy — 2My B + 20, 24
C = B — 1 1 .
VIS lecleXp{ 2(1— CiMy) }

The proof of the following result proceeds in a similar way, and we thus omit
the details.

where

]

Lemma 5.2.2. The following holds

lim E {eMe"”(THM“ \% ‘”(T)} < 0.

T—oo

Referring to equation (), and with the help of Lemma and Lemma,

we have established that under the control () we have
1
1 —_ 2 g
f 7 log [y (T)} A,

Since the control u(t) = p*(t)y(t) is a linear function of y(t), it ensures the posi-
tivity of y(t). Therefore, we have proved the following main result of this chapter.
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Theorem 5.2.1. Let assumptions |5211 and |52£} hold. There exists a unique

solution to the problem

1
lim — 1 E[”T}, € (0,1),
max, lim 7 log y'(T)|, ~€(0,1)

st. (5.1), (5.2), (5.5),
given by

wt(t) = % (1).

The corresponding optimal cost is

J* = ")/Al

(5.22)

Now we give a numerical example which is suitable to Assumption , .

Example 5.2.1. Let a; = 2,090 = 1,0 =5,¢1 = 4,00 = 1,q3 = 1,q4 = 1,k; =

—5,k'2 = —1,k3 = —1,0':3,0'2 = 1,)\:3
Thus, the coefficients g1, g2, g3, ga are:

(V292

(251 o5

~2v29+21
P (Ve — 1)

I
N

g3

\ g4:4
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5.3 Logarithmic Utility

Here we consider the following optimal control problem:

) 1
s i, s

(5.23)
st. (5.1), (5.2), (5.5).

Remark 5.3.1. Initially, we build the logarithmic utility with T'T¢ averaging,

T1+6E[log y(T)]. With some calculation, it is found that only € > 1,
the objective can be converged in an infinite time horizon. Thus, to simplify the

which 1s

problem, we let € = 1. For this specific technical reason, the criteria is defined

with the squared time averaging.

Nro
202

Assumption 5.3.1. g3 + 0 and a; < 0.

We define the following coefficients:

( 2
1 A
Ny = 26%g1 + asgy + kOgs — —kOgy + — kK,
2 202
L _)\2/11 + 2O2ql
gl T 4&10'2 ’
2 2 .
go 1= 0’2)\ K1 + 20— 2(6122(]1 a1Q2)’ (524)
2ai0
_ Nk
9= % T ogr
L 4b2 + 2&2 1 9ga & )\2164 — 2A20‘2
| g1 = 0 )1 0 92 R 002
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Lemma 5.3.1. If a; <0, then

lim E| — glm%(T) —gox1(T)] = C’l,

T—o0

where Cy is some constant.

Proof. We define fi;(t) := E[z(t)], which is the solution to

/fbl(t) = ayfir(t) + az,

(5.25)
f11(0) = firo-
We also define ®;(t) := E[z2(t)], which is the solution to
(i)l(t) = 2&1@1(1?) + 2&2[1;1 (t) + bz,
(5.26)

By solving () and (), we deduce

aiflio + as ao
E[[L’(t)] = a—leXp{Cth} — a—l,
2 1 2 n ~ - ait C_L2
El*()] = 5- (20193 + @2 ) exp{ — 21 Jexp{2a16'} - =,
N 0,2
where a; = 2a2w and a, = b% — &'
ai ai

Thus, due to assumption of a; < 0, when T — oo, we obtain the following

results:

a2

E[z*(T)] — L <2a1x%0 + &2>exp{—2d1} —

)
\ 2@1 2@1
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and

T—o00

lim E{— glw%(T) - 92$1(T)} = éb

az

+ 92— O
a1

A 1 =
where C) = —g, [2_a1 <2a1xf0 + dg)exp{—Qal} — 2a_a21

From the Longstaff (1989) paper we know that for a suitable positive constant
¢, and constants m and s, it holds that x5(t) = cx?®(t), where x(t) is the solution

to the following equation
dz(t) = mdt + sdws(t)
(5.27)
z(0) = xo.
Also recall the following basic result concerning the normal random variables.

Lemma 5.3.2. If X ~ N(ux,o0x), then

20'X

V2T
Lemma 5.3.3. The following holds:

) 1
lim ﬁE — 9372(T) — ga/ £U2(T)1 = —ggem?.

E[|X]] = cosh(px/ox) + pux[N(px/ox) = N(—px/ox)]. (5.28)

Proof. Tt is clear that x(t) ~ N(x¢ + mt,s*t). This in particular means that
the relation between the mean and the variance of z(t) tends to a constant, i.e.
limy o0 (20 + mt)/s*t = m/s*. Note that E[z*(t)] = s*t 4+ xf + 2zomt + m*t*, and
Vo(t) = /e|z(t)|. By making use of these facts and (@), we obtain

1 1
— lim E[—g3z5(T)] = —gscm?, and T3 lim E[—gs\/22(T)] = 0.

2 T oo

]

Theorem 5.3.1. If assumptions 5.3.3 holds, then there exists a unique solution
to the control problem (E.2§j), given by

The corresponding optimal cost is J* = —gzcm?.
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Proof. Recall equation (@), according to Itd’s lemma, the expected value of
logy(T') can be written as:

Ellogy(T)] = logyo + E

/ {r(t) o0l r<t>1§a2p2<t>}dt]  (5.29)

Similarly to the approach for the power utility, we combine (), () with

() to obtain:

Ellogy(T)]
= logyo + glx%o + g2%10 + 93T20 + Gar/T20

+E

+@127(t) + o1 () + gswa(t) + @a/ 22 (1)

+<291$1(t) + 92) <&1$1(t) + az) + g1b°

+<93 + 594 ;2@))16(9 - :1?2(75)> - ég4a§%(t)}dt]

+E | — 137(T) — gox1(T) — g3w2(T) — gar/a(T)

= logyo + glx%o + G210 + g3T20 + Gar/ T2

T 2
L, pu(t) — r(t)\2 A 2
+E /0 { 50’ (p(t) T) + <Q1 + 2@191 + @Fdl)l’l (t)
/\2
+(Q2 +a192 + 2a2g1>x1(t) + <Q3 + @%2) o (t)

)\2
+<Q4 — kgs + T‘Qns) Vaa(t) + AQ}dt
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+E| = g121(T) = go11(T) — gswa(T) — ga/2(T) |-

The sum of the terms that are quadratic in z1(¢) and linear in z;(t) that appear
in the integrand part of E[logy(T)] is zero. Indeed,

)\2
(Ch + 2a191 + W'ﬁ)x%(t) + <Q2 + ai192 + 2@291>$1(t) = 0.

Similarly, the part that contains the sum of the terms that are linear in z5(¢) and
linear in /x4 (t) is also zero:

A2 A2
(C]3 -+ T‘_Zlﬂg)(lﬁg(t) + <Q4 — kgs + T‘z/@,) .QZQ(t) =0.

It is clear that:

Blogu(r)] = B| [ {50 (o0 - "0 ZT0) 4 no L
+E| — glx%(T> - 92331(T) - 93372(T) — g4V $2(T)

+logyo + 9195%0 + G210 + g3T20 + Garn/T20

{E

+logyo + g127 + 9210 + gsTa0 + gay/Tao + TAQ}. (5.30)

IN

- 9195%(71) — 9221 (T) — g3w2(T) — gav/ 15(T)

This upper bound is achieved if and only if we choose the following control u*(t) =

t) —r(t
%y(t). It is then clear that the optimal cost is J* = —gzcm?.- 0
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5.4 Summary

We have considered the problem of optimal investment in an infinite horizon. A
stochastic interest rate model is introduced with two factor processes, one being
linear and the other being the Longstaff model. We give the solution to the
investment problem for certain infinite horizon power and logarithmic utilities.
The optimal investment strategy is a linear function of the wealth.
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Chapter 6

Optimal investment and
consumption with a double
square-root stochastic interest
rate and volatility

6.1 Introduction

We consider the problem of optimal investment and consumption in a market
with a stochastic interest rate and a stochastic volatility. We assume that the
interest rate and the volatility follow the Longstaff model. It is shown that there
exists a unique optimal trading strategy and a consumption process that maximize
the logarithmic and power utility. These are obtained in an explicit closed-form
by the completion of squares method.

6.2 Formulation of the problem

Considering the probability space defined in Section refsection 2.2, we choose
n =1, and let w,(-) = wi(-), ws(-) = wa(-), wy(-) = ws(-).

We assume the interest rate r(¢) follows the model introduced by Longstaff
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[B4], i.e. the interest rate is a double square-root process given by

dr(t) = k[0, — \/r(t)]dt + o,/r(t)dw, (1)

(6.1)
7"(0) =1y > 0,
o2
where k,., o, are positive constants, and 6, = ﬁ
We consider a financial market consisting of two assets with equations:

dB(t) = r(t)B(t)dt,
(6.2)

B(O) = By > 0,

AS(t) = S() | u(t)at + o/nDdw,(1).
(6.3)

S(O) =5 > 0,

where o > 0 is given. Here B(-) is the bank account, whereas S(-) is the stock
price. Similarly to Kraft [31], Bielecki, Pliska and Yong [5] and Chang and Rong
(7], we assume that pu(t) = r(t) + k/n(t), where x is a constant.

We also assume that the volatility n(t) satisfies the following Longstaff equa-

tion:
dn(t) = k[0, — V n(t)ldt + oy, V n(t)dw,(t)

77(0) =" > 07

(6.4)

where k,, 0, are positive constants, and 0, = T
n

In summary, the novelty in this market is the use of the Longstaff model for

both the interest rate and the volatility processes. Note that the market price of

risk in this case is



and thus there exists a unique risk-neutral probability measure, which ensures the

absence of any arbitrage opportunities.

In this market we consider an investor with an initial wealth of yo > 0 that fol-
lows a self-financing trading strategy and is permitted to consume. The equation
of her/his wealth y(t) is thus

dy(t) = {T(t)y(t) + u(t) [N(t) - 7“(?f)] - C(t)}dt + u(t)o\/n(t)dw,(t), 65)
y(0) = wo,

where u(t) denotes the amount of wealth invested in the stock at time ¢, and ¢(t)
is the consumption rate.

The main contribution of this chapter is to solve the following optimal invest-

ment and consumption problem:

max J(u(-), (),
u(-),c(-)€A (6.6)

st. (6.1), (6.4), (6.5),

where
/0 "o, (c(t))dt +e T, (y(T))

and Up(-), Uy(+) are either power or logarithmic utilities. Here 5 > 0 is a given

J(u(),c(-)) = E , (6.7)

subjective discount rate. The set A of admissible controls is the set of all F-
adapted processes u(t) and ¢(t) that ensure the existence of a unique and positive
solution to (@) and the finiteness of the cost J(u(-),c(+)).

6.3 Admissible controls

In this section we consider the admissability of the controls u(t) and ¢(t) that

are linear functions of y(¢). Let us thus consider the following controls:

Klp(t) —r(t)]
a?n(t)
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c(t) = ﬂ’ (6.9)

(t)
where K is a constant and H(t) is some positive process. Provided that the
wealth process y(t) under these controls has sufficient integrability, then this set
of controls belongs to A. Indeed, since these controls are linear in y(¢) the solution
to (@) will exist and be positive. In addition, the cost will be finite for the utilities
that we consider. Thus, our task is to show that the wealth process under these
controls has the following integrability:

Ely()] < (Ey(1)] )" <00, p>1.
Therefore, the problem becomes to prove the following inequality:
Efy’(t)] <oo, p>1.

Substituting (@) and (@) into (@) makes it a linear stochastic differential
equation with random coefficients. The expected value of its solution raised into

power p is:
t Kk? 1 1 K?K?
p _ p — - —
Blr) = Elew{p [ [0+ 55 - - 250 a)
'K
X exp {p —Rdws(s)}
0 O
t 1
Yo €Xp {p/() [T(S) H(S) + :| 8}
tK 1 t K2 2
X exp {p —Hdws(s) —— | p? : ds} ,
0 0
where

o Kr*>  1K°w? N pK2/12.
o2 2 o2 2 o2

Due to the positivity of H(t), we have:

e {p [ [0 - s+ Kash <o o [ 6+ ] as)
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By applying the Holder’s inequality, we obtain:

exp {pp1 /OtT(S)dS}] "

t K 1 [t K2x2 P3
—d 5 _ = 2 2 d
exp {pps/o —dw (s) 2/0 e S}

1

exp {pm /OtT(S)dS}] pl,

E[y"(t)] K(t)E

IN

E

K(OE

IN

where

1

t P2
ygmexp{ppg/[_(ds}] < oo, Vtel0,T],
0
1 1 1
Pr P2 D3

K(t)=E

= 17 P1,D2,P3 > 1.

Consider the following stochastic differential equation:

dz(t) = mdt + sdw,(t)
(6.10)
x(0) = xo,

where m, s are constants. From Longstaff [34], we have that r(t) = cx?(t), with ¢

being a positive constant. The differential of r(¢) can be obtained as
dr(t) = [es® + 2my/e\/r(t)]dt + 2s/c\/r(t)dw, (1),
which when compared with
dr(t) = k[0, — \/r()]dt 4+ o /r(t)dw, (), (6.11)

gives the relation between k,, 0., 0, and ¢, s, m.

Lemma 6.3.1. If 23s*? < 1 for some 3 >0 and t € [0,T), then

E{exp{gfotﬁ(s)ds}] <.
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Proof. This follows from Corollary 3.2 of Bielecki, Pliska and Yong [4], by taking
A =0 in their result. O

From this result it immediately follows that if 2pp;cs*T? < 1 for some p, p; > 1,
then

1

exp {ppl /OTr(s)ds}] "

which concludes the proof that E [y*(T)] < oo.
By substituting 2s\/c = 0,, 62 = 460, k, into inequality 2pp,cs*T? < 1, we can

E

deduce
1 1

< )
V 29r kr‘ppl \% 97’ kr

where p,p; > 1. We thus introduce the following sufficient condition.

T <

Condition 6.3.1. The parameters k,, 0, and T are such that T < T

6.4 Power Utility

In this section we give the solution to the optimal investment and consumption
problem (@) for the power utility, i. e. we consider the following criterion

Toower(u(-), c()) = E /OT"“L:”OD‘)chf+e"”M . (6.12)

g g

We introduce functions g1, gs, g3, 94, g5, which satisfy the following differential

equations:

. 1
a1 (t) + 1=+ 50%g2(t) = 0
7 (6.13)

2 (6.14)
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2 (6.15)
gz(T) =0
1 2
9a(t) — kngs(t) + 5%93(’5)94@) =0
(6.16)
94(T) =0
( 2 2
. o2 1 1 o 1 1
g5(t) + Zgl(t) - 5’%«92(15) + gafgg + ans(t) - gkngzx(t) + 50292
2
VK g
e T~ (6.17)
L g5(T) = O

1
Example 6.4.1. Let v = 3 then g1, g2, 93, 94, g5 can be solved as follows:

anﬁa —
(o) = 2 nlr oI 20)

Or

) Vah/1+ tan[ Lo, (T — )2 { y/coslv/20,(T )] + 1 - V2 }

2
Oy

ga(t)

9
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T , /3
0= /t {402 cos (ﬁlar(T - S)>2 [41% - <720T<T : 8))

2

—2v/2k? cos (?JT(T - s)) \/cos (\/ﬁar(T — 3)) +1
+v/20? sin (?aT(T - s)) Ccos (gar(T - s))

+2V/2k? \/cos (\/iar(T — s)) + 1+ k2 cos (\/iar(T — s))

+3k2

}ds - (""—2 —28)(T —t).

o2

We further introduce two new functions k(-) and h(-), with terminal conditions
h(T) = 1 and h(T) = 1, respectively. We use the idea from Liu [33] (see Lemma
2 in the Appendix of his paper).

Lemma 6.4.1. Suppose that

oh A

f s the linear operator on any function h. Then the function h defined

T
h(r,m,t) = hr,m,6) + / h(r.m, 5)ds
t
(6.18)

A~

h(r,n,T) =1,

satisfies

Oh
E+f(h)+1—0.

and h(r,n,T) =1

Proof. 1t is obvious that h(r,n,T) = 1. Furthermore,

-
i = U ) U’*athds) -/ " f(hyas
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The particular forms of A(t) and h(t) that we need are:

il(t) = exp{91 t) + galt \/_+g3 t) 4+ ga(t)v/n(t) + gs(t },
W(t) = esp {r(r(®) + 920V + s On(e) + a0 + 05(0) )

T
+/ eXp{g1( s) + g2(8)\/7(s) + g3(s)n(s) + ga(s)\/n(s) + gs(s }
t

The following is the main result of this section.

Theorem 6.4.1. Let g1, g2, g3, g4 and gs be solutions of differential equations
(Eli)—(ﬁ) respectively. There exists a unique solution to the problem (@) with

criterion 6.]%), given as:

w(t) = %y(t}, (6.19)
(t) = % (6.20)

The corresponding optimal cost is
£ [HH0)7],

Proof. Let the process v(t) be defined as v(t) := e_ﬁt%(t)hl_v(r,n,t). Its differ-

ential is

au(t) = e#t¥ () {8<h”>+kr[er— mE AL

1 9?(h=7)
v ot or 2

o) o
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+kn[9n - \/ﬁ]a(gny)

N | —

9?(h=7)
+ 027](75) o }dt

A(h'=)
e dw,(t)

—pe -ptY (t>h1 (r, ,t)dt—l—efﬁtmar r(t)
Y Y

—i—e’Bt%(t)a,, n(t)a(g—:wdwn(zﬁ)

oL
—i—e*ﬁthlﬂ(r, n, tyu(t)o/n(t) (8; )dws(t).

After integrating both sides and taking the expectation, we obtain:

E[v(T)]
= E /0 {e—ﬁtlﬂv(t) {kr[&— r(t)]%%_; 37“(75)8 (ahrz—v)

+e R (. t) [(ru)y(t) () = (0] = elt)) 52

L, 2 82(%) sy (@) O(h' )

—Be ﬁtyv( Jhi=irn, t)}dt

+E[0(0)],

Therefore, we can deduce Jpouper(u(-), c(+)) as:
Jpower (u(-), ¢(+))
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00, — v+ oz =]

o) 1, O*R'TY)
or +§arr(t) Or?

/ {(1 - we-ﬁt%@h-w,n,wm—l_” - e .1

= L o, — B 05
50 = e Lo .05
e v)eﬁt%@knwn - VO 05
e Bt“()azn(t)hﬂ(r,n,wg%
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L - DO O )

+e_6t%(t) — e Ple(t)y " R (r, 1) }dt]

/0 ' A(t)dt ]

Now the problem is equivalent to find the optimal u(t), ¢(t) such that

= E0)]+E

ur%%}i/\(t), (6.21)
where
A()
= et g 2D e Lo

Oh

e 07 (0) + (L= e 0, — O 05

ye—ptd y'(t) o2 0*h

1= O, 1) 5



By using the completion of squares method, It is observed that when the
p(t) —r(t) y(t)
(1= 7)o?n(t) h(t)’

A(t) can be the maximum value, which is

control u*(t) = y(t), and consumption ¢*(t) = the equation

* =7 5 ~ Bh(r,n,t) Oh ~
A (t) = ~ e’ ( )h (T n7t){_ﬁ+g+ 1_7T(t)h(r,7],t)
Fhlh, — VIS + 5005 + iy~ VIDISE + o)
v @) = @)
= e DT 1}
1= 4 » oh
= My (R (r, n,t){§+f(h)+1} (6.22)
where
f(h) = J?y 137moh+mww— Mm%§+%ﬁmw%§
e

oh -
Now we focus on the expression — + f(h). Substituting

ot

h(t) = exp{g1(t)r(t) + g2()/7(t) + ga()n(t) + ga(t)\/n(t) + gs(t

it obviously can be written as

~

h(t)[gl £) + Go(t)V/r(8) + gs(6)n(t) + Ga(t)/n(t) + g5(1) }
kT ) [ 0) + a2 ()] 1)

+§afr<t> [200) + 91 (D04 (8) + 630 (1) = Ja(t)r
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0y~ k) [95(0) + 500 (0)] 1)

; aun(t) [gi(t) + 93D ga(t)n 2 (1) + %IQZ ()~ (t) - 394@)773@) h(t)
~ Py oy ¢ O OF g (6.23)

1—v 1—vy 2(1 = ~)?cn(t)
Because of the values of yu(t), k.0, and k,0,, we can arrange the equation into

a nicely organized form, and deduce the whole expression, which is

(NI

ﬁ@{@ﬁw744+§W%wk@H[mw—mmw+;wm@m@h<w

N

st + 502630 n(e) + [34(6) — kagt) + 30305(0)ga(0)]n

(t)

. o2 1 1 o] 1 1, ,
+ [95(?5) + 0 (t) = Sheoa(t) + 50705 + es(t) = Shaga(t) + 5ou0)

vK? B
+ -1 7]} (6.24)

21— )o?
The sums of the terms in 7(¢) and 72 (¢) in equation () should be zero due

to equantion () (), indeed,

91(0) + 2+ ol 0]t =0,

: 1 1
92(t) = kega(8) + 50201 (£)92(0)| 3 (1) = 0.
Similarly, according to equation () (), the sums of the terms in 7(t)
and /7 (t) are also zero:
) 1
[95(1) + 50263(1) | n(t) = 0,

[g4(t> — hngs(t) + ;%93(15)94@) 3 (t) = 0.

The remaining sum of the terms that are independent of r(t), r2(t), n(t) and

12 (t) obviously equals to zero due to our assumption on g5 (¢).
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0. Due to Lemma and function

Thus, it is calculated that % + f(h)
h(")

T
W(r,m,t) = h(r,m,£) + / h(r.m, 5)ds
t

A~

h(r,n,T) =1,

1— h
then the equation A*(t) = Tfyeﬂtgﬂ(t)h_”(r, n, t){g_t + f(h) + 1} =0

Therefore, the cost function Jpower(u(-),c(+)) for all (u(),c()) € A can be

written as:
T
/ A(t)dt
0

It means the cost function Jpouer (u(+), c(+)) has the upper bound

Jpower (u(:), ¢(-)) = E[v(0)] + E < E[v(0)]

if and only if

6.5 Logarithmic Utility

In this section we give the solution to the optimal investment and consumption

problem (@) for the logarithmic utility, i. e. we consider the following criterion

Jogarithmic(u(-),c(-)) = E /OT e Pne(t)dt + e P Iny(T)|. (6.25)
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We introduce the linear differential equation
96(t) — Bgs(t) + 1 =10
(6.26)
96(T) = 1.
From (), ge can be solved as
oo
BT e

Theorem 6.5.1. Let the Condition 6.3.ﬂ hold. There exists a unique solution to
the problem (@) with criterion (6.29), given as:

wi) = M=y,

The corresponding optimal cost is:

/OT {QG(t)eﬂtr(t) + Qe(t)eﬁt%; — efﬁt(ln ge(t) — 1) }dt]

Proof. We define 9(t) as 9(t) := gs(t)e Pt Iny(t). Its differential is:

gﬁ(O) In Yo -+ E

do(t) = gﬁ<t>e—ﬂt{r<t> 40Ty = ()] - 40 D a%(t)}dt

y(t)  2y*(t)

u(t)
+g6(t ) o /() dws(t) + g6(t)e Iny(t)dt — Be P gq(t) Iny(t)dt.

By integrating both sides an taking the expectation we can obtain E[o(T)],
through which we derive:

Jlogarithmic (U()» C())
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— E[o(0))

* /0 {96<t>e‘6tlny<t>—%(t)e‘ﬁtlny(t)+ga<t>e—ﬁtr<t>

ranlte [0 (u(0) - r(0) - 3 D00

~—

+e Pt [ln c(t) — Mt)%} }dt] :

The maximum of Jiogarithmic (u(), c()> is achieved for u*(t) = & ) —r(®) (t) and

consumption ¢*(t) = ;’6(—&, which give

A CTORC0)

{E / {g6<t>e-ﬁt1ny<t>—@%(t)e-ﬁtlny(t)+e—ﬂtlny<t>

om0 6) + (e 5 = (Inult) 1) }dt]

— E[5(0)] +E

/OT { gs(t)ePir(t) + 96(?5)6_5152%22 e (Inge(t) — 1) }dt] ,

]

Remark 6.5.1. Due to Theorem and , it is illustrated that the optimal
solution contains the volatility n(t). However, this n(t) is from (@), cannot be

observed in practice. We need to infer volatility from other observable prices. This
is the limitation of this research.
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6.6 Summary

The optimal investment and consumption problem in a finite horizon is con-
sidered in this chapter. The market model has a stochastic interest rate and
a stochastic volatility. Both these processes are assumed to follow a Longstaff
model. The corresponding optimal control problems are solved by a kind of com-
pletion of squares method, which is a combination of the approach of Liu [33] and
the completion of squares method of stochastic control, and it appears to be new.
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Chapter 7

Optimal investment and
consumption in an infinite
horizon

7.1 Introduction

We consider the problem of optimal investment and consumption in an in-
finite horizon. The optimality criterion is a discounted logarithmic utility from
consumption, and the market is assumed to have a stochastic interest rate that
follows a quadratic-affine model. The volatility of the stock is also assumed to be
stochastic, and it follows the CIR model.

7.2 Formulation of the problem
Recalling the Brownian motions defined in (@), we let w, () = w,(:), and
consider the stochastic differential equation:

dz(t) = ma(t)dt + sdw,(t)
(7.1)
z(0) = xo,

where m > 0 and s are given constants. We assume that for some constants ¢

and ¢, the interest rate is defined as:
r(t) == qa?(t) + qua(t).
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We consider a market consisting of a bank account and a stock, the prices of
which are denoted by B(t) and S(t), respectively, and satisfy the equations

( dB(t) = r(t)B(t)dt,

| B(0) = B, > 0.

¢ ds(t) = S(t) [,u(t)dt + amdws(t)],

S(O) = So > 0.

\

We assume that the volatility process n(t) is the solution to the following equation

dn(t) = kyl0y — n()]dt + o /n(t)dwy (1), (7.2)

where k,, 0,, 0, are constants.
Similarly to the work of Bielecki, T.R., Pliska, S. and & Yong, J., 2004, Kraft,
H., 2005, and Chang and Rong [[7], we make a certain assumption on the relation of

the drift p(¢) with r(¢) and n(t). In this case we assume that p(t) := r(t)+k+/n(t).

In this market, we consider an investor with an initial wealth of y, > 0 and
that follows a self-financing trading strategy and is permitted to consume. The
equation of her/his wealth y(¢) is

dyt) = {r(tw(w Fut)[u(t) - (1)) - c<t>}dt Fut)ry/nB)du.(b),  (73)

where u(t) denotes the amount of wealth invested in the stock, whereas ¢(t) de-

notes the consumption rate.
Let the discounted cost from consumption be defied as
T
Jr(u(-),c(-)) =E [/ e_ﬁtlnc(t)dt} :
0
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The objective of this chapter is solve the following infinite horizon optimal

control problem for some > 0.

lim J7(u(-), (-
e gim Jr(u(), o)),

st. @), &3, @I

Here A is the set of admissible controls u(t) and ¢(t) that ensure the existence

(7.4)

of a unique and positive solution of ([.3), and that limz_,o Jr(u(-),c(-)) is finite.

7.3 Solution of the problem

We introduce the following linear ordinary differential equations:

9(t) = Pg(t) + 1 =0,

(7.5)
9(T) =0,
91(t) = Bgr(t) + 2mgi (t) + qrg(t) =0,
(7.6)
g(T) =0,
92(t) = Bga(t) + mga(t) + q29(t) = 0,
(7.7)
92(T) = 0.
By solving equations (@), (@) and (@),We have:
eft
9()=F" = 557
1 1
9(0) = 5 FoT
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(

\

(

\

(_qleQTm—i-Btﬁ + qe'Bt“tmﬂ —9 qle,Bt—l-Ztmm +92 qmeﬁ T+2tm) e—ﬁT—2tm

g1 (t) =

26 (B—2m)m

(_q2eTm+,3tﬁ + quH_tmﬁ _ qeﬂt—l—tmm 4 qmeﬁT—l—tm) e—ﬁT—tm

g2 (1) = )
2 () B (6 —mym
q1 1 qePT
0 = — + —
9O =- w3 sm
1 ¢ 1 qu(ﬁme)fﬁTJrQTm

 eT(B-2m) (_B (=8+2m) 2 Bm )’

(—q2e™™B + B g2 — o + gemePT) e PT
92(0) = .

B(B—m)m

We further introduce the equation:

(000 Pa%(1) + go(t)e (1)
= 50 + 2 (0)y
+ [ e = B0 + )a(0) + 1) + (el
+[2n(r1et) + o) ma(r) + u()s? b

+ /Ot e h7 [le(T)x(T) + 92(7)} sdw,(T). (7.8)

Theorem 7.3.1. If B > 2m, then there exists a unique solution to the problem

) given by
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The corresponding optimal cost is:

. _ In(w) 0 %@ ¢152
= T T e 2m) T BB -m) m2p(E —2m)

52 - {2502111(5) + k% — 2502} .

Proof. We define the process v(t) as v(t) := g(t)e ?Iny(t). Its differential is

du(t) = g(t)eﬁt{mw + ig [u(t) = r(t)] - % - 5;2(8) a%(t)}dt
+g( I o/ n(t)dws(t Ye Pny(t)dt

—Be g (t)ny(t)dt

We can thus write the cost functional as

Jr(u(-),c(:)) = E /0 e Pne(t)dt + g(T)e  Tlny(T)

+| [ {0 (o) - sato)e () + g(00e (o)
a0 50 (ute) = r(8) 5 0%l




gty otn(t) (5~

+e Pt <1n@

u(t)

y(t)

- g(t)%) }dt]

"0 (7.10)

Due to equation (@), the sum of the terms containing Iny(t) is zero. Moreover,

the following upper bound holds

Jr(u(),e()) £ E[0(0)] +ar(T) + ax(D),

and it is archived if and only if we choose

w(t)  plt)—r() .t —r(t)
w0 = o W= T emm v
A _ 1w
0 g0 W g

We now consider the finiteness of a;(7") and as(7T") as T' — oo, which are given

/0 ! g(t)eﬁtr(t)dt] ,

_/OT { g<t>e—6t§2 e (lng(t) + 1) }dt] .

With the help of (@) we can write the expression for oy (7") as:

Oél(T)

= E

91(0)25 + g2(0)o — g1 (T)e ™ a*(T)

— g2(T)e™ (T

+ /0 e [91 ()2 (t) + go(t)x(t) — Bgr()a(t) — Bga(t)a(t)
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+2mgy ()2 (t) + mge(t)x(t) + gl(t)SQ] dt

+ /OT g(t)e ™ [qlxz(t) + CJﬂ(t)} d

= E|g1(0)75 + g2(0)z0 — g1(T)e™ " &*(T) — go(T)e™ a(T)

+ /OT e [(91 (t) = Bgi(t) + 2mau(t) + Q19(t)>952<t>

+ (92(15) — B92(t) + mga(t) + ng(t))x(t)} dt

+/T s2gl(t)eﬁtdt] (7.11)

Due to equation (@), we can get rid of the terms that are quadratic in z(t),

(91(5) = Bon (1) + 2mga(6) + qug(t) ) a*(t) = 0.

Similarly, the terms that are linear in x(¢) also add up to zero due to equation

(-

<Q2(t) — Bga(t) +mga(t) + ng(t)>x(t) =0

Then our aim is to consider the remaining part, which is

061<T) = E

T
91(0)22 + ga(0)zo + / g <t>e—ﬁfdt]
0

When g > 2m,

lim «a;(7)

T—00

qQrd 1 qrePTa?
B(=B+2m) 2 Bm

- x% - @ lqleT(ﬁ—Qm)—BT-i-ZTm
T2\ (—B+2m) ' 2 Bm

= lim E

T—o00
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(=268 + B g2 — qom + gume? ") ey

+
B(B—m)m
N q1s? (—6%e*T™ + 2 8°mT — Am?BT + 4m?e’T + g2 — 4m?) e PT
4m? (B —2m) 32
Q5 2% ¢ns°

BB —2m)  BB—m)  m2F(3—2m) (7.12)

75, 02(1)
1 efT —1
Yll_rgoE 252026 {2e o 5111( 3 e ) 2T B%0
efT — 1
—26021n<Te_5T> + 2B02e"T + K2BT — k%P1 — 2802 + /{:2}
- 52 - {25021](1(5) + k- 2@02} (7.13)

Therefore, we can deduce

lim Jr(u*(-),c*(+))

T—o0
ln(yo) Q19€(2) q2%o CI182
= T8 T BB-2m) T BB-m)  mi(B—2m)
1
+5 27t [2502111(5) +k* — 2502} (7.14)

]

Remark 7.3.1. Similar to Remark , from Theorem , we can find the
optimal solution u*(t) contains the volatility n(t). However, thisn(t) is from (@),
cannot be observed in practice, and needs to be infered from other observable prices.
This is the limitation of this research.
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7.4 Summary

We formulate and solve an infinite horizon optimal investment and consump-
tion problem. The criterion has a discounting factor, the value of which must
be grater than a given constant. The market coefficients are all stochastic. The
interest rate follows a QATSM, the volatility follows a CIR model, whereas the
drift is expressed in terms of these two coefficients. We obtained the optimal in-
vestment strategy and consumption in an explicit closed-form for the logarithmic
utility. It remains an interesting open question if a similar approach can be used

to solve the problem for the power utility.
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Chapter 8

Conclusion

In this conclusion chapter, we summarize the main contributions of the thesis
and point out some interesting open questions for future research.

8.1 Contributions

 First, based on Date and Gashi’s work [11], we propose a further nonlin-
ear system, which contains the multi-dimensional square-root process. The
key contribution of Chapter E is that the explicit closed form solvability
has been preserved. Another relevant point is the extension of Yong’ work.
Yong in [b4] points out the limitation of using the CIR model in invest-
ment. In Chapter , we give a detailed discussion on the this problem which
utilizes the multi-dimensional square-root process. We give some sufficient
conditions to ensure the control processes belong to the admissible set. In
addition, a generalised criterion of risk-sensitive control is proposed, where
the noise dependents on the state and control variables. Even in this situa-
tion, the solution is obtained explicitly by the change of measure approach.

o As the applications of risk sensitive control to mathematical finance, the in-
terest rate modelling, bond pricing, and optimal investment, are considered.
Several new forms of nonlinear stochastic interest rate are introduced in this
thesis. For instance, the mixed CIR and multi-dimensional quadratic term
structure interest rate model is discussed in Chapter @ and the Longstaff
interest rate model is considered in Chapter B, a We know the approach to
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obtain the price of zero-coupon bond with different kinds of stochastic in-
terest rates. For finite time horizon case, we obtain the optimal investment
strategy under a new stochastic interest rate models (see Chapter @) In
addition, the optimal solution of the portfolio which contains consumption
is also given in an explict closed form (see Chapter B) These results should
be quite important to individuals who work in mathematical finance. A
brief example is investment banking. The investor could know how many
shares of which asset he should hold to maximise his wealth.

On the other hand, we deal with the optimal portfolio problems not only
for finite but also for infinite time horizon case. Chapter B considers the
optimal investment with nonlinear stochastic interest rate on a long time.
And Merton’s optimal consumption problem for the infinite time case is
discussed in Chapter H The research about infinite time case is to consider
some financial instruments such as perpetual bond or perpetual options.
Under this situation, we can still obtain the optimal strategies.

8.2 Future Research

In this section, we list some open probems which can be investigated in the
future.

o A numerical study to such mathematical finance problems is a good direction
for research. Particularly, we can focus on how market parameters affect
the dynamic behaviour of optimal strategy. In addition, due to Remark
@, we state the limitation of research about stochastic volatility.
Therefore, how to estimated the volatility in the optimal strategy by using

observed volatility, is also a quite interesting open question.

e In Chapter E, we simplify the problem about multi-dimensional square root

process by introducing Assumption , , when discussing the admis-
sible controls in Section . Our aim of future research is to avoid these

two strong assumptions or at least make them weaker.

o In Chapter H, there remains an open question, which is the problem of
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optimal consumption with power utility on an infinite time horizon. This

work is incomplete, and is illustrated as follows:
Problem 8.2.1. Let the discounted cost from consumption be defined as

A(t)

Jr(u(), () = E [/OT eﬁt—dtl |

g

The objective is solve the following infinite horizon optimal control problem
for some B >0 and v € (0,1).

lim Jp(u(-), (-
e fim r(u(-), c(+)),

st. @), @2, @I

It is believable that this problem could be solved in the future research.

(8.1)
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Notation

RTL

Rnxm

diag(z)

tr(X)

A/

Fi

n-dimensional real Euclidean space

Euclidean space of real (n x m) matrices

a diagonal matrix with elements of vector x on its diagonal

the trace of a square matrix X

the transpose of the vector (or matrix) A

the derivative of function g(t)

sample space

probability measure

filtration up to time ¢

terminal time
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