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We investigate the one-loop renormalizability of a general N = j supersymmetric gauge theory
coupled to chiral matter, and show the existence of an N° =1 supersymmetric SU(N) ® U(1) theory

which is renormalizable at one loop.
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L. INTRODUCTION

There has recently been much interest in theories de-
fined on nonanticommutative superspace [1-4]. Such theo-
ries are nonhermitian and turn out to have only half the
supersymmetry of the corresponding ordinary supersym-
metric theory—hence the term “ N = J supersymmetry”.
These theories are not power-counting renormalizable' but
it has been argued [7-10] that they are in fact nevertheless
renormalizable, in the sense that only a finite number of
additional terms need to be added to the lagrangian to
absorb divergences to all orders. This is primarily because
although the theory contains operators of dimension five
and higher, they are not accompanied by their hermitian
conjugates which would be required to generate divergent
diagrams. This argument does not of course guarantee that
the precise form of the lagrangian will be preserved by
renormalization; nor does the N = % supersymmetry,
since some terms in the lagrangian are inert under this
symmetry. Moreover, the argument also requires (in the
gauged case) the assumption of gauge invariance to rule
out some classes of divergent structure. As we showed in
Ref. [11], there are problems with this assumption; even at
one loop, at least in the standard class of gauges, divergent
non-gauge-invariant terms are generated. However, in the
case of pure N = % supersymmetry (i.e. no chiral matter)
we displayed a divergent field redefinition which miracu-
lously removed the non-gauge-invariant terms and restored

gauge invariance. Moreover, we displayed a slightly modi-
|
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fied (but still N = % supersymmetric) version of the origi-
nal pure N = % lagrangian which had a form preserved
under renormalization. The authors of Ref. [12] obtained
the one-loop effective action for pure N = % supersym-
metry using a superfield formalism. Although they found
divergent contributions which broke supergauge invari-
ance, their final result was gauge-invariant without the
need for any redefinition. On the other hand it is hard to
make any inferences about renormalizability from their
superfield form of the one-loop result. In the present
work we consider the N = % supersymmetric action
coupled to chiral matter. The original nonanticommutative
theory defined in superfields appears to require a U(N)
gauge group [4,6]. In Ref. [11] we considered the compo-
nent form of the pure N =% supersymmetric action
adapted to SU(N). We argued that it was only for SU(N)
that a form-invariant lagrangian could be defined;
indeed the U(N) gauge symmetry is not preserved under
renormalization. In the case with chiral matter it turns out
that the lagrangian is no longer form-invariant in the
SU(N) case either. In fact, a general N' =1 supersym-
metric SU(N) invariant action cannot be defined. However,
we shall demonstrate the existence of a new N =%
supersymmetric SU(N) ® U(1) action which is renorma-
lizable and preserves N = % supersymmetry at one
loop.

The action for an N = 1 supersymmetric U(N) gauge
theory coupled to chiral matter is given by [4]

1 _ _ _
S = fd“x[tr {— EF“”FW = 2iAd*(D,A) + DZ} = 2igCHtr {F,,, A A} + g2|CItr {(A A)?}

+ {FF — ipG* D,y — D* D, b + gpD + iN2g(pAY — F A ) + V2¢C*'D, b A G ¢

- 1 - - ~ ~ ~
+ igCr ¢ F,, F + Z|C|2g2¢ AF+(p— b, p— ¢, F—> F,R* - —(RY*, C*" — —C’“’)”, (1.1)

where we include a multiplet {¢, i, F} transforming ac-
cording to the fundamental representation of U(N) with
group matrices R4 and, to ensure anomaly cancellation, a

ISee Refs. [5,6] for other discussions of the ultraviolet prop-
erties of these theories.
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multiplet {¢, i, F} transforming according to its conju-
gate. The change C*” — —C*" for the conjugate repre-
sentation is due to the fact that the anticommutation
relations for the conjugate fundamental representation dif-
fer by a sign from those for the fundamental representation.
We define

© 2005 The American Physical Society
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D,p=0,¢+igA, ¢, D,A=20d,A+ig[A, A kY — %(Uﬂ&y — grah), R = %(6'“0"’ P
Foy=0,A,—d,A, + i~g[AM,AV], (1.2) 06
(with a similar expression for D, ¢) where d
an
A, =AARA, A =MRA\ D=DRA (13)
|C|? = CH'C,,. (1.7)
The group matrices satisfy
Our conventions are in accord with [3]; in particular,
[RA, RB] — ifABCRC, {RA, RB} — dABCRC, (14)
) ] ota? = —nt’ + 20H7. (1.8)
where d48€ is totally symmetric. If one decomposes U(N)
as SU(N) ® U(1) then our convention is that R* are the  Properties of C which follow from Eq. (1.5) are
SU(N) generators and R® the U(1) generator. Of course
then fABC = 0 unless all indi(I:QesBare Sf](ﬁ). The matrices CcaB — leay(a.,u,v)yﬁc’uw (1.92)
are normalised so that Tr [R*R?] = 3 64”. In particular, 2
- u
RO = \/%1. We note that d**0 = \/%6“”, do00 = \/% In CHo 03 = Caya-y'ﬁr (1.9b)
Eq. (1.1), C*” is related to the nonanticommutativity pa-
ter C*A b A ,
rameter y Ccrr P = —Cﬁy&“‘”. (1.9¢)

CH = C*Feg o, (1.5)
Upon substituting Eq. (1.3) into Eq. (1.1) and using

where Eq. (1.4), we obtain the action in the U(N) case in the form:

1 . 1 1 | R
S = / d4x[— ZF“”AFﬁV —iMa* (D, DA + EDADA - 5igCMVdABCFﬁV)\B/\C + gg2|ClszBEdCDE()\A/\B)()\C/\D)

+ {FF — iyG" D, — D*GD, b + gbDp + iN2g(dAy — f A p) + V2gCH'D, b X &,
- 1 - = ~ ~ -
+igCr o F, F + §|C|2g2dABC¢RA)LB/\CF +(p— b, — §, F— F,R* - —(RY*, CH" — —C’“’)H. (1.10)
with gauge coupling g, gauge field A, gaugino A and with

Ff“, = aﬂAﬁ - ayAfL — ngBCAﬁAf, DM/\A = GM/\A - ngBCAﬁ/\C. (1.11)

However, it is clear that the U(N) action cannot be renormalizable, since for any U(N) gauge theory the gauge couplings
for the SU(N) and U(1) parts of the theory renormalize differently. To obtain a renormalizable theory one must introduce
different couplings for the SU(N) and U(1) parts of the gauge group and then the U(N) gauge-invariance is lost. This is a
trivial point but one which does not seem to have been made in other discussions of the renormalization of N =%
supersymmetric gauge theory. Remarkably, we shall see that by a judicious introduction of different couplings for the
SU(N) and U(1) parts of the gauge group, we can obtain an SU(N) ® U(1) theory which still has N” = 1 supersymmetry
which is preserved under renormalization. We propose replacing Eq. (1.10) by

1 - 1 1 - 1 o
S = [d4x[_ ZFMVAF/ALV — l')lA(}’U“(D/L/\)A + EDADA _ El'C’U“VdABCEABCFﬁV)tB/\C + gg2|Clchlbedcde(/\a/\b)()tc)ld)

+ % i_z |CI2 (X X9) (AP AP) + {FF — gD, — D D, + Db + VA Ay~ h A )
0

- = - A 1 - . ZB% 1 o
+2CHD, ¢ A, + iCH GF, F + g |ClRa*BCGRAR®AF + Nylg%|C|2(/\“/\“)()t0/\0)
— ¥2,C*¢(N2D, ARG, + N2 ARG, D,y + i FS,,RF)

+ (¢ — ¢, — i, F— F,R* — —(RY*, CH* — —C’”)H, (1.12)
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FIG. 1. Diagrams with one gauge, two gaugino lines; the dot
represents the position of a C.

where 7y, y, are constants,

A, = ALR" = gALR + g ALR", (1.13)
with similar definitions for /i, D, F wv» and now
D,b =, +iA,)e. (1.14)
We also have
2
ethe — g galh — pabd — Q000 — g = Oab 8" _
80
(1.15)

It is easy to show that Eq. (1.12) is invariant under

SAY = —idMa €

1 =
BN} = ieuDA + (o €) [Fh, + 5iC,, e PCd P CREAC],

S =0, 8D = —ea”D, A4, 8¢ = ey,

8¢ =0, 5y* = \2¢"F,
8y = —iV2(D, P)(ea™),, SF =0,

OF = —iv2D, 5% € — 2iged +2CH D, (per, A).
(1.16)

Apart from the term with the coefficient y; and the group
of terms with coefficient y,, Eq. (1.12) reduces to the
original U(N) lagrangian Eq. (1.10) derived from nonanti-
commuting superspace upon setting g, = g. These re-
maining terms are separately invariant under N = %
supersymmetry and must be included to obtain a renorma-

lizable lagrangian, as we shall see.
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FIG. 2. Diagrams with two gauge and two gaugino lines; the
dot represents the position of a C.

(m)

In Ref. [11] we gave an SU(N)-invariant theory with
N = % supersymmetry in the pure gauge case. The super-
symmetry transformations in that case were essentially

FIG. 3. Diagrams with four gaugino lines; the dot represents
the position of a C or |C|?.
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FIG. 4. Diagrams with one gaugino, one scalar and one chiral
fermion line; the dot represents the position of a C.

obtained by striking out any 0 index in the U(N) trans-
formations. However in the general case these transforma-
tions do not close, since the gauge-field part of the
V2¢C*'D, ¢ X &,¢ term produces a CH'$pAIAG i
term which in the U(N) case is cancelled by the variation
of ¢pA%f, a term which is absent for SU(N). Of course

2 .
because of the g—o terms, one cannot obtain the SU(N)

theory simply by setting go = 0 in the SU(N) ® U(1)
theory.
We use the standard gauge-fixing term

1
St = 7a / d*x(9.A)? (1.17)

with its associated ghost terms. The gauge propagators for
SU(N) and U(1) are both given by

1 PuPyv
A y=——<n 4+ (a— 1P ) (1.18)
122 p2 M p2

(omitting group factors) and the fermion propagator is

y
o,
Apy = p“pz‘“”, (1.19)
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FIG. 5. Diagrams with one gaugino, one scalar, one chiral
fermion and one gauge line; the dot represents the position of
acC.

where the momentum enters at the end of the propagator
with the undotted index. The one-loop graphs contributing
to the “‘standard” terms in the lagrangian (those without a
C*¥) are the same as in the ordinary N =1 case, so
anomalous dimensions and gauge B-functions are as for
N = 1. Since our gauge-fixing term in Eq. (1.17) does not
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(d) (e)

FIG. 6. Diagrams with one gauge, one scalar and one auxiliary
line; the dot represents the position of a C.

preserve supersymmetry, the anomalous dimensions for A,
and A are different (and moreover gauge-parameter depen-
dent), as are those for ¢ and . However, the gauge
B-functions are of course gauge-independent. The one-
loop one-particle-irreducible (1PI) graphs contributing
to the new terms (those containing C) are depicted in
Figs. 1-8.

\ N \

(€9) () ®

(6] ®

FIG. 7. Diagrams with two gauge, one scalar and one auxiliary
line; the dot represents the position of a C.
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FIG. 8. Diagrams with two gaugino, one scalar and one aux-
iliary line; the dot represents the position of a C or a |C|%.

II. RENORMALIZATION OF THE SU(N) ® U(1)
ACTION

Ordinarily the divergences in one-loop diagrams should
be cancelled by the one-loop divergences in Sp, obtained
by replacing the fields and couplings in Eq. (1.12) with
bare fields and couplings given by

N=Ze,  AY =2, A%, = ZiAg,

Ay =240, dp=2Z]¢  Ys=2]y

88 =728 8o = Zg4,80s YiB = Z1,

Yo = 2, Cy" = ZcCr, ICI3 = ZjcplCI~
@2.1)

In Eq. (2.1), Z,; and Z, are divergent contributions, in other
words we have set the renormalized couplings vy, and vy, to
zero for simplicity. The other renormalization constants
start with tree-level values of 1. As we mentioned before,
the renormalization constants for the fields and for the
gauge couplings g, g, are the same as in the ordinary N =
1 supersymmetric theory and are therefore given up to one
loop by [13]:

065002-5
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Z,=1—g’LQ2aN +2),

Zy =1+ g2L[3 — &)N — 2],

Z, =1+ g’L(1 - 3N), Zy=1+2(1 —a)LC,,
Z,=1-2(1+a)LC, (2.2)

where (using dimensional regularization with d =4 — €)

=_L_and

. 1 1
C2=g2RaRa+g%RORO=§(Ng2+NA> 2.3)

|

PHYSICAL REVIEW D 72, 065002 (2005)
with

A=gs—g° 2.4)
(For the gauge multiplet, we have given here the renormal-
ization constants corresponding to the SU(N) sector of the
U(N) theory; those for the U(1) sector, namely Z,o, Z 40
and Z, , are given by omitting the terms in N and replacing
g by go.)

Upon inserting Eq. (2.2) into Eq. (1.12) we obtain the
one-loop contributions from Sy as

1 . -
Sy =L f d4x<iCWH§ (3 + 5@)N + 2}g3d“bcaMA,‘ﬁ/\b/\C +[3(a — 1N + 41g2g0d“°9 , A% AP X°

2 o o 3 o
+2[(3 + a)Ng? + g3]5-d%ea, AOXP A + 2g§d0008MA2/\0A0} - [5(1 + a)N + 1}‘61‘”’6 felegtCrr AL AL AP
80

= 1 - =
— 2i(aN + 1)d fedg? gy C1 AG AL XON> — g2|C|2[4[(3 +2a)N + 1]g2d*de%(A*AP) (X A9)

g2

4 o o Z(l) o o 1 o
+ [(3 +a)%s + ﬁ}()\%\a)ub/\b) - g%()\“)t”)(/\o)lo)} -3 iZ) Crr drBCABC A XBXC
0

8
8

(1)
+ Z|c|2
0

1 - = = 1 g* o= -
[8g2|C|2dabedCde(Aa)\b)()lc)Ld) + W fﬂlch(Aa/\a)()lhAh)}

+ {x/iC’“’[—(G + a)Ng? + 2V + 2a€,)g,, ARG, — 2aCrg0d , ARG, ih — Z g pA“R G, 9, /]

_ 1 ~
+ V20 [g2AL AP - ZVRRY + (ENg2(9 +3a) + Z(21)>R”R“ +2aC,]a, ¢

2

1 A . R o
+ gg0<—Ng2(3 +a)+ 2ac2>AZ¢A0R0Rb&V¢ + g80((3 + a)Ng? + 2aCy)A% G A*RROG

+2g2aCrA% ARG, ] + iCH (21 — @)Cy — (B + @)Ng? — 27)g9 , A4R + 2(1 — @)C,g09 , AR

"

A 1 . o
+((@— 1D + B+ a)Ng? + 7)) g2 e A9 ALRCTF + SICPL = @)Cy = (6 + 2a)Ng")g*d"* GRA X" K¢

+2((1 — @)Cy — (3 + a)Ng?)g2d R A°A° + (1 — a)CLd"HROAAO|F

TBTC

-7 N 1 _
+ Zg OV, G A G + iBF ,, F) + S 2| CRAC R AF

cI?

+w~&¢~%F~RM~—mW£w~—wﬂ)

The results T} P i = 1.8 for the one-loop divergences
from the 1PI graphs in Figs. 1-8 respectively are given in
Appendix A. It is clear that they cannot be cancelled by
Eq. (2.5), in particular since they contain contributions
involving #” which do not appear in Eq. (2.5). As we
showed in Ref. [11], this can be remedied by field redefi-
nitions, or, to put it another way, additional nonlinear field

(2.5)

[

renormalizations. We find that a field redefinition
1 _
S\ = —ENngC’“’eBACdABCcAchCO'MACAf, (2.6)

where ¢4 =1 — 8§49, @4 = 1 + 6%, results in a change in
the action

065002-6
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1 . - ] ]
85, = NLg? f d4x[— ZiCH(dhegd, ALKV X — a0 fele g AGALRRY) + id g CH Af K 5P, ¢

1
2

idede fabe g2 1P AG AN G AP + iCPTd0 gg AL X[ 8 , + 25,10, A° + iCH fed°Pg g AL ALA X

1. 7 Na 5 : v ¢ I pc )0~
- {zzﬁgzmmab%gwc/\aw + iv2g20CHd AL, GREXO G, s

H@ = b= B F— FR = (Y, 0 — —om) |

2.7

which miraculously_casts all the C-dependent terms apart from those linear in F, F into the correct form. Then finally
redefinitions of F, F can be used to deal with the terms linear in F, F. Explicitly, we need

_ ~ 11 ~ _ N _
SF = L{[(SNgz +2(1 + @)Cy)gd LAY — <—Ng2 o+ a)C2>g2 f”bCAzAg}iC“”qSR“ + 2 + 1)Cag0d ,ALCH GR

4

+ S ICI(=37Ng* + (63 + a)Cr)g?d ™ GREAAY + (=32Ng> + (31 + @)Cy)ggod™ GRAX

+ 31+ a)C,82d" Y HROAAC + (6Ng? + (a — l)éz)gzd“bO(ﬁROX“)Ib]}

(with a similar redefinition of F ) which produce a change
in the action
8Sp = f d*x(5FF + 8F F). (2.9)

We now find (writing for instance Z(C") for the n-loop
contribution to Z.) that with

zd =z, =0 z'=-3Ng 7y =-Ng’
(2.10)
we have
8
Ppoler — §" LR 1 55, + 85, + 55 =0, (2.11)
i=1

i.e. IV is finite.

This demonstrates that our theory is renormalizable and
that the N = 3 supersymmetry is preserved. However we
find that to obtain a renormalizable lagrangian it is vital

(since z0, Zg) # 0) to include the terms involving vy, ¥,
in Eq. (1.12), which were not in the original formulation of
the theory [4] though they are independently N =%
supersymmetric. This is not unexpected since in general
any terms which are not forbidden by a symmetry will be
generated under renormalization. It is therefore all the
more remarkable that we do not need to renormalize the
nonanticommutativity parameter C and that the other A*
terms (which are also separately N = % supersymmetric)
do not require any counterterms. On the other hand
our renormalized lagrangian is no longer of the form
derived from nonanticommutative superspace. Of course

(2.8)

[
this was also found in the case of the N = %Wess-Zumino
model [7].

We note here that the requirement to make a divergent
redefinition of F is not as surprising as it may first appear
(if calculating in components with a conventional covariant
gauge). In fact, if one renormalizes the ordinary N = 1
theory in its uneliminated component form, i.e. before
eliminating the auxiliary fields, one is compelled to make
a similar nonlinear renormalization of F' to render the
theory finite. This has not to our knowledge previously
been discussed, and we give the details in a forthcoming
publication [14].

III. CONCLUSIONS

We have studied the renormalizability of a general
N = % supersymmetric theory coupled to chiral matter.
The nonrenormalizability of the standard U(N) version
was apparent from the outset, and it appeared impossible
to define a general SU(N) invariant N =  supersymmet-
ric theory; however we were able to define an SU(N) ®
U(1) invariant action which still possessed N = %
supersymmetry, which as we showed was preserved under
renormalization. Moreover we find that the nonanticom-
mutativity parameter C is unrenormalized (at least at one
loop).

We have restored gauge invariance by a somewhat un-
conventional expedient which works rather miraculously.
One could speculate to what extent the N = % supersym-
metry and the identities Eq. (1.9) were required to make
this trick work. If one treats the action (1.1) as primordial,
ignoring its derivation from nonanticommuting super-
space, the identities Eq. (1.9) can be regarded as a conse-
quence of the self-duality of C*¥ (with C*# now defined by

065002-7
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Eq. (1.92)). It would be interesting to examine a theory of
the same form but in which C#” was replaced by a general
antisymmetric tensor. Moreover, suppose one considered a
theory with an action based on Eq. (1.1) but including all
the hermitian conjugate terms which are missing. The only
new diagrams would simply be the ‘“‘hermitian conjugates”
of those in Figs. 1-8. Equation (2.6) would now need to be
supplemented by its hermitian conjugate. However, the
variation of the action would now include additional un-
wanted non-gauge-invariant terms since it is now not only
the gaugino kinetic term which varies. This raises the
possibility of a theory (albeit nonrenormalizable) with
ineradicable non-gauge-invariant divergences.

An interesting feature of our results is the redefinition
(or nonlinear renormalization) of the gaugino field. As we
have mentioned, the attendant nonlinear redefinition of the
auxiliary field F has its counterpart even in the N = 1
theory, so that nonlinear field redefinitions may be an
unavoidable consequence of working in the uneliminated
component formalism with conventional gauge-fixing; as
we mentioned, no such field redefinition was required in
the N = % superfield calculation of Ref. [12].

Obviously it would be valuable to continue the renor-
malization programme beyond one loop, and also to in-
clude a superpotential. Of course we would expect that yp
and vy, in Eq. (2.1) would get contributions from all loop
orders, but it would be interesting to see whether any
additional counterterms need to be introduced and further-
more whether the relation Zo = Zcp = 1 persists to
higher orders. (The apparent violation of this result in the
case of the ungauged Wess-Zumino model at one and two
loops [7] occurs in a separately N° = 5 invariant term, F’ 3,

|
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for which we would assign a separate coupling in a similar
fashion to vy, and y,5.)
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APPENDIX A: RESULTS FOR ONE-LOOP
DIAGRAMS

The divergent contributions to the effective action from
the graphs in Fig. 1 are of the form:

ig? LdABC eABC C“V[aMA;})IB(Tf‘BC 8,F + ABCq,P)AC

+ A’;‘/\B(T{‘BCSV" + A/]*BC&,/’)GM)\C} (A1)
where the contributions to Ty, Ty, A;, A, from the individ-
ual graphs are given in Table L.

In Table I, gaOb — gabO — g()ub — gOOO =g and
gabc =g.

We note here that Figs. 1(f)—1(h) correspond to both
¢, ¥ and &, loops, which contribute identically due
to the change in sign C*” — —C*” between the ¢, ¥
and ¢, ¢ interactions in the lagrangian. Potential contri-
butions of the form gLfABCCr 9 ,ALAEG,PAC,
gLfABCCHYAANES P9, AC cancel between ¢, i and ¢,
 loops.

The divergent contributions to the effective action from
the graphs in Fig. 1 are given by

_ 1 ABC
F(lll)llffle = igzLC””dABCeABC[G#AﬁAB([—(1 + 2a)NcAdBcC + 5(5 + a)NcA — (3 + a)Nd4cBcC — Zg }8,/’

eABC

2 - - 1 1 _
+ EN[CAdBCC - cAchc]d'V”))tC + A:}AB<— ENcAdBcCB,/’ + §N[cAdBcC - 4cAchC]6',,p>6M/\C}

5 _ _
= iLC’“’[—{Z(l +2a)N + 2}g3d“bcaMA,‘j/\b/\“ +[3(1 — a)N — 41g2gd“9 , A2 AP X°

2

—2(3+ a)Ng® + g2]5-d¢a, AV Xe — 2g2g0d™ 9, AOROKO — Nggyd%e A2 104, A°

8
8o

— NG d™ASX 3, A — 2Ng2god“*ASX°5 P9, X,

(A2)

The divergent contributions to the effective action from the graphs in Fig. 2 are of the form:

ig3LeEAB[dABEfCDEC/LVTZABCDAILCI:AQ XA XB + dCDEfABECMpAéBCDA'[C,:A?XA 0—.Vp XB]

(A3)

where the contributions to 75, A, from the individual graphs are given in Table II.
The contributions from Figs. 2(m)—2(o)are zero. The graphs in Fig. 2 add to
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TABLE I. Contributions to Ty, T}, A;, A, from Fig. 1

Graph Tl Tl A~l Al

la —(3 + a)NdAcBcC 0 0 0

1b —NcAdBcC 0 —2NccBdc —3NccBdC

1c —2aNcAdBcC 32— a)NctdBcC INcAdBcC —1@2 +3a)NctdBcC
1d %(5 + a)NcA 0 0 0

le 0 - %(3 — a)NcAdBcC 0 (1 + a)NcAdBcC
1f — gABC [ (ABC 0 0 — 4 gABC / (ABC

lg — 1 gABC JABC 0 0 — 3 gABC/ gABC

1h _ %gABC/eABC 0 0 ngBC/eABC

(1)pole
FZIPI

B

ig’L[2(1 + 2a)NdAc® + 2(3 + a)NcAcP — 3N — 2N 50 + 4]eFABGABE fCPECRr ACAD \A B

+ % ig3NLdACBCCCDeEABdCDEfABEC#pA/CLAQ)_LA d.vp XB

1 ] o
= [1(5 + 6a)N + 1}Ldﬂbe feleg O AGALRIRY + ZINLd“ fbe gt Cor A AS X" 5, X

—iL[(1 = 2a)N — 2]d% fede g3 g, CH* AS AGAO AP

The results for Fig. 3 are of the form:

GLICPX 3P (A9 P) (A A9) + X, (A9 ) (AP X)

+ X3(A%A9)(A°20)] (AS)

where the contributions to X;_5 are given in Table III.
In Table III,

dabcd =Tr [FanDCDd], d‘abcd =Tr [FaDCFde],

(A6)

where the matrices F* and D are defined in Appendix B.
These results add to

TABLE II. Contributions from Fig. 2
Graph T, A,
2a INdAcB INd*cBcCcP
2b - %(3 — a)N&*0
2c 13+ a)NetcB 0
2d %(2 — a)N§4°
2e —1aNd*c® (4 +3a)Nd*cBcCcP
2f %aNdAcB - %(2 + a)Nd*cBcCcP
2g %aNdAcB INd*cBcCcP
2h -3(1+a)N 0
2i % aN 0
% 3 3
2k 0 £
21 1 ~1

(A4)

[
1 —_— -
Fgll)lglole = g2L|C|2[Z[(3 +2a)N + 1:|g2dabedcde()laAb)

_ 1 g4
X (A°AY) + —| 23 + a)N=5 + g2
(A“A%) ZN[( a) p g}

X (ReRa) (AP AP) + 3g3(5a5a><5050)} (A7)

In obtaining these results we have made frequent use of the
Fierz identity

(R XP)(XEA9) + (XX (AP A9) + (X AD)(APA) = 0
(A8)

The contributions from the graphs shown in Fig. 4 are of
the form

N2gALCH, A XAG f + N2g,LCH I YAG,0
(A9)

where g, = g and X* and Y# are as given in Table IV.
(Here and elsewhere there are analogous diagrams with ¢,
s, F external legs which we do not show explicitly; their
contributions may easily be read off using ¢ — b, — i,
F — F, RA — —(RY)*, CH» — —CH7)

These graphs add to
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TABLE III. Contributions from Fig. 3

PHYSICAL REVIEW D 72, 065002 (2005)

Graph Xgbed X, X5
3a %(3 + a)NgZdabedcde + 2g2dabcd + (1 _ a)gZdadcb _ % i_%feacfebd (3 + a)g_% 0
3b LN g2debe dede 0 —2ag}
3¢ -1+ a)Ngzd“”"d”de2 0 1+ a)g?
3d gZ[_Zdabcd + (a~_ l)dadc;b + % %fﬁac‘fﬂbd] 0 (3 + a)g(z)
3e %g2(dabcd _ ducdb) 0 _gg
3f igzdabedcde ﬁg2 0
rpole — g, LCH 9, pAA[2aC,RA + (2 + a)Ng2cARAG i — 2N g, g2 cACH A RA G,

41PT 8A u 2 a)iNg=c o, 8a8°C ¢ g, Mlﬂ

= L{2aC, + (2 + a)Ng*IN2gC#"9, pA"RG i + 2aCy\2g0CH" 0, pA°ROG ,ip — NN2g>CH" ARG, , ).

The contributions from the graphs shown in Fig. 5 are of the form

where in the case of Figs. 5(a)—5(v), Z*8 contains the contributions shown in Table V.

explicitly are zero). Adding the results from Table Va in Eq. (A12) to those from Tables Vb—d, we obtain

V2ig,gsLCH*AE A ZAB G i

The contributions from Table Va add to

(A10)

(A11)

i\/igAgBLC””Aﬁg{;XA[4C’2RARB + (8 — 2a)C,RBRA + Ng2(—4RARBcA + 2RARBcB — (2 + a)RBRACA

- %(7 + a)RBRAcB)}‘T,,c,[/.

In the case of Figs. 5(w)—5(z), 5(aa), 5(bb), and 5(cc), the contributions to Z%® are shown in Table Vb.

The contributions to Z% from Figs. 5(w)—5(z), 5(aa), 5(bb), and 5(cc) are shown in Table V c.
The contributions to Z*° and Z% from Figs. 5(w)-5(z), 5(aa), 5(bb), and 5(cc) are shown in Table Vd (those not shown

1 1
i = iﬁNLC“”[g“AZW‘a[Ed”b”RC ~RUR = (7 + 3a)RbR“}c‘rV¢

o 1 -
+ g3g0Az¢)\0[d0b0RC - 5(3 + a)RORb:|0"',,¢ — (3 + a)g’goA% P A“R‘R G,y

a n ot _
- ZWCZA;‘;d)ABgAgBRBRAa,,z//].

(A12)

(A13)

TABLE IV. Contributions to X4 and Y# from Fig. 4

The contributions from Fig. 6 are of the form

Graph XA YA . )
4a %NgZCARA —aNcARA lLC'“V(gAE)#Aﬂd)XRAF + gAAf,}BMngRAF) (A14)
2 A pA A pA
jg Z%gziAﬁA aNf) k where X and Y are given in Table VL.
4 ol g 2 — INGARA The contributions in Table VI add to
2 2
4e —2[C, — INg2cAIRA 0 Drol _ . .
4f —(1 =20 - LN g2cAIRA 0 Tob = —iLCH $gud , ALAC, + (4 — a)Ng* A IRAF
4g 2[2C, = ;Ng*c ' IR 0 = —iLCH ${g[4C, + (4 — a)Ng*] , AR
4h 2[2C, — LNg?cAIRA —2[2C, — 1Ng?cA]RA A
4 0 oAC, -1 N2 AR +4g0C,0,AOR}F. (A15)
4j —3C,RA 0

065002-10
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TABLE V.

PHYSICAL REVIEW D 72, 065002 (2005)

(a) Contributions to Z48 from Figs. 5(a)-5(v). (b) Contributions to Z4% from

Fig. 5(w)-5(z), 5(aa), 5(bb), and 5(cc). (c) Contributions to Z% from Fig. 5(w)—5(z), 5(aa),
5(bb), and 5(cc). (d) Contributions to Z% from Fig. 5(w)-5(z), 5(aa), 5(bb), and 5(cc).

Graph ézRARB ézRBRA Ng2RARB NgZRBRA ngACEfBDERCRD

5a 0 2 —cA —cB 2c4¢B

5b =2 0 A+ B 0 —2cAcB

5¢ 0 0 2c8 0 —4cAcB

5d 4 0 —2(c* + cB) 0 4cAcB

Se 0 2 0 —cA 0

5f 0 0 %(1 —a)cB 0 (e — DAt

5g 2 0 —(cA + cB) 0 2cAcB

5h 0 —a 0 Tach 0

5i 0 0 0 —3act 0

5j 0 3+a 0 —%(3+a)cB 0

5k 0 0 —;llacB 0 %acAcB

51 0 11—« 1la =1t Ha = 1)(c* + P) 11— a)ctcB

Sm 0 —2a ach ach —2actcB

5n 0 0 —act 0 2acAcP

50 0 a —LgeA —LacB actcB

5p 0 0 13+ a)ct 16+ a)t 13+ a)ctch

5q 0 0 0 —ach 0

5r 0 0 %acA 0 —actcB

5s 0 0 31+ a)c? —3(1 + a)c? =3(1 + a)cAcB

5t 0 0 0 0 —2acct

S5u 0 0 0 0 2acAcP

S5v 0 0 —%acB %acB %acAcB

Graph Ng?ReR? Ng?RbR® LARIRY Y ARPRA g2

5w —%(3+a) 0 -3+ a) 3+« %(3+a)

5x 0 -1 0 0 %

5y 0 0 0 —4 —1

5z %(2+a) 0 2+« -2+ a) —%(2+a)

5aa —la 0 a —a i

5bb l0 -1 -1 -1 fl}T

5cc S 0 —« a -

Graph Ng*R’R° +ARRY

Sw -3+« 0

5x =2 0

Sy 0 —4

5z 2+ a 0

Saa —a 0

5bb -1 -2

Scc o 0

Graph (a0) (00)
g*R°R" + 2L ARR® g+ A

Sy -2 -4

5bb -1 -2
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TABLE VI. Contributions from Fig. 6
Graph X Y
6a 0 3Ng*cA
6b 0 2[2C, — Ng%c*]
6¢c —[4C, — Ng*c*] —[4C, — Ng*c*]
6d —(5+ a)Ng2ct 0
6e 2aNg*cA —2Ng2ch
TABLE VII. Contributions from Fig. 7
Graph Z
7a —3aNg?
7b 0
Tc 0
7d 0
Te — 12+ a)Ng?
7f 2C, — Ng?
7g —3aNg?
7h 3(1+ a)Ng?
7i 13+ a)Ng?
7j % aNg?
Tk - % aNg?
71 0

ig2LCH A% AL BZ P RF (A16)

where Z is given in Table VII.
The contributions in Table VII add to

Toa 1
et — ig2LCWA;;AI;¢[202 +406- 4a)Ng2}

PHYSICAL REVIEW D 72, 065002 (2005)

where the contributions to ZA? are given in Table VIII. The
contributions in Table VIII add to

- 1 L
Fgll)lgfle = L|C|2¢{82|:§ (43 4+ 2a)Ng> — 8C2j|/\“)\bd“bcRC
1 N
+ 880[1(19 + a)Ng* — 8C2i|)lOAbd0bCRc

| - A o0 <0
+ aNg " ROR X — 4g(2)C2d000)\0/\0R0}F.

(A19)

APPENDIX B: GROUP IDENTITIES FOR SU(N)

The basic commutation relations for SU(N) are (for the
fundamental representation):

1
[Ra, Rb] — ifubcRc" {Ra’ Rb} — dabcRc + N 5(117’
(B1)
where d“%¢ is totally symmetric. Defining matrices F¢, D*

by (F4)be = fbac (D*)be = gbac. useful identities for
SU(N) are

Tr [FeF] = —N§%,

N?—4

Tr [D*D"] = 84,

N
Tr [F*F"'D] = — 3 debe,

N2—4 (B2)
. Tr [FanDc] — fabc’
X fabeReF (A17) 2N
Co(R) = N?—1
The contributions from Fig. 8 are of the form 2 ON
N
= = anyb pepnd] — acx Jbdx __ jabx gcdx _ adx jbcx
LgAgB|C|2/\A/\B¢ZABF (A18) Tr [F*D°FeD?] = Z(d d d*rd d94x gvex),
TABLE VIII. Contributions from Fig. 8
Graph ab a0 00
8a 0 0 0
8b —g259 — 4 ARARP —Ng? + 5 AR ~2¢2 — 2A
8¢ 1g25% + L ARRY L2prARe 12+ A
8d —ag?Nd®<R¢ —ag?\/2NR“ 0
8e (1 + a)g*Nd*<Re (1 + a)g*v/2NR? 0
8f —Lag?Nd®Re — 1 ag?V2NR® 0
8¢g 0 0 0
8h Lag*Nd®™R¢ Lag’2NR 0
8i 13+ a)g I Nd™*R® + 8] 0 0
8j %ag2Nd"bcR” %agZ\/Z—N @ 0
8k —1g2590 — LARIRY — 1\l + 5 ATRe —lg2—slaA
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(5]

(7]

N2 -4

dacdeRcRd — RbRa

1 1 1
dece bdeRcRd — | — _NRaRb + — Ra’ Rb + = 8ab ,
! 172 NSRS

1 1 1
dece bdeRdRc — 7 _NRbRa + Ra, Rb _ _51117 I
! ’[2 NIRC R =g

PHYSICAL REVIEW D 72, 065002 (2005)

B3
dacdRcRde I l{Ra Rb} + léab. ( )
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