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The nonlocal mass operator Tr [ d*xF,,(D*)~'F,, is considered in Yang-Mills theories in Euclidean
space-time. It is shown that the operator Tr [ d*xF W(Dz)’lF wv Can be cast in local form through the
introduction of a set of additional fields. A local and polynomial action is thus identified. Its multiplicative
renormalizability is proven by means of the algebraic renormalization in the class of linear covariant
gauges. The anomalous dimensions of the fields and of the mass operator are computed at one-loop order.
A few remarks on the possible role of this operator for the issue of the gauge invariance of the dimension

two condensates are outlined.
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L. INTRODUCTION

Dimension two condensates have received great atten-
tion in recent years. These condensates might play an
important role for the infrared dynamics of Euclidean
Yang-Mills theories, as supported by the considerable
amount of results obtained through theoretical and phe-
nomenological studies as well as from lattice simulations
[1-26].

For instance, the gluon condensate <AfLA‘;L> has been
largely investigated in the Landau gauge. As pointed out
in [4], this condensate enters the operator product expan-
sion (OPE) of the gluon propagator. Moreover, a combined
OPE and lattice analysis has shown that this condensate
can account for the 1/Q? corrections which have been
reported [18-21,24,25] in the running of the coupling
constant and in the gluon correlation functions. An effec-
tive potential for (AZAZ) has been obtained and evaluated
in analytic form at two loop in [7,10,11,15,16], showing
that a nonvanishing value of (A‘;LAﬁ) is favored as it lowers
the vacuum energy. As a consequence, a dynamical gluon
mass is generated. We also recall that, in the Landau gauge,
the operator A, Af, is BRST invariant on shell, a property
which has allowed for an all orders proof of its multi-
plicative renormalizability. Its anomalous dimension is
not an independent parameter, being expressed as a com-
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bination of the gauge S-function and of the anomalous
dimension y, of the gauge field A{, [27]. This relation was
conjectured and explicitly verified up to three-loop order in
[28].

The dimension two operator A Ay, has been proven to
be multiplicatively renormalizable to all orders in the more
general class of linear covariant gauges [29]. An effective
potential for the condensate (AZA;Q} in linear covariant
gauges has been evaluated in [13], providing evidence for
a nonvanishing value (A$,A% ) in these gauges.

A renormalizable mass dimension two operator can be
introduced in other covariant renormalizable gauges, such
as the Curci-Ferrari and the maximal Abelian gauge. In the
Curci-Ferrari gauge the generalized gluon-ghost operator
(%AZAZ + ac?c?) is BRST invariant on shell, displaying
multiplicative renormalizability to all orders [30]. The
fields ¢“, ¢“ stand for the Faddeev-Popov ghosts, while a
denotes the gauge parameter. Evidence for a nonvanishing
condensate @ AfAf, + ac’c?) have been provided in [12].
Note that in the limit & — 0, corresponding to the Landau
gauge, the operator (%AzAZ + ac’c?) reduces to AjAY.
A mixed gluon-ghost operator, namely, (§A%A% +
ac?c?), can be introduced also in the maximal Abelian
gauge [8,9,14]. Here the color index A runs over the
N(N — 1) off diagonal generators of the gauge group
SU(N), A=1,...,N(N —1). As in the case of the
Curci-Ferrari gauge, this operator is BRST invariant on
shell, being multiplicatively renormalizable to all orders
[8,9,14,30,31]. Analytic evidence for a nonvanishing con-
densate (JA% A% + ac*c?) in the maximal Abelian gauge
can be found in [14]. We underline that a nonvanishing
condensate (JA4A% + actc?) gives rise to the dynamical
mass generation for off diagonal gluons, a result of great
relevance for the so-called Abelian dominance, supporting
the dual superconductivity picture for color confinement.
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An off diagonal gluon mass has also been reported in
lattice simulations [32,33].

Studies of the influence of these condensates on the
gluon and ghost propagators when the nonperturbative
effects of the Gribov copies are taken into account can be
found in [34—37]. The output of this analysis is an infrared
suppression of the components of the gluon propagator in
the aforementioned gauges, a feature in agreement with the
results available from lattice and Schwinger-Dyson studies
[32,33,38-54].

Certainly, many aspects related to the dimension two
condensates deserve a better understanding. This is the
case, for example, of the gauge invariance, a central issue
in order to give a precise physical meaning to these con-
densates. A recent study of this topic has been given in
[55-57], where a set of conditions which should ensure the
independence of the condensate (A4 A¢) from the gauge
parameter in the class of linear covariant gauges has been
proposed.

In this work we pursue the study on the aspects of the
gauge invariance of the dimension two condensates. Our
aim here is that of discussing the possibility of introducing
a suitable colorless dimension two operator O(A) which
preserves gauge invariance

80(A) = 0, 8AZ = —fo’wb, (1.1)
where DZb is the covariant derivative
fo’ = S“baM — gf“b“Afb. (1.2)

This is a difficult task, due to the lack of a local gauge
invariant mass term built up with gauge fields only. This
problem could be overcome by looking at nonlocal opera-
tors. However, even if we allow for nonlocal operators, we
cannot give up the requirement that a consistent computa-
tional framework, allowing to carry out higher loop calcu-
lations, has to be at our disposal. This is a strong
requirement which, in practice, deeply constrains the
type of nonlocality allowed for the dimension two operator.
As a suitable proposition in order to obtain such a consis-
tent framework, we could demand that the action to which
the nonlocal gauge invariant operator O(A) is coupled,
should have the property of being made local by the
introduction of a suitable set of additional fields.

(I) Therefore, denoting by S the term which accounts
for the introduction in the Yang-Mills action, Sy,
of the operator O(A) in its localized form, we
require that S is gauge invariant.

(IT) Also, on physical grounds, we demand that the
introduction of the operator O(A) makes it possible
to identify a quantized action which is multiplica-
tively renormalizable, a feature which should not be
related to a specific choice of the gauge fixing term
S5, of course on the condition that the usual Yang-
Mills action S, quantized using the gauge fixing S
thus S = Sy + S, s, is renormalizable.

gf
gf
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As we shall see, these conditions will lead us to consider
the nonlocal gauge invariant operator of mass dimension
two

1

0 = - / dxFe,[(D) PR, (13)

Expression (1.3) can be made local by the introduction of a
set of additional fields. Moreover, we will be able to prove
that it is possible to identify a local and polynomial action
which turns out to be multiplicatively renormalizable to all
orders.

The identification of this action and the algebraic proof
of its renormalizability, as explicitly checked through the
evaluation of the one-loop anomalous dimensions, are the
main results of the present investigation, signaling that the
operator (1.3) could be relevant for a better understanding
of the issue of the gauge invariance of the dimension two
gluon condensate.

Besides the renormalizability, we should also provide a
suitable framework to discuss the possible condensation of
the operator (1.3), i.e. (O(A)) # 0, which would give rise
to the dynamical gluon mass generation. Although being
out of the aim of the present work, we remark that, in the
Landau gauge, 9,Af, = 0, expression (1.3) reduces, to the

4
first order, to the mass operator f d*xAj A,

I ]
=5 [ dFLID R,

= f d*xA$ A% + higher order terms. (1.4)

Thus, it is not inconceivable that a nonvanishing conden-
sate (A4 A%) # 0 might provide a support in favor of a
nonvanishing condensation of the operator (1.3), i.e.
(FLF)#0.

The plan of the work is as follows. In Section II we give
an account of a set of nonlocal and gauge invariant mass
operators which can be introduced in the Abelian case.
These include the Abelian version of the operator O(A) of
Eq. (1.3), the operator Afnin recently discussed in [5,6], the
Stueckelberg term as well as the nonlocal mass operator

[ d*xALA”, where A7, stands for the transverse component

of the gauge field A, A}, = (6, — %)A,,. Interestingly,
in the Abelian case, it turns out that all these gauge
invariant operators can be proven to be classically equiva-
lent, i.e. they reduce to the same expression when the
classical equations of motion are used. In Section III we
present a detailed discussion of the non-Abelian general-
ization of these mass operators. We shall see that all
operators introduced in the Abelian case possess a non-
Abelian gauge invariant extension. However, the classical
equivalence between them is now no longer valid. In
particular, we point out that, in the non-Abelian case, the
mass operator of Eq. (1.3) exhibits differences with respect
to the operator A2, . As we shall see, the latter can be

min*
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expressed as an infinite sum of nonlocal terms, a feature
which makes almost hopeless the possibility of achieving a
consistent localization procedure for a generic choice of
the gauge fixing condition. Section IV is devoted to the
study of the localization procedure of the mass operator
(1.3) and of the rich symmetry content of the resulting
action. In Section V, the identification of a suitable local
and polynomial action is provided. Its multiplicative re-
normalizability in the class of covariant linear gauges will
be established by means of the algebraic renormalization.
Having developed the general properties of the mass op-
erator, we devote Section VI to the computation of its
anomalous dimension at one loop. Our conclusions are
presented in Section VII. For the benefit of the reader,
we have found useful to collect in several appendices the
explicit derivation of some relevant features of the various
mass operators considered in this work.

II. MASS OPERATORS IN THE ABELIAN CASE

In this section we shall discuss a set of nonlocal gauge
invariant mass operators which can be added to the
Maxwell action

1
1 f d*xF,,F,,. 2.1
Perhaps, the simplest way of introducing a gauge invariant

mass term is through the nonlocal gauge invariant variable
AT
I

4,0
- w9
Al = <5w iy >A,,. 2.2)
Expression (2.2) is recognized to be the transverse compo-
nent of the gauge field, 9 ,A7, = 0, and is invariant under

the gauge transformations, i.e.

8A7, =0, (2.3)
with
0A, = —0,0 2.4)
Thus, for the gauge invariant mass term one writes
0,A) = fd“xAZ;AZ;. (2.5)

A second possibility of introducing an invariant mass term
is provided by the operator A2. | which has been recently
analyzed in [5,6]. The operator A2, is obtained by mini-
mizing the quantity [d*xA,A, with respect to the gauge
transformations, namely

0,(A) = A2, = min f dPAA, (26
Making use of the decomposition of the gauge field A, into
transverse and longitudinal parts

PHYSICAL REVIEW D 72, 105016 (2005)

d,0
_ _ MmY
A, —AT + AL AT — (% -2 )A,,,
2.7)
L a#a”
AM o 82 AV’

it follows that

f dxA A, — / dxAT AT + / d*xALAL.

Observe that both terms in Eq. (2.8) are positive definite.
Moreover, as discussed in [5,6], the functional f d*xA pAu
achieves its minimum when 9,4, = 0, i.e. AfL =0, so
that

(2.8)

0 ,(A) = 0,5(A), (2.9)

which establishes the equivalence between expressions
(2.5) and (2.6). It is worth mentioning that the gauge
invariant functional A2, has been proven to be an order
parameter for the study of the phase transition of compact
three-dimensional QED [6].

A third possibility of introducing an invariant mass
operator in the Abelian case is by means of the
Stueckelberg term [58]

04(A) = f dxA, + 0,07 (2.10)
where ¢ is a dimensionless scalar field. Expression (2.10)
is left invariant by the following transformations

0A, = —0,, 0 = w.

u @2.11)

The mass term (2.10) can be rewritten in the form of a U(1)
gauged o-model, by introducing the variable

U = ei?, (2.12)
Thus
i 2
0;(A) = fd“x(AM ~ éU"aMU> . 2.13)
Transformations (2.11) now read
i
Au—’AM+;V 16MV, U—UV, (2.14)
with
V = el®, (2.15)

One checks that the quantity (A, — éU “19,0) is left
invariant by the transformations (2.14). Analogously to
the operator ©O,(A), expression (2.10) can be proven to be
classically equivalent to the mass term of Eq. (2.5). This is
easily seen by looking at the equations of motion which
follow from the gauge invariant action

m2

1
S=Zfd4XFMVFMV+ 3

f d*x(A, +0,¢)% (2.16)

namely

105016-3



M. A.L. CAPRI et al.

0,F,, +m*A, +d,¢)=0, ?¢ +9,A, =0.

2.17)
In particular, from the second equation of (2.17), we obtain
1

¢ = —?aA, (2.18)

so that

9,0, \2
04(A) = f d4x(AM - ’;—214”) - f d*xAT AT
(2.19)
Thus

0;(4) = 0,(4), (2.20)

which establishes the classical equivalence between ex-
pressions (2.5) and (2.10). Also, from (2.18) one sees that
the scalar field ¢ is related to the longitudinal mode of the
gauge field A ,.

Finally, a fourth mass operator can be introduced by
considering the nonlocal quantity

1 1
@4(14) = _5 [d4XF,U,V¥FMV' (221)

Again, this term is seen to be equivalent to expression (2.5).
In fact

1 1
0,(4)=—3 [ Ex(0,A, = 0,A,) 250, — 0,4,

1

1
5 fd“x[A,,y(azA,, —9,0,A,)

1
+AM?(62AM—8,,6MA,,):|
= | d*xA,[A —a“a”A = [ d*xAT AT
- XAy Ay 7 1’8 XAUA Y

04(4) = 0,(A).

(2.22)

thus
(2.23)

Albeit nonlocal, the operator (2.21) can be made local
through the introduction of suitable additional fields.
More precisely, in the present case, one has

1 1 1 im
— 2 4 4 2
Zm fd xFMVHZF#V_)fd x(ZBM,,a B/_LV+—4

X (F/.LVB,LLV - F}LI/E,U,V)>’
(2.24)

where B,,, and B,,, are a pair of antisymmetric complex
fields and m is a mass parameter. Eliminating B ,, and B ,,
by means of their equations of motion, one gets back the
nonlocal action (2.21). One sees thus that, once cast in the
local form, expression (2.21) looks renormalizable by
power counting. It turns out in fact that, in the Abelian
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case, the localized term in the right-hand side (r.h.s.) of
Eq. (2.24) can be added to the usual QFED Lagrangian
without destroying its renormalizability.

III. MASS OPERATORS IN THE NON-ABELIAN
CASE

As we have seen, there exist several ways of introducing
nonlocal gauge invariant mass operators in the Abelian
case. In particular, the four mass operators (2.5), (2.6),
(2.10), and (2.21) turn out to be equivalent. Let us face
now the more complex case of non-Abelian gauge theories.
Let us start by considering the operator A2

min*

2

min

A. Non-Abelian generalization of the operator A

The operator A2, of expression (2.6) can be generalized

to the non-Abelian case by minimizing the functional
Trfd4xA7LA7L along the gauge orbit of A, [5,6,59-63],
namely

AZ

min

= rr{;i}nTrfd“xAﬁAﬁ,

3.1

— ut Lt
W uAluu-i- u'a,u.

A few remarks are in order. Although the minimization
procedure along the gauge orbit of A, makes the operator
A%, gauge invariant, it should be underlined that the
explicit determination of the absolute minimum achieved
by the functional Tr [ d4foLA;‘L is a highly nontrivial task
which, in practice, requires the resolution of the issue of
the Gribov copies. It has been proven that the operator
Tr [ d4xA7LA7L achieves its absolute minimum along the
gauge orbit of A, [59-63]. Moreover, it is also known that,
in general, it possesses many relative minima along a given
gauge orbit. Therefore, one has to be sure that the correct
minimum has been selected. This requires a detailed
knowledge of the so-called fundamental modular region,
which is the set of all absolute minima in field space of the
functional Tr [ d4xA7LA;‘L. The fundamental modular re-
gion is contained in the Gribov region, which is defined
as the set of all relative minima of Tr [ d4xA/“LA,"L. While
the Gribov region turns out to be still plagued by the
presence of additional Gribov copies, the interior of the
fundamental modular region is free from Gribov copies
[5,6,59-63], a feature of primary importance for a correct
quantization of Yang-Mills theories. However, a knowl-
edge of the fundamental modular region of practical use in
the Feynman path integral is not yet at our disposal. All this
should give to the reader an idea of the real difficulty of
obtaining an explicit expression for the absolute minimum
configuration of the functional Tr [ d4foLA7L. A more
modest program would be that of considering the Gribov
region instead of the fundamental modular region, amount-
ing to consider field configurations which are relative
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minima of Tr [ d4foLA;‘L. These configurations can be
constructed in a relatively easy way as formal power series
in the gauge field A,. As discussed in Appendix A, a
minimum configuration of Tr [ d4xA;‘LA7L is attained
when u = h so that A}, is a transverse field, 9,A%, = 0.
The transversality condition can be solved order by order
[64], allowing us to express & as a formal power series in
the gauge field A,,, i.e. h = h(A). This gives

3,0,
AZ = <5MV - ;T)‘f’w

_ [1 igl1 1 (3.2)
¢V = AV - lg[yaA,Av} + E[EaA, QVFGA}

+ 0(A3).

In particular, the configuration AZ turns out to be invariant
under infinitesimal gauge transformations order by order in
the gauge coupling g [64], see also Appendix A, namely

BAZ =0, SA, = —0,0 + ig[A,, o] (3.3)

o

Thus, from expression (3.2) it follows that

A2

min

= Trfd4xAhAh

wp

1 3,0, .
=§fd4x[AM<8W— . )A,,

_ gf(,bL-(%aA(l)(%aAb)A;} +0(AY. (34

We see that the operator A2, can be expressed as an

infinite sum of nonlocal terms. Such a nonlocal structure
looks almost hopeless to be handled in a consistent way for
a generic choice of the gauge fixing term. The only possi-
bility here seems that of adopting the Landau gauge con-
dition, 0 " j; = (. In this case, all nonlocal terms in the
r.h.s. of Eq. (3.4) drop out, so that

1
A2 = ]d“foLAfL in the Landau gauge.  (3.5)

min 2
It is worth remarking that, as proven in [27], the massive
Yang-Mills action

s =L [gtepe po ™ [ gicpa g0
m=y Mo By T 57 XAy

+ f d*x(ba,A4 + ¢9,D%ch), (3.6)
where b? is the Lagrange multiplier enforcing the Landau
condition, d,A¢Y = 0, and ¢, ¢ are the Faddeev-Popov
ghosts, is multiplicatively renormalizable to all orders of
perturbation theory.

In summary, we have seen that the operator A2, can be
generalized to the non-Abelian case. In addition, when
treated as a formal power series in the gauge field A, it

PHYSICAL REVIEW D 72, 105016 (2005)

has the pleasant property of reducing to the renormalizable
operator [ d4xA‘;LAfL in the Landau gauge.

We also recall that the operator [ d4xAZAZ turns out to
be renormalizable to all orders of perturbation theory in the
more general class of the linear covariant gauges [29], a
fact which has made possible to give evidence of a non-
vanishing condensate (A§A¢) in these gauges [13].
However, outside of the Landau gauge, the relationship
between A2, and [ d*xA%A¢ is lost, so that a study of the
nonlocal operator A2, becomes difficult. The operator
AZ?. lacks thus a simple computational framework outside
of the Landau gauge.

B. Non-Abelian generalization of the operator
[dixAL AL

The discussion of the previous section allows us to
generalize the operator [d*xAJ Al in the non-Abelian
case. In fact, according to expression (3.2) [64], see also
Appendix A, it is possible to introduce a gauge invariant
non-Abelian transverse field. It follows thus that the non-
Abelian generalization of the mass operator [ d4xA}TLAlTL is
provided by expression (3.4). This establishes the equiva-
lence between the non-Abelian version of [ d4xAlTLAlTL and
the functional A2 within the space of the formal power
series. Moreover, the operator [ d4xAlTLAlTL is plagued by
the same difficulties affecting A2

min*

C. Non-Abelian generalization of the Stueckelberg term

The Stueckelberg term, Eq. (2.10), can be promoted to
the non-Abelian case [58], namely

; 2
0= Tr/d“x(AM —LU_18MU> ,
8

(3.7)

with

U = eis®'T", (3.8)
where {T}, a = 1,..., N> — 1, denote the Hermitian gen-
erators of the gauge group SU(N), and where ¢¢ is a
dimensionless scalar field in the adjoint representation.
As shown in Appendix B, expression (3.7) is left invariant
by the gauge transformations

U—UV.

- [
A,—V IAMV+§V '9,V, (3.9)

The resulting non-Abelian massive action
Sy = %Tr/d4xFM,,FMV + m*Tr
x / d“x(AM - éU‘la#UY, (3.10)
looks local. However, it is not polynomial in the

Stueckelberg field ¢“. In fact, when expanded in a power
series in the field ¢“, the term U"BMU gives rise to an

105016-5
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infinite number of vertices. This jeopardizes a consistent
perturbative treatment of expression (3.10). To the best of
our knowledge, the action (3.10) is not multiplicatively
renormalizable [58], see also the recent discussion given
in [65]. As done in the Abelian case, it is interesting to have
a look at the classical equations of motion which follow
from the action (3.10), i.e.

D M(AM
Equation (3.11) can be used to express the Stueckelberg

field ¢“ as a power series in the gauge field Af, [66], see
also Appendix B, yielding

—éU‘lauU>=O. 3.11)

po - _%W £ (oo,
+3 f””"aA” % aA") + 0(A%). (3.12)
Therefore
A, — éU'aMU = Ta[A;; - aﬂaa—/f
%fabc(z_lz’«aAb%aAc
+ %f‘”’caAb % aACﬂ +0(A%).
(3.13)
Thus
05 = Tr f d“x(AM - éUWU)Z
% f d*x [A;’]Aff + 2gA‘LT(Z—’§<f“bCA%V a;C
+ Ef“bcaAb % aAC> —-g fabCA;;T<a u %ﬁ) aa—/ﬂ
+ 0(4%). (3.14)

Moreover, taking into account that, due to the transversal-
ity of AZT, the second term of the expression above van-
ishes by integration by parts, we obtain

1 9,0,\ .
@S =§Tr/d4x|:Alu(5,u,, - gz )AM

ALY 9A°
- gf“”"A’[f(B# a2> - }L 0(4Y,  (3.15)

which coincides precisely with expression (3.4). This
shows the classical equivalence, within the space of the
formal power series, between the Stueckelberg mass op-
erator and the functional A2. in the non-Abelian case.

PHYSICAL REVIEW D 72, 105016 (2005)

D. Non-Abelian generalization of the operator
[d*xF,, % F,,

It remains now to discuss the non-Abelian generaliza-
tion of the operator [ d*xF,, +; F,,, a task easily achieved
by replacing the ordinary derivative d by the covariant one
D, namely

Tr f d4xFWD2 oy = f d*xFa, [((D*)~ '] F?,

(3.16)

We remark that this term can be introduced in any gauge
and, unlike the functional A2, . does not require any spe-
cific knowledge of the properties of the Gribov region as
well as of the fundamental modular region. It has already
been considered in [67] in the case of the three-
dimensional Yang-Mills theories, where the use of the
operator (3.16) was based on its appearance in e.g. the
two-dimensional Schwinger model. However, so far, it has
not yet been analyzed in four dimensions. Although in the
Abelian case the operator [ d*xF,, 2 F,, turns out to be
equivalent to A2, | this is no more true in the non-Abelian
case. This can be understood by observing that, thanks to
gauge invariance, the expression (3.4) for Amln can be

rewritten directly in terms of the field strength F,,. In
fact, as proven in [60], it turns out that

1 1
Alzmn = _ETr]lex(Fl-LVﬁFMV

1 1 1
+2i DzF,\M[DzDKFM,ﬁDVFW}

1 1 1 \
— ZlEF/\M[EDKFKV’ﬁDVF)‘M}> + O(F ),
(3.17)

from which the difference between the operator (3.16) and

A2. becomes apparent. This interesting feature gives to
the operator (3.16) a privileged role with respect to the
localization procedure. In fact, while in the case of A2,
one has to deal with an infinite number of nonlocal terms,
expression (3.16) seems to be more manageable. In the
next section the localization procedure of the operator
(3.16) will be discussed.

IV. LOCALIZING THE MASS OPERATOR
Tr fd4xFM,, 22 Fuv

The localization of the operator Tr [ d*xF v # F,, can
be achieved by generalizing the procedure adopted in the
localization of the Abelian operator [ d*xF uv 62 F.,

Eq. (2.24). Let us start by considering the Yang-Mills

action with the addition of the mass operator (3.16), i.e.
Syu + So, 4.1)

where
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1
SYM = Z [d“xF’u,,Fw,, (42)

and

m? _
So = vy f d*xFa, [(D*)~ '] F? . 4.3)
The term (4.3) can be localized by means of the introduc-
tion of a pair of complex bosonic antisymmetric tensor
fields in the adjoint representation, (B, B,,), according
to

_ 1 _
e So= f DBDB(detD2)6exp[—<Z / d*xB%,D% Db B¢,

im _
o f &x(B —B)M,,Fw,ﬂ,

where the determinant, (detD?)°, takes into account the
Jacobian arising from the integration over the bosonic
complex fields (BY,,, B‘;w). This term can also be localized
by means of suitable anticommuting antisymmetric tensor

fields (G%,, G4,), namely

Hv?

4.4)

_ 1 -
(detD?)% = [ DGDG exp<Z f d“szyD?,bD‘;“G;,,)-
4.5)

Therefore, we obtain a classical local action which reads

Sym + Spc + S (4.6)
where
1 _ _
Suo = 3 [ d*x(By, DY DB, — Gl DYDIGS)
im _
S, = T d*x(B — B)/”U, - 4.7

The localization procedure does not destroy the gauge
invariance of the resulting action. In fact, it is easily
checked that expression (4.6) is left invariant by the gauge
transformations

a — _nab,b a — abc , b pc
0Af, = Dy w’, OBy, = gf*"‘w’By,,,
8B4, = gf*"" w"B,, 5G4, = gf*"w’GS,, (4.8)
5GY, = gf " WG,

so that condition (I.) is fulfilled. Let us proceed thus with
the identification of a suitable quantized action, associated
to expression (4.6), which enjoys the property of being
multiplicatively renormalizable. For that, we follow the
setup successfully introduced by Zwanziger [68,69] in
the localization of the nonlocal horizon function imple-
menting the restriction to the Gribov region in the Landau
gauge. In a series of papers, Zwanziger has been able to
show that the restriction to the Gribov region can be

PHYSICAL REVIEW D 72, 105016 (2005)

implemented by adding to the Yang-Mills action a nonlocal
term, known as the horizon function, which is given by

Stors = 782 f d*xfebe AL (M) plece, (4.10)

where vy denotes the Gribov parameter [70] and M2 is the
Faddeev-Popov operator of the Landau gauge

M =—9,(3,8% + gfPAS). (4.11)
As proven in [68,69], the nonlocal horizon term (4.10) can
be localized by means of a suitable set of additional fields,
in a way analogous to that of Eq. (4.4). Remarkably, the
resulting theory is renormalizable to all orders, obeying the
renormalization group equations. Thus, it seems natural to
us to adopt here the same procedure. According to [68,69],
we treat the operators By, F,, and E’f“,F iv» entering the
expression for §,, in Eq. (4.7), as composite operators
coupled to suitable external sources V,,,,(x), V., (%).

This amounts to replace the term S, by

1 _
1 f d*x(VypuwBS oy =V g Ba, FLL). (4.12)

At the end, the sources V,,,,,(x), V
attain their physical value, namely

opur(X) are required to

_ —im
Va'p,u,l/lphys = Vo'p/.LlehyS = T(‘Sa'p,épv - 60'1/8/1;4,)!

(4.13)

so that expression (4.12) gives back the term S,,. As
pointed out in [68,69], this procedure allows us to study
the renormalization properties of the Green’s functions
obtained from the action (Sy;; + Spg) with the insertion
of the composite operators By, Fj, and Bwa -
Following [68,69], let us focus first on the properties of
the action (Syy; + Spg) which, as we shall see, displays a
rich symmetry content.

A. BRST invariance

In this section we shall discuss the symmetry content of
the action (Syy + Spg), where Sy, is the Yang-Mills
action, Eq. (4.2), and Sp; depends on the localizing fields
(B%,, B%,, G%,, G%,), Eq. (47). Let us begin by introduc-
ing the gauge fixing term, chosen here to be that of the

linear covariant gauges, namely
S=SYM+SBG+ng’ (414)

with
Sy = fd‘*x(% baba + b?3 A, + E“GMDZbcb) (4.15)
where b is the Lagrange multiplier and ¢, ¢“ stand for the

Faddeev-Popov ghosts. It turns out that the action S is left
invariant by the following BRST transformation, i.e.
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sAz = —fo’cb, sct = %f"”cc"cb,
sBi,, = gf”bcch;,, + Gy, SB;‘“, = gf”bccbéfw,
5G4, = gf“bccthw, s(_}fw = gf“hcch(_};V + B,
sct = b*, sb® =0, 52 =0, (4.16)
and
5§ =0. “4.17)

This is easily verified by observing that the term S can be
written as a pure BRST variation, according to
1 - e
Spe = 1S f d*xG%,D% D5 B¢, . (4.18)
Of course, the same property holds for the gauge fixing
term

Sgr=s f d4x<% &b + E“aMAfL) (4.19)
In addition to the BRST invariance, and in complete anal-
ogy with the Zwanziger action [68,69] implementing the
restriction to the Gribov horizon, the model displays a
global invariance U(f), f = 6, expressed by

Q vapS =0, (4.20)
where
5 _ 8
Q. vaB = fd4x<BZ —a_BaV =
# PoBy, "B,
5 - 5

+Gl——— GO —— ). 4.21
*FsGe, 5Ggﬁ> “21)

The presence of the global invariance U(f) , f = 6, means
that one can make use of the composite index i = {uv},
i =(1,...,6). Therefore, setting

_ _ 1 _
(Bf, Bf. Gf., G) = 5 (B, B,, G

i pvr Puvy M uws G[;Lv)’ (422)

we get
Spe = f d*x(B¢DS Db BE — GYDYDYEGS),  (4.23)

and for the symmetry generator

5 .8 5 . b
= | d*x[ B¢ —B?— + G¢ - G4——).
2ii f x( "5Be JSBY 15Ge 6G?>

(4.24)

By means of the diagonal operator Q ;, = © ;, the i-valued
fields turn out to possess an additional quantum number,
displayed in Table I, together with the dimension and the
ghost number. Besides the global U(f), f = 6, invariance,
the action (4.14) possesses the following additional rigid
symmetries

PHYSICAL REVIEW D 72, 105016 (2005)

TABLE I. Dimension, ghost number, and Q_f—charge of the
fields.

Fields A ¢ ¢ b B B G G
Dimension 1 0 2 2 1 1 1 1
Ghost number 0 1 -1 0 0 0 ||
Q j-charge 0 0 0 0 1 -1 1 -1
RS =0, (4.25)
where A = {1, 2, 3, 4} and
6 -0
RW = | g Be —Ge—_),
i N\%isGe Vi sEe
s s (4.26)
RY = [ d*x[ B¢ —=— + G*—),
i A\"86e 7 5Bg
_ o)
R 3) _ d4x[ Be _ (a i
i \PisGe  VisBe
4.27)

Let us conclude this section by showing that also the source
term (4.12) can be introduced in a BRST invariant way.
This is achieved by considering the following source term

Saux = de4x[(viuuég - Uiy,VB?)F,ZV + XIUi,u,Vazvi/.w

+ XZUi;wa;LaaViva - g([jiuvviﬂv‘?]aﬁvjaﬂ

- Ui,u,VViMVUja,BUja,B)]’ (4.28)
with
svi,ul/ = Ui,uw SUi,l,LV = O’ SUi,uv = Vi,uw
Vi =0,  s2=0 (4.29)

The quantum numbers of the sources are displayed in
Table II. Therefore, for S,,, one gets

TABLE II. Dimension, ghost number, and Qf—charge of the
sources.

Sources U 1% U Vv
Dimension 1 1 1 1
Ghost number -1 0 1 0
Q j-charge -1 1 1 -1
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- - — V. IDENTIFICATION OF A MULTIPLICATIVELY
— 4 ara afa _ /. ara
Saux = f @5 Gi P+ Vi BIF o = Vi B Fiy RENORMALIZABLE ACTION

+ Ui GOFS, + X1 (Vi 0™ Viny — U 02U 1) In order to discuss the renormalizability properties of
(Ve 0.0V =T 9.9.U our model, we have first to write down all possible Ward

XZ(_ TR T R ”’f) identities expressing the symmetry content of the starting
- f(UiMV UiwwUjapUjap T ViuVipvViapViap classical action, Eq. (4.34). Let us begin by working out the
) Ui;w Ui,u,VVjaﬁVjaﬁ)]' (4.30) Slavnov-Taylor identity. Following the algebraic renormal-

ization procedure as described in [71], we need to intro-

The parameters x,, x,, and ¢ are free parameters, needed ~ duce additional external sources Q. L Y7 YT X, XT)

for renormalizability purposes. The action S, reduces to ~ 1n order to define at the quantum level the composite
the term S,, of Eq. (4.7) when the sources (V; \7”“” operators entering the nonlinear BRST transformations of

the fields (A, ¢, BY, B?, G¢, G?), Egs. (4.16). In the

nv?

Uiuv» Uiy, attain their physical values, given now by
present case, this term reads
(Vi V’Vi v Ui v Ui 1/) _ _
S Sew = 8 ] d*x(—Q8A% + L9t — T9BS — YR
=—(V, Vooun Usour Usour) 4.31
2 Voo Voppe s Uspps). (43D + R4GS + X9GY), (5.1)
_ —im with
Va'p,uulphys = vo’p,uulphys = T(Ba',u‘spv - BUV‘Sp,u)r SQZ — gL4 = O, (52)
Uspur = Ugpur = 0. (4.32) and
Thus sY? = X¢, sX¢ =0, (5.3)
9 _ _
Sauxlphys — S, — 1 ]d“x{m“, (4.33) sX¢ = —Y¢, 5.4)
so that the term S, is recovered, modulo the constant sY¢ = 0. (5.5

quantity ¢m*. All ingredients needed to study the renor-

Y s . The quantum numbers of the external sources (004, L, 17?,
malizability of the action

Y4, X¢, X¢) are displayed in Table III. For the complete
SYM + SBG + ng + Saux: (434) action E

3 =Syu+ Sgr + Sp6 T Saux + Sexv 5.6

are now at our disposal. This will be the task of the next ™ ¢f Bo a ext (56)

section. we obtain
|

@ ~a a Ra Na ¢ Rc ~anya cc 7 a
3= Syy + f d4x<§ b*b* + b*9,A% + ¢ aw;&) + / d*x(B¢D4 Db B¢ — G¢DY Db G¢) + f d*x((U,,,G¢

+V;

iny inv iny

B? - ‘7 B:l +U; G_?)FZ,V + Xl(Vi,u,vaZVi,u,V - Ui,u,vazUi,u,V)) + fd4xX2(ViMVaMaaviVa

- Ui,uva d Uill(l/) - fd4x§(0 U, Uja,BUjaﬁ + Vi Vi,uVVjaBVjaB - ZUi/.LVUi,lLVVjaﬁVjaB)

nYa invYipy ipy
+ f d“x(—QfLD‘;f’cb + % fUCLaCh e + gfPeTact B + gfebeyechBE + gfeXICPGE + g f“bCXl?’ch_}f) (5.7)

TABLE III. Dimension, fermion number, and Qf—charge of
the external sources.

Expression (5.7) obeys several Ward identities, which we

- Sources Q L Y Y X X
enlist below ) .

(a) the Slavnov-Taylor identity Dimension 3 4 3 3 3

Ghost number -1 -2 -1 -1 -2 0

S(3) =0, (5.8) Q j-charge 0 0 -1 -1 1
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0 & 6% o .0 1 02 6 0% & o _\ 6
SE)=[d*x = 2+E 2 E + G¢ E+2 _E+_2 E+ = Bf—_z
00, 8AG, 6L 30“ 6c BY“ o0B¢ o6Y{oBY 06X¢S6GY! \oX¢ o0GY
_ 6% 63 83 83,
+V; + U; —-Y¢ + X¢ , 5.9
”“’5U,W ’“VSVW, toxy BY“} (5-9)
(b) the global U(f) invariance , f = 6, i.e
Q,2=0, (5.10)
where
o _ 8 1 - 6 1 1 1)
Qi‘:fd4x<3? -~ Bl — + G . — G = T Ui, -Uj., Viuw 55—
j 5B TVoB T TNeGT TaGr MU, S0, MV,
-V, J + ¢ J -y J + X¢ J — X¢ J (5.1D)
T ) T R 5 a)zg)’ '
(c) the exact rigid symmetries
RWS =0, (5.12)
where A = {1, 2, 3, 4} and
o o 0 0 o
RW = [ d*x(B¢ oz — G4+ Vi - U, +Ye o X
i N\%sGe YisEe T Tmsu,,, sy, exe  Cisre)
o _ o o _ 8 o
R = [ d*x +GI— +V, + U, — V=t X —),
Y 6G“ ! 6B¢ "y SUM,, U 6V,#,, L oX¢ 1 8Y!
' 5.13
RO = [atx(Be-2 —Ge® —p. % g % yad L3 0 o
Y < "8G¢  TIS8BY MsU,,, M8V, exe T 5Yg>’
o 13} o o 0
RY = | &*x(Bf =+ G = Vipy oo — U, — Yo XY =),
i 7 I5Be MST,,, MV, ' oxe U sYe
d) th fixi diti ¢ — Wse —
(d) the gauge fixing condition Q9,3 =0, R} 3¢ =0,
83 §3¢ _ .17
= ab® + 9 ,A¢ 5.14 - asc —
8b° s G119 sp 0 G0
(e) the antighost Ward identity in addition to
G2 =0, (5.15) B3 =0, (5.18)
where where By is the nilpotent linearized Slavnov-Taylor op-
s erator
6" = 5a " nsan oo . _ 0% 5 8% & 8% 5 , 8%
> f [ma SAY " BAYL 5QY T 8L Sct b
A o ¢ . . v u N 62 e o 6% 6
. Determination of the most general local invariant 5L 550 ( 574 i ) 5B 5B SY¢
counterterm ! ! P
Having established all the Ward identities fulfilled by the 52(1 i_a + <5—_2a +X l“) J - 6—_241 J —
complete action 3, we can now turn to the characterization 6Y[ 8B; OB; oY 86X oG]
of the most general allowed counterterm €. Following the 6% _\ & 6 _\ & 83 6
. o o 5 + — Y9 ) —+ Bi )+ ——
algebraic renormalization procedure [71], 3¢ is an inte- <6G§‘ l>5X;z <3qu1 1>5Gq 8G9 5X¢
grated local polynomial in the fields and sources with 5 5 ' '
dimension bounded by four, with vanishing ghost number +V; v +Uipy } (5.19)
and © ,-charge, obeying the following constraints 5Uuw Viuv

105016-
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BsBs = 0. (5.20)

After a rather lengthy analysis, for the most general allowed counterterm we have found

0S8
3C¢=agSyy +a fd“xA‘;L 5AY£/I

]d4x<(a, +ay)(Q% + 0,89 ¢+ arg f*C(Q4 + 9, c4)Ab e — azgf”bCL”cbcc>

+ [d4x{(2a3 +a4)B¢9?B? — (2a3 + ag)G¢9*G? — (a) + 2a3 + as) g f**° B¢ (9 , AL, +2A% 9, ) BS

+(2ay +2a3 +ay) g f*P P BIAL A BS + (ay +2a3 + ay)g f*° G40, AL, + 2459 ,)G¢

— (2ay +2a3 +ay) g2 fPfreeGEAL AL GE — arg fPc* (YO BS + YPBS — X0 G — Xf’G%')
+[(a; + a3 +as)20,A% + (2a; + a3 + as)g f**°ALASNU,,,G¢ + V,,, B¢ + U, GE —

iwy iwy z;U/

BY)

iwy

abed
< (B{B! —GiG))(BjB] = GjGf) + ar(B{ B} = GIG)(V,

iny z,tux Ul,uVUl,uV)+a8<BaGaVl,LLVUJ,uV

+G“G U,M,,UJW+B B Vuwvuw G¢ B Uuwvmv G¢B¢ U,M,,Vm,,—i-G”B UinoVipw — 2Bj’B Vuwvuw

1 1 1
+2GaG Ul/J,VU],U,V 2B BaVZM,,V”“,'FzGaG Ul/LVUjMV>+a9§(Vl;LV iwy Ul,LLVUl,u,V)

+6110)(1(V a V; U a UI,LLV)+a11X1(V 9,0 vwa U 9,0 Uwa)} (521)

iny inv iuy inrYuva inrYuva

{

where (ay, ai, ay, as, ay, as, ay, ag, dg, ayg, a1y) are free  These parameters a;, i = 0, ..., 11, should correspond to a
parameters and A’“? is an invariant tensor of rank four  multiplicative renormalization of the fields, parameters,
with indices in the adjoint representation and such that and sources of the starting classical action X. However, it
abed — yedab, \abed — bacd (5.22) turns out that the cquntgrterm (5.21) cannot be reabsorbed

through a renormalization of the parameters and fields of

For a general discussion of the properties of higher rank 2. This means that the starting action X is not stable
invariant tensors we refer the reader to [72]. Let us only  against radiative corrections. Said otherwise, X is not the
mention that an invariant rank 4 tensor like A“°“? obeys a ~ most general local invariant action compatible with the
generalized Jacobi identity Ward identities (5.8)—(5.15). In fact, from the expression
fmanAmhcd + fmbn/\amcd + fmcn)\abmd + fmdn)\ahcm =0. (521) it follows that the term

(5.23)
J

abced
f d4x[a7(Bl-“B" GGV ;s Vinw — UsuUsp) + S (BiB! - GIG))(B;B] - G5GY)

inv"juv inv" juv invV juv jipvV juv iwvV juv

~I—a8(BGV U, +G”G“U U, +B“B“V Vi — GiBiU,,V, G”B“U V.

1 1
+G“B"U View — B”B“V Vi + = G“GU U

1 1
iuv? juv 2 ipnv? juv inv _],U,V_E Vl,umv]/.u/—"_ GaGaUz,uvUj,u,V)j| (524)

fulfills all Ward identities. Moreover, this term does not correspond to a renormalization of the parameters and fields of 3.
This follows by noting that the counterterm (5.24) is in fact absent in the expression (5.7).

A stable action %, is thus obtained by adding to the action % the following expression

abcd
S, = f d4x[/\1(l§;‘B“ GGV Viw = UjpyUju) + (B¢B? — G{G?)(BSB} — G‘Gd)+A3<B“G“ iU
1
+ GIGYU 1 Ujpy + BIBIYV iV iy — GIBIU 0,V iy — GIBYU Vi + GEBYU, Vi — 2BaB“VWVW
1. -
2G‘G Ui Ui —EBi BV Viuy + 2G‘G U,W,Um,,ﬂ (5.25)

where A, A3, are free parameters, namely, by taking as starting point the action
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~

2 = SYM + ng + SBG + Saux + S/\ + Sext'

PHYSICAL REVIEW D 72, 105016 (2005)

(5.26)

The previous algebraic analysis can be repeated for the action 3. For the most general allowed counterterm we find now

S ¢ =agSyy + d*xA¢
3 “=agSyy alf b AL

5SYM a ~a a abc a ~a c 8 abc 1 a b .c
fd“x((al +ay)(Q4 + 9,69 ,,¢* + ar g f*°(Q4 +a,c")Ab ¢ —aZEf bepac c)

+ fd4x{(2a3 +ay)B!9*B¢ — (2a3 + ay)G¢9*G? — (a) + 2a3 + ay)g f**°B4(9 , AL, +2A% 9, ) BS

+(2a; +2a; + a4)g2f“bdfbc"E?AﬁAfLBf +(a; +2a; + a4)gf“ch_§’(8MAZ + 2AZ8#)G5

—(2ay +2a5 + ay) g2 f* freGIAL AL GE — arg f*ec* (Y BS + Y BS — X0 GS — XV GY)
+[(a; +as +as)20,A% + (2a, + a3 + as)g f**°AL ASNU,,,G¢ + V,,, B¢ + U, ,GE =V, BE)
o /\abcd _ _ _ _ ~ _
+ (4as + ag) T (B¢BY — G?G?)(B;Bjd. - G;do,) + (2as3 +a7) A (BYBY — G“G”)(VW, iy Uquz/w)
+(2a3+58))\3<B G4 V,M,,Um,,—l-G G4 U,M,,Um,,—l-B B¢ V,#,,Vm,, G?B;?U,»M,, juv — G{B U,M,,Vm,,
a pa 1 a pa 1 a a 1 a pa 1 a a
+ G¢B¢ Ui Vipw = 2B,B V,#,,V,W—l- ~G{G¢ U,#,,Um,, 2B B¢ V,#,,Vm,,—k ~G¢G¢ UinwUju )
+a9§(vz;u/ iny Ul/.LVUl,LLV) +010X1(V1MV6 Vt,uV l,uva UlMV)+a11X1(Vt,lLVa,LL60(VlI/D( Ul,MVa,MaD(UlVa)}
(5.27)
~e {
As a useful check_, lc_et us show that E_ can be reabsorbed by 712 _ 12 Z' N2 Z— — 1+ e + ag (5.37)
means of a multiplicative rgnormalization of the parame- 2
ters, fields, and sources of 2. Setting
ay a
bo= 220 Jo=Zi =76 (528)  Zy=Zy=Zy=Zg=1- 77<70 + % as), (5.38)
where 1/251/25-1/2
_ - Iy=2Zg=Zy=Zy =172 5.39
={A,b,¢,¢,B,B,G, G}, e -39
={0,LUUVVXXYY} (5.29) Z,=1- 6%’ (5.40)
={g @ x1, x2 & Ay, A% 05,
it follows Za = Zu (3.41)
(o, Jo, €0) = (¢, 1, ) + 3 (5,1, €) + O(?). Zn = 1+ elag = 2as + ay), (542)
5.30 ~
( ) Z/\abcd = 1 - 6(204 - a6), (543)
In particular, the renormalization constants are found to be
Z,, = 1 + elag — 2as + ay), 5.44
Zi‘/z =1+ 77<% + a1>, (5.31) A3 (ag 5 8) ( )
Z, =1+ elag+ as — 2as + ay), (5.45)
2 (0, B
Ze ! ”’7(2 * 2)’ (3.32) Z,, =1+ elag + as — 2as + ayy), (5.46)
zV/? =712, (5.33) Z; =1+ €ay + 2a, — 4as — ay). (5.47)
Zl/2 _ Z—l/2 5.34
b A (5.34) B. Summary
12 In summary, we have been able to identify a local and
Zo =27, (5.35) polynomial action, given in expression (5.26), which dis-
plays multiplicative renormalizability. This has been
Zy =2y (5.36)  achieved by adding to the action 3 the term S,
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Eq. (5.25), which is compatible with the complete set of
Ward identities. When the sources (Viy,, Vipws Uipws Uipy)

attain their physical value, Eq. (4.32), S, becomes

3 _ - A
Silonys = /d4x|:— ng)\l(B;;VB;;V - G4,G4,) + m23—§
_ abced _ B
X (BLILZLV - BZV)Z + 16 (B{,ZLI/BZV - GfLI/GZV)
X (BS;B%, — G';ch,,)}. (5.48)

This expression reminds us of a kind of Higgs term. There
are, however, several differences. These are due to the
antisymmetric character of the fields (Bfu,, B,“w, G;’w,
G_‘;w) with respect to the Lorentz indices. Moreover, we
remark that, while (B4, B%,) are bosonic, the fields (G4,
G_;’w) are anticommuting. With the exception of the term
containing the parameter A;, expression (5.48) displays
thus a supersymmetric structure, a feature supported by
the fact that, according to (4.16), the fields (B, ,, B;‘“,, G0,
(_?f“,) transform as BRST doublets. Therefore, a certain
number of cancellations among the contributions arising
from these fields might be expected in the evaluation of the
Green’s functions of the model. The possible use of this
supersymmetric structure will be explored in the future, as
well as its possible consequences for the Green’s functions
of the model.

To conclude, let us give explicitly the starting action
when the sources (Vi Viyys Uinys Uiy,) attain their
physical value, Eq. (4.32), while the additional external
sources (Q%, L%, Y4, Y¢, X4, X9) are put equal to zero.

S=SYM+SBG+SWL+S/\| +ng

phys
1 im _
= [ d“x[ZF;gVFzV + 4 BB FL,

1, _ -
+4(BL, DY DY B, — G, DY DI G,

3 = - A; -
— 5 M (B By — Gl Gly) +m* (B, — B, P

abced
+ 7(Bfwaw -G4,G%,)(BS B4, — G5,G4,)

b+ b0, AL + Eaaﬂfo’cb} (5.49)
Let us finally notice that each of the terms in Eq. (5.48) is
invariant w.r.t. the gauge transformations (4.8). More pre-
cisely, one has

S(SYM + SBG + Sm + SAlphys) = 0. (550)
VI. ONE-LOOP RENORMALIZATION

We now turn to the details of the explicit one-loop
renormalization of the Lagrangian (5.49) in the presence
of the nonlocal operator. It is first worth noting some of the
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key features of (5.49) in relation to the extraction of the
one-loop renormalization constants prior to discussing
their calculation. First, considering the case when m is
zero then one has a gauge theory fixed in an arbitrary linear
covariant gauge where in addition to the usual gluon and
Faddeev-Popov ghost fields there are two additional aux-
iliary fields, B‘/’w and G;i,,, where the latter is anticommut-
ing. Since these fields originate in localizing the nonlocal
operator, when that operator is absent at m = 0, these new
fields ought to play a completely passive role in the (one-
loop) renormalization. In other words the gluon, Faddeev-
Popov ghost and quark renormalization constants ought to
be equivalent to those obtained when By, and GY,, are
formally absent. However, when they are present the alge-
braic renormalization formalism has demonstrated that
they generate a new quartic interaction through (one-
loop) renormalization effects' which is indicated by the
term with the independent coupling A“*“? in (5.49). In
other words if one computes the B“B*B°B? four-point
function at one loop with A%¢“ initially zero, there will
be a divergent contribution at O(g?) which will be removed
by the counterterm generated by the term involving A¢?¢¢,
This is akin to the situation in A¢* theory where the
Lagrangian is multiplicatively renormalizable in four di-
mensions. However, the interaction can be replaced by a
cubic vertex involving an auxiliary scalar field. The renor-
malization of this version of the Lagrangian still proceeds
as usual except that the Lagrangian ceases to be multi-
plicatively renormalizable since a ¢* vertex will naturally
be generated from one-loop box diagrams. The standard
A¢* B-function and renormalization group functions can
still be extracted with the auxiliary field version but one has
to take account of the effects of the generation of the extra
interaction. Indeed a similar situation arises in two-
dimensional four-Fermi theories where a formalism has
been developed [73] and used to perform three-loop cal-
culations. The situation for our current Lagrangian is the
same. The quartic interaction is generated via loop inter-
actions and will be O(g?). Thus it does not need to be taken
into account for the extraction of the one-loop anomalous
dimensions we are interested in. For the case when m is
nonzero, there is a similar situation. The algebraic renor-
malization demonstrates that the now localized mass op-
erator (E’j‘“, — BY,,)F},,, which is dimension three, mixes
into two gauge invariant dimension two operators being
those associated with the couplings A; and A;. In other
words computing the renormalization of the operator with
a massive gluon propagator will inevitably lead to the
generation of these two additional operators. As such this
is nothing new in that it follows the pattern already known

¢ might be useful to remark here that, at one-loop order, the
invariant rank four tensor which emerges from explicit calcu-
lations turns out to be proportional to g2(fee? feba fmep fmda
feap febagmdp gmeq) - which fulfills in fact the conditions (5.22).
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for the renormalization of local composite operators (see,
for example, [74]). Indeed it is reassuring that this property
emerges in an elegant way from the algebraic renormal-
ization formalism for a localized nonlocal operator.
However, these two additional operators do not form the
complete basis of the possible dimension two operators
that higher dimensional operators can mix into when one
uses the massive theory. Since each combination of pairs of

the set {B%,, BY%,, G4, G%,} are individually gauge
invariant operators, to correctly treat the renormalization
one would have to construct the full mixing matrix for this
set. Though only those combinations with zero ghost num-
ber would be of importance. As we are primarily focused
on extracting the anomalous dimension of the nonlocal
operator itself, it will be apparent that this mixing matrix
is not immediately required and we will defer its compu-
tation to a later article.

Having outlined the status of (5.49) it is now evident
how one goes about extracting the renormalization con-
stants which will lead to the anomalous dimension of

f“,#F v Since we have localized this operator to
(B4, — B%,)F%, then the anomalous dimension of

fwﬁF Ly 18 equivalent® to that of the gauge invariant
operator (B4, — B%,)F4,. Therefore, we can extract the
anomalous dimension by inserting (BS,, — B, )F4,, into a
Bi‘wA’f, two-point function and compute it using massless
propagators. This is similar to how one determines the
quark mass anomalous dimension by inserting the mass
operator ) into a quark two-point function, [75,76]. For
(B4, — B%,)F%, we will need the BY, anomalous dimen-
sion. However, we have carried out the full renormalization
of all the fields of (5.49) at one loop by making use of
symbolic manipulation programmes. The Feynman dia-
grams for the relevant Green’s functions are generated
with the QGRAF package, [77], converted into FORM, [78],
input notation before extracting the divergences with the
MINCER package, [79]. This uses dimensional regulariza-
tion in d = 4 — 2e dimensions and we will remove the
infinities with the (mass independent) MS renormalization
scheme. If we define

d
= u—1InZ,, 6.1
Y4(a) Ma’u nZ, (6.1)

for ¢ € {A%, ¢, ¢, B, G4,,} where a = g*/(167%), then

the renormalization constants give the explicit results

yala) = [(Ba — 13)C, + 8TFNf]§ + 0(a?),
¥e(@) = (a = 3)C4 5 + 0(a?) 62
yy(a) = aCra + 0(a?),

ya(a) = ygla) = (@ — 3)Cqa + O(a?),

2Up to an overall scaling factor.
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where N is the number of quark flavours,® 79T = CylI,
facdfbed — €, 59 and tr(T°T?) = Tr6%. For complete-
ness we note that the massless momentum space propaga-
tors of the fields are

Bab Py
(AL(PAL(=p) = = 7 |:6,uv —(1—a) ppf }

ab

(c(p)e(—p)) = 1—2 W(p)H—p)) =

’

"BN|~S\

5ab (6.3)
<BZV(p)Bl;'p(_p)> == 2—172[6;“)'61/;7 - 8,up6va']!
_ 5ab
<Gftluz(p)G(bfp(_p)> == 2—172[6M0'5Vp - 5Mp81/0']’

where p is the momentum. It is worth noting that the
expressions for the gluon, Faddeev-Popov ghost, and quark
are equivalent to those obtained in the absence of By, and
G¢,, as expected. Indeed from examining the contributions
from the diagrams involving these fields it is evident that
the anticommuting property of Gj,, introduces the neces-
sary minus sign to exactly cancel the contribution from the
graph involving a B, loop. To verify that the BY,, and G{,,
anomalous dimensions are correct, aside from correctly
satisfying the equality demanded from the algebraic renor-
malization, Eq. (5.37), we have also renormalized both the
gluon-B and gluon-G vertices at one loop and verified that
the correct one-loop a independent coupling constant re-
normalization emerges as

11 4

Bla) = —[— C, - —TFNf:|a2 + 0(ad).

3 3 (6.4)

Hence the renormalization of the operator BY,,Fj,, pro-
ceeds by inserting B, ,F};, into a gluon-B two-point func-
tion and extracting the divergence from the five one-loop
diagrams. Although we are regarding B¢, Fy, as multi-
plicatively renormalizable, since it is of dimension three it
could in principle mix into the dimension three quark mass
operator, siy. However, at one loop there are no mixed
diagrams of inserting ¢4 into a gluon-B Green’s function
or of inserting BY,, Fy,, into a quark two-point function. If

we define

0,=2700, (6.5)
where the subscript | denotes the bare object, with
O =B, F,, (6.6)

?Although we did not consider matter fields in the previous
analysis, it turns out that the multiplicative renormalizability of

the action 3, Eq. (5.26), can be extended to the case in which
spinor fields are present.
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then we find
2 11
Zo=1+(STpN; ——Ci )2+ 0(@). (67
3 6 €
Hence, with
Jd
Yola) = po—InZo, (6.8)
M
we deduce
11 2 5

As the original operator was gauge invariant it is reassuring
to note that y(a) is independent of «. It is worth under-
lining here that the anomalous dimension yo(a) is equiva-
lent to the one-loop B-function, where the overall factor of
2 is accounted for by noting that this is equivalent to the
anomalous dimension of m as opposed to that of m?. This is
interesting for various reasons. First in the one-loop renor-
malization of two-leg higher dimension operators in Yang-
Mills theories the operators FY,,Fy,,, D, F;,D,F;,, and
D,D,F;,D,D,Fg, each have the same one-loop anoma-
lous dimensions which is also the ,B-function,4 [81,82].
What is intriguing in the present situation is that the non-
local operator F' j‘w#Ffw, which has a similar Lorentz
contraction as the higher dimension operators noted above,
has an anomalous dimension which is the same at one loop.
There would appear to be no a priori reason either from the
algebraic renormalization or other methods to expect this.
Obviously, having the two-loop correction to (6.9) would
enhance our understanding of both the renormalization and
significance of this nonlocal operator. With the exception
of F},, F,,, the renormalization group behavior of the two-
leg higher dimension operators is also unknown.” It would
be interesting to pursue this study to find out if a gauge
invariant and renormalization group invariant mass dimen-
sion two condensate could be found using F7, #F v
provided the operator condenses. Since evidence for the
existence of a nonzero dimension two condensate arises in
the fitting of data for gauge variant objects
[18,20,21,24,25], as a first step, it would seem natural in
the light of (6.9) to find out whether one could extract an
estimate for the one-loop renormalization group invariant
condensate {a,F%, 2> F4,) by fitting for 1/Q* power cor-
rections in measurements of correlations of gauge invari-

“We have checked that the dimension ten operator
DMDVDUFZQDMDVDUFZO has the same one-loop anomalous
dimension too [80].

SFor details concerning the renormalization (group) properties
of I, F{,, with or without massless/massive quarks, we refer to
[83].
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ant operators. We refer to [84—86] for a review of the role
of such 1/Q? corrections which go beyond the standard
Shifman-Vainshtein-Zakharov (SVZ)-expansion
[84,87,88].

VII. CONCLUSIONS

In this work the properties of the nonlocal gauge invari-
ant operator Tr [d*xF,,(D*)~'F,, of mass dimension
two have been investigated. We started by looking at the
Abelian case, where several nonlocal gauge invariant op-
erators have been considered. Moreover, in this case, all
operators turn out to reduce to the same expression when
the classical equations of motion are employed. All
Abelian operators generalize to the non-Abelian case.
However, their classical equivalence does not hold any-
more. In particular, the operator Tr [ d*xF,,(D*)"'F,,
exhibits differences with respect to the operator A2 .

Albeit nonlocal, the operator Tr [d*xF,,(D*)~'F,,
can be cast in local form by the introduction of a suitable
set of additional fields, in contrast with the operator A2, . A
local and polynomial action has been identified, Eq. (5.26),
and proven to be multiplicatively renormalizable to all
orders in the class of linear covariant gauges by means of
the algebraic renormalization. We point out that this action
possesses a finite and relatively small number of parame-
ters, a feature useful for higher order computations. We
have calculated the one-loop renormalization group func-
tions of the model. We have recovered the anomalous
dimensions of the elementary fields, if already known. In
the case of the nonlocal operator, we have found that the
renormalization group behavior is dictated by the
[B-function at one-loop.

The possibility of having at our disposal a local and
renormalizable action might provide us with a consistent
framework for a future investigation of the possible exis-
tence of the condensate (F #F ).
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APPENDIX A: PROPERTIES OF THE
FUNCTIONAL f ,[u]

In this appendix we recall some useful properties of the
functional f,[u]
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fA[u]ETrfd“xA;;Az
=Trfd4x<u*A#u +iuT8Mu><u*A#u +iufaﬂu>.
8 8
(A1)

For a given gauge field configuration A, f[u] is a func-
tional defined on the gauge orbit of A ,. Let A be the space
of connections A%, with finite Hilbert norm [|A]l, i.e.

1
[|A[|* = Tr f d'xA,A, = ] d*xA% A% < +00, (A2)

and let ‘U be the space of local gauge transformations u
such that the Hilbert norm ||ufdul| is finite too, namely

[lutoul|> = Trfd“x(uTaﬂu)(uTaMu) < +o00. (A3)

The following proposition holds [59-63]
(a) Proposition
The functional f4[u] achieves its absolute minimum
on the gauge orbit of A,.
This proposition means that there exists a 2 € ‘U such that

8falh] =0, (A4)
82falh] =0, (AS)
falh] = falul Vu e U (A6)

|

2

2 2 . 2 2
. w . w 4 . [ . w
A’“L = (l —igw — g2—>A7L<l +igw — g2—2 > + —g<1 —igw — g2—>aﬂ<l +igw — g2—>
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2

The operator Az . is thus given by

A = rﬁi}nTr/d“xA;‘LAz = falhl (A7)

Let us give a look at the two conditions (A4) and (AS5). To
evaluate 6 f,[h] and 82f,[h] we set®

-
v = he'$? = he'8¥ 1

(A8)

1
[T, TP] = if*be,  To(TT") = 3 84, (A9)

where w is an infinitesimal Hermitian matrix and we
compute the linear and quadratic terms of the expansion
of the functional f4[v] in power series of w. Let us first
obtain an expression for A,

i
w= vTAMv +—vT8Mv
8
oot heise 4 ooty pe
e '$°hTA, he's® +ge '8(hTa,h)e's®
I . .
+ 7899 e

— e—igwAilLeigw + ie—igwaueigw. (A10)
g

Expanding up to the order w?, we get

2 2 : 2 2 2
= (1 —igw — g2%><Aﬁ + igAlw — g*Al %) + é(l —igw — g? %)(igaﬂw %(G#w)w - %w(aﬂw)>
g2 & g’ 2
= AZ + igAZw — EAZ‘”Z — igwAZ + ngAZa) — 7‘02AZ + —<ig8#w — ?(a#w)w - >0,
+ gzwaﬂw> + O(w?), (A11)
from which it follows
g g
Ay = AR+ ig[Al, 0] + 7[[60’ Al o] — 0,0+ ii[(u, d,0] + O(w?). (A12)

We now evaluate

The case of the gauge group SU(N) is considered here.
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falv]=Tr / d*xAL AY,
2
. g g .
- Trfd“x[(Aﬁ +iglal o]+ il aL) 0] - 0,0 + 500,01+ 0(w3)> X (AZ + iglAl, w]
g g
+ 3[[(0’ Al w]-0,0 + ii[w, d,w]+ 0(0)3))}
g2

hoah 2 _ h 24k _ Ah 8 4n
AlAL @ TA,U«(UA/-L AM(?Ma)-i-tEAM[w,aMw]

g

= Trjd“x{AZAz + igAl[AL, w] + g?Al wAl 0 — 5

2 2
. . 8 8
+ig[Al, w]Al — g[Al, w][Al, 0] — ig[AL, ], 0 + g2wAl wAl — ?A’;wQAZ — TszﬁAﬁ - 9,wAl
—igd, oAl w]+0,0d,0 + ig[w, BMa)]Ai’L} + O(w?)
2 2
— £ [h] - Tr f d*x{Ah, 0, 0} + Tr f d4x<g2AZwAZw - %AZAW - %AZwZAZ — ¢[Ah, w][AL, w]
g g g
+ g2wAl wAl — EAZ‘”ZAZ - szAﬁAZ> + Trfd4x<8,ua)8“w + iz[a), d,w]Al —igd, w[Al, w]

. .8
— lg[Aﬁ, w]o, o + liAﬁ[a), aﬂw]> + O(w?)
= fulh] +2 fd4xtr(w8MAZ) + [d“xtr{ZgzwAﬁwAﬁ —2g°Al AL w2 — g2 (Al w — wAL)(Ah w — wAl)}
+ fd“xtr(a#a)a#w + i%waﬂa)AZ - i%aﬂwwAZ - igaﬂa)AZw + igaMwa)Ai‘L - igAZa)aﬂa)

. .8 .8
+ lgwAi’Lale + lEAﬁ’La)auw — lEAZGMww> + O(w?)

= falh] + 2Tr]d4x(a)8ﬂAZ) + Tr[d“x(auwauw +igwd,wAl —igd, wwAl —2igi, wAl w

+ 2ig6MwwAZ) + O(w?). (A13)

Thus 8falh]=0=a,A" =0,

82fu[h]>0= —9,D,(A") > 0. (A16)
mw=p

fA[v]=fA[h]+2Tr[d4x(w8MAﬁ)+Trfd4x(8#a)a#a)

+ iga)aﬂa)Ai‘L — igaMwa)AfL - ig(éﬂa))AZw We. see the.rf?‘fore that t}.le set Of. field cqnﬁgu.ra_tions ful-
filling conditions (A16), i.e. defining relative minima of the
functional f4[u], belong to the so-called Gribov region (),
which is defined as

+ ig(aﬂa))a)AZ) + 0(w?)

= falh]+2Tr f d*x(wd,Al)
QO={A,0,A,=0and —9,D, (A 0} Al7
+Trfd4x{aﬂw(aﬂw—ig[AZ,w])} {41044, = 0and = 0,D,(4) >0} (AIT)

+ 0(w?). (A14)  Let us proceed now by showing that the transversality
condition, d,A% =0, can be solved for h = h(A) as a
power series in A,. We start from

Finally
i
falv] = falh] + 2Tr f d*x(wd,AlL) A = WTAL R+ R ,h, (A18)
- Trfd4xw8#D#(Ah)w +0(w’), (A15)  with
so that h = eit® = 841", (A19)
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Let us expand A in powers of ¢ This equation can be solved iteratively for ¢ as a power
series in A, namely
2
h=1+igd — %(;52 + 0(¢?). (A20)
1 .8 0A g 0A
=—0,A, +i—|0A, +1i A, 0,—
From Eq. (A18) we have ¢ 92 32[ 32:| 32[ s 32i|
j 0A
e + % %[?, aA} + 0(43), (A23)
Ap=AutiglAy, &1+ A — AP

2
- %quA# — ¢+ i§[¢, 8,1+ 0(dd). (A2D) o that

Thus, condition ,A" = 0, gives . 1 a, dA
Al = A,u - _26#614 - lg?[Aw aI/_i|

?p =09,A+iglo,A, dl+iglA, d,0] : 5 82
+8%0,pA, ¢ + g2 Po,A ¢+g2¢A u® — '%a—’z’“[aA ! aA}—i-ig[AM,%aA}
g2 2
~ 5 A, d? — 2 A, ,u;/nﬁ— A, dd, b +i g[l A, "aA}+0(A3) (A24)

2
8 g g2
5 0uPPA, — 2 $9,PA, — 7¢28MAM

n l.g [&, 92 #]+ O ¢3). (A22) E.xpression (A24) can be written in a more useful way,
2 given in Eq. (3.2). In fact

9,0, 1 g
AZ:<5W_ . )(A g|: 9A,A } 2[3 9A, 9, aAD+0(A3)

T1 igl 1 1 [ d,. 1 g0, [0A 9 3
= M—zg[yaA,AM}%—?[?aA ”azaA} Fi 0A+ig a2 [ 9A,A } 2323 [32 azaA}-i-O(A)

0 1 1 1 ) d,[0A
ZA#—G—§8A+ig[AwazaA} f[azaA #azaA:|+1g82 [—gaA,AV} %?[?,BA}+O(A3) (A25)

which is precisely expression (A24). The transverse field given in Eq. (3.2) enjoys the property of being gauge invariant
order by order in the coupling constant g. Let us work out the transformation properties of ¢, under a gauge transformation

SA, = —0,0 +ig[A,, o] (A26)

w

We have, up to the order O(g?),

1 1 A
5b, = —0,m + ig[?aA, ayw} - ig[a}, ayyaA} - iﬁ[?, ayw} + 0(g?)

2
B g1 & 1
= —an+15[?6A,a,,w}+z§[ayyaA,w}+0(g2). (A27)
Therefore
9A
5, = —ay<w - i%[?, wD + 0(g?), (A28)

from which the gauge invariance of Aﬁ; is established.

Finally, let us work out the expression of A2, as a power series in A,
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2 4. Ah AR
A2, —TrfdxA#A#

9,0,
::Tr/}ﬂx[¢ﬂ<5ﬂy—-{§—>¢y}
.1 igrl 1 4,0, T
_ Tr[d4x|:(AM - lg[yaA, A#} + 3[¥aA, aﬂyaAD X (6#,, - g—2><AV - lg[yaA,A,,}
ighl 1
+2[ 2aA,a,,azaAD
9,0, _ JA\T 9A JA\[9A _ 0A
= Trfd4x{AM<5#,, - 3—2>AV - 218<AV - GV?>|:?,AVi| (A - 6 az>|:?, ayyi” + 0(A4)
0,0, A 9,0AT0A 0A 0A
=Trfd4x{AM<5W - ’:;2 ) —2igA, [ AV} + 2ig—~ [— A }-ﬁ- igA, [ }

9% | 9%’ 32’ Y 92
9,0ATIA _ 9A
—ig”—[— ad —M O(A%)

a2 L2’ Vo2
1 . 0o\ e O aA“aA” “aaAhaaAc
- f d“x[AM(BW - ’(;—2>A,, — pgfab LA~ gfeteAy a—} + 0(4%). (A29)
{
leading to the result quoted in Eq. (3.4). Thus

We conclude this appendix by noting that, due to gauge
invariance, Afmn can be rewritten in a manifestly invariant

way in terms of F,, and the covariant derivative D, [60], Tr(A, —— U '9,U)? = Tr(A, —— U 'a,U)%. (B2)
see Eq. (3.17).

APPENDIX B: PROPERTIES OF THE Let us look now at the equations of motion of the
STUECKELBERG TERM Stueckelberg field ¢“, as expressed in Eq. (3.11), from
which

In this appendix we derive some useful properties of the
non-Abelian Stueckelberg term Oy [58], defined by the
Egs. (3.7) and (3.8). The expression (3.7) is left invariant by i 4 _ _
the gauge transformations given in Eq. (3.9). In fact 0pAp = ga#(U 9,U) —[A,, U9,U1 = 0. (B3)

A, —~U"9,U)— V@A, —~U9,U)V. (BI)
8 8 Expanding the term U9 » U in power series of ¢
J

2 2
U—laMU — e—ig¢”T"aM€ig¢"T“ _ <1 — igaTe — %(ﬁaTa(ﬁbTb)aM(l + igp?Te — %¢aTa¢bTb> + 0(¢3)

g g
E%Cﬁ“(ﬁbT“T" _ E ¢aa’u¢bTaTb>

2

<1 _ ig¢aTa _ g?d)aTad)bTb)(l-gaMd)aTa _

— 2 a a_gz a hub_gza bab 2 ta baTb 3

=igl"d,¢ E(8M¢)¢TT ?d)aﬂqﬁTT + g°%9,¢°TT + O(¢°)

2

= igT"0, 6" ~ (2,61, T'] + O(¢?), (B4)
yielding
U_laﬂU igT"d, ¢ — lTCf“bC(a ¢ PP + 0(P). (BS)

After substitution of expression (B5) in Eq. (B3), we have
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0=20,A9T" + 6#<T"6#q§“ — %ch”bcaﬂqﬁ“qﬁb) — igAb 9, [T, T¢] + higher order terms

= T“(aA“ + 0%¢¢ — gfa’"(azgz)b)gbc + gf"hCAfLa#¢”> + higher order terms, (B6)
from which
2t = —aA® — gfeAb ¢ + %fﬂbc(62¢b)¢c + higher order terms, (B7)
and
b = _%aAa _ %(fabcAZa'u(ﬁc _ %fabc(azd)b)(;bc) + higher order terms. (B8)

Finally, substituting recursively for ¢, we obtain the expression (3.12).
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