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1. Introduction

Lattice calculations at small quark masses require an action with good chiral properties. The
same is true for calculations of matrix elements of certain operators, which otherwise mix with
operators of opposite chirality. Ginsparg-Wilson fermions [1] have an exact chiral symmetry on the
lattice [2], and thus are well suited for these tasks. A further advantage is that they are automatically
O(a) improved [3]. Overlap fermions [4, 5, 6] provide a four-dimensional realisation of Ginsparg-
Wilson fermions.

It is well known that computer simulations with overlap fermions suffer from large computa-
tional costs due to the large condition number. One possibility to reduce this number is by using
improved gauge actions [7] and hence there is a need for the corresponding perturbative calcula-
tions. In this paper we use the tadpole improved Liischer-Weisz action [8, 9, 10]

6 1 1
SI;I W — — |Co Z =ReTr(1—- Uplaquette) +C1 z = ReTr (1 — Urectangle)
g plaquette rectangle
1
+Cs3 Z —ReTr (1 - Uparallelogram) . (1-1)
parallelogram

The parameters c; and c3 weight the contributions of the corresponding six-links loops. It is cus-
tomary to impose the normalisation condition

Co+8c1+8c3 =1. (1.2)
Defining the lattice coupling 3 by
6
B= 7% (1.3)

we choose in accordance with numerical simulations performed by the QCDSF collaboration [11,
12] the following values [13]

B |a Cs
8.45 | —0.154846 | —0.0134070 (1.4)
8.0 | —0.169805 | —0.0163414

A further step to reduce the computational costs consists of smearing the gauge link variables
in the fermionic action. The resulting fat links tend to reduce the density of eigenmodes speeding
up the inversion of the fermion Dirac operator [14]. Morningstar and Peardon [15] have proposed
an analytic smearing method (stout link method) which can be applied in Hybrid Monte Carlo
(HMC) simulations. As by construction the stout links remain in the SU(3) group, this enables the
force term in the equations of motion for HMC to be easily determined.

The calculations which we will present in the next sections have been performed for r = 1
and the overlap parameter p = 1.4 (for the definition see [16]). The influence of stout links is
investigated for local operators only.
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2. Renormalisation

To obtain continuum results from lattice calculations of hadron matrix elements, the under-
lying operators have to be renormalised. A non-perturbative determination of the corresponding
renormalisation factors would be preferable. However, often perturbative renormalisations are done
first. Especially, if this calculation is performed analytically it provides useful information about
the intrinsic singular structure and possible complicated mixing properties. We use a Mathematica
program which has been developed for one-loop lattice perturbative calculations [17] and has been
extended to overlap fermions with improved gauge actions.

We define renormalised operators &' by

07 (1) =27 (au)0(a), (2.1)

where .7 denotes the renormalisation scheme. Z; (a, i) is the renormalisation factor connecting
the lattice operator ¢/(a) with the renormalised operator & (u) at scale p. We use the MOM
scheme by computing the amputated Green function A, of the operator & and define the Z, via

Zy™(a, )

ZMOM (3. 1) No |p2 2= = AU*® + other Dirac structures, (2.2)
{1/ )

where Z(’},"O'V' (a,u) is the quark wave function renormalisation factor. The renormalisation con-
stants can be converted to the MS scheme,

ZS (a, 1) = Zy oMM ZMM (a, 1) (2.3)

MSMOM

where the conversion factors Z are calculable in continuum perturbation theory.

3. One-link operators

Let us first consider the one-link operators

Oy = iit,u(x)yu Bv Y(x) — traces, (3.1)

Opy = iEqT(x)yuys Dy W(x) — traces, (3.2)

which are related to the first moments of unpolarised and polarised nucleon structure functions,
where Bv is the left-right covariant lattice derivative. The chiral properties of overlap fermions
imply that matrix elements of &), and ﬁ’fw give identical results. Therefore, we restrict our calcu-
lations to the unpolarised case, i.e. to &,,. For a detailed discussion see [18].

The amputated one-loop Green function A, obtained from (3.1) has the form

9°Cr

s { [(1 + s) log(a2 ) — 4.29201 € + bl} Vi Py

A (@, p) = Yupv+ ==

| §100(@r) + 5 £ +be| Wt |~ loa(@p?)— 5 x| 8 p

+heGuop+ (~3+) 22 gl 3
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with & as gauge parameter (Feynman gauge: & = 0) and Cg = 4/3. The constants b; are linear
combinations of finite lattice integrals [17] and depend on the used lattice fermionic and gauge
actions. For the chosen actions and parameters we obtain

Action | b | b | by | b | bs
B=845| —56115 | —3.8336 | 2.7793 | 0.3446 | —16.180 (34)
B=8.0 | —5.2883 | —3.7636 | 2.7310 | 0.3331 | —15.733

In (3.4) we have added the contribution of the quark self energy bs which is needed for the calcu-
lation of the wave function renormalisation.

From (2.2), (2.3) and (3.3) we determine the Z factors in the MS scheme for the commonly
used representations under the hypercubic group

1 1
Ts(,ﬁ) D Ovy == (0O1+0n) , Ti3> D Oy = Ons— 3 (O11+ O+ O33) .

2
They have the form
2
MS ., _9Cr (16
with 40
By (ck, p) = 9 +by +bs, by, =bi+by, by, =bi+by+by. (3.6)

It is well known that the naive perturbative results suffer from lattice artefacts. Therefore,
mean field (tadpole) improvement [19] has been proposed to rearrange the perturbative series. In
case of overlap fermions the tadpole improved Z factor is given by [16]

Zg
Zy :Z%F <ZMF> ) (3.7
% pert

where Z%F is the mean field approximation of Z,. For overlap fermions we have

MF _ P MF g'ZI'ICFi TI
0 _P—4(1—U0)’ ﬁpert_1+ 162 pku : (3-8)

Here up denotes the mean value of the link. The boosted parameters are chosen as [16]
o =%/, ¢ =c, ¢'=uc(i=13), C'=co+8c[ +8c'. (3.9

k[ is the one-loop contribution of the perturbative expansion for up with ¢/ inserted for the cor-
responding gauge actions (k!' = 5.3625/5.0835 for 3 = 8.45/8.0).

In case of overlap fermions one needs to improve the quark propagator as well which leads to
a mean field improved p parameter

o™ = p—4(1-w)

m . (3.10)

Results obtained with p™' are denoted as fully tadpole improved (FTI). The Z factors have the form

e 2.C 16
Z]1 WS _ ZMF {1 o [ﬁ log(ap) + B/ (CI',p)} } , (3.11)
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Z\I/:_TI,M_S:Z%F{l_g‘ZrICF { 16

| 62 | 3T loo(ar) + By (CI',pT')] } . (3.12)
(0]

The following table shows numerical results for the various levels of improvementata=1/u

Operator | f3 B ZMS gT! | zTI.MS BFT! | ZFTI.MS

Voa 8.45 | —22.430 | 1.315 | 0.502 | 1.393 | —0.077 | 1.411
Vaop 8.45 | —22.085 | 1.311 | 0.793 | 1.384 0.230 | 1.401 (3.13)

Voa 8.0 | —22.036 | 1.310 | 0.603 | 1.390 | —0.108 | 1.412
Vap 8.0 | —21.703 | 1.305 | 0.892 | 1.381 0.199 | 1.402

It can be read off from Table (3.13) that the one-loop corrections B for the improved perturbative
Z factors become smaller as expected. Thus the perturbative series is better behaved. For B =
8.45 and representation v,, we can compare the perturbative Zs (bold faced numbers in (3.13))
with a quenched Monte Carlo simulation [20] giving ZMCMS _ 1.98(3). Using the stout smearing
procedure (see Section 4) the resulting factors are 2G> = 1.47(4) and Z'GM> = 1.34(3) with
the value of the smearing parameter w = 0.15.

4. Local operatorsand stout smearing

Z factors for local fermionic operators for overlap fermions and a set of improved gauge ac-
tions have been determined in [16]. A recalculation has been performed by loannou and Panagopou-
los [21]. In this section we show the influence of stout smearing on the perturbative Z factors.

By construction a stout smearing step is performed on a gauge link variable U (x) as [15]

Ulsn+1) (X) — eIQI(Jn) (U,O)yv) U‘Sn) (X), (41)

where n denotes the step of smearing. The parameters cwy,, characterise the strength of smearing:
they are the weights of the perpendicular staples associated to the link (x,x-+ [1). For our pertur-
bative calculation we have assumed the isotropic case wy, = w and a small value of w. Various
investigations suggest values of 0.1 < w < 0.3. Therefore, we have expanded (4.1) to first order
in w. Furthermore, we have restricted ourselves to n = 1. The resulting stout link has been in-
serted into the fermionic action modifying the corresponding Feynman rules for the quark-gluon
vertices. The corresponding results are obtained in powers of w. As a possible choice in the tadpole
improvement we assumed that our approximate stout smearing has been done for the mean field
rescaled links (this does not change Z%F and does not rescale w).

As examples we have calculated the Z factors in MS-scheme for the scalar and axial vector
operators for the TILW action at 8 = 8.45 and the perturbative improvement levels discussed in
the previous section. For the scalar operator we find (a=1/u)

Zs = 1.168—0.248 w—0.154 o?,
zI' = 1.309-0.488w—0.239 w?,
ZE™ = 1.359-0.241w—0.685w? .
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These numbers can be compared with ZM€ obtained from a quenched MC simulation at o = 0.15
and a single smearing [20]:

Zs=1127, zI'=1.230, ZE"' =1307; Z&§ goew =1.36(1), ZYT g = 1.13.
The same has been done for the axial vector operator. We get in this case
Za = 1.156 — 0.475w+0.092 w?,
Z\' = 1.268 —0.860 w+0.179 w?,
ZET = 1.303—0.560 w— 0.346 w?.
The comparison with MC gives for w =0.15
Zn=1.087, Zp'=1114, Z{"' =1211; ZN§ e =1.42(1), ZN$ g = 1.16.

Contrary to the non-perturbative case the perturbative stout smearing decreases only mildly the
renormalisation factors.

References

[1] P. H. Ginsparg and K. G. Wilson, Phys. Rev. D25 (1982) 2649.
[2] M. Luscher, Phys. Lett. B428 (1998) 342.
[3] S. Capitani, M. Gockeler, R. Horsley, P. E. L. Rakow and G. Schierholz, Phys. Lett. B468 (1999) 150.
[4] R. Narayanan and H. Neuberger, Nucl. Phys. B443 (1995) 305; Phys. Lett. B302 (1993) 62.
[5] H. Neuberger, Phys. Lett. B417 (1998) 141; Phys. Lett. B427 (1998) 353.
[6] F. Niedermayer, Nucl. Phys. Proc. Suppl. 73 (1999) 105.
[7] T.DeGrand, A. Hasenfratz and T. G. Kovacs, Phys. Rev. D67 (2003) 054501.
[8] M. Luscher and P. Weisz, Commun. Math. Phys. 97 (1985) 59 [Erratum-ibid. 98 (1985) 433].
[9] M. Lischer and P. Weisz, Phys. Lett. B158 (1985) 250.
[10] M. G. Alford, W. Dimm, G. P. Lepage, G. Hockney and P. B. Mackenzie, Phys. Lett. B361 (1995) 87.
[11] M. Glrtler [QCDSF Collaboration], PoS (LAT2005).
[12] T. Streuer [QCDSF Collaboration], PoS (LAT2005).
[13] C. Gattringer, R. Hoffmann and S. Schaefer, Phys. Rev. D65 (2002) 094503.
[14] T. DeGrand and S. Schaefer, Phys. Rev. D71 (2005) 034507.
[15] C. Morningstar and M. J. Peardon, Phys. Rev. D69 (2004) 054501.

[16] R. Horsley, H. Perlt, P. E. L. Rakow, G. Schierholz and A. Schiller [QCDSF Collaboration], Nucl.
Phys. B693 (2004) 3 [Erratum-ibid. B713 (2005) 601].

[17] M. Gockeler, R. Horsley, E. M. llgenfritz, H. Perlt, P. Rakow, G. Schierholz and A. Schiller, Nucl.
Phys. B472 (1996) 309.

[18] R. Horsley, H. Perlt, P. E. L. Rakow, G. Schierholz and A. Schiller [QCDSF Collaboration],
[hep-lat/0505015].

[19] G.P. Lepage and P. B. Mackenzie, Phys. Rev. D48, 2250 (1993).
[20] M. Girtler [QCDSF Collaboration], private communication.
[21] M. loannou and H. Panagopoulos, PoS (LAT2005).

238/6



