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Perturbations of Kantowski-Sachs modelswith a
cosmological constant

Z. Keresztes, M. Forsberg, M. Bradley, P. K.S. Dunsby anél.I_Gerger

Abstract We investigate perturbations of Kantowski-Sachs modetk @ipositive
cosmological constant, using the gauge invariant 1+3 ardd-2-€ovariant splits of
spacetime together with a harmonic decomposition. Thaigsations are assumed
to be vorticity-free and of perfect fluid type, but otherwiselude general scalar,
vector and tensor modes. In this case the set of equationbecaaduced to six
evolution equations for six harmonic coefficients.

1 Introduction

In this work we consider perturbations of Kantowski-Saclugleis with a positive
cosmological constant. Some of these models can undergnisotrapic bounce
where the universe changes from a contracting to an expamtiase. A simple
argument used by Borner and Ehlefs, [1], to show that amdpimt bouncing uni-
verse is excluded by observations does not hold for the KeskieSachs models
[2]. Hence it is of interest to study the evolution and progtéan of perturbations in
these models and their possible effects on observablesth& Sachs-Wolfe effect
[8]. To do this we use the 1+3 and 1+1+2 covariant splits otepime, [5[ 6| 4, 3],
that are suitable for perturbation theory, as they emplojatstes that vanish on the
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background and hence their perturbations are gauge im¢§@ja The perturbations
are assumed to be vorticity-free and of perfect fluid typépliuerwise include gen-
eral scalar, vector and tensor modes. The evolution equsafar the perturbative
variables are then derived in terms of harmonics.

2 The 1+3 and 1+1+2 covariant formalisms

A covariant formalism for the 1+3 split of spacetimes with fprred timelike
vector,u?, was developed i[5, 6]. The projection operator onto thp@edicular
3-space is given by = g+ uauP . With the help of this vectors and tensors can
be covariantly decomposed into "spatial” and "timelike't{sa The covariant time
derivative and projected spatial derivative are given by

Pap= UCDCLPa...b and Dcyy p= h(f; hg---thf Wd..e 1)

respectively. The covariant derivative of the 4-veloail;,can be decomposed as

1
Dan = —UaAb + Dan = —UaAb+ éehab + (A)a_b"' Gab (2)

where the kinematic quantities of, acceleration, expansion,vorticity and shear
are defined byAq = UPOpu,, 8 = Dal?, Wy = D(aUp), and 0ap = D<alp respec-
tively. These quantities, together with the Ricci tensap(essed via the Einstein
equations by energy density and pressur@ for a perfect fluid) and the electric,
Eab = Cacbatu?, and magneticHap = 31aqeC%%cUS, parts of the Weyl tensor, are
then used as dependent variables. From the Ricci and Biatasitities one obtains
evolution equations in the? direction and constraints.

A formalism for a further split (1+2) with respect to a sphtiactor n® (with
u?n, = 0) was developed iri [4,] 3]. Projections perpendiculan?@re made with
NP = h2 — nyn°, and in an analogous way to above "spatial” vectors and ten-
sors may be decomposed into scalars alohgnd perpendicular two-vectors and
symmetric, trace-free two-tensors A% = &/n?+ &2 , w? = QN+ Q?, oy =
5 (nnP — %Nab) + 22 aNp) + Zap and similarly forEy, andHap in terms of &, &3,

&ap AN 7, %, 4, respectively. Derivatives along and perpendicular®tare

Pa.b=nDellia_p = N°hihd. hE0 Wy, e and GeWa b= NINS..NEDf Py_e (3)

respectively. Similarly to the decomposition Gfuy,, Dany andn, can be decom-
posed into further ‘kinematical’ quantities o¥ as

1 .
Danp = Naap + §¢Nab+58ab+zab and ng=.Uy+ 03 4)

whereag = fia, 9= 8an?, & = 6% 5,n0UcNy, {ap = S(alyy, & = NPAG, Oa = N2,
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The Ricci and Bianchi identities are then written as evolutaind propagation
equations in the? andn? directions and constraints.

3 Perturbations of Kantowski-Sachs

As backgrounds we take the Locally Rotationally SymmettiR$) Kantowski-
Sachs cosmologies|[7]

ds’ = —dt? + af(t)dZ’ +a3(t) (d9? + sir? 6dg?) ©)

with cosmological constant > 0 and matter given by a perfect fluid with barytropic
equationp = p(u). The sheaZ, energy densityt and the expansio6 evolve as

1

: 2
S=-252_2
2 3

— g AL, 85 _lg2 S50
20-6, p=-6(u+p), 6=A-zu-5p)-36°-53%6)

where the electric part of the Weyl tenso#is= — 2 — 2A — 52+ 262+ 156.
Instead of the background variables>, &, u we use their gradients

Wa = 6367 Va = 6327 Xa = 63687 ua = 63“7 (7)

which vanish on the background and hence are gauge invdttentderivatives
6= n?D,0 etc. can be given in terms of tldg derivatives due to commutation rela-
tions in the case of no vorticity). Similar variables vatighon the background are
Aa, 0, &, (o, Qa, A, Aa, Za, Zap, ba, Ean, H , Ha, Hapn Whereag can be put to zero by
choice of frame.

The scalar, vector and tensor variables are expanded inomé&cgnaccording to

oV =k
V=3 HRQo. %= 3 R (W, Q8 +Pip Q)
kKL kK

Yap = K R (%IMQZE +wl\\!ﬁ6:‘t) ©
KL

—k —k .
whereQ , ;‘}, Ny Q:lg andQg, are harmonics on the 2-spheres of constant

andF1<H the corresponding expansion functions in #hdirection.
_ . . T T —T —T
All coefficients can be given in terms gt/u-,kﬂ Zk\\,kL’ éaku-,ky %ku"& andéakuvkl,
e%’q&, so the system has six degrees of freedom. The first four cieeifs form a

closed system of evolution equations coupled to the degsigiient, in agreement
with the results for scalar perturbationslin [2]. This reads

. b2 u+p\ 46
v o _ |2 (_gHhtP) 491 v
ik, = {2 (1 65 > 3}Hk,kﬁ‘
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?2 (H+p) [(1_0)(8212‘—‘,M+‘5ﬁ kL) - P%-li—“,kj ;

- 1 dp 20

T = —_— —

Sk = T a(utp)du R (Z 3 ) Xk~ Gk

' 23 H+p 3

T v

Gk, = ~ 28Rk T 2 ZKH k—5(F +ZC)<§kH Kt3 %k” K,
. IkH T |kH 3 & T
%kH’kL alazB“kH kg R‘%ﬂkuai& |:1_ E (C_ §>:| éokH,kJ_ ) (9)

. . Zkﬁ K2 9¢2 _1(2 k:
where we have introduced the notati@s ¥+¥§+—Z +3&, C=B ( a;+3£)

K2 2-k2
D:C+“—§‘),E:%(C— )"‘3ng Z+26 P= |kH {3’{(1 C)—giz—azzgl}

aZB
a closed system for free waves

@ %
andR=3F - (= +% ) - (z-%) (D - a—%> . The two last coefficents form

o= 3FipEl 9 1Dy
ki = ~5(F+ID)& y,+ al( ) Ak,

v >

2k2

: ar 3

ATy, = = ( a” BC+ 9ZE> Fuw, —5 PE+F) AL . (10)
1

These sets of equations can be used to study the propagétgrauitational
waves and the coupling between scalar and tensor pertomisatturthermore, from
the null geodesics of photons, equations for the redshdfiffarent directions can be
given completely in terms of the 1+1+2 quantities. Fromrnilelutions the Sachs-

Wolfe effect and the corresponding variations in the CMB pienature can be cal-
culated.
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