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Chapter 1 

Introduction 

Superconducting QUantum Interface Device, SQUID, is the most useful super­
conducting instrument developed so far. There are numerous variants of SQUIDs, 
of which the so called DC SQUIDs have dominated the field of applications. The 
DC SQUID is the most sensitive magnetometer known. They have been applied 
widely in experimental research including the detection of gravitational waves, 
nuclear magnetic resonance, noise, radiation, and biomagnetic fields. Conven­
tionally, the DC SQUIDs have been used only for low frequency applications, but 
with careful design, the operation frequencies can be extended to the microwave 
range. 

The property that makes a DC SQUID based microwave amplifier highly 
interesting is its outstanding noise performance: the theoretical quantum limit of 
the input noise temperature is only a few tens of millikelvins at gigahertz frequen­
cies. Recent studies have demonstrated that the quantum limit can be reached by 
cooling a high quality SQUID amplifier down to subkelvin temperatures [1] . Such 
noise temperatures are unreachable with any other known microwave amplifier 
technologies. The best competitor, a high electron mobility transistor (HEMT) 
cooled to liquid 4He temperatures is limited to noise temperatures of the or­
der of a few Kelvins. Additionally, the power dissipation of the DC SQUIDs 
is extremely low, a few picowatts, while the HEMT amplifiers dissipate several 
milliwatts. Dissipated power heats the surrounding environment, which may be 
disastrous, for example, in superconducting electronics. 

In this Master's Thesis, a state-of-the-art DC SQUID microwave amplifier, 
LTL 800, fabricated in Technical Research Centre of Finland (VTT), has been 
studied both experimentally and theoretically. Particularly, the noise perfor­
mance and the microwave characteristics have been determined in a wide range 
of operation points using a spectrum analyzer and a vector network analyzer. 
To understand the behavior of the device, we constructed an analytical model 
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1 Introduction 2 

based on lumped circuit elements. Furthermore, a detailed computer simulation 
model, originally written for the design process, was improved to explain the 
rather unexpected experimental results. Both of the models will be applied for 
future SQUID amplifier designs. 

The organization of the work is the following. In Chapter 2, we review 
the basics of the DC SQUID. The circuitry and the parameter values of the test 
device, are considered in Chapter 3. The analytical circuit model of the DC 
SQUID amplifier is derived in Chapter 4, and the computer simulation model is 
described in Chapter 5. In Chapter 6 we show the experimental configurations. 
The main experimental results, and the corresponding results from the computer 
simulations, are presented and analyzed in Chapter 7. The work is concluded 
briefly in Chapter 8. 



Chapter 2 

DC SQUID 

In this chapter we will give a qualitative description of the DC SQUID starting 
from a simple derivation of the Josephson equations. The main goal is to un­
derstand the current-voltage characteristics, as well as, the flux-to-voltage and 
flux-to-current transfer functions. Similar derivations can be found from [2-4]. 

2.1 Josephson Equations 

According to the microscopic theory of superconductivity, there exists an attrac­
tive interaction between the electrons in a superconductor resulting bound states 
of electrons. These two electron quasiparticles are called Cooper pairs. The ex­
tent of a Cooper pair is much greater than the average separation of electrons. 
In fact, in the region of a single pair there are millions of electrons, which are 
themselves correlated into pairs. This macroscopic correlation results that all 
Cooper pairs in a superconductor can be presented by a single wave function, the 
Ginzburg-Landau order parameter: 

'1/J(r) = l'I/J(r)leicp(r) . (2 .1) 

Here l'I/Jl 2 can be identified as the density of Cooper pairs and cp is the phase of 
the state. The long range order fixes the value of the phase in all points in the 
superconductor. 

3 



2DCSQUID 4 

The current density of Cooper pairs with charge -2e and mass 2me can be 
written as 1 

(2.2) 

where A is the magnetic vector potential. Inserting the order parameter (2.1) 
leads to 

en 2 ( 21r ) 
J=-mel7/JI 'vcp+cI>oA ' (2.3) 

where cI>0 = h/2e is the flux quantum. Thus, the gradient of the phase cp deter­
mines the current carrying states in the superconductor. 

There is a nonzero probability for a quantum mechanical particle to tunnel 
through a thin, classically impenetrable, energy barrier. Tunneling of Cooper 
pairs through a region in which the superconductivity is weakened gives rise to 
the Josephson effect. The region is called a weak link, and it can be a point 
contact, a normal metal layer, or an insulating layer. 

The Josephson effect can be understood qualitatively by assuming that the 
Cooper pair density decays exponentially within an insulating layer with a decay 
constant a [2]. If two identical superconductors k=l,2, with GL wave functions 

(2.4) 

where 17/!1 00 refers to the Cooper pair densities deep inside the superconductors, 
are separated by a thin insulating layer, the superposition of the two wave func­
tions can be written as 

(2.5) 

where l is the thickness of the tunnel barrier. Neglecting magnetic field and 
inserting (2.5) into (2.2) we get the first Josephson equation 

where the critical current, Jc, is the maximum supercurrent density that the junc­
tion supports, and i).cp is the difference in the phase between the two electrodes. 
Equation (2.6) introduces the DC Josephson effect, which predicts that if there 
is a difference in phase between the superconductors connected by a weak link, a 

1Semiclassically, the canonical momentum of a particle with mass 2me and charge -2e is 
p = 2mv - 2eA, from which the average velocity of the particle is (Re(v)) = ½(v + v*) = 

4,!,. ('I/JI ((f> + 2eA) + (f> + 2eA)*) l'I/J) = -;,;; ('I/J*V'I/J - '1/JV'I/J*) + f;;,A'I/J *'I/J . The current density 
is then J = -2e(Re(v)). 
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supercurrent of Cooper pairs flows across the junction even in the absence of an 
applied electric field. 

The time evolution of a quantum mechanical state in stationary potential 
is described by the Schrodinger equation 

iii~~= Eiµ. 

Inserting the GL wave function (2.4) into (2. 7) gives 

or.pk 
-liipk ot = Ekiµk, k = l, 2. 

(2 .7) 

(2 .8) 

The transfer of a pair of electrons from one side of a Josephson tunnel junction to 
the other involves an energy E = -2eV, where Vis the voltage applied over the 
junction. Subtracting equations (2.8) from each other, and writing r.p2 -r.p1 = b.r.p, 
leads to 

db.r.p 2eV 
= 

dt Ii ' 
(2.9) 

which is the second Josephson equation characterizing the AC Josephson effect. 
If we integrate equation (2.9) from t = 0 to t, and substitute the result into the 
first Josephson equation (2.6), we get 

(
2eV ) J(t) = Jc sin ht+ b.r.p(O) . (2.10) 

Thus, application of a DC voltage across the Josephson junction produces an 
alternating current with the frequency 

f 
_ 2eV 

J - h ' 

which is called the Josephson frequency. 

(2.11) 

The phase difference, b. r.p, is not gauge invariant, and therefore it cannot 
determine any physical quantity, such as the current density. A phase difference 
that is independent of the selection of gauge is 

27r lb , = b.r.p - - A · ds, 
<Po a 

(2.12) 

where the integration is from one electrode of the junction to the other. Using 
the gauge-invariant phase difference, the Josephson relations can be written as 

and 
d, 2eV 
dt - h . 

(2.13) 

(2 .14) 
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Figure 2.1: A schematic figure of the DC SQUID consisting of a superconducting 

loop interrupted by two Josephson junctions. 

2.2 Critical Current 

The DC SQUID is basically a superconducting ring interrupted by two weak links 
as depicted in figure 2.1. The line integral of the vector potential A around a 
contour passing through the junctions 1 and 2 and the electrodes a and b gives 
the enclosed flux <I>: 

<I> = f A · ds = 1 A · ds + 1 A · ds + 1 A · ds + 1 A · ds. (2.15) 

In the bulk superconductor, the superconducting current is zero,2 and equation 
(2 .3) reduces to A= (<I>0/21r)v'c.p. Selecting an integration path deep inside the 
superconducting electrodes, we can write 

1 A · ds + 1 A · ds = :; (1 v'c.p · ds + 1 v'c.p · ds) = :; (.6.c.pa + .6.c.pb), (2.16) 

where .6.c.pa and .6.c.pb are the phase differences across the electrodes a and b, 
respectively. Using equation (2.12), we get 

(2.17) 

where 11 and 12 are the gauge-invariant phase differences (defined from the elec­
trode a to the electrode b), and .6. c.p1 and .6.c.p2 are the phase differences across 

2The Meissner effect implies that a weak magnetic field decays exponentially in the su­
perconductor, and hence, according to the Maxwell equation J ex 'v x H, the supercurrent 
vanishes. 
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the junctions 1 and 2, respectively. Since the phase must be single-valued, the 
total phase change across the loop must be a multiple of 21r, i.e. 

(2.18) 

Combining equations (2.15), (2.16) , (2.17) and (2.18), and setting n = 0, we get 
the relation between the gauge invariant phase differences: 

21r<I> 
'Yl - /2 = ~ - (2.19) 

The total flux enclosed by the loop, <I>, is the sum of the external applied flux <I>x 
and the flux induced by the screening supercurrent, 

(2.20) 

circulating in the loop. If the loop inductance is L, the self induced flux is 

(2.21) 

Now, relation (2.19) becomes 

271" ( 1 ) 'Y1 - 12 = - <f>x + -L(l2 - 11) . 
<I>o 2 

(2.22) 

Assuming identical junctions3 with a critical current l e, and substituting the first 
Josephson equation (2.13) gives 

11 - ,2 = 
2

7!" (<I>x + !Lle(sin 12 - sin11)). 
<I>o 2 

The total supercurrent flowing through the SQUID circuit is 

l =Ii+ 12 = le(sin ,1 + sin 12). 

(2.23) 

(2.24) 

The maximum current that can flow across the SQUID without resistance with 
given <I>x is found by solving 12 numerically from the implicit relation 2.23, and 
maximizing (2.20) with respect to 11 . Alternatively, we can formally substitute 
equation (2.19) into equation (2.24) to get 

l = le ( sin 'Y1 + sin ( 11 -
2
;:)) , (2.25) 

3 A DC SQUID with somewhat asymmetrical junctions exhibits only slightly different prop­
erties (8]. 
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C R JJ JJ R 

Figure 2.2: The resistively and capacitively shunted junction model of the DC SQUID. 

which is easy to maximize with respect to 11 , and the result is 

(2.26) 

The SQUID critical current is thus a periodic function of the total flux, <I>, en­
closed by the loop with a period of one flux quantum. According to equation 
(2.26), the maximum supercurrent is zero at <I> = (n + 1/2)<!>0 . The screening 
currents try to keep <I> at multiplies of the flux quantum, and since the minimum 
circulating current is energetically advantageous, a step change of 4> 8 occurs at 
(n+l/2)<1>0 [4]. Hence, the self induced flux effectively just increases the minimum 
critical current, but maintains the fundamental <I> 0-periodicity. 

2.3 Electrical Equivalent Model 

The Josephson equations describe properly the behavior of a large Josephson 
junction4 with current below the c.ritical current. The characteristics of the large 
Josephson junction in the finite voltage region can be explained by the Resistively 
and Capacitively Shunted Junction (RCSJ) model. 

The RCSJ-model of the DC SQUID is depicted in Figure 2.2. In the case 
of the SQUID amplifiers considered in this work, the junctions are shunted by 
real resistances R. For tunnel junctions, the capacitance C is approximately the 
capacitance characterized by the barrier thickness and dielectric constant. 

4Here the large junction means that the current can be considered as a flow of continuous 
charge density instead of discrete charge carriers. 
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The total current I through the SQUID is the sum of the loop currents: 

(2.27) 

In the model, the Josephson junctions are described by the ideal Josephson equa­
tions (2.13) and (2.14), in which case the loop currents, I 1 and I2 , are simply 

Ii= lesin,i + ~ + C:~ + lni , i = 1,2, (2.28) 

where Ini is the noise current from the shunt resistor. We can eliminate V from 
(2.28) by substituting the second Josephson equation (2.14) to obtain 

Ii <I>oC d2,i <I>o d,i . lni - = ----
2
- + --- + sm,i + -. 

le 27r le dt 27r Rle dt le 
(2.29) 

Changing into a dimensionless time variable 0 = 21r IeRt / <I>0 leads to 

(2.30) 

where we have introduced the Stewart-McCumber damping parameter 

/3c = 21r IeR
2
C. 

<I>o 
(2.31) 

Combining equations (2.22), (2.27), and (2.30), and substituting variables v = 
(,1 +,2) /2, </> = (,1 -,2) /2, <Pa = 1r<I> al <I>o and i = I /2Ie we get two dimensionless 
differential equations [19] 

. . d2v dv . 
i - Zni = f3e de2 + de + sm v cos</>, 

and 
. d2 </> d</> . 2 
Zni = f3e de 2 + de + COS V sm </> + f3L ( </> - <Pa), 

where the beta parameter f3L is 

/3 
_ 2IeL 

L - <l>o . 

(2.32) 

(2.33) 

(2.34) 

Equations (2.32) and (2.33) can be viewed as the equations of motion of the DC 
SQUID. According to numerical analysis of equations (2 .32) and (2.33), in order 
to avoid magnetic hysteresis, the parameter f3L has to be less than one. Similarly, 
nonhysteretic current voltage characteristics require that /3c ~ l. 
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Assuming that C ~ 0 and neglecting In, we can solve the voltage V from 
equations (2.27) and (2.28) as 

V = ~I ( 1 -
2Jc (sin 11 + sin 12)) 

= ~I ( 1 _ 
2Jc cos ( ~~) sin ( 

11 
; 

12
) ) , (2.35) 

where we have substituted equation (2.19). The time averaged voltage is ob­
tained by integrating equation (2.35) over the period of one Josephson oscillation, 
T = <I>o/V: 

l T RI 2J <I> 2 

( ) 

1/2 

(V) = T 1 V dt = 2 1 - ( T cos ( ~o)) (2.36) 

For frequencies much less than the corresponding Josephson frequency, equa­
tion (2.36) effectively describes the DC current-voltage characteristics of the DC 
SQUID. Practical voltage bias points are larger than, say, 10 µV, so that the 
Josephson frequencies are > 4.8 GHz. Hereafter, we will assume that all oper­
ation frequencies are much less than the Josephson frequencies, and write the 
voltage across the SQUID as V = (V). 

The current-voltage characteristics are gathered into figure 2.3. Both cur­
rent and voltage across the SQUID are periodic functions of flux with the period 
of one flux quantum. Equation (2.36) is valid only if the current I is greater 
than the critical current Im from equation (2.26). If I < Im, the SQUID is 
superconducting and equation (2.23) holds. 

In practice, the SQUID is usually biased with DC current I ~ 2Ic across 
the SQUID, and constant applied flux <I>~ <I> 0/4 [7] . At the bias point, equation 
(2.36) reduces to 

V = RI (1- 2IJ)1/2 
2 I2 , (2 .37) 

from which, the effective resistance of the biased DC SQUID is 

Rd=l_dVI !!:_ 
dI - v12 ' 

il>= il>o/4, 1=2lc 

(2.38) 

which is called the dynamic resistance. 

2 .4 Transfer Functions 

Previously we showed that at the finite voltage region, the current , I, and the 
voltage, V, across the DC SQUID are periodic functions of flux enclosed by the 
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Im I 

<I>x 

(n-l)<I>o 

n<I>o 

(n+ l)<I>o 

I 
1 
I 

- <I>x 

(n+ 1/2)<I>o 

V 

Figure 2.3: The IV characteristics of the DC SQUID. Both current and voltage are 

periodic functions of applied flux <I>x with a period of <I> 0 • The screening supercur­

rent rejects the 100% current-flux-modulation predicted by equation (7.1). Figure is 

obtained from ref. [4]. 

11 

SQUID loop, 4> (equation (2.36)). A steep slope of current with respect to flux 
means that a small change in flux, 64> ~ <I> 0 , produces a large change in the 
current. A flux-to-current transfer function is defined as IqJ = dI /dcl>. We can 
obtain an approximative result for IqJ readily from the critical current formula 
(2.26): 

IqJ = !! ~ 2Ic:
0 
sin(~:)= {3~1r sin(~:). (2.39) 

At the practical bias point, where <I> = <I> 0 / 4, the transfer function is 

(2.40) 
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Im 

JJ R 

JJ R 

Figure 2.4: Simple equivalent circuit of the DC SQUID amplifier. 

More exact derivation confirms that l;p = A/ L, where A is some constant in the 
order of unity. Correspondingly, the flux-to-voltage transfer function is defined 
as V;p = dV /d<I>. Using equation (2.40), the flux-to-voltage transfer function at 
the bias point is approximately 

(2.41) 

The RCSJ-model of the DC SQUID amplifier is represented in figure 2.4.5 

The input coil inductance Li is inductively coupled to the SQUID loop inductance 
L with coupling coefficient 

2 Mi 
a = LiL. (2.42) 

where M is the mutual inductance between input coil and the SQUID loop. A 
current signal olin in the input coil induces a flux 6<I> = Molin· If the SQUID is 
properly biased, and the input signal amplitude is small, the transfer functions are 
nearly constant, and the output current is olout = l;pO<l> = l;pM olin· Equivalently 
6V out = V;pO<l> = V;pM olin· Thus, the input signal is linearly amplified. 

5The figure shows the typical construction where the two junctions are near each other, 
and most of the loop inductance is localized to the other electrode of the SQUID, the washer. 
Usually, the input coil and washer are grounded to reduce potential difference. 



Chapter 3 

LTL 800 SQUID Amplifier 

LTL800 SQUID Amplifier was made in Technical Research Centre of Finland 
(VTT) from photolithographically patterned thin films of niobium with window 
type Josephson junctions.1 The main designer was PhD Jari S. Penttila from 
VTT Information Technology. 

A picture of the complete LTL 800 circuit is shown in Figure 3.1. The 
corresponding simplified electrical circuit is also depicted. Here we will describe 
in separate sections the input coil and the SQUID (b) , the input circuitry (a), 
and the output circuitry (c)-(e). 

3.1 SQUID Design 

LTL 800 is an advanced version of the typical DC SQUID construction first 
demonstrated by Jaycox and Ketchen [6]. Figure 3.2 shows the three successive 
niobium layers forming the SQUID and the input coil. The counter electrode at 
the first niobium layer (i), and the washer at the second niobium layer (ii) forms 
the body of the SQUID. The slit in the middle of the two layers determines the 
inductance of the SQUID. The two Josephson junctions (J J) are near each other, 
and they are individually shunted by resistors (R) in order to damp hysteresis. 
The octagonal input coil is on the third niobium layer (iii). Most of the input 
coil is deposited over the superconductive washer, which works as a core of the 
coil collecting the induced magnetic flux into the slit, and consequently providing 
a good coupling between the input coil and the SQUID. 

According to t11e Jaycox and Ketchen washer formula [12], the SQUID loop 

1Several variations of LTL 800 SQUID Amplifier were fabricated. In this report, we will 
concentrate mainly on one type of the device. 

13 



3 LTL 800 SQUID Amplifier 

1 000 
LTL800SD 
VTT 2002 

L 

U2 

I 
LTL8oo_l 

IRF our 

Figure 3.1: The LTL 800 CAD file showing the circuitry of the device. Size of the 

real chip is 1 mm x 2 mm. Corresponding equivalent circuit is also depicted, and the 

arrows shows the location of (a) the RC shunt, (b) the SQUID and the input coil, (c) 

the blocking inductor, (d) the output transformer, and (e) the output capacitor. 

(i) 

Figure 3.2: The three successive niobium layers forming (i) the counter electrode, 

(ii) the washer, and (iii) the input coil. The arrows points to the shunt resistor (R) , 

the Josephson junction (JJ), and the slit. 

14 
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inductance is 
L = l.25µoa, (3.1) 

requiring that the width of the washer is much larger than the side length a of the 
square slit. For LTL800, a = 5 µm, so that the loop inductance is predicted to be 
L = 7.9 pH. The other SQUID parameters were selected as follows: For optimal 
non-hysteretic operation, the beta parameters should be close to one. Choosing 
fJL ~ 0.9 required the junction critical current to be Ic = f3L<Po/2L = 120 µA. 
The process yielded junction critical current density Jc = 1200 A/ cm2, which 
fixed the junction area to 1 µm 2

, and the junction capacitance to C = 300 fF. To 
obtain f3c ~ 0.9, the shunt resistors became R = (f3c<P 0 /21ricC) 112 ~ 2.7 n. 

The input coil consists of superconducting microstrips, width w, separated 
from the superconducting washer by insulator with dielectric constant E and thick­
ness d. If w > > d and the superconducting penetration depth is less than the 
layer thickness, the inductance and capacitance per unit length are given by [12] 

and 

Lo = µo (d + 2>.) 
w 

C 
_ EEoW 

0 - d . 

(3.2) 

(3.3) 

In our case, w = 2 µm, d = 250 nm, and E = 4, resulting L0 = 346 nH/ m and 
C0 = 283 pF / m. 2 The characteristic microstrip impedance Z0 , and wave velocity 
c0 are given by 

/Lo Zo = y Co = 35 n, (3.4) 

and 
1 8 / c0 = ~ = 1.0 · 10 m s. (3.5) 

According the Jaycox and Ketchen model, the input coil inductance is 

(3.6) 

the mutual inductance is 
M=nL , (3.7) 

and the coupling coefficient is 
M 

a=--vr;:r,· (3.8) 

2The microstrip inductance and capacitance was also calculated as suggested by Chang [22], 
resulting Lo = 169 nH/ m and C0 = 410 pF / m. 
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Here n is the number of turns of the input coil, and le is the length of the coil. 
For LTL 800, n = 15 and le = 5.5 mm, so that Li = 3.7 nH, M = 120 pH and 
a= 0.70. The total parasitic capacitance between the input coil and the SQUID 
washer is Gp= leCo = 1.6 pF. 

The washer inductance and the junction capacitances give rise to the washer 
resonance. The presence of the input coil increases the capacitance across the 
loop by about Cp/8. The washer resonance is then at 

1 
fw = ---===== = 80 GHz. 

21rJL(C + Cp/8) 
(3.9) 

3.2 Input Circuitry 

The resonances in the input circuitry form resonant states for Josephson oscilla­
tions. Thermally activated transitions between different resonant states enhance 
the output noise. Additionally, the resonances cause disturbances on the average 
current-voltage characteristics. 

The two lowest frequency resonances are the input circuit lumped resonance, 
and the microstrip resonance. The former determines the operation frequencies of 
the SQUID, and it will be studied extensively in the next chapter. For LTL 800, 
the lumped resonance is found around 650 MHz. The fundamental microstrip 
resonance occurs when the quarter wavelength3 equals to the input coil length le: 

fm = ~ = 4.6 GHz. 
4le 

(3.10) 

The input circuit lumped resonant states can be damped by terminating the 
input coil with a resistor-capacitor shunt. The RC-shunt lowers the Q-value of 
the input resonator circuit, which reduces the lifetime of the resonant state [19]. 

The quarter wave microstrip resonance disappears if the input coil is ter­
minated with a resistor which is matched to the microstrip impedance [20]. The 
noise generated by the shunt resistor can be eliminated from signal frequencies 
using a RC-shunt instead of a pure resistor. At the microstrip resonance fre­
quency, the impedance of the shunt capacitance must be small, but for optimum 
noise performance the capacitance should be minimized. Hence, the cutoff fre­
quency of the capacitance should be somewhere around the microstrip resonance 
frequency. 

Furthermore, the RC filter is an effective matching element, as will be shown 
in the next Chapter. In order to avoid r~flections and to optimize noise perfor-

3If one end of the input coil is floating, instead of grounded as for LTL 800, the microstrip 
resonance occurs at half wavelength. 
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mance, the input impedance of any microwave amplifier should be matched to 
the signal source impedance. 

The RC shunt for LTL 800 consists of a capacitance Cs = 3 pF and a 
resistance Rx = 40 0. The cutoff frequency for Cx is f = (21r * Cx)-1 = 5.3 GHz. 
The Josephson oscillations are blocked by the Lbi = 200 pH inductances in the 
signal path. 

3.3 Output Circuitry 

The dynamic resistance determines the SQUID output impedance. The output 
transformer, pointed with the arrow (d) in figure 3.1, matches the SQUID output 
impedance, Rd = R/v'2 ~ 1.9 0, to the 50 0 line. 4 In order to allow DC bias 
current and DC measurements, the output transformer is in series configuration, 
and the line connecting the primary and the secondary coils is connected to 
ground via the large capacitor (e) Gout = 2.6 nF. The capacitor makes the coil 

functional above the frequency !tr = (21rCout)-1 = 61 MHz. Finally, the two 
coils (c) in figure 3.1 with total inductance Lb2 = 200 pH blocks the Josephson 
oscillations from the output circuitry. 

3.4 Concluding Remarks 

There are three main characters that together make LTL 800 design potentially 
superior than the other SQUID amplifiers operating at microwave frequencies: 

1. The lowest frequency resonant states for the Josephson oscillations are 
damped, which have been shown to improve the noise performance of the 
SQUID. 

2. The SQUID loop inductance is small, which is supposed to result in a 
diminished intrinsic flux noise, and to allow a high frequency operation. 

3. Both input and output is matched to 50 0 impedance, making the amplifier 
convenient for various different applications. 

4In principle, the transformer turns ratio should be j50/ Rd~ 5, but numerical simulations 
required smaller ratio. 



Chapter 4 

Analytic Model 

In this Chapter we will construct an analytic lumped element model for LTL 
800 SQUID Amplifier. Particularly, the input impedance, gain, and noise per­
formance will be studied. The model can be applied for estimating optimum 
parameter values for an RC-shunt tuned SQUID amplifier. 

All given numerical results were obtained using the following approxima­
tive parameter values for LTL 800: the shunt resistance R = 3 n, SQUID loop 
inductance L = 9 pH, number of turns in the input coil n = 15, total input coil 
inductance Li = 5 nH, and total parasitic capacitance between the input coil and 
the SQUID washer Gp= 4 pF. 

4.1 Input Impedance 

In this section we will derive a model for the input impedance of the RC-shunt 
tuned SQUID amplifier. In order to understand the effect of the RC-shunt, we 
will first consider a SQUID amplifier without any additional tuning elements. 

4.1.1 Self-Resonant SQUID Amplifier 

Since the input coil is tightly coupled to the SQUID loop, the simplest input 
model of a DC SQUID amplifier is a transformer shown in figure 4.l(a) [26]. The 
transforming ratio is n2 = Ldo:2 L, where a is the coupling coefficient. As in any 
voltage transformer, the two junction resistances convert to an effective parallel 
resistance R:q = 2RLi/a2 L resulting in the circuit in figure 4.l(b). The total 
impedance is then 

( )

-1 2L2R' · L R'2 _ _1 __ ._1_ _ W i sq+ JW i sq 
Zt - R' J L - R'2 2 £2 sq W i sq+ W i 

(4.1) 

18 
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Z, Z, Z, 
(a) (b) (c) 

Figure 4.1: The impedance of the input coil and the SQUID. (a) The input coil is 

mutually coupled to the SQUID loop. (b) The SQUID impedance can be transformed 

to form an effective parallel resistance, R~
9

. (c) At the signal frequencies, the parallel 

circuit reduces to a series circuit consisting of input coil inductance and resistance 

Rsq· 

r Rs. 

Figure 4.2: The input model for the self-resonant SQUID amplifier including the 

parasitic capacitance to the grounded washer. 

Usually, the frequency 

19 

Rsq 

f = 2R 
21rL 

(4.2) 

is much larger than practical signal frequencies, so that 

in which case equation (4.1) simplifies to 

w2M2 
Zt = ~ + jwLi = Rsq + jwLi, 

(4.3) 

(4.4) 

where M 2 = a? LLi. Equation 4.4 corresponds to the circuit in figure 4.l(c). 
Since the input coil is deposited above the grounded SQUID washer, there is 

significant distributed capacitance between input coil and ground. The simplest 
approximation for such a device is depicted in figure 4.2, for which the input 
impedance is 

(4.5) 
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Figure 4.3: Magnitude (solid curve) and phase ( dashed curve) of the input impedance 

for the self-tuned SQUID amplifier. 

Since Rsq « wLi, equation ( 4.5) reduces to 

[ 
M

2 
( 1 )]-

1 

Zin= 2RL~ + j wCP - wLi ' (4.6) 

from which the parallel resonance frequency is 

(4.7) 

where we have substituted the parameter values given at the beginning of the 
chapter. At the resonance, the imaginary part is zero, and the real part is evi­
dently 

2RL~ 
Zin= M 2i ~ 8.2 kO. (4.8) 

The quality factor of the parallel resonator is 

Q 
_ Zin(wo) _ 2RLi _ 2RLivr::c; ~ 
- L - M2 - M2 ~ 233, 

wo i wo 
(4.9) 

and the bandwidth is 

(4.10) 

The magnitude and phase of the input impedance is plotted from equation ( 4.5) 
in figure 4.3(a). The input impedance is almost purely imaginary everywhere 
but at the narrow bandwidth resonance. Such an input impedance is unsuitable 
for a microwave amplifier, since it will reflect effectively all incident signal. We 
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Lx 

Li 
Lx 

r R,q r cp 
Li 

Zin 
(a) (b) 

Figure 4.4: (a) The model of the LTL 800 input circuitry taking into account the 

RC-shunt terminating the input coil, the stray inductance Lx, and the inductance in 

ground, L9 • (b) The simplified model, where the stray inductances are approximated 

by inductance, L~ :::::: Lx + Li. 

can show this by considering the voltage reflection coefficient, lfinl, for a source 
signal with characteristic impedance Z0:1 

r . ( ) _ Zin ( W) - Zo 
in W ------. 

Zin(w) + Zo 
(4.11) 

Separating the real and imaginary part of the input impedance and assuming 
~{ Zin} » 3t{ Zin} ~ 0, we can write 

~{ZinF + zg 
°'{Z· }2 z2 = 1. ::sin +o 

(4.12) 

Consequently, in order to avoid reflections, the input impedance of a microwave 
SQUID amplifier must be tuned, i.e. matched to the source signal impedance. 

4.1.2 LTL 800 SQUID Amplifier 

The RC-shunt terminating the input coil has a prominent effect on the input 
impedance of LTL 800 SQUID amplifier. Figure 4.4(a) presents a lumped element 
model for LTL800 input circuitry. The resistance Rx, and capacitance Cx form 
the RC-shunt. The inductance Lx corresponds to the stray inductance in the 
signal bath, and the inductance Lg presents the stray inductance found in the 
ground connection between the SQUID washer and the grounded end of the input 
coil. The inductances Lx and Lg are estimated to be 3 nH and 6 nH, respectively. 

1 For simplicity, we assume that the signal source is impedance is real and equals to the 
characteristic impedance of the feed line. 
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The input impedance for the model is 

Z,n - jwL, + [ ( R, - w~, r + (
jwL - _j_)-1 

g wC 
p 

+ (jwL, + w~!')-1 ]-1 (4.13) 

Equation (4.13) is plotted in figure 4.5(a) . Corresponding measured plot of the 
LTL 800 input impedance is shown in figure 4.5(b). Considering the simplicity of 
the model, the similarity of the two plots is remarkable. According to the model, 
the path through Lx, Gp, and Lg forms a series resonator causing the conductance 
peak at 920 MHz. At the series resonance, the input coil is, effectively, shunted 
by the parasitic capacitance. 

The magnitude of the input impedance at the resonance is determined by 
the RC-shunt, instead of the transformed SQUID impedance, which is why the 
impedance is much lower than in the case of the self-tuned amplifier (figure 4.3). 
This can be shown analytically, if we simplify the input model further by replac­
ing the three inductances Li, Lg, and Lx by an enlarged input coil inductance 
L~,::::: Li+ Lx = 8 nH, as depicted in figure 4.4(c). The simplified input impedance 
lS 

[ ( Rx - w~J-1 + jwC, - w(L; ~ L,) i-1 
[ 

R ( 1 1 )]-
1 

R; + (~Cx)-2 + j wCp - w(Li + Lx) + wCxR; + (wCx)-1 (
4.l4) 

The simplified model predicts the parallel resonance correctly as seen from fig­
ure 4.5(c). The resonance frequency can be solved, if we approximate that 
(wCx)- 1 » wCxR; ~ 0. The result is 

1 
Jo = ---========= ,::::: 673 MHz, 

21rJ(Cp + Cx)(Li + Lx) 
(4.15) 

which is approximately .equal to the resonance frequency 670 MHz obtained nu­
merically from equation (4.14) or (4.13). According to the Jaycox and Ketchen 
model described in Chapter 3, the input coil inductance is Li '.:::' n 2 L + Lm, where 
Lm ,::::: 2 nH is the total microstrip inductance. Thus increasing the SQUID loop 
inductance L, or the number of turns n, limits the operation frequencies. At the 
resonance, equation ( 4.14) reduces to 

(4.16) 
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Figure 4.5: Magnitude (solid line) and phase (dashed line) of the input impedance 

of LTL 800 with 15 turn input coil obtained (a) from the circuit in figure 4.4(b), (b) 

experimentally, and ( c) from the simplified circuit in figure 4.4( c). 
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where we have used the measured value Jo = 670 MHz. Substituting equation 
(4.15) leads to 

(4.17) 

Equations ( 4.16) and ( 4.17) confirm that the RC-shunt has the main contribution 
to the impedance at the resonance, as stated. The quality factor for the simplified 
model is 

(4.18) 

and the corresponding bandwidth is 

BW = Jo = ~ wt(Li + Lx)RxG: ~ 115 MHz. 
Q 21r w2 R2 G2 + 1 0 X X 

(4.19) 

Thus, the RC-shunt lowers the quality factor and increases the bandwidth. 
As indicated in the footnote in Chapter 3, there is several variants of LTL 

800 SQUID Amplifier. To check the performance of the model, let us now consider 
LTL 800 with 20 turns input coil. The ratio of the lengths of the 20 and 15 turns 
coils is 9/5.5=1.64, so that the parasitic capacitance Gp and input coil inductance 
Li of the 20 turn input coil can be predicted to be approximately 1.64 times 
larger. The parallel resonance frequency corresponds to the measured one if the 
coefficient is 2, i.e. Li = 10 nH and Gp = 8 pF. Using these values, we obtain 
the frequency response of the input impedance shown in figure 4.6(a), which 
corresponds well to the measured input impedance is shown in figure 4.6(b). 
Equations (4.16) and (4.17) give Zin(w0 = 416 MHz) = 447 n, Zin(w0 ) = 437 
n, and Jo = 421 MHz, respectively, which confirms that also the approximate 
formulas seem to work properly. 

As argued in Chapter 3, the RC-shunt improves the SQUID amplifier perfor­
mance in various ways, and therefore the values of Rx and Gx are not determined 
exclusive by the impedance matching. Accordingly, some additional matching 
method may be needed in order to completely match the input impedance, for 
example, to a 50 n line. 

4.2 Forward Gain 

The scattering parameters Sik are defined as the complex (amplitude and phase) 
ratio of the voltage signal vk- leaving the test device port k, to the signal i,:+ 
entering to the test device port i: 

( 4.20) 
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For LTL 800, the dynamic impedance of the SQUID is matched to Z0 = 50 n, in 
which case v;+ = 0, and the reflection coefficient S11 is2 [5] 

Vt Zin - Zo 
S11 = v;_+ =fin= Zin+ Zo' ( 4.21) 

where Zin is the input impedance of the test device. The voltage signal delivered 
to the SQUID input is then ½n = V/(1-I'in), which generates current Ii= ½n/Zt 
in the input coil, where Zt = Rsq + jwLi is the input transformer impedance 
(equation (4.4)). The current Ii gives rise to an output voltage Vout = V;pMh 
where V;p is the flux-to-voltage transfer function (equation (2.41)). The output 
transformer matches the SQUID dynamic resistance Rd to Z0 , so that, for an 
ideal transformer, the transforming ratio would be n 0 = J Z0 / Rd. The voltage 
leaving the LTL 800 output port is then 

½- = Vautno 
V;pM½n 

Zt no 

V;pMV/ 
Zt (1 - I'in)no. 

The forward gain of the two port network is then 

which corresponds to the "forward" power gain 

( 4.22) 

( 4.23) 

( 4.24) 

At the signal frequencies, wLi » Rsq, and we can neglect Rsq from equation 
(4.24). Substituting n 0 = JZo/Rd, M = nL and IV<PI = ARd/L, where A is a 
constant order of unity (see equation (2.40)), we attain 

( 4.25) 

As shown in previous section, if R(Zin) « 8'(Zin) the magnitude of reflection 
coefficient is unity, and (1 - lfinl2

) ~ 0. Therefore, the operation frequencies 
are determined by the input circuit parallel resonance and the corresponding 
bandwidth. 

2Here we assume that there is no feedback, i.e. that the amplified signal does not couple 
back to the input. 
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Figure 4.7(a) shows the frequency response of the power gain obtained from 
equations (4.25) and (4.13) . Again, the model manages to explain the behavior 
of the measured data shown in figure 4.7(b). 

The power gain has a maximum near the resonance frequency w = w0 . 

Substituting the approximate formula for w0 , equation ( 4.15), into equation ( 4.25) 
leads to 

G(w ) = AZ R n2 (Li+ Lx)(Cp + Cx) (1 - If· (w )1 2 ) "'21 4 dB 
0 0 d L2 in O "' · , 

1 

( 4.26) 

where we substituted A = 2, and the reflection coefficient was calculated from 
(4.21) using Zin(w0 ) = 196 n. Approximating Li » Lx ~ 0, and inserting 
Li = n2 L + Lm, we can write equation (4.26) as 

G(wo) = AZoRd L ~ ;m~~2 (1- \rin(wo)l2) ~ 20.3 dB, (4.27) 

In order to maximize the gain one should maximize the shunt resistances R. 
However as indicated in Chapter 2, the SQUID operation may be hysteretic, if 
the beta parameters , equation (2.31) 

(3 _ 21r IcR
2
C (4_28) 

C - <Po ' 

and equation (2 .34) 

(3 _ 2IcL (4_29) 
L - <Po ' 

are greater than one. Eliminating Ic from equations ( 4.28) and ( 4.29), we get 

R2 = f3c _!:__ (4.30) 
f3L 1rC 

Thus, larger SQUID loop inductance allows greater shunt resistors. 
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4.3 Noise Performance 

The spectral noise density generated by the shunt resistor R at temperature T can 
be described by a series voltage noise source Vn = J4k8 T R, or with a parallel 
current noise source in = J 4k8 T / R. The corresponding voltage and current 
noise are (V;) 1

/
2 = vn...j?S:J, and (!~) 1/ 2 = in...j?S:J, where !::.f is the bandwidth. 

The two shunt resistors generate noise voltage J4k8 T(R/2) = vn/../2 
across the SQUID, and circulating noise current J4k8 T/(2R) = in/../2 in the 
SQUID loop3

• The circulating current induces voltage 

M din . M. 
Vn,i = ..j'j,dt = -iw ..j'j,'ln (4.31) 

in the input coil. The induced voltage produces a noise current 

. Vn,i ( ) 
in,i = Zt , 4.32 

in the input coil, where Zt is the input transformer impedance ( 4.4). Also, the 
RC-shunt (see figure 4.4) generates noise current into the input coil. The RC­
shunt is a high pass filter with a standard transfer function 

F(w) = iwRxCx (4.33) 
iwRxCx + 1 

The attenuated squared current noise at the input coil is then 

v2 
·2 n,x IFl2 
'ln,x = IZtl2 ' ( 4.34) 

where Vn,x = J4kBTRx. The noise current in the input coil transfers to the 
SQUID output producing output voltage 

V~,o = (MV~)2 
(i~,i + i~,x). (4.35) 

The total spectral density of voltage noise Vn,tot at the SQUID output is 

v2 v2 v2 w2 M4V2 i2 M2V:2IFl2 
2 n n,o n ~ n + ~ 2 

vn,tot = 2 + 2 = 2 + IZtl2 2 1Ztl2 vn,x· ( 4.36) 

The corresponding spectral density of voltage noise at SQUID output is 

(
R,v w

2
M

4 VJ ti M
2VJIFl 2 

) 
Sv(w) = 4kBT -2- + IZtl2 2R + IZtl2 Rx,x· (4.37) 

3For the DC SQUID, the voltage and current noise generators are not independent, since the 
circulating noise current effects on the voltage across the junctions and vice versa. However, at 
low bias currents, the cross correlations can be neglected [20]. 
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where 'Yv, 'Yi, and 'Yd are the noise spectral coefficients of the different noise sources. 
Particularly, the coefficients should take into account the cross-correlation be­
tween the voltage and current noise sources [23, 24], and the mixing-down of 
the high frequency noise from Josephson oscillation, shunt resistors, and RC­
shunt [20]. Calculating the coefficients is beyond the scope of this Thesis. 

The noise temperature referred to the signal source impedance Z0 is 

T. _ Sv(w) 
n - 4kBRiG(w)' 

( 4.38) 

where G is the power gain from equation ( 4.25). According to equations ( 4.37) 
and (4.38) , the SQUID amplifier noise temperature depends linearly on the bath 
temperature T, which is quite obvious, if the noise originates entirely from the 
resistances. The bias current heats the shunt resistances limiting the minimum 
attainable resistor temperature, and thus the minimum noise temperature. 

The frequency dependence of the noise temperature at T = 4.2 K obtained 
from equations ( 4.37) and ( 4.38) using typical values 'Yi = 'Yv = 'Yd = 5, and 
Z0 = 50 n, is shown in figure 4.8. This simple model predicts an extremely low 
noise temperature, as low as 300 mK at liquid helium temperatures. We want to 
emphasize that the simple model given here is only for qualitative purposes. In 
a real SQUID, the values of 'Yi and 'Yv may be 2-5 times larger [18]. 

Koch, Van Harlingen, and Clarke [16] studied the zero point fluctuations in 
the shunt resistances, and they found that the noise temperature for an optimized 
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system at T = 0 K is 
hf 

Tn ~ ks ln 2 
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( 4.39) 

The quantum limit is included in figure 4.8. For 700 MHz signal frequency, 
the optimum noise temperature is 49 mK. According to the simple model, the 
quantum limited operation could be achieved by cooling our SQUID amplifier to 
700 mK. 



Chapter 5 

Computer Simulation Model 

A commercial circuit simulation software by Aplac Solutions Corporation has 
been exploited in several phases of the amplifier project. Initially, Jari S. Penttila 
wrote a circuit model for the designing process. In this work, the model has been 
improved in order to explain the experimental results. 

5.1 Input Model 

The input model simulates the combined system of the input coil and the SQUID. 
Figure 5.l(a) shows the circuit model of the input transformer. Each input coil 
turn is inductively and capacitively coupled to the SQUID washer. Additionally, 
the input coil loops are inductively coupled to each other. Parasitic capacitances 
between adjacent turns are also taken into account. 

The mutual inductance for single turn is approximately equal to the SQUID 
loop inductance: Mwm '.::::'. L. As described in Chapter 2, a small change in 
the current Im in a single turn of the input coil causes a change in flux J<I> = 
Mwm6Im = L8Im , which then changes the output current as 

A 
Mout,m = lcp6<l> = L LMin = Aiin· (5 .1) 

Thus ,-the properly biased DC SQUID can be viewed as a current controlled cur­
rent source, as depicted schematically in figure 5.l(b). The input model calculates 
current in each loop, Ii , I2 , .. . , In, and produces an output current 

n 

l out = AL Iout,m · (5.2) 
m=l 

According to Chapter 2, the constant A is approximately unity. 

30 
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Figure 5.1: The model of the input coil and the SQUID (a) towards input, and (b) 

towards output. The SQUID is effectively an input coil Current Controlled Current 

Source. 

The input coil inductance is calculated separately for each loop using the 
Jaycox and Ketchen model described in Chapter 3. The inductance of the inner­
most loop is 

(5.3) 

The length of the first loop is li ~ 95 µm, the measured value of the SQUID 
loop inductance is L = 8.6 pH, and in Chapter 3 we obtained for the microstrip 
inductance L0 '.::::'. 350 nH/ m, so that £ 1 ~ 33 pH. The length of each turn increases 
with a constant increment 8l = 39 µm per turn. The inductance of the m:th loop 
is then 

Lm = L + Lo(li + (m - 1)8l). (5.4) 

The microstrip capacitance per unit length is C0 = 410 pF / m, so that the mi­
crostrip capacitance for the innermost loop is C1 = Coli = 39 fF, and of the m:th 
loop 

Cm= Co(li + (m - 1)8l). (5.5) 

The capacitance between the two smallest loops was estimated to be around 10 
fF. 

In the model, the SQUID loop inductance is divided into two equivalent 
parts La = L/2 and Lb= L/2 (see figure 5.1). The coupling coefficients between 
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Figure 5.2: The Aplac circuit simulation model of LTL 800. The model corresponds 

to the network analyzer measurement. 

washer and input coil turn m, is calculated separately for both parts: 

(5.6) 

The coupling coefficients between parallel input coil turns l and m is found from 

L 
O:zm = J LzLm · (5.7) 

5.2 Output model 

The output model simulates the 1:4 output transformer. The two primary turns 
and eight secondary turns are in the successive niobium layers. The inductance 
and the parasitic capacitance for each secondary coil turn, is calculated using 
formulas equivalent to (5.4) and (5.5). The coupling coefficients between the 
primary and secondary coil turns, and the coupling coefficients between the par­
allel secondary coil turns are then attained from the common formulas, such as 
equation (5.7). Both coils are connected to ground through the same 2.6 nF 
capacitor. 

5.3 Full Model 

The full model is shown in figure 5.2. To reduce unnecessary complexity, we 
have excluded all components which, with realistic parameter values , we have 
found to be insignificant. The model in the figure simulates network analyzer 
measurement. The outermost components of the model are the two 50 n ports 
of the network analyzer. The four squares in the figure shows the location of 
the aluminum pads on the SQUID chip. The transmission lines simulates the 
striplines and connectors in the sample holder. The parallel capacitances Chi 

and Ch2 corresponds to the capacitance in the sample holder, while Cpadl Cpad2 

corresponds to the capacitance in the pads and microstrips. 
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Table 5.1: The estimated minimum and maximum values, and fitted values for the 

main parameters in the Aplac model. 

Variable Description Estimated Fitted Unit 

R SQUID shunt resistance 2.7 ± 0.1 2.7 n 
Rd SQUID dynamic resistance 1.9 ± 0.5 2.4 n 
C siUID shunt capacitance 300 ± 100 300 fF 
Rx R -shunt resistor 40± 2 40 n 
Cx RC-shunt capacitor 3± 0.1 3 pF 
Lb1 Blocking inductance 200 ± 100 200 pH 
Lb2 Blocking inductance 200 ± 50 150 pH 
Rw Washer resistance 0.5 ± 0.1 0.1 n 
Cpar Parasitic capacitance 100 ± 50 700 pF 
L Ground connection inductance 4±2 5 nH 
~adl Pad capacitance 70± 50 100 fF 
Grad2 Pad capacitance 700 ± 300 200 fF 

xl Holder capacitance 70±60 100 fF 
Cx2 Holder capacitance 70±40 100 fF 
bl Bond wire length 0.7± 0.3 0.5 mm 
b2 Bond wire length 0.7 ± 0.3 0.5 mm 
b3 Bond wire length 1 ±0.5 1 mm 
b4 Bond wire len~h 1 ±0.5 1 mm 
A Transfer funct10n coefficient 1±1 1 
C1 The innermost input loop microstrip cap. 39±20 80 fF 
Li The innermost input loop microstrip ind. 33± 10 25 pH 
ol Input coil length increase per turn 39± 2 39 µm 
Lt Output coils loop inductance per turn 600 ± 100 800 pH 
k Coupling between prim. output coil turns 0.8 ± 0.1 0.6 

Aluminum bond wires connect the sample holder to the pads. The wire 
model takes into account the distributed inductance (about 1 nH/ mm), capaci­
tance, and resistance, as well as the phase delay. The bond wires at the SQUID 
output are somewhat enlarged to include the inductance in the output microstrip. 

The input and output circuitry are not connected on the SQUID chip, but in 
the experimental setup, the input coil and the SQUID washer are both grounded 
via the bond wires, and thus they are connected through a copper stripline on 
the sample holder. The inductance L9 in the ground connection stripline on our 
sample holder is estimated to be about 5 nH. 

The capacitance Cpar simulates the parasitic capacitance between the input 
coil and the counter electrode. If Cpar is large, a part of the amplified signal 
may couple back to the input coil resulting feedback. Our calculations estimates 
Cpar :::::; 100 pF, but fitting to the experimental data requires 700 pF capacitance, 
which is the only clearly unrealistic parameter value in the model. 

The main parameters are gathered into table 5.1. The table gives both, 
the estimated parameter values, and the values that provides the best fit to the 
measured data. The simulation results presented in Chapter 7 are obtained using 
these values. 



Chapter 6 

Experimental Configurations 

LTL 800 SQUID Amplifier was characterized experimentally liquid 4He bath us­
ing a dip stick cryostat. Two 50 0 coaxial cables with copper inner wire, copper 
coating, teflon dielectric, and SMA-connectors for microwave signals, and eight 
twisted pairs for DC wiring, were installed into the stick. A sample holder was 
carefully designed to minimize reflections and resonances. \Ve installed aluminum 
wires between the sample and holder with a Delvotec bonder. HP 33120A Func­
tion Generators produced bias currents via applying voltage over 10 kO resistors. 
Measurement electronics were connected to a computer through GPIB ports, 
and Matlab software with Control-toolbox was used for automatized instrument 
control and data collection. 

The DC SQUID is extremely sensitive magnetometer, and thus easily dis­
turbed by electromagnetic noise. To avoid the 50 Hz noise in bias currents, a 
self-made optical isolation box separated the function generator ground from the 
measurement ground. A cryoperm µ-metal can with lead foil inside acted as a 
shield for radiation and magnetic noise. 

6 .1 Direct Current Measurement 

The DC current-voltage measurement setup is depicted in figure 6.1. A Stanford 
Research Systems SR560 preamplifier amplified the voltage across the SQUID. 
The function generators swept the voltage across the 10 kO resistors with a fre­
quency of 7 Hz, and an accurate high speed data logger, National Instruments 
PCI-6115 Multifunction Data Acquisition devise (DAQ), monitored simultane­
ously the bias voltages and the amplified voltage across the SQUID. 
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Figure 6.1: The DC measurement schematics. Data acquisition devise (DAQ) mon­

itored simultaneously the bias voltages. 

Network Analyzer 

I 4.2 K 
LTL800 

Figure 6.2: The setup in the scattering parameter measurements. 

6.2 Network Characterization Setup 

35 

The setup for two port microwave network characterization with a Hewlett Packard 
8753E vector network analyzer is shown schematically in Figure 6.2. Mini-Circuit 
ZFBT-4R2GW bias-T components combined the DC bias current and the mi­
crowave signal into the same coaxial line, and allowed a simultaneous DC mea­
surement. The DC measurement setup was identical to the one described m 
previous section, and for simplicity it is not included in Figure 6.2. 
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Figure 6.3: The noise temperature measurement schematics. The spectrum analyzer 

monitored the amplified Nyquist noise from the 30 dB attenuator. The network 

analyzer acted as a RF-signal generator for the gain calibration. 

6.3 Noise Measurement 
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The simplified noise measurement setup is depicted in figure 6.3. We used the 
standard method of hot and cold resistor, to obtain the noise temperature of 
the SQUID amplifier. A 30 dB attenuator acted as a well defined 50 n source of 
Nyquist noise power. The attenuator was connected to the SQUID input through 
a 20 cm stainless steel coaxial cable, which enabled us to fix the attenuator either 
in liquid helium bath or in gas bath simply by lowering or rising the dip stick. 
The attenuator was in thermal contact with a heater and a diode, so that we 
could both change and measure the temperature of the attenuator in gas bath. 

Two Miteq room temperature post amplifiers amplified the output signal. 
A low pass and a high pass Mini-Circuit filter had to be installed between the 
SQUID and the post amplifier to reduce interferences from the post amplifier. 
The amplified signal was read by Hewlett Packard E4407B Spectrum Analyzer. 

The network analyzer acted as a radio frequency signal source for gain 
measurements. To avoid possible gain drifts, the total gain of the system was 
measured immediately after the noise measurements. In the gain measurement, 
-60 dBm microwave signal from Network Analyzer was fed through coaxial cables 
and a DC-block to the attenuator input. The total attenuation between the 
SQUID input and the network analyzer was measured to be 33.0 dB. The SQUID 
input signal was thus accurately known. The total gain of the system was then 
obtained by measuring the transmitted signal. 

To minimize the 50 Hz noise, all DC signals were fed through twisted pairs. 
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To reduce noise in bias currents, the 15 kD. resistors were inserted in the liquid 
helium bath. The resistors were soldered on the sample holder, and they had an 
additional function in forming a bias-T component with the DC-block capacitors. 



Chapter 7 

Results and Discussion 

In this Chapter, we present and analyze the experimental and simulated results. 
First we review the DC current-voltage characteristics, and calculate some im­
portant parameter values from the plots. The power gain as a function of flux is 
considered in a separate section, since it brings up a feedback phenomenon. The 
network analyzer measurement results are then presented, and compared to the 
circuit simulation results. Finally, we calculate the input noise temperature. 

7.1 Current-Voltage Characteristics 

Figure 7.1 presents a typical measured current-voltage characteristics. The total 
series resistance from bias-T components and wiring was measured to be 3.30 0, 
and we have extracted it from the plots. Figure 7.l(a) shows voltage across the 
SQUID as a function of bias current and flux. Two voltage-current curves with 
different flux values are plotted in 7.l(b). Voltage across the SQUID is zero at 
the region in the middle of the plot, i.e. the SQUID is superconductive at small 
bias currents. If the current is larger than the critical current (2.26), 

(7.1) 

a voltage appears as predicted by equation (2.36): 

V = ~ (I2 _ i;i) 1;2 . (7.2) 

The corresponding analytical results are depicted in figure 2.3. 

The voltage across the SQUID as a function of flux with several discrete 
bias currents is depicted in figure 7.l(c). As discussed in Chapter 2, the RC 
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shunt damps the input coil resonances, and the quarter wave microstrip reso­
nance, which would appear at frequencies around 1 GHz, and 5 GHz, respectively. 
However, the washer resonance, predicted in Chapter 2 to 80 GHz, is not termi­
nated. The curve is interfered at a bias voltage of about 90 µ V corresponding to 
Josephson oscillations around 43 GHz, which is acceptably close to the washer 
resonance1

. The washer resonance should not disturb the amplifier performance 
since the optimum voltage bias point is essentially less than 90 µV. 

According to the figures, the maximum supercurrent is Im = 240 ± 5 µA, 
corresponding to junction critical currents le = 120 ± 5 µA. For large values of 
the bias current, formula (2.36) reduces to Ohm's Law, from which the shunt 
resistances can be confirmed to be 2. 7 n. 

From the fundamental periodicity with respect to flux we can calculate the 
mutual inductance between the input coil and the SQUID loop: The flux applied 
to the SQUID loop is <I> = M I1 , where I1 is the flux bias current. Thus the 
mutual inductance is just 

(7.3) 

where !:::..I1( <Po) is the current change needed in order to add a single flux quantum 
in the loop. For 15 turn input coil, !:::..I1(<I>0 ) is 12.0 µA corresponding to mutual 
inductance of 129 pH. The SQUID loop inductance is then Ls = M /n = 8.6 pH. 

7.2 Gain Versus Flux: The Feedback 

The simultaneously measured voltage across the SQUID and power gain with 
respect to flux is shown in figure 7.2(c). The bias current was 107 µA, which 
maximizes the gain. The gain is much greater at the positive voltage-to-flux slope 
than at the negative slope, which is due to the feedback: the amplified voltage 
signal is coupled back to the input. If the flux-to-voltage transfer coefficient V.p 

is positive, the feedback is positive: the output voltage has the same sign as the 
input voltage, in which case the feedback signal amplifies the input signal, and 
thus the power gain. Correspondingly, the opposite sign of the flux-to-voltage 
transfer function causes negative feedback, which attenuates the input signal 
reducing gain. 

1 In fact, we can quite certainly attribute the interference at 90 µ V to be due to the washer 
resonance. Since the SQUID loop inductance, and the junction capacitance are quite accurately 
known to be 8.6 pH, and 300 fF, we can obtain an estimation for the total parasitic capacitance 
from equation (3.9). The result is Gp = 10 pF, which is considerably larger than the total 
capacitance 1.6 pF calculated in Chapter 2. The models also imply that Gp may be somewhat 
larger than 2 pF. 
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Figure 7.2: Simultaneously measured voltage and gain versus flux. 
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The amplified signal is fed back mainly through the parasitic capacitance 
between the input coil and the counter electrode (parameter Cpar in the computer 
model). Additionally, because of the inductance between washer and ground aris­
ing from the microstrips on the chip and from the bond wire, the output current 
flowing between the washer and ground generates voltage across the washer, 
which may be fed back to the input via the input coil to washer capacitance [12]. 

In order to maximize the gain, some authors enforces the feedback by 
grounding the counter electrode instead of the washer [9- 14], which is some­
what questionable since the feedback has several disadvantages. First of all, the 
amplifier may become unstable: the amplified output signal is fed back to the in­
put, and thus the input signal is amplified repeatedly. Even if the amplifier with 
feedback is stable, it may not be linear, i.e. the gain depends on the amplitude 
of the input signal. Moreover, as will be seen in the next section, the feedback 
results in a large (over 10 dB) reflection coefficient ISul, which may be disastrous 
in some applications. 

7.3 Network Analysis 

A complete two port scattering parameter measurement was carried out for nu­
merous operation points using a vector network analyzer. In this section, the 
main experimental results are presented, and compared to the results obtained 
from the circuit simulation model described in Chapter 5 using the parameter 
values given in table 5.1. The experimental plots are an average value of two to 
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four frequency sweeps. We selected 10 Hz IF bandwidth to diminish the noise 
floor. 

In the section 7.3.1, we will describe the calibration methods, since the 
calibration has an essential role in the network analyzer measurements. The 
main results for LTL 800 are presented in section 7.3.2. In section 7.3.3 we will 
show that the feedback can be partially eliminated by reducing the inductance 
in the ground connection between input coil and the SQUID washer. The results 
obtained for LTL 800 with matched input impedance is shown in section 7.3.4. 

7.3.1 Calibration 

The filters , bias-T components, cables, and connectors introduces variations in 
magnitude and phase that mask the actual performance of the test device. The 
systematic error can be removed via calibration. In the calibration, the network 
analyzer measures the magnitude and phase responses of known standard devices, 
after which the network analyzer uses its internal vector math capabilities to re­
move the systematic errors from the measured test device data. The full two-port 
calibration provides vector error-correction for transmission and source match fre­
quency responses. The two port calibration requires reflection and transmission 
measurements for both ports. In the reflection measurements, we used Agilent 
85033 D Calibration Kit standards. The kit includes short, open and 50 n -load 
circuit terminations. In the transmission measurement, the two SMA cables were 
jointed together by a female-female connector. The calibration was made for fre­
quencies from 100 to 1000 MHz, number of points were 1601, IF bandwidth was 
100 Hz, and the test port power was -50 dBm. 

The SQUID amplifier measurements were carried out in a liquid helium 
bath. The cryogenic temperature decreases the electrical length of the cables 
modifying, especially, the phase responses of the scattering parameters. To cor­
rect this minor systematic error, we made two additional calibration measure­
ments in liquid helium bath, by measuring the S-parameters of open SMA con­
nectors, and the cables connected by a female-female connector. 

Figures 7.3(a)-(c) shows the responses for the open connectors at liquid 
helium bath. Ideally, S21 and S12 should be infinitely negative in decibels, since 
the signal should not transfer from one test port to the other. Of course, some 
finite values are obtained because of noise, but according to figure 7.3(a), the 
transmission coefficients are properly small, about -50 dB. From figure 7.3(b), the 
magnitudes of Sn and S22 are close to O dB, meaning that approximately all power 
is reflected, as expected. Phases of S11 and S22 shown in figure 7.3(c) increase 
linearly with frequency, which is because of the shortened electrical length of the 
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coaxial cables. 
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The measured responses of the cables at 4.2 K with shorted input-output 
connection is presented in figures 7.3(d)-(f). Now, the magnitudes of 8 11 and 822 

are small, of order -40 dB, corresponding to negligible reflections. Again, there 
is some phase change due to the electrical length decrease. 

The small deviations from ideal responses for 811 and 822 in figures 7.3(b) 
and 7.3(c), and for 812 and 8 21 in figures 7.3(e) and 7.3(f), was corrected straight­
forwardly from the test device data. The correction is mathematically exact if the 
transmission coefficients for open cables (figure 7.3(a)) , and reflection coefficients 
for connected cables (figure 7.3(d)), can be approximated to zero. 

7.3.2 LTL 800 Network Characteristics 

Figure 7.4(a) represents the magnitude of measured and simulated forward gain 
I 821 I in decibels as a function of signal frequency. The corresponding phase 
response is plotted in figure 7.4(b). The gain measure for the negative current­
to-flux transfer function is also plotted in figure 7.4(a), from which the feedback 
effect, described in previous section, is clearly seen. 

The maximum gain is 22 dB at 630 MHz. The 3 dB bandwidth is ex­
ceptionally broad, about 150 MHz, which is due to the RC-shunt in the input 
circuitry. The gain-bandwidth product is much larger than found in literature 
for any SQUID amplifier operating in the same frequency range. Conventionally 
SQUID amplifiers have only a bandwidth of 50 MHz, which somewhat decreases 
their range of applications. 

Magnitude and phase of input impedance is shown in figures 7.5(a) and 
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7.5(b) . As discussed extensively in Chapter 4, the input coil inductance, the 
ground connection inductance, the stray inductances, and the parasitic capac­
itances causes a parallel resonance, which determines the operation frequency. 
The resonance is seen as a peak in the magnitude of the input impedance in 
figure 7.5(a) . The series resonance at 920 MHz, formed by the stray inductances 
and the capacitances, limits the maximum operation frequency. At the series 
resonance, the input signal couples capacitively to the SQUID washer. 

The real par of the input impedance at the operation frequency is about 
-120 n, as seen from figure figure 7.5(c). The negative impedance is due to the 
feedback: the amplified power coupled back to input exceeds the input power.2 

The magnitude and phase of the output impedance is shown in figure 7.6. 

2The analytical model considered in Chapter 4 excludes the feedback effect. The simulations 
in the chapter are compared to data measured for the negative flux-to-voltage curve, where the 
feedback is not prominent. 
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The experimental output impedance is close to 50 n at the optimum gain frequen­
cies, i.e. the output is matched to the 50 n line. Hence, the output transformer 
seems to function properly. 

The reflection coefficient S11 is shown in figure 7.7. The measured and 
simulated magnitude response in decibels is in subfigure 7.7(a), and corresponding 
phase response is in 7. 7 (b) . Magnitude of the reflection coefficient is 10 dB 
at the operation resonance, which is another evidence of strong feedback . At 
the positive flux-to-voltage slope, the coupled signal is at the same phase, and 
hence the reflected signal is amplified. On the contrary, at the negative slope the 
feedback signal and the reflected signal repeal each other partially . 
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7 .3.3 The Ground Connection Inductance 
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As mentioned in several context, there is significant inductance in the connection 
between the input coil the SQUID washer (parameter L9 in the Aplac model). 
The ground connection inductance can be reduced easily by bonding the grounded 
input and output pads together. In such a configuration, the ground connection 
inductance is determined by the inductance of the bond wire. The effect of ground 
connection inductance shown in figures 7.8(a) and 7.8(b) obtained for LTL 800 
with 20 turn input coil. The thick lines are obtained without the bond wire, and 
the thin lines are obtained with 2 mm bond wire. The inductance of the wire is 
about 1 nH per mm [27]. The series resonance, seen as a downward peak in the 
frequency response of IS21 I in figure 7.8(a), moves from 500 MHz (thick line) to 
900 MHz (thin line) when the excessive inductance is reduced. 

The most prominent impact of the diminished inductance is that it reduces 
the potential difference between the input coil and the washer, and thus the 
feedback (see section 7.2). The lack of feedback results in the diminished gain 
and reflection coefficient in figures 7.8(a) and 7.8(b), respectively. In order to 
avoid the feedback, we recommend that in the future SQUID designs, one end of 
the input coil is connected directly to the washer. 

7.3.4 Matched Input Impedance 

For optimum gain and noise performance, the input impedance of any ampli­
fier should be matched to the characteristic impedance of the feed line. The 
impedance matching for a SQUID amplifier can be realized by the conventional 
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methods of impedance matching. We used a resonant matching method with 
two reactive elements, as shown in figure 7.9. The two tuning capacitors were 
soldered into the sample holder. Capacitors CTI = 3.3 pF and Cr2 = 10 pF were 
selected with the help of the Aplac model. 
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Figure 7.11: The block diagram for the SQUID noise temperature, Tn, measure­

ment. The spectrum analyzer (SA) measured the noise signal amplified by two room 

temperature amplifiers. 
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Figures 7.lO(a)-(c) present some measurement and simulation results ob­
tained for the matched LTL 800 amplifier with 20 turn input coil. The magnitude 
and phase of the input impedance is plotted in figures 7.lO(a) and 7.lO(b). At the 
500 MHz resonance, the input impedance is real and about 70 n, which is close to 
the characteristic impedance 50 n. Figure 7.lO(c) shows the corresponding gain. 
The resonant matching leads to a narrow bandwidth in the order of 30 MHz. 

7.4 Noise Performance 

We obtained the noise temperature of LTL800 using the standard method of hot 
and cold resistor. The setup was described in Chapter 5. Figure 7.11 shows 
a simplified block diagram of the measurement. A resistor at temperature T 
generates white Nyquist noise power. We can easily write down the noise power 
at the second room temperature post amplifier output as 

where Tn, G, Tp1, Gp1, Tp2, and Gp2 are the noise temperature and gain of the 
SQUID amplifier, and the first and the second post amplifier, respectively. Equa­
tion (7.4) predicts that the measured noise power depends linearly on the tem­
perature of the resistor. This dependence is clear from figure 7.12, which shows 
the measured noise power as a function of the resistor temperature at 630 MHz. 
Extrapolating to T = 0 gives 

Tn = S(f, T = 0) + Tp1 + Tp2 
ksGGp1 Gp2 G GGp1 

(7.5) 

The last term of the right hand side of equation (7.5) is negligible. The SQUID 
gain is 22 dB, and according to the manufacturer the noise temperature Tp1 is 
77 ± 5 K. The SQUID noise temperature is then 5.5 K. From equation (7.5) it is 
evident that the total gain GGp1 Gp2 has to be known accurately. 
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From the linear fit, the 95% confidence bounds for Tn are 5.55 K and 5.46 
K. In the measurement points where the resistor was in liquid helium bath, the 
dominating source of error was the spectrum analyzer and the post amplifiers. 
Otherwise, the main source of error was the temperature measurement. The diode 
was calibrated using a carbon resistance, but there may still be some systematic 
error in the temperature measurement. We estimated the maximum error in 
temperature to be less than 1 K, which results in another error of 0.5 K in the 
noise temperature. 

Figure 7.13(a) shows the simulated noise temperature at 4.2 Kasa function 
of frequency. The dotted curve is obtained directly from the Aplac simulation 
model. The noise in the model originates exclusively from the shunt resistors and 
the duplex filter, so that the model does not take into account the effect of down 
mixing of the high frequency noise. As discussed in Chapter 3, the mixing down 
effect can be included by a noise spectral coefficient of the order of 5, in which 
case we get the solid curve in the figure The simulated noise temperature is then 
4 K at 650 MHz, which is reasonably close to the measured value. The obtained 
noise temperature is a decade larger than expected from analytical calculations. 
According to the Aplac model, the extra noise originates from RC-shunt. 

The noise temperature of SQUID amplifier should reduce linearly with tem­
perature, as discussed in Chapter 4, and e.g. in references [9, 14, 15, 20, 26]. The 
phenomenon is also shown in figure 7.13(b) obtained from the Aplac model. The 
bias current heats the shunt resistors, which limits the noise reduction. Neverthe-
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less, it is possible to cool the shunt resistors down to 300 mK, and the RC-shunt 
resistor to 50 mK, in which case, according to the Aplac model, the LTL 800 noise 
temperature would be only around 150 mK, which is three times larger than the 
quantum limit . 



Chapter 8 

Concluding Summary 

In this Master's Thesis, we characterized both experimentally and theoretically a 
state-of-the-art DC SQUID amplifier, LTL 800, designed to operate at microwave 
frequencies with quantum limited noise temperature. The operation principles of 
the device were studied by constructing an analytical model, and the experimental 
results were successfully explained by a detailed circuit simulation model. Both 
of the models will be applied for future SQUID amplifier designs. 

The gain of LTL 800 SQUID amplifier was measured to be 22 dB at 630 
MHz with 150 MHz bandwidth. The gain-bandwidth product, 24 GHz, is excel­
lent, when compared with the results of the other manufacturers. However, the 
reflection coefficient was found to be large due to a significant feedback, which 
may be a problem in some applications. 

The flux modulation curve was found to exhibit irregularities around 90 µV 
bias voltages due to the washer resonance. The optimum voltage bias point of 
the amplifier is about 30 µV, so that the washer resonance does not disturb the 
amplifier performance. 

The experimentally determined noise temperature, 5.5 K, is order of magni­
tude higher than expected from analytic calculations. According to the computer 
simulation model, the excessive noise comes from the resistor-capacitor shunt ter­
minating the input coil: the 3 pF capacitor may be too large to block the noise 
at signal frequencies. The measurements were carried out at liquid helium tem­
perature (4.2 K). At 50 mK bath, the noise temperature is estimated to be 150 
mK: only factor of three larger than the quantum limit. 
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