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We have analyzed a radio-frequency single-electron-trans{&BrSET) circuit that includes a
high-electron-mobility-transistaiHEMT) amplifier, coupled to the single-electron-transigBET)

via an impedance transformer. We consider how power is transferred between different components
of the circuit, model noise components, and analyze the operating conditions of practical
importance. The results are compared with experimental data on SETs. Good agreement is obtained
between our noise model and the experimental results. Our analysis shows, also, that the biggest
improvement to the present RF-SETs will be achieved by increasing the charging energy and by
lowering the HEMT amplifier noise contribution. @004 American Institute of Physics.

[DOI: 10.1063/1.1635972

I. INTRODUCTION a low-noise, high-frequency superconducting-quantum-
interference-devic SQUID) amplifier’® reaching a noise
The  radio-frequency  single-electron  transistortemperature of 200 mK or below.
(RF-SET! is the fastest and most sensitive electrometer The article is organized as follows: in Sec. Il, the RF-
known today. Many schemes proposed for sensitive measur&ET system under consideration is defined and an equivalent
ment applications have invoked the promise of the RF-SETmodel is presented. Signal detection is modeled and analyzed
for fast and ultrasensitive charge detection. These includ@ Sec. Ill, and an estimate for the signal-to-noise ratio is
quantum bits based on nuclear spins in siliéamarged par- given. Section IV discusses the shot noise of a SET in the
ticle detectors, quantum nanomechanical oscillatichand  noise power wave formalism. The experimental setup is ex-
single terahertz photon countéré.lt is one of the only tools  plained in Sec. V, which also shows how the model param-
for detecting single electron charges at the nanometer sca&ters for the impedance matching circuitry and the amplifier
and with gigahertz bandwidth. Although the RF-SET has apnoise characteristics are extracted from the measurements.
proached, but not yet achieved, quantum-limited sensifivity, The modeled signal-to-noise ratio, i.e., the calculated charge
this does not represent a fundamental limit of the RF-SET asensitivity, is compared with the experimental values, both
a detector. A combination of practical factors have limitedfor Al and carbon nanotube SETSs. Finally, Sec. VI explains
the ultimate sensitivity of the RF-SET. in detail how charge and energy sensitivities are changed as
In this article, we take an electrical engineering approacteircuit parameters of a RF-SET setup vary.
to the RF-SET system: it is treated as two cascaded amplifi-  Since this article is intended to be a practical guide for a
ers, as illustrated in Fig.(4). Ideally, the shot noise of the physicist considering the use of a RF-SET in their measure-
first amplifier [single-electron transistofSET)] dominates ments, we have included many appendices that give specific
the cascade noise properties. However, in the present dangineering expressions. This article discusses a more ex-
RF-SET systems, the second amplifi¢high-electron- tended analysis on the RF-SET than examined previously in
mobility transistor(HEMT)] sets the noise floor. The scope Ref. 11. In Appendix A, explicit expressions for matching
of this article is to present estimates for the charge and ersircuits in theS-parameter formalism are given. Appendix B
ergy sensitivities of practical RF-SET devices by taking intoelaborates in detail how power is transferred between differ-
account the noise of the second stage HEMT amplifier accuent components of the system. Appendix C gives a short
rately. A general conclusion of our noise analysis is thatjntroduction to different noise parameter formalisms. Em-
even in the case of the best matching, the commonly usephasis is on the noise power wave formalism that is used to
state-of-the-art cryogenic HEMT amplifiers limit the overall extract amplifier noise parameters. In Appendix D, transfor-
sensitivity. In order to take full advantage of the low noisemation to the common Rothe—Dahlke noise parameter model
power of a SET, the HEMT amplifier should be replaced byis given.

Il. RF-SET
dElectronic address: leif.roschier@hut.fi L . . .
bpermanent address: JILA, National Institute of Standards and Technology =~ A metallic single electron transistor is essentially formed

and University of Colorado, Boulder, CO 80309. by a small piece of metallic conductor, called an island, that
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a) chargedq at the gate changes the SET impedaReg;, and

thus the dissipated power of the carrier wave. The sigqal

is carried as amplitude modulation in the reflected wave. A
SET is a nonlinear device, in general, but in this article we

approximate it as a linear, real impedance controlled by the
gate charge. We thus assume that there is only a small

b)
an : Vout amount of mixing from carrier frequency to its harmonics.
impedance » o To take the impedance as real provides a good approximation
transformer as long as the capacitance across the SET {F) is much
detection smaller than the shunting capacitan€e(=100 fF) of the

FIG. 1. (a) RF-SET system viewed as a combination of two amplifiers. ThelmpeAdanﬁe transfct))r_:T\eéseg FI?' 2 RE-SET i .
first amplifier is a SET with a gais,=JP,,/dq and a charge noisH, nother possibility to implement B IS a transmis-

=4q, Whereq and P denote charge and power, respective]y_ The Secondsion Conflguratlon, where the transmission amplltude of the
stage is a power amplifier wit6,= dVy,/3P;, and noiseN,. (b) A more rf wave is modulated depending of the SET impedeﬂﬁde_
detailed block diagram of the measurement system. The chigrge first  thjs configuration, one does not need a directional coupler to
converted into a power using the SET, then transformed into a wave with 50 f ] . . .
Q) impedance and amplified. Finally, the power is converted into a signaﬁepa@te mcor_nlng "fmd outgoing waves, as is the case in the
voltage using detection circuitry. reflection configuration.

The circuit describing the SET and the matching circuit

in Fig. 2(a) have an impedance

is coupled to two electrodes via tunnel junctidAg.he dis-
creteness of charge and the small total capacitance of the Z=jol+- Rser _ 1)
island cause the current to be a periodic function of the gate jwCRgert 1
charge with a period of one electron charge,Due to this
periodic modulation, a SET may be used as an electromet
with subelectron sensitivity.
In low-frequency operation, the charge sensitivity of a
SET is limited by 1f noise, which is, typically,=3
% 10™*e/\JHz at 10 Hz for metallic SETS The bandwidth
of a direct readout is limited to approximately®16z by the
high resistance-50-200 K) of the SET and the large ca-
pacitance~0.1 nF shunting its output. The bandwidth has
been increased to 1 MHz by using a low-temperature ampli- L
fier close to the SE¥*!° Such an approach has, however, Reﬁ:WSET- C)
serious problems due to the power dissipation of the ampli- o L
fier that increases the sample temperature. The LC circuit WOI’.kS the same way as M4 transmission
The major advantages of a RF-SET, compared with dine transformet® with charactgrlst|c mpedanp@. The
direct readout device, are broad bandwidlip to 100 MH2 frequency response of t_he series resonant circuit in Klg. 2
and high charge sensitivity. This means that data can be €l0Se to the resonance is

This impedance may be approximated as a séreR reso-
Hant circuit near the resonance frequerfigy=1/(27+LC)
whenwCRge>1, as illustrated in Fig. @), with the imped-
ance

1
z=Rﬁ+ij+T56, (2

where

collected orders of magnitude faster than with a direct read- L
out. 2 \[EA(»

The basic principle of a RF-SET is that a carrier wave, 7= Reftj ——. (4
usually in the frequency range of 0.1-2 GHz, is reflected Wo

from a combination of an impedance transformer circuit andrhe reflected amplitude of the rf wave is expressed with

a SET, as illustrated in Fig. 2. The impedance transformegomplex reflection coefficierif. The relation betweed and
transforms the high impedance of the SET close t€)5the T g
impedance of a regular transmission line. The change in 7 7

~— %o

F:z+zo' ©

a) L where Z, is the characteristic impedance of a transmission

line.

By looking at the Smith chart representafidof I' (Fig.
3), one can visualize hoRsgt changes the reflected wavé.
at theLC resonance 4= R.y) is represented as a point on

SE
[.*-1 . CI
the real axis X axis in the Smith chart. IncreasinBger

R - : . - .
o) eff C L moves this point to the left. The circles in Fig. 3 illustrate the
LWV—||—’W_° ideal frequency response described by E¢sand (5). Ap-
pendix A defines a more general formalism expressing

FIG. 2. (a) Model for SET and resonant circuib) Series approximation for I'(Rsen) py S matrices. _|n _thé'matrix fo”_nali_sm _it is ef_iSier
the circuit. to describe more realistic resonator circuits including the
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tection [signal multiplied with cosggt)], there is no such
constraint for the validity of the analysis below, since there is
no need for a dominant carrier signal to multiply side-peak
signals.

After detection the signal componeditis

AT
dzscos{wot)=v07cos(wmt). (8

This signal has a root-mean-squdrms) amplitude

AT

@:Uo

FIG. 3. Smith chart representation of an ideal resonance. Large and small \/§ '

solid circles correspond to an overcritically and undercritically coupled reso- . .

nator, respectively. The noise componeni(t) (assumed to have a white spec-
trum) is characterized by an equivalent temperafiye such

that

©)

parasitic terms of available passive componentsR}

<Z,y, the SET is overcoupled, and Rgf>Z,, the SET is Sv=KkgToZo, (10
undercoupled to the feedline. The coupling is a measure ofhere Z,~50 () is the characteristic impedance of the rf
which component limits thé C resonance bandwidth. In the ines and the first-stage-amplifier input impedar®gis the
undercoupled case, the SET and th€ circuit limit the  power spectral density of voltage fluctuations over the am-
system resonance bandwidth, while the external generat@jifier input impedance. The equivalent temperatiligein-
impedanceZ, is the limiting factor in the overcoupled case. cludes all noise sources affecting the SET readout. It is to be
We may define unloaded quality factQggr=Rget/ JL/ic noted thafT is not the effective extended noise temperature
and external quality factd®,= vL/C/Z,. The total(loaded Teethat is defined by a voltage noise generator with spectral
quality factor Q_ that sets the bandwidth is thenQlY/  densityS,=4kgT..Rely) in series with the source imped-

=1/Qger+ 1/Q,. anceZg.'®
In order to compare signal and noise after detection, one
IIl. SIGNAL-TO-NOISE RATIO AFTER DETECTION has to calculate the power spectral densjyof the noise

. . . . after detection
We start the analysis for the signal-to-noise ratio by de-

fining a model for the reflected signal amplitude from the  y(t)=n(t)cogwot), (13)
impedance transformer: which yieldg?
vo[ T+ AT coq wmt) Jcog wot) +n(t), (6) S,(w)= LS, (0 0g)+ Sy(w-+ wg)] 12
=3 0 0l

where the reflection coefficiert is modulated sinusoidally

with AT cos,f) at the working poinfy. o, is the modu- When both negative and positive frequency parts of the term
lation frequencymw, is the carrier frequencyuf,<w,), and  Sv(@—w) are taken into accountwe return to think in

v, the amplitude of the incoming voltage wavg(t) is the  terms of only positive frequencigsve find for the rms noise
noise term in the time domain. If,# 0, the scheme corre- amplitude per unit band

sponds to themplitude modulatiodAM ). KT 7

We assume that the sign@nd noisg¢has been amplified VS,= 1/ & 20 % (13
sufficiently, so that the noise added by the detection is neg-
ligible. The signal and carrier components from E&j. can The signal-to-nois€S/N) ratio becomes
be written in the form

S Sd UoAF
AT —=\/g= —. (14
SEU()FO Coswot)'i' f{coi(wo_wm)t] N Sy \/4|(BTOZO
0
This can be converted into an effective charge noise ex-
1 cog (wt wm)t]}]. (7)  Pressed in units o/ Hz using the equation:

The power spectrum consists of the carrier component at AF=1/§AF,mS=(;—Fx/25q,mS, (15
frequencyw, and two side peaks at a distantev,,, from the q

carrier. In the following analysis we assume thel'/T"g where rms quantities are used because the charge noise is,
<1 for diode detection(signal squared since otherwise typically, measured in terms of rms values. By setting S/N
there will be contributions from sideband modulated noise=1 in Eq.(14), we find

Also, if I'y~0, the approximation that the carrier cogt) —_—
multiplies the signal turns out incorrect. In other words, we 80 me= 2ksToZo (16)
assume that the carrier amplitude exceeds the side-peak am- J|T'|

plitudes substantially in diode detection. For homodyne de- vo aq
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This is the basic equation for the charge resolution of a RFeharge sensitivity to be simply expressed in terms of practi-
SET having readout circuitry with an equivalent noise tem-cal parameters, and can then be used in minimizing the noise
perature ofT. added by the rf readout of the SET.

A. Estimated optimum performance for RF-SET IV. DEPENDENCE OF SYSTEM NOISE TEMPERATURE
The most sensitive RF-SET system can be realized bN SET IMPEDANCE AND BIAS

minimizing Eq.(16). First, the term in the denominatog,

the voltage amplitude of the incoming wave, has to be cong

verted to a voltage over the SET. This can be done using th

The preceding sensitivity analysis ignores both the low-
requency 1f noise, and the intrinsitsho) noise of the SET,

i fiicienk (defined f v in A di nd furthermore, assumes that the system noise temperature
power coupling coefficierk (defined formally in Appendix is independent of the impedance at the rf amplifier’s input,

B). The quantityK is the proportion of the available power which can in fact vary as the SET's impedance varies with

thaf[ IS _coupled to the SET f_rom a voltage gengrator_wnhgat& In this section, we present a more complete model for
series impedancg,. The available power of an incoming

. . . . the system noise, which allows Gsf. Sec. VG to use the
wave Isv S/ZZO’ gnd a fractiork .Of this POWEr 1S coupled to .depezdence on the drain—sourcelaind gate t?ias of the SET to
the SET. Ag equivalent expression for the d|SS|_pated POWET IRxtract the full noise properties of the rf amplifier. First, we
given by vsef/2Rser, Wherevser is the amplitude of ac  ,qqme that an amplifigpower gainGp) with correlated
voltage across the SET. Thus, one obtains the relation noise wave amplitudes,, moving towards amplifier input

Zo and B, moving towards the SETsee Appendix § we can
vo=vser\ g’ (17 write down a formula for the noise powdl, over the band-
width B
betweerv, andv gg. The charge sensitivity in E¢16) now — = —_
takes the form Np=GpB(|Ay|*+|T|%|By|*+2 R(T' A7 B,) + NkBTEn)-)
19
V2kgToR . . - .
5= %FSFK' (18  In Eq. (19 T is the reflection coefficient of the noise wave

from the SET and resonant circ{igig. 2@]. The quantityN
(defined formally in appendix Bis the fraction of the avail-

In general, the optimization of Eq18) will include  @ble power dissipated in the resonant circuit.
many details of the SET’s behavior, and can be quite com- System noise can also have a contribution from the shot
plicated. For example, the analysis here has assumed that tR@ise of the drain—source current through the SET, which is
SET behaves as a linear impedance, which depends only &eupled to the amplifier via the tr:fmsformer.. In the regime of
the gate charge. In order to maximize the sensitivity, the rlcoOulomb blockade\(ys<E/€), this shot noise has a com-
voltage on the drain and source of the SEdzr, should be Plex dependence on the drain and gate bias, and a Fano fac-
made as large as possible. However, it is clear that a largl" Which depends on correlations in the tunneling through
amplitude forvser will eventually probe the nonlinearity of the two junctions. However, in the practical case we con-
the SET’s conductance, or that the effective reflection coefSider, where the HEMT amplifier is dominant, the shot noise
ficient will cease to depend on the gate. The maximum alcontribution is small except at large drain—source bias. At
lowable value ofvsgr, and of the product sgr(d|T'|/dq), high bias, we can treat _the SET as a series array of two
will therefore depend on the dc drain—source bias, whethefncorrelated tunnel junctions, each of which has a spectra
the SET is normal or superconducting, the temperature of€nsity given by the formufa
operation, and many other variables. As a first step, in this 2eV, eV,
article we treat the simplest case, a normal SET with zero S|=T00thm- (20
drain—source bias. By examining the current—voltage of a _ Jc_t ? _ _
normal SET(see, e.g., Fig. 5 we see that the maximum If the junctions are identical, we have to multiply EQO)
change in resistance of the SET occurs at zero bias, and thadth a Fano factor of 0.5 if the tunneling processes between
the gate modulation extends only to a maximum voltage othe two junctions are uncorrelated. Also, for the resistance
order the Coulomb blockade threshold voltagg/e, where ~ We have to use the total resistarig; over both junctions. In
Ec.=€%/2Cy and is governed by the total island capacitancethis case, we find for the power spectral density
Cs . If all the other parameter@ncluding the resistance of eV
the SET can be held fixed, a higher charging energy allows  Sp=S5 Rt0t=chothm,
a larger maximum voltage, and in turn a lower charge noise B
contribution from the readout amplifier. This type of reason-whereV=2Vj is the total voltage across the two junctions.
ing also assumes that the SET’s response to the rf voltage iEhe maximum power that can be delivered from the SET to
instantaneous, or that the tunneling rate through the device & load impedancdi.e., amplifier input impedanges the
larger than the frequency of the rf excitation. Although Eq.available poweiSp/4. This maximum power transfer occurs
(18) requires simplified or phenomenologically determinedwhen the source and load impedances are conjugate matched
values of the optimum voltage and the gate modulation o{Zszr=2Z},y). We can then rewrite Eq19), now including
the impedance 4|I'|/9q), with these inputs it allows the the shot noise contribution, in a form suitable for fitting:

v SETW

(21)
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4K 300K

a)

directional cold am :

coupler P ' warm amp
H
H

RF OUT

o RFIN

30 dB !
attenuator !

FIG. 4. Measurement setu(a) A carrier wave is guided down to the SET using the RF IN line. An attenuator of 30 dB and a directional coupler with 13 dB
loss attenuate thermal noise. The wave is reflected from the SET witlCamatching circuit and amplified with a chain of cold and warm amplifiers. The
signal is detected from RF OUT port using a diode dete¢rNoise measurement schematic. The amplifier incorporates all the components starting from
bias-T to the warm amplifielT, and T illustrate two correlated noise power waves at the amplifier input. Noise measurement bandwidth was 5 MHz.

) steel coaxial cablgprobably the biggest effectand the
Np=GpB| kgT,+|T'|*kgTz—2|T'|kgT, COL ¢, + ¢b) bias-T. The dc lines to bias the SET and the gate were filtered
with stainless steel powder filtefs.

eV eV . .
+NKg T+ KTCOthm , (22 A. Extraction of matching network parameters
B

. _ . Figure 5 illustrates the measured current—voltage char-
where theT noise parameters, defined in Ref. 19, acteristics, together with numerically derived conductance
|A2=kgT,, W: keT g, curves from them. The inverse of the conductance was taken
(23 as the resistance of the SET; the reactance of the SET was
assumed to be zero. Using “orthodox theor§!"the mea-
sured IV curve at maximum blockade can be reproduced
accurately with the parametersEc/kg~1.13K, T
=280 mK, and a total large-bias resistanceRef=46 k().

Figures 6 and 7 illustrate the measured frequency re-
sponse of the zero-bias SET. The resonance dip due to the
LC matching circuit is clearly visibléat 471.2 MH2. The
data were extracted by measurig, between ports rf IN
and rf OUT in Fig. 4 with a network analyzer. This corre-
sponds to a measurement of the reflection coeffidierithe
V. EXPERIMENTAL RESULTS measureds,, included the influence of unknown attenuation

and electrical delay from the components between the rf gen-

In order to test the formalism described in the previouserator and the resonant circ(ifig. 4@]. In order to deter-
sections, we have measured the properties of two SETs: omeine I', S,; was corrected with a single, complex multipli-
Al/AIO /Al device and one carbon nanotube SET. We will cative factor, determined by fitting the observed dependence
discuss mostly the results on the Al SET and use these raf S,; vs w andS,; vs Rge7 to a detailedS-parameter model
sults, also, to characterize the measurement system thofAppendix A of the resonant circuitFigs. 7 and 8
oughly. Our measurements were done fia refrigerator at The corrected’” is illustrated in Fig. 6, along with an
T=256 mK. The scheme of the electronic measuremenideal resonance circle. Extra ripples in the frequency re-
setup is illustrated in Fig. (4). The effective circuit of the sponse are probably due to some amplifier and input cable
noise measurements is illustrated in Figb)4 In the noise resonances. Also, slight gain variation with frequency is vis-
analysis the directional coupler, the stainless steel coaxiable. These deviations from the ideal situation made the cor-
cable, the bias-T, and the second stage amplifiers had to lvection procedure discussed above a formidable task. It is to
treated as a single amplifier unit. In the noise modeling, théoe noted that the dip if'| is deep for both the maximum and
effective noise of this amplifier unit deviates from the cryo- minimum blockades in Fig. 7. This is due to the lossy im-
genic HEMT amplifief? alone, mostly due to the electrical pedance transformer that was implemented using a surface-
delay and attenuation of the directional coupler, the stainlessiount inductor formed from copper wire wound on a ce-

ArB,=—kgT,e%, I'=|I'lel’%,

are employed. In practice, this noise powés divided by
(GpBkg) yields the equivalent noise temperatiigthat de-
termines the SET sensitivity according to E46). In the
format of Eq.(22), T, depends on source reflection coeffi-
cientI'. In our SET sensitivity analysis, we assuifgto be

a constant for simplicity. As seen in Sec. V C, this assump
tion turns out to be valid experimentally.
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1.5
a) &

I [nA]

0
042 044 046 048 0.5 0.52
f [GHZ]

FIG. 7.|| at zero bias vs frequency measured for the Al SET at gate charge
values corresponding to the minimufix) and maximum(O) Coulomb
blockade state. Solid and dashed curves are fits using the lumped-element
impedance transformer and the measured zero-bias resistRfesnd

RI, respectively. The curves at minimum Coulomb blockade are shifted
upwards by 0.5 units to enhance visibility.

We employed th&-matrix representation defined in Ap-
pendix A to extract parametef3;, C,, R, andL from the
reflection measurements done over the whole variable range
of Rger. The extracted parameters are tabulated in Table I.
The curves obtained using these parameters at both the maxi-

3 r 0 1 5 3 mum and minimum Cpulomb blolckade are displayed in Figs.
Vias [MV] 7 and 8. As seen in Fig. 8, the bias dependence of the reflec-
tion coefficientI’ (Va9 is very well reproduced with the
FIG. 5. (a) IV curves measured at maximugashegdland minimum(solid) matching circuit parameters of Table I; the agreement in the
Coulomb blocka_de(b) Numerically calculated conductance from the mea- frequency dependence is spoiled by the unknown resonances
suredlV curves in(a). The two curves correspond to the cases of maximum .
(O) and minimum(x) Coulomb blockade. as mentioned before.
The calculated values @€, N, and|T'| are illustrated in
Fig. 9 as a function oRgg7. It is interesting to notice tha€
ramic core and a capacitor formed from the stray capacitanc@nd N have slopes of opposite signs wh&ag>40 k).
to ground between the inductor and the SEg. 2a)]. This degrades the RF-SET performance becaliBg dRset

After the resonance frequency,=471.2 MHz was becomes smaller.
found by measuring the frequency response with a network
analyzer, we measurdtl| as a function of the bias and gate B. Calculated versus measured charge noise
voltages. Diode detection was used to measure the reflected
power [Fig. 1(b)]. The result is illustrated in Fig. 8. It is
apparent that theC-matched SET is undercritically coupled
at zero bias Rget high) and passes through critical to over-

From the slope of the measured transfer function illus-
trated in Fig. 10, we can estimate the variatiorRaE with
respect to the gate charge

critical coupling Rsgrsmal) as the bias voltage is increased IRseT 1
(Sec. I). This behavior made the fitting more accurate be- Jq :3-44ARgv (24)
causdl’| passed via zero, i.e., through the center of the Smith
chart.
0.5 0.3
0.4‘—-—5%%& f’t‘oz
0.3 X 3 0.1
= X
0.2 9 0
0.1
=2 o 1 3
Vbias [mV]

ends of the frequency sweep are denoted bgndfy .

FIG. 8. Measuredsymbolg and calculateddashed and solid lingwvalues
FIG. 6. Smith chart representation of the measured, corrected reflectioof |I'| vs bias voltage at maximu©) and minimum(x) Coulomb block-
coefficient(I') along with an ideal resonance circle. The lower and upperade. The minimum blockade curve is shifted 0.2 units upwards to increase

visibility.
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TABLE |. Parameters extracted from reflection measurements for the im- T T T T
pedance transformer.

C1 (PP Cz (PP R () L (nH)
0.239 0.208 12.0 256

VOUT (a.u.)

whereAR is the maximum change in resistance that the gate '\134 kQ
can induce. For our Al sampl&R=44.5 K, which yields : . :
IRse1/9q = 153 K)/e. We takevse=E./e=156 uV for Voate (1)

the optimum ac amplitude over the SET; this is the maXi'FIG. 10. Measured transfer function, i.e., output voltage from detection vs
mum voltage at which the resistance switiR still remains  gate voltage. One period corresponds to a change of chargedoy the

at its largest value. By using the fitted parameters of thesland. The minimum and maximum values \gf,; correspond toRger
lumped-element matching circuit in th@&matrix formula- =134 and 89.5 K, respectively.

tion, we obtaind|I'|/dRggr=2.6 uS from Eq.(5) at the ap-

proximate operating point witRggr=111.7 K2, which cor- ) ) o

responds to the position of highest slope on the transfeff€iSe and the relevant passive components with fitted param-
function in Fig. 10. FoK we calculate a value of 0.62. Then, ter values, explains the measured charge sensitivity.

by using Eq.(18) and a constant value of,=4K, as is The charge noise of the aluminum RF-SET is mostly
suggested by Fig. 11, we find that the charge sensitivity bedominated by the amplifier noise in our measurement sys-
comes 4.4 10 ¢/ \Hz. tem. In our analysis of the charge sensitivity, in fact, we have

For reference, we calculatd’ curves as a function of [ncluded only the noise from the amplifier system. The in-
gate charge using orthodox theory with parametdrs tr|n5|_c63hot-nc2)!sse limit of a RF-SET is expected to be 1.4
=280 mK, Ry =46 K, andE¢/kg=1.13 K. From the cal- ><_10_ e/_\/H_z, So it is safe tq neglect the shot-noise con-
culatedlV curves we determined an effective rms resistancdfPution in the present analysis. _
Rime=(UZ)/(12) as a function of the ac voltage amplitude _ _ OU' alur;nlnum RF-SET has an uncoupled energy sensi-
over the SET.U and | are the instantaneous voltage andtVity of 6G°/2Cs ~340%. If the lossy impedance trans-
current of the SET, respectively. The averdge) is taken fqr.mer were changed to an ideal lossless one, then this sen-
over one complete ac period. Then, by numerical minimizaSitivity would become~22(%:.
tion of Eq.(18), we found the ac voltage amplitude and gate
charge for the best charge sensitivity. At the optimum operc. Shot-noise calibration of amplifier noise

ating point, we obtaine®,,.= 124 K, vge=152 'V, and . . .
a charge sensitivityq=3.5x 10 5/ JHz. In order to characterize the noise properties of the am-

These theoretical values can be compared with thgln‘ler setup after the tank circuit, we fitted E(2) to the

. noise measured as a function of current. In other words, we
charge noise measured at frequency 1.1 MHz, where the con-

LS . .~ used the shot-noise of E(R1) as a calibration standard. The
tribution from the low-frequency 1/charge noise is negli- ; . .
. . N 5 ) four extracted parameters in the noise power wave formalism
gible. At V.~ 0, we measuredq=3.8X 10 ~e/\Hz using . )
T . X icsqre tabulated in Table Il. The fitted curves and the measured
optimized ac amplitude and gate voltage. The first theoretica . R . . o
L . . data are depicted in Fig. 11. It is obvious that the amplifier
estimation using the transfer function gave a less accuraté
estimate, owing to a large uncertainty in the valuew gf;
and JRge1/dq. In the latter estimation, using the calculated
IV curves, the result agreed with measurements within

‘7»:_*1
+10%. Thus, our model, taking into account the amplifier <
o
36
o
1 R TSTTTC T
i i 54
08 K | i 2
0.6 : : 22 1
P ow <«
0.4 ! d 0
02 : ; 456 -1 05 0 05 1 15
) |F| i ! Vbias [mV]
0 50 700 750 200 FIG. 11. Measured noise power NR4BG) in Kelvins at minimum(x)
Rget (k) and maximum(O) Coulomb blockade. The two topmost solid lines corre-

spond to the fits obtained from E(L9) using the parameters of Table II.
FIG. 9. The fraction of available power coupled to the lo&g @nd to the  The dashed and dotted lines are amplifier contributions to the measured
coupling network N), as well as the reflection coefficiefif|. For our noise for maximum and minimum Coulomb blockade, respectively. The
Al-SET, the dashed lines limit the rangeR§g that is usable for finding the  lowest solid curve illustrates the shot noise contribution to the measured
optimum operating conditions. noise.
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TABLE II. Extracted noise parameters in the power wave formalism for the -3

amplifier setup including the components from the impedance transformer 10
output up to the last warm amplifier outp{gee Fig. 4. For definitions of X
the parameters, see Appendix C and &9). Q RN
=N
T 10
T, (K) Ts (K) T, (K) ¢, (rad 3, — = —
3.78 1.22 0.35 0.56 g RS ' [ |
16°
0 500 1000 1500 2000 2500

adds a noise power correspondingtd K to the input sig- “y €]

nal over the whole bias range. Thus, our assumption of congc. 13. Charge sensitivity of RF-SET calculated from E§) assuming

stant amplifier noise is quite well justified. an amplifier system witT,=4 K. The curves have been obtained with the
Figure 12 illustrates the effect of a varying reflection following parameters{O) t=0.1Ec, Ry=50 K2, and Ec=1K; (X) t

coeffiecientl” on the amplifier noise. As the noise matching = %1Fc» Re=200 K2, andEc=1K; and(x) t=0.3c, Ry =50 K2, and

changes, the effective noise temperature varies betweerf =~

~3.7 and 5 K. Perfect power matching withi|=0 is seen

to be rather close to the optimum noise matching in our

setup. cuit hasZ;<<2500(). This impedance constraint is imposed
because, wheiZ>1000, theQ factors start to limit the

VI. MINIMIZATION AND SCALING OF THE CHARGE measurement bandwidtiZ;=2500() corresponds to &

NOISE ADDED BY THE RF READOUT value~2500(/50 Q2 =50, and a bandwidth of 5 MHz if the

carrier frequency is 500 MHz. Also, a highr impedance

In the previous section we showed that our model for ‘ . i d to impl d h
calculating charge sensitivities of SETs agrees well with thjrans ormer is more complicated to implement due to the

measured, experimental values. In this section, we use t 8w-fr_equency. self-resonances of a large mductor.. -
same model, i.e., Eq18), to estimate how good a charge Figure 13 illustrates the calculated charge sensitivity as a

resolution can be achieved with a given set of parameteréyncn,gn ,Of Zy for an arr]npllflir setup \/thhT(a: ;‘;,K; othlzr q
keeping them still within the realm of technological feasibil- contri ““‘?”5 to noise have een neg ected. Figure -3, an
ity. the following ones, can be considered as a set of guidelines

The term 4|T'|/aq is computed usingl (Vser,q for the estimation of technological limitations on charge sen-
1Y gater e . 3
t,Tec,Rs) surfaces calculated with orthodox theory; ]f't'vl'ty' SoT:_e of the elmployedl SIfET param(-lzters me;y bg dif
=kgT/Ec is the normalized temperature afi¢tc is the I'CUt_tI_O achieve sf;_mt_;taneou;s y- for e>.<am|p e,.sn‘Faidan_
charging energyEc in kelvins. As an effective resistance of 'a/9€ Tec are conflicting requirements in aluminum devices.
the SET we US®, = (UD/(I?), where the average ) Carbon nanotubes, however, are rather exceptional in this
is taken over one complete ac period. For matching, we usreespect and provide a smath, and a largeTec almost rou-

an ideal losslesk C-resonator impedance transformer as de_tlnely, but often at the expense of irregularities in their gate

scribed in Sec. 1. The impedance transformer is Charactelmodulation curves. Figure 14 illustrates the charge sensitiv-

ized by an impedanc&;=\L/C alone; no parasitic terms 'Y CUrves assuming artl ;\mpl_lflglr W'frbf: 100 mK.fIn faé::’ SET
are taken into consideration. Thus, we describe the syster_q:n1ese curves represent the viabie periormance of an =i

with parameters, Tec,Rs ,To, andZ;. We maximize the in conjunction with a matched, high-frequency SQUID am-

charge sensitivity with respect to the variab\égr andqgaee plifier.

under the constraint that the impedance of the matching cir- In order to charactenze thg gnavmdable. traQe-oﬁ be-
tween the bandwidth and sensitivity, we plot in Fig. 15 the

product of the charge sensitivity and tli¢ factor of the
impedance transformer. This plotted quantity corresponds to
the inverse of the gain-bandwidf&BW) product. Accord-

m
c
3
©
-4
g 10
[3)
& - B
+>_ :N SN Ve
<
; 10
[5) ;
= e f 1 1
02 04 06 08 1 2 b
T -g
T 106 500 7000 1500 2000 2500
FIG. 12. Amplifier input noise equivalent temperatuTg=Ta+|F|2TB ZT [Q]

—2|T'|T, cos(pst ¢,) as a function of source reflection coefficidhtNote

that this is not the usual effective extended noise temperdiwe T,/(1 FIG. 14. Charge sensitivity of a RF-SET calculated from @®) assuming
—|T'|?) of the amplifier, where the noise generator is located at the sourcean amplifier system witfi,=100 mK. The symbols are listed in the caption
For more details, see Appendix D. of Fig. 13.
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sis does not include the SET noise, we expect that the energy
sensitivity of the entire system would approath

*\\,&_‘\M All the numerical results above with an ideal impedance
i transformer can be summarized using a single phenomeno-
logical equation for charge sensitivigg (e/VHz):

—
o,
[

Q-5q [e/HZ2”]

P

o
e

~ —6—-—0.940.59+—-1.0150.914-0.5
0 500 1000 15'00 20'00 2500 69~1.46<10"Z¢ t gTEC lRN To™ (25

Z [Q] The units for the parameters arg (Q), Tec (K), Rs (),
FIG. 15. Charge sensitivitik Q factor that represents the inverse of gain- and To (K). This formula reproduces the numerical results
bandwidth product. The symbols are listed in the caption of Fig. 13. over 0.0Kt<0.3, 206<Z;<2500, 50 K)<Ry\<200 k
with a 50% tolerance.

In order to estimate the SET electron temperafligg
ing to Fig. 15, there is not much enhancement in the GBW ofjue to the heating from ac bias, we calculate the heating
the RF-SET once; exceeds 100Q). power P=v2 /(2Ryg using the effective resistand®yys

The noise added by the readout, expressed as the ub-,/(U?)/(12) and the voltage amplitude,, at each opti-
coupled energy sensitivity of a RF-SE&=69*/2Cs (in mum sensitivity point with varyin@r , Tec, t, R , andTy.
units of J/H2 is shown as a function of the charging energyFor the electron temperature we use the model
Ec in Fig. 16. The result depends strongly on the noise tem=[p/(250)]"527 where S is a constant of order
perature of the amplifier. Only wheRy=100 mK, does the 1 nw/K% um? andQ is the volume of the SET island that
noise approach, on the order of the expected intrinsic noise ywe take to be of order %0.2x0.05 um?. By fitting phe-

6 qi i i . . :
of the SET® Since our treatment does not include any noisenomenological formula TR to numerical results, we find
from the SET, one should interpret a predicted energy sensinat formula

tivity comparable or less thaias a prediction that the noise
added in the readout of the SET can be made negligible Tef~2.45< T2ARs %2, (26)

compared to the SET’s noise. In this case, though our analy- ) "
reproduces simulated results within a 20% tolerance. The

units for the parameters afi) for Tgc and(Q)) for Ry . We
a) find dissipated poweP to be uncorrelated to the parameter
10° t=Tex/Tec. Equation(26) may be compared with E¢32)
in Ref. 27 (Te~20X EX'Rs %%, which gives the effective
d temperature of a SET with dc bias. Both models give similar
10 %Ea results wherRs ~40 k(). One should note that the electron
heating is quite considerable and the electron temperature is
N much greater than the base temperature of the cryogenic ap-
paratus. For example, Ry =50 k) andTgc=2 K, the elec-
~ tron temperature due to heating is of order 370 mK. Another
10° : conclusion is that in order to readl=0.1 one needS gc
7 : ~6 K.
E . [K] ! By combining Eqs(25) and(26), we get an estimate for
C the charge sensitivity that takes into account heating effects
b) | from ac bias:

10
80~2.48x 10 527 “EL L3RI (27)

N

e/h

10

The units for the formula ar?) for Z; andRy , and(K) for
TecandTy.

As a test of Eq(27), we compare the charge sensitivity
€ calculated from it with four measurement results: Al SET
10 = in this work above(?2) the original RF-SET,(3) RF-SET at
Chalmers and (4) a device made of a multiwalled carbon
" nanotub&® Table Il summarizes the results. The results
agree within factor 3.
107 E . [K] 10' In Table 1, the most poorly known quantity from the

C measurements is probabBy. To calculateZ;, we have

FIG. 16. Contribution of RF readout to the energy sensitivity of a RF-SET.assumed the nominal inductance of the commercial compo-
When the predicted contribution to epsilon/hbar approaches 1, the readoutisents used in the resonant circuits. Because the resonant fre-
contribution is negligible and the SET'’s intrinsic limits shoulq be ap- quency of the these circuits is close to the self-resonance
proached. Calculations are fé&) To=4 K and (b) To=100 mK, with an frequency of the inductor, the inductor’s reactance will sig-
impedance transformer &;=2500(). The curves have been calculated "~ ! h .
with the following parameters:x) T=0.1E¢ andRs=50 kQ, and(O) T nificantly exceed calculated from the nominal inductance.
=0.1E¢ andRy=200 K. In a more rigorous analysiZ; would be determined experi-

10°

e/h
/
/

-2
10



J. Appl. Phys., Vol. 95, No. 3, 1 February 2004 Roschier et al. 1283

TABLE lll. Parameters of RF-SET measurements and the estimated charge sensitivity usi2g Except for

carbon nanotube sample. In carbon nanotube sample island vﬂumﬁ of the typical metallic SET island

volume. This increases the in Eq. (26) by a factor % ~15 which is used in Eq(25) to calculatesq. The

charge sensitivities in Ref. 9 have been taken to be a fa@tdietter than reported (910~ %e/\Hz) due to the

fact that in the article sensitivity was calculated from a single sideband. The enhancement comes from the fact
that when the signal is mixed down, noise is summed as power, but signal as amplitude. We assume that the first
amplifier sets the noise floor and that the spectrum is white.

This work Al RF-SET Al RF-SET Carbon nanotube RF-SET
Zt 758 Q) 2830 12930 900 Q)
Tec 1.13 K 2.1K 35K 35K
Rs 46 kQ) 97 kQ) 43 kQ) 150 k)
To 4 K 10 K 6.3 K 4 K
3q calculated  4.8x10 %/JHz  1.5x10 %/\Hz  7.6x10 ®e/\Hz 4.0x10 %/ Hz
6q measured 3.8x10 %e/yHz  4.7x105/\Hz  6.4x10 ®e/\Hz 1.86x 10~/ JHz

aReference 1.
PReference 9.
‘Reference 28.

mentally. Nevertheless, Eq27) provides a rather realistic ACKNOWLEDGMENTS
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We have performed measurements on aluminum and
multiwalled carbon nanotube RF-SETs and analyzed the rexppeNDIX A1 S-MATRIX REPRESENTATION
sults carefully. We have developed a detailed noise modelpE THE IMPEDANCE TRANSEORMER
based on scattering matrix and noise wave formalisms. The
signal-to-noise ratios obtained from our model agree well  In this section we write down explicitely tH&matrix of
with the measured charge sensitivities. Our formulation als@ network of lumped element inductances, capacitances, and
gives a recipe to extract noise parameters of the amplifieiesistances. The impedance transformer of RF-SET may be
setup and the parasitic components of the impedance tranglewed as two impedances; (the surface mount inductor
former. It is found that, in our setup, the first stage HEMT With its parasitic elementsandZ, (the self-capacitance of a
amplifier is the most inadequate component contributind?onding past

nearly all o_f the charge qoise. _ _ _ Z,=joL|(R+1jwC)), (A1)
Our noise analysis yields a general signal-to-noise ratio

formula (18) that provides the basis for the estimation of 1 (A2)

sensitivities in RF-SET systems. Using E48), we calcu- 2 jwCy’

lated numerically the sensitivity of a RF-SET setup with a_ . -

. . as illustrated in Fig. 1(&).
perfect impedance transformer over a wide range of param- The transformation from impedanc@ and Z, to the
eter values. The results were compressed into a single phgmatrix representation is given by 2
nomenological formula, Eq27), that may be used to esti-
mate charge sensitivity of a typical metallic normal-state RF-
SET.

As a final conclusion, if one wants to enhance the sen-
sitivity of present-day RF-SET setups considerably, the noise
temperature of the firstHEMT) amplifier after the SET o~ S-matrix o
should be lowered and the SET charging energy should be
increased. From Ed27) one notices how high charging en- ,,[ 1
ergy has major importance due to two facts. It allows a larger
ac voltage amplitude over the SET and it leads to a IowelrzlG. 17. (a) Lumped-element representationla® matching circuit. Imped-

normalized te_mperatur‘e, which heating effects prevent in ancesz, andz, represent the total impedance of the corresponding dashed
smaller charging energy SETS. boxes.(b) EquivalentS-matrix representation.




1284 J. Appl. Phys., Vol. 95, No. 3, 1 February 2004 Roschier et al.

K | °n
K N |m noiseless O
1 in twoport
impedance 1 network
transformer 1 O
z %

FIG. 19. Traditional way to represent noise of a two-port network.

FIG. 18. Power transfer between the impedance transformer and the source . . .
impedance i) and between the load impedance and the source impedanc@y using Ref. 18[Eq. (5.83], we find K, the fraction of

(K). available power that is coupled to the load:
|z STy o5
=5 _ T 1. 2
B lezz+21/ZO_ZO/ZZ A3 Z0 |1 S22FI| |1 l_‘srm|
N ¥ 7,170+ 21120+ 2012’ (A3 where
Z,~7
2 s 0
_ I's= . (B6)
S= 5 717,5 70120 2912, (Ad) * Zst+Z,
> If Zs=2,thenl's=0 and we find a shorter expression for
SN 5171705 21120+ 2912, (AS5) 1S51(1=[Ty[?)]
TSP =0
_Zl/zz+21/ZO_ZO/ZZ 241
2T 07,125+ 2,120+ Z01Z," (AB) Using Eq.(B3), we can expreshl in terms ofK andG:
where Z, is the characteristic impedance by which t8e _K=GK
L . N= (B8)
matrix is normalized. G
The above analysis allows us to calculdteandK from the
APPENDIX B: POWER TRANSFER BETWEEN knowledge of theS matrix of the coupling network, and the
AMPLIFIER, IMPEDANCE TRANSFORMER, AND SET load and source impedances.

In order to understand how power is transferred in the
circuit we consider a situation illustrated in Fig. 18. We have C: NOIS sc o
a source impedancgg (amplifier, 50()), a matching net- APPENDIX C: NOISE WAVE DESCRIPTION
. OF AN AMPLIFIER
work at temperaturel,, (the impedance transformede-

scribed by itsS parameters, and a load impedage(SET) Linear, noisy two-port networks ar&raditionally de-
at temperatur&, . We define constants (N) as coupling of  scribed by a voltage and a current noise generator and by
available power betwee@s and Z, (Zs and impedance their correlation at the input of a noiseless network, as illus-

transforme). A constant equal to 1 means that all availabletrated in Fig. 15° Following Ref. 30, we define quantities
power is coupled between the objects. The available power

that is coupled neither t&@, nor to the impedance trans- lenl?

former is reflected back. Thus, we have an equation for the n:4kBTAf ' €Y

reflection constant': W

'n
2 — =
We define the power gaié as and the correlation coefficient

G < (B2) ineh

=— 1he
N+K p= — (C3)

217 12°
This is the ratio of the power coupled to the load to the total [enl%linl
power that was not reflected back. Note that this gain is les¥/sing these quantities one arrives at the usual formula for
than 1 in the analysis of this article. By using E§.84 from  the noise figure:
Ref. 18, we find an expression for the power gain

Gn
F=F.nint = |Zs—Z 2, c4
S 2(1-1[?) emin Rs| s~ ZsoH (C4)

= , B3
1= S [*(1=[Tin|*) (59 whereZ, is the input impedance the two-port network sees,
where and Zgo= Rgoet jX 5o IS the input impedance that mini-
mizes the noise figurésource optimunwith respect to the
:Z'_ZO I',=S,+ S125x1 ] (B4) noise factor). The optimum values for source impedance
Z+2z,0 " 1-S,I minimizing the noise figure are

G

I
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- —_ TABLE V. Extracted Rothe—Dahlke noise parameters for our amplifier
b a . ) -
n n system including all the components from the output of the impedance trans-
(S I noiseless —O former up to the output of the last warm amplifisee Fig. 4.
INPUT Zs,opt two- OUTPUT
port
o 1 o) Femin On Zsor
1.013 0.076 mS 56.17-j 4.20

FIG. 20. Noise wave representation with two uncorrelated noise waves.

|Z Flzzﬁ (C5) |Ans|2:|An|2+|F|2|Bn|2- (C1y
50 On’ Generally, the question is holalancedthe amplifier is. In
R practice, the measured noise power contains some correlation
n . .
Xsor= \/ —Imp. (ce)  term that depends on both the linear magnitude and the phase
Gn of I.

By defining noise wave generators
APPENDIX D: EXTRACTION OF NOISE PARAMETERS

en+Zsod
anz—“—SOFln, (CY) T-noise parameters may be transformed to the usual
2\|ReZsoHd Femin» On» andZsor parameters using the identitt@s
b = —n_£sofn Sodn (C9 Femin=1+ i[(T —To)+\(T,+Tp)2-4T2], (D)
n > |ReZSOFl, emin 2Tr a B a B ydr
describing a noise wave traveling towards the amplifier input :Ta+Tﬁ—2T«/ cosg¢, D2)
(an) and a noise wave leaving the amplifier inpi,), as 9n 4T, |Re[Zp}| '

illustrated in Fig. 20, one can have two uncorrelated noise
wavesif they travel in a transmission line with complex char-

(Tt Tp)?—4T,,

acteristic impedanc&sor in the amplifier input. This trans- Zsor= |Re[Zo}] T,+Tz—2T,cose,

formation transforms two noise sources with any correlation )

into two uncorrelated waves by using a transmission line +il Imizo - 2T, Re{Zo}sing, (D3)
with proper complex impedance. T,+Tp—2T,cosg,)’

_In practice, however, we do not have a transmission lin§here7, is an arbitrary complex reference impedance at the
with a characteristic impedan@sor at the input of an am- 5t port (usually, 50€)). Table IV displays the parameter
plifier. Then, the transformation of Eq&C7) and(C8) cannot \51yes that are obtained for our amplifier setup from Egs.

be employed to uncorrelate the power waves. It is convenier*(bl), (D2), and (D3) using theT parameters of Table 3.

to define a pair of correlated noise waves traveling in the  tha definition for extended noise factdf, using
transmission line with characteristic impedari€g denoted
by A, andB,,, as illustrated in Fig. 2% Thus,A,s, the total
noise wave due to the amplifier at the amplifier input canbe ~ _ _ T, +|T|?Tz—2|T|T, coq ¢pst ,)

written in the form € T, (1-[T]?) '

T-noise parameters is given By

(D4)

A=A +TB,, (C9  whereT,=290 K is the standard reference temperature for
noise. The effective extended noise temperafligg= (F.
—1)290 K of the amplifier system in Fig(H) is illustrated
|And2=|An?+|T|?B,|2+2 RTAXB,}. (C10  in Fig. 22 as a function of source impedarte

and the measurable noise power becomes

We see that the correlation term in this noise power depends

on the phase of . -
Often in low-temperature devices, the first stage ampli- 40
fier is a balanced on®.For theideal balanced amplifier the
total noise wave is only a function of the magnitudd'ohot ’;,20
the phasé® This means that the total noise can be written in N 0
the form E
-20
Ao -40
Bn A
source
o I noiseless —O 20 40 60 80 100
Zy two-port | OUTPUT Re(z S)
o] —O

FIG. 22. Effective extended noise temperatligg of the employed HEMT
FIG. 21. Noise wave representation with two correlated noise waves. Thamplifier as a function of source impedangg. The contours denot&,,
source impedance is denoted by its reflection coeffidient =constant in kelvins.
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