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Correlation effects for electron-positron momentum density in solids

B. Barbiellini* M. Hakala] M. J. Puskd, and R. M. Niemineh
Laboratory of Physics, Helsinki University of Technology, FIN-02150 Espoo, Finland

A. A. Manuel
Department of Physics, University of Geneva, 24 Quai E. Ansermet, 1211 Geneva 4, Switzerland
(Received 23 December 1996; revised manuscript received 22 May 1997

A method describing the calculation of the momentum density of annihilating electron-positron pairs in
solids has been developed. One-electron states, which are not perturbed by the positron, are used. The effects
due to the enhancement of the electron density near the positron are taken into account by a factor depending
on the electron state in the annihilating pair. This enhancement is used both for the valence and core electron
states. The calculated momentum densities are in good agreement with the two-dimensional angular correlation
of the annihilation radiation measurements in defect-free Cu and G&A363-18207)02336-9

[. INTRODUCTION Sec. Il we review the most important aspects of the calcula-
tion of the electron-positron momentum distributions and de-
The measurement of the momentum distribution of anniscribe the model used in this work. Section Il is devoted to
hilating electron-positron pairs is, together with the positronthe results: First we compare the theoretical and experimen-
lifetime measurements, the basic method of positron annihital results for positrons in Cu, mainly in order to test the
lation spectroscopy? The first measurements of the momen- ab|I|ty of the theory to_descnbe the amplitude variations as a
tum distributions were performed with the angular correla-function of the magnitude of the momentum. Then, in the
tion apparatus using a long-slit geometry. This gives thesase of GaAs, we study more carefully the anisotropy of the
momentum distribution integrated over two perpendicular di-distribution. In Sec. IV we present the conclusions.
rections. The two-dimensional systems enable the measure-
ment of momentum distributions integrated only in one di- Il. THEORY
rection. Three-dimensional momentum distributions have
also been reconstructed from the results of two-dimensional
measurements The measurement of the line shape of the
Doppler-shifted annihilation spectrum also gives a momen- The momentum distribution of annihilating electron-
tum distribution integrated over two dimensions. Along with positron pairs can be written as
the experimental activity, electronic-band-structure calcula-

A. Momentum distribution of annihilating
electron-positron pairs

tion methods have been used to predict the momentum 5 . ep 2
distributions? One of the key questions in these calculations p(p)—wrecZ U dr exp(—ip-Nyi(r.n)| . (@)
has been how to incorporate the electron-positron interac-

tions into the theory. wherep is the total momentum of the annihilating paig,

In this work we study the effects of the electron-positronthe classical electron radius, acdthe speed of light. The
interactions in the momentum distributions of annihilatingsummation is over all occupied electron statg§"(r,r) is
electron-positron pairs. We present a general scheme that cétme two-particle wave function when the positron and elec-
be used in practical calculations devoted to quantitative comtron reside in the same point;™(r,r) can be further written
parisons between theoretical and experimental momentumsy the help of positron and electron single-particle wave
distributions. We use a model developed previously to defunctions . (r) and ¢;(r), respectively, and by the so-
scribe the momentum distributions corresponding to the corealled enhancement factet(r) as
electron€ In the model the effects due to the enhancement
of the electron density at the positron are taken into account YeP(r,r) = by (D (D Y1), )
by a factor depending on the electron state in the annihilating
pair. Now we generalize the model also to the valence electhe enhancement factor takes into account the electron-
trons and obtain the total momentum distributions. The vagpositron interactions. If it equals unity one obtains the inde-
lence electron states having wave functions with a richnespendent particle modélPM).
of different features serve as an optimal testing ground for The enhancement factor is a manifestation of the electron-
the theoretical approach. Moreover, the results can be conpositron correlations. The enhancement of the electron den-
pared with high-resolution two-dimensional angular correla-sity at the positron is a crucial ingredient when calculating
tion of the annihilation radiatio(2D-ACAR) spectra, which the total positron annihilation rate, which is the integral of
give detailed information also through the anisotropies of thep(p) over the momentunp. The shapeof the momentum
momentum distribution. distribution of the annihilating electron-positron pairs is rea-

The organization of the present paper is as follows. Insonably well described without the electron-positron interac-
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tions, i.e., within the IPM(Ref. 1) if only the sp valence priate functions depending on the electron-positron relative

electron contribution is considered. However, when one condistancer, may provide more effective tools to deal with

structs the total momentum distribution, for example, for Cu,the problem.

the IPM fails to give the correct relative weights for thp A widely used method to incorporate many-body effects

andd valence electron contributiofis. into the calculation of the momentum density is based on the
Many-body calculations for a delocalized positron in alocal-density approximatiofLDA).>"*" The simplest LDA

homogeneous electron gas have been used to model te@hancement factor in Eql) depends only on the local

electron-positron correlatioi}! When a positron is im- electron density at the positron site,

mersed in an electron gas the Coulomb attraction produces a

cusp in the electron density at the positron 8it€.The cusp Yi(r)=vpaln(r)) 5)

determines the enhancement factor and contributes to the o ) ] ]

positron-electron correlation energy. The results for the ho@nd its effect is similar to that of including the positron wave

mogeneous electron gas can be successfully applied in Ca{pnctlon1 in the calculation of the momentum distribution.

culating positron annihilation rates for real solids with inho- This enhanceénzeont has been used 21f0r méfals,

mogeneous electron densitiésCalculations for a positron Semiconductorsi~*’and also for highF oxides The LDA

in a homogeneous electron gas have also been used to e§lhancement factor for metals introduced by Daretlkl.

mate the correlation effects in the momentum distributionshas also a Kahana-type energy dependence. The LDA en-

Kahand® employed a Bethe-Goldstone-type Iadder-diagrarrhancemem factor can .also be improved by mclludlng the de-

summation and predicted that the annihilation rate increasd€ndence on the gradient of the electron derfSite.,

when the electron momentum approaches the Fermi momen-

tum pg in metals. This momentum dependence is explained (1) =Yaca(n(r),[Vn(r))). (6)

by the fact that the electrons deep inside the Fermi quuidT . . . .
. . he ensuing method is called the generalized-gradient ap-
cannot respond as effectively to the positron as those near the

; i . foximation (GGA) for the positron annihilation rate. The
Fermi surface. According to the many-body calculations b ; - .
: LDA and its GGA generalization for calculating the momen-
Daniel and Vosko' for the homogeneous electron gas the

electron momentum distribution is lowered just below thetum density usually improve the agreement with experiments

) . L ._—with respect to the IPM results. The GGA gives slightly bet-
Fefmbleveliinis an!el .VOSkO effect would oppose the in ter results than the LDA? However, both the GGA and the
crease of the annihilation rate and the peaking of th

electron-positron momentum distribution. In any case, one DA result in 3%”“0“5 oscillations with respect to the ex-
can define a momentum-dependent enhancement factor perimental datd.

B. The present method

¥(P)=p(p)/p"™™(p), () , ,
The purpose of this work is to present a general scheme
where pPM(p) is the IPM partial annihilation rate. for calculating y;(r) such that it can be used in practical

Stachowiak! has proposed a phenomenological formula forcalculations devoted to quantitative comparisons between
the momentum dependence in electron gas as theoretical and experimental momentum distributions. First,

we note that under the requirements given in Ref. 9 the
Bethe-Goldstone equation is equivalent to the Sdimger
¥(Pe)— ¥(0) ~0.13% (4)  equation for the pair wave-functioR(ry,r,) describing an
¥(0) e electron and a positron interacting via a screened Coulomb
potential® The Pluvinage approximatiéhfor F(r,,r,) con-
wherer = (3/47n)*3 andn is the electron density. Accord- sists in finding two functionss(ry,r,) and f(ry,r,) such
ing to Stachowiak the result is quite sensitive to the constructhat F(rq,r,)=G(rq,r,)f(r,,r,) and such that the Schro
tion of the many-body wave function. Experimentally, the dinger equation becomes separal@€r,,r,) describes the
peaking of the momentum density @t should, in principle, orbital motion of the two particles ignoring each other, and
be observable in alkali metals. However, different experi-f(r{,r,) describes the correlated motion. The correlated mo-
ments disagréeand, moreover, it may be very difficult un- tion depends strongly on the initial electron stat@vithout
ambiguously to extract the valence from the core contributhe presence of the positrorObviously, the localized elec-
tion because of the presence of oxide layers on alkali metaton states near the nuclei are less affected by the positron
samples?® than thesp-type valence orbitals.

The Bethe-Goldstone equation in the plane-wave repre- We have developed, on the basis of the Pluvinage ap-
sentation(corresponding to the homogeneous electron gasproximation, a theory for the momentum density of annihi-
can be generalized by using Bloch wave functions for a pelating electron-positron paifs.In practice, it leads to a
riodic ion lattice. This approach has been reviewed byscheme in which we first determine the momentum density
Sormannt® The conclusion is that the state dependence ofor a given electron statewithin the IPM. When calculating
the enhancement factor is strongly modified by the inhomothe total momentum density this contribution is weighted by
geneity and the lattice effects. Therefore, in materials that are
not nearly-free-electron-like, the Kahana momentum depen- yi=NINPM, (7)
dence of y(p) is probably completely hidden. However,
plane-wave-type expansions are poorly convergent to handighere\; is the partial annihilation rate of the electron stiate
the electron-positron correlation cusp. Choosing more appraincluding correlation effecisand\ "M is the same quantity
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in the IPM. This means that a state-dependent enhancement lll. RESULTS AND DISCUSSION
factor v; substitutesy,(r) in Eq. (1). The partial annihilation

g - A. Shape of the momentum distribution
rate \; is obtained as

In order to test the present scheme of the state-dependent
enhancement factor in the case of valence electrons we have
5 made calculations for the momentum density of annihilating
?\iszreCJ drni(r) yLoacealr), (8)  electron-positron pairs in the perfect Cu lattice. For the bulk
Cu the IPM calculations give distributions that deviate re-
markably from those measured by the 2D-ACAR® The
wheren;(r) is the electron density for the state If this  deviation indicates that for thé electrons the enhancement
theory is applied to the homogeneous electron gas it leads i smaller than for thep conduction electrons. In more de-
the same constant enhancement factor to all electron statdsjl, it has been noted that for thel Zlectrons in Ni and Cu,
i.e., there is no Kahana-type momentum dependdfice  a constant enhancement factor is not adequate, but an en-
(3)] in the theory. In practice, we calculatgr) using the hancement factor depending on the electron state within the
GGA for the positron annihilation rafé.The GGA predicts d band gives already a fairly good descriptfdr® Jarlborg
for various solid systems positron lifetimésverses of the and Singh’ gave for this notion the following explanation.
total annihilation ratésin good agreement with the experi- For a filled band the antibonding states near the top of the
mental result$? Compared to the LDA, the GGA suppressesband are more localized around the nuclei than the bonding
the electron-positron correlations and reduces especially thgfates near the bottom of the band. For states residing more
partial annihilation rates for the core states. in the interstitial region(with a lower electron densitythe

The theory described gives momentum distributions forelectron-positron correlation effects are stronger than for
the localized core electron states in good agreement witktates localized closer to the nuclei. This model is in good
those measured by Doppler broadening techni§d@3his  agreement with the experimental analyses of Refs. 24 and
is true for positrons delocalized in perfect crystal lattices a®25. Below we illustrate that the interplay between the bond-
well as for positrons localized at vacancies in solids. In theéng and antibonding states and the enhancement factor is
previous calculations electron wave functions of free atomgalid also in our present model, although the hybridization of
have been uset? This is a reasonable approach for local- bands makes the dependencies diffuse.
ized core states in solids but not for valence-band states. For To perform a complete study we have considered the ac-
valence electron states we now calculate the true band strut4al Bloch states in Cu with a mixeslp andd character.
tures and use the corresponding wave functions when calcUrirst, the self-consistent electronic structure is obtained with
lating the momentum distributions. This means that partiathe linear-muffin-tin-orbital LMTO) method within the
annihilation rates and momentum distributions for differentatomic-spheres approximatidiASA).?° The valence wave
k-point states in the first Brillouin zone and for different functions are computed for the six valence bands at 605
bands have to be determined. The ensuing first-principlepoints within the first irreducible Brillouin zone. The core
state-dependent treatment of the enhancement effects justirave functions are solved also self-consistently, i.e., without
fies some phenomenological approact{e€® in which the the frozen-core approximation. Then, the momentum distri-
correlation factor depends on the electron binding energy. bution for every Bloch state is calculated within the IPM

The partial annihilation rates for different core electronusing the LMTO-ASA method including the corrections to
states are relatively small. Their prediction forms already ghe overlapping spheré8.The valence and core contribu-
stringent test bench for the theory describing the overlap ofions are multiplied by the state-dependent enhancement fac-
the electron and positron wave functions and the annihilatioiors [Eq. (7)] calculated using the GGA partial annihilation
rate. The previous comparisénsith the results of Doppler rates[Egs. (6) and (8)]. Finally all the contributions are
broadening measurements show that the theory agrees restmmed up.
sonably well both for delocalized and localized positron Figure Xa) shows the Cu energy bands along theX
states. For the core states a simplifying fact is that, in a giveslirection in the first Brillouin zone and the corresponding
system, the core annihilation takes place only with a fewbehavior of the state-dependent enhancement. Only the
core electron states and the atomic wave functions can Beands that contribute to the momentum density within the
used for them. On the other hand, the valence electron statéigst Brillouin zone are shown. The corresponding enhance-
with widely different spatial distributions and with large par- ment factors calculated within the GGAq. (8)] are given
tial annihilation rates serve an ideal testing ground for an Fig. 1(b). Near thel” point the enhancement for tldetype
guantitative theory. band(dashed lingis smaller than for the p-type (solid line)

The present calculations are much heavier than the prevband. When moving towards to the zone boundary, the hy-
ous oneg, which are well suited for a fast analysis of high- bridization of the bands increases the interstitial character of
momentum(~ >15x 10" 3mqc, my is the electron magex-  the d-type band and the corresponding enhancement factor
perimental data arising from Doppler measurementsincreases. The opposite is true for the band whichpdike
Compared to the previous work, the present type of calculanear thel’ point. The results shown in Fig.(ld) are in a
tions will improve remarkably this analysis by avoiding the qualitative agreement with those calculated by Sormiann
difficulty that one should be able to distinguish between corewith the exception that he does not obtain for theype
and valence states. Moreover, the valence electrons may alband the strong decrease near Ihpoint.
contribute at these high momenta. This is now properly taken In Fig. 2 we show théstate-dependenenhancements for
into account. all the calculated valence states of Cu as a function of en-
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% 2.5¢ e ’ b . FIG. 3. 2D-ACAR spectra for Cu. The momentum densities are
= - ) integrated in thd111] direction, and normalized to the same vol-
-~ ) . ! ume. Cuts along thg110] direction are given. The solid, dashed,
00 02 04 06 038 X and dash-dotted lines give the results in the present state-dependent
WAVE VECTOR (a.u.) enhancement scheme, in the GGA of E8), and in the IPM, re-

spectively. The experimental points are shown by dots.
FIG. 1. (a) Electron band structure of Cu along tHe0] direc-
tion in momentum space. Only the bands contributing to the modated within the atomic superposition methtdin this
mentum density of annihilating electron-positron pairs are shownmethod atomic electron densitiés.g., for 3 and 4s state$
The energy zero coincides with the Fermi lev®). State-dependent  are used and therefore the enhancement factors are averages
enhancement factor for the bands showrtan The solid(dashedd  over the actual valence states. It can be seen that the en-
lines in(a) and(b) correspond to each other. Note that the enhancehgncement factor for the atomis 4tate agrees well with the
ment factors for the states _above the Fermi level are unphysica'argest enhancement factors for the valence states, whereas
because they are not occupied. the enhancement factor for the atomid State seems to be
close to the center of mass of the enhancement factors for all
ergy. Because more states are shown than in Fig. 1 the minihe valence states.
mum enhancement is slightly lower than that in Fig. 1. At The 2D-ACAR map$(p,py) are obtained from the mo-
low energies where the states have maislgharacter the mentum distributiong(p) by integrating in a givenz) di-
enhancement is large and fairly constant. In the intermediatesction,
energy region where thet character of the states is strong the
enhancement factors show a clear, rapidly decreasing trend
with increasing energy. This trend reflects the localization of p(pX*py):f p(p)dp;. 9

the states closer to the nuclei when the character of the stat%% ACAR maos calculated with different models are com
changes from bonding to antibonding. Due to the hybridiza- ared with thepexperimental map in Fig. 3. The LDA scheme

tion thes character and the ensuing delocalization tendencgp

of the states increase close to the Fermi energy. This is sedt E9: () gives qualitatively similar but in comparison with
l‘@(periment slightly worse results than the GGA scheme of

as the increase of the enhancement values. The horizon T
lines in Fig. 2 correspond to the enhancement factors calc g. (6). Thgrefqre the LDA resylts are not shown in Fig. 3.
All the distributions are normalized to the same volume and
integrated in thd111] direction of the fcc lattice. The core
contributions are added in the theoretical results by using
core wave functions which are self-consistent in the solid
environment. The cuts of the two-dimensional maps along
the[110] direction are given. The other directions give simi-
lar results. Comparing the curves obtained in the present
state-dependent enhancement scheme and in the GGA
scheme of Eq(6) with the IPM result we see that the effect
of the correlation is to localize the annihilation in the mo-
mentum space. In the GGA scheme of E8). this effect is
06 04 02 00 due to the modification, ¢ (r) (IPM)
ENERGY (Ry) — i, (1) Vyaealr) _((_SGA), i_ncre_asing_the v_vgight (_)f the
electron states residing mainly in the interstitial regions and
FIG. 2. Enhancement factors for the conduction band states if#aVing a low momenta. In the present scheme the weight
Cu. The horizontal lines give the values obtained using the atomi€or the electron-positron pair-wave function is larger when
superposition method for thes4(y).) and 3l ((y)q) electrons as the interstitial character of the electron wave function is
well as their weighted averagé)ss). The energy zero coincides Stronger. The GGA-position-dependent enhancement factor
with the Fermi level. Vveeal(r) narrows the integrand in E@L) (especially for the
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FIG. 4. Positron annihilation probability densiB(p,) for Cu ;O
with p, along the[111] direction. The experimental dat&ef. 6 L 5E -
(circles and the theoretical resulsolid line) obtained with the )
present state-dependent enhancement scheme are shown. The theo- g
retical result is decomposed into the valensé)(and to core con- S OF .
tributions. The theoretical curves are convoluted with a Gaussian in Q
order to mimic the finite experimental resolution. é st i
valence states residing in the interstitial regiofiherefore < b)
the momentum distributions obtained in this scheme are = -10 , . .
broader than those obtained in the new scheme. -10 -5 0 5 10
One can see in Fig. 3 that the GGA result oscillates with p, ALONG [110] (107 mge)

respect to the experimental data. Moreover, the GGA scheme
of Eq. (5) gives a Q|str|but|on broader than the expgrlmental FIG. 5. Experimentala) and theoreticalb) 2D-ACAR spectra
one. This feature is hard to accept because the finite resolys; the perfect bulk GaAs lattice. The momentum distributions are

- _3 . .
tion (~0.8x10"°mqc) has broadened the experimental dis-jntegrated in thé110] direction and normalized to the same value
tribution but is absent in the theoretical curves. The spuriougs zero momentum. The contour spacing is one tenth of the maxi-

oscillations are absent if the present scheme of the state;,m value.
dependent enhancement is used. Moreover, the calculated
distribution is shallower than the experimental one. Thereyenta we have performed calculations for the 111V com-
fore the present scheme gives the best agreement with exg,ng semiconductor GaAs. In this calculation the valence
periment. _ , o electron structure is obtained by using norm-conserving non-
Calculated one-dimensional momentum distributions cafj 4 pseudopotentia@lé and plane-wave expansions for the
be compared with the Doppler spectra of the a””ih”atingpseudovalence wave functions. The LMTO-ASA method
electron-positron pairs. In that case one has to integrate thgoyd require in the case of GaAs the use of empty spheres
momentum distributiorp(p) over two dimensions in order centered around interstitial sites. The empty spheres cause
to obtain a one-dimensional dependep(:%) and convolute  jfficulties in calculating the momentum distributidAsnd
it with a Gaussian with FWHM:6.25< 10" °mqc describing  therefore we prefer to use the pseudopotential plane-wave
the experimental resolution. The theoretical momentumyethod. The energy cutoff for the plane-wave expansions is
spectrum obtained in this way for Cu is compared with thej5 Ry Electron states have been calculateckfpoints in a
experimental orfein Fig. 4. In this comparisom, is along simple cubic mesh with a step of 0.147a.u.
the[111] direction. The shapes of the theoretical and experi-— 1 g7x 10~ 3myc in the[100] direction. The positron poten-
mental distributions are in good agreement. Compared 0 thgy| is constructed using the self-consistent pseudovalence
experiment, the calculatichin which atomic 31 wave func-  glectron density, the core electron densities of free atoms,
tions are used as core electron states, gives up to a factor ghq point like nuclear chargé®The positron wave function
2 too large a magmtucée for the momentum distribution atis solved in the real spad8The partial annihilation rates for
momenta~15-40<10" °mqc. The use of the solid band  the core states, including the Ga and Ad Bands, are cal-
states instead of the atomic states in these calculations dogg|ated using the GGAEQs. (6) and(8)] and employing the
not change the distribution remarkably. Thus, it is important pTO-ASA method® The partial annihilation rates for the
that the state dependence of the enhancement factor leads {R§jence states are calculated indire&iyithin the GGA.
the d-type states to a decreasing enhancement as a function The 2D-ACAR map calculated with the present state-
of energy or the momentum of the state. However, the theogependent enhancement scheme is compared with the experi-
retical curve is at momenta ~18x 10 °mqc slightly above  mental one in Fig. 5. The momentum distributions are inte-
the experimental points. This may indicate that the partialyrated in the[110] direction and normalized to the same
annihilation rates calculated with the GGA for thetype  valye at the zero momentum. The normalization to the same
bands are still too large. volume cannot be used because the experimental 2D-ACAR
data for GaAs is not accurate enough at momenta above
~10%x 10 3myc. However, Fig. 5 shows that the agreement
In order to study how well the present scheme describebetween theory and experiment is quite good at momenta
the anisotropies in the momentum distributions at low mo-below ~10x10 3myc. The theoretical distribution is

B. Anisotropy of the momentum distribution
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agreement with experiment. The “shoulder” seen in the
[110] direction in Fig. 5 is reflected as a pronounced maxi-

. mum in the anisotropy. At momenta above 0 >mqc the
present scheme reproduces quite faithfully the experimental
points whereas the IPM and the GGA scheme of(Bggive

too large an anisotropy. For all momenta the curve corre-
sponding to the GGA scheme of H&) is below those of the

S5E N i other theories. On the basis of Fig. 6, the use of the present
N " GaAs state-dependent enhancement factor gives a clearly better
A/ agreement with experiment than the IPM or the GGA

-100 5 10 1s scheme of Eq(6).

MOMENTUM (10~ mc)

ANISOTROPY (arb.units)

IV. CONCLUSIONS

FIG. 6. Anisotropy of the 2D-ACAR spectra for the perfect bulk i . .
GaAs lattice. The momentum distributions are integrated in the We have introduced in the electron-positron momentum

[110] direction and normalized to the same value at zero momendensity calculations a parameter-free correlation scheme with
tum. The anisotropies are calculated as the differences between tféate-dependent correction terms. The momentum distribu-
distributions along the[110] and [001] directions. The solid, tions calculated agree rather well with the measured ones.
dashed, and dash-dotted lines are the results in the present stafehis indicates that the form of the state dependence is ad-
dependent enhancement scheme, in the GGA of@gand in the  equate to account for most of the variations in the enhance-
IPM, respectively. The experimental points are given by dots.  ment factor also as a function of the momentum of the anni-
hilating electron-positron pairs. An explicit Kahana-type
slightly narrower than the experimental one. In fHe0] momentum-dependent enhancement factor is, according to
direction at momenta slightly less thanx30 ®myc the these studies at least for Cu and GaAs, less important. For
present scheme gives a plateau or a “shoulder” that is wideflkali metals this question remains still open. The present
than that in the experimental data. The convolution of thescheme is computationally tractable and can bring important
theoretical curve with a Gaussian presenting the experimeriesults on electron-positron correlation effects in condensed
tal resolution ~0.8X 1073moC) would smoothen the theo- matter. The knowledge of these effects is crucial for a proper

retical features. interpretation of experimental spectra.
Due to the above-discussed experimental difficulties at
momenta above-10x 10~ °myc we cannot compare magni- ACKNOWLEDGMENTS
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