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Lateral diatomic two-dimensional artificial molecules:
Classical transitions and quantum-mechanical counterparts

M. Marlo,* M. Alatalo, A. Harju, and R. M. Nieminen
Laboratory of Physics, Helsinki University of Technology, P. O. Box 1100, FIN-02015 HUT, Finland
(Received 21 December 2001; revised manuscript received 22 April 2002; published 23 October 2002

Structural properties of a finite numbeX € 2—20) of point chargesclassical electronsconfined laterally
in a two-dimensional two-minima potential are calculated as a function of the did@noetween the minima.
The particles are confined by identical parabolic potentials and repel each other through a Coulomb potential.
Both ground-state and metastable electron configurations are discussed. Discontinuous transitions from one
configuration to another as a functionafre observed foN=6, 8, 11, 16, 17, 18, and 19. We show that the
structural transitions have quantum-mechanical counterparts also in the limit of noninteracting electrons.

DOI: 10.1103/PhysRevB.66.155322 PACS nuniber73.22—f, 36.90+f, 61.46+w

[. INTRODUCTION physical systems. Examples include vortex lines in supercon-
ductors and superfluids and electrons on the surface of liquid
Quantum dots(sometimes called artificial atomnsare  He (see Ref. 22, and references thejeim the theoretical
nanoscale semiconductor structures where a small number &i¢ld, the ground state configurations of a confined classical
electrons are confined into a small spatial redidithe elec- 2D electron system have been studied in the case of a single
tron motion is usually further restricted to two dimensions.artificial atom in Refs. 22—28 and for the vertically coupled
There is strong theoretical evidence for the existence of &rtificial atom molecule as a function of the interatom dis-
limit where the electron system crystallizes to Wigner mol-f&nce in Ref. 21. Recently, also some experimental studies of

ecules, which is seen as the localization of the electron derfD confined charged classical particle systems have ap-
sity around positions that minimize the Coulomb peared to reflect the classical cluster patterns in two

H H 9,30
repulsion®~° In the limit of weak confinemeniow density d|mCe|nS|ci)n§|. int charges in a two-dimensional infinite blar
or a very strong magnetic field the quantum effects are assical point charges in a two-cimensiona € plane

guenched or obscured and the electron correlations start Orystalhze into a hexagonal lattice at low temperatures. Para-

dominate th " f1h ; The ultimate limit i olic confinement in the artificial atom, on the other hand,
ominate the properties of the system. The uiimate Imit1S &, circularly symmetric solutions. The ground-state con-
purely classical system where only the Coulomb repulsio

\ Tiguration is thus determined by two competing effects, cir-
between the electrons defines the ground state. The problegy,, symmetry and hexagonal coordination, resulting in

reduces to finding the classical positions of electramsich  nonyrivial particle configurations. The reported configura-
depend on the forms of the confining and the interactionjons of the electron clusters in a single artificial atom do not
potential$ that minimize the total energy of the system. Oneg|| agree between different studies. The differences can be
should also note as pointed out by Hagtial,” based on  partly explained by the different forms of confinement and
accurate quantum-mechanical calculations, that a correlatafteraction potentials. However, when the number of par-
many-electron system in a quantum dot can well be deticles, N, confined in the atom is one of the followingl
scribed in terms of independent electrons oscillating around-2—5,7,10,12,14, and 19, all results are in agreement while
their classical positions. This picture is energetically verydifferences appear foN=6,8,9,11,13,15 18, and 20(for
accurate far beyond the confinement values where the systeli< 20).22-30
shows Wigner-molecule-like behavior. In this paper we consider two laterally coupled artificial
There is growing interest in calculatitfg!’ and  atoms and we mainly focus on classical electrons in the ar-
measuring?°the properties of coupled quantum dots. Duetificial molecule. The changes in the ground-state electron
to the two-dimension&a2D) nature of quantum dots the two- configurations are studied fal=2—20 electrons in the
atom system is different whether the quantum dots arenolecule as the interatom distance is changed. The energies
coupled in the plane in which the electrons are confified  of the metastable states are also calculated at different dis-
erally coupled or in the perpendicular directiotvertically  tances and their role in the structural transitions in the
coupled. Especially for laterally coupled quantum dots only ground-state electron configurations is discussed. We also
a limited number of studies have appeated’ show an interesting similarity between the classical structural
Classical studies serve as a good starting point for morgransition and the quantum-mechanical one for Ne 6
demanding quantum-mechanical calculations. Moreover, thease.
study of classical electrons in vertically coupled artificial at-

oms has revealed interesting structural transitions in the Il. MODEL AND METHODS
ground-state electron configurations as a function of the dis- '
tance between the atorfis. The commonly used quantum-mechanical Hamiltonian

Apart from quantum dots in the classical limit the point for N electrons in a two-dimensional structure can be written
charges in two dimensions can be used to model also othes
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2

Z 2 1 of all states are studied as a function of the distance, and
2
— ﬁvi +V(I’i)

(1)  structural transitions in the ground-state configurations are
examined.
In the classical calculations we measure the energy in
whereV is the external confining potential taken to be meV and distance in A. The confinement strength was set to
hw=3 meV and typical GaAs parameters were chosen to the
— effective mass and the dielectric constant:=0.067m, and
(min[(x—d/2)2,(x+ d/2)2]+y?). €=13. The calculated energy values and distances could be
2 scaled to correspond to different valuesugfm*, ande, but
changing the parameters also changes the effective distance
The electrons are described with coordinates(x;,y;) in  between the minimad, and then the minimum-energy con-
two-dimensional space. The harmonic confinements are pdiguration may not be the same anymore. Therefore we have
sitioned symmetrically around the origin with distarttbe-  have one significant parameter in the systdnwhich scales
tween the minimam* is the electron effective mass, the ~ ase(m* w?e) 2.
confinement strength, andthe dielectric constant.

We mainly consider the classical limiti{-0) of the
model, where each electron reduces to a classical point [ll. RESULTS
charge. In the classical limit we study electron configurations
as the distance between the minima is changed. In addition to
the classical limit we also consider the quantum-mechanical The results for the ground and metastable states are sum-
limit of noninteracting electronse(—). Our main interest Marized in Table I. The ground-state energy per particle,
is to show that similar structural transitions as seen in thé=/N, and the corresponding configuration at three distances
classical limit can be found in the quantum case, even in th&etween the artificial atoms is represented in the row follow-
limit where interactions are not taken into account. ing the particle numbeN. If there exist metastable states at
the given N and d, the energy differenceAE/N to the
ground-state and the electron configurations for the meta-

The minimum energy as a function of the positions of thestable state are also reported. However, not all metastable
particles,E;o;=minE(r,, ... ry), is solved with a standard configurations are marked in Table |, since when starting the
Metropolis Monte Carlo methdd starting from a randomly simulation from random positions more electrons can be
chosen initial electron configuratiany, ... ry. The accu- trapped in one artificial atom than in the other. Only meta-
racy and simulation time needed with the Metropolis algo-stable states with either the same number of electrons per
rithm was found to be quite sufficient for the current prob-atom (for evenN) or only one more at one than the other
lem. We compared the calculated energies in the limit of aatom(for odd N) are reported. The notation for the configu-
single artificial atom to those given in Ref. 22, and the resultgations in a single artificial atom is chosen so that electrons
were found to be in complete agreement within the giverare thought to be organized imearly concentric shells
accuracy. around the potential minimumNg,N,,N3), whereN; de-

In the simulations we choose four different distances benotes the number of electrons in the innermost siwllthe
tween the minima and perform 300 test runs at each particleext shell, andN; the number of electrons in the outermost
number N=2-20) and distance d=0, 200, 600, and shell. (For N=20 only three shells are occupjed-or the
1000 A). In addition to minimum-energy configurations we laterally coupled two-atom artificial molecule we have cho-
also obtain metastable states that are higher in energy corgen the following notation for configurations: At=200 A
pared to the ground state. the configuration is marked as if it would still be on a single

When the ground and metastable states are obtaindd atatom centered around the midpoint connecting the two at-
=0, 200, 600, and 1000 A we study the structural transition®ms. Atd=600 A the configurations are given as configura-
between ground-state electron configurations at the intermdions of two separated atoms. The resultsder1000 A are
diate distances. The electron configurations obtained fromot presented in Table |, as they correspond to two isolated
the fixedd calculations are taken as an input to Monte Carlodots and the configurations can be deduced fromdthé®
minimizations where the attempt step is set so small that thease. Also the excitation energies are very close to ones
electron configuration cannot change to another. Then th#und in the case of a single dot. The only exceptions are the
distance is slightly alteredd(—~d=1A) and a new energy N=15, 16, and 17 cases that have excitation from the
with slightly modified positions is calculated for the configu- ground-state configuratiofil,7) to a metastable oné&,6),
ration defined by the input. The calculated new configuratiomot seen atd=0.
is taken as an input to the next calculation with a new dis- As Table | and Fig. (a) indicate, with eight particles in
tance between the atoms, and so all distances betweenthe single artificial atomd=0 A) the ground state i1,7),
=0, 200, and 600 A are well sampled. However, it mayone electron in the center and seven electrons in the circular
happen that a configuration becomes unstable as the distanskell, and there exist no metastable statesdAt200 A a
is changed. In that case the simulation converges to someew ground state has appeared with a configurattyf)
other stable configuration, which can be seen as a suddéfig. 1(b)] while (1,7) has changed to a metastable state with
jump to a new energy value in thi&(d) plots. The energies excitation energy+0.016 meV (see Table ). At distances

+

N
H=2,
=1

4’77606 i< rij '

V(r)=

A. Classical electron configurations

A. Monte Carlo simulation of classical limit

155322-2
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TABLE |. Ground-state and metastable configurations and corresponding energies in meV/particle at three of the studied distances
(d=0, 200, 600 A). The energies of metastable statdsN, are given as meV/particle above the ground-state energy. The configurations
of electron clusters in the two-atom molecule are described with concentric shells located around the center of thedy<ieamc200 A
and as two separate electron clusters located near the minimum of one of the two atdm$0ft A. See text for descriptions of
configurations with asterisks.

d=0A d=200 A d=600 A
N E/N configuration E/N configuration E/N configuration
(meV) (meV) (meV)
2 2.736 (2 1.777 2 0.875 1)(1)
3 4.780 (3) 3.894 3) 2.940 1)(2)
4 6.696 (4) 5.588 (4) 4.351 2)(2)
5 8.531 (5) 7.340 (5) 5.915 (3
+0.099 1,9
6 10.231 1,5 8.939 (6) 7.234 3)(3)
+0.074 (6) +0.033 1,5
7 11.816 (1,6 10.459 1,6 8.664 )4
8 13.384 17 11.933 (2,6 9.932 44
+0.016 @7 +0.003 44
9 14.913 2,7 13.335 2,7 11.246 (4)(5)
+0.022 1,8
10 16.361 2,9 14.680 2,9 12.441 (5)(5)
+0.012 (3,7
11 17.746 (3,8 16.053 3,8 13.701 (5)(1,5)*
+0.003 (2,9
12 19.111 (3,9 17.354 3,9 14.873 (1,55 (1,5
+0.011 4,8 +0.004 4,8 +0.011 (1,55 (1,5)
13 20.433 4,9 18.624 4,9 16.048 (1,5j(1,6)
+0.024 4,9
14 21.738 (4,10 19.854 (4,10 17.168 (1,6(1,6
+0.014 (5,9
15 23.010 (5,10 21.072 (5,10 18.302 1,(1,7
+0.029 (1,59 +0.035 (5,10
16 24.259 (1,5,10 22.271 (6,10 19.373 1,71,7
+0.009 (5,11 +0.006 (5,11
17 25.473 (1,6,10 23.448 (6,11 20.468 1,72,7
+0.005 (1,5,1) +0.010 (1,6,10 +0.006 1,7(1,8
+0.016 (1,511
+0.018 (6,17
18 26.660 (1,6,11 24,597 (1,6,11 21.522 2,7n2,7
+0.026 (1,7,10 +0.006 (6,12 +0.001 1,8(2,7)
19 27.841 (1,6,12 25.728 (1,6,12 22.572 2,7(2,9
+0.003 (1,7,11 +0.004 (1,7,11 +0.001 (1,8(2,9
+0.016
20 29.000 (1,7,12 26.843 23.583 (2,9(2,9
+0.024 (1,6,13 +0.001
+0.003 (2,7,1)

d=600 A andd=1000 A the notation is changed to two- squar¢s) relative to the other atom changes as the distance is

atom configurations and fdi= 8 the ground state is marked increased. At smaller distances the position of the square of

with (4)(4), see Figs. () and Xe). four electrons is such that the tips of the squares are in the
The notation for configurations is not always exhaustive same line with the positions of the mininisee Fig. 1c) for

The relative orientation of different shells and the relativeN=8 atd=600 A]. As the distance is increased the square

orientations of the configurations of the two atoms are notor two squares wittN=_8) turns onto its sidgsee Fig. 1e)

always obvious. For example, when either or both atoms aréor N=8 atd=1000 A]. ForN=8 atd=600 A there also

left with four electrons N=7,8,9), the orientation of the exists a metastable state where one of the squares is lying on

155322-3
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(@) (b) (©)
Ly & O ]
5
E 1.8
N=8 (1,7)  N=8 (26) N=8 @4 =
@@ @ ® P d=200A
o ® !
o) o° —1.4f
° ® =3
°%* 32t
N=8 4@ N=8 @@ N=12 3,9) w
(@) (h) (U] 1 d <1000 A
oo O g e : : : : : : : : :
« oo . . 2 4 6 8 10N12 14 16 18 20
\.».'“\.—’/. o Py L]
. FIG. 2. Change in the chemical potentifEy.,/(N+1)
Nmi2 (LEPGS  Nels 69 Net3 @) ~En/N] atd=0, 200, 600, and 1000 A.
({)]
o 22 . The changes in energy per particle of the ground states at
.@ - the four studied distances as a functionMfare shown in
~ e Fig. 2. Atd=0 there are small troughs &t=3, 6, 10, and

17, at adding the fourth, seventh, eleventh and eighteenth

Ni=ri 10 Nerts Gi0 N=1r (&l particle. Moving to greater distances between the atoms, the

(m) (n) (0) change in the chemical potential is clearly peaked. Going to
ot 0 e°® °, e 0o an odd number of particles increases the chemical potential
cbn®t @ o 0,0 much more than going to an even number of particles. Inter-
o0 o @ ° ° °a® % esting is the intermediate distance a# 200 A where this
o o* PR ee ,° trend is observed foN=2-4 and 9-11, but otherwise the

N=19 () N=20 () N=20 ) curve shows no clear structure and does not strictly follow

the sh =0- ither.
FIG. 1. Electron configurations of selected ground and meta- ape of thel=0 A curve either

stable states. The configuration is marked on the lower right corner.
To make it easier to distinguish different configurations and the B. Transitions

distance between the minimal£0, 200, 600, 1000 A) a circle ) )
with 330-A radius is plotted around each parabolic potential mini- We now turn to study configurations betweer 0, 200,
mum. A dashed circle indicates a metastable state. and 600 A. We start from all ground-state and metastable

configurations and follow the energy of the configuration as
its side and the other on the fjfig. 1(d)]. Even though we a function of distance. As the distance between the atoms is
divide electrons into shells in our notation it does not mearincreased it is not always clear whether the electrons just
that the shells are strictly circular even fb=0. This can be follow the two atoms drawn apart and continuously change
seen clearly folN=12 in Fig. Xf), where the outer shell to two separated atoms. Sometimes metastable states change
looks more like an incomplete triangle with the tips missing.to a ground state and the ground state to a metastable state as
The configuration marked with (1,5)in the two-atom con- the distance between the atoms is increased. The clearest
figurations in Table | cannot be identified strictly @) but  example can be seen in Table | for six electrons betweken
neither to(1,5). Therefore we choose the notation (Z,3p =0 andd=200 A. At d=0 the (1,5 configuration is the
describe the configuration. The difference between ¢1,5) ground state an@6) the metastable state. At=200 A it is
and(1,5 can be seen with the (15)1,5) metastable state in the other way around{6) is the ground and1,5 a meta-
Fig. 1(g). The configurations of the ground and metastablestable state. The energy as a function of distance for two
states folN=13 atd=200 A are marked in the same way in alternative configurations is shown in Figia@ The transi-
Table I, but are different as can be seen in Figh) &nd Xi).  tion point, marked with a small circle, is dt=111.6 A. The
The same is true foN=15, Figs. 1j) and 1k). For the transition is continuous with respect to energy as a function
highest-energy metastable state fr=17, d=200 A the of distance, but the curvature of tlgd) curve is different
two-atom notation would have described the configuratiorand therefore the first derivative of energy with respeat to
better, Fig. 1I). One metastable state fdf=19 and the is discontinuous. Hereafter, by discontinuous structural tran-
ground state and one metastable state §b=20 at d sitions we mean the qualitative change in the ground-state
=200 A cannot be described with the shell structure nota€lectron configuration which is discontinuous with respect to
tion. The configurations are depicted in Figgml-1(0), JE/dd at the transition point. FON=8, we find that atd
respectively. =135.9 A the electron configuration changes fréiy?) to
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FIG. 3. Energy as a function of distance fd,=6 and 8. The L ! 1 1 1

8
small circles indicate the discontinuous structural transition points. 0 100 200 302 400 500 600
dfAl

(2,6), see Fig. &). Notice that thg2,6) configuration is not FIG. 4. E/N as a function ofl for all N for which a discontinu-
stable atd=0 and becomes unstable bela 17 A. ous structural transition is observed. Transition points are denoted
In addition toN=6 and 8, we find discontinuous transi- Py symbolsO, [>, andlJ and changing ground-state configurations

tions forN=11 and 16—19. All discontinuous transitions are &€ depicted in boxes for eadN. Energy differences between
summarized in Fig. 4 and Table II. These transitions can b rounq and metastable configurations are not distinguishable for
divided into two main classes, namely, the ones at reasonab y>8 in the figure.

small interdot distances 100<4d<250 A (type I, marked
with O) and the ones at largg~550 A (type 1l, marked
with I>). The type-I transitions can be seenNst 6, 8, and
16-18. In all of these, the structure changes from a penta, : i e e
hexa- or heptagon structure with one electron inside the ring®MPare it to the continuous transitionf= 12 in Fig. 5a).

to a hexagonal ring, which can have either zero or two elec! N€ left-hand-side atom fa¥=11 in Fig. 4 and the left atom
t of the lower left configuration in Fig. (&) look similar,

trons inside the ring, the second case occurring onlX a . i
where of course the right atom has one more electron with

=8. The possibility of having just one electron inside the """ = k -
ring is not energetically favorable as the confinement poten = 12. However, foN=12 we have a continuous transition

tial has a maximum at the center.
The type-Il transition occurring &= 17-19 can be char- TABLE II. Discontinuous structural transition&, >, andJ

acterized by a rotation of one of the two distant three-specify the type of transition ardithe transition point.

electron clusters in the inner shell of one of the atoms. Simi

For N=11 we observe quite surprisingly a discontinuous
transition, which does not fall into either of the two classes
of discontinuous transitions. It is even more interesting if we

lar rotation but with four electrons can be seen in Figs)4  N=19 > (2918 — (2827 d=586.0A
1(e) for N=8 and it is also seen fdd=7 and 9. However, N=18 O (1,6,19 - (6,12 d=233.9 A
with small particle numbers, this rotation does not show any > (1,918 — (1,827 d=5228A
kinks in the ground-state energy curve and the rotation angle > 182D — (2727 d=5934A
can also change continuously. For the triangles in the inneN=17 O (1,6,10 — (6,19 d=145.0A
shells withN=17-19, on the other hand, we see only two > 171288 — 2,7(1,7 d=501.1A
alternative orientations: the tip is either pointing to the rightN=16 @) (1,5,10 — (6,10 d=102.4 A
or left and the transition between these two configurations isi=11 O (3,9 — 2,9 d=214.2 A
discontinuous. It is thus clear that the discontinuity in then=§g e 1,7 N (2,6 d=1359 A
rotations seen foN=17-19 results from the interaction of N=6 0) (1,5 N (6) d=1116 A

the rotating clusters with the surrounding electrons.

155322-5
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(@ {3@'

21 0 1 4 7 8
dfl,]

=207
E FIG. 6. Lowest single-particle energies as a function of the in-
z19 terdot distancel. The inset shows the quantum number of the trans-
o verse motion.

18;

17} ] harmonic oscillator fod=0, and of two independent oscil-

0 100 200 300 400 500 600 lators at larged. In the quantum-mechanical limit we mea-
le] sure the length in units df= VA/m* » and energy in units
of hw.

FIG. 5. Ground-state electron configurations al curve . .
for N=12 and 14 g &) We drop the spin of the quantum-mechanical electrons, as

it is not relevant in the classical limit. This corresponds to
taking the system to be spin polarized. One can see from the
energy levels shown in Fig. 6 that there exists one transition
for this particle number. In this transition point, one electron
moves from a bonding,=2 state to an antibonding,=0

whereas the transition fod=11 is discontinuous. The con-
tinuous rotation of the left atom witN=11 is not favorable
whereas wittN=12 it is the transition mechanism. The SaMEgiate. In the classical limit, the electrons avoid each other due

c_ontllnuous rotation aj V;]”m: 12is lseen foN=13 Y;”th t_he . to the Coulomb interaction. In our noninteracting quantum-
six-electron atom and the seven-electron atom changing In gq hanjcal case, the electron-electron repulsion results from
similar manner as both atoms in Figbpwith N=14. The o pauli principle.

rotation of the seven-electron atom with=15 follows the When the quantum-mechanical system approaches the
similar transition as witfN=14. ForN=20 and 19 we do g|assjcal limit, the most probable configurati®t, maxi-

not observe type-I discontinuous transition at small interaton?nizing the density W (R)|2, approaches the classical elec-
distances but increasing the distance transforms the configu-
rations continuously in rather unsymmetric forms shown in (@) (b)
Figs. Am) and Xo).

C. Quantum-mechanical version of type-I transition

To show that the classical transitions are relevant even for
the quantum case, we have studied the noninteracting
guantum-mechanic®d =6 case. The reason for tHisis that
it is the smallest particle number with a discontinuous tran-
sition of type I.

The noninteracting quantum-mechanical problem can be
reduced to a one-dimensional one as the potential is sepa-
rable, and the single-particle states of the transverse motion *
(y direction are those of the simple harmonic oscillator with
energy sny:%Jrny, where n,=0,1,2.... The one-

dimensional longitudinal part can easily be solved numeri- F|G. 7. Conditional probability densities and the most probable
cally. Combining the energies of the longitudinal part with electron positiongmarked with plus signs The left (right) panel
the transverse ones, one obtains the spectra of Fig. 6. Orerresponds to a smallarge interdot distance, correspondingly.
can see that the energies are equal to those of the simpite contours are uniformly from 0.01 to 0.91.

155322-6
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tron positions. The quantum effects and the transition to thguantum-mechanical analysis of tNe=6 case shows that at
classical limit are most conveniently studied using theleast the type-I transitions are very relevant for quantum dot

single-particle probability distributiop(r),” defined as molecules also beyond the classical limit.
2 IV. SUMMARY
~ e |
p(r)= P * ’ ' 2 To summarize, we have calculated ground- and meta-
\If(rl 1r2 3 . er)

stable state configurations of classical point charges confined
where the coordinates are fixed to the ones from the most in two dimensions within two laterally coupled parabolic po-
probable configuratiorR*. In approaching the classical tentials. _The ground a}nd metastqble electron configurations
limit, the densityp(r) is more and more peaked around thear_e stuqhed asa function of the. @stanpe between the atoms.
i oIS ; ) Discontinuous(in dE/add) transitions in the ground-state
classpal positiorny , Stl|! showing quar;tum fluctuations, as configurations were observed fir=6,8,11, and 16—19. We
seen in the case of a single quantum dot. __ have analyzed these transitions in detail, and grouped them
We now take the quantum model to the opposite limit ofaccording to two main categories. We have found a quantum-
the classical one where the information of the classical posimechanical counterpart for one type of transition. The con-
tions might be stored in the coordinates of the most probabléigurations of purely classical electrons in laterally coupled
electron configuration. One can see in Fig. 7, which showswo-minima potential have an interesting and complex spec-
the p(r) for the two ground states that this is really the casefrum as the distance between the minima is changed.
It is very interesting to see that the most probable electron
positions change in the transition point very similarly to the ACKNOWLEDGMENTS
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