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Testing of two-dimensional local approximations in the current-spin
and spin-density-functional theories

H. Saarikoski, E. Remen, S. Siljamki, A. Harju, M. J. Puska, and R. M. Nieminen
Laboratory of Physics, Helsinki University of Technology, P.O. Box 1100, FIN-02015 HUT, Finland
(Received 3 January 2003; published 30 May 2003

We study a model quantum dot system in an external magnetic field by using both spin-density-functional
theory and current-spin density-functional theory. The theories are used with local approximations for the
spin-density and vorticity. The reliabilities of different parametrizations for the exchange-correlation function-
als are tested by comparing the ensuing energetics with quantum Monte Carlo results. The limit where the
vorticity dependence should be used in the exchange-correlation functionals is discussed.

DOI: 10.1103/PhysRevB.67.205327 PACS nunider73.21.La, 85.35.Be

[. INTRODUCTION ignoring the current dependence of the exchange-correlation
energy. Thus, our calculations enlighten how important im-
The success of the spin-density-functional thé¢8DFT) provement the CSDFT is in comparison with the SDFT. For
within the local-spin-density approximatidhSDA) to pre-  the quantitative comparisons we need numerically accurate
dict accurate results for the electronic structure of two-results. We perform the SDFT and CSDFT calculations on
dimensional quantum dot systems depends on the exchangsvo-dimensional point grids imposing no symmetry
correlation functionals used. Until recently, functionals basedestrictions:>** The convergence with respect to the grid
on the diffusion quantum Monte Carl®MC) calculations size and other numerical approximations is carefully tested.
by Tanatar and Ceperléyave been widely employed. The The VMC results are converged beyond the statistical noise.
simulations were performed for the spin-compensated and The outline of the present paper is as follows. In Sec. I
spin-polarized two-dimensional electron g@2DEG). Re-  we shortly describe the exchange-correlation functionals in
cently, Attaccalite and co-worket$ made fixed-node DMC  zero magnetic field and give our results for a six-electron
calculations with improved accuracy for the 2DEG including quantum dot as a function of the confinement. In Sec. Il we
several partial spin polarizations. They provided interpola-discuss the interpolation as a function of the Landau-level
tion formulas which fulfil several exact results at the low- filling factor and show our results for the magnetic field de-
and high-electron-density limits. pendence on the ground-state total energy. Section IV con-
In the current-spin-density-functional theofCSDFT), tains the conclusions. Effective atomic units are used in the
used to describe electron systems in magnetic fields, thfarmulas throughout the paper and for presenting the results
exchange-correlation energy depends also on the paramaiipey are converted by using the material parameters of
netic current density.In the local approximation the current GaAs—i.e., the dielectric constart=12.4, the effective
dependence is converted to the dependence on the vorticitjass m* =0.067, and the gyromagnetic constagt =
or on the Landau-level filling factor. The low-filling-factor —0.44. We choose the coordinate system so xretdy are
(strong-magnetic-field limit for the totally spin-polarized in the plane of the dot and theaxis is perpendicular to the
electron gas is well known from the works by Levesque,plane.
Weis, and MacDonalfl,Fano and Ortolari,and Price and
Das Sarm&.The problem is how to interpolate the exchange-
correlation energy between this limit and the hlgh-fl”lng- 1l. ZERO-FIELD AND THE LOW-DENSITY LIMIT
factor (zero-magnetic-fieldlimit for a given spin polariza-
tion. Several interpolation schemes have been sugg®sted. ~ Attaccalite, Moroni, Gori-Giorgi, and Bachefét
The purpose of the present work is to study the reliabili-(AMGB) calculated the ground state of the 2DEG with the
ties of the two zero-field exchange-correlation functionalsfixed-node DMC. Compared to the work by Tanatar and
and various exchange-correlation interpolation schemes witBeperley (TC) there are a number of improvements in the
respect to the filling factor in the CSDFT calculations. Wenumerical calculations. Backflow correlations in many-body
use a parabolically confined quantum dot as the test systemave functions are included, and infinite-size extrapolations
and compare our SDFT and CSDFT total energies with thosare performed in the Monte Carlo data. An important new
obtained in variational quantum Monte Carl@/MC) feature of the results by Attaccalite and co-workers is the
calculations>3In the zero-field case the parabolic confine- appearence of a spin-polarized ground state before the
ment is lowered towards the limit of Wigner crystallization Wigner crystallization.
and the difference between the total energies of the spin- On the basis of their DMC calculations, AMG@ef. 3
polarized and spin-compensated solutions is monitored. Fgroposed an analytic representation of the correlation energy.
a finite confinement we calculate the ground-state energy ds takes into account several exact results in the low- and
a function of the external magnetic field. Besides the CSDFhigh-density limits. They give the exchange-correlation en-
schemes, calculations are performed also with the SDFT, i.eergy of the homogeneous electron gas as
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is the spin polarization determined by the spin-up and spin- "«
down electron densities; andn |, respectivelye,(rs,{) is
the exchange energy, which can be written as
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In Eq. (1), e!® contains the terms of the Taylor expansion of 0.1}

e, with respect tof at =0 which are beyond the fourth .

order in¢, o’s are density-dependent functions of the gener- 0

alized Perdew-Wang forrtt,and 8= 1.3386. .
The above form(1) is based on DMC calculations for 0 02 0-4hm [mev?'e 08 1

partial polarizations (8:£<1). TC(Ref. 2 made DMC cal- ’

culations only for spin-compensated;<0) and spin- FIG. 1. Total energy difference between tBg=3 andS,=0

polarized ¢=1) systems. To calculate the correlation poten-spin states in a six-electron quantum dot. The results obtained with

tial for finite polarizations the TC data are often used withthe SDFT using the LSDA functionals by T@®ef. 2 and AMGB

the exchangelike interpolatibhof Eq. (2). This leads to de- (Ref. 3 are compared with the VMC data. The onsets of SDW

viations from the exact results at high electron densities andolutions with decreasing confinement are marked by arrows. The

too small spin susceptibilities at low densitres. dotted curve shows the symmetry-restricted results, corresponding
Our test system is a six-electron quantum dot confined byo the LDA.

a parabolic external potential

LDA

1 16). In our calculations, this is actually the smallest confine-
Vextzzm* wir?, 3 menlt strength for which we have strictly converged SDFT
results.

wheref wg is the confinement strength. First we use a zero The transition point to th&,=0 SDW state also seems to

magnetic field and compare the results obtained with the twg€Pend strongly on the applied type of LSDA. By using the
LSDA functionals to the VMC results. We study the weak- € functional we find the breaking of the spin symmetry at
confinement limit at which the electron density in the dot is?@o=0.45 meV, whereas with the new LSDA the transition
low and therefore the contribution of the exchange-occurs already atwo=0.8 meV, which corresponds tq
correlation energy to the total energy is relatively large.=4.5. This should be compared with the estimation by Ko-
Thus, the high-correlation effects in this particular system—skinenet al. that in the case of closed shells, a SDW is found
i.e., the Wigner crystallization, spin-density-way8DW)  for r¢=5 (Ref. 16. Figure 1 shows also the results obtained
formation, and spin polarization—are assumed to be sensby forcing the spin densities to be equal, i.e., preventing the
tive to the LSDA functional used. SDW formation. It can be seen that the values of the SDW
Figure 1 shows the energy difference betweenSe 3 solutions are in a clearly better agreement with the VMC
and S,=0 spin states as a function of the confinementresults than those of the symmetry-restricted solution. The
strength. The agreement with the VMC results is remarkablyelative amplitude of the SDW grows rapidly at low confine-
better for the AMGB functional than for the TC parametri- ments below the transition point, and the electron density
zation. In the AMGB results the spin polarization is favoredshows localization around six maxima, corresponding to the

at confinement strengths belofw,=0.23 meV. This is  wjigner crystallization. The behavior of the electron density
roughly in the middle between the TC and VMC results ofjg presented in more detail in Ref. 13.

0.18 and 0.28 meV, respectively. As the confinement is made
stronger, the difference between the parametrizations grows,
further enhancing the advantage of the new LSDA so that it
smoothly follows the VMC curve. The origin of the differ-
ence is in the total energy of the polarize®} € 3) state. It is Next we add an external magnetic field perpendicular to
lowered when the AMGB functional is used instead of thethe dot(i.e., parallel to thez axis) and fix the confinement
TC one. This observation is in accordance with the result ostrength to 5 meV. SDFT calculations are done with a mini-
Gori-Giorgi et al* that the improvement due to the new mal substitution of the external vector potential in the Sehro
functional is directly proportional to the polarization and thedinger equation and by using the zero-field exchange-
electron density of the system. In the present case, howeverprrelation functionals for the 2DEG. In the CSDEThe
there is a significant difference between these two approxiexchange-correlation functionals depend on the electron cur-
mations down td wo=0.15 meV. This corresponds to quite rents in the system, and they are functionals of the spin den-
a small electron density, i.etg=(N"*%w)  ?°~14 (Ref.  sities and the vorticity,

IIl. EXTERNAL MAGNETIC FIELD
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Ip(r) _
y(r)=Vv Xj—p . (4) -0.58}... . B=0 _
n(r) z -06 °
Above, n is the electron density ang is the paramagnetic §-0-52 :
current density. Equally, we can use the Landau-level filling £-064  _ Koskinon etal
factor given by w>0.66 B ’
_0.68 —- =Fano and Ortolani
v=2mnly. 5 -0.7 o = Price and Das Sarma
The data for the 2DEG in magnetic field is scarce. Fano -0.72
and Ortolani used the Monte Carlo data by Maf al'” and -0.74; o : = . 3
gave thev dependence of the 2DEG exchange-correlation (a) v

energy for lowr values from 0 to about 0.8, corresponding
to high magnetic fields. At the limit of the infinite magnetic

field (v—0), the resulting curve agrees well with the results -0.58
by Levesque, Weis, and MacDon&l®rice and Das Sarrfa -0.6
obtained for the polarized 2DEG the density dependence of =-0.62
the exchange-correlation energy at theralues of 1/7, 1/5, £ _o.64/
1/3, 1, and 2. In the low-region the fractional quantum Hall w0 66/

effect causes cusps in the exchange correlation energy. Hei-

- = LWM-Pade

nonenet al° took them into account in their modeling, but oo
we have ignored them because in our test case of the six- _0'7’, o — New fit to data of Price and Das Sarma
electron quantum dot, the values were above 0.9 in the -0.72
magnetic fields up to 10 T. =074 05 1 15 P 25
In the present calculations we have used expressions (b) M
given by Koskineret al* and Ferconi and Vignatéfor the
magnetic-field dependence of the exchange-correldter FIG. 2. Exchange-correlation energy per electron as a function

also Ref. 9. Koskinenet al. fitted their functionals in the of the Landau-level filling factor for the spin-polarized 2DEG with
high-vorticity limit and used the following formula for the Nn=0.138 a.u(a) Monte Carlo simulation data calculated by Price

interpolation to the zero-field limit: and Das SarmgRef. 8 (open circley and the interpolation forms
by Fano and OrtolanfRef. 7) and Koskinenet al. (Ref. 11 [Eq.
ech(n,g, v)=—0.782/2mne ) + eXBCZO(n,g)(l— e )y, (6)]. The zero-field limit by AMGB is shown by the dotted ling)

(6) Data of Price and Das SarnfRef. 8, the Padeapproximant used

) by Ferconi and VignaléRef. 18 [Eq. (7)], and the new fifEq. (9)]
wheref(v)=1.50+7v* Koskinenet al. used the TC func- {4 the data of Price and Das Sarel5".

tional as the zero-field limie2°. We replace it by the
AMGB functional [Eg. (1)]. Ferconi and Vignale applied @ agree well but whem increases the results by Price and Das
Padeapproximant, fitting the low- limit of Levesqueet al. Sarma ¢=1 and »=2) approach much more slowly the
to the zero-magnetic-field functionals, i.e., zero-field limit than the data by Fano and Ortolani. Therefore
PADE WM 4 B=0 4 we propose a new functional which is an interpolation to the
&c (N )=]ec (N w)+riee (N O (1+2%), data by Price and Das Sarma. The resulting functional is

7
wheree!" s the interpolation formula for the infinite mag- ~ ejc"(n,¢,v)=[ek™(n,»)+ v*e °(n,¢)]/(1+0.0061
. . . . 6
neti fleld limit, —0.03147—0.0201%+ ) ©)
LWM _ 3/ _ 0.74 1.7
€ = —0.78213327n(1-0.2117+0.012). ®) and it is shown in Fig. ). In the same figure we have also
PADE

plottede,.~ - of Ferconi and Vignale. One should note that at
As before, we insert the AMGB functional f&@2.°. The v<1 it approaches the zero-field limit much more slowly
above formulas interpolate between the fully polarized electhan the data by Fano and Ortolani in Figa)2 The ef,°F

tron gas values at high magnetic fields and the zero-fieldhows a maximum above the zero-field values, for which

limit, which may have arbitrary polarization. Data for the there is, however, no physical reason.
intermediate polarizations at high magnetic fields would be The exchange-correlation potenth). is obtained in the

desirable to test the interpolation further. local approximation by calculating the functional derivative
Figure 2a) shows the quantum Monte Carlo data by Price
and Das Sarnfaand Fano and Ortolahfor the exchange- Vyeo(N N, v)=d(neelan,. (10)

correlation energy of the polarized 2DEG rat 0.138 a.u.

The horizontal line indicates the zero-field limit of AMGB. In the CSDFT, the vector potential depends on the derivative
Figure Za) shows also values from exchange-correlation enwith respect to the vorticity. The andy components of the
ergy by Koskineret al.[Eq. (6)]. At low » values all the data exchange-correlation vector potenti|. are
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d d(ney) AR
Avex=1 20—, (11) 935 /{f\ (102)
P
Aey=—1n— fne) (12 B 925 530’1)“\/‘,\* 1
xey ax dy % AN /! ‘.|\\\ /AMGB @cmy |
It should be noted that the contribution of the exchange- E 91.5 60 \ &\ Py
correlation energy to the total energy arises via the value of © VME: A (153)
. : L o L = VAT 2L3)
e,c at the given density and vorticitgnd via its derivatives 0 905 \
with respect to both density and vorticity. Therefore the total ' oA !
energies are sensitive to even slight variations in the
exchange-correlation functionals. 89,5,
The vorticity is a functional of the ratio between the para- (a)

magnetic current density and the electron denfdiy. (4)].

Its values increase rapidly towards low-density areas, caus-
ing numerical instabilities. To circumvent them we have used
the convoluted form of Koskineet al!in the calculation of

>
the partial derivativege,./dvy in Egs.(11) and(12), GEJ
€yc (y'=v) N2 A2 g
~ | T A= (Y —yl2A ’
~ e &N g, y"). (13 5
dy J2mA3 X S
o]
Above, the widthA of the Gaussian function should be care- w
fully adjusted to the vorticity of the system at the given 89
magnetic field strength. Too small values formay result in . )
convergence problems. On the other hand, using too large a 88— 4 & 8 10
value forA may cause inaccuracy in the results. In our cal- (b) B(T]

culationsA ranges from 0.025 to 0.05. ) 5
Figure 3 shows the total ground-state energy of a six- /G- 3- GrouSq-state enerdminus 6w, =64 ywy+ (wc/2)%,
electron dot as a function of the magnetic field up to 10 T.Vherewc=eB/m* is the cyclotron frequendyfor the six-electron
Results obtained with the SDFT and CSDFT formalisms amflu::qtg\r;] (f’:lj)OtSlg]F'lPe::ait::l)tl;Cugi?]nnrt]l’??i:/tl G"g;g”;hﬁn;tr::ﬁoc
different functionals are compared with the VMC data. As-,_ X g . 9 .
sumina acain that the VMC results follow most faithfully the (dash-dotted linefunctionals. The VMC results are marked with
el)J(aCIt %ngsl the CSDET formalfism is :':lvclear irrllprgv)e/menthe bold dashed line. Th&e marks denote the CSDFT results ob-

. . - tained using the exchange-correlation functional by Koskigteal.
over the SDFT formalism: The CSDFT results obtained Wlth[Eq_(G)]_ CDW denotes charge-density-wave state which breaks the

the AMGB functional using the Padepproximant for the  (qiational symmetry.(b) CSDFT results using the exchange-
filling factor interpolation are closer to the VMC values than corejation interpolations by Ferconi and VigndEq. (7)] (bold
the SDFT values already at magnetic fields slightly above Zgjig ling) and the new functiondlEq. (9)] (dotted lind. The best
T. In this regionS,=0. The improvement of the CSDFT SDFT results are repeategolid line. The zero-field AMGB
formalism is also clear above 5 T, whe8g=3 and the maxi-  exchange-correlation functional has been used in these calculations.
mum density dropletMDD) has been formed. The use of the The x marks and dots denote the CSDFT results for3jre?2 state
AMGB functional instead of the TC functional improves the obtained using the Ferconi, Vignale functional and the new func-
SDFT results in the regions of large spin polarization, i.e.tional, respectively. The components of the total spin and and the
aroundB=4.5 T whereS,=2, and in the MDD region. This total angular momentum are given in parenthesed.as §,) and
conclusion matches again well with the analysis by Gori-arrows mark the transition points. It should be noted thatThe)
Giorgi et al? state is missing in CSDFT.

In the CSDFT, the ground-state energy depends clearly on
the chosen exchange-correlation functional. As shown in Fignew functionalEg. (9)] based on the data by Price and Das
3 the interpolation suggested by Koskinetnal. [Eq. 6] does  Sarma seems to overcorrect the SDFT results. We conclude
not cause a big difference between the CSDFT and SDFihat despite the good fit to the Monte Carlo data for polarized
results. This is becauséfc saturates quickly to the zero-field 2DEG, the derivatives &, seem to be poorly approximated
values at aboutr=1 due to the exponential factors. The by Eq.(9) as well as the spin-compensatéd 0 values for
clear difference obtained by using the Pag@roximanfEq. €.
(8)] with an increasing magnetic field results in a much bet- In the MDD region of the VMC results th8,=2 state
ter agreement with the VMC data. Second, the results obeonstitutes the ground state in the CSDFT calculations for
tained with the AMGB functional coincide well in the MDD the exchange-correlations energies given in Efsand(9).
region with the VMC ones, whereas those obtained with thélhe corresponding energies are given in Fig. 3<asnarks
TC functional (not shown in Fig. B are higher in energy and dots, respectively. However, we believe that $he 2
resembling the situation in the SDFT calculations. Third, theground state is an artifact due to the interpolation of the
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exchange-correlation energy between the high-field totallysults for the total energy than the old form by Tanatar and
polarized and the zero-field partially polarized electron gas<Ceperley. According to our results, the same is also true in an
values. Due to lack of simulation data, the polarization de-external magnetic field for a six-electron quantum dot with a
pendence enters the exchange-correlation functionals onlypical confinement ofiwg=5 meV. For this system the
through the zero-field limits in Eq€6), (7), and (9). The effect of currents on the exchange-correlation energy be-
high-field S,=2 CSDFT ground states have the same valueomes important in magnetic fields larger than 2—3 T. In our
for the total angular momentunt,,=15, as for theS,=3  calculations for these high magnetic fields the local Landau-
MDD state, but the electron at the innermost orbital has devel filling factor v is of the order of 0.9. Simulation data
flipped spin. Therefore, Hund’s rule should favor the totallyfor the homogeneous electron gas in this regime are scarce,
polarized S,=3 state. Further, we see that also arold which hampers the establishment of interpolation forms be-
=45 T, where both the CSDFT and VMC give te=2  tween the low- and high-magnetic-field limitsarge and
state, the CSDFT clearly underestimates the total energy. small Landau-level filling factods The Padenterpolation by
Ferconi and Vignale gives a very good agreement with the
IV. CONCLUSIONS quantum Monte Carlo results in the case of spin-
compensated and spin-polarized states of our system. The
We have studied the electronic structure of a parabolicallyaxponential interpolation form by Koskinest al. underesti-
confined six-electron quantum dot using spin-densitymates clearly the effect of the magnetic field. Our results for
functional and current-spin-density-functional theories. Inipe partially spin-polarized states in magnetic field are re-
particular the effects of weak confinement and strong extefmarkably worse than those for the spin-compensated and
nal magnetic field were considered. Our main aim was t@pin-polarized states. Thus, our tests with the CSDFT call for
investigate how reliably the different local approximationsfyrther simulations for the homogeneous electron gas in or-
for the electron exchange and correlation follow variationalger to determine reliable interpolation forms for the vorticity

quantum Monte Carlo results, which we consider as benchang polarization dependence of the exchange-correlation
marks. We have especially investigated the various interpognctionals.

lation schemes between the spin-compensated and totally po-
larized electron gas and the vorticity dependence of the ACKNOWLEDGMENT
exchange-correlation functionals.

We find that the new LSDA functional by Attaccalite and  This work was supported by Academy of Finland through
co-workers gives in the zero magnetic field much better rethe Center of Excellence Prograi000-2003.

1For a review, see, e.g., R. M. Dreizler and E. K. U. Gr@&snsity M. Koskinen, J. Kolehmainen, S. M. Reimann, J. Toivanen, and

functional Theory(Spinger-Verlag, Berlin, 1990 M. Manninen, Eur. Phys. J. B, 487 (1999.
2B. Tanatar and D. M. Ceperley, Phys. Rev38 5005(1989. 2A. Harju, S. Siljamki, and R. M. Nieminen, Phys. Rev. B5,
3Claudio Attaccalite, Saverio Moroni, Paola Gori-Giorgi, and Gio- 075 309(2002.

vanni B. Bachelet, Phys. Rev. 8, 256601(2002. 13H. saarikoski, E. Rsen, S. Siljamki, A. Harju, M. J. Puska,
4P. Gori-Giorgi, C. Attaccalite, S. Moroni, and G. B. Bachelet, Int. and R. M. Nieminen, Eur. Phys. J. 36, 241(2002.

J. Quantum Chen®1, 126 (2003. 14M. Heiskanen, T. Torsti, M. J. Puska, and R. M. Nieminen, Phys.
5G. Vignale and M. Rasolt, Phys. Rev.&, 10 685(1988. Rev. B63, 245106(2001).

1056(1984.

’G. Fano and F. Ortolani, Phys. Rev.38, 8179(1988.

8R. Price and S. Das Sarma, Phys. Re\6B 8033(1996.

9M. Rasolt and F. Perrot, Phys. Rev. Léi, 2563(1992.

190. Heinonen, M. I. Lubin, and M. D. Johnson, Phys. Rev. Lett. g
75, 4110(1995.

18M. Koskinen, M. Manninen, and S. M. Reimann, Phys. Rev. Lett.
79, 1389(1997.

1R, Morf, N. d’Ambrumenil, and B. I. Halperin, Phys. Rev. 3,

3037(1986.

M. Ferconi and G. Vignale, Phys. Rev.3®, 14 722(1994).

205327-5



